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Abstract

This work is concerned with the uniqueness of distributional solutions to nonlinear
Fokker-Planck equations with non-diagonal diffusion terms of type

ut −
d∑

i,j=1

D2
ij(aij(x)β(x, u)) + div(b(x, u)u) = 0 in (0,∞)× Rd,

with initial condition u(0, x) ≡ u0(x), where aij, β, and b are suitable functions. Un-
der suitable assumptions, this equation generates a continuous contraction semigroup
S(t) : L1(Rd) → L1(Rd), and u(t) = S(t)u0 is a mild solution to the equation. Our main
contribution is to prove that this mild solution is unique in the much larger class of
distributional solutions. This extends previous uniqueness results for the diagonal (also
called isotropic) diffusion case aij ≡ δij. Another key analytical result of this paper
is the uniqueness for distributional solutions of the associated linearized equation. As
a main application, we prove weak uniqueness for the corresponding McKean-Vlasov
SDEs. Furthermore, we establish a new L∞ estimate for mild solutions starting from
data in L1 ∩ L∞ and this estimate is used in the construction of nonlinear Markov
processes. Finally, we prove that the path laws of the solutions to the McKean-Vlasov
SDEs form a nonlinear Markov process in the sense of McKean.
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1 Introduction

We study nonlinear Fokker-Planck equations of the form

∂

∂t
u(t, x)−

d∑
i,j=1

D2
ij(aij(x, u(t, x))u(t, x)) + div(b(x, u(t, x))u(t, x)) = 0,

t > 0, x ∈ Rd,

u(0, x) = u0(x), x ∈ Rd,

(1)

for diffusion terms of the type aij(x, u) = aij(x)β(x, u)/u. Thus the equation considered
in this paper is

∂

∂t
u(t, x)−

d∑
i,j=1

D2
ij(aij(x)β(x, u(t, x))) + div(b(x, u(t, x))u(t, x)) = 0,

t > 0, x ∈ Rd,

u(0, x) = u0(x), x ∈ Rd,

(2)

where aij : Rd → R, β : Rd × R → R, b : Rd × R → Rd are given functions. We
study the existence of mild solutions (see Definition 2.1 below) and, more importantly,
the uniqueness of distributional solutions (see Definition 2.2 below) for (2) under the
following hypotheses on the coefficients aij, β, and b.
Hypothesis (I)
(i) β ∈ C1(Rd × R), βr(x, r) ⩾ 0 for all x ∈ Rd and r ∈ R; β(x, 0) ≡ 0 for all x ∈ Rd;
βr ∈ L∞(Rd × (−N,N)) for every N > 0.
(ii) aij ∈ C∞(Rd) ∩ Cb(Rd), (aij)x ∈ Cb(Rd;Rd), aij = aji, and ∃γ > 0 such that

d∑
i,j=1

aij(x)ξiξj ⩾ γ |ξ|2 , ∀ξ ∈ Rd, x ∈ Rd.

(iii) b ∈ Cb(Rd+1;Rd) and b(x, ·) ∈ C1(R;Rd) for all x ∈ Rd.
(iv) For each compact K ⊆ R, ∃αK ∈ (0,∞) such that

|b(x, r1)r1 − b(x, r2)r2| ⩽ αK |β(x, r1)− β(x, r2)| , ∀r1, r2 ∈ K, ∀x ∈ Rd.

Here, b(x, u) = {bi(x, u)}di=1, (aij)x = ∇xaij.

Remark 1.1 If sup
x∈Rd,r∈K

|br(x, r)| < ∞, inf
x∈Rd,r∈K

βr(x, r) > 0 for every compact K ⊆ R,

where br(x, r) =
∂

∂r
b(x, r) and βr(x, r) =

∂

∂r
β(x, r), then condition (iv) can be omitted,

because it then follows from (iii).

Nonlinear Fokker-Planck equations (abbreviated NFPEs) arise naturally in mean-
field game theory and statistical mechanics and have also found numerous applications
in areas such as information theory, graph theory, and economics (see, for instance,
[17], [19], [21] and the references therein). Beyond these applications, nonlinear Fokker-
Planck equations provide a powerful framework for the analysis of nonlinear diffusion
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phenomena and stochastic processes. A particularly important characteristic of non-
linear Fokker-Planck equations is their connection with McKean-Vlasov stochastic dif-
ferential equations (also called distribution-dependent stochastic differential equations,
abbreviated DDSDEs or McKean-Vlasov SDEs), whose coefficients depend not only on
the solution process, but also on the one-dimensional time-marginal law of the solu-
tion. More precisely, (2) can be used to solve the following McKean-Vlasov stochastic
differential equation

dX(t) = b(X(t), u(t,X(t)))dt+

√
2β(X(t), u(t,X(t)))

u(t,X(t))
σ(X(t))dW (t), ∀t > 0,

LX(0)(dx) = u0(x)dx, LX(t)(dx) = u(t, x)dx, t > 0,

(3)

on a probability space (Ω,F ,P) with normal filtration (Ft)t⩾0 and an (Ft)-Brownian
motion W (t) on it with values in Rd. Here σ = (σij)1⩽i,j⩽d with (σσT )ij = aij, and LXt

denotes the law of Xt under P, and u0 ∈ P is given.
Equation (2) extends the isotropic diffusion model, i.e. where aij ≡ δij, β(x, u) ≡

β(u), and b(x, u) = D(x)b(u), namely

∂

∂t
u(t, x)−∆β(u(t, x)) + div(D(x)b(u(t, x))u(t, x)) = 0, t > 0, x ∈ Rd,

u(0, x) = u0(x), x ∈ Rd.
(4)

This isotropic case can also be viewed as an extension of the classical Smoluchowski
equation and has been studied extensively by V. Barbu and M. Röckner. In [8], they
proved the existence of mild solutions to (4) and of weak solutions to the associated
McKean-Vlasov SDEs. They also proved existence for measures of bounded variation as
initial data and established a smoothing effect for the initial data. Building on this ex-
istence theory, they further developed the uniqueness theory, in particular, they proved
the existence and uniqueness of mild solutions and the uniqueness of distributional so-
lutions in [7, 8, 12], as well as the uniqueness of weak solutions to the corresponding
McKean-Vlasov SDEs. Additionally, they considered equation (4) with the fractional
Laplacian (−∆)s, 0 < s < 1, in the diffusion term, namely (−∆)sβ(u(t, x)), and de-
veloped the existence and uniqueness theory for nonlinear Fokker-Planck equations
and McKean-Vlasov SDEs with Lévy noise [13]. Recently, in [3], V. Barbu extended
the well-posedness results for (4) (and for the associated McKean-Vlasov SDEs) to a
more general class of nonlinear Fokker-Planck equations with singular integral drifts
div((D(x)b(u) +K ∗ u)u)), where K : Rd → Rd is a kernel and ∗ denotes convolution.
For nonlinear Fokker-Planck equations with time-dependent coefficients, to the best of
our knowledge, there is only one related reference, [10]. More specifically, V. Barbu
and M. Röckner studied (4) with coefficients β ≡ a(t, x, u)u and Db ≡ b(t, x, u) and ob-
tained existence results in appropriate Hilbert spaces. Finally, it should be mentioned
that, for porous media equations (that is, D ≡ 0 in (4)), uniqueness of distributional
solutions was first proved by H. Brezis and M.G. Crandall [18] and also by M. Pierre
[26], similar results were established in [6], [7] and [16].

For the general diffusion terms aij(x, u), the existence of mild solutions to (2) has
been obtained in [5] via nonlinear semigroup theory in L1(Rd), while the uniqueness of
distributional solutions to (2) remained open. Thus, one of the main contributions of
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this paper is to prove uniqueness of distributional solutions to NFPE (2), see Theorem
3.3 and Corollary 3.1 below. These results are not covered by previous work. In addi-
tion, we would like to point out that we also treat the general drift term b(x, u) (i.e.,
the case with explicit x-dependence). Providing a supplementary proof based on [5],
we prove an L∞ estimate for mild solutions to (2) starting from initial data in L1∩L∞.
This estimate is essential for the solution class used subsequently, especially in Section
5, where nonlinear Markov processes are constructed, see Theorem 3.2 and Corollary
3.2 for details. An additional major analytical result is the proof of “linearized unique-
ness” for distributional solutions to (2), see Theorem 4.1 and Corollary 4.1.

Furthermore, we prove uniqueness of probabilistically weak solutions to the cor-
responding McKean-Vlasov SDE (3) (see Theorem 4.2 below), which is another main
contribution of this paper. For related work on weak uniqueness of McKean-Vlasov
SDEs, we refer to [6], [7], [15], [25] and [29], but none of these papers covers the results
in Theorem 4.2. As another important consequence, we also prove that the path laws of
the solutions to McKean-Vlasov SDEs form a nonlinear Markov process in the sense of
McKean (see [23]). This concept of a nonlinear Markov process was recently elaborated
by M. Rehmeier and M. Röckner in [28]. The results on nonlinear Markov processes in
our case are presented and proved in Section 5.

Notation. By Ck(Rd) (Ck(R), Ck(Rd×R), respectively) we denote the space of k-times
continuously differentiable functions on Rd (R, Rd×R, respectively); by Cb(Rd) (Cb(R),
Cb(Rd ×R), respectively) we denote the space of continuous and bounded functions on
Rd (R, Rd ×R, respectively); and C([0, T ]) denotes the space of continuous real-valued
functions on [0, T ]. We shall simply write Ck for Ck(Rd) and Cb for Cb(Rd).

Lp(Rd) = Lp for 1 ⩽ p ⩽ ∞ denotes the space of all real-valued, p-integrable
functions on Rd, with standard norm |·|p. By Lp

loc we denote the corresponding local

space. (·, ·) shall denote the scalar product in L2. Let Hk(Rd) = Hk, k = 1, 2, denote
the standard Sobolev space on Rd and by H−k(Rd) = H−k we denote the dual space of
Hk(Rd).

C∞
0 (Rd) is the space of infinitely differentiable real-valued functions with compact

support in Rd. C∞
0 ([0,∞) × Rd) denotes the space of all φ ∈ C∞

0 ([0,∞) × Rd) with
compact support in [0,∞)× Rd. By D′(Rd) (D′((0,∞)× Rd), respectively) we denote
the space of Schwartz distributions on Rd ((0,∞)× Rd, respectively).

P denotes the set of all probability densities on Rd, that is

P =

{
ρ ∈ L1(Rd); ρ ⩾ 0, a.e.in Rd,

∫
Rd

ρ(x)dx = 1

}
.

Diu denotes the partial derivative of a function u = u(x1, · · · , xd) with respect to xi,
1 ⩽ i ⩽ d, and by D2

iju we denote the second order derivatives ∂2u
∂xi∂xj

. We also set, for

each u ∈ C1(Rd × R),

ur =
∂

∂r
u(x, r), ux = ∇xu(x, r).

The function t → (u(t, ·)dx)[0,T ] is said to be narrowly continuous if, for every η ∈
Cb(Rd),

lim
t→s

∫
Rd

η(x)u(t, x)dx =

∫
Rd

η(x)u(s, x)dx, s ⩾ 0.
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The remainder of this paper is structured as follows. Section 2 contains the pre-
liminary definitions and results used throughout the paper. Section 3 contains the
existence of mild solutions and the uniqueness of distributional solutions for NFPE (2).
In Section 4, we prove weak uniqueness for the corresponding McKean-Vlasov SDE (3).
Section 5 contains the main results on nonlinear Markov processes.

2 Preliminaries

We now define mild and distributional solutions to NFPE (2), which are the basic
notions used in this work.

Definition 2.1 (mild solution) A continuous function u : [0,∞) → L1 is called a mild
solution to NFPE (2) if, for each T > 0,

u(t) = lim
h→0

uh(t) in L1, uniformly on [0, T ],

where uh : [0, T ] → L1 is the step function

uh(t) = uk
h, ∀t ∈ [kh, (k + 1)h), k = 0, 1, · · · , Nh = [

T

h
],

uk+1
h + hA(uk+1

h ) = uk
h, ∀k = 0, 1, · · · , Nh; u0

h = u0.

Here, A is the operator defined as follows

A(u) = −
d∑

i,j=1

D2
ij(aij(x)β(x, u)) + div(b(x, u)u), ∀u ∈ D(A),

D(A) =
{
u ∈ L1;A(u) ∈ L1

}
,

where D2
ij and div are taken in the sense of Schwartz distributions on Rd.

Definition 2.2 (1) (distributional solution) Let d ⩾ 1 and T > 0. A function u ∈
L1
loc([0, T )×Rd) is said to be a distributional solution to NFPE (2) with initial condition

u0 if aij(x)β(x, u) ∈ L1
loc([0, T ) × Rd), b(x, u)u ∈ L1

loc([0, T ) × Rd;Rd), and, for all
φ ∈ C∞

0 ([0, T )× Rd) and u0 ∈ L1(Rd),∫ T

0

∫
Rd

(
u(t, x)

∂φ

∂t
(t, x) +

d∑
i,j=1

aij(x)β(x, u(t, x))D
2
ijφ(t, x)

+u(t, x)b(x, u(t, x)) · ∇φ(t, x)

)
dxdt+

∫
Rd

u0(x)φ(0, x)dx = 0.

(5)

(2) A distributional solution to NFPE (2) is called a probability solution to NFPE (2)
if u0 ∈ P(Rd), and u(t, ·) ∈ P(Rd) for a.e. t ∈ (0.T ).

(3) Let P̃(Rd) denote the space of all Borel probability measure on Rd. Suppose
P0 ⊂ P̃(Rd) such that for each (s, ζ) ∈ [0,∞) × P0, there exists a weakly continuous
probability solution [s,∞) ∋ t 7→ µs,ζ

t ∈ P0 to NFPE (2) with starting time s ∈ [0,∞)
and initial condition u0 renamed as ζ, and µs,ζ

t := us,ζ(t, x)dx, such that flow property

µs,ζ
t = µr,µs,ζ

r
t , ∀ 0 ⩽ s ⩽ r ⩽ t, ζ ∈ P0

holds. Then (µs,ζ)(s,ζ)∈[0,∞)×P0 is called a solution flow of NFPE (2) in P0.
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Remark 2.1 For an initial condition u0 ∈ L1, in general, equation (2) does not have
a classical strong solution and the best expectation is to obtain mild solutions in the
sense of the above definition (which turn out to be also distributional solutions to
(2)). Another class of solutions are entropy solutions which is a convenient concept of
solutions in statistical physics (see, e.g. [14], Chapter 1). But entropy solutions are too
special for our purpose, since time marginal densities of solutions to McKean-Vlasov
SDEs are in general not entropy solutions. Therefore, distributional solutions constitute
the correct class for stochastic analysis.

Finally, for later use, we introduce the operator (L,D(L))

L : D(L) → D′(Rd), Lu :=
d∑

i,j=1

Di(aij(x)Dju), D(L) = L1
loc(Rd).

(L,D(L)) is well-defined because aij ∈ C∞(Rd), i, j = 1, 2, . . . d. Moreover, for u :
[0, T ]× Rd → R and β : Rd × R → R, we use the shorthand

Lβ(x, u) := L[β(·, u(t, ·))](x), if β(·, u(t, ·)) ∈ D(L).

Here and in the sequel, β(x, u) stands for β(x, u(t, x)).

3 Uniqueness of distributional solutions to NFPEs

3.1 Existence of mild solutions to NFPEs

The existence of mild solutions to NFPE (2) was proved in [14], Section 2.1 (see
also [5]). To check Hypotheses (H1)-(H3) in there, we need to introduce the following
conditions.

(i ’) β ∈ C1(Rd × R), βr(x, r) > δ, ∀x ∈ Rd, ∀r ∈ R and some δ > 0; β(x, 0) ≡

0, β(x, r) = −β(x,−r),∀x ∈ Rd, ∀r ∈ R, and for the function Φ(x, r) :=
β(x, r)

r
, ∀x ∈

Rd, ∀r ∈ R, where we set Φ(x, 0) := lim
ε→0

β(x, ε)

ε
= βr(x, 0), x ∈ Rd, we have Φ ∈

C2(Rd × R) ∩ Cb(Rd × R), Φx ∈ Cb(Rd × R;Rd),

(iii ’) b ∈ Cb(Rd+1;Rd) ∩ C1(Rd+1;Rd).

Theorem 3.1 [14, Thm. 2.1] Assume that (i’), (ii) and (iii’) hold. Then there exists
a continuous contraction semigroup S(t) : [0,∞) → L1 such that, for each u0 ∈ L1(Rd),
u = u(t, u0) = S(t)u0 is a mild solution to (2) and

|u(t, u0)− u(t, ũ0)|1 ⩽ |u0 − ũ0|1 , ∀u0, ũ0 ∈ L1, t ⩾ 0

u ⩾ 0, a.e. on (0,∞)× Rd, if u0 ⩾ 0, a.e. on Rd,∫
Rd

u(t, x)dx,=

∫
Rd

u0(x)dx, ∀u0 ∈ L1, t ⩾ 0.
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Moreover, u is a distributional solution to (2), that is, for all φ ∈ C∞
0 ([0, T )× Rd),∫ T

0

∫
Rd

(
u(t, x)

∂φ

∂t
(t, x) +

d∑
i,j=1

aij(x)β(x, u(t, x))D
2
ijφ(t, x)

+u(t, x)b(x, u(t, x)) · ∇φ(t, x)

)
dxdt+

∫
Rd

u0(x)φ(0, x)dx = 0.

Proof. Set ãij(x, u) =
aij(x)β(x, u)

u
= aij(x)Φ(x, u). Then, by (i ’) and (ii), one

readily checks that aij satisfies the following condition

(H1) ãij ∈ C2(Rd × R) ∩ Cb(Rd × R), (ãij)x ∈ Cb(Rd × R;Rd), ãij = ãji, ãij(x, u) =
ãij(x, |u|), x ∈ Rd, u ∈ R, i, j = 1, 2, . . . , d.

Since ãij(x, u) + (ãij)u(x, u)u = aij(x)(Φ(x, u) + uΦu(x, u)) = aij(x)βr(x, u), con-
dition (ii) implies that ãij also satisfies

(H2)
d∑

i,j=1

(
ãij(x, u) + (ãij)u(x, u)u

)
ξiξj ⩾ γδ |ξ|2 , ∀ξ ∈ Rd, x ∈ Rd, u ∈ R, for γ as in

(ii) and δ as in (i ’).
By (iii ’), bi satisfies

(H3) bi ∈ Cb(Rd × R) ∩ C1(Rd × R), i = 1, 2 . . . , d.

Hence, by Theorem 2.1 in [14], the assertions follow. □

However, the results in [14] do not include the additional property that a mild
solution starting from data in L1 ∩ L∞ belongs to L∞((0, T ) × Rd). The following
theorem whose proof is given in the Appendix, provides estimate (8) below for the
corresponding general diffusion terms aij(x, u) as in [14]. It applies, in particular, to
the present setting and is needed for the nonlinear Markov property proved in Section
5.

Theorem 3.2 Assume that (i’), (ii) and (iii’) hold and, in addition,

δ1(r) := sup
{∣∣bix(x, r)∣∣ ; i = 1, . . . , d, x ∈ Rd

}
, (6)

δ2(r) := sup
{∣∣(ãij)xixj

(x, r)
∣∣ ; i, j = 1, . . . , d, x ∈ Rd

}
, (7)

where ãij(x, u) =
aij(x)β(x, u)

u
= aij(x)Φ(x, u).

(v) δ1, δ2 ∈ Cb(R).
Then, for each u0 ∈ L1∩L∞, a mild solution to (2) given in Theorem 3.1 also satisfies,
for some constant C

|u(t)|∞ ⩽ exp(Ct) |u0|∞ , ∀t ∈ [0, T ]. (8)

3.2 Uniqueness of distributional solutions to NFPEs

Theorem 3.3 Assume that Hypothesis (I) holds. Let u1, u2 ∈ L1((0, T ) × Rd) ∩
L∞((0, T )×Rd) be two distributional solutions to (2) in (0, T )×Rd such that u1−u2 ∈
L∞((0, T );H−1) and

lim
t→0

ess sup
s∈(0,t)

|(u1(s)− u2(s), φ)2| = 0, ∀φ ∈ C∞
0 (Rd). (9)

7



Then, u1 ≡ u2.

Proof. We adapt the technique developed in [12], though it has to be modified to
apply to our substantially more general situation. We first note that for i = 1, 2,
β(x, ui) ∈ L1

loc = D(L). Hence

d∑
i,j=1

D2
ij(aij(x)β(x, ui)) =

d∑
i,j=1

Di(aij(x)Djβ(x, ui)) + div(A(x)β(x, ui))

= Lβ(x, ui) + div(A(x)β(x, ui)),

where A(x) = {Ai(x)}di=1 and Ai(x) =
d∑

j=1

Djaij(x). Below we also set b∗(x, u) :=

b(x, u)u, and define N := max {|u1|∞ , |u2|∞}.
We set

z := u1 − u2, w := β(x, u1)− β(x, u2), ζ := b∗(x, u1)− b∗(x, u2), ∀x ∈ Rd.

Then, by Hypothesis (I) on [0, T ]× Rd,

|ζ| ⩽ α2 |w| , (10)

wz ⩾ α1 |w|2 , (11)

where α2 = α[−N,N ] and α−1
1 = |βr|L∞(Rd×[−N,N ]). Furthermore, our conditions imply

that z, w, ζ ∈ L1((0, T )× Rd) ∩ L∞((0, T )× Rd) and

zt − Lw + div(ζ − Aw) = 0, in D′((0, T )× Rd). (12)

We define

zδ := z ∗ θδ, wδ := w ∗ θδ, ζδ := ζ ∗ θδ, (Aw)δ := (Aw) ∗ θδ, (Lw)δ := (Lw) ∗ θδ,

where θ ∈ C∞
0 (Rd), θδ(x) ≡ 1

δd
θ(x

δ
), δ > 0, is a standard mollifier. Since zδ, wδ ∈

L2(0, T ;H2), and ζδ, (Aw)δ, (Lw)δ, divζδ, div(Aw)δ ∈ L2(0, T ;L2), we have

(zδ)t − (Lw)δ + div(ζδ − (Aw)δ) = 0, in D′((0, T );L2). (13)

We recall that by our assumptions on aij and standard elliptic regularity theory (see,
e.g. [24, Theorem 1 and Theorem 2.2]) we have that

ϵI − L|H2 : H2 −→ L2

is a homeomorphism for every ϵ > 0, where I denotes the identity operator. We define
its inverse operator Ψε as follows: for any ε > 0,

Ψε : L
2 → H2,

Ψε(u) = (εI − L|H2)−1u, ∀u ∈ L2.
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Then Ψε(zδ), Ψε(wδ) ∈ L2(0, T ;H2); Ψε(divζδ), Ψε(div(Aw)δ) ∈ L2(0, T ;L2).
Therefore, applying Ψϵ to (13) yields

(Ψε(zδ))t =Ψε(Lwδ) + Ψε(div((Aw)δ − ζδ)) + Ψε(Rδ)

=LΨε(wδ) + Ψε(div(Aw)δ)−Ψε(divζδ) + Ψε(Rδ), in D′((0, T );L2),
(14)

where Rδ = (Lw)δ − Lwδ. We note that, since w(t), wδ(t) ∈ L2, we have

(Lw(t))δ −→ Lw(t) in H−2,

Lwδ(t) −→ Lw(t) in H−2.

Since Rδ = (Lw)δ − Lwδ = (I − L)wδ − ((I − L)w)δ, for some constant C > 0

|Rδ(t)|−2 ⩽ C |w(t)|2 a.e. t ∈ [0, T ].

Since w ∈ L2(0, T ;L2), we altogether obtain

lim
δ→0

|Rδ|L2(0,T ;H−2) = 0. (15)

We also note that
zδ(t) = εΨε(zδ(t))− LΨε(zδ(t)). (16)

We set
hε,δ(t) = (Ψε(zδ(t)), zδ(t))2, a.e. t ∈ (0, T ).

Below we shall prove two claims.

Claim 3.1 lim
t→0

ess sup
s∈(0,t)

hε,δ(s) = 0.

Proof. By (14) we have d
dt
Ψε(zδ) ∈ L2(0, T ;L2), where d

dt
is taken in the sense of

vector-valued distributions in L2 on (0, T ). Thus, zδ, Ψε(zδ) ∈ H1(0, T ;L2). On the
other hand, we have Ψε(zδ) ∈ L2(0, T ;H2).
Therefore,

Ψε(zδ) ∈ C([0, T ];H1),

since the spaces L2 and H2 are in duality with the pivot space H1 = (H2, L2) 1
2
, after

modifying t → Ψε(zδ(t)) on a subset of measure zero (see, e.g. [2] and [12]). Since
t → Ψε(zδ(t)) has an H1-continuous version on [0, T ], there exists f ∈ H1 such that

lim
t→0

Ψε(zδ(t)) = f in H1. (17)

By (ii) and (16), we observe that

hε,δ(t) =(Ψε(zδ(t)), zδ(t))2 =

∫
Rd

Ψε(zδ(t))(εΨε(zδ(t)− LΨε(zδ(t))dx

=ε |Ψε(zδ(t)|22 −
∫
Rd

Ψε(zδ(t)LΨε(zδ(t)dx

=ε |Ψε(zδ(t)|22 +
∫
Rd

d∑
i,j=1

aij(x)DjΨε(zδ(t)DiΨε(zδ(t)dx

⩾ε |Ψε(zδ(t)|22 + γ |∇Ψε(zδ(t)|22 ⩾ 0.

(18)
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Furthermore,

0 ⩽ hε,δ(s) = (Ψε(zδ(s)), zδ(s))2 ⩽ |Ψε(zδ(s)− f |H1 · |zδ(s)|H−1

+ |f − φ|H1 · |zδ(s)|H−1 + |(φ ∗ θδ, z(s))2| , ∀φ ∈ C∞
0 (Rd), s ∈ (0, T ).

Hence, by (9), (17),

0 ⩽ lim
t→0

ess sup
s∈(0,t)

hε,δ(s)

⩽
(
lim
t→0

|Ψε(zδ(t)− f |H1 + |f − φ|H1

)
|zδ|L∞(0,T ;H−1) + lim

t→0
ess sup
s∈(0,t)

|(φ ∗ θδ, z(s))2|

= |f − φ|H1 |zδ|L∞(0,T ;H−1) .

Therefore, Claim 3.1 follows since C∞
0 (Rd) is dense in H1(Rd). □

Claim 3.2 Each hε,δ has an absolutely continuous version and for these versions, there
exists a choice of the mollification parameter δ = δ(ε) → 0 such that lim

ε→0
hε,δ(ε)(t) = 0

uniformly on t ∈ [0, T ], i.e. lim
ε→0

hε,δ(ε) = 0 in C([0, T ]).

Proof. By (13) we have
d

dt
zδ ∈ L2(0, T ;L2), hence zδ ∈ H1(0, T ;L2) and thus [0, T ] ∋

t 7→ zδ(t) ∈ L2 and, as seen below, also [0, T ] ∋ t 7→ Ψε(zδ(t)) ∈ L2 are absolutely
continuous (see [2], p. 23, Theorem 1.17). Then, by the definition of hε,δ(t), (16) and
(14), we have

h′
ε,δ(t) =2((Ψε(zδ(t)))t, zδ(t))2

=2 (LΨε(wδ(t)) + Ψε(div((Aw)δ(t)))−Ψε(div(ζδ(t)), zδ(t))2 + 2(Rδ(t),Ψε(zδ(t)))2

=2ε(Ψε(zδ(t)), wδ(t))2 − 2(wδ(t), zδ(t))2 + 2(Rδ(t),Ψε(zδ(t)))2

− 2(∇Ψε(zδ(t)), (Aw)δ(t))2 + 2(∇Ψε(zδ(t)), ζδ(t))2, a.e. t ∈ (0, T ).

(19)

Next, we derive several estimates for h′
ε,δ(t).

a) First by (11) we have

(wδ(t), zδ(t))2 ⩾ α1 |w(t)|22 + γδ(t),

where γδ(t) = (wδ(t), zδ(t))2 − (w(t), z(t))2.
b) By (10) we have

(∇Ψε(zδ(t)), ζδ(t))2−(∇Ψε(zδ(t)), (Aw)δ(t))2 ⩽ |∇Ψε(zδ(t)|2 · (|ζ(t)|2 + |(Aw)(t)|2)
⩽ |∇Ψε(zδ(t)|2 · (α2 |w(t)|2 + |A|∞ |w(t)|2)
⩽C |∇Ψε(zδ(t)|2 |w(t)|2 ,

where C = α2 + |A|∞.
c) For all ε, δ ∈ (0, 1), we have

ε(|Ψε(zδ(t))| , |wδ(t)|)2 ⩽ ε |Ψε(zδ(t))|∞ |wδ(t)|1 ⩽ c |z(t)|∞ |w(t)|1 , a.e. t ∈ (0, T ).
(20)
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lim
ε→0

sup
δ∈(0,1)

|ε(Ψε(zδ(s))|∞ = 0, a.e. s ∈ (0, T ) (21)

To prove the estimates (20) and (21), let Kε be the integral kernel of (εI − L)−1.
By Theorem 7 in [1], there exists c ∈ (1,∞) such that c−1K∆

ε (x − ξ) ⩽ Kε(x, ξ) ⩽
cK∆

ε (x− ξ), ∀x, ξ ∈ Rd, where K∆
ε is the integral kernel of (εI −∆)−1.

Therefore, for a.e. t ∈ [0, T ], we have

|εΨε(zδ(t))(x)| ⩽ε

∫
Rd

Kε(x, ξ) |zδ(t)(ξ)| dξ

⩽ε

∫
Rd

cK∆
ε (x− ξ) |zδ(t)(ξ)| dξ = cε(εI −∆)−1 |zδ(t)| (x),

It is well known that

ε
∣∣(εI −∆)−1y

∣∣
p
⩽ |y|p , ∀y ∈ Lp, p ∈ [1,∞], (22)

Hence, ε |Ψε(zδ(t))|∞ ⩽ c |zδ(t)|∞, and therefore (20) holds.
To prove (21) we proceed similarly as in [13, Proof of Thorem 3.1] (see also [18]) by
writing for a.e. t ∈ (0, T ),

ε(εI −∆)−1 |zδ(t)| (x) = ε
d
2

∫
Rd

K∆
1 (

√
ε(x− ξ)) |zδ(t)(ξ)| dξ, x ∈ Rd,

where K∆
1 is the kernel associated with the operator (I −∆)−1 (see [30]), i.e.

(I −∆)−1(y)(x) =

∫
Rd

K∆
1 (x− ξ)y(ξ)dξ, x ∈ Rd.

This yields for a.e. x ∈ Rd,∣∣ε(εI −∆)−1 |zδ(t)| (x)
∣∣ ⩽ crε

d
2 |z(t)|1 + ε

d
2 |z(t)|∞

∫
√
ε|x−ξ|⩽r

K∆
1 (

√
ε(x− ξ))dξ, r > 0,

where cr = sup {K(x); |x| ⩾ r} < ∞, ∀r > 0. Then, for a.e. t ∈ (0, T ), we get

lim sup
ε↓0

sup
δ∈(0,1)

∣∣ε(εI −∆)−1 |zδ(t)|
∣∣
∞ ⩽ |z(t)|∞

∫
|ξ|⩽r

K∆
1 (ξ)dξ, ∀r > 0,

letting r → 0, since K∆
1 as a probability kernel is locally integrable, (21) follows.

By (20), (21) and the dominated convergence theorem, it follows that

lim
ε→0

ε

∫ T

0

sup
δ∈(0,1)

(|Ψε(zδ(s))| , |wδ(s)|)2ds = 0. (23)

d) For every ε ∈ (0, 1), there exists δ(ε) ∈ (0, ε] such that∫ T

0

∣∣(Rδ(ε)(s),Ψε(zδ(ε)(s)))2
∣∣ ds ⩽ ε |z|L2(0,T ;L2) . (24)

It easily follows by (22) that the operator norm of εΨε : L2 −→ H2 is less than one.
Hence for a.e. s ∈ [0, T ]

|(Rδ(s),Ψε(zδ(s)))2| ⩽ |Rδ(s)|−2 · |Ψε(zδ(s))|H2 ⩽ (1/ε) |Rδ(s)|−2 · |z(s)|2 .
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By (15) we can choose δ(ε) ∈ (0, ε] such that
∣∣Rδ(ε)

∣∣
L2(0,T ;H−2)

⩽ ε2. Hence, (24) holds.

Then by Claim 3.1, (18), (19), a), b), d), we have

0 ⩽ hε,δ(ε)(t) ⩽2ε

∫ t

0

(
∣∣Ψε(zδ(ε)(s))

∣∣ , ∣∣wδ(ε)(s)
∣∣)2ds− 2α1

∫ t

0

|w(s)|22 ds+ 2

∫ t

0

∣∣γδ(ε)(s)∣∣ ds
+2ε |z|L2(0,T ;L2) +

C2

α1

∫ t

0

∣∣∇Ψε(zδ(ε)(s)
∣∣2
2
ds+ α1

∫ t

0

|w(s)|22 ds

⩽ζ̃ε +
C2

α1γ

∫ t

0

hε,δ(ε)(s)ds

(25)

where we used (18) again in the last step and set

ζ̃ε := 2ε

∫ T

0

(
∣∣Ψε(zδ(ε)(s))

∣∣ , ∣∣wδ(ε)(s)
∣∣)2ds+ 2ε |z|L2(0,T ;L2) + 2

∫ T

0

∣∣γδ(ε)(s)∣∣ ds.
Clearly by (23) we have lim

ε→0
ζ̃ε = 0. Hence by Gronwall’s inequality, we obtain

0 ⩽ hε,δ(ε)(t) ⩽ ζ̃εexp(
C2

α1γ
t), ∀t ∈ [0, T ]. (26)

This implies that hε,δ(ε)(t) → 0 as ε → 0 uniformly on [0, T ] and hence Claim 3.2 is
proved. □

Proof of Theorem 3.3 (continued): We observe from (18) that, hε,δ(ε)(t) can be

rewritten as hε,δ(ε)(t) = ε
∣∣Ψε(zδ(ε)(t))

∣∣2
2
+
∣∣∣(−L)

1
2Ψε(zδ(ε)(t))

∣∣∣2
2
(see, e.g. Theorem 1.3.1

in [20] or p. 27 in [22]). Hence, by (21) and Claim 3.2, the right-hand side of (16)
converges to 0 in D′. Therefore, 0 = lim

ε→0
zδ(ε)(t) = z(t) in D′ for a.e. t ∈ (0, T ), which

implies u1 ≡ u2.
□

Corollary 3.1 Assume that Hypothesis (I) holds. Let T > 0 and u0 ∈ P ∩L∞, and let
u1, u2 ∈ L1((0, T ) × Rd) ∩ L∞((0, T ) × Rd) be two nonnegative distributional solutions
to (5). Then u1 ≡ u2.

Proof. Because of Hypothesis (I) (i)-(iii), it is elementary to check that by (5)∫
Rd

ui(t, x)dx =

∫
Rd

u0(x)dx for a.e. t ∈ (0, T ), i = 1, 2. (27)

Hence, it follows by Lemma 2.3 in [27], there exist dt⊗dx-versions ū1 of u1 and ū2 of u2

such that for ū1(t)(dx) := u1(t, x)dx, ū2(t)(dx) := u2(t, x)dx, ū1(0, x)dx = ū2(0, x)dx =
u0(x)dx , the map [0, T ] ∋ t 7→ ūi(t, x)dx is narrowly continuous for i = 1, 2. In
particular, (27) holds for every t ∈ [0, T ], and hence u1, u2 ∈ L∞((0, T );L1 ∩ L∞) ⊂
L∞(0, T ;L2) ⊂ L∞(0, T ;H−1). Therefore, for every φ ∈ C∞

0 (Rd),

lim
t→0

ess sup
s∈(0,t)

|(u1(s)− u2(s), φ)2| = lim
t→0

∣∣∣∣∫
Rd

(ū1(t, x)− ū2(t, x))φ(x)dx

∣∣∣∣ = 0.

So, (9) holds and Theorem 3.3 implies the assertion. □
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By Theorem 3.2 and Corollary 3.1, we obtain the following existence and unique-
ness result for NFPE (2).

Corollary 3.2 Under Hypotheses (i’),(ii), (iii’), (iv)-(v), for each u0 ∈ P ∩ L∞,
NFPE (2) has a unique distributional solution

u ∈ L1((0, T );L1) ∩ L∞((0, T )× Rd),

which is in fact a weakly continuous probability solution to (2).

4 Weak uniqueness of the corresponding McKean-

Vlasov SDEs

In this section, we prove weak uniqueness for the McKean-Vlasov SDE (3)

dX(t) = b(X(t), u(t,X(t)))dt+

√
2β(X(t), u(t,X(t)))

u(t,X(t))
σ(X(t))dW (t), ∀t > 0,

LX(0)(dx) = u0(x)dx, LX(t)(dx) = u(t, x)dx, t > 0,

corresponding to the nonlinear Fokker-Planck equation (2), where u is a distributional
solution to it with u0 ∈ P ∩ L∞ under Hypothesis (I). By the superposition principle,
first applied to the linearized equation (see (28) below) and subsequently derived for
NFPE (2), it follows (see, e.g. [5], [14] and [31]) that there exists a probabilistically
weak solution X(t) to the McKean-Vlasov equation (3) with law density u(t). More
precisely, there is a probability space (Ω,F ,P) with normal filtration (Ft)t⩾0 and an
(Ft)-Brownian motionW (t) on it with values in Rd and a (with respect to t) continuous
(Ft)-progressively measurable map X : [0,∞) × Ω → Rd, which is a solution to (3),
and u(t, x)dx = P ◦ (X(t))−1(dx), u0(x)dx = P ◦ (X0)

−1(dx).
To prove weak uniqueness of (3), we first establish the so-called “linearized unique-

ness” for the “frozen” linearized version of NFPE (2), namely

νt −
d∑

i,j=1

D2
ij

(
aij(x)β(x, u)

u
ν

)
+ div(b(x, u)ν) = 0, in D′((0, T )× Rd),

ν(0, x) = ν0(x), x ∈ Rd,

(28)

where u ∈ L1((0, T )× Rd) ∩ L∞((0, T )× Rd) is a distributional solution to NFPE (2),
i.e., ∀φ ∈ C∞

0 ([0, T )× Rd), ν0 ∈ L1(Rd),∫ T

0

∫
Rd

(
∂φ

∂t
(t, x) +

d∑
i,j=1

aij(x)
β(x, u(t, x))

u(t, x)
D2

ijφ(t, x)

+b(x, u(t, x)) · ∇φ(t, x)

)
ν(t, x)dxdt+

∫
Rd

ν0(x)φ(0, x)dx = 0.

(29)

Theorem 4.1 (Linearized Uniqueness) Assume that Hypothesis (I) holds. Let T > 0,
let u ∈ L1((0, T )×Rd)∩L∞((0, T )×Rd) be a distributional solution to NFPE (2), and
let ν1, ν2 ∈ L1((0, T )×Rd)∩L∞((0, T )×Rd) be two distributional solutions to (29) for
ν0 ∈ P ∩ L∞ such that ν1 − ν2 ∈ L∞((0, T );H−1). If (9) holds with νi replacing ui,
i = 1, 2, then ν1 ≡ ν2.

13



Proof. Since the proof is almost the same as that for Theorem 3.1, we only give a
sketch of it below.
We first rewrite the original linearized equation using the operator L as follows:

∂ν

∂t
− L(

β(x, u)

u
ν) + div((b(x, u)− A

β(x, u)

u
)ν) = 0 in D′((0, T )× Rd),

ν(0, x) = ν0(x), x ∈ Rd.

We set

z := ν1 − ν2, w :=
β(x, u)

u
(ν1 − ν2),

and define a mollification analogous to that in the proof of Theorem 3.1

zδ := z ∗ θδ, wδ := w ∗ θδ, ζδ := (b(x, u)(ν1 − ν2)) ∗ θδ, (Aw)δ := (Aw) ∗ θδ.

We note that our assumptions imply

β(x, u)

u
, b(x, u) ∈ L∞((0, T )× Rd),

β(x, u)

u
⩾ 0,∀x ∈ Rd,

we can then define the same Ψε and hε,δ(t) as in the proof of Theorem 3.1. Repeating
the proof of Claim 3.1, we obtain lim

t→0
ess sup
s∈(0,t)

hε,δ(s) = 0. Repeating the proof of Claim

3.2, we have the following estimates.
a)

(wδ(t), zδ(t))2 ⩾ α3 |w(t)|22 + γδ(t),

where γδ(t) = (wδ(t), zδ(t))2 − (w(t), z(t))2, α
−1
3 =

∣∣∣β(x,u)u

∣∣∣
L∞

+ 1.

b)

(∇Ψε(zδ(t)), ζδ(t))2−(∇Ψε(zδ(t)), (Aw)δ(t))2 ⩽ |∇Ψε(zδ(t)|2 · (|ζ(t)|2 + |(Aw)δ(t)|2)
⩽ |∇Ψε(zδ(t)|2 · (α4 |w(t)|2 + |A|∞ |w(t)|2)
⩽C |∇Ψε(zδ(t)|2 |w(t)|2 ,

where α4 = α[−|u|∞,|u|∞], C = α4 + |A|∞.
c) For all ε, δ ∈ (0, 1), we have

ε(|Ψε(zδ(t))| , |wδ(t)|)2 ⩽ ε |Ψε(zδ(t))|∞ |wδ(t)|1 ⩽ c |z(t)|∞ |w(t)|1 , a.e. t ∈ (0, T ).

lim
ε→0

sup
δ∈(0,1)

|ε(Ψε(zδ(s))|∞ = 0, a.e. s ∈ (0, T ).

d) For δ(ε) as in Claim 3.2, we have∫ T

0

∣∣(Rδ(ε)(s),Ψε(zδ(ε)(s)))2
∣∣ ds ⩽ ε |z|L2(0,T ;L2) .

Therefore, we have

0 ⩽ hε,δ(ε)(t) ⩽ ζ̃εexp(
C2

α3γ
t), ∀t ∈ [0, T ],

where ζ̃ε is as in the proof of Claim 3.2. This implies that hε,δ(ε) → 0 as ε → 0 uniformly
on [0, T ], and hence ν1 ≡ ν2, as claimed.

□
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Corollary 4.1 Assume that Hypothesis (I) holds. Let T > 0 and ν0 ∈ P ∩ L∞ and let
u ∈ L1((0, T ) × Rd) ∩ L∞((0, T ) × Rd) be a distributional solution to (2). If ν1, ν2 ∈
L1((0, T )×Rd)∩L∞((0, T )×Rd) are two nonnegative distributional solutions to (29),
then ν1 ≡ ν2.

Proof. This follows immediately from Theorem 4.1 by the same method as in the proof
of Corollary 3.1. □

The following result then standardly follows (see [5, Thm. 4.1]). For the readers’ con-
venience we include the proof.

Theorem 4.2 Assume that Hypothesis (I) holds. Let T > 0, and let X1(t) and X2(t) be
two probabilistically weak solutions to (3) on the stochastic bases (Ω1,F1, (F 1

t )t⩾0,P1),
(Ω2,F2, (F 2

t )t⩾0,P2) such that LX1(t),LX2(t) are absolutely continuous w.r.t Lebesgue
measure dx and for

u1(t, ·) :=
dLX1(t)

dx
, u2(t, ·) :=

dLX2(t)

dx
,

we have
u1, u2 ∈ L1((0, T )× Rd) ∩ L∞((0, T )× Rd).

Then, X1 and X2 have the same law, i.e. P1 ◦ (X1)−1 = P2 ◦ (X2)−1.

Proof. By narrow continuity, we have

u(0, x)dx = u0(dx) = (P1 ◦X1(0)−1)(dx) = (P2 ◦X2(0)−1)(dx),

u1(t, ·), u2(t, ·) ∈ L∞(Rd), for all t ∈ (0, T ].

By Itô’s formula, u1 and u2 are probability solutions to the nonlinear Fokker-Planck
equation (5), hence, by Corollary 3.1, u1 ≡ u2. Again by Itô’s formula, both marginal
laws P1 ◦ (X1)−1 and P2 ◦ (X2)−1 satisfy the martingale problem with initial condition
u0 for the linear Kolmogorov operator

Lu :=
d∑

i,j=1

aij(x)β(x, u)

u

∂2

∂xi∂xj

+ b(x, u) · ∇.

Hence, by Corollary 4.1, the assertion follows from Lemma 2.12 in [31]. More specifi-
cally, for s ∈ [0, t], choose the set R[s,T ] appearing in Lemma 2.12 to be the set of all
weakly continuous probability solutions ν of (29) such that, for each t ∈ [s, T ], t > 0,
ν(t, ·) ∈ L∞(Rd) ∩ L1(Rd) and ν ∈ L1((0, T )× Rd) ∩ L∞((0, T )× Rd). Therefore, (2.9)
and (2.14) in [31] hold. By Corollary 4.1, condition i) in Lemma 2.12 of [31] holds, and
hence condition ii) in Lemma 2.12 of [31] follows; that is, X1 and X2 have the same
law.

□
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5 Nonlinear Markov processes

The results in this section standardly follow from our distributional uniqueness
results in Section 3 (see e.g., [14] or [28]). For the readers’ convenience we recall the
necessary definitions and present the precise arguments necessarily to derive them from
the main result in [28].

We first review the basic notions from [28]. Let Ωs := C([s,∞),Rd) denote the
space of continuous paths in Rd starting at time s, equipped with the Borel σ-algebra
B(Ωs). For τ ⩾ s,

πs
τ : Ωs → Rd, πs

τ (ω) := ω(τ), ω ∈ Ωs, Fs,r := σ(πs
τ |s ⩽ τ ⩽ r).

Let P̃(Rd) denote the set of all Borel probability measures on Rd, and

Pa =
{
µ ∈ P̃|µ ≪ dx

}
, P∞

a =

{
µ ∈ Pa|

dµ

dx
∈ L∞(Rd)

}
= P ∩ L∞.

As in Section 4, for an initial condition (s, ζ) ∈ R+×P̃(Rd), we denote the probabilisti-
cally weak solution of (3) by (Xs,ζ

t )t⩾s, defined on a stochastic basis (Ω,F , (Ft)t⩾s,P),
and set Ps,ζ := P ◦ (Xs,ζ

· )−1. Nonlinear Markov processes are given by such families of
laws Ps,ζ , s ⩾ 0, on path space, where ζ ranges over all admissible initial probability
measures on Rd. The following is the rigorous definition.

Definition 5.1 (Nonlinear Markov process [28]) Let P0 ⊆ P̃(Rd). A nonlinear Markov
process is a family (Ps,ζ)(s,ζ)∈R+×P0

of probability measures Ps,ζ on B(Ωs) such that

(i) The marginals Ps,ζ ◦ (πs
t )

−1 =: µs,ζ
t belong to P0 for all 0 ⩽ s ⩽ t, ζ ∈ P0.

(ii) The nonlinear Markov property holds, i.e., for all 0 ⩽ s ⩽ r ⩽ t, ζ ∈ P0,

Ps,ζ(π
s
t ∈ A|Fs,r)(·) = p(s,ζ),(r,πs

r(·))(π
r
t ∈ A) Ps,ζ − a.s. for all A ∈ B(Rd),

where p(s,ζ),(r,y), y ∈ Rd, is a regular conditional probability kernel from Rd to B(Ωr) of

Pr,µs,ζ
r
[·|πr

r = y], y ∈ Rd (i.e., in particular p(s,ζ),(r,y) ∈ P̃(Ωr) and p(s,ζ),(r,y)(π
r
r = y) = 1).

Remark 5.1 The one-dimensional time-marginals µs,ζ
t of a nonlinear Markov process

satisfy the flow property, i.e.,

µs,ζ
t = µr,µs,ζ

r
t , ∀ 0 ⩽ s ⩽ r ⩽ t, ζ ∈ P̃(Rd),

which corresponds to the Chapman-Kolmogorov equations for the linear Markov pro-
cess.

Theorem 5.1 Consider NFPE (2), assume that Hypotheses (i’),(ii), (iii’), (iv)-(v)
hold. Then there exists a nonlinear Markov process (Ps,ζ)(s,ζ)∈[0,T ]×P∞

a
such that, for

each (s, ζ) ∈ [0, T ] × P∞
a , the measure Ps,ζ is the path law of the unique weak solution

to the McKean-Vlasov SDE (3) with initial condition (s, ζ).

Proof. We identify a measure that is absolutely continuous with respect to Lebesgue
measure dx with its density, that is, we identify us,ζ with (µs,ζ

t )t⩾s, where µs,ζ
t :=

us,ζ(t, x)dx. We first note that all previous theorems continue to hold when the non-
linear Fokker-Planck equation (2) is considered on [s,∞) × Rd for any s ⩾ 0, with an
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initial condition u0 renamed as ζ ∈ P∞
a . Then, by Corollary 3.2, there exists a weakly

continuous probability solution us,ζ(t, x) to (2) from (s, ζ) such that

us,ζ(t, x) ∈
⋂
T>s

L∞((s, T )× Rd), us,ζ(t, ·) ∈ P∞
a , for all t ⩾ s,

and
{
us,ζ(t, x)

}
(s,ζ)∈R+×P∞

a
is a solution flow in P∞

a . By the superposition princi-

ple, there exists a probabilistically weak solution Xs,ζ
t to (3) with initial condition

(s, ζ) ∈ [0, T ]× P∞
a .

Moreover, by Corollary 4.1, the linearized equation (28) has a unique weakly con-
tinuous probability solution in

⋂
T>s L

∞((s, T ) × Rd). Therefore, by Corollary 3.9 in
[28], there exists a nonlinear Markov process (Ps,ζ)(s,ζ)∈[0,T ]×P∞

a
with one-dimensional

time-marginals Ps,ζ ◦ (πs
t )

−1 = us,ζ(t, x)dx. Finally, for (s, ζ) ∈ [0, T ] × P∞
a , by Theo-

rem 4.2, Ps,ζ is the path law of the unique probabilistically weak solution Xs,ζ
t to the

McKean-Vlasov SDE (3).
□

Appendix

Proof of Theorem 3.2:
Here, we even prove the theorem for general diffusion terms aij(x, u) satisfying the

conditions (H1)-(H3) in [14], Section 2.1, and not only for our special case ãij(x, u) =
aij(x)β(x, u)

u
. We first recall the main steps of the proof of the existence of mild

solutions in [14] (also in [5]). We define in the space L1 the operator A0 : D(A0) ⊂
L1 → L1,

A0(u) = −
d∑

i,j=1

D2
ij(aij(x, u)u) + div(b(x, u)u), ∀u ∈ D(A0),

D(A0) =
{
u ∈ L1; A0(u) ∈ L1

}
.

Once the operator A ⊂ A0 is shown to be m-accretive in L1, the operator A generates
a continuous contraction semigroup S(t) in L1 given by the exponential formula

S(t)u0 = lim
n→∞

(
I +

t

n
A

)−n

u0, u0 ∈ L1, ∀t ⩾ 0. (30)

Formula (30) means that u(t) = S(t)u0 is a mild solution to the Cauchy problem

du

dt
+ Au = 0 on (0,∞),

u(0) = u0,

and hence a mild solution to NFPE (1). Consider the following regularized functions

aϵij(x, u) := ϕϵ(x, u)aij(x, u) + (1− ϕϵ(x, u))max(γ, γ̃)δij,

bϵi(x, u) := ϕϵ(x, u)bi(x, u),
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for 1 ⩽ i, j ⩽ d, x ∈ Rd, u ∈ R, γ̃ := d sup
1⩽i,j⩽d

|aij|∞ such that
d∑

i,j=1

aij(x, u)ξiξj ⩽ γ̃ |ξ|2

for any u ∈ R, ξ ∈ Rd. ϕϵ(x, u) := ϕ(ϵ |u|)ϕ(ϵ |x|2) with ϕ ∈ C∞(R), 1(−∞,1] ⩽ ϕ ⩽
1− 1[2,∞), −2 ⩽ ϕ′ ⩽ 0. aϵij and bϵi also satisfy the following conditions

(aϵ,∗ij (x, u))u ∈Cb(Rd × R), and for some C̃ ∈ (0,∞), g ∈ L2, 1 ⩽ i, j ⩽ d,∣∣(aϵ,∗ij )u(x, u)− (aϵ,∗ij )u(x, ū)
∣∣ ⩽ C̃ |u− ū| ,∣∣∣b̃ϵ,∗(x, u)− b̃ϵ,∗(x, ū)

∣∣∣ ⩽ g(x) |u− ū| , ∀u, ū ∈ R, x ∈ Rd

(31)

where aϵ,∗ij (x, u) = aϵij(x, u)u, b
ϵ,∗(x, u) = bϵ(x, u)u, b̃ϵ,∗i (x, u) := bϵ,∗i −

d∑
j=1

(aϵ,∗ij )xj
, b̃ϵ,∗ :=

(b̃ϵ,∗1 , . . . , b̃ϵ,∗d ). Then for λ∗
0 ∈ (0, 1

2
γ(b∞ + c∞)−2), where

b∞ := sup
{
|bi(x, u)| ; (x, u) ∈ Rd × R, i = 1, . . . , d

}
,

c∞ := sup
{∣∣(aij)xj

(x, u)
∣∣ ; (x, u) ∈ Rd × R, i, j = 1, . . . , d

}
+ 8(max

i,j
|aij|∞ ·max

i,j

∣∣(aij)xj

∣∣
∞ +max(γ, γ̃)),

the equation

u− λ
d∑

i,j=1

D2
ija

ϵ,∗
ij (x, u) + λdiv(bϵ(x, u)u) = f, (32)

has a solution uϵ = uϵ(λ, f) for each λ ∈ (0, λ0] and ∀f ∈ L1 ∩ L2 (also ∀f ∈ L1). We
also have, for λ ∈ (0, λ∗

0], f ∈ L1, along a subsequence {ϵ} → 0,

uϵ(λ, f) → u = u(λ, f) weakly in H1,

strongly in L2
loc,

weak-star in L∞.

(33)

Defining u(λ, f) := Jλ(f) and uϵ(λ, f) := J ϵ
λ(f) for f ∈ L1, where J ϵ

λ : L1 → D(Aϵ
0) ⊂

L1 and (Aϵ
0, D(Aϵ

0)) is defined as (A0, D(A0)) with aϵij and bϵi replacing aij and bi,
respectively, we have

J ϵ
λ(f) → Jλ(f) strongly in L1. (34)

We now continue the proof. Take M =
λ

λ0

|f |∞, where λ0 = min

{
γ

2(b∞ + c∞)
,

1

2C0

}
,

λ ∈ (0, λ0), C0 = 2cd |δ|∞, δ(r) = max (δ1(r), δ2(r)), where δ1 is as defined in (6) and δ2
is as defined in (7) with aij replacing ãij , and cd is a constant depending only on the
dimension d. By (32), we have

uϵ − |f |∞ −M − λ

d∑
i,j=1

D2
ij(a

ϵ,∗
ij (x, uϵ)− aϵ,∗ij (x, |f |∞ +M))

+ λdiv (bϵ(x, uϵ)uϵ − bϵ(x, |f |∞ +M)(|f |∞ +M)) = f − |f |∞ −M

− λ(|f |∞ +M)[div (bϵ(x, |f |∞ +M))−
d∑

i,j=1

D2
ij(a

ϵ,∗
ij (x, |f |∞ +M))].

(35)
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Since

−λ(|f |∞ +M)[div (bϵ(x, |f |∞ +M))−
d∑

i,j=1

D2
ij(a

ϵ,∗
ij (x, |f |∞ +M))]

⩽ cd(δ1(|f |∞ +M) + δ2(|f |∞ +M)) · γ(|f |∞ +M)

2(b∞ + c∞)2

⩽ λC0(|f |∞ +M)

⩽ M,

(36)

the right-hand side of (35) is non-positive. Thus, multiplying (35) by Xδ((uϵ − |f |∞ −
M)+) and integrating over Rd, by (31), we obtain

∫
Rd

(uϵ − |f |∞ −M)Xδ((uϵ − |f |∞ −M)+)dx

⩽
∫
Rd

λ
d∑

i,j=1

D2
ij(a

ϵ,∗
ij (x, uϵ)− aϵ,∗ij (x, |f |∞ +M)) · Xδ((uϵ − |f |∞ −M)+)dx

−
∫
Rd

λdiv (bϵ(x, uϵ)uϵ − bϵ(x, |f |∞ +M)(|f |∞ +M)) · Xδ((uϵ − |f |∞ −M)+)dx

= −
∫
Rd

λ
d∑

i,j=1

Di(a
ϵ,∗
ij (x, uϵ)− aϵ,∗ij (x, |f |∞ +M)) ·DjXδ((uϵ − |f |∞ −M)+)dx

+

∫
Rd

λ (bϵ(x, uϵ)uϵ − bϵ(x, |f |∞ +M)(|f |∞ +M)) · ∇Xδ((uϵ − |f |∞ −M)+)dx

=

∫
Rd

λ
(
b̃ϵ,∗(x, uϵ)− b̃ϵ,∗(x, |f |∞ +M)

)
· ∇Xδ((uϵ − |f |∞ −M)+)dx

=
λ

δ

∫
[(uϵ−|f |∞−M)+⩽δ]

(
b̃ϵ,∗(x, uϵ)− b̃ϵ,∗(x, |f |∞ +M)

)
· ∇uϵdx.

Since

lim
δ→0

λ

δ

∫
[(uϵ−|f |∞−M)+⩽δ]

∣∣∣(b̃ϵ,∗(x, uϵ)− b̃ϵ,∗(x, |f |∞ +M)
)
· ∇uϵ

∣∣∣ dx
⩽ λ |g|2 lim

δ→0

(∫
[(uϵ−|f |∞−M)+⩽δ]

|∇uϵ|2 dx

) 1
2

= 0,

we have

|uϵ|∞ ⩽ (1 +
λ

λ0

) |f |∞ .

Thus, by (33) and (34), we obtain

|Jλ(u)|∞ ⩽ (1 +
λ

λ0

) |u|∞ , ∀u ∈ L1 ∩ L∞,

take C = (1/λ0), by (30), the proof is complete. □
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[10] Barbu, V., Röckner, M., Nonlinear Fokker–Planck equations with time-dependent
coefficients, SIAM J. Math. Anal., 55 (1) (2023), 1-18.
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