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1. Introduction

Life’s necessities: Food,
water, shelter, ... noise.

(from [Hin02]])

Stochastic resonance (SR) is a quite prominent example for a convincingly sim-
ple model from an applied science (climatology), that not only has found lots
of applications in other sciences but has also inspired mathematicians to adapt
their methods and develop new results to faciliate a rigorous study of the
model and its properties.

In this text we present, after a short review of the development of the model
and some interesting applications, two important mathematical approaches
to SR: The sample paths large deviations approach based on the Freidlin-
Wentzell theory, which was the first rigorous mathematical approach to SR,
and the pathwise approach developed by N. Berglund and B. Gentz. A sum-
mary of the mathematical results can be found in Section[1.2]

1.1. SR - The Physical Model and its Applications

1.1.1. Historical Note

In the eighties of the last century, scientists analyzing the earth mean tem-
perature curve of the last 400,000 years (which had been calculated from the
biochemical composition of antarctic ice cores) made the observation that the
earth climate shows two stable states (“warm age”, “ice age”), which alter-
nate periodically every 100,000 years. The changes from warm to ice age and
back are matching noticeably well with planetary cycles (“Milankovich cy-
cles”), where the gravitational influence of other planets in the solar system
makes the earth slightly deviate from its standard orbit around the sun. How-
ever, these slight fluctuations in the distance between earth and sun and the
resulting fluctuations in the amount of incoming energy explain only a small
fraction of the temperature difference between warm and ice age. This dis-
crepancy was the motivation for the development of SR. The basic idea of the
model is that “warm age” and “ice age” are stable states in the otherwise dy-
namic energy balance development of the earth, and that the quasi-random
fast fluctuations of the earth mean temperature, which are caused by the day-
to-day changes of the weather, together with the comparably slow fluctuations
of incoming energy from the sun, which change the energy balance configu-
ration, trigger the transition between these stable states.

A more detailed exposition of the so-called energy-balance-model and the
role of SR therein can be found e.g. in [[P04], where also more references
are provided. Among the pioneering publications are [BPSV83] and [Nic82].
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Figure 1.1.: Asymmetric double-well potential V;(x) for different values of ¢.

However, specialists are nowadays convinced that SR can not sufficiently de-
scribe the dynamics underlying the transitions between warm and ice ages,
which is why we do not cover the topic in more detail.

However, other phenomena analyzed in climatology seem to follow an SR
scheme: New observations and long-time climate simulations point out that
SR might be an appropriate model to describe intermediate changes in the
atlantic circulation during the last ice age, the so-called Dansgaard—Oeschger
events (see [GRO2]). It remains to be seen whether refined simulations can
confirm this result.

Before we describe applications of SR beyond climatology let us describe
the underlying physical model

1.1.2. The Physical Model
Consider the graph of the function V; : R — R defined by

1 1
Vi(x) := 1 - 3 x2 4+ Ag-cos(2m-et) - x, (1.1.1)
where t parametrizes ‘time” and Ay > 0 is a constant such that for any t € R
the graph of V;(x) has two separate local minima. This is called an asymmetric
double well potential, and it changes continuously in time with period % See

Figurefor the graph of V;(x) in the cases t € {0, 4%, 2%, 4% .

IReaders who are generally interested in stochastic models in climatology will easily find a wide
array of research papers available. Valuable starting points are [vSvSMO01|] and the proceedings
volumes [IvS01), [IMO02].
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It is obvious that an unperturbed (‘deterministic’) particle in one of the po-
tential wells will remain in that well for infinitely long time, independent of
whether the well is deep or flat.

If on the other hand there is a strong stochastic perturbation acting on the
particle, it will randomly move forth and back between the two wells, again
independent of their depth.

The most interesting situation occurs when there is a moderate stochastic
perturbation acting on the particle. The particle will then typically stay in the
well it occupies for some time, until the random diffusion drives it over the
potential barrier into the other well. It is intuitively clear that the exit from
a flat well happens faster than the exit from a deep well (more precisely, we
will show below that the time the process typically spends in a well grows
exponentially fast with the depth of the well). Let us call the typical exit time
from a flat well T, and the exit time from a deep well Ty .

If now the motion speed of the potential is such that the flat well remains
‘almost flat’ for longer than Ty, a typical particle will leave the flat well. If
in the same setting the period of time during which a well is deeper than the
other is shorter than Ty, a typical particle will stay inside the deep well — until
it becomes flat again. In this situation, the typical particle will always jump
from the flat into the deep well, remain there until the deep well becomes
(almost) flat, jump back, etc. This concurrence, where a slight modification of
the basic situation (the potential) and a mild stochastic perturbation together
faciliate a transition between different stable states, is called noise-induced
synchronization or stochastic resonance (SR).

Actually, there are different models for SR (see also below) and a number of
modifications (e.g. SR in a symmetric double-well potential, non-continuous
simplifications of the potential up to a two-state system, SR-like behavior of a
particle in a multiwell-potential (one- or multidimensional), etc.). However, in
this text we will consider the model of a particle under stochastic perturbation
in a continuously changing double-well potential, as described above.

1.1.3. Applications of SR

In this subsection we provide an overview of some interesting applications of
SR beyond the original climatology results. The applications divide roughly
into two groups, one of biological and one of physical topics.

Biology. There are a great number of research results concerning SR in biol-
ogy. Most of them belong to neurology and behavior research. There are lots
of scientific results showing that the presence of a certain amount of (electric
and/or mechanical) noise makes neurons and sense organs more sensitive to
input signals. This has behavioral consequences in so far as a better percep-
tion of the environment lets animals and humans react in a more appropriate
way. Possible applications of research in this direction include a better under-
standing of neurological diseases and technical devices like gloves that raise
the tactile sensitivity of the user by inducing electric or mechanic noise (see
e.g. [Han02] for a recent review and further references, and [KNE™03] for a
concrete application example in health care).

However, the underlying concept of SR is different from ours: The concept
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Figure 1.2.: A different concept: SR in neurons (Figure from [Han02]).
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of SR in most of the applications to biology is the following: A signal alone
(e.g. the electric field emitted by moving zooplancton) is too weak to be rec-
ognized, because the respective receptor (e.g. a sense organ of a paddlefish)
only reacts if incoming signals are above a certain threshold. But if the sig-
nal is complemented by noise (e.g. the emissions of hundreds of creatures),
the combined effect overcomes the threshold and enables recognition of the
signal (see Figure[1.2).

Even though most of the applications of SR in biology belong to the above-
mentioned concept, there also are biological applications of SR as described in
Subsection [I.1.2] above. For example, there is strong empirical evidence that
neuronal growth, especially the transition between forward and backward
motion of the leading edge of a neuronal growth cone, is subject to a stochas-
tic resonance mechanism (see e.g. [BLKO6]). In this case, the stable states are
‘forward motion” and ‘backward motion’.

Physics. After the invention of SR in climatology, it took some time until
the topic gained momentum. An important result that established the concept
of SR outside climatology was published by McNamara and Wiesenfeld (see
[MW88], [MW89]), who also extended the underlying theory. They showed
the following result:

Consider a bistable ring laser, the stable states being the two directions
of oscillation (clockwise, counterclockwise). An optical modulation device is
placed in the ring laser beam. It is possible to control the direction of oscilla-
tion with such a device (see [RSW87]).

Now, two control signals are applied to the modulation device: A sinusoidal
signal with a frequency of e.g. 2 kHz (the ‘slow modulation” of the SR model)
and a high-frequency noise with variable intensity. In this situation it is possi-
ble to specify an amount of noise which significantly optimizes the response
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of the laser (i.e. the synchronization of transitions between the rotation direc-
tions to the periodic input signal) in comparison to the response without noise
or with too much noise.

Another example of SR in laser physics has been shown in [GMR99]: A
modulation of the control current plus a varied amount of noise causes the
polarization of a laser beam to flip according to an SR pattern.

An explicit analog simulation of SR has been done using so-called optical
tweezers. An optical tweezer is the real-world analogue to the tractor beam
‘invented” in science fiction literature: A laser beam providing an attractive
force of about a trillionth (10~12) of a Newton on a particle. Based on this prin-
ciple, it is possible to use two laser beams, each controlled by a filter, to create
a force field that resembles a continuously changing double well potential. It
has been shown in [SL92], [BSPB04] that the perturbations caused by heat (at
room temperature) on a particle of 1 ym diameter in water, together with an
appropriate modulation of the abovementioned configuration of optical traps,
leads to transitions of the particle between the two traps which clearly follow
an SR pattern.

In [CDMO3], the authors provide empirical evidence that even geomagnetic
polarity reversals follow an SR pattern, where the periodic slow modulation of
the bistable geomagnetic dynamo due to planetary (e.g. Milankovich) cycles —
directly or indirectly, possibly via climate changes, different spin, tidal effects
or other — coincides with fast fluctuations in the liquid core of the earth and
thus leads to periodic flips in the polarity of the earth’s magnetic field.

The comparably simple basic idea of SR has led to a huge amount of further
research, considering theoretical aspects and variations of the model as well as
various applications: The classical review on SR [GHJM98], which alone cites
more than 300 references, is by now (according to ISI Web of Science) cited
in more than 1,200 scientific articles. More topics remain open: An interesting
question for empirical research might e.g. be whether an SR-like mechanism
can appropriately explain the development of liquidity (or underlying psy-
chological factors) on the stock markets.

As final remark let us mention that, even though our focus is on SR with
periodic slow modulation, it has been shown that SR works with aperiodic
modulation as well (see e.g. [CCCI96]).

1.2. Mathematical Treatment of SR

In this section we summarize the main results of the following two chapters.

Freidlin’s approach. Apparently, the first mathematically rigorous treatment
of SR was published in the article [Fre00] by M. Freidlin. In this paper, Frei-
dlin analyzes the quasi-deterministic behaviour of a stochastic particle in a
multiwell potential landscape, based on the idea of a hierarchy of cycles of the
stable states. For each of the cycles rotation rate, exit rate and main state are de-
termined. This allows the identification of a (quasi-deterministic) metastable
state for any chosen pair of initial point and timescale.
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In the case of a stochastic particle in an asymmetric double-well poten-
tial V; : R — R, the underlying result boils down to the following: Let the
potential V; have two potential wells which are separated by a barrier. Let
0 < w < W be the respective depths of the flat and the deep potential well rel-
ative to the maximum of the barrier. Let T, denote the exit time (i.e., time until
transition) from the flat well and Ty the exit time from the deep well. Then
T, is of the order exp[22], and Tyy is of the order exp [2¥]. This fact has been
commonly used in physics for a long time and is known as “Kramer’s law”
or “Arrhenius’ law”. A rigorous formulation and proof based on Freidlin-
Wentzell theory of random perturbations of dynamic systems is presented in
Chapter

If in this situation the potential is periodically “flipped” such that the flat
and the deep well are exchanged by each others after a period of time T with

Tw <T < Tw,

a synchronization of the particle position with the position of the deep well
(hence, SR) may be expected with high probability.

This one of is the simplest mathematically rigorous approaches to SR. How-
ever, it does not cover potentials that change continuously in time, which — at
least in terms of applications — is the much more natural approach.

The approach of Berglund and Gentz. In [BG02b], N. Berglund and B. Gentz
introduce a new sample-paths approach to SR. They consider two classes
- symmetric and asymmetric — of continuously and periodically modulated
double well potentials (in the asymmetric case, basically a generalization of
V; defined in (I.1.I)) and the behaviour of a stochastically perturbed particle
therein. They show that there exists is a threshold for the noise intensity: Be-
low this value, there is no transition and above this value, transition happens
— both with probability exponentially close to 1. Furthermore, they precisely
specify the parameters (basically, barrier height and lenght of modulation pe-
riod) that control the behavior of the particle and they rigorously describe the
dependence of the abovementioned threshold on these parameters.

However, in [BG02b] only the symmetric case is completely presented and
proven. For the asymmetric case, only the results are presented and actually
very few of them proven. In Chapter |4, we provide a complete exposition of
the asymmetric case, with small optimizations of the results by Berglund and
Gentz.

Let us only sketch the general structure of the approach: In a first step, the
behavior of a deterministic (unperturbed) particle in the modulated potential
is analyzed. After that the behavior stochastically perturbed particle is esti-
mated with respect to the deterministic path. This is done in two parts, first
for noise intensity below the threshold and then for noise above the thresh-
old. The estimates in the stochastic case are based on the relation between the
stochastic process describing the motion of the particle in the potential - which
is modeled as the strong solution of a stochastic differential equation (SDE) —
and the process that solves a linearized version of that SDE.

Since Freidlin’s paper [Fre00], more mathematical research concerning SR
has been done. An interesting alternative to the approaches presented here
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is the spectral power amplification approach that goes back to the work of
McNamara and Wiesenfeld [MW89] and has recently been further developed
e.g. by P. Imkeller and others (see e.g. [IP02, [P04]). The core idea of this ap-
proach is the following: Consider a randomly perturbed particle in an asym-
metric, periodically changing double well potential with period A. Then the
dependence of the spectral component of period A of the particle’s path on the
strength of the stochastic perturbation is mathematically obtained. It is possi-
ble to identify the amount of noise for which the A-component of the path be-
comes maximal in comparison to other (weaker or stronger) amounts of noise.
This has been extensively analyzed for different variations of the SR model
(time/space discretization, up to a two-state Markov process), including com-
parisons of the results for the model variations. One of the main results of
this work is that intrawell fluctuations of the process may cause a dramatic
deviation of the ‘original” model’s behavior from that of the reduced (Markov
chain) model.

Other mathematical approaches to SR make e.g. use of refined multidimen-
sional generalizations of diffusion exit results or of the Fokker-Planck equa-
tion characterizing the distribution of the stochastic particle in the double well
potential.

The aims (and structure) of this thesis. In Chapter |3, we provide a self-
contained, yet streamlined presentation of the large deviations approach to
SR via diffusion exit results, understandable for anybody with basic knowl-
edge in Stochastic Analysis. This chapter is based on the lecture notes [Gen03]
by B. Gentz, which are, however, not very much detailed. Thus, even though
the basic structure of the chapter follows that of [Gen03], most of the results
are based on other sources — especially [DZ98] and [FW98] - to obtain a com-
plete presentation of this approach to SR with all necessary results and proofs
included.

In Chapter [#} we present the pathwise approach to SR in an asymmetric
double-well potential. This chapter is based on the article [BG02b] by N. Berg-
lund and B. Gentz. However, in this article only the case of a symmetric double-
well potential is completely covered, whereas the case of an asymmetric po-
tential (which all the abovementioned applications belong to) is presented in
the fashion of an outline with many of the proofs missing. In our presentation,
the asymmetric case is treated completely in all detail.
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2. Mathematical Preliminaries

2.1. Prerequisites

The reader is assumed to have at least basic knowledge in probability theory
and stochastic analysis (stochastic processes, stochastic integration, stochas-
tic differential equations), especially the theory of Brownian motion. Further-
more, some knowledge of functional analysis is necessary.

More than sufficient preparation in stochastics is provided by the lectures
of Professor Rockner in probability theory (notes of these lectures (in German,
see [Roc03]) have been typeset by the author of this thesis and can be found on
his internet site, as well as that of Professor Rockner) and his introduction to
stochastic analysis (notes of parts of this lecture (again in German, see [R6c04])
have been typeset by S. Stolze).

2.2. Basic Notions

For any suitable space X and any subset A C X we denote by A the closure,
by A the interior and by A° the complement of A in X.

Inclusions of set are denoted as follows: “C” is used in the sense of “C”.
Whenever we exclude the identity of the compared sets, we use “¢.”.

The infimum of a function over an empty set is defined to be cc.

The derivative of a function ¢ with respect to time will often be denoted by
@.
For a topological space X, B(X) will always denote the Borel o-algebra, i.e.
the o-algebra generated by the topology. Throughout this text, we will always
assume that probability spaces are completed; nevertheless, we will denote
the (completed) Borel o-algebra by B(X). Furthermore, in a topological space
X the neighborhood N of a set A C X is an open set N C X such that A C N
(unless we explicitly note that A should be closed).

Let (X, d) be a metric space, m € X, and é > 0 a real number. Then

B(m,6) := {x € X | d(x,m) < &}

is the (open) ball of radius ¢ centered at m. The distance between a set A C X
and a point x € A¢ is given by

d(x,A) :=infd(x,z),
z€EA
and the (closed) s-blowup of A by
Al ={yeX|d(yA) <d}.

As usual, R denotes the set of real numbers and R := R U {oo} U {—oc0}.
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By ||x|| we denote the norm of any x € IR%, and by |r| the absolute value of
reR.
The transpose of a matrix or vector M is denoted by M.

2.2.1. Function Spaces and Norms

We fix a time interval [0, T|] C Ry.
We denote by

¢:=e([o, T); RY)
the set of all continuous functions from [0, T] to R?, and by

60::{¢Ee|q)0:0}

the subset of all functions in € starting at 0. For any ¢ from C or Cy we define
I@lleo == ll@llior) := sup llge]l -
te[0,T]
By
L% = £2([o, T]; R%)

we denote the set of all square-integrable functions from [0, T] to R¥. Further-
more, we set

Hy = Hy (0, T); RY) := {_/O'f(s) ds

feLz}

for the set of all absolutely continuous functions from [0, T] to R? which have
a square-integrable derivative and start at 0. For any ¢ € H; we define

Y
ol = ([ los1? ds)

10



3. SR through Freidlin-Wentzell
theory

Even though the theory presented in this chapter originally stems from [EW98],
the structure of chapter is mainly based on the lecture notes “Random Pertur-
bations of Dynamical Systems” by Barbara Gentz (cf. [Gen03]]). Further fre-
quently used references are [DZ98], [DS01] and [FW98]EI

In this chapter we provide a complete exposition of the large deviations
theory necessary to prove the diffusion exit results which form the basis of
Freidlin’s approach to SR.

We start with general large deviations theory and prove the classical theo-
rem by Schilder on large deviations sample paths of Brownian motion. After
that, we show how large deviations results can be generalized using the con-
traction principle and apply this to Schilder’s result to obtain a large devia-
tions principle for strong solutions of certain stochastic differential equations.

This lays the fundament for the second section of this chapter, where we
prove the classical results on diffusion exit from a domain: The behavior of a
stochastic particle in e.g. a potential well can be modeled by an SDE. The exit
of the particle from the well (or a certain domain therein) is a large deviation
from its expected behavior. Thus, the generalized large deviations principle
from the first section is the tool we need to analyze the diffusion exit behavior
of the particle. The results of this section justify the estimates for potential well
transition quoted in the first part of Section[I.2} Hence, they lay the foundation
to this simple mathematical approach to SR.

3.1. Large Deviations

Our main reason for studying large deviations is that we want to understand
the behaviour of strong solutions to stochastic differential equations in R? of
the form

{dxf = b(x) df + /e dW;

xg =x,

where we assume that the noise intensity /¢ is small, and (W;);>q is a d-
dimensional Brownian motio

IEvery lemma/theorem/... carries a reference to the source for the original version it is based
on. A proof only carries a separate reference if it is not from the same source as the assertion.
2We assume throughout this text that the Brownian motion is continuous.
Throughout this chapter we assume that b, o are bounded and uniformly Lipschitz contin-
uous - thus, a unique, strong solution exists.

11
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It seems obvious that for sufficiently small ¢ the perturbed process x; should
be close to the solution of the deterministic ordinary differential equation

{dxt = b(x;) dt

X0 =X.

And indeed, if b is Lipschitz continuous with Lipschitz constant L;, then we
have that

t
I =l < Ly [ 15 =] s+ V& W]

Applying Gronwall’s inequality this leads to the estimate

sup [xi — x|l < Ve sup Wil - exp[LyT] .
te[0,T] te[0,T]

In other words, the behaviour of ||x{ — x;|| for t € [0, T| can be estimated if we
know the behaviour of the d-dimensional Brownian motion (W;):

6
P[sup |[xf — x| = 6] < P[ sup ||[Wil| = —= ~exp[LbT]} :
t€[0,T) te[0,T] Ve

Hence, to measure the event that x{ deviates away from x; during [0, T], we
basically need to know the probability that W; leaves a ball of some radius r
before the time T. This we can estimate using Lemma below:

P[ sup [|xf — x¢|| > J] <4d-exp[—

5% - exp[—2Ly T }
te[0,T]

2d - T

Let us take a closer look at this estimate. As might have been expected, the
probability of leaving a 6-neighborhood of the deterministic solution increases
with T and/or ¢, and decreases as 6 grows. More precisely, for increasing ¢
and/or decreasing ¢ the probability of leaving the J-neighborhood of x; decays
exponentially.

Hence, if we choose A € B(C) such that no path (¢;) € A remains inside
the d-neighborhood of the deterministic solution for all t € [0, T], then the
path x® := (x§)o<i<T of the solution of the perturbed equation satisfies the
inequality

6% exp[—2L,T]| 0
2d - €T

Plx* € A] <4d-exp|— 0. (3.1.1)

The event x* € A for sets A as described above and ¢ — 0 is what we call a
large deviation: The expected behaviour would of course be x* ¢ A for any such
A, because a typical path x® should “remain near the deterministic solution”
for small enough ¢ > 0. In other words, when we look for large deviations
of a stochastic process, we consider atypical behaviour of that process. Our
first aim is to find the rate at which the probability in tends to zero as
¢ — 0, depending on the choice of A. To achieve this, we have to find a better
estimate for the probability, which takes into account the choice of A.

12
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However, in general it is not possible to obtain the exact rate for the decay
of the probability, but only the exponential rate. To formulate this exponential
estimate, we select special sets A, namely J-neighborhoods of some ¢ € C
(with respect to the supremum norm || - [|jg 7] = || - [|e0)- Our new aim for this
section is then to find a rate function I : € — [0, co] such that

Pl = glle < 8] ~ exp {_I(@}

ase — 0.

Before we start into the theory of large deviations, let us prove the estimate
for the Brownian motion in IR%, which we have used above. We use the fol-
lowing notation:

Wf:\/EWt

Lemma 3.1.1 (large deviations for Wy). [DZ98, Lemma 5.2.1] For any (integer)
dimension d and any set of positive constants T, ¢, 6, the following estimate holds:

52
P| sup |[|[Wf| > 0] <4d-exp {— } . (3.1.2)
[tE[O,T] t ] 2d - TE

Proof. Let us first fix that for x = (x1,...,x;) € R? and any a > 0

14
|xi‘2 Z d} .

If we denote by (Wt(l)) a Brownian motion in IR, we obtain the estimate

d
{xeR| x| >a} C U{erRd
i=1

52
P[sup [[Wi| > 4] = P[ sup ||Wi? > }
tel0,7] t[0,1] €

2
< d-P{ sup (Wt(l))2 > 5] )
tef0,7] d-e

Since the laws of Wt(l) and /T - WS) are identical, this estimate and time scal-

ing imply:

P[ sup ||[Wf|| > 6] <d- P[ sup |Wt(l>| > 0 (3.1.3)

te[0,7] te[0] VT-del

Because the distribution of Brownian motion is symmetric, i.e. Wt(l) and —Wt(l)
have the same law in G, we see that

P|sup (WY > | <2-P[sup W) > 5] =4-P[W]" > 1]
t€[0,1] te[0,1]
2

<4-exp[—772} ,

where the equation is an application of the reflection principle. Combining the
this with (3.1.3) completes the proof. O

13



3. SR through Freidlin-Wentzell theory

3.1.1. Basic Definitions

Situation 3.1.2 (basic general situation). Let X be a topological space, and B a
o-algebra over X such that B O B(X)ﬂ

We consider a family {p}.~0 of probability measures on the measurable
space (X, B). We want to describe the limiting behaviour of the measures i,
as ¢ — 0 by a rate function I. More precisely, we want to understand, whether
the exponential bounds on the values that y, assigns to sets from B can be
asymptotically formulated in terms of such a rate function. Such an asymptot-
ical formulation of exponential bounds we will call the large deviations princi-
ple.

Before our first definitions we recall that for any topological space X a func-
tion f : X — R is named lower semi-continuous if {x € X | f(x) < a}isa
closed set in X for any & € R.

Definition 3.1.3 (rate function). [DS01} p. 32-33] A lower semi-continuous
function I : X — [0, 0] is named a rate function. (In [FW98], rate functions
are called action functional.)

If for all « € R the level sets

O(a) :={xeX|I(x) <a}

of a rate function I are compact subsets of X, we call I a good rate function (by
lower semi-continuity of I, the level sets ®; are closed anyway).

Definition 3.1.4 (large deviations principle). [DZ98, pp. 5, 7] We say that the
family of measures { ¢ } .~ satisfies the large deviations principle with rate func-
tion I if, for all A € B, the following holds:

— inf I(x) < liminfelog pe(A) < limsupelogpe(A) < — inf I(x) .
xeA e—0 e—0 xeA
(3.1.4)

For better differentiation from the following notion of a weak large deviations
principle, we will also call the principle defined above a full large deviations
principle.

The collection {p, }e~¢ is said to satisfy a weak large deviations principle with
rate function I, if the upper bound in holds for all compact sets A (in-
stead of all A € B) and the lower bound holds for all A € B.

In general, the limit in does not exist, i.e. the limsup and liminf are
not equal. If, however, {y,}.~( satisfies and we have for aset A € B
that

inf I(x) = inf I(x),
x€A xeA

then the limit

limelog pe(A) = — inf I(x)

does exist, and A is called an I-continuity set.

3This is the general setting considered in [DZ98]; cf. p. 4 there.
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3.1. Large Deviations

In the next remark, by giving a probability measure y on (X, B) the attribute
non-atomic, we simply mean that y({x}) = 0 shall hold for all x € X.

Remark 3.1.5 (note on interior and closure of A in (3.1.4)). [DZ98| p. 5] The use
of interior and closure of A in the formulation of (3.1.4) is explicitly necessary if we
assume {ye }e~q to be non-atomic probability measures.

We will show this for the lower bound: Assume that in the lower bound
holds for A instead of A. Let {ji}¢=o be non-atomic probability measures. Then for
any x € X

—I(x) = — inf I(x) <liminfelogpue({x}) = —oo,
xe{x} e—0

hence I(x) = oo forall x € X. But, because of X = X and the upper bound in (3.1.4),
this implies

0 = limsupelog ue(X) < — inf I(x) = —oc0,
e—0 xeX

which is obviously wrong. Hence, our assumption, that in the formulation of a large
deviations principle we may replace the interior of the considered set by the set itself,
must have been wrong.

The following basic properties of good rate functions will reappear through-
out the proofs of large deviations facts.

Remark 3.1.6 (good rate functions). [[IDS01l Lemma 2.1.2] and [DZ98, Lem-
ma 4.1.6]] Let I be a good rate function.

(i) Since I has compact level sets {I < a}, the infimum infyc 4 I(x) is achieved
over any non-empty closed set A C X.

(ii) Let {Fs}s~0 be a nested family of closed sets, i.e., for any § < &' we assume that
Fs C Fy. If we set Fy := (s~ Fs, then

ylggo I(y) = lim ylgz-fd I(y) -

(iii) (on metric space X). Assume that (X,d) is a metric space. Then

inf I = lim inf I(y),
nf (¥) jirg, Inf, (¥)

where A° is the (closed) 5-blowup of A.

Proof. Part (i) is trivial.

(if) By construction, we have Fy C F; for all 6 > 0. Thus, we only need to
prove that for any 7 > 0

lim inf I(y) =: 7 > inf I(y) — 7.
Jimy inf (y) =7 Jnf W) —mn

This is obvious if v = co. Hence, we assume that ¢ < oo, fixany > 0 and
set & := 7 + 7. It remains to prove that a > inf,cr I(y).

15



3. SR through Freidlin-Wentzell theory

The sets { F; NPy () } -0 are non-empty (by definition of y and «), nested
and compact. Consequently, the set

FyN®;(a) = () F;NPp(a)
6>0

is also non-empty, hence inf,cr, I(y) < a.

(iii) The distance function d( -, A) is continuous. This implies that the sets
{A°} -0 are closed and nested. Furthermore, we have that

NA={yeX|dyA)=0}=A4.

6>0
Now the assertion follows from (ii). O

The definition of a weak and a full large deviations principle raises the ques-
tion how the two are related. While it is obvious that “full implies weak”, the
implication does not generally hold in the opposite direction:

Example 3.1.7 (weak # full). [Gen03, Example 2.9] Consider the Dirac mea-
sures i, := 6, on (R, B(R)). The family {p,},eN, setting e = 1, satisfies a
weak large deviations principle with a good rate function: Let F € B(R) be a
compact set and n large enough. Then y, (F) = 0. Hence, the upper bound in
holds for the rate function I := co. At the same time, this rate function
makes the lower bound in trivial for any F € B(R).

If, on the other hand, we choose F := [1, 0], then we see that

limsup% loguy(F) =0 > —o0 = —inf I(x),

n—co xeF

which contradicts the upper bound in (3.1.4).

Before the next remark we recall that a family {p,}.~o of probability mea-
sures on X is called exponentially tight, if for any (arbitrarily big) # < oo there
exists a compact set K, such that

limsup elog ue(K;) < —a .
e—0

Le., it can be specified that as ¢ — 0 the probability measures are “concen-
trated on K,,”.

Remark 3.1.8 (conditions for “weak implies full”). [DZ98| Lemma 1.2.18] As-
sume that {je}e~o is an exponentially tight collection of probability measures on
(X,B).

If I is a rate function and {y. }e~o satisfies a weak large deviations principle with
rate function I, then I is a good rate function and {pi¢ }e~0 satisfies a full large devia-
tions principle with rate function 1.

We do not need this result in the following. Thus, we state it without proof.

Finally, we state equivalent formulations for the upper and lower bounds in
(3.1.4).

The motivation for this reformulation comes from the following observa-
tion: Since p(X) = 1 for all ¢, the upper bound in (3.1.4) implies that for any

16



3.1. Large Deviations

rate function I governing a large deviations principle, the infimum over X has
to be infyecx I(x) = 0. Especially, for any good rate function I we can find an
x € X with I(x) = 0. If, on the other hand, inf,. 4 I(x) = 0 holds for a set
A € B, this implies that the upper bound in is automatically fulfilled
for this set A. In the same way, inf, _ 4 I(x) = co implies that the lower bound
in holds for the set A under consideration.

Lemma 3.1.9 (reformulation of bounds in (3.1.4)). [Gen03| Lemma Z,IOE]
(i) The upper bound in (3.1.4) is equivalent to the following statement:
Forall x < coand all A € B such that A C ®(«)C, the inequality

limsup elog pe(A) < —a

e—0
holds.

(ii) The lower bound in (3.1.4) is equivalent to the following statement:
For all x with I(x) < coand all A € B such that x € A, we have that

lim%\fslogyg(A) > —I(x). (3.1.5)
£—

We won’t need part (i) below. Hence, we only prove part (ii).

Proof. Assume that the lower bound in (3.1.4) holds. Choose x such that I(x) <
oo and an A € B such that x € A. Then

1D
liminfelogu.(A) = —inf I(y) > —I(x) .
e—0 yeA

For the converse implication, let I : X — R be a rate function and A € B
such that inf _ ; I(x) < oo (otherwise, the lower bound in (3.14) is trivial).

Choose x € A such that I(x) < oo and let {p}¢~0 be a family of measures
such that is fulfilled. Then

limig1fslogyg(A) > —1I(x).
E—

This implies the lower bound in (3.1.4). O

3.1.2. Excursus: Logarithmic Equivalence

DuringE] our later proofs, we will quite often make estimates based on the
following observations:

Definition 3.1.10 (logarithmic equivalence). Let (a,),en and (by),en be se-
quences of strictly positive real numbers. If

lim 1 (loga, —logb,) =0

n—oo 1

holds, we say that (a,),eN and (by),en are logarithmically equivalent. We de-
note

ay, ~ by, .

“Without proof.
5This subsection is based on a note which I found in [dHO00, Section I.1].
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3. SR through Freidlin-Wentzell theory

Remark 3.1.11 (log. estimate for sums). Let (a,)neN and (by)neN be sequences
of strictly positive real numbers. Then the following holds:

an+b, ~a,Vb,. (3.1.6)

Proof. For any n € IN we set ¢, := a, V b,. Hence, (3.1.6) holds if and only if
ay + b, ~cy.
On the one hand, we have that

lim 1 (log(an + by) —logcy)

n—oo 11

.1 .1
< nlgl(}oﬁ - (log(2c,) —logcn) = nlgrc}oﬁ log2=0.
On the other hand, a, + b, > ¢, implies that for any n € IN the following
holds:

log(ay +by) —logc, >0,

and consequently

lim . (log(ay +by) —logc,) >0. O

n—oo 11

Remark 3.1.12 (a late explanation). [OV05, p. 3] Let {(Q, A, pn) },, . be a series
of probability spaces, I an A-measurable function and A1, Ay € A disjoint sets, such

that

.1
lim — -log un(A;) = —I(A;)

n—oo 11

holds for i = 1,2. Then, the above result implies that

lim © log pn(A1 U Ap) = —min{I(A1),I(A2)} .

n—oo 1

A heuristic iteration, yielding

“I(A) = inf I(x) 7,
x€A
explains why it makes sense to formulate the large deviations principle using the infi-
mum of a rate function over the set under consideration.

3.1.3. Existence and Uniqueness Properties

Ilﬁ the space X under consideration has a “coarse” topology, the information
provided by a large deviations principle may be relatively poor: E.g., if the
topology is given by {@, X}, then the large deviations principle on the space
(X, B(X)) only implies that inf,cx I(x) = 0, and nothing more. Hence, if we
intend to prove uniqueness of the rate function, we have to make further as-
sumptions on the topology: we will be able to show, that uniqueness of the
rate function holds, if X is a regular Hausdorff space.

6This subsection is entirely based on [DZ98) Section 4.1].
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3.1. Large Deviations

Let us recall that a topological space X is called a Hausdorff space, if for every
pair of points x # y in X we can find disjoint open sets A, B C X, such that
x € Aand y € B (we say, x and y are separated by open neighborhoods).

Furthermore, a Hausdorff space X is named regular, if for any closed set
F C X and any point x € F° we can find disjoint open sets A, B C X such that
FCAandx € B.

In the following remark we collect some facts from topology.

Remark 3.1.13 (about regular Hausdorff spaces). [DZ98, pp. 102-103] Let X be
a reqular Hausdorff space and x € X.

(i) Forany neighborhood A of x there exists a neighborhood B of x such that B C A.

(i) (metric spaces). Every metric space is a reqular Hausdorff space. Furthermore,
every real topological vector space with Hausdorff property is regqular.

(iii) (lower semi-continuous functions). Any lower semi-continuous function
f+ X — IR satisfies

f(x) = sup{ inlqu(y) | A is neighborhood of x} .
ye

This implies that for every y € X and any (arbitrarily small) 6 > 0 we can find
a neighborhood G(y, 6) of y, such that

(Fw)-0) A5 < _inf (2).

Now, (i) allows us to select a neighborhood F(y, ) of y such that F(y,d) C

G(y,6), and we obtain
1
inf z) > inf z) > —O0)N=.
ZeF(mf( ) ZeGW)f( )= (fly) =8) A5

In metric spaces, sets of the form G(y, ) might be selected as balls B(y, §)
with small enough radius J (which does not have to be equal to &!). We will
come across this kind of construction during subsequent proofs.

Now we show the promised uniqueness result for rate functions.

Lemma 3.1.14 (uniqueness of rate function). [DZ98, Lemma 4.1.4] Let X be a
regular Hausdorff space. A family {u. }e~o of probability measures on X can not have
more than one rate function associated with its large deviations principle.

Proof. Assume that there are two rate functions Iy, I, such that { s}~ satis-
fies the large deviations principle with both of them. Without loss of general-
ity, we assume that there exists an xp € X such that I; (xg) > Ir(xp).
Now, fix 6 > 0 and consider the open set A that fulfills
X0 €A and inf Il(y) = (Il(xo) - 5) VAN 1 .
yeA 0

Such a set A exists by part (iii) of the preceding remark. The assumed large
deviations principle for { }~o implies that

—inf I1(y) > limsupelog jte(A) > liminfelog pue(A) > — inf L(y),
yeEA e—0 e—0 yeEA
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3. SR through Freidlin-Wentzell theory

hence,

1
I > inf I > inf [ > (I —0) N\ =.
2(x0) Jnf 2(y) inf 1(y) = (Li(xo) —9) 5

Since ¢ can be selected arbitrarily small, this contradicts the assumption that
L (xo) > I (xo)- H

Before we show an existence result, let us recall that in any topological space
X, a subset A of the topology is named a base of the topology, if any open
subset of X (i.e., any element of the topology) is a union of sets from A.

Theorem 3.1.15 (existence of weak large deviations principle). [DZ98, Theo-
rem 4.1.11] Let X be a topological space and A a base of the topology on X. Further-
more, let { ¢ }e~0 be a family of measures on (X, B) and define, for any A € A,

Ly:= —limiglfslogyg(A) .
£—

Finally we set, for any x € X,
I(x) :==sup{La | A € Asuchthatx € A} . (3.1.7)
If now, for all x € X,

I(x) = sup{—lim s(t)lpslog ue(A) | A € Asuchthat x € A} (3.1.8)
E—

holds, then the family {u.} satisfies a weak large deviations principle with the rate
function I(x).

The identity (3.1.8) automatically holds if the limit lim,_,o elog yi¢(A) exists
for all A € A (not necessarily finite).

Proof. By definition, I is a nonnegative function, and for any x € X with
I(x) > w for a constant « we can find an A € A such that L4 > . For such a
set A we have that for any y € A, again by the definition of I, I(y) > L4 > «.
In other words, for any x with I(x) > a we can find a neighborhood A € A
such that I(y) > a for all y € A. Hence, for any « the set {x € X | I(x) > a}
is open, and this implies that I as defined in is a rate function.

Select an open set G C X. For any x € G we can find a set A € A such that
x € A C G. Hence, we obtain that

limionfelogye(G) > limi(?felogyg(A) =—Ly>—I(x).
&— &—

We have seen in Lemma 3.1.9(ii) that this is equivalent to the lower bound in
a large deviations principle.

We note that the condition was not necessary to prove the fact that I
is a rate function, nor the lower bound. We need this condition only to prove
the upper bound for compact sets:

Fix a constant 6 > 0 and a compact subset F of X and set
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3.1. Large Deviations

Assumption (3.1.8) implies that for every x € F there exists a set Ay € A
(which may depend on 6), such that

xc€ Ay and —limsupelogue(Ay) > I°(x). (3.1.9)

e—0

The family {Ay}rcr forms an open cover of F, and since F is compact, there
exists a finite cover of F by a sub-family Ay,..., Ay, of neighborhoods, such
that (3.1.9) is fulfilled for any pair x;, Ay,. Obviously,

ke(F) < iusmx» ,

and this implies that

limsup elog pte(F) < max limsupelogpe(Ay,) < — min °(x;)

£—0 i=1,...m o i=1,...m
< —inf I°(x) .
L S
We complete the proof by taking the limit for 6 — 0. O

In [DZ98), Section 4.2], further results can be found on the existence of large
deviations principles as well as on properties of rate functions.

3.1.4. Sample-Path Large Deviations for Brownian Motion:
Schilder’s Theorem

Irﬂ this subsection we present the classical large deviations result for Brow-
nian motion first proved by Schilder. We do not only do this for historical
reasons: The results provided here will be of use later.

Let W; be a Brownian motion on a probability space (), F, P) with state
space ]Rd, where Wy = 0. For any € > 0 we define

Wf:\/EWt

The following theorem states a large deviations principle for the distribution
of this scaled Brownian motion as ¢ — 0.
We fix a time T € R, and a dimension d € N and recollect that Gy := {¢ €

e([0, TL;RY) | go = 0}

Theorem 3.1.16 (Schilder, 1966). [[Gen03| Theorem 2.2], [Sch66ll] The family {P o
(W)=}, of probability measures on (Co, B(€o)) satisfies a large deviations prin-
ciple with the good rate function

1 2 j H
I — IBM - 2||(PHH1 qu) € 1 3.1.10
(¢) [O,T],O((P) { +o0 otherwise . ( :

"This subsection is largely based on [Gen03} Section 2.2].
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3. SR through Freidlin-Wentzell theory

In other words, the relation

—inf I(¢) < limiglfslogP[We €T
ef e
y (3.1.11)
< limsupelog P[W® € T| < — inf I(¢)
e—0 IS

holds forallT € B(Cp), and the rate function I has compact level sets {I < a}.

Remark 3.1.17 (observation). [[Gen03| Remark 2.3] Since the paths of a Brownian
motion are almost surely of unbounded variation, we have that W& ¢ Hi almost
surely. Hence, for all ¢ > 0 we get that I(W¢) = +o0 almost surely.

As we have seen in the general case (cf. the notes preceding Lemma [3.1.9),
inf,ce, [(¢) = 0. Since, in the case of Schilder’s theorem, I is a good rate
function, there exists a ¢ such that I(¢) = 0; e.g., ¢(f) := 0. Now,
implies that any set containing this ¢ has maximal probability with respect to
Po (W¢)~lase — 0.In other words, W¢ “concentrates near the zero function”.
The use of the large deviations principle is that it allows to estimate the prob-
ability of rare events, namely that W¢ is “far away from the zero function”.

Especially, Schilder’s theorem allows us to optimize the estimate shown in

Lemma3.1.1}

Example 3.1.18 (application of Schilder’s theorem). [Gen03, Example 2.4] We
want to specify the probability that W¢ € Cy ([0, T]; ]Rd) leaves a ball of radius
¢ around the origin,

B:=B(0,8) := { € ([0, T]; RY) ] lelle < 8},

for some T > 0.
Since the typical spreading of the Brownian motion scales with v/, we ex-

pect that W¢ remains inside B(0,6) as long as T < %.
Here, inf,cpc I(¢) is obtained for any ¢ of the form ¢s = 7 - x for an x with
]| = &

, s 1 (T(5)? 5
$££c1(¢>—’<T'x) =3, (T) ds =7 -
Schilder’s theorem implies that P[W*® ¢ B] decays like exp [—ﬁ], which is

2eT
small for 62 > €T, as expected.

We prove Schilder’s theorem in three steps. First, we show that the rate
function I, as defined in (3.1.10), is a good rate function. Afterwards, we prove
the upper and lower bounds in (3.1.11)), thus completing the proof of Schilder’s
theorem.

Lemma 3.1.19 (compactness of level sets). [EW98| Chap. 3, Lem. 2.1(b)] The level
sets of I,

Qp(a):={peC|I(p)<a}, ac|0,00f,

are compact.
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3.1. Large Deviations

Proof. Let us first note that for all ¢ € ®;(a), a € [0, 0],

T
I el ds = figll, < 2a

This implies that for all t € [0, T]

T
< llgoll + T/o 9512 ds < |goll + VT 2% .

Consequently, all ¢ € ®(«) are uniformly bounded for any a € [0, o].
Furthermore, for any ¢ € ®;(«) and all choices of t and & such that {t,t +
h} C [0,T],

t+
lgrn =gl < [ gl as < i [ lgelR as
g/h/ llgs]|> ds < Vh-20 — h0

i.e., all elements of ®@;(«) are equicontinuous for any a € [0, co].
The compactness of ®;(x) C €y follows from Arzela-Ascoli. O

t
¢0+/0 ¢sd5

ot =\

For next step in the proof of Schilder’s theorem, we prove a lower bound
for the probability that W® remains in a ball. This bound depends only on the
centre of the ball and on e.

Lemma 3.1.20 (lower bound for (3.1.11)). [Gen03| Lemma 2.5] For all 56 > 0, all
v > 0and all K > 0 there exists an eg = €9(J,7, K, T) > 0 such that for all ¢ < g
and all ¢ € Co with I(¢) < K we have

PIIW =~ glle <] > exp| -1 (1(¢) +7)|

Note that by definition of I in (3.1.10), the boundedness of I(¢) automati-
cally implies that ¢ € Hj.
This lemma implies the lower bound in (3.1.11):

Proof of Schilder’s theorem, part I. The fact that I is a good rate function has been
established through Lemma

To prove the lower bound in (3.1.11), we select an arbitrary open set G C
Co. If infy,ec I(@) = oo, the lower bound is trivial. Hence we assume that
inf,cc I(¢) < oo. Since I is a good rate function, this allows us to choose a
¢ € G such that I(¢) < oo. And because G is open, we can choose a radius
ry > 0 such that the ball B(¢,r,) is contained in G. Now, the above lemma
implies that

limiglfzslogP[W‘g €G> limig1fslogP[W‘€ € B(g,ry)] = —1(9) .
e— £—

We conclude the proof by taking the infimum over all ¢ € G. O
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3. SR through Freidlin-Wentzell theory

Proof of Lemma|3.1.20} We fix 6 > 0, v > 0, K > 0 and ¢ € Cp such that
I(¢) < K (hence, ¢ € Hy). We consider

)

P[|W¢ = | < ] :p“’w—(’) <z

VE
Applying Girsanov’s formula, we get that
PIIW* = gl < 4]

1 /T .
= oxp |5 [ 94 s

.[[WEB(O,M\/E)} eXp[ Ve o

T
<gos,dWS>] dpP.

We do now split the domain of integration two parts: We set C := /I(¢) -
and define

Ac:= {wEQ‘ \[ T(gos,dW5>\ C}.

To obtain a precise lower bound, we want to base our estimate on those w € ()
where the integrand is not too small, i.e. A¢. Thus we first show that Ac is
‘small’”: Using Chebychev’s inequality and our above choice of C we get that

P(Ac) = ;’PU\}E/(>T<¢S’dWS> < é -El(/oT<<ps,dws>>2]

< oz [ ol ds = 5 19) =
= 2eC2 Jo Ps T2\ Ty
On the other hand we have that

P({IW = gl < 5} N 4E)

> eXp[—I(f)} ~exp[—C] -P({W € B(O,jg) } mAg>

>exp[—1(20)—C] : (P(ACC)—P[WE B(O,&)C > .

Since P(A%) > 3 we can find a small enough ¢ > 0 such that

P(A%) — P [w e B(O,\%)C

By the definition of C, we finally get that for any small enough ¢ (say, ¢ <
e0(6,7,K,T))

4
e

>C

-1
2

PIW® — ¢l < 0] = P({||ws —¢llo <6} mAg)

o) 1]

= exp [— c
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3.1. Large Deviations

Now, let us again consider the level sets of I,
Qi(a) :={peC|I(¢)<a}, a>0.

These level sets are special neighborhoods of the function 0 € Cp. In the fol-
lowing lemma we provide an upper bound for the probability that W¢ leaves
a 6-neighborhood of ®;(«).

Lemma 3.1.21 (upper bound for (3.1.11). [Gen03| Lemma 2.6] For all § > 0, all
v > 0and all ag > 0 there exists an g9 > 0 such that forall e < egand all x < ap

P[dist(wg,d)I(a)) > 5} <exp [oc ; fq ,

where

dist(¢@, ®;(x)) := min — 00 -
(p,@1(@) = min_lp: il
The statement of this lemma is equivalent to the upper bound in (3.1.11).
We prove, however, only the one implication we actually need:

Proof of Schilder’s theorem, part II. Choose an arbitrary closed set F. The result
is trivial if infycp I(@) = 0, hence we may assume that infycr I(¢) > 0 and
choose ay > Osuch thata := inf,cr I(¢) — 7 > 0. As I is a good rate function,
the level set ®j(a) is compact. By definition of «, its intersection ®;(a) N F
with the closed set F is empty, which implies § := dist(F, ®;(x)) > 0. By
Lemma and the definition of a we get that

inf,cp [ -2
P[W € F] < P[dist(W*, @1 (w)) > 0| <exP[_m eerll9) =21],

which completes the proof of Schilder’s theorem. O

Finally, we prove Lemma [3.1.21} The main problem in the proof is the fact
that I(W¢) = co, hence we have to approximate the scaled Brownian motion
by functions from H;. We use random polygons to solve this problem.

Proof of Lemma To construct an approximating random polygon x" for
W¢, we divide the time intervall [0, T] into parts of the identical length A > 0.
We will specify A later; for now we assume that £ € N. The approximating
polygon x™¢ shall have the vertices

(0,0), (Ax%), (28,x54), ..., (T, x7) .

To prove the upper bound claimed in the lemma with the help of this approx-
imation, we consider two events: Either x"* is a bad approximation of W* or
x"# is so good an approximation that it leaves ®;(x) whenever W* leaves the
d-neighborhood of the level set:

P[dist(WS, ®;()) > 5] < P[|WE = x|l > 6] + P[I(x™) > a] . (3.1.12)

First, we prove an upper bound for the first summand in (3.1.12), which
is the probability of x"* being a bad approximation. We use the fact that the
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3. SR through Freidlin-Wentzell theory

distances ||Wf — x{*||, considered on different time intervalls [kA, (k +1)A[,
are identically distributed.

P[IW —x"||e > 5] = P[ sup [[W¢ — x| > o]

0<s<T
< LIop We— x| >8] < L.p WE|| =6
< 3 Psup [IWE— a0 >8] < 5P| sup [We]| > ]
0<s<A 0<s<A
Lemnglmlzldir 52
S A'eXp[_stA}’

and, choosing A := %, we get that forall e < eg = €0(T, 6,7, ap)

ap — elog (4[12“0) ]

mes _xn,sHoo > (5] < 1 - exp [_

N

)

<

NI~

X~
- .

~exp[

Next we estimate the second summand in (3.1.12) which specifies the prob-
ability that the approximation x™* leaves the level set. Since x™* is a polygon,
we have that

1 T/A /m H\/E-WZA — \/E'W(lfl)AHZ ds
(

I(x"*) ==
") =3 = Ja-1)a A?

e T8 || Wia — Wopall”

245 A

The sum on the right-hand side has the same distribution as the sum ¥ ¢?

over the squares of ‘%T independent, one dimensional standard-normal ran-
dom variables ¢;, which can be estimated by Chebychev’s inequality; hence,
we achieve for any « € |0, 5[, that

ar/s 2n 2K S
PG > ) = P L & > 2] <onp[- 22 (Bfenpiiet])
i=1
<(1 —21()7% - exp [—2’?] .
Now we choose x = 5 (1 — ,5). Then for any small enough ¢
dT

P[I(x"*) > a] = (Zx)_m' exp{_‘x_ﬂzy} gi.exp[_“’q

=exp [—77/2] -exp [— -

and the lemma is proved. O
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3.1. Large Deviations

3.1.5. The Contraction Principle (continuous version)

Let us return to the general setting from Subsection 3.1.1}

As soon as we have established a large deviations principle with a good rate
function for a family of probability measures {, }¢~o, the basic, continuous
version of the contraction principle as proved below provides us with a large
deviations principle for {pe o f 1 }.~0, where f is assumed to be a continuous
mapping of spaces.

Theorem 3.1.22 (contraction principle — continuous version). [DZ98, Theo-
rem 4.2.1] Let X, Y be topological spaces, I : X — [0,00] a good rate function and
f : X — Y continuous. We define the function I' : Y — [0, 00| by

I'(y) :=inf{I(x) | x € X such that f(x) =y} .

Then I' is a good rate function on Y.
If I governs a large deviations principle for {e }e~o on X, then I' governs a large
deviations principle for the image measures {je o f 1 }esgon Y.

Of course, this result may also be applied if X and Y are the same space but
e.g. equipped with different topologies.

Proof. We first show that I’ is a good rate function. The nonnegativity of I’
is obvious by definition. Since I is a good rate function, we know that for all
y € f(X) the infimum in the definition of I’ is obtained for (at least) one x € X.
Hence, we get for the level sets @y (a) := {y € Y | I'(y) < a} that

Oy () = {f(x) | x € Xsith. I(x) <a} = f(Pr(a)),

where ®;(x) := {x € X | I(x) < a} are the level sets of I. The compactness
of the level sets of I in X implies the same for the level sets of I’ in Y, which
makes I’ a good rate function.

If we can show that for all A € B(Y),

—inf I'(y) < liminfelog(pe o 1) (A)
]/EA e—0
(3.1.13)

< limsupelog(pe o f 1) (A) < —inf I'(y),
e—0 yeA

the proof is complete.
By the definition of I’, we know that forall A C Y,

inf I'(y) = inf I(x).
Jnf (v) e 0 (x)

To show the lower bound of (3.1.13), we have to prove that for all open sets
A€ B(Y)

— xefiglf(A) I(x) < ligligﬁslog(yg of1(A). (3.1.14)

But since by continuity f -1 (A) is open in X for any open A C Y, the LDP for
{#e }e>0 implies that

— xefigf(A) I(x) < lilslli&fslog ue(f1(A)),
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3. SR through Freidlin-Wentzell theory

which proves (3.1.14). The proof of (3.1.13) is completed by a similar argument
for closed sets, utilizing the upper bound of the LDP for {p }¢~0. O

Remark 3.1.23 (possible generalizations). [DZ98| p. 111]
(i) It can be proved, that this result holds even when B does not contain B(X).

(i) (if I is not good). If in the preceding theorem the rate function I is not good,
the large deviations principle for {pe o f~'}e~0 on Y does still hold.

However, it may happen in this case that I' as constructed above is no longer
a rate function. For example, consider X =Y = R, I(x) = 0 and f(x) =
exp|x]: In this case, I'(y) = 0 for any y > 0, whereas for any z < 0 we have
that I'(z) = oco. This implies that e.g. ®p:(1) = 0, 00| is an open set.

We want to generalize the contraction principle from continuous functions
to functions which can be approximated in some sense by continuous ones.
This will be done in Subsection3.1.7} however, we first have to introduce some
additional results.

3.1.6. Exponentially Good Approximations

Definition 3.1.24 (exponential equivalence of measures). [DZ98, Def. 4.2.10]

Let (Y,d) be a metric space and consider families { ygl) teso and { ‘uéz)}oo of
probability measures on Y. The two families are called exponentially equivalent,
if there exist a family { (€, Be, P;) }€>0 of probability spaces and two families

{Zgl) tesoand {Zéz) }e>0 of Y-valued random variables with joint distributions

{fi¢ }¢>0 and marginal distributions {ygl) tesoand {yéz) }e>0, respectively, such
that the following holds:
For any constant 6 > 0, we have that

{weo ‘ (28 (@), 2P (w)) € T; } € B,
and

limsup elog fie(I';) = —co,

e—0

where we set
Iy:={(@y) eYxY|dFy) >6}. (3.1.15)

Families of random variables {Zg(l)}g>o and {ZS(Z)}E>O, which fulfill these
conditions, are also named exponentially equivalent.

Remark 3.1.25 (if Y is separable). [[DZ98| p. 114] If Y is a separable space, the
required measurability automatically holds.

The next result provides an idea, why the notion of exponentially equivalent
families of probability measures is interesting for us.
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3.1. Large Deviations

Theorem 3.1.26 (large deviations principles for exp. equivalent measures).

[DZ98, Theorem 4.2.13] If a family {ygl)}DO of probability measures on a metric
space (Y, d) fulfills a large deviations principle with a good rate function I, and if

we have a second family { ygz) }e=0 of probability measures which are exponentially
equivalent to the aforementioned family, then both families of probability measures
fulfill the same large deviations principle.

The theorem is a consequence of Theorem [3.1.28; cf. the note following that
theorem.

Definition 3.1.27 (exponentially good approximations). [DZ98] Def. 4.2.14]
Let (Y,d) be a metric space and T'5 defined as above. For each ¢ > 0 and
any m € N, let (Q), B, P;) be a probability space, and let the Y-valued random
variables Z, and Z;,, be distributed according to the joint distribution fi ,
with marginal distributions y, and i, respectively.

The random variables {Z¢ ;s } e~0,meN are called exponentially good approxima-
tions of {Z; }¢~o if, for every 6 > 0, we have that

{w =¥e) ‘ (Ze(w), Zeyu(w)) € 1"5} € B, forallme N

and

lim lim sup elog fign(T's) = —oc0.

—00
m e—0

We call the families of measures {i¢m }e>0,meN exponentially good approxi-
mations of the family {ji¢}¢~0 if we can construct a family {(Q, B¢, D) } f
probability spaces as above.

e>0 0

Theorem 3.1.28 (large deviations under exp. good approximation). [DZ98,
Theorem 4.2.16] Let (Y, d) be a metric space, and suppose that for any m € IN the
family {ptem teso of probability measures satisfies a large deviations principle with
rate function I,. Furthermore, assume that { e m }e>0,meN are exponentially good
approximations of {ye }e~o. Then the following holds:

(i) {pte}eso satisfies a weak large deviations principle with the rate function

I(y) := supliminf inf I,(z). 3.1.16
(v) supliminf inf m(2) (3.1.16)

(ii) If I is a good rate function and for every closed set F in Y we have that

inf I(y) < li inf L, (y) 1.17
inf (y) im sup inf m(Y) (3.1.17)

then {u. }e~o satisfies a full large deviations principle with rate function I.

If the rate functions I, are good rate functions and independent of m, then
the theorem implies that {1, } .~ satisfies a full large deviations principle with
rate function I = ;. In particular, this proves Theorem[3.1.26

Proof. (i) Letus assume that {Z; }.~0meN are exponentially good approx-
imations of {Z;}.~o with joint distributions {fi¢ m }¢~0men and marginal
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3. SR through Freidlin-Wentzell theory

distributions {ptem fe>0men and {pe }eo, respectively. Let I'; be defined

asin (3.1.15).

By application of Theorem 3.1.15|(the existence theorem for a weak large
deviations principle) to the (topological) base {B(y, 6) }y cvos0 of (Y. d),
we obtain the claimed weak large deviations principle after proving that

I(y) = — inf limsup elog ¢ (B(y, 6))
>0 a0 (3.1.18)
= —infliminfelog ye (B(y,9)) -

6>0 &—0

To prove (3.1.18), we choose a pair § > 0, y € Y and note that for any
m € IN and ¢ > 0, we have that

{Zew € B(y,0)} C {Ze € B(y,20)} U{(Ze, Zewn) €T}, (3.1.19)
hence,
Hem (B(y,5)) < He (B(y,25)) + ﬁs,m(ré) . (3.1.20)

The lower bounds in the large deviations principles for { e m }e~0men do
now imply the following for all m € IN:

_ zeiBr(li/(S) In(z) < lim inf e 1og pte,m (B(y,9))

< liminfelog (ys(B(y, 20)) + ﬁs,m(r(s))

< liminfelog pe (B(y,26)) V limsup elog fiem(Ls) -
e—0 ———

e—0 -
=:Cm

By assumption, {i¢,m }e>0,meN are exponentially good approximations of
{#e}e=0; hence, & ——— —oo0 and we conclude that

limsup(— inf Iy(z)) <liminfelog pe(B(y,26)) . (3.1.21)
m—oo z€B(y,9) e—0

Now we repeat this argument, exchanging the roles of Z,;, and Z,; par-

allel to we see that

{Z: € B(y,6)} C {Zem € B(y,20)} U{(Zeym, Ze) € T} ;
the analogue estimate to (3.1.20) is

pe(B(Y,0)) < pen (B(Y,20)) + fiem(Ts) ,
which implies that for any m € IN

lim sup ¢log e (B(y, 6))
e—0

< limsupelog (yg,m (B(y,26)) + ﬁs,m(l"g))

e—0

< limsup elog pe.m (B(y,26)) V limsup elog fiem(T's) -

e—0 e—0

m—o0
—00
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3.1. Large Deviations

Thus, we obtain the following analogue to (3.1.21), this time using the
upper bound of the large deviations principle for {pem }e>0meN:

Iiminf(— inf I,(z
m—00 ( ZGB(]/,Z(S) m( >)

> lim inflim sup e1og pie,m (B(y,26)) V —oo

m—00
e—0

> limsup elog ye (B(y, 6)) . (3.1.22)

e—0

Remember that for the justification of (3.1.21) and (3.1.22) we did not
pose any assumptions on the selection of y € Y and 6 > 0.

Because of B(y,26) C B(y,36) and the definition of I (cf. (3.1.16)), by
taking the infimum over J > 0 in (3.1.21) and (3.1.22) we obtain that

inf lim inf e log yte (B(y, 0)) > 5ir1(f) limsup(— inf I,(z))
>0 m—oo

>0 e—0 z€B(y,9)
lming g 1 ! (3.1.23)
= — Sup limin m zZ)=—
uplimint_inf  In(z) = ~1(y)
and
inf li 1 B(y,d)) < inf liminf(— inf I
fimsypelogy(5(0) < pflpin_f, 1bG)

= —suplimsup inf I,(z) < —I(y).
5>0 m—oo zEB(Y,0)

Combining the estimates (3.1.23) and (3.1.24), we get that

. iy e
gghr?jélpslogﬂs(lg(w)) < —I(y) < infliminfelog e (B(y,9)) ,

which finally implies (3.1.18).

(if) Fix 6 > 0 and a closed set F C Y. Like above, we note that for any m € IN
and all € > 0 we have that

{Z: € F} C{Zem € FPYU{(Ze, Zeym) € T5) .

The large deviations principles for {i¢m }e>0meN imply hat for any m €
N the following holds:

lim sup elog e (F) < lim sup log (ptem (F°) + fiem(T's))
e—0 e—0

< lim sup €10g e (F°) V lim sup € 10g fie ()

e—0 e—0

< (— inf Ly(y)) Vlimsup elog jiem (Ts) -
yeF e—0

Because we know that {Z; }¢~0men are exponentially good approxi-
mations of {Z}.~¢, by taking m — oo and applying condition (3.1.17) to
the set F (closed by definition!), we get that

limsup elog ue(F) < —limsup inf I,,(y) < — inf I(y) .
e—0 m—oo YEF? yeEFS
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3. SR through Freidlin-Wentzell theory

Using the property of I to be “good” and Remark iii), we may take
limits for 6 — 0 and obtain the upper bound for the claimed full large
deviations principle. O

3.1.7. The Contraction Principle (extended)

Now we can extend the contraction principle for continuous functions, which
we have proved above, to a more general class of functions.

The following result is a special case of the preceding theorem. Hence, the
idea of the proof is to apply the preceding theorem.

Theorem 3.1.29 (contraction principle). [DZ98, Theorem 4.2.23] Let (Y,d) be a
metric space and X a Hausdorff space. Let {y¢ }¢~o be a family of probability measures
on X that satisfies the large deviations principle with a good rate function 1. For any
m € N, let fi, : X — Y be continuous mappings. If there exists a measurable map
f+ X — Y such that for any & < o

lim sup sup{d(fm(x),f(x)) ‘ x € <1>1(o¢)} =0, (3.1.25)

m—o0

and if { fic }e0 is a family of probability measures on Y for which {pe o fiy ' }es0,meN
are exponentially good approximations, then {fi, } ¢~ satisfies a large deviations prin-
ciple with the good rate function

I'(y) = inf{I(x) | x € X such that f(x) =y} .

Proof. Since the functions f;; : X — Y are continuous by assumption, we may
apply the contraction principle for continuous functions (Theorem3.1.22), and
obtain that for any m € IN the family of measures {ji¢ o fi }¢~0 satisfies a large
deviations principle on Y with the good rate function

Ln(y) := inf{I(x) | x € X such that f,,(x) =y} .

By (3.1.25), fu =, f converges uniformly on any level set @ () if & < 0.
Thus, by similar arguments as in the proof of Theorem [3.1.22} f is continuous
on each of these level sets, I’ is a good rate function on Y, and its level sets are
f(@1(a)).

Now, fix a closed set F C Y and define, for any m € IN,

m = inf L = inf I(x).
i = Inf I (y) e (x)

Assume tha@
v :=liminfy,, < o
m—o0

and select a subsequence (Y, )keN Of (Vm)men, such that

k—o0

Ym, —— ¥ and  supyy, =:p < .
keN

8see below for the case y = oo
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3.1. Large Deviations

Since I is a good rate function and f,,!(F) is a closed subset of X for any
m € N, we can find a sequence (xx)xeny C X such that fy, (xx) € F and
I(xx) = ym, < B forall k € N. By the uniform convergence assumption
(3.1.25), we know that for any § > 0 we can find a Ky € IN such that for all
k > Ko we have f(x;) € F°. This implies that, for all § > 0 and all k € N large
enough,

inf I'(y) < I'(f(x)) < I(xe) = Y -
yeF

Hence, again for all § > 0,
inf I’ < liminfinf I
o (y) < lim inf inf L, (y)

(note: this holds trivially if ¢ = o).
Letting 6 — 0, Remark iii) shows that for every closed set F we have
that

inf I'(y) < liminf inf I . 3.1.26
Inf I'(y) < lim inf inf L, (y) (3.1.26)

This does, in particular, imply that the estimate

. / <1 .
;relg I'(y) < limsup ;gg Ly ()

k—o0

holds, which in turn implies that Assumption (3.1.17) from Theorem (3.1.28
holds.
If we now choose F := B(y, d), we obtain that

(B126) .
I'(y) Rem B113 sup inf I'(z) < supliminf inf I, (z) =:I(y).
>0 z€B(y,9) 5>0 k—oo z2€B(y,9)

Because [ is the rate function defined in Theorem 3.1.28 we note that this proof
is complete as soon as we can show that I(y) < I'(y) holds for ally € Y - be-
cause then Theorem 3.1.28implies that {ji } ¢~ satisfies a full large deviations
principle with the rate function I’ = I.

To prove this estimate, we select an y € Y and assume without loss of gen-
erality, that I'(y) =: & < co. But I'(y) = a implies thaty € f(®;(a)), i.e., there
exists an x € ®;(«) such that f(x) = y. We set yu := fi(x) € fiu(P1(x)), and
thus obtain I, (ym) < « for all m € IN. Now, condition implies that

m—oQ

d(y,ym) —— 0, hence,

I(y) < lir{lninflm(ym) <a,
which proves the required estimate. O
3.1.8. Sample-Path Large Deviations for Strong Solutions of

Stochastic Differential Equations: Freidlin-Wentzell
Theory

Let us return to the original problem described in the beginning of this chapter.
We want to understand the behaviour of the strong solution x° of a stochastic
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3. SR through Freidlin-Wentzell theory

differential equation

£ _ € . €
{dxt =b()di+ Ve oGy dWe, tEDT], T<eo gy,

Xg =X
in R?, where we assure the existence of a unique strong solution x¢ by assum-
ing that b, o are bounded and uniformly Lipschitz continuous.
Our aim in this subsection is to prove a large deviations principle and the
corresponding rate function for x°, more precisely, for its distributions . as

¢ — 0. We do this in two steps: First we describe a simple special case, and
then we go into the details of the large deviations of x*.

Simple case: ¢ = 1 and xj = 0

In this special caseﬂ we can use the continuous version of the contraction
principle to obtain a large deviations principle the distribution of x* from
Schilder’s theorem:

Let f be the unique solution in €y of the integral equation

f= [ b)) ds +gl0), g,

and define
F: G — (
§ — F)=f.
We note that F(y/e- W) = x*.
To apply the contraction principle using F, we have to prove that F is con-

tinuous. We choose g1, $2 € Cp and denote f; = F(g1), f» = F(g2). Then we
have that forallt € [0,T], T < oo,

t
1A= f2lljo,) < Lo /0 1A= f2

where Ly, is a Lipschitz constant such that ||b(x) — b(y)|| < L - [|[x — y||. Gron-
wall’s lemma now implies that

1f1 = f2lljo,r) < exp[LsT] - (|81 — &2

and hence the continuity of F.
By Schilder’s theorem, {P o (we)—1 }€>0, for Wf := /e - W, satisfies a large
deviations principle with the good rate function

1, 2 ifpeH
iy (3 lelR fec
?) [0,T],0 (¢) {-1—00 otherwise .

0,5 ds + 1181 — &2l -

[0,1] s

By application of the contraction principle (continuous version) we know that
x¢ = F(W¥¢) satisfies a large deviations principle with the good rate function

I(f) :== inf{lﬁ)%]’o(g) ‘ g € Cp such that F(g) = f}
= inf{; |81l | & € Co such that F(g) = f} )

9This subsection is based on the first part of [Gen03} Section 2.5].
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3.1. Large Deviations

Remember that the Hj-norm of a function ¢ € Hy = H ([0, T) ;]Rd) is de-
fined by

T2
Il =1/ [ llgCe)|” a

Finally, we want to identify I.If ¢ ¢ Hy, thenalso f = F(g) ¢ H;.If g € Hy,
then f is a.s. differentiable with f(t) = b(f(t)) + ¢(t), and f(0) = 0. Then
there exists a constant B > 0 such that for all t € [0, T

£l < B [ 1F6)] ds + [00)] + g0

Gronwall’s lemma together with ¢ € Hj implies that f € Hj. Thus,

I(f) = LA —b(F(s)) | ds ifg € Hy (= f € Hy)
Foo ifg¢ Hi (= f & Hy).

Less simple case

Let x° be the unique solution of (3.1.27) ['’] We want to understand the large de-
viations behavior of this stochastic process. The first idea for a proof of a large
deviations result in this situation would be to apply the same tools as we did
above — construct some continuous transformation F and use the contraction
principle. However, the map defined by x* on € does not necessarily have to be
continuous: It can be shown that, if we replace the Brownian motion W; by its
polygonal approximation (hence, a continuous approximation), the solution
of differs in the limit from x° by a non—zero (so—called Wong-Zakai)
correction term. The existence of this non—zero correction term contradicts the
assumption of continuity. Hence, we may not use the continuous version of
the contraction principle.

On the other hand, the mentioned correction term is of order ¢, so we may
expect that it will not influence large deviations results. Consequently, we
guess that, even though we have just realized that the proof will not work
as above, the rate function for this situation might in principle be the same as
above:

x¢€ . 1
e = {5 sl

g € Hj such that (3.1.28)

£(t) = x+/(:b(f(s)) ds+/0tc7(f(s))g(s) ds} .

The following theorem confirms this guess:

Theorem 3.1.30 (Large deviations principle for {Po (x*) "'} _ ). [DZ98, The-
orem 5.6.7] Consider the stochastic differential equation (3.1.27). Assume that b and
o are bounded and uniformly Lipschitz continuous, and x¢ the solution of (3.1.27).
Then the family {fi¢}e~o := {Po (xs)‘1}€>0 satisfies a large deviations principle

with the good rate function I[’g’T]’x as defined in (3.1.28).

10This subsection is almost entirely based on [DZ98) Section 5.6]
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Proof. Without loss of generality, we may assume that the initial conditon is
x = 0, and we may choose T = 1. Hence, Cy is the support of .

Our proof is based on the construction of a series of processes x*" which
are shown to approximate x* exponentially good and thus allow us to apply
the contraction principle as formulated in Theorem 3.1.29

For any m € IN, let x*™ be the solution of the stochastic differential equation

dxé™ =1b dt + e -o(x dw;, telo,1],
{ i (x 'ZZ’J) veolx ’IL”) : 0,1] (3.1.29)

where the drift and diffusion coefficients are by Construction “frozen over

[ ";l k+1 [ Since for any e > 0and m € N, x* and x*" are strong solutions

of (3.1.27) and (3.1.29), respectively, they are defined on the same probability
space, and by Lemma m (below) we know that {x*"}.. o meN are expo-
nentially good approximations of {x*}.~.

Like in the “simple case” above, we define functions

F™ . eo — Go
g — F(g)=h",

where for any t € ]K k—l],k:0,...,m—1,wesethm(0) := 0 and

m

OB (r]:z) " b<hm C;)) ’ [t - rﬂ

We want to use these functions as “approximating functions”, applying
Theorem [3.1.29] (note that x> = F"(W¥)). To do this, we first have to prove
that for any m € IN, F" is continuous. Let g1,8> € Co, set hf" = F"(g1),
hit = F"(g>) and define

e(t) = (1) — W3 (1)
By the continuity and boundedness assumptions on b and ¢, we have that for
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te] Ly k%l} there exist Ly, B > 0 such that

m

oft) < hr(k)—h?(z)H
=e(£)
" b<h;n(k))_b(h;n(k)>\ [
m m
h\,—/
<Lp-e(y) <
k k
<2B
k k
: ‘ g1(t) — &1 (m) —&(t) + & (m) H
<2-[lg1—-82ll o,
k
<C-fe o + llg1 — 8alljo]
where C < oo is bigger than
max{Z, 2. &, 4B} ,
m
and hence,
k
sup e(t) <C-{ef )+ g1~ gllpy | -
te] ]

Knowing that e(0) = 0, we can iterate this bound for k =0, ..., m — 1 and thus
obtain the continuity of F" for all m € IN.
Now, define

F: H1 — 60
§ — F@)=f,

where f shall be the unique solution of the integral equation
t t
0= [[0(F©) ds+ [[o(f(9) g(s)ds, e (0]

Again, existence and uniqueness of the solution are standard because of the
a—priori conditions on b and ¢. As soon as we prove that for any a < co,

n%iggosup{HFm(g) — F(g)H[O/H ‘ g such that [|g||p, < tx} =0, (3.1.30)
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3. SR through Freidlin-Wentzell theory

we know that F”* approximates F in the sense of (3.1.25). As we have noted

above, by Lemma [3.1.31| we know that {pi¢m }e>0,meN approximate {fie}e~0
exponentially good. Hence, the conditions for Theorem [3.1.29} the general-

ized version of the contraction principle, are fulfilled and we have proved the
assertion of the theorem.
To prove (3.1.30), we fix a < co and g € Hy with [|g]|p, < a. We write

W=F"(g), f=F(g) and r(t):=|f(t) =" (1)’

and note that for all t € [0, 1], h™ fulfills the integral equation

o= [ b ( (L’”SJ)>ds+/ ( (45 )>g<s>ds.

. : t
By the Cauchy-Schwartz inequality and the fact that % = % = const. for
alls € [%,t[, t € [0,1], we have that

e "(”" (5 )> 4(s) ds

(I ()

Because o, b are bounded, we may find a constant J,, for every m € IN, which
m—0o0

is independent of g, such that §,, —— 0 and the following estimate holds for
allt € [0,1]:

() — (WJ) S(1+a0) . (3.1.31)
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3.1. Large Deviations

By the Lipschitz continuity of b, we can find a constant C < oo, independent
of m and g, such that forall t € [0,1]

Vr() = ||F ) —nm )|
t ms
/0 b(f(s)) —b (hm <LmJ>> ds

<C-[lf(s)—hm(Lzsly|

t
+/
0

o(F(5)) - a(hm

7N
2§
[T
N——
N——
[
0.
=
Q.
©»

<C-|lf(s)—hm (Ll

m

o) - (L2 ‘

o)~ (L)

m

2
ds

<C¢/Ot
+CJ/Ot
_ (1+zx).C\l./(;t"f(s)—h’"(%ﬂ)"zds.

This implies that 7(0) = 0. By application of (3.1.31) we see that there are
K1, Ky < o0, depending on C and «, such that for all ¢ € [0,1]

2
ds - a2

2
(0 = ) - 0] < W/;Hf o= H *

m
=K

(2 e

gém(l#‘ﬂt)

<K [766) = Gs)|P as 4 Ky /ot‘

<6%-Ky [ (1+a)? ds

:K2
t
< Kl/ r(s) ds + 62 - Ky,
0

hence 7(t) < K62, - exp[K;t] by Gronwall’s lemma. Finally, we obtain that

Klw

IF(@) = (@) g5y < VR bn-exp|

which proves (3.1.30), because the selection of ¢ € H; was without further
assumptions and because &, ——— 0. O
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3. SR through Freidlin-Wentzell theory

Lemma 3.1.31 (x> approximate x* exp. good). [DZ98 Lemma 5.6.9] In the
situation of the above proof, the following holds for any 6 > 0:

lim limsup elog P[|[x*" — x%||g.1] > 6] = —c0 .

—00
m e—0

To prove this lemma, we need the following result; remember that, for a
measurable space (2, F) and a filtration {F;};c[,, @ function X mapping
[0, c0] x ) into a measurable space (E, A) is named progressively measurable, if
X] 0,7]x 18 Bjo 1) X Fr-measurable for every T < co.

Lemma 3.1.32. [DZ98| Lemma 5.6.18] Let b; and o be progressively measurable
processes, and consider the equation

dzy = by dt + e -0y AW, in R?, (3.1.32)

where zq is deterministic. Let 7y € [0,1] be a stopping time with respect to the fil-
tration of {Wi}yc(o,1)- Suppose that the coefficients of the diffusion matrix o are uni-
formly bounded, and that for some constants M, B, p and any t € [0, 71] we have
that
2 2y1/2
loell < M- (0" + [|z:/%)

1/2
1bell < B- (0 + [|z]*) - (3.1.33)

Then for any & > 0 and any € < 1 the following estimate holds:

2 2
elog P[ sup ||z > 4] <I<+1og<f’j|7*02|> )
te0,7] p*+90

where K := 2B + M?(2 + d).

Note that the notation in (3.1.32)) is ‘abbreviating’: b and ¢ are dependent on
variables in space and time. Cf. the proof of Lemma 3.1.31

Proof. For any y € RY we define

o(y) == (0> + Ily)?)"*

and set u; := ¢(z¢). By Itd’s formula, u; is the strong solution of the stochastic
differential equation

dur = (Vo(a) " dex + 5 - tr(owe] Dp(ar) dt (3.1.34)

=: gt dt +a; dW;,

where D?¢(y) denotes the matrix of second derivatives of ¢(y). Because of

N T TR ) N
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3.1. Large Deviations

and (3.1.33), we have that, forany ¢ € [0, 1],

T 2¢(z¢) - B - ||z 2B .

R P I TR ST
e (o + llzil?) (02 + l12¢1)

S % Tt (3.1.35)

In a similar way we obtain that, for any ¢ < 1and any ¢ € [0, 4],

£ M2(2+d
E . tr(U’tO'F D247(Zt)> < % c Uy

(using that (at(i))2 < M?- (p2+ ||z¢||?) foralli =1,...,d and estimating com-
ponentwise). With these estimates and (3.1.34), we get that, for any ¢ € [0, 1],

g —, (3.1.36)

with K as defined above.
Now, fix > 0 and define the stopping time

T=inf{t | [|z]| 2 6} ATy .

Since, similar to (3.1.35)),
ZMZ/It

e

is uniformly bounded on [0, 72|, we know that

t
ut—/ogsds

is a continuous martingale up to 7. Hence, we may apply Doob’s optional
sampling theorem and obtain that

llo¢]] <

tATy
Eluing] = ug+E [/0 Qs ds} )

Combining this with (3.1.36) and the fact that u is non-negative by definition,
we get that

K ATy K tATy
]E[umﬁ]guo—i—siE{/o usds] —u0+S~IE{/O usATzds]

Kt
<u0+z~/0 E(uspr,) ds .

Gronwall’s lemma implies now that

Efun] = Efu1sn] < o exp |5 | = plan) exp |5 |
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3. SR through Freidlin-Wentzell theory

We note that ¢(y) is positive and monotonely increasing in ||y||; hence, by
Markov’s inequality,

_ ]E[(P(ZTz)] o IE[uTz]
Pllznll > 3] = Plg(zn) > ¢(0)] < = 2o = 15

Now we combine the two preceding inequalities and finally see that

elog P|zr | > 6] < 310g<]E[uT2]) < 8log<w>

¢(9) ¢(9)
_ ¢(z0)) _ i 1
—K+log<¢((s) =K +log 22 )
The lemma is proved, as we have that
sup [z 26 & zgl >4. O
te[O,Tﬂ

Proof of Lemma|3.1.31} We fix § > 0 and define, for any p > 0, the stopping
time

T = inf{t ‘ [|x™ = x,

mt
m

| >pfnt.

If we denote

e Em &
zp =X — Xy,

we see that this process z; fulfills the differential equation (3.1.32), with

20=0, b:=b(x],) —b(xf) and op:=0(x ) —o(xf).

m

Hence, as the assumptions on b and ¢ are fulfilled by any bounded and Lip-
schitz-continuous function, we may apply Lemma which shows that
for any 6 > 0 and any £ < 1 we can find a K < oo that is independent of ¢, 5, p
and m and makes the following estimate valid:

2
P
elogP| sup [|x;™ —xf|| = 6] < K+log< > ,
[te[o,ﬁ] ! ) 0%+ 62

which in turn implies that

lim sup limsup elog P sup |lx;™ —xf|| > 6] = —c0.
P=0m=1 0 te(0,]

Since, by construction of 7y, for any p > 0

{IIx" = x%lljo1) > 0} C {m <1}U{ sup [|xy" — x| =0},
tel0,1]

the proof of the lemma is complete if we can show that

lim lim supelogP{ sup [|lxp™ — x| = p} = 0. (3.1.37)

te[0,1] "
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3.1. Large Deviations

The boundedness of b and ¢ allows us to find a constant C such that for all

m e N
t
[|acy™ — xf mtJ | < /W mtJ H dt + \// e )H dW;
<C- (1_|_\/E max  sup H W"H) .
m e — se [’m m
This implies that for all m > %
_c
P| sup |[x;™ = || = p . {su [lWs|| = m]
[te[ol,gl]H t s | } se[oi] i \/E C

_C\2
<4d-m-exp[—mz(fl.ecm2)} ,

where the last estimate is based on Lemma This completes the proof. [

Finally, we extend the results of this section by the following theorem, which
allows more general initial conditions, and the subsequent corollary, which we
will need in the next section on diffusion exit from a domain.

Theorem 3.1.33. [DZ98| Theorem 5.6.12] Consider the situation of Theorem|3.1.30)
Let x*Y denote the solution of the stochastic differential equation (3.1.27) for the initial
condition xO := y. Then the following holds:

(a) For any closed set F C C([0, 1};1Rd),

lim sglpslog P[x* € F] < (;161{_ I[0 1,(9) - (3.1.38)
e—0,
y—x

(b) For any open set G C C([0,1];R%),

imi 4 = — . 1.
hglb?fslogP[x €G|> $2£I[01] (¢) (3.1.39)

Corollary 3.1.34 (generalized large dev. principle). [DZ98, Corollary 5.6.15]
Consider the situation of Theorem |3.1.30} Then for any compact set K C R? and
any closed set F C C([0,1]; ]Rd) we have that

lims(l)lpslogsuEP[x‘g’y €F<— (;2{“ I[0 1,(9) - (3.1.40)
&e— ye ek

Similarly, for any open set G C €([0,1]; R4 ),

liminfelog inf P[x*¥ € G| > — f 15 . 3.1.41
pielos P €61 = i o) o
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3. SR through Freidlin-Wentzell theory

Proof. Let —Ik denote the right hand side of (3.1.40). Fix § > 0 and set

1
s min{IK — 9, } :
o
Then (3.1.38) implies that for every x € K we can find an £, > 0 such that for
alle < ey

elog sup P[x*Y € F] < —I%.
yEB(x,6x)

We can cover K by open balls B(x;, ¢,) fulfilling this estimate, where i € I for
some index set I. Choose x71, . . ., x;; € K such that the compact set K is covered
by the finite union |JZ; B(x;, &;) of open balls. Hence, for ¢ < min;—y,_, €x;,

elogsup P[x™ € F] < —I% .

yeK
Now take first ¢ — 0 and then § — 0; this implies (3.1.40).
(3.1.41) can be proved by a similar argument based on (3.1.39). O

Proof of Theorem|3.1.33] By Theorem [3.1.26| (on large deviations principles for

exponentially equivalent families of measures), we only have to show that the
family {x%*}~ is exponentially equivalent to {x“*¢}.-o whenever x, =% x
We fix a family (x¢)e~0 such that x; 20, x and denote

zp 1=y

Then z; fulfills (3.1.32)), with
zog:=xe—x, op:=0(xy) —o(xp") and by = b(xy*) — b(xp") .

The standard properties of b, imply that (3.1.33) holds for any p > 0 and
71 = 1. Thus, applying Lemma we obtain that for any § > 0 and any
p > 0 we can find a K < co which is independent of ¢,  and p, such that

e,x
— X

2 2
+ || xe — x|
elog P[[|x** —xg'x||[0,1] > 6] < K—i—log(p pz—:éz | > .

Now, we take first p — 0 and then ¢ — 0, and get

.2
lim sup elog P[||x* — x|/ (g 1) > 6] < K+ limsup log<w> .

e—0 e—0

This proves the exponential equivalence of x>*¢ and x**, and thus the theorem.
O

3.2. Diffusion Exit from a Domain

In the last sectiorE-I we were concerned with the question, in which way a
dynamical system changes its behaviour under small stochastic perturbations,
with a special focus on untypical behaviour — large deviations.

Even though the basic skeleton of this section comes from [Gen03], virtually anything in here
is based on [DZ98] Section 5.7] and [FW98| Chapter 3].

44



3.2. Diffusion Exit from a Domain

In this section we consider a special case of this problem, namely the situ-
ation when the system without stochastic perturbations has a stable equilib-
rium point and the property to drift towards that point (under certain con-
ditions). We study such systems under small stochastic perturbations. Espe-
cially, we want to understand, when and where such systems under stochas-
tic perturbations leave certain neighborhoods of the deterministic equilibrium
state.

Situation 3.2.1 (deterministic equilibrium point). We consider the stochastic dif-
ferential equation

{dxf = b(xf) dt + /2 - o(xf) dW;, t€[0,T], 521)

xg =X
in R, and an open, bounded domain D C R? with 0 € D. We assume that b and o

are uniformly Lipschitz continuous on a neighborhood of D, and that B < co is large
enough to bound

, suI_>||(f(x)||

su}_)”b(x)
xeD xeD

and the Lipschitz constants for b and o.
We denote by {Px o (xg)’l}bo the family of distributions of the solution x¢ to
(3.2.1) with initial condition x, and by E the corresponding expectation.
Furthermore, we assume that the ordinary differential equation

dxt = b(xt) dt (322)

has a unique stable equilibrium point at 0 € D, and that for all solutions (x¢)¢=o of
(3.2.2) with initial condition xy € D the following holds:

e xy €D forallt >0,
° tlln;o xt=0.
Finally, we need the Fy-stopping time
T :=inf{t >0 | xj ¢ D},

where {Ft }1>0 is the canonical right-continuous ﬁltmtior@ generated by the Brown-
ian motion (W;)>o.

It seems obvious that in this situation the system should stay inside
D for small e with very high probability, if xo € D. However, also in this situa-
tion large deviations occur and the stochastically perturbed system eventually
leaves D even for small e. Our aim in this section is to understand these large
deviations from the expected behaviour, including exit times and the proba-
bilities of exit through certain parts of dD.

Remark 3.2.2 (possible generalization). If is noted in [DZ98| p. 197, p. 201] that
the results of this section (concerning diffusion exit from a domain) and the preceding
subsection (concerning Freidlin-Wentzell theory) can be generalized to other forms of
stochastic perturbations, as e.g. Poisson processes, or, more generally, Lévy noise.

Ple., let { 3?}t>0 be the filtration generated by Brownian motion and then set F} := .+q St? e
forany t > 0.
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3. SR through Freidlin-Wentzell theory

3.2.1. Quasi-Potentials

Definition 3.2.3 (cost function V, quasi-potential). [DZ98, p. 198] Let us define
the cost function

V(x,y;t) = inf{l[’f;t]rx(q)) ‘ @ €C([0,t;RY), po = x, ¢t = y} (3.2.3)

= inf 1/tHu 12 ds
= 5 J, s

S S
Ps 1= x—i—/o b(er) dr—i—/o o(@r)u, dr,

u€ L2([0,t; RY) suchthat (3.2.4)

s€[0,t], fulfills ¢;= y} .

Heuristically, this may be understood as the cost of forcing the stochastically
perturbed system (3.2.1)) to be at the point y at time f, when starting at x.
Furthermore, we define

V(x,y) = glgV(x,y; £).

Following the above heuristic idea for V(x, y; t), this may be understood as the
cost of forcing the system (3.2.1) with starting point x to reach y eventually.

If the deterministic dynamics of the system under consideration possess a
unique stable equilibrium point at the origin (which is the case in our setting,
as described in Situation[3.2.1), we fix the special case y — V(0,y) and call it
a quasi-potential.

This definition (and especially its independence of the initial condition x) is
motivated by the following observation.

Remark 3.2.4 (role of initial condition of (3.2.1)). [DZ98, p. 198] In our setting,
as described in Situation the typical behaviour of a solution x* with initial
condition x € D is to move towards the origin as ¢ — 0, and to stay close to that
point for exponentially long time (until a large deviation occurs).

During this long time span, the probability of hitting a closed set N C 9D is always
determined by inf,cn V(0,z). Furthermore, during any excursion from the stable
point, the probability to return there is overwhelmingly higher than the probability to
push on towards (and beyond) oD.

In other words, to determine the probability of an exit from the domain D, it is not
the time spent away from the stable point which matters, but the a priori chance for a
direct, fast exit from the origin to D due to a rare segment in the Brownian motion’s
path.

A rigorous justification for this remark will be given below (cf. the note
following Lemma 3.2.18).

We do not generally assume that the drift coefficient b in the system (3.2.1)
derives from a potential. However, this may be the case in certain situations.
For those situations, we note the following interesting fact.

Lemma 3.2.5 (potential and quasi-potential). [adapted from [EW98, Chap. 4,
Thm. 3.1]] Assume that ¢ = 1 and that there exists a continuously differentiable
potential U on D satisfying the following conditions:
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3.2. Diffusion Exit from a Domain

o U(0)=0,
e U(x)>0forallx #0,
e VU(x) # 0forall x # 0.
If now the drift term is of the form
b(x) =-VU(x),
then the quasi-potential V (0,y) satisfies

V(0,y) =2-U(y) forallye Dy:={yeD|U(y) <U:= min U(z)} .
z

If, in addition, U is twice continuously differentiable, then the rate function I has a
unique extremal ¢ on the set

{o el T RY

and this extremal is the solution of the differential equation

(3.2.5)

dps =+VU(ps)ds, se€]—oo,T],
PT =X.

According to [FW98], this relation between a potential and the quasi-poten-
tial derived from it is the reason for the name “quasi-potential”.

Proof. Let ¢ : [Ty, To] — RY be a path and let us first assume that ¢ € D for
all s € [Ty, Tz]. Then the relation

T,
Ulgr) ~ Ulpr) = [ (TU(ps), ) ds

1

implies that (with the polarization identity)
1 2
Ity m)(9) = E/T] @5 + VU(ps)||” ds

1 /2 . 2 T .
=5 [ llos = VU@ ds+2 [ “(TU(@s), 9s) ds
Tl Tl

>2- (U(gr,) —U(er)) - (3.2.6)

Hence, if we choose ¢ such that ¢; € D foralls € [Ty, T»], 91, = 0and ¢7, = x
where x € Dy, we see that

Iy 15),0() = 2U(x) - (32.7)

If o7, = 0 and @7, = x, but there exist s € [T, Tp] such that ¢s ¢ D (i.e., ¢
leaves D during T3, T»)), there exists a time T € [Ty, T»] such that U(¢-) = Uy
and

3:2.7)
Ity 1y)0(@) 2 Iy 70(@) = 2U(@<) = 2Up = 2U(x) ,
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3. SR through Freidlin-Wentzell theory

which is the asserted lower bound for all ¢ such that ¢7, = 0 and ¢7, = x.

Now, let ¢ be a solution of (we still do not assume that U is twice dif-
ferentiable). Then lim;_,_« ¢s = 0 and becomes an equation, because
|¢s — VU(@s)|| = 0 forall s € [Ty, T]. Hence, similar to (3.2.6),

T .
wmo(@ =2 [ _(VU(@:),¢:) ds = 2U(x),

and we conclude that ¢ is an extremal of the rate function (because “I > 2U”
has been shown above). By the definition of the quasi-potential, this implies
that V(0,x) = 2U(x), as claimed in the Lemma.

If U € €, the solution to (3:2.5) is unique. This implies the uniqueness of
the extremal (“optimal”) path. O

Remark 3.2.6. [cf. [FW98| Chap. 4, Thm. 3.1]]

e The idea behind the restriction on the domain Dg, where the relation V = 2U
holds, is the following:

As before, we think of the quasi-potential as the representation of the “cost” of
forcing the process to a certain point within D. The process will naturally leave
D near a point z € 0D with U(z) = Uy, where this is “as cheap as possible”.

It will not, on the other hand, approach points y € D where U(y) > Uy. In
other words, the “cost” of forcing the process to points in D \ Dy is simply “not
interesting”, the quasi-potential V “does not know these”.

o The second assertion of the lemma and the differential equation reflect
that the “cheapest way” for the process to reach some x € D is to “move directly
towards the exit point”, along the path which the deterministic process would
take from x to the origin.

Remark 3.2.7 (possible generalization). [Gen03, Lemma 3.6] The above lemma
can be generalized for the situation where b(x) = —VU(x) + I(x), if | is a mapping
D — R? such that

(I(x),VU(x)) =0.

If I is continuously differentiable, then the second assertion of the lemma can be
extended to this generalized case, and the extremal ¢ is the solution of the differential
equation

dgs = +VU(ps) ds+1(gs)ds, s€]-00,T],
QT =X.

3.2.2. Classical Results

Situation 3.2.8 (additional assumptions). [[DZ98| p. 199] and [Gen03, Ass. 3.9—
3.11]] We still remain in Situation and state the following additional assump-
tions:

(A1) We add to the assumption that the deterministic system has a unique, stable
equilibrium point at x* = 0 the requirement, that if xo € 0D, then limy_.co x¢ =
0.
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3.2. Diffusion Exit from a Domain

(A2) Vy:= inf V(0,z) < o0.
z€dD

(A3) There exist a constant K > 0 and a maximal radius g9 > 0, such that for all

0 < 0o and all xo,y with ||xo — z|| + ||z — y|| < o forapoint z € 9D U {x*},
there exist a “control” u € L2 with ||u|| < K and a time T(0), such that the
path ¢y, defined by

t t
@t 1= X0 +/() b(qu) ds +/0 (T((Ps)us ds,

satisfies @t (y) = y, and the time T(o) converges to 0 as ¢ — 0.

Note that in (AB) neither xo nor y are required to be in D.

Remark 3.2.9 (about the assumptions). [[DZ98, p. 199] and [[Gen03| Rem. 3.12]]

(Ad): The basic assumption on existence and uniqueness of a stable equilibrium point

(A2):

(AB):

(as formulated in Situation formalizes the setting that we are interested
in: If the deterministic dynamics starting inside D were allowed to leave D, the
conclusion that the perturbed dynamics did so, too, would be trivial. Hence, we
concentrate on the case of the deterministic dynamics drifting towards x* = 0.

(A) extends this assumptions on the dynamics to initial conditions xg € 0D
(whereas earlier only xo € D = D were included). By this stronger assunip-
tion, we exclude a characteristic boundary, i.e. 9D may not fall together with
the boundary between different domains of attraction of the deterministic dy-
namics.

For example, if the drift coefficient b is the derivative of a potential, the topologi-
cally closed domain D may not contain a local extremum between two potential
wells.

This poses a problem for us, since our aim is to understand stochastic resonance,
i.e. transitions between wells. Fortunately, we will be able to relax the extended
assumption and thus allow characteristic boundaries; see Corollary|3.2.13

This assumption is obviously necessary to assure that the exit from D in finite
time is possible at all.

The rather technical-looking assumption states that there exists a bounded con-
trol function u, such that the controlled process ¢ connects the initial condition
xo and the point y within time T(0), and that this time T (o) becomes smaller
the more xo and y move closer towards each other and some point z out of
x*UadD.

Heuristically speaking, this assumption makes sure that leaving x* or moving
near (especially: crossing) oD is not “too expensive” in terms of the cost func-
tion that underlies the quasi-potential V.

It can be proved (cf. [DZ98, Exercise 5.7.29]) that if a(x) = o(x)o(x)T is

positive definite for x = x* = 0 and uniformly positive definite for x € 9D,
this assumption is satisfied.

Assumption (AB) implies the following continuity property:
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3. SR through Freidlin-Wentzell theory

Lemma 3.2.10 (continuity of V near x* = 0 and 9dD). [[DZ98, Lemma 5.7.8]
For any 6 > 0 there exists a radius ¢ > 0 small enough, such that the following
inequalities hold:

inf V(x,y;t) ‘ x,y € B(0,0) C D} <4,

tel0,1]

sup {

. . d . . . <
sup{ inf V(xyit) [y € R st inf (ly =zl + [ —=]) <o}

<6.

Proof. The function ¢ as defined in (AB) fulfills

K2 .

N =

e 1 /¢
Vi) < Byu(e) = 5 [ sl ds <

Assumption (AB) furthermore implies that ¢ := T(g) converges to 0 as ¢ — 0.
Hence, by choosing ¢ small enough, the inequalities of the lemma are fulfilled.
O

The following theorem is the main result of this subsection. It provides both
an exponential growth rate for the exit time 7° and estimates for the exit loca-
tion.

Theorem 3.2.11. [DZ98, Theorem 5.7.11]

(first exit time 7°). For any initial condition x € D and any 6 > 0, the first exit
time fulfills the estimate

lim P, [exp [VOS_‘S] <7 < exp {V(’:‘s} —1. (3.2.8)
&E—

Furthermore, for any x € D, we can estimate the expected value of T° as follows:

lirréslog Ei[tf] = Vo . (3.2.9)
E—

(first exit location). For any closed set N C 0D such that Vy := inf,en V(0,2) >
Vo, and all initial conditions x € D, we have that

lim P [x% € N] =0. (3.2.10)
£E—

In particular, if the quasi-potential V has a unique minimum z* on D, then
the following holds for all initial conditions x € D and all § > 0O:

lim Py [||xfe —2°[| < 6] =1. (3.2.11)
£e—

The result about the asymptotic mean exit time has been predicted by
physicists (in the case that the drift derives from a potential U) long before the
mathematical theory actually provided the result. The assertion that the log-
arithm of the mean exit time behaves like 2Uj /¢, where Uy := min,cyp U(z),
is known in this context as “Arrhenius’ law” (the original reference for this is
[Arr89]; about the relation between U and V see also Lemma [3.2.5).
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3.2. Diffusion Exit from a Domain

Remark 3.2.12 (restriction). [DZ98, p. 201]If V|3p : 0D — R has more than one
minimum, the exit occurs from a neighborhood of the set of minima. The weight among
the minima can not be determined without further refinements of the underlying large
deviations theory.

Finally, we state the result that is fundamental for SR in an asymmetric
double-well potential. The proof can be found at the end of this section.

Corollary 3.2.13 (characteristic boundary). [DZ98] Corollary 5.7.16] The first
part of Theorem (concerning the first exit time) remains true without Assump-
tion (A), i.e. 9D may fall together with a characteristic boundary with respect to the
deterministic dynamics.

To prove the theorem and the corollary, we need the following handful of
lemmata.

Situation 3.2.14 (balls and spheres in D). [DZ98, p. 198] Let us add to the as-
sumptions stated in Situations and that from now on and for the rest of
the subsection, whereever we talk about a ball B(x, ¢) or a sphere

S(x,0) := 9dB(x,0)

with x € D, we assume that the radius ¢ is small enough to ensure B(x,0) C D or
S(x,0) C D, respectively.
Furthermore, we define a new stopping time

oo :=inf{t > 0| xf € B(0,0) UdD} .

First we provide a uniform lower bound for the probability of an exit from
D during a finite time Tp.

Lemma 3.2.15 (minimum exit probability during finite time). [DZ98, Lem-
ma 5.7.18] For any (arbitrarily small) y > 0 and any radius ¢ > 0 small enough
for Lemma|3.2.10|to hold (with 6 = }), there exists a time Ty = Ty(1,0) < oo such
that

liminfelog inf Py[t* < Tyl > —(Vo+17).
e—0 x€B(0,0)
Proof. Fix 7 > 0 and let ¢ > 0 be as in the lemma.
The idea of this proof is to construct deterministic exiting paths ¢* for all
x € B(0, 0) such that a certain neighborhood ¥ of the set of all such ¢* in the
set of all (not necessarily deterministic) continuous paths fulfills the following
properties:

e liminfelog inf Pi[x* € Y] > —(Vo+7),
e—0 x€B(0,0)

e x*e¥Y = 18T, forsome Ty < 0.

We construct ¢* piecewise:

By the continuity of V near x* = 0 (cf. Assumption (AB) and Lemma[3.2.10),
we know that for small enough ¢ > 0 the following holds: For any x € B(0, 0)
we can find a path ¢* with

Yo =x and ¢; =x"=0,
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3. SR through Freidlin-Wentzell theory

where t, € [0,1], such that

€ Ui
1) < 1.

Since Vj is finite (cf. Assumption (), there exists a continuous path lpo
with
0 _ 0 .
¢y, =0 and ¢y 4 =:z€09D,
where t( is some finite time, such that

€ 0 Ui
I tertolo(¥7) < Vot 3

Again by the continuity property of V, we can find a small radius « > 0,
such that for any poiniFE] y € S(z,x) N (D)* there exists a continuous path 3~
with

Z . Z —
Yroyr, =2 and Yr g4, =Y,

where t, € [0,1], such that

¢ Ui
Tttt etttz (7)< 3

Since D is compact and y € (D)¢, the Euclidean distance a between y and
Dis strictly positive. We remark that, by selection of ¢, and t,, we have that
ty+t, < 2.

Now, we denote by 1Y the continuous path with the following properties:

l’btyx‘i’to"’tz = y 4
P! =b(yp!) foralls € [ty +ty + tz, to +2].

£ .
Hence, I [’;x Hottato +2]’y(l/)y ) = 0. Note that we do not know, whether l[JtyO 4o 18

an element of D or not.
Finally, we define the promised path
¢*: [0,tg+2] — R?
Y ifs € [0, ty]
Y ifs € [ty, ty + to]
Yz ifs € [bx + to, by + to + £
¢! ifs € [ty +ty+ s to+2].

This path has, by construction, the following properties:

. qbf)‘:x,

o p¥ =y e (D)" forsomes € [0,t+ 2],

13This is one of the rare occasions in this subsection where we do not assume S(z,x) C D, in
contrast to the general setting described in Situation|3.2.14]
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3.2. Diffusion Exit from a Domain

o I, 1o (97) < Vot

Moreover, this construction, along with the properties mentioned above, is
independent of the initial selection of x € B(0, 0).

For the final step of the proof we define the set of all continuous paths start-
ing at some x € B(0, ¢) and following ¢* outside D:

Y= {¢ee([0,to+2};lR") ||¢—4>"|oo<§}
xeB(0,0)

(remember that the distance between y and D is « > 0, hence, every ¢ € ¥
actually leaves D!). If we set Tj := tg + 2 (which is a finite time, since ¢y < o),
we know that x* € ¥ implies 7° < Tp. Thus, we obtain

liminfel inf Py[1° < Tp] > liminfel inf Py[x* €Y
im infe ngeg(lo,q) [T 0] im infe ngeggo,g) [ ]

> — sup inf I, ()= — sup 15, (¢%)>—(Vo+7),
xeB(0,0) €Y 10.Tol.x x€B(0,0) 10.Tol,x
where the inequality () is justified by Corollary O

The second helping fact is that the probability of x* remaining inside D arbi-
trarily long without visiting a small neighborhood of 0 is exponentially small.
Note that for the proof of this lemma we need Assumption (A[l).

Lemma 3.2.16 (¢, can not become arbitrarily big). IDZ98, Lemma 5.7.19] For all
0>0,

lim lim sup elog sup Py[0, > t] = —c0.
f=o e xeD

Proof. Let ¢ > 0.1If xj = x € B(0,0), then 0, = 0 and the lemma trivially
holds.
Hence, we choose x® such that xj = x € D \ B(0, ¢) and set

= {p € ((0,RY) ( vse[0t: ¢ €D\BO0)}.
Now,

{oo >t} C {x* € ¥4} . (3.2.12)
By Corollary [3.1.34 we have that for all t < oo

limsupelog sup  Pe[x* € ¥¢] < — inf [N, () .
e—0 xeD\B(0,0) ) ven 200

=1 (p)
We will now show that

lim inf I¥(¢) = . 3.2.13
fim, g, 1 (9) = e o2

This implies the assertion of the lemma because of the inclusion (3.2.12).
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3. SR through Freidlin-Wentzell theory

Choose a point x € D\ B(0, ¢) and denote by ¢* the trajectory of the deter-
ministic system with initial condition ¢§ = x. By Assumption (A[T) (and
the general Situation , ¢* hits S(0, §) in finite time, denoted Ty. Since the
deterministic drift coefficient b is assumed to be Lipschitz continuous, we can
find an open neighborhood Wy of x such that for all y € W, the path ¢Y hits
S(0, %Q) before time T.

By iterating this argument for more points in D \ B(0, ¢), we can construct
enough open sets like W, to cover D \ B(0, 0), each of these open sets related
to a finite hitting time like T,.

By compactness of D \ B(0, ¢), we find a finite cover of D \ B(0, ¢) by such
open sets. Hence, there exists a finite time T such that for any y € D \ B(0, 0)
the path ¢¥ hits S(0, 30) before T.

Now, let us assume that is wrong. Then we can find a constant M <
oo such that for any n € IN there exists a continuous function ¢" € ¥, which
fulfills Ijl‘ET(l/)”) < M. Thus, we may select functions 1/1”'7‘ € Y1, k < n,sothat

n o
M=) = Y B (™) >n- min I (p"F).
=1 k=1,..n

Since this works for any n € IN, there exists a sequence (¢"),en C ¥7 with
im0 I%g (¢") = 0. Now, remember that I *isa good rate function, hence

{¢|¢0o€D and Ifng],% <1}

is a compact subset of €([0, T];R?). This implies that the sequence (¢"),eN
has a limit point ¢»* € ¥r. By the general properties of the rate function I*,
we have that I¥ (¢*) = 0. This implies that * has to be a trajectory of the
deterministic system (3.2.2). But, being an element of ¥, this path cannot hit
S(0,%0) during [0, T). This is a contradiction to the construction of T.

Hence, the assumption that is wrong can not be true: holds,
and the proof is complete. O

Choose an initial condition x§j = v € 5(0,2¢). The next lemma provides an
upper bound for the probability that x; meets some subset of dD instead of

joining the small ball B(0, ¢).

Lemma 3.2.17 (probability of leaving D before visiting 0: upper bound). [DZ98,
Lemma 5.7.21] For any closed set N C 9D,

limlimsupelog sup P,|x; € N| < — inf V(0,z) .
=0 w0 y€5(0,20) vl % ] zeN

Proof. We choose a closed set N C dD. Fix a constant § > 0 and define

1
Vi = (Zig{]V(O,z)—é)Ag.

By the continuity property of the quasi-potential (cf. Assumption (AB) and
the first assertion of Lemma 3.2.10), for any small enough ¢ > 0 the following
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3.2. Diffusion Exit from a Domain

holds:
inf  V(y,z) > inf V(0,z) — sup V(0,y) > Vg . (3.2.14)
z A ——
<d

By Lemma 3.2.16} we can select a time T < oo such that

limsupelog sup Pylop > T] < limsupelogsup Pyo, > T] < —V .
e—0 y€5(0,20) e—0 xeD

Now, we collect those ¢ € €([0, T];RY) that hit N during [0, T]:
¥ .= {4; e ([0, T); RY) ‘ Jte[0,T] such thaty, € N} :

This allows us to extend (3.2.14):

inf Y > inf V(y,z)> V9,
y€5(0,20), [O’T]’y(w) y€5(0,20), :2) N
pey zEN

and hence we get by Corollary that

limsupelog sup Py[x* € ¥] <~ inf I[’gﬂy(gb) <-Vi.
e—0 y€5(0,20) y€S(0,20), VY
ey
Since

Py[x5, € N] < Pylog > T] + Py[x € ¥],
we obtain that

limsupelog sup Py[x, € N] < V3.
-0 ves(0.20)

Taking 6 — 0 completes the proof of the lemma. O

The next lemma has a more general point of view in so far as it allows all
initial conditions x§ € D without asking for S(0, [|x||) being a subset of D. It
shows, that even in this situation x* can hardly avoid any small neighborhood
of Dase — 0.

Lemma 3.2.18 (x® will visit 0 almost surely as ¢ — 0). [DZ98, Lemma 5.7.22]
For all ¢ > 0 and any initial condition x € D,

li_r%Px (x5, € B(0,0)] =1.

This result provides, by the way, the promised justification for Remark[3.2.4}

Proof. Choose ¢ > 0 such that B(0,¢) C D.If x = x{; € B(0,0), the assertion
obviously holds. Hence, we select x € D \ B(0,0). Let ¢ be the trajectory of
the deterministic system (3.2.2) with ¢ := x, and set

¢t65<0,§)} < 00,

T:= inf{t >0
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3. SR through Freidlin-Wentzell theory

¢ is a continuous path that does not hit the compact set dD, hence, the distance
A between {¢; } <7 and 9D is strictly positive. We set

A:=ANo

and let x¢ be the solution of (3.2.1) with initial condition xj = x. Then we have
that

. A
if  sup ||xf — ¢ < 5 then xf,g € B(0,0) . (3.2.15)
te[0,T]

The uniform Lipschitz continuity of b implies that

) dWs

7

I~ gull < B [ 16— gl s+ V-

and by Gronwall’s lemma we obtain that

lxF = ¢l < s) dWs
+B/\/ ¢) dWr || -exp[B- (t—s)] ds,
which implies that

sup ||xf — ¢¢]| < Ve-exp[BT]- sup (3.2.16)

te[0,T] telo,T]
Finally, we obtain from (3.2.15) and (3.2.16) that by the maximal inequality

and the Burkholder-Davis-Gundy inequality there exist constants c(1),c(2) €
10, 00|, independent of z, such that

[ o) aw,

A/
Py [x €9D] < {SEPT]th ¢l = 2]
te

/

> 2?/% -exp[—BT]]

/0 "o (x) AW, )Z]

r T
<ec? . E, / tr(o(x8)o(x6)7) ds} =0, O
1o

< Px

sup ‘ / ¢) dWs
t€[0,T]

< ecV) -E, ( sup
| \t€[0,T]

Finally, we show that during a short time intervall x* will almost surely not
leave its starting point too far behind.

Lemma 3.2.19 (x® is “slow”). [DZ98| Lemma 5.7.23] For any ¢ > 0, any initial
condition x € D and any constant ¢ > 0 there exists a time T(c, 0) < oo such that

limsupelogsup Py[ sup |[[xf —x| >0] < —c.
e—0 xeD t€[0,T(c,0)]
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3.2. Diffusion Exit from a Domain

Proof. First let us notice that

t
M:Ad@mm

is a continuous and square-integrable martingale.
For any radius ¢ > 0 and all times T < %,

20

Px[ sup ||xf —x|| = o] = Py [ sup
te[0,T) te[0,T]

[ vy ds e g
o VT

“sup”<T-B< %

<py|Ve sup [ > 8]
te[0,T]

It suffices now to consider the corresponding one-dimensional problem (ex-
changing § by Bo, where B depends on the dimension). Hence, from here on
let o(x§) =: 05 be scalar (still bounded by B) and W; a one-dimensional Brow-
nian motion.

By time change there is a standard one-dimensional Brownian motion W}
on the same probability space as W;, such that almost surely J; = W/ (1) where

t
T(t) := / o7 df .
0

We know that 7(t) < B?t almost surely, and 7 is continuous and increasing.
Hence,

Py[Ve sup [Ji| > Bo] = Py [\/é sup |W4(t)| > ﬁQ]
te[0,T] te[0,T]

< Po[ve IWW>ﬁ]@4 [_ﬁ&}
< € sup > Bo| < 4dexp ,
e [0,B2T] ‘ 2¢B°T

where the inequality () is justified by Lemma Choosing

T =T(c,0) < min{g ﬁzgz} ,

2B’ 2B%c
we obtain that
. B%o c
Px[Ve sup |Ji| = Bo] <ming 4exp|—"=*|,4exp|—=| ¢,
te[0,T) eB €
which implies the assertion of the lemma. O

Now we can finally prove the main theorem. For the convenience of the
reader we repeat the assertions made in the theorem.

Proof of Theorem|3.2.11 (first exit time 7°). The following is claimed: E

14The equation numbers here are the same as in the “original theorem”.
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For any initial condition x € D and any 6 > 0, the first exit
time fulfills the estimate

VOj‘S} _1. (6Z9)

lim Py [exp [VO - (S] <1< exp{
e—0 £

Furthermore, for any x € D, we can estimate the expected
value of 7 as follows:

lir%elog]Ex[TE] =V. (B.2.9))
£—>

We prove the equations by providing upper and lower bounds. There-
fore, we fix an initial condition x € D and a constant § > 0. Without loss
of generality, we assume Vj; > 0 and % < W.

Upper bound. [Gen03, Proof of Theorem 3.14] Set # := % and choose a
small radius ¢ > 0. Lemma implies the existence of a time Ty =
To(17,0) and an gy > 0, such that the estimate

Py[t° < Ty] > exp {—M]

e

holds uniformly for any x € B(0, ¢) and all € < £). We may assume that
g < 7.

By Lemma(3.2.16| there exists a time T; = T;(#, 0), such that the estimate

Pylop, > Th] < exp [—Z]

holds uniformly for all x € D and all ¢ < gy (where ¢ is the same as
above).

Now, we set T := Ty + T7. Then, for all € < ¢, the probability that x*
leaves D before time T can be estimated as follows:

= inf Py[tf < T] > inf Pylo, < Ty]- inf Pyt < T
q ;GD | ] ;GD | 0 1] xe%(O,g) x| 0]

(3.2.17)
3 €
o[- 1t 2] g T3],
By construction of ¢y we have that gy < 77, hence for all € < g
21 U
i Il >
exp[ . } expL] 21
< exp [—VO—:zq —exp {—VO—:B'U] = exp [_Vo-g‘h?} .

(3.2.18)
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A simple iteration using the strong Markov property shows that for any
ke N

sup Py[t® > kT] < (1— q)k ,
xeD

and thus we obtain that

sup Ey[7°] < T[l + Y sup Py[t° > kT]} (3.2.19)
xeD k=1x€D

7

k=0 q £

where the last inequality holds because of (3.2.17), (3.2.18). This proves

the upper bound on the mean first-exit time, since

Vi+ 9
E.[7%] <T~exp[ 0:_2}

Vo+ 2
= logE,[7°] <logT + %

6
= ¢elogE,[Tf] <elogT+ Vp+ 3

independent of the selection of § > 0, hence

lir%slog]Ex[Ts] <W.
£—

Applying Markov’s inequality and (3.2.19), we obtain

sup Py
xeD

Vo+3 -
<T~eXp|: 0:_2:| eXpl:_V0:_5:| —Texp|:_25£:| io/

™ > exp[voj(s}

< exp {—VO:—} ~sug Ex[7°]
xe

Vo+9o

- ] Py-a.s., as claimed in the assertion of

which proves that 7° < exp|
the theorem.

Lower bound. [DZ98, Proof of Thm. 5.7.11] We assume that ¢ > 0 is
small enough for 5(0,20) C D. We define sequences of stopping times
(T )meN, and (6in)men, as follows:

90 :ZO,

Ty =inf{t >0t >0, x{ € B(0,0) UdD},

0 e if x¢, € 0D
mrl inf{t >0|t> 7, x{ €5(0,20)} else.

We say that each time interval [T, T,41] represents a significant excur-
sion from B(0, 0), and note that there must be an m* € Ny such that
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¢ = T+ (note that T° < oo Py-a.s. by the upper bound proved above).
Furthermore, we note that

(Zm)MENO = (x:efm)meN()

is a Markov chain, since (x{);> is a strong Markov process.

Consider 6 > 0, Vj > 0 as chosen in the beginning of the proof. By
Lemma (3.2.17 choosing N = dD we obtain that

limsupelog sup Py[x;, € 9D] < —Vp+ 2, (3.2.20)
e=0 y€5(0,2¢) 2

By Lemma [3.2.19} we can find a time Ty := T(Vj, 0), independent of ¢,
such that

limsup elogsup Py [ sup [|xf —x|| > 0] < —V§.

e—0 xeD te[0,Tp]
This implies that
sup Py[0m — Ty—1 < To] < sup Px[ sup ||xf — x|| > 0]
xeD xeD te[0,Tp)
(3.2.21)
conf 554
X eXp *T .

By construction of the stopping times 6,,, T, we know that for any m > 1

sup Px[t° = Tw| < sup Py[x;, €9D];
xeD y€5(0,20)

hence, by (3.2.20) we can find an ¢y > 0 such that for any ¢ < gy and all
m=>1

)
Yo 2}. (3.2.22)

sup Py[T° = 7| < exp [— -

xeD

We fix a k € INg and consider the event {7t° < kT }. This event implies
that either for m € {0,...,k} the event {1° = T,} occurs (these are
disjoint for different m), or that at least one of the significant excursions
[T, Ty1], for m € {0,...,k — 1}, has a length < Ty. Hence, we obtain
that for any x € D and any k € INj the following holds:

k
<kTp] < 2@§17m+&[mn

1,..,m

(0 =T 1) < To) )

Vo— 2
< Py[tf = 19] + 2k - exp {—82] . (3.2.23)

where we used (3.2.21) and (3.2.22) in the last step. We recall the identity

[r =} = {x, ¢ B0,0)}
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and choose

S B N L el
k:= {To exp{ . ]+To—"

Then the following estimate holds for any x € D:

P, lre < exp {VOE_(SH

< Px[xge g B(O/Q)}
—_— —
=A
Vo—0] 1+Tp 0— %
+2<Toe’<p[ : F To) { e |
=:B

where we used (3.2.23) in the last step.

We will now show that A, B <=% 0, which implies that for any x € D
lim Py lrs > exp [VO — 5” =1
e—0 €

holds. This is the lower bound of (3.2.8), hence, (3.2.8) is completely
proved.

By Lemma(3.2.18, A 29, 0 is trivial. For B we see that

Vo—6—Vo+24
B Z.QXp{ 0 0"'2}
Ty

2+ 2T,
3 + .

o g
T() exp €

_ 2 | 2] 22T V-3
T, 9P| 2 To P '

€

0
E_>0

e—0
—_—

0
where the convergence of the second summand relies on our initial as-
sumption that V — % > 0.

By Markov’s inequality we know that for any x € D

P, lre > exp {VO;(SH < exp [— Voe— 0

] -Ex[T7]
holds; hence, the lower bound for E,[7¢] is also proved.

(first exit location). What we want to prove:
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For any closed set N C 0D such that Vy := inf,cy V(0,2) >
Vo, and all initial conditions x € D, we have that

lir% Pi[xtc e N] =0. ((3.2.10)
E—
In particular, if the quasi-potential V has a unique minimum

z* on 9D, then the following holds for all initial conditions
x € Dandalld > 0:

lim Py [l — 27| < 6] =1. (GZ1D)
E—

We fix a closed set N C 9D, such that Vy > Vj. (If Vy = o0, we use an
arbitrarily large finite constant throughout the proof instead.)

The proof uses the same idea as the proof of the lower bound for 7¢. We

fix a constant 7 > 0 such that < Us T Y% and choose 0,€0 > 0 small
enough to show with Lemma [3.2.17} that for any € < &g

sup Py[xg, € N] <exp {—VN_W] (3.2.24)
y€s(0.20) €

holds. By Lemma(3.2.19) we know that there is a time Ty := T(Vy — 17, 0),
such that

limsup elogsup Py[ sup ||xf —x|| > 0] < —(Vny—17).
e—0 xeD t€[0,To]

This implies that for every ¢ < ¢( (if necessary, we reduce ¢ to a smaller
value > 0), (T¢)ren, and (6x)ken, as defined before, and any k € IN, we
have that

sup Py[1 < kTo] < k-sup Px[ sup |xf — x| > ¢]
xeD xeD te[0,To]

VN—11:|

€

(3.2.25)
<k-exp [—

Like before we set z;,, := x% for all m € INp. By decomposition of the
event {x{. € N} we obtain for any y € B(0, ¢) (for which 7° > 15 = 0)
and any k € IN, that

Py[x% € N]

k
<SPt >l + Y Pyt > tuo1] - Pylzm € N | T° > T4]

m=1

< Py[t° > KTy + Pyt < kTo)

k
+ Y B[ > ] By [P
m=1

£
X
9"1

[xf,q € N] ‘ > Tm,l]

< Py[t° > kTo] + Pyt < kTo] +k- sup Pe[xg, € N]
x€5(0,20)

< Py[t° > kTy] + 2k - exp {—VNE_’?] ,



3.2. Diffusion Exit from a Domain

where we have used (3.2.24) and (3.2.25) in the last estimate. We have
seen before (in the first part, proof of the upper bound for E,[7¢]), that
the following estimate holds for a finite time T and all ¢ < ¢ (if neces-
sary, we reduce ¢y > 0 again):

1]

sup E[t°] < T-exp
xeD

By Markov’s inequality, we thus have that

1 1 o+
3 < . < — . .
P,[t° > kTp] < KT, Ey[7°] < KT, exp{ . ]

If we choose

ool 2]]

we finally obtain (3.2.10) because of the estimate

limsup sup Py[x% € N]
e=0  yeB(0,0)

< lirnsup<k§: -exp[vojn] —+ 2k - exp [VNSW]) =0.
e—0 0
:%‘EXP[—g] 200

e—0

0

(3.2.11) is a special case of (3.2.10), if we consider
N:={zeoD| |z—=z*| > 6} . O

Proof of Corollary|3.2.13] For any 8 > 0 set
DFf:={xeD||x—z|>BVzeaD}.

Since D~ are open with D=# C D, Assumption ( holds for D~F for any
B > 0. Furthermore, if B > 0 is chosen small enough, Assumption (AB) also
holds for D~#. Thus, Theoremholds for DP for small enough § > 0.
The exit times 7&# for D~F decrease monotonically over 8. Hence, taking
B — 0 we obtain the lower bound for 7° because of the continuity property of
the quasi-potential resulting from (AJ).
To check the upper bound, we proceed as in the proof of Theorem

We only have to check (parallel to (3.2.17), (3.2.18)) that

_V0+4’7]

inf P[t° < T] > exp{ -

xeD
still holds for all € < gg. Obviously, this estimate holds for 74P, Thus, we have

inf Po[t° < T+1] > inf Po[t%F < T]-  inf  P[r° <1].

xeD xeD

xeD\DP
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3. SR through Freidlin-Wentzell theory

It remains to show that

liminfelog inf Pyft®<1] > —7. (3.2.26)
e—0 xeD\D~F

This completes the proof of the corollary, because is the only argument
in the proof of the first part of Theorem [3.2.11] that relies on Assumption (AT).
However, using the continuity property of V near dD implied by (AB), (3.2.26)
follows from the same construction as Lemma O
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4. The Pathwise Approach of
Berglund and Gentz

In this chapter we construct and analyze a pathwise mathematical model for
SR. Basically, we consider the behavior of a particle in a one-dimensional,
continuously changing double-well potential V as described in Section [1.1.2]
(resp., a slightly generalized class of potentials). The method is is to analyze a
stochastic differential equation modeling the behavior of that particle, where
the drift term is a derivative of the potential V.

Our approach is divided into three steps: First we consider the determinis-
tic case, i.e., a system with time-dependent drift and without stochastic per-
turbations. Then we prove an upper bound for the probability that the path
of the stochastically perturbed system leaves a certain neighborhood of the
corresponding deterministic path during a finite time {. We show that, for
exponentially long times, the perturbed system behaves nearly the same as
the deterministic system, if the stochastic perturbation is not too strong. In
the third step we consider the case of a diffusion coefficient & which is strong
enough to ensure that, under certain assumptions, we see a transition between
the wells happen with high probability whenever the potential reaches a cer-
tain state (i.e., when the well containing the particle is most shallow). This is
the main mechanism behind our mathematical model of stochastic resonance,
or, noise-induced synchronization.

This chapter is almost entirely based on the article [BG02b]]. In this article,
N. Berglund and B. Gentz analyze the behaviour of systems described by one-
dimensional stochastic differential equations of the type

dxs = —% V(xs,s) ds+ o dW; . (4.0.1)

e W; is a Brownian motion.

e V(x,t) is a potential changing continuously in time, being %-periodic
in t, and showing two local minima for each point ¢ in time, which are
separated by a barrier.

e ¢and o, the frequency and the noise intensity, as well as the height of the
potential barrier, are (“moderately small”) parameters.

The relation between these parameters is shown to control the transition
probability.

In their article, Berglund and Gentz cover two related settings of the above
type, namely the case of a symmetric potential, where the two wells decrease
and increase simultaneously, and the case of an asymmetric potential, where
the two wells achieve their respective maximum and minimum depth at dif-
ferent times (cf. the example in Section[I.1.2). The treatment of the two cases
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4. The Pathwise Approach of Berglund and Gentz

differs insofar as the symmetric case is provided completely with all proofs,
whereas in the asymmetric case most of the proofs are left out, with a few hints
on how the proofs may be carried over from the symmetric to the asymmetric
situation.

The main result of [BG02b] is that in the situation with stochastic perturba-
tion there exists a threshold ¢*, depending on € and the barrier height, such
that for ¢ > ¢* a transition happens with probability close to 1, and for o < ¢*
there is no transition with probability exponentially close to 1. Especially, there
is no gradual change between “transition” and “no transition”.

In this chapter, we provide a complete treatment of the asymmetric case and
slightly optimize some of the estimates of [BG02b].

All citations of theorems, remarks, proofs, etc. are marked as such. Where-
ever we present a statement or proof that is adapted from the treatment of the
symmetric case in [BG02b||, we refer to the original statement and mark the
reference with “sc” (“symmetric case”).

Remark 4.0.20 (possible generalizations). [Gen03| p. 49] Several restrictions ap-
plied below are not necessary for the theory to hold. We will restrict ourselves to the
one-dimensional case, even though the treatment of the multidimensional case is pos-
sible. We will only consider drift coefficients that derive from a potential, even though
this limitation is not necessary, either. And, finally, we will always assume that the dif-
fusion coefficient is constant, even though time-dependent diffusion coefficients could
in principle be treated.

4.1. Preliminaries

We consider the abovementioned stochastic differential equation, replacing
the time s by the slow time t := es (this technical trick provides us with a
periodically changing system with period 1). By this substitution, considering
the rescaling properties of the Brownian motion, we obtain

{dxt :%~f(xt,t) df—F%th 411

Xty = X0,
where we assume the following conditions to be fulfilled:

o f is the force that is the derivative of the given potential V; it is always
assumed to fulfill Lipschitz and boundedness conditions, which secure
existence and uniqueness of a strong solution (x;)>¢, to (4.1.1).

It will turn out that this is no restriction, as we are only interested in the
behaviour of the system in a neighborhood of the equilibrium branches,
and we will pose assumptions on f from which the solvability condi-
tions over this domain follow immediately.

o (Wi)ix4, is a standard Wiener process on a probability space (O, F, P).

e xp is the initial condition; it is always assumed to be square-integrable
with respect to P and independent of W.

e 1 is the starting time (not necessarily 0).
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4.1. Preliminaries

Since under these conditions x always has a continuous version, we assume
that the paths t — x;(w) are continuous for P-a.e. w € Q).

Our aim is to understand the “jumping between wells” of x; technically
speaking, to analyze first-exit times of x from space-time sets: Let A C R x
[to, t1] be a Borel measurable space-time set. We assume that the space-time
starting point (xo, t) is in A and define the first-exit time of ((x¢,t)),., from

>ty
A by

00 for all w € O s.th.
(xt(w),t) € A
Talw) = forall t € [ty t]

inf{t € [to, t1] | (x(w),t) &€ A} else.
We will also call 74 the first-exit time of x from A.

Example 4.1.1 (typical space-time set). Let g1, 4> : [to,t1] — R be continuous
functions such that g; < g». In this chapter, we will typically consider sets of
the form

A= {(xt) e Rx [to, 1] | §1(t) <x < ()} .

In this case, T4 is a stopping time with respect to the canonical filtration on
(0, F, P) generated by (xt)s>t,-

We introduce some additional notation:

Let € > 0 be a small parameter, t € [to, 1], and ¢, ¢ : (t,€) — R two func-
tions. We write ¢(t, ¢) < (¢, €) if there exist constants ¢, c— > 0, independent
of t and ¢, such that for all t € [t), t;] and all sufficiently small ¢ we have that

e plte) <p(te) <ci-plte).

We remark that a < b especially implies that 2 and b have the same sign. When
working with estimates of this type, we always denote the greater of the two
positive constants with subscript “+” and the smaller with subscript “—".

By P'* we denote probabilities with respect to the law of (x;)>y,, after
starting in x( at time t, and by E"* we denote the corresponding expecta-
tion.

Remark 4.1.2 (about the following results). Most estimates provided below hold
for small enough € only, and often only for P-a.e. w € Q).

4.1.1. Concerning f

Until now we have posed only very broad assumptions on the force f that pro-
vides the deterministic drift part of the stochastic differential equation (4.1.T).
We will now show a typical example for such a function, before we provide
a precise definition of the class of functions f which we consider during this
chapter.

Example 4.1.3 (typical force term). Let A(t) := — (A, — ag) - cos(27tt) and de-
fine

flx,t) = —x3+x+A(t).
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4. The Pathwise Approach of Berglund and Gentz

Since f shall be the derivative of a potential with two separated wells, we must
ensure that f has three vanishing points. The number of these points depends
on A:If A = 0, there are three vanishing points at 1,0, —1. If |A| is “big”, there is
only one vanishing point, as the local maximum and the local minimum value
of f have the same sign. If |A| = % =: A, then either the local maximum or

the local minimum of f is a vanishing point (“double root”). Hence, to ensure
that f has three vanishing points, we must take care that for any t € [to, 1] the
inequality [A(t)| < A holds. To achieve this, we require that ag € ]0, Ac[.

For intuitive understanding, the reader should always keep in mind that
the force f derived from the potential V' is not %V but —%V.

Situation 4.1.4 (class of functions f). We consider a class of functions f : R* — R
which shall satisfy the following assumptions:

smoothness. f € C3(M;R), where M := [—d,d] x R for a constant d > 0.
periodicity. Forall (x,t) € M we assume that f(x,t +1) = f(x,t).
equilibrium branches. There exist continuous functions

I () < x(t) < (t) Vi,

mapping R — [—d, d] such that for any (x,t) € M the equation f(x,t) =0
holds if and only if x € {x*(t), x}(t), x% () }. These functions are called
equilibrium branches of f.

We claim that these zeroes of f are isolated in the following sense: For any § > 0
there exists a constant p > 0 such that for all x with

x—x*(t)| =206, |x—xi(t)] =6, and |x—x;(t)| =0
we have that |f(x,t)| = p.

stability. The equilibrium branches x*, x* are stable, whereas the equilibrium branch
x;; is unstable. In other words, for all t € R we assume that

) :=0xf(x*(8),t) <O,
a’ (t) :==0xf(x% (1)) <O, (4.1.2)
ay(t) = 0xf (x;(t),t) > 0.

Especially, this implies that there exist constants ay,a_,a, > 0, such that for

a* (t

(
(

any t € R
a* () < —a_
ai (f) < —ay
a,(t) > ay

(Intuitively speaking, for any t the potential V with derivative f is strictly
convex near the stable equilibrium branches and strictly concave near the un-
stable equilibrium branch. This does explicitly exclude bifurcations of or from
the equilibrium branches.)
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4.1. Preliminaries

behaviour near t = 0. We want that x*_ (t) and x;;(t) come close at integer times
t. To achieve this, we assume that for t = 0 we have an “avoided (saddle-node)
bifurcation”: We assume the existence of a (fixed) point x. € |x;;(0),x% (0)],

such that
duxf(x:,0) <0,
ocf(xc,t) =0(), (4.1.3)
flxe,t)  =ag+art? +0(£),

where ay > 0 and dxx f (x¢, 0) are both fixed and of order 1, while ag = ag(e) =
¢ (1) is a small positive parameter.

(Intuitively speaking, x. is a local maximum of x — f(x,0). At t = 0, the
curve t — f(x¢,t) achieves a minimum value ag > 0 of order .)

Remark 4.1.5. These assumptions imply, together with the isolation and sta-
bility assumptions for the equilibrium branches, that x*_(t) reaches a local min-
imum near t = 0, at a time t¥, = O(ag), and x;;(t) reaches a local maximum
near t = 0, at a time t;, = O(ap).

We summarize our assumptions as follows: For a small enough constant time
T € )0, 3 [ (such that the derivatives of x*_(t) and x;;(t) vanish once during
[—T,T)), the equilibrium branches of f and the linearizations of f near these
branches satisfy:

Vao i |t} € [0, \/ao]
1 it € [Vao, T],

— Vg iflt] € [0, /ag)
—t| it € [yao,T],

if [t € [0, y/ao]
—ltl it € [/ao, T],

Vas i1t € [0, /)

X (F) —xe <

(4.1.4)

&
I )( ¢
—— —— ——
|
3

a,, () .
it it € [Vao, T],
x*(f) —xe <=1 if|t| €[0,T],
a* (t) = -1 if|t|€[0,T].
We tighten our assumptions as follows: We assume that x is rescaled such that
dxxf(xc,0) = —2. This will provide us nice Taylor estimates for f further
below.

behaviour near t = t.. We want that x* (t) and x};(t) come close at a time t. €
|T,1 — T|[. We achieve this by making similar assumptions as above that shall
hold at a point (x.,t.) € M.

Note that while we assume that t. € [0,1]\ ([-T,T]U[1 —T,1+ T]), we do
not claim that

te—T, te+ TN ([-T, TJU[1 =T, 1+ T))
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4. The Pathwise Approach of Berglund and Gentz

is empty: even though t. is outside the T-neighborhood of any integer time, the
T-neighborhoods of t. and the integer times are not required to be disjoint.

behaviour between the close encounters. We want to exclude the possibility of
more close encounters (and almost-bifurcations). Hence, we assume that for any
t € ]T,tc — T and for any t € ]tc + T,1 — T the distances |x* (t) — x5 (t)|
and |x};(t) — x* (t)| as well as the derivatives in are bounded away from

zero.

The assumption on the behaviour near ¢t = t. follows immediately from the
assumptions on the behaviour near t = 0 if we assume that f(x,t + 1“:
—f(—x,t) holds for all (x, t) € M. This condition is fulfilled in Example

The following remark lists some direct consequences of the above assump-
tions.

Remark 4.1.6 (Taylor estimates). By Taylor’s formula (and thanks to the rescaling
we did to ensure that dxy f (x¢,0) = —2) we obtain that

Oxf(xc+%,t) = 0xf(xe, t) + %+ (2411 (%)), (4.1.5)

where r1(0,0) = 0, and by the smoothness assumptions on f we know that r; € el
Our assumption that 9y f (xc, t) = O(t?) implies together with that 9y f (x, t)
vanishes on a curve X(t) = x. + O(t?).

As %(0) = x., hence dxx f (%(0),0) = —2, we further see that

F(E(t) +2z,t) = f(%(t),t) +22- (—1+70(2,1)),
where ry € C! with r9(0,0) = 0, and that
F(R(),t) = f(xe,t) + O(t*) = ag +ay - 2 + O(£)

forallt € [-T,T].

4.2. The Deterministic Case

As announced above, we first analyze the behaviour of the deterministic sys-
tem corresponding to {#.1.1). Our aim is, to come back to the intuitive descrip-
tion from above, to understand the motion of a particle in the potential V un-
der the assumption that it starts near the bottom of one of the potential wells
and that this well remains well-separated from the other well throughout the
time intervall under consideration.

Situation 4.2.1 (deterministic situation). We analyze the behavior of the system

d
- —xf = f(xf% 1), (4.2.1)
dt
where we require that the assumptions from Situation are still valid and the

initial point x4 (starting time is —T, not 0) satisfies the condition

x4t (~T) <. (4.2.2)
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4.2. The Deterministic Case

We also use the notation

Ex;:let f( det t)

instead of (4.2.1).

Before we state the main theorem of this section, let us first take a look at
the behavior of the solution to during [—1 + T, —T]. By our stability
assumption we might expect that, if the initial point x¢f 7 is chosen appro-
priately, the path of the system approaches the equilibrium branch x* expo-
nentially fast to a distance of zero and then follows its path.

However, thls 1s not the case. We will see that there is a so-called slow so-
lution £9¢t to ( , which remains in a neighborhood of the order ¢ of the
equilibrium branch and that this solution is approached exponentially fast by

any solution x9¢t of if only x9¢!, ;. is chosen close enough to x% (—1+T).

This result justifies our assumption on the initial condition x9¢: If
we start the system at a time ty = —1 + T in any initial point close enough
to the equ1hbr1um branch, then the following theorem 1mp11es that |xdEt
x% (=T)| < eif only 1 — 2T > ¢. Thus, assumption (2 is compatible with
the general concept of periodicity of the setting.

Proposition 4.2.2 (deterministic system during [—1 + T —T]; Gradstein, Ti-
honov). [adapted from [Gen03, Theorem 4.2][[| Consider @21) under the assump-
tions of Situation f.1.4} There exist constants €y, co,c1 > 0, whzch depend on f only,
such that forany e € |0, eo| the system (4.2.1), starting at time —1 + T, has a solution
sdet _ —

29 such that forall t € [-1+ T, —T]

sdet *
1 L.
E ()] <er-e (4.2.3)

holds, and, if the initial condition x93, . satisfies |x9%, . — x% (=1 + T)| < co and
xdelt 1 > x5(—=1+T), then the corresponding solution x9¢ of @2.1) fulfills for any

€ |=1+ T, T| the estimate

A A (- (-147)
el — 2] < 2y — 295, 7] - exp| - o e ) - @424

Proof. We consider the deviation

ye =2 =2 (1)
of an arbitrary solution of from the equilibrium branch. To analyze this
deviation, we first develop estimates for ey; and then, in a second step, prove
the first assertion of the theorem by showing that |y;| < cie for a properly
chosen initial condition y_1,; the so-constructed solution xdet js the “ideal
solution” £9¢t. In the third step of the proof, we prove ([@2.4), hence, that all
solutions of which start in a neighbourhood of x* (—1 + T), approach
each others exponentially fast.
We observe that ey; = f(x{¢, ) — ex* (t). Using the Taylor expansion

Fr) = F(R (1), 1) +0xf (x3(),8) -yt +b(yet), (4.2.5)

=0 =a* (t)

1[Gen03] refers to [Gra53] and [Tih52] as original sources.
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4. The Pathwise Approach of Berglund and Gentz

where [b(y;,t)| < M-y? forall t € [-1+t,—T], lys| < d, and a big enough
constant M > 0, we may extend our above observation to obtain

eyr = al (t) -yr + by t) —etl(t).
N—— N——
<—ay <My?

To complete the estimate of ey, we need to show the boundedness of |17 (t)].
But

d * * -k *
= g S (), ) = 9 f (x5 (8), £) - 22 (6) + 9 f (¥ (1), )

implies that

0

Cof(xi(e)t)
at(t)

By our general assumptions in Situation we know that the derivatives
of f are bounded over M and that a% () is bounded away from zero for all ¢:
a’ (t) < —a4 < 0. Hence, the above result proves that we can find a constant
B > 0 such that |¢% (t)| < Bforallt € [~1+ T, —T]. Combining this with the
estimate for ey;, we see that

*

() =

ey < —ayy+ My? +eB ify; >0
’ o ! ! (4.2.6)
ey > —ayy; — My? —eB if y; < 0.

For the second step, we assume that y; > 0; the other case is similar. We
define v; by

€0y = —a4vr + Mv% +¢€B .

=:g(v1)

Simple arithmetic proves that ¢(v;) = 0 if and only if

2
ay as eB

“Tom T \NaE T M

=

Hence, v’ are solutions of ¢0; = g(v¢) if € is small enough to guarantee the
positivity of the argument of the square root. By definition, vy dominates y;
whenever v_11 > y_147. Hence, if 0 < y_147 < v*, we conclude that for
any t € [-1+T,—T]

For y; < 0, we can apply a similar argument and obtain alltogether that

ay % eB

< — .
vl <~ \mve  m

=:*
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4.2. The Deterministic Case

Hence, whenever the initial condition y_17 fulfills |y_1, 7| < v*, the corre-
sponding process (y);e|—141,—7) Meets the claimed estimate \ yt| cie for a
constantc; > Oandallt € [-1+T,—-T].

Finally, we come to the third step, the proof of [#2.4). Let £9¢! be a solution
of [.2.7) that fulfills the estimate (£.2.3) — we have just proved the existence of

such a process. Let x4 be another solution with |xdelt L X (=1+ T)| < ¢

det

for a constant ¢ > 0and x%¢, + > x;;(=1+T), and set

Zp = x?et Aglet )
By definition,

= F 1) — FE ),
and by Taylor expansion for f (cf. (£.2.5)) we see that

ezp = Oxf (W1 (1), 1) - (3§ — 21 (1) — (3 = 21 (1)) +blye, 1),

=a (1) =l gt =z,

where again ‘B(yt, t)| < Mz? forall t € [-1+ T, —T]. Hence,
& < —ay -z +Mz% ,
and aslongas0 < z_jy1 < 2%[ we may conclude that

. a+
& < —— - Z¢ .

2
Thus, aslong as 0 < z_147 < 577,
{ 1 + T)}

Zt Z_14T - €Xp .
In the case 0 > T = — 917, a similar estimate holds; consequently, we have
that

—(-1+7)
< fz- ‘ Ay,

zt] < [z-147] exP[ ay >

and (4:2.4) is proven for ¢y := 577 O

From here on, we concentrate on the behaviour of the system during the
time interval [T, T] and remark in passing that the behaviour during the
interval [t — T, t. + T} is in principle the same (“modulo glide reflection”).

We sum up the results of this section in the following theorem:

Theorem 4.2.3 (deterministic s stem during [T, T]). [BG02b, Theorem 2.5]
Consider the setting of Situation |4.2.1| The curves x3¢* and x* (t) cross exactly once
during [—T, T|, at a time F such that

F—t =< = Ael/2 (>0).

Ja
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There is a constant ¢y > 0 such that

o [ e [T a(ymves)
i — a7 (f) < , 12 (4.2.7)
7|€7\ ift € [co(y/aoVe?),T].
This implies that during these time intervals x3et — x. =< |¢|.
Notation: We set to := —co(1/ag V €/2).
Ift e [to, —to], then
ag ifag > e
xdlet —x, = {\g ‘ (4.2.8)
€ ife > ap.
Forall t € [—T,T), the linearization of f at x§t can be estimated by
duf(xfe 1) < —(|t| V Vag V V) (4.2.9)

N———

=:a(t)

We note that especially implies that x{¢t always remains greater than
x¢. In other words, for any choice of 2y and ¢, the deterministic path will never
cross the saddle.

The remaining part of this section is devoted to the proof of this theorem.

Remark 4.2.4 (xd¢t and x’ cross once at f). [sc: [BGO2b, Remark 3.1]] During the
time interval [—T, T, the curve xfet crosses the equilibrium branch x7_(t) precisely
once at a time | > 1.

Basically, this is a consequence of the fact that t +— x%€t is strictly decreasing

if xdet > x* (#) and strictly increasing if x§l¢t < x* (t).

Proof. Let f1,f,... be the crossing times of x{ and x7% (t) during [T, T].
Since we assume (see (@.2:2)) that x4t — x% (—T) > 0, x§'®t must be decreasing
during [T, };], increasing during [f1, 5], and so on. Further, x7 (t) is decreas-
ing in a neighborhood of —T by (4.1.4).

Because of f(x% (t),t) = 0 for all ¢, the crossing can not happen as long
as x% is decreasing. Hence, there must be a time ¢ slightly smaller than f;,
such that x (t) is increasing. By the same argument, there must be a time ¢
slightly smaller than f, (and bigger than ;) such that x* (¢) is decreasing. On
the other hand, by our general assumptions and the definition of ¢ , we know
that x7% (t) is decreasing during [T, + [ and increasing during |#*, T|. Hence,
the crossing times must fulfill f; > t and f, > T. This proves the claimed
uniqueness of f as the single crossing time during [—T, T] and the relation
between f and t7.

We will see below that such a crossing actually happens. We will also deter-

mine the order of f (see Propositionsand estimates (4.2.27), (4.2.36)).
O

For the next steps, we set

o= = ()
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and recover that by assumption, we know that y_r < €.
The dynamics of y; are characterized by

d d
eVt :f(xfet,t) —£~axi(t)
* * d *
=a’ () -y + b5 (ye,t) — - ax+(t) . (4.2.10)

By assumption (4.1.4) we know that

_ if ] <
ay(t) < v X It < vao (4.2.11)
[t if]tl € [vao, T],
and the smoothness properties of f : M — R imply that |b% (y;, t)| < M- y?
for a big enough M > O and all t € [T, T]. Again from (4.1.4) we obtain the
estimate
. ~1 ift € [-T,—/ag)
T X () = %70 S(t—1ty) ift € [—\/ag, /a0 (4.2.12)
1 ift € [\/ao, T) .

Remark 4.2.5 (concerning estimate (4.2.12)). There is a small complication con-
cerning the application of this estimate over the interval [—./ag, \/ag).
By definition of the notation “<”, the estimate

says that there are constants c. > c_ > 0, such that for all t

co-g(t) < F(t) Scy-glt).

Also in this situation, the estimate states that there must be two constants cg >
cg > 0 such that $x* (t) is for any t € [—./ag, \/ag) inside the strip confined
by gg(t) := % (t—t5) and gm(t) == % (b —1t5). But £, € [—\/ag, \/ao)
implies that

w{ S b0 { F1SE ).

Hence, (4.2.12)) can only be understood as follows:
There exist constants cg > cg > 0 such that

%.(t—ti)giximg;%-(t—t:)go forall t <t

g * d * CH * *
<—-(t—t) < — H —-(t—t net>th .
0 % ( 1) dr x4 () % ( L) fora +

We will need the following, technical result several times:
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4. The Pathwise Approach of Berglund and Gentz

B>el/2(>¢) B <el/?
@ te[-T,-B]|te[-T, -/ @
@ tel-BB te[—€/2,e?] ®
® telpT] te e/, T) ®

Table 4.1.: The six cases for the proof of Lemma[4.2.6]

Lemma 4.2.6. [BG02D, Lemma 4.1] Let p = B(e) > 0 be some parameter. Let i be
an arbitrary continuous function such that a(t) < —(BV |t|) forall t € [T, T).
Furthermore, let xo =< 1 and define

&(t,s) = /std(u) du .
Then,
X0 - exp V(t';n} +1[Texp[&(t's)} ds

€
| guan ifltle0,pVe?]
B m if |t € [BVe/2,T].

(4.2.13)

Proof. [adapted from [BG02a, Lemma 4.2]] For this proof we make use of the
flow property of solutions to differential equations; obviously, the left hand
side of (4.2.13), which we refer to as x(t) during the proof, is the solution
of a differential equation. We consider six different cases, which are listed in
Table During the proof, we use the circled numbers, ®-©®, to identify the
cases.

Let us start with @. By the assumptions of the Lemma, there exist constants
X+,X— > Osuch thatforallf € [-T, T|

<
XO{\X+
ZX-,

and constants c1,c— > O such that forall t € [T, —f]

ﬁ(t){s —c-|t]

>_C+'|t|/

which implies that for any s, t with =T <s <t < -

~ < [ (tZ_SZ)
oSG0

It should be noted that both 4 and & are < 0 throughout the proof. We use
this to estimate functions of the type exp|&] from above by 1. Furthermore, we
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4.2. The Deterministic Case

remark that we may always enlarge c, x 1 or diminish c_, xy_ without loss of
generality. By integration by partg“|we obtain the following:

1 ft
- LTexp [Czt (£ —sz)] ds (4.2.14)

€
. t
_ : & opog
[ Ct -5 eXpLs (t S)HT

t 1 Ci 2 2
—/chzszexp|:2€(t _S) dS
1

. 1 C+ 2 2
 cpt cx T exp{zg (t T)}
N——

1
= 0
T

t 1 C+ 2 2
/_T(&Szexp[zs(l‘ 75) ds.

Now we see the the upper bound for @ as follows:

c— 2 2 1 /t c— 2 2
< . — — — - . —
X(t) SX+ exp{ c (t I )} + : exp c (t s ) ds

e exp| S (2T P 1 sl o
=X+ exp{28 (t T)}—i—c.u| e exp{28 (t T)]

| c_
_/—TiC—Gz -exp[zg~(t2—32)} ds

>0
1 1 - 2 2
< — . — (=T
—- (7o) el o)
N——
>0
if c_ small enough
1 1
<=
- |t]

This argument also proves the upper bound for @.

2We use
/ab u(s)v'(s) ds = [u(s)v(s)}z 7/ u'(s)v(s) ds

with

v<s>=exp[g—j<t2—s2>} and u(s) = -
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4. The Pathwise Approach of Berglund and Gentz

Let us target the lower bound for @. Using (4.2.14), we see that

1t C+ 2 2 1t C+ (2 _ 2

- b VA > - (2

E/Texp{zs (t—s )} ds > 8/(Tvmexp{28 (t*—s%)| ds
1 1 C+ (2 2

> . . — (=

ST R e avTy eXp[ze (= (=Tv2t) )}

t 1
—/ 5 -1ds
(~=Tv2t) C+ - S

_1 (1, 1
= (m"‘—Tvzr)

N c+(_71"\/2t) ' (1 —eXp [sz (P (-T v2t)2)D (4.2.15)

This implies that for all t € [-T, —p]

X(H) > x - exp [; (e Tz)}

+M- <1—exp[czz-(t2—(—Tv2t)2)}> .

Now, if t € [—T,—%], ie. (—TV2t) =—T, we get that

x(t) = x- -exp [CZZ (- Tz)} + c+1- T (1 —exp {CZJ; (£ - T2)}>

1 C+ 2 72 1
— hau VI AN N PV
c+'T+eXp[Zs ( >] <’C C+-T)
~—_——

>0
if c big enough

which proves the lower bound for ® and @ for all t € [T, — 1]

To complete the proof of the lower bound for ®, we consider the case t €

[f%, fﬁ] , where (—T V 2t) = 2t. In this case, the lower bound is proved as
follows:

X(t) > x— -exp [CZZ (- TZ)} + 71. : (1 —exp [sz : (3t2)]>

>0

1 3
> - . — _Z.
Z 2er (1 exp{ > c+]>

where we used the following estimate:

exp {02: . (—3t2)} < exp {CZ: . (—3[52)] < exp [(; . (—38)] . (4.2.16)
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4.2. The Deterministic Case

To show the lower bound for @ in the case t € [— %, —e!/2], we simply have to

replace (4.2.16) by
(32| < A4
exp{28 (=3t )} \exp{zg ( 38)} .
Now, let us consider @. For t € [—f, B], we have

x(0) = x(=p)-exp| B 2 [ enp| TS s

€

By the assumptions of the lemma, we have the following estimates for 4(t)
and &(t) forall t € [—B, B]:

a(t) {i ::g (4.2.17)
< Bt-s)
&(t,s) {2 e B (t—s). (4.2.18)

From the above results we conclude that

x(—ﬁ)x|1| N X(—ﬁ){

<X+

| 7
adjusting x4, x—, if necessary. Let us note that

1/_tﬁexp{—cigﬁ-(t—s)] ds:C:B—Cier-exp[—Cig’B-(t—l-,B)} .

Hence, the lower bound is proved as follows:

x(t) 2)(_-|1‘B|-exp{—c+€ﬁ-(t+ﬁ)} +:/tﬁexp{—c+€ﬁ-(t—s)} ds

—)fB_'exp[—Czﬁ-(t—i—ﬁ)] +C+1’B—Ci~exp{—czﬁ~(t+ﬁ)]
el S 008] (5 2
_>0
if ¢, big enough
> 1.1
“ o Bl
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4. The Pathwise Approach of Berglund and Gentz

For the corresponding upper bound, we obtain for all t € [—p, B] that

X0 < gep| L)

<1

—i—clﬁ—clﬁexp[—c_ﬁ(t—k/ﬂ)}

3
(1)1

The proof for ® is very similar. Even for e!/2 > B we may use () < — (B V
|t|) to obtain for all t € [—¢!/2,€!/2] the estimate

>0

a(t) {< —eh (4.2.19)

> —cifB;
we only have to remark that the constants c,c— > 0 used here may be
different from those in #.2.17). In the same way, (4.2.18) holds in this case,
too, but with the constants cy,c_ from @2.19). Since t —s < 2¢!/2 for all
t,s € [—81/2,81/2] and

1/2

we have, using that x (— =

~ exp[2cy] /2
The corresponding upper bound, again for t € [—¢'/2,¢/2], follows from

1 1

t 1
X(t)<X+'€1ﬁ'1+ '/sl/zldsg()w‘i‘z)'ﬁ-

e J_ el
—_——

1 1/2__ 2
<p2eP=o

Now we come to ®. Similar to (but not identical with) @, we have

. < —c- -t

a(t) {2 B (4.2.20)
e p_g

a(t,s) {i _% . Eiz _223 | (4.2.21)
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4.2. The Deterministic Case

The same computations as in (4.2.14) show that

1//; exp [—;j; (P — sz)] ds (4.2.22)
_ 1 1 G g
o eyt c4P P|: 2¢e ( P )]

Hence, we see that

>
=
/AN
>
JF
=~ ™=
(@)
X
lao]
|
R
m
+
A
L
_|_
—_
I
X
ao]
|
R
+
|
N
L=
Q.
195}

<regt g (1—exp[—§;<t2—ﬁ2>])

Thus, we can find a constant C, such that x(t) < C- I%I for all t € [B, T]. By

precisely the same arguments, replacing B with ¢'/2, the upper bound in ®

follows.
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4. The Pathwise Approach of Berglund and Gentz

Next, we prove the lower bound in ®, again using (4.2.22):

1 C+ (2 2 1/t C+ (2 2
>a_ = S % - _E R
X0 > 1o <55 (=) 4§ [ew| <552 =) as
Y| S22
=X- ‘B eXp|: 28 (t ﬁ):|
b e |- (R )
eyt oy P 2¢
! C+ (2 _ 2
./'3 C+.52 p|:_2 (t — S ):| ds
>0
1 C+ o 1 1
> — =t o - —
Pperla @R (o 5) vam
N——
>0
if ¢ big enough
1 1
Z— -
ot |t
The lower bound for ® is proved by the same arguments. O

Proposition 4.2.7 (y; during [—T, —|to|]). [sc: [BGO2D, Proposition 3.3]; see also
p. 1462 therein] There exists a constant ¢y > 0, such that the solution of (4.2.10) with
initial condition y_r X € satisfies

€

T (4.2.23)

forany t € [T, to) = [-T, —co( /a0 V €'/?)].

Proof. Let us first assume that ¢g > 1; during the proof, we will add more
restrictions on ¢g. We first prove the upper bound, i.e., we show that there
exists a constant ¢; > ly_r - |T| such that for all t € [T, to]

£
LN

Let us note that by choice of c1, y_1 meets this estimate.

We set
€
ytéf]O,Cl'M[} .

If we can prove that T > t;, the assertion follows.

By (4.1.4), we know that a* (t) =< —|t| during [T, —,/ag], hence, also for
all t € [T, tp]. This implies that we can find a constant c— > 0 such that
a’i (t) < —c_|t| forall t € [T, to].

By (#.2.12) we know that forall t € [T, to] C [T, —/ao]

d
aer(t)x—l.

Yr <01

7= inf{t e[-T,T
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4.2. The Deterministic Case

Thus, there exists a constant ¢ > 0 such that forall t € [T, t]

We use these estimates to modify (4.2.10) and obtain that for all t € [T, t(]

d
s-aytg —c_|t| -yt + M-y +ec .

=—c_ |ty (1-2241)

By definition of 7, we have that y; € 0,c; - ‘%[ for all t € [T, T A tg].

Furthermore, there is a constant M’ > 0 such that, by definition of ¢y, we have
that t < tp < —coM/, hence, |t| = coM' for all t € [T, T A to]. This implies
that for all such ¢

d
E'aytg_‘:7|t|'yt' [1— |t|2}+€c+-

Mecqe
= C,C%M’Z

For any constant ¢, we can choose ¢y = ¢o(c1) big enough for the term in
square brackets to be larger than % Hence, for a “big enough” ¢y in this sense,

d e = e
dt]/t\ e Yt +—28 Yt + s

sinceall t € [T, to] fulfill —|t| = t. By assumption, the initial condition to our
deterministic model is y_1 =< .

From all this, we obtain (using Theorem[A.0.1)) that

t t t
ytgy_rexp{/_Tczg'sds] —i—/_Texp[—/s ;ss"ds”} -cy ds,

hence,

[N

y-1 RN T c 2 2
e < 221 = _ ot b _
Y < exp[4£ (t=—T )} + - /_Texp[48 (t"—s )} ds.

€

We note that ©=F < 1and & < % Hence, we may apply Lemma where
5 - |t| takes the role of 4(t), and obtain that there exists a constant ¢; > 0,
independent of c¢; and T (note that by construction c, c_ are independent of
c1 and T, too), such that for all t € [T, T A tg]

€
Yt <o m . (4.2.24)

Hence, we may choose ¢1 > c3.
Assume that 7 < fy. Then (4.2.24) implies that

IT] - yr < cpe. (4.2.25)
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4. The Pathwise Approach of Berglund and Gentz

On the other hand, by continuity of the path t — y; and the definition of 7,
we have

c1>Cp 2
IT| - ye =c1e =" Ty > e,

which contradicts (4.2.25). Thus, the assumption that T < #p must be wrong
and the proof of the upper bound is thus completed.

The proof of the lower bound is in principle the same: We have to show the
existence of a constant c3 € |0, =L - |T|[ such that for all t € [T, ]

€
t
Let us note that by definition of c3, y_T meets this estimate.

Like above, we use the general assumptions on equilibrium branches and
linearizations of f during [—T, /ag]:

Yi = C3

o a7 (t) < —|t|, i.e. there exists a constant cq, > 0 big enough for

a’ (t) > —cglt| forallt e [—T,tg).

. %xi (t) < —1, i.e. there exists a constant ¢, > 0 small enough for
d .
T x3(t) > ce forallt € [T, to].

e There exists a constant M > 0 such that b (y;, ) > —M - y? forall t €
[T, to].

Hence, we get that

d
e —calt] -y — M-yf +eco .

—coltlyr (14243

By the first part of the proof, we already know that there is a constant c; such
that

Y < % forallt € [T, to] .

Hence, because again || > ¢oM' for a constant M’ > 0,

d Mcqe
> — yre (1 _
e ¥ C+ |t -y ( +C+|t|2)+sc

Mcie
Z —cylt| - |1+ ——— | +ec—.

If we only choose cy big enough (with respect to ¢1), the term in brackets is
smaller than 2. Then we get
d S —2C+|t| )

2c
- Yt 2 yt+c_:—+-t-yt+c_,
dt € €
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4.2. The Deterministic Case

as —|t| = tforallt € [T, tp].

From here on, the procedure is as above. Since we do not have the restriction
that estimates only hold up to a time 7, the contradiction argument is not
needed here. O

From now on we assume that ¢ is large enough for Proposition to
hold.
We note that the proposition implies that for all t € [T, to] we have that

X < 2 (1),
hence, again for t € [T, tg],
x(tiet

€
—xcX+/ap, and yi X — Ae.

Jao

Now we analyze the development of y; for |f| < |tg|. We will distinguish
between the cases y;, < ﬁ (“ap not too small”) and yy, < /.

Proposition 4.2.8 (y; during [ty, —to] for ag > 7yo€). [sc: [BGO2b, Prop. 3.4]] There
exists a constant vy > 0, depending only on f and y,, such that in the case ag > €7yg
we have that for all t € [tg, —to]

ye=Ci(t) - (5 —t) + Ca(t) , (4.2.26)
where

Cit =5 and Co() = £

1()A% an 2()Aa(3)ﬁ-

The estimate in (4.2.26) shows in particular that y; vanishes at a time f such
that

Pt = (4.2.27)

A/ Ao ’
if a9 > 7yoe. Furthermore, if t; < /ag, (4.2.26) together with the assumption

that t%. = O(ap) implies that y, < —ﬁ, hence, y;, < —ﬁ-

Proof. As in the proof of Proposition[4.2.7, we begin with the upper bound.
Our proof is again based on estimates for % (t) and %xi (t), see @.1.4) and

(4.2.12), respectively. However, these estimates are based on a certain partition
of the interval [—T, T], namely

[~T,T) = [T, —/ag] U [~ a5, /ag] U [v/as, T -

To use them for t € [tg, —ty], we have to remark that it is possible to extend
the estimates from t € [—,/ag, \/ao] to [tg, —tg] — due to the fact that the corre-
sponding original estimates for the neighborhood of [—/ag, \/ag] are linear —
by enlarging/shrinking the respective constants for upper and lower bound.
Hence, we obtain that there exists a constant c_ > 0 small enough for

a’ (t) <c—-(—+/ag) forallt e [ty, —tg],
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4. The Pathwise Approach of Berglund and Gentz

and two constants, cg > 0 big enough and cg > 0 small enough (cf. Re-

mark4.2.5), for

d . ) > {ﬁio-(t—t’jr) forall t € [to, ]

ar Xt % S(t—tt) forallt e [t, —to].

Furthermore, there is a constant M > 0 big enough for
0% (yi, )] < M-y

Let ¢y > %2 -y, be a constant and set

7= inf{t € [to, T] ’ ye| > Clg} .
a0
By definition of c;, we have that T > ¢.
Using
b7 (ye, )|

<Myl <M-Z5 fort € [to, T A —tg]
|yt| ag

we get that, if we choose ¢ (hence, a¢) big enough,

* (i’)—l— |bi(yt’t)’

at < VI e [to, T A —to. (4.2.28)

el 2

Based on these estimates and setting

we obtain the following modification of (4.2.10) for all t € [ty, T A —fp:

d C—+/ao CD(t) *
— < — . — . —
ETRA 26 NG (t=£),

which implies (using Theorem [A.0.1) that for all € [t, T A —tq]

tc_\/a
Yt <yt0~e><p[/ - 0 ds}
to €

bt A ] —eols)
+t0exp[s— 2 ds] NG (s—t)ds

Cc
— v -ep[-500 (1= 1)

R e e e L

iE

(=)
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4.2. The Deterministic Case

By integration by partsﬂ we obtain that

/t:exp [—C\% : (t—s)] ) e ) as

2 ¥
=[C\D/f;o)~<t:s>~c_zj%-exp[ ﬁwt)Hto
Furthermore,
[ eots)-exp[ -0 (1= ) as
= eolt) 2= —enlto) - o -exp | = (1= 1)

Hence, we have for all t € [y, T A —tg]

c_+/a 2e-c ¥
<y exp| =L (- t0)| + 2EEE (1 )

2¢e - cm _ 7c,1/a0 _
™ (L —to) exp[ 2 (t to)]
482-C53 C_+\/ag
*w'(l‘e"p[‘ el ).

where we use that c(tyg) = cm, and estimate c(f) from above by cg for any

t# to;

2e-cm 4e? - cq
= (L=t ——7 (4.2.29)
c_ap (=19 ERE
c_+/agp 2¢e - cm 42 - e
rep| =S (= t0)] - (o - 2t - ) - 52 )
B -
=(¢)

By the properties of y;, and ag, 7(¢) is of the order O (ﬁ)
To further analyze the right hand side, we first assume that 7(¢) > 0 and
te [to, TAL]

3 We use
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4. The Pathwise Approach of Berglund and Gentz

By convexity of x — exp x, we have that

_ th —t
ﬂ.(t_to) < Lt Vo (£ —to)| . (4.2.30)

B Fty P2

Since ty < —,/ap, t%, = O(ap), we obtain that

2¢ - cm 1 €
c_dgp + t*+ — 1o 17(8) a ap
N NN P S SR D R (4.2.31)
1 'Cfﬂo ti—to T s ﬂo' -
Since x exp[—x] == 0, we get
c—\/ag 462 o €
1(e) -exp | — TR (th — to)] + 7&[18/2 = —ag/z
e—0 0
~ c—+/ag 46 cg _ ~ €
= 3C2>0:;7(s)~exp[— -(ti—to)}+3< 5 s .
/2 3/2
2e 2 ay a
(4.2.32)

If we apply these estimates to the right hand side of (4.2.29), we obtain for all
te [t TAL]:

2e-Ccm .. 4e’cg c—/ag
ns gy BTNt gt e R IRGIRE

2¢ - cm (# b+ 4e’cm

= c_ag * cz_ag/z

o —t a0 .
_ (. — ¢ :
+<t*+fo+eXp[ 2 (o )

(4.2.31) _ e " 4€2CEE C—\/% *

< Cl.%.(t+_t)+czag/2+exp[— 26 -(t+—t0)} -1(¢)
@&z . . -

< Cl.i.(ti_t)ﬁ_cz.ﬁ. (4.2.33)

ap ﬂo

Thus, the assertion is proved for all t € [t,t%. A T], under the assumption that
n(e) > 0.
Fort > t% (butstill t < T A —tg, 57(e) > 0), we exchange (#.2.30) by

C—+/ap C—+/ap
exp | -5 (1 )| < exp| - X (1~ )]
substitute (4.2.31) with
2e-cm €

—~

c_dap ag’
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4.2. The Deterministic Case

and re-use to obtain that holds for any t € [ty, T A —to] as long
as 77(e) > 0 (with C;, C; enlarged, if necessary).

The case 77(¢) < 0 is even easier: The upper estimates (4.2.31), do
still hold, hence also does.

If T > —ty, the proof is now complete. If T < —ty, we simply have to enlarge
c1, such that the bound in the definition of T ‘catches’ y_;,. This is possible, be-
cause the involved processes are all continuous. But to guarantee the validity

of (4.2.28), we need that

c1e _ c—

a0

Consequently, whenever c; is enlarged by multiplication with a constant k >
1, we have to multiply a9 with k273, However, for any k > 1 we have that
k > k?/3, hence, such a ‘simultaneous growth’ of c; and ap will both grow the
bound for y; that defines T and let remain valid.

Thus, the upper bound is finally proved for all t € [to, —to].

We will only outline the proof of the lower bound, as it is basically the same.
By similar arguments as above, there exist constants c,cg > 0 big enough
and cg > 0 small enough, such that

ay(t)  >=cq-(—+/ag) forallte [ty, —to],
d {< (-t foriclnt)
< \/—% S(t—th) forte [t,—to],
and M > 0 big enough for
0% (e, )] < M-y
= Vi(y)>-M-yi.
Now, let ¢; and 7 be as above. Then we have for t € [y, T A —tg]

M)—M-M\}—M'ﬁ,

|yt ag

hence, if 7y (consequently, ag) is big enough,

b% (ys, t
a’y (t) ++|(yy:|) > —2cy -+/ag fort € [ty, TN —tp].

By the same steps as above, this time applying c(fp) = cg and the estimate
co(t) = cgforall t € Jty, —to], we arrive at the following estimate:

2

&y % £7cy

> . —t - —

Y = 200 (. )—I—2C2 37
+0

2¢.\/ag ] ( ey N e2cg
+exp|— (t—to)| - | Yy — (L —t) — ——=5 |,
p € ( ) Yty 2C+110 (+ ) 4C3_118/2
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4. The Pathwise Approach of Berglund and Gentz

which can be shown to fulfill the assertion in the same way as presented for
the upper bound. The estimates used here are basically the same as above, we
only have to replace (£.2.31) with the estimate

ecq y €

>C-—
2ciag ag

for a constant C; > 0, and (#2.30) with the estimate
2c1+/ag deyq/ag
tﬁ-(t—to)] Jrg\ﬁ.“o@

exp|— = exp [—

(which are both derived in a similar way as before) to obtain that

ORI W s
Yt 2 1';0'(4.—)4- Z'QST,
where C; > 0 is a constant fulfilling a lower bound analogon to #2.32). [

From now on we assume that 7y is big enough for Proposition to hold.

Proposition 4.2.9 (y; during [fo,t1] for ag < 7yoe). [BGO2D, Prop. 4.2] Assume
that ag < 7yoe. We choose an arbitrary t; < \/e. Then for any t € [to, t1]

xdet _ . = /e, (4.2.34)
t

and x§€t crosses x* (t) at a time T such that F < \/e.

Together with the preceding proposition, this result implies that there exists
atime t; < (/4 V €!/2) such that

i, = x?ft —xe— (¥ (h) —xc) < _W .

Proof. This Proposition is proved in the asymmetric version in [BG02b, Propo-
sition 4.2]. m
For t € [t, T], we have y; =< —‘%. The proof is similar to that of Proposi-

tion[4.2.7} This estimate implies that, because of x* () — x. < tfor t € [t, T],
we also have xd¢t — x. =< t for t € [t;, T].
Alltogether, we have shown that for t € [T, T|

xdet — % ()] < S A - AV, (4.2.35)

It Vao
and the vanishing time f of y; fulfills

Pt = \/%TO AvVe. (4.2.36)

Proposition 4.2.10 (linearization of f at x%¢t). [BGO2D, Prop. 4.3] For all t €
[—T,T) and any ag = 0¢(1),

a(t) := dxf (e t) < —(|t| V V/ag V Ve) . (4.2.37)
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4.2. The Deterministic Case

Proof. [sc: [BGO2b, Prop. 3.7]] From the assumptions on x% (t) for t € [T, T]
and the behavior of y; during [—T, T], as proved in the preceding propositions,
we conclude that

|t|  for |t| € [ty T]
Fpo= afet — oy < Vag fort € [tg, —tg] and apg > ¢
Ve fort e [tg,—tp)and ag < ¢

= |tV ag V Ve. (4.2.38)
By we obtain that forall t € [T, T|
I f (X1, 1) = xf (xc + Ep, t) = — (|| V /A0 V V) ,
since by assumption T < % O

Finally, we introduce a further solution to (4.2.1), which we will have to use
during the proofs of the non-deterministic results.

Corollary 4.2.11 (“unstable solution”). [BG02b, Theorem 2.5 and Prop. 4.3] The
deterministic equation has a solution £3¢ that “tracks the unstable equilibrium
branch” x}(t). This solution satisfies analogous claims as x3t does with respect to
x* (t): 29t and x;; (t) cross once (during [—T, T)) at a time f such that

Pty =—(F-t1),

and [&2.7), @2:8) and @2.9) hold for £3t and x};(t), but with opposite signs. Fur-
thermore, we have that

a(t) := a f(R% 1) < [tV ag V Ve .

Proof. The equation

d
g- % zs = —f(zs,—5), (4.2.39)

with f as before, has a stable equilibrium branch z(s) = x;;(—s). The same
arguments as above prove the existence of a solution z; to £.2.39) tracking
z§(s). By z; = x_s we obtain the path of the claimed solution £§". O

The following Lemma is a consequence of Lemma It will be needed in
the following section.

Lemma 4.2.12. Like in Lemma we set

a(ts) = /Stﬁ(u) du .

Then we obtain that
. 1 2a(t,—T) 1t 2a(t,s)
g(t) .—W exp[£]+€/_Texp[ . ds
_ 1
TV VAV Ve
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4. The Pathwise Approach of Berglund and Gentz

4.3. The Stochastic Case

Let us return to the stochastic equation (4.1.1), which we repeat here for con-
venience of the reader:

{dxt :%'f(xt,t) df—F%th (@TT)

Xty = X0,

with ¢ > 0 and f as described in Situation We note that x; = x{ depends
on ¢ > 0, but we stick to the notation of [BGO2b]|
We assume that the initial condition for tg = —T fulfills

xor—xi(-T)=<e. (4.3.1)

It has been proved in [BG02a, Theorem 2.4] that, if the system and
the corresponding deterministic system (4.2.1) start at the same initial point
X_i4T = x‘ielt 7, and if this initial point fulfills the conditions listed in the as-
sumptions of Proposition the relation is fulfilled with very high
probability, if ¢ is not too large.

Our aim is to describe the dynamics of the strong solution (xt)te[_T,T] to

(.1.1) in comparison to the corresponding deterministic path x¢€t.

4.3.1. The Stable Case

In this subsection, we show that if ¢ is small enough, x; remains close enough
to x¢¢! to have no transition during [T, T].

The main idea we follow is to describe the deviation of x from x9¢t by the
variance of the solution of the linearization of at x{°t, and then to extend
this result to the solution of the (original) nonlinear system. For technical rea-
sons, we will replace the variance by {(t) as defined in Lemma which
is asymptotically the same as the variance itself.

Let h > 0 be a constant. We set

B(h) := {(r,t) € [-d,d] x [T, T] | lr — xfet| < h- \V2(t)}
T‘B(h) = inf{t S [—T, T] | (xt, t) ¢ B(h)} .
The main result of this subsection is the following:

Theorem 4.3.1 (motion near stable equilibrium branches). [BG02b, Thm. 2.6]
There exists a constant hg > 0, depending only on f, such that the following holds:

(i) Ift € [-T,—(\/ag vV ve)] and h < hg - |t|3/2, then

P~ T [1g 5y < ] (4.3.2)

2
< C(te) - exp [—2};2 . (1 —0(e) — O(q?/z))] :
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4.3. The Stochastic Case

(i) Ift € [~ (\/agV ), T] and h < ho - (a3/* v €/4), then

P~ [t < f] (4.3.3)

2
<C(te)-exp H (10<8>‘9<ag/45.ssx4>)] |

In both cases,
1
C(t,e) := = a(t,—T)|+2. (4.3.4)

Remark 4.3.2. [BGO2b, pp. 1429, 1437]
(i) If h is significantly larger than o, the exponential factors in (4.3.2)) and (4.3.3)

become very small, i.e. a transition is very unlikely.

(ii) C(t,¢€) is a correction factor that models the increase of P~ 1T [T < t]

over time. However, if g > O(|logel), its effect becomes negligible, because the
exponential factor is already very small.

The authors of [BGO2b| note that they believe that C(t,€) is not optimal.

(iii) The theorem implies that the typical spreading of the paths of (4.1.1) around
x9et is of the order o~/ (t), which by Lemma Ifills

o4
oy (L) < .
¢ VIV ai/* v el/4

(iv) In the case that o < a3/4 v e/4 it is possible within the assumptions of the
theorem to choose h >> . Then (cf. (i) the probability P~T-1 [tgy < t]

becomes exponentially small. In other words, o < ag/ 4 /4 implies that a
transition is very unlikely.

(v) If o is not so small, we can still apply part (i) of the theorem to show that for t of
order —a?/3 (or smaller) a transition is unlikely.

The rest of this subsection is devoted to the proof of this theorem. We ana-
lyze the deviation of the solution x of (4.1.1) from the solution xdet of @.2.7)
(with identical initial conditions x_7 = xe} as described before) usin

Zp = Xt — xfEt .

This process satisfies the stochastic equation

Ve (4.3.5)

dZt = % . (ﬁ(f) - Zr + E(Zt, t)) dt—|— % th
zZ_.T = 0.

4Because of consistency, we use a different notation than the authors of [BG02b]: z; for the de-
viation of the perturbed from the deterministic solution, because y; is already used for the
deviation of the deterministic solution from the equilibrium branch, and a instead of & for
9y f(x3¢t t) because this notation is already established in Proposition
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4. The Pathwise Approach of Berglund and Gentz

Here, as before, a(t) = 9d+f (xf“, t), and by Taylor’s formula we obtain that
there exists a constant M > 0 such that

b(z,t)| < M- (x5t + |2]) - 22 (4.3.6)

forallt € [T, T] and x% + |z| < d

We consider the solution z° to the linearization of (£.3.5) at xdet, namely
0 1 74).50 s
{dzt = c-a(t) -z dt+ e dw; 437)
20 =0
-T .

The solution z° to this equation is a Gaussian process with expectation zero
and variance

2 gt 2a&(t t

u(t) = U—/ exp [a(,s)} ds, wherea(t,s)= / a(u) du .
€ J-T € s

Instead of the variance itself we will use for our estimates the function (t)

defined in Lemma4.2.12} For any t € [T + ¢, T| we have that both ° (t) and

{(t) can be estimated by

1
SV Vam Y Ve

(the fact that % ~ ((t) for t > —T + ¢ follows from the definition of { and
(4.2.37): For t > —T + ¢, the negativity of @ lets the first summand of the
definition of { become negligibly small).

The advantage of ( is that it is bounded away from zero, which avoids tech-
nical problems (see e.g. the formulation of the following proposition) and is
more realistic in terms of the general periodicity of our model.

The next proposition shows that z° is likely to remain in a strip of width

proportional to /{(t).
Proposition 4.3.3. [sc: [BGO2b, Proposition 3.8]] Forallt € [—T,T|and any h > 0,

~T,0 22| "
P~ sup >h| <C(te) - exp|— 202 (1-0(e) |,
1 |¢(s )|~
with C(t,€) as defined in (4.3.4).
Proof. For k € N let
—T=u<uy<---<ug=T (4.3.8)

be a partition of [T, t|. By [BG02a, Lemma 3.2] we have

ki

P10 [ sup

K
> h] <2) P, (4.3.9)
[T, ‘g ’ k=1

where

P = exp [—hz - inf g(s)> - exp [2&(?"5)]1 .

2(72 se [ukfl,uk] g(uk
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4.3. The Stochastic Case

Let the partition (4.3.8) be such that

&(ug, up_q1) = =262 forallk=1,...,K—1, (4.3.10)

By Proposition we have d(s) < 0foralls € [T, T|, hence,

B 1 - ox 2a(t,—T)] 2a(t)
" 2-Ja(=T)] p[ } e

+1~ lza(t)-/tTexp[M(:S)} ds+1

€ s

where

g'(s)

=L@y <!

7

where we used that

/jT exp [2&(:5)} ds = exp {ZQ(t,e—T)} . /tT exp {—2&(5' _T)] ds .

€

Thus, we obtain

s 1 R
T o ) sl 20— £ )
1 1
:1_m'g'<”k_uk71>-

For all k such that |uy| > /a9 V /¢, we apply (:3.10) and (#.2.37) to see that
1 .2
e

there exist constants ¢/, c™/, ... > 0 small enough for

Uk
26% = —a(ug, 1) > C(})/u s ds = ¢® - fug] - (g — ) -
k—1

®)

c_

Furthermore, by Lemma [4.2.12| we know that {(uy) =< \ulT\’ ie. C(ug) > e
Thus,

For all otherk =1,...,K —1 (i.e., such that |u;| < \/ag V \/€) we have

262 > e (g v V) - (1 — i)

and

¢ (ux)
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4. The Pathwise Approach of Berglund and Gentz

hence again
g — -1 _ /80 V Ve 2¢?
C(ue) c(75) c(f) - (Vag V \e)
Now we apply this to (4.3.9) and obtain, using the definition of K,

= 0(e?) . (4.3.12)

0
I[)—T,O |: Sl.lp |Zt| 2 h:|
se[—Tt ‘é(s)’

K h? 2a(uy,s)
< 2};exp [_M -(1-0(¢)) -exp {;H

<2- <|5¢(Z;T)|—|—l> -exp{—;;zz-(l—(‘)(S))} ,

because for ¢ < 1 we have (1 — O(s))z =1-0(e). O

In the preceding proposition we have proved that the solution to the lin-
earized version of behaves as claimed in the theorem. Now we extend
this result to the original, nonlinear system.

We define the notations

Q) (h) :={we Q| |22 <h\/{(s) Vs e [-Tt}
Oi(h) == {we Q| |zs| <h\/l(s)Vse[-Tt}.

Furthermore, for two events A, B € A in a probability space (Q), A, P) we say
A€ Bif P-ae. w € A are elements of B.

Proposition 4.3.4 (extension to nonlinear system). [sc: [BGO2b, Prop. 3.10]]
There exists a constant o, depending only on f, such that the following holds:

12

(i) Ift € [-T,—(\/aog V \fe)] and h < Ho— then
Q(h) '€ o |1 "ok 4313
t(h) C O +Q'W hf (4.3.13)
(i) Ift € [—(\/ag V Ve),T| and h < %(aé“\/erj/‘}), then

a.s. h
0

Proof. For this proof we define the process Z; := z; — z¥, which fulfills the
stochastic equation

{d:zt —L.a(t)-z dt+ 1Bz, t) dt
- 5
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4.3. The Stochastic Case

and thus fulfills
I a(s,r)] -
Zy = - /_Texp {8} b(z,r) dr. (4.3.15)

Let us first assume that t € [T, —(y/a V v/¢)]. Let ¢ > 0 be a constant
(more specific restrictions on the selection of ¢ follow below) and

. _oh
5= 7

which by the assumptions on h implies that & < 1. We define the first-exit time

, 12|
= inf -T, > oh -T, 00 4.3.16
. m{se[ ]| s } € [~ T, U {oo} (43.16)
and the set
A=0){(h)N{weQ|T(w) <o}. (4.3.17)

The aim of this proof is to show that P(A) = 0 and hence t(w) = oo for
P-almost all w € Q?(h). This implies that for s € [—T,t] and P-almost all
w € OY(h) we have

|zs(w)| < (1+6)-h\/T(s),
which proves (and, consequently, (4.3.2)).

We choose an w € A and ans € [T, 7(w)]. Then, by the definition of
QY (h) we have forall r € [T, ]

|20 (w)| < hy/C(r)
and, by the definition of T,

|zr(w)| < (1+6)-hy/T(r) <2hy\/(r).

By Lemma (4.2.12} this implies that there exists a constant ¢ > 0 such that for
allr € [T, s]

|zr(w)| < 2h- Ve .

7]

Furthermore, we know by (4.2.38) that we can find constants c(j), c(f) > 0 such
that for all » € [T, s] (note that s < 0!)

et o< = xdt <P <sup{c? e}l

From here on we use ¢ to denote the Supremum in the above estimate. Ap-
plying (4.3.6) we get that forall ¥ € [T, s]

|B(zp,7)| < M- (2t + |2,]) - 22 < M- <c+|r +2h- ”C+> 42

V7l ||
2h 2h
=4AMKW?E - (14— <4Mh22-(1 >
= ( - @M’J‘/Z) T P
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4. The Pathwise Approach of Berglund and Gentz

where we used |r| > |s| in the last step.
Using this estimate to #3.15), we see that forall s € [T, 7(w)]

2h 1 /3 a(s,r)
s | < 22 _an .7/ , ‘
|Zs| < 4Mh“c? (1 + c+s|3/2> . _Texp{ - } dr

From Lemma we conclude that there exists a constant cf) such that

[ P

5]

(from now on we write c; instead of the supremum), hence,

h2c3 2h
sl <4aM - —E . (1 )
& B (+rc+|s|3/2)

By Lemma we know that there exists a constant c_ > 0 such that {(s) >

. Consequently, for all s € [T, t(w)]

Is|

|Zs] hc§r < 2h )
<M —— (14— ] .
nZ(s) Vsl U e lsP
Now we set

_ 2 g S
¢ N/ N/

Because of 1 > |s| > |t| > 0, we have

(4.3.18)

h h h

)

Hence, we see that for all s € [—T, 7(w)]
|Zs| oh ( oh ) ) o<1
< N1+ —= | <z-(146) < 4.
hyvE(s) — 2y/ls] [s[>2/) 2 o

This estimate implies that for almost all w € A

|Zr(w)| < 5”[\/C(T(w)) .

At the same time, by continuity of Z and the definition of 7, we know that for
all w € {T < oo} we have

|Zr(w)| = oh \/ g(T(w)) :

Hence, P(A) = 0 as requested above. This completes the proof of (4.3.13).
The proof of (4.3.14) is very similar. The main difference stems from the fact
that the estimates for ¢ and x9¢! are a bit more complicated in this case:

98



4.3. The Stochastic Case

We choose t € [—(y/ag V \/¢), T| and re-use the constant ¢ > 0 as chosen in

(4.3.18). We set

5. @h
. a8/4\/83/4

and note that the assumptions on h yield 6 < 1. We define A as above and

T € [—(y/a9 V V), t] similar to (£3.16) and select w € Aand s € [—(y/ag V

Vo), T(w)].

By definition of Q) (h) we have for any r € [—(y/ag V /), 5] that |20 (w)| <

h\/C(r), hence, by the definition of 7, that

20 (@)] < (148) - h\J2(r) < 22 (r) .

With similar arguments as before, we obtain from (4.2.38) that there exists a
constant ¢, > 0 such that x3¢ < ¢ - (|r| V \/ag V V/e). Together with [£.3.6)

this implies that
|b(z,7)|
Vet
<M-(cp-(|r]VagVe)+2h- >
<+ (|| \/>0 ) \/mva(l)/4\/€1/4
4h2 cCt
1V VAoV Ve
< AMK*c - (1 + ?Z ) ,
/C+ . (ao \V 83/4>

where we used that |r|>/2 v a3/* v €3/4 > a3/* v €3/4. By [@3.15) and applying

Lemma as above we see that

e (1 B )1 s
Ve (@/tvesray) e ot e

2.3
h=cs,.

2h
<4iM-— (14 )
Is| V \/ag V e < Ver - (a3t v edrd)

By Lemma(4.2.12) we know that there exists a c_ > 0 such that

O -

[s|V y/a Ve
hence,

|Zs] he’, 2h

<

}du

IS T
2 \/ls]va)/* Vel ad/tveds )

hy/C(s) S M Ve (Vs vah/* v el/4) . (1+ Vi - (a3t v e3/4)

)
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4. The Pathwise Approach of Berglund and Gentz

By
oh oh oh

0 = > = ,
a3y 34 T glihy el/d T |s|1/2y g/t y el /4

we finally see that also in this case

Z ) s<1
Bl aye)Ss.

hC(s) 2

The remaining argument is as before. O

These two propositions prove the result claimed in the theorem: Proposi-
tionproves that solutions z° of the linearized SDE fulfill

2
P10 1, (z%) < t] < C(te) -exp {_2};2 (1-0(9) |,

and Proposition extends this result by showing that there exists a con-
stant ¢ > 0 such that

a.s. 0
{T%(meﬁ/z],h) () <t} T {m () < 1}
forallt € [T, —(\/ag V V¢)] and h < % |#[372, and
a.s. 0
{Tﬁ([l—kgﬁ]h) (2) < t} C {tpm(2") <t}
110 Ve
forallt € [—(y/agV V/e),T] and h < % (@A B4,

4.3.2. Transition

In this subsection, we consider the situation that ¢ is big enough for a transi-
tion from the potential well at x* (t) over the saddle at xj () to the potential

well at x* (¢). Theorem shows that ‘big enough’ means ¢ > C - (ag/ Y
¢3/4) for a reasonable constant C > 0. Our aim is to find an upper bound for
the probability of “no transition”.

Situation 4.3.5. We consider @.1.1), still under the assumptions of Situation [4.1.4)

Furthermore, we assume that o is not small with respect to 11(3)/ 4y g3/4,
We assume that there exist constants 8y,61,0, € [—d,d| such that for all t €
[-T,T]

det

b0 < 01 < xp < x5 < o (4.3.19)
and

f(x,t) =<-—=1 forxe€[by,d1]andt e [-T,T], (4.3.20)

Oxxf(x,t) <0 forx € [6y,0)and t € [T, T]. (4.3.21)

This especially implies that we may complement (4.3.19) to obtain
X*(t) < 8p <81 < xi(t) < xe < x§t < 8, forallt € [~T,T],

and that we may assume that o is of order —1.
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4.3. The Stochastic Case

The basic idea for ¢y is that the constant is ‘near the potential bottom” dur-
ing [—T, T] in the sense that a deterministic path starting at éy approaches a
neighborhood of the order € of x* () exponentially fast by Tihonov’s Theorem.

In many cases, like in Example [@ J> may be chosen arbitrarily large. In
this example, a typical selection for ¢; is the inflection point of x — f(x, ).

We will now bound the nontransition-probability from above using the fol-
lowing heuristic idea:

IP[no transition]

< IP[process escapes away from x;, (beyond xfet 4 pa /g (s)] (43.22)

+ IP [process crosses neither 8; nor xfet 4 ny /g (s)]
+ IP [process starting at 6; does not reach &y .

The following theorem collects the results of this subsection.

Theorem 4.3.6 (nontransition probability). [BG02b, Theorem 2.7] Let ¢1,c2 > 0
be constants and assume that

c‘z’/202a8/4\/e3/4.

Choose times —T < ty < t1 < t < T such that
t € [—c1(72/3, c1(72/3] and t =t + ¢t .

Let h > 20 be such that

xglet —l—h\/% < & foralls € [ty t1].

Then, for any small enough cq, any large enough ¢, and any xy € ]él,ngt + % :
h+/(to)] we have that

]PtO/xO [xs > 50 Vse [tO/ t]]

3 (la(t,to)| Kh?
< - — 7 . - 3.
S5 ( . + 1) exp { ) } (4.3.23)
3 1 a(t, —c102/3)}
+ - -exp|—k- .
2 p{ log 2 Vv |log 02/3| €

K
+ exp —a|
where x > 0 is a constant and
t
a(t,s) ::/ a(u) du .
S

We already know from the preceding subsection, that for ¢ smaller than
ag/ 4V ¢/ the transition probability becomes exponentially small. The above
result allows us to extend this connection between the relation of the parame-
ters and the probability of (non-)transition.
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4. The Pathwise Approach of Berglund and Gentz

Remark 4.3.7 (optimal choice of parameters). [BG02b, p. 1438ff] Consider the
situation of Theorem and the force term f defined in Example[.1.3} In this case,
the assumptions from Situation are fulfilled for any arbitrarily large 5o > 0; we

choose J, large, t; = —%claz/3 and h < (8, — x.) - o'/3. Then,
t )
|a(t1,t0)| = ‘/ a(r) dr| < t§
to
—leyo2/3
&(t, —c10%/3) = / : a(r) dr < const. - 0*/3 .
B —C1(7'2/3

Thus, in this case

P [x, > 8y Vs € [to, t]]

< f - exp [—0(04/3 )}

+ex [ const. 04/3} 4 ex |:K:|
P g 2 viloge] € ] TP L)

From this we conclude that for a8/4 Vet < o< (i )3/4, the probability of a

llog ¢
transition becomes exponentially close to 1.
1 3/4
llog e| )
does not make sense any longer to speak of a transition probability.

Forlarge 0, e.8. 0 > ( , the variance of the path becomes so great that it

Remark 4.3.8 (reaching x* (t) from dy). [BG02a, Theorem 2.4] shows that x is
likely to reach a small neighborhood of x* when starting at .

In the following lemma we specify conditions under which 20, the solution
of the linearized stochastic differential equation ([£.3.7), dominates z. The idea
to consider linearized versions of the stochastic differential equations under
consideration is again among our basic tools in this subsection.

Lemma 4.3.9. [modified version of [BGO2b, Lemma 4.4]] Let ty as in the theorem be
an initial time. We consider the following processes on [ty, T]:

(x§t) The stable solution of the deterministic equation (&2.1)) with initial con-
dition x(et € [61, 65, such that x¢* € [61,6,] forall t € [to, T).

(x¢)  The solution of [@.1.1) with initial condition xy, € [xfoﬁ, 5.

(zt)  Thedifference z; := x; — x8t. The initial point is zy, = xy, — x%et > 0.

(%) The solution of [@E3.7) with initial condition z?o € (24,00 — x%et}.
Then we have 29 > z; for any t € [to, T).

Proof. [adapted from [BG02b, Lemma 3.11]] We show that Z; := z; — z? e R_
forall t € [ty, T]. Z;, < 01is obvious.

The definition of d1,, and the assumptions on x9¢t imply that for all ¢ €
[to, T] and all z € R with x{¢t 4 z € [—d, d] for all t we have

FO - 2,8) < Ff8) + 0 f (x4 1) 2. (4.3.24)
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4.3. The Stochastic Case

By definition, z; fulfills

1 o
dz; = . [f (x4 2, 1) — fxfet )] dt+ 7 dw; .

Hence, for all € [to, T],

1 S
fo=t+ 2 [ f(xfet—i-zr,r) — F(x3et,r) —af(xdet,p) 20 dr
0

axf( xdet 1).z,

=Zy + = / xf det, -z, dr.

With Gronwall’s inequality, we see that for all s € [to, T|

<0
ngito-exp{(seto)] < 0. O

We define the stopping time
T:= il’lf{S € [to, tl] | Xs < (5]} S [to, tl] U {oo}
and estimate, following the idea of (4.3.22),

Pl [xs >0y Vs € [fo, f]]

X5 — xdet
< P { sup =5 > h] (4.3.25)
SE[tO,tl] g(s)

+ PPho¥o [xs 161, x3 + 1y /¢ (5)] Vs €| to,tl}

FE0 [ Legy P¥ v > 0 Vs € [11]] ]

The following propositions are dedicated to the development of upper bounds
for each of the summands on the right hand side of (4.3.25). The first summand
on the right hand side is similar to the probabilities we have estimated in the
previous subsection, but here we need it for a larger selection of ¢ as before:

Proposition 4.3.10 (first summand in (4.3.25)). [modified version of [BG02b, Pro-
position 4.51] Let xt, € [61, x3" + 31/ (to)]. Then

det a(ty,t 2
]Pto,xto[ sup B h} 3 (’w( 1, t)| +1> exp {_K’z] ,
s€lto, 1] g(s) 2 € o

where k > 0.

As before, we denote
t
ilts)i= [t dr, a(s) = uf(x5)
s
(cf. Proposition and Lemma4.2.12).
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4. The Pathwise Approach of Berglund and Gentz

Proof. Part 1. We define a partition ty = up < u; < --- < up = t; of [to, t1]
such that

(4.3.26)

|&(up,up—q)| =€ for1 <k <K:= { ;

Mabmﬂw'

With the same arguments as in the proof of (4.3.11), (4.3.12), using {.3.26)
instead of (4.3.10), we obtain that

Uk41 — Uk
—————— =0(¢) forallk=0,...,K—2. (4.3.27)
¢(ug) ()
We set
= Lo
Ok = 5 k
and
Qr = sup (]P”’“Z“k [ sup SIS h}
Zuy SOk SE (Ul y1) g(s)
+ ]Puk,Zﬂk |: sup 275 < h, Zuk+1 > Qk+]:|>
SE (U, Ugy1] g(s)
fork=0,...,K—2
Zs
Qg-1:= sup IP”Kl'QKl{ sup  —— > h} .
Zug_q SOK-1 s€lug_1,ug] V g(s)
Then,

Pro-to { sup Lxglet > h] < Kill Q.
sE[to,t1] g(s) k=0

Part 2. Estimating Qk. We define the process (zg(,k))s . fork=0,...,K—1
by
I . {CA 7Y A A £ {C)) (k)
Zs " 1= 0k exp[ . ] + N exp | — dw;:", (4.3.28)

is defined by W) := W, — W,,.

SE [t 11]
z(k) solves the linearized equation (4.3.7) with initial condition zl(j;) = 0. The
(k)

where the Brownian motion (Ws(k))

variance of z;,/ | is
2 u =
k o k+1 2a(ug1,7)
vg,k)ﬂ == /uk exp [; dr. (4.3.29)

We define for any k = 0, ..., K — 1 the stopping time

"= inf{s € [ug, ups1] | 2 = hy/(s)} -
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4.3. The Stochastic Case

By Lemma we have that z; < z{¢ during [to, T]. Hence,

Qr <P < ujeyq] + P [z,((lfgl > 0gyq) fork=0,...,K—2

Q-1 < ]P“K—lrQK—l[TEF_l < ”K} )

These estimates no longer depend on z, but on z(¥),
We first estimate P“% [1," < uyq] fork =0,...,K—1:

PU [ < g ]

— P [3 s € [ug, tgi1] :ng) >h C(S)] ;

(4.3.28) is invariant in IP under o — —o, hence

< P%% (s e [”k/ ”k+1] : zgk) < h\/@fxp |:0_C(S;uk):| - h\/ g(s)] ;

the upper bound for z(%) is negative by definition of ¢, hence

<P [T s € [ug, upeqq] : 20 < 0]

= 2. Pz <

U1

- ) /lexp[a(uktwk)}(vl(lfj()ﬂ)—l/zex |:_7’2:| y
V27T J—00 P
2. 22 (U4 1,4%)
coxp|-L. G
2 0
Uk4+1

thus, by exp[w] > exp[—2] (by @326); “=" fork = 0,...,K — 2), the
definition of g; and 1 = a2 /o2

hz é(uk)
\exp{ 5 g;) / 5 exp[ 2]:|
Ottyq 7 C

(k)

Uk+1

For the upper bound of Pz
the definition of gy to see that

_ 2 2
al\u , U

> 0k11] (for k < K — 1) we need again

€ Ok
2
=5 (et - ewtn) 420
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4. The Pathwise Approach of Berglund and Gentz

By the definition of {, we have for k < K — 1 that there exist constantsﬂ
c(_l),c(_z) > 0 such that

2@ (ugy 1, Ug) _’_l/uk“ exp 2a(ugy1,8) ds
e e Ju e

L) = (o) p[

k

> ((uy) - exp[—2] + exp[—2] ~c(,l) - inf  {(s),

LIS

where we used (4.3.27) in the last step; hence,

ggg;;:)l) > exp[—2] + exp[—2] W mgfsz()s) . (4.3.31)
Leng 2T o

Similar to the above estimate we obtain that forallk =0,...,K—2

k
PRk [zly) | > gp ]

_ 2

_ 1 1 (Qk+1—Qk'EXP[M])
S 5 8P|y NO)

L Uk+1
a1 [ R ) < ) )2]
= —.exp|—=- : —exp[—1]

2 I 802 vg’;{ll/az ¢ ()
E3D1 [ R () @ ’
< 3 op| g iy (Verl2l- 0+ —esl-1) |
Uk41

Hence we see that forallk=1,...,K—1

3 h?
Qk < 2-exp{—02~;<k} ,

where

v g (ewl-2 (Vewl-2 (1)~ expl-1]) )

2
Uit /o

=:C>0
By (£3.29) we have that forany k = 0,..., K — 1 there existsa %) € [exp[—2],1]
such that
2

k) _ 9
Ou’y = e

hence, applying (.3.27),
8o™*)
s

more precisely, these constants depend on k, but we choose the minimum of the respective
constants over all k

(tsr — ug) - 00

=0(e) .

5

106



4.3. The Stochastic Case

Thus, we may conclude that «y is of order 1 for all k = 0,...,K — 1. We set
K := infy x; (thus, ¥ > 0) and conclude that forallk =0,...,K—1

3 h?
Qr < 2-exp[—(72-1<] .

Part 3. Re-collecting. We finally obtain that

di
Ptoxo [ sup Lxsa > h}
Se[to,[l] é(s)

s h? 3 [la(t,to)l h?
< — . - . = — | "7 |. - .
<) 5 exp[ 2 K:| 7 [ -‘ exp[ 02 K:|

€

3 (|a(ty, to)] K2
< 2 (BT . = x|
S5 ( . +1> exp{ 2 K] O

In the next proposition we prove an upper bound for the probability of the
event that x stays near x% (i.e. “no transition”) even though ¢ is not small

with respect to ag/ 4V 3/, We have already seen in the previous subsection
that for o <« 118/ 4 €3/4 a transition is very unlikely and that for bigger o a
transition before a time of order —c?/3 is very unlikely. Hence, we consider
now the situation where ¢ is of order ag/ *v 3/ or bigger, and we focus on
the behaviour of x beginning with a time of order —?/5.

Proposition 4.3.11 (second summand in (4.3.25)). [BGO2bll[ Prop. 4.6] There exist
constants ¢y > 0 and & > 0 such that, ifc%/za > a8/4 v &34 and h > 20, then

pacx [xs € 16, et +h@} Vse [—cwm,tﬂ}

1 5((1’1, —C1(T2/3):|
log 1 v |log 02/3| €

< % - exp {—1?

forall t1 € [—c10%/3,c10%/3] and any initial point

xXg € [51,xiect102/3 + I/ (—c102/3)] .

Proof. Part 1. Reformulating the problem. We set

where (as in the previous section) £4¢! is the solution of the deterministic equa-

tion (4.2.1) that tracks the unstable equilibrium branch x;, of f. The process 2
is described by the SDE

A2 = = - [a(t) - £+ b(2, )] At + 2= AW, (4.3.32)
NG
where Corollary 4.2.11|and Lemma show that
1
a(t) < |t| vV agV Ve x ——,
()= ItV V@V V= 27
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4. The Pathwise Approach of Berglund and Gentz

and the definition of 41, 6, implies that for all Z; € [d; — £, 5, — £et]

b(2,t) <0.

We introduce a parameter

h
= — | =

(to be specified later) and define a partition

*C10'2/3

=uy<m<---<uUug==f
of [—c10%/3,t1] by requiring that forallk =1,...,K — 1
& (u, ug—1) = o€,

where we set

om [Hm0)]
0¢€

Furthermore, we define

Qk —Sup{]l)ukz“k[ € 161,28+ hy/T(s)] Vs €| uk/uk—ﬁ-l]}

2y, such that J?Sft +2, € ]51, det 4 hy/C(u K] }

foreachk =0,...,K—1. Then,

K-1
P s € Joy, x84+ [2(s)] ¥ € [—ero??,m]] < TT Qr
k=0

Our aim is to find a ¢ such that Q; is bounded away from 1 for all k =
0,...,.K-2.

Part 2. Estimating Q. We select an arbitrary k € [0,...,K — 2] and define a
subdivision of our partition by introducing times i 1, iy » such that

up < g < flgn < Ugqq

and

. 1 o 2
A(ilyq, ug) = 3 c0e, A(dgo, ux) = 3 g,

and stopping times

et _ }?glet} ,

}

We note that 25 < xd¢t — £9¢t if and only if x5 <

Tt = {5 € [up, ] [ 25 < x
Teo i= {5 € [k, o] | 25 <

det
X5
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4.3. The Stochastic Case

To estimate Qy, we decompose the underlying event:
PHk A [aeg‘et +25 € 81,23 4 1\ [(s)] Vs € [, uk+l]:|
< PP [;eget + 25 € Jxdet xdet L p J2 ()] Vs € [ug, ﬁk,l]} (4.3.33)
U2y
HER |:]I{Tk,1<ﬁk,1}
P [ 42, € oy, 24 7]

Vs e [Tk,1luk+ﬂH :

We start by computing an upper bound for the first summand on the r.h.s.

That is, we show that x; is likely to fulfill x; < x¢t before t = I ;. Let z(*)
be the solution of the linearized equation with initial condition ZE,I;) =

Zuy, = Xu, — xﬂft (cf. also Part 2 in the proof of Proposition|4.3.10). The variance
N of 2 fulfills

Uﬁk,l il 1
2 g : 2a(i
o) =2 [ xp P02
,1 € g <
_ 2 iy, ~ 2a (i )
> inf —— .7 /kl_za(s)_exp{ & (g, S)]ds.
SE Uty 1] Za(s) € Ju, € e
Via partial integration (notice that %E‘(ﬁk,l/ s) = —a(u)) we see that
iy, 27 281,
/ kl].‘ (a(s)) .exp|:tx(uk’15):| ds
U & e
2a(i i1 ozl
_ [1 .exp{wu 1 enp 202}
€ €
Uk

2
>1exp[3L-g} ,

where we used that by Proposition and Corollary [4.2.11] there exists a
constant L > 0 such that we can bound & away from zero as follows:

1 k1 S o
3 0= / a(u) du < L/ —a(u) du = L-|&(ixy,ug)| ,
u

k Uk

which implies

1
_ o~ < . )
Dc(uk,ll uk) ~ 3L Q€

Thus,

2
A L Y P {—2-]
i1 27 el [a(s))] TP
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4. The Pathwise Approach of Berglund and Gentz

From this and the assumption that zg;) < hy/Z(uy) (cf. the definition of Q)
we conclude that

%) [a(ﬁk,lruk)} ‘ ( 1
(%)

Zy, - €xXp

S€ [, g 1]

=: Br1(0) >0.
Hence,
Pl [J?Set + 55 € Jadet ydet 4 h@] Vs € [ug, ﬁk’ﬂ]
< ]Pllk,xuk [ZS >0 Vse [uk/ ﬁk,l]]

< ]Puk,x”k I:ng) >0 Vse [uk/ ﬁk,l]:l

1., (K)
—1-2- P <o)
(k &(it A )

1 2 7Zuk) -exp[ kSl £ :I.(v(_k)l)l/z |: r2:| d

=1 . Uk,1 exp|—— r
V2mr J-oo P 2
2 "By1(0) rz]

< —— / exp|——| dr

V2 Jo p{ 2
<2 . Bi(0)
X \/2? k,l Q *

Now we assume that 7 ; < 7i;; and focus the second summand of (4.3.33).
We see that

P[00 42, € 101, 1+ 1y [0(6)] Vs € [, ]
< PR [25 €10, adet _ gdet \/@} Vse [Tk’l,ak,z]} (4.3.34)
L E% |:]I{Tk’2<1/~lk,2}
s [;eget +25 € |6y, xdet 4 h@]
Vse [Tk,zlukﬂ]H :

In the next step we derive an upper bound for the first summand on the
right hand side of (4.3.34). Therefore, we consider the process 26) which is
described by the linearized version of (4.3.32) with initial condition ﬁgf)l =
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4.3. The Stochastic Case

X%Sf A%{elt The variance v(~) of 57) fulfills

exp {_2&(171@2,71@1)} 7757 7/ [ (s, Tkl):| ds

€

2 i ~
> inf -0 .U/krz(l).zﬂf).exp[%‘(sffkﬂ] ds |
T

seltin,) 24(s) € k1

By partial integration we obtain that

/uer 1. (261(5)) .eXp |:2[X(S’Tk'1):| dS
Tk,1 € €

28& (g o, 28 (il o, 1
— exp {_ &(ilkp Tk,l)} “1<exp [_ &(ilg o “k,l)} 1.
e e
N —
=—30
Thus we get
2 2
ﬁg{) > inf Al T leXp|:2.Q:| .exp{ “(ukz'Tkl)} ,
27 selmig] A(s) 2 3 €

which implies

(K a(flg, 1) k) \—1/2
28 ~e><p{E ] (051s)
-1/2
2 2
< det _ odet £ 4 . _ _Z.
< (o - 25) se[jkt:};kz]\/a(S) (1 eXP[ 3 QD
=t Bia(0) > 0.

This leads to the estimate
det
P A% |:25 c ]0/ xgﬂ _ fglet + hy/ g(s)] Vse [Tk,lf ﬁk/z]}

det
< I[)Tk'llx.[kfl [2§k) 2 0Vse [Tk,l/ lzk,z]]

— 1 2™ 20 < 0]

U2

5(K) (i Th,1) 1
e el B

7’2
=1-— k2 exp[—z} dr

Bia(o 2
\/7/ exp [—2} dr
2
<——"B .
NoTs k2(Q)

We aim at the second summand in (4.3.34) and assume that 7, < 7. We

use again the process 2(K), but this time we assume the initial point 2 o= 0
Tk2
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4. The Pathwise Approach of Berglund and Gentz

(k)

at the initial time 7 ,. The variance of this process can be estimated as

Uk
follows:
28 (g1, T (K o2 [Ur 2&(s, T
o ] g 2 e 2]

2 ru ~ ~
>~ inf ¢ .‘L/ . 2a(s) exp {_2"‘(5"%2)] ds |
SE[Te2 g 11] 2’1( ) e Tio € €

Similar to the above estimate, we obtain again by partial integration

[ (_més)) exp {_Z“@sz)] ds < exp[_%‘(mvﬁk,z)] 1
T

2
:_EQ

and see thus that

2 2%
6 > inf L.T. 1exp[2.g} .exp[f’%mz)y
T selnpugi] 4(s) 2 3 . ,

>

win § M

Y

which implies

ade 1
(x”thrl o 51) ' (A(k) )1/2

Uj+1

< (Adet _51)

”k+1

sup  4/a(s)- g : (1 —exp {—i : 9D1/2~exp {—; : Q]

SE[Tp 2 g4 1]

=: Bxs(e) > 0.

Hence, we see that
PPt e 45, € x84 ) V€ g e
sdet
< P %2 [ﬁs(k) >0 — 23 Vs e (T2 Ug41]]

sdet
< ]PTk’Z’ka,z [2(]() > 51 _ fdet }

Uk+1 Uk
(O -2t ) ——— 2
/ uk+1 7;1(41;()“)1/2 7 d
r exp 5 r
/ By3(e [ } d
eX r
\/27r P
1 1
<5+

5 E “Bya(o) -

Combining these results, we see that

1 1
Qr < 5T e (2Bi1(0) 4+ 2B 2(0) + Bis(0)) -
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4.3. The Stochastic Case

As ¢ > 1and L > 0, we know that there exists a constant C > 0 such that

1
-(h Clo) - exp|—3p o] + sup (x5

SE [ ig11]
det 1
+< ”k+1_51> eXp|:—39:|> .

Remember that by assumption we consider t; € [—c102/3,c10%/3]. Thus, there

exist constants C,, Cz, Coz, Cx,Cs > 0 such that for all s € [—c10%/3, c10%/3]

andallk=0,...,K—2

ﬁ(S) <C,- C%/201/3
() <G
e a(l)/4\/sl/4
1/2 1/3
= Vas) -/ 8s) < GaCr 1/4 vel/d S Cag
xdet — gdet < Cy - 0?3
= ﬁ(S) . (xglet Adet) C,Cy 3/20.

Adet
Yk —a <G

We choose C; := Cyz V (CyCy) V C; and obtain that forallk = 0,..., K —2

1 h 1 3/2 \/Cl 1
< = S = ~__ . —_—
< 2+C1 ((7 exp[ 3L Q} +c +(72/3 exp|—3-0

Finally, we specify C3/ 2. 18C and

0:=1 v3L~log<18C1 . Z) v3-log(18C1 . \/a) .

o2/3

Qk

This implies that for any k = 0,..., K — 2 we have Q; < % Using that Qg_1 <
1, we get that

K1 Nt 3 13 3\ a(ty, —c,02/?)
<[z == <. — o). 2 7
HQk S <3) > (%)K S5 exp{ log(2> oe

By selection of ¢, we have that there exists a constant ¥ > 0 such that

lo (3) 1>1€ !
8\ 2 0~ loghv—loga?/3’

which proves the assertion. O
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4. The Pathwise Approach of Berglund and Gentz

Finally, we consider the last summand on the right hand side of (4.3.25)). We
only state the proposition, because it is completely proved in [BG02b].

Proposition 4.3.12 (third summand in (4.3.25)). [BGO2b, Prop. 4.7] Let ¢ €
10,81 — do] and fo > 0 be constants such that

flx,t) < —fo <0 forallx € [6y,01 +0]andt € [-T,T].

Then we have for all ty € [—T, T — ce] that

Phosdt [Xs >0 Vs € [t to+ CEH < exp |:01_<2:| ,

2
where & = 4(({3350) and ¢ = (61 — 50)%0
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A. Appendix: Differential
Inequalities

Estimates based on differential inequalities are among the basic tools used in
the Chapter[d Here we present the necessary results.

The following theorem is based on [Fle80, Theorem 2.6.1]; the version pre-
sented there is more general than we need it here.

Theorem A.0.1. Consider [a,b] C R, let p,q : [a,b] — R be continuous, and let
¢ : [a,b] — R be a differentiable function such that for all t € [a, ] the following
holds

¢'(t) < p(H)p(t) +q(t) . (A.0.1)

Then ¢ does not exceed the solution of the linear equation x' = p(t)x + q(t) with
initial condition ¢(a), i.e. for all t € [a, b] we have that

o(t) < ¢(a) -exp {/ﬂt p(v) dv} + /atq(u) - exp {/ut p(v) dv] du. (A.0.2)

Proof. We set

r(t) :==exp {— /ﬂtp(v) dv} ,

hence, r(t) > 0 forall t € [a,b] and r is continuously differentiable for all such
t. Then for all t € [a, b] the following holds:

(p(8) (1)) = r(8) - @' ()) + (1) - ¥/ (1) = (1) - ¢' () — p(t) - r(1) p(t)
<r(t) - (p(O(E) +q(t)) — ¢(t) - r(B)p(t) = r(t) - q(t) -

Thus we obtain by the fundamental theorem of calculus that for all t € [a, D]
t
P(Or(t) = p(a) < [ q(u)r() du

This proves the assertion. O

This result especially implies that for ¢, p as above the relation

¢'(t) < p(t)p(t)

together with the initial condition ¢(a) < 0 implies that ¢(t) < 0 for all t €
[a,b] and all continuous functions p.
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A. Appendix: Ditferential Inequalities

Corollary A.0.2. In the situation of the theorem, we replace (A.0.1) by

¢'(t) = p()(t) +q(t) -
Then the same proof as for the theorem shows that

t

(1) > 9(a)-exp| [ p(o) o] + ["a(w -exp [ p(o) o] .
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