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Abstract

This work is concerned with the uniqueness of distributional solutions to nonlinear
Fokker-Planck equations with non-diagonal diffusion terms of type

u— Y Df(ay(2)B(x,u)) + div(b(z, u)u) =0 in (0,00) x R,

,j=1

with initial condition u(0,x) = wo(x), where a;;, B, and b are suitable functions. Un-
der suitable assumptions, this equation generates a continuous contraction semigroup
S(t) : LY(RY) — LY(R?), and u(t) = S(t)uy is a mild solution to the equation. Our main
contribution is to prove that this mild solution is unique in the much larger class of
distributional solutions. This extends previous uniqueness results for the diagonal (also
called isotropic) diffusion case a;; = ¢;;. Another key analytical result of this paper
is the uniqueness for distributional solutions of the associated linearized equation. As
a main application, we prove weak uniqueness for the corresponding McKean-Vlasov
SDEs. Furthermore, we establish a new L* estimate for mild solutions starting from
data in L' N L* and this estimate is used in the construction of nonlinear Markov
processes. Finally, we prove that the path laws of the solutions to the McKean-Vlasov
SDEs form a nonlinear Markov process in the sense of McKean.
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1 Introduction

We study nonlinear Fokker-Planck equations of the form

d
%u(t x) = Y D} (ay(x, ult,))ult, x)) + div(b(z, u(t, »))u(t, z)) = 0,
= (1)

t>0, R
u(0,7) = up(w), © € RY,

for diffusion terms of the type a;;(z, u) = a;;(x)B(x, w)/u. Thus the equation considered
in this paper is

—u (t,z) Z D (a;j(x)B(z,u(t,x))) + div(b(x, u(t, z))u(t, z)) = 0,

) )
t>0, zeRY

u(0, 1) = up(w), x € RY,

where a;; : R? 5 R, f: REx R — R, b: R x R — R? are given functions. We
study the existence of mild solutions (see Definition 2.1 below) and, more importantly,
the uniqueness of distributional solutions (see Definition 2.2 below) for (2) under the
following hypotheses on the coefficients a;;, 8, and b.

Hypothesis (I)

(i) B € C*RY X R), B.(z,r) > 0 for all z € R and r € R; B(x,0) =0 for all x € R
B, € L*(R? x (=N, N)) for every N > 0.

(%) a;; € C(RY) N Cy(RY), (aij). € Cp(RYGRY), a;; = aji, and Fy > 0 such that

d

> ay(@)&g = v1E°, VEER T eRY
ij=1
141) b € Cp(R™1; R?) and b(z, ) € CY(R;RY) for all z € R%.
(#41)
(iv) For each compact K C R, Jag € (0, 00) such that

|b(x,r1)r — b(x, ro)re| < ak |B(z, 1) — Blx,r2)|, Vri,re € K,Vx € R<.
Here, b(z,u) = {bi(x,u)}?zl, (aij)e = Vaaij.

Remark 1.1 If sup |b.(z,7)] < oo, inf f.(x,7) > 0 for every compact K C R,
z€RL re K xERA reK

where b, (z,7) = agb(x,'r) and S, (z,r) = o
r T

B(x,r), then condition (iv) can be omitted,

because it then follows from (%i%).

Nonlinear Fokker-Planck equations (abbreviated NFPEs) arise naturally in mean-
field game theory and statistical mechanics and have also found numerous applications
in areas such as information theory, graph theory, and economics (see, for instance,
[17], [19], [21] and the references therein). Beyond these applications, nonlinear Fokker-
Planck equations provide a powerful framework for the analysis of nonlinear diffusion
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phenomena and stochastic processes. A particularly important characteristic of non-
linear Fokker-Planck equations is their connection with McKean-Vlasov stochastic dif-
ferential equations (also called distribution-dependent stochastic differential equations,
abbreviated DDSDESs or McKean-Vlasov SDEs), whose coefficients depend not only on
the solution process, but also on the one-dimensional time-marginal law of the solu-
tion. More precisely, (2) can be used to solve the following McKean-Vlasov stochastic
differential equation

B 2B(X (1), u(t, X(t)))
dX(t)_b(X(t),u(t,X(t)))dt+\/ Xm0,

Lx)(dx) = up(x)dx, Lxu(dr) =ut,z)ds, t>0,

on a probability space (€,.7,P) with normal filtration (%#;);>¢ and an (.%;)-Brownian
motion W (t) on it with values in R%. Here 0 = (0y)1<i j<a With (00T);; = a;;, and Ly,
denotes the law of X; under P, and uy € P is given.

Equation (2) extends the isotropic diffusion model, i.e. where a;; = d;;, f(z,u) =

B(u), and b(z,u) = D(x)b(u), namely

%u(t,x) — AB(u(t, z)) + div(D(z)b(u(t, z))u(t,z)) =0, t>0z¢cR?

u(0,7) = up(w), z€R%

—
=~
N—

This isotropic case can also be viewed as an extension of the classical Smoluchowski
equation and has been studied extensively by V. Barbu and M. Réckner. In [8], they
proved the existence of mild solutions to (4) and of weak solutions to the associated
McKean-Vlasov SDEs. They also proved existence for measures of bounded variation as
initial data and established a smoothing effect for the initial data. Building on this ex-
istence theory, they further developed the uniqueness theory, in particular, they proved
the existence and uniqueness of mild solutions and the uniqueness of distributional so-
lutions in [7, 8, 12], as well as the uniqueness of weak solutions to the corresponding
McKean-Vlasov SDEs. Additionally, they considered equation (4) with the fractional
Laplacian (—A)*, 0 < s < 1, in the diffusion term, namely (—A)*S(u(t,x)), and de-
veloped the existence and uniqueness theory for nonlinear Fokker-Planck equations
and McKean-Vlasov SDEs with Lévy noise [13]. Recently, in [3], V. Barbu extended
the well-posedness results for (4) (and for the associated McKean-Vlasov SDEs) to a
more general class of nonlinear Fokker-Planck equations with singular integral drifts
div((D(z)b(u) + K * u)u)), where K : R? — R? is a kernel and * denotes convolution.
For nonlinear Fokker-Planck equations with time-dependent coefficients, to the best of
our knowledge, there is only one related reference, [10]. More specifically, V. Barbu
and M. Rockner studied (4) with coefficients 5 = a(t, x,u)u and Db = b(t, xz,u) and ob-
tained existence results in appropriate Hilbert spaces. Finally, it should be mentioned
that, for porous media equations (that is, D = 0 in (4)), uniqueness of distributional
solutions was first proved by H. Brezis and M.G. Crandall [18] and also by M. Pierre
[26], similar results were established in [6], [7] and [16].

For the general diffusion terms a;;(z, ), the existence of mild solutions to (2) has
been obtained in [5] via nonlinear semigroup theory in L'(R?), while the uniqueness of
distributional solutions to (2) remained open. Thus, one of the main contributions of



this paper is to prove uniqueness of distributional solutions to NFPE (2), see Theorem
3.3 and Corollary 3.1 below. These results are not covered by previous work. In addi-
tion, we would like to point out that we also treat the general drift term b(x,u) (i.e.,
the case with explicit z-dependence). Providing a supplementary proof based on [5],
we prove an L estimate for mild solutions to (2) starting from initial data in L' N L.
This estimate is essential for the solution class used subsequently, especially in Section
5, where nonlinear Markov processes are constructed, see Theorem 3.2 and Corollary
3.2 for details. An additional major analytical result is the proof of “linearized unique-
ness” for distributional solutions to (2), see Theorem 4.1 and Corollary 4.1.

Furthermore, we prove uniqueness of probabilistically weak solutions to the cor-
responding McKean-Vlasov SDE (3) (see Theorem 4.2 below), which is another main
contribution of this paper. For related work on weak uniqueness of McKean-Vlasov
SDEs, we refer to [6], [7], [15], [25] and [29], but none of these papers covers the results
in Theorem 4.2. As another important consequence, we also prove that the path laws of
the solutions to McKean-Vlasov SDEs form a nonlinear Markov process in the sense of
McKean (see [23]). This concept of a nonlinear Markov process was recently elaborated
by M. Rehmeier and M. Réckner in [28]. The results on nonlinear Markov processes in
our case are presented and proved in Section 5.

Notation. By C*(R?) (C*(R), C*(R?xR), respectively) we denote the space of k-times
continuously differentiable functions on R¢ (R, R% x R, respectively); by Cy(R?) (Cy(R),
Cy(RY x R), respectively) we denote the space of continuous and bounded functions on
R? (R, R? x R, respectively); and C([0,7T]) denotes the space of continuous real-valued
functions on [0, T]. We shall simply write C* for C*(R?) and Cj, for Cy(R?).

LP(RY) = LP for 1 < p < oo denotes the space of all real-valued, p-integrable

functions on R, with standard norm |-| , BY L} . we denote the corresponding local

space. (-,-) shall denote the scalar product in L. Let H¥(R?) = H* k = 1,2, denote
the standard Sobolev space on R? and by H~*(R?) = H~* we denote the dual space of
HE(RY).

C5°(R?) is the space of infinitely differentiable real-valued functions with compact
support in R% C5°([0,00) x R?) denotes the space of all ¢ € C5°([0,00) x R?) with
compact support in [0,00) x R%. By D'(R?) (D'((0,00) x RY), respectively) we denote
the space of Schwartz distributions on R¢ ((0,00) x R%, respectively).

P denotes the set of all probability densities on R?, that is

P = {,0 € L*(RY); p > 0,a.e.in R, / p(z)dx = 1} .
R4

D;u denotes the partial derivative of a function u = u(zy,--- ,x4) with respect to z;,
. . . 2
1 <1< d, and by iju we denote the second order derivatives af_ 5. We also set, for
iOTj

each u € CY(R? x R),
0
Uy = Eu(m,r), Uy = Veu(z,r).

The function ¢t — (u(t,-)dx)jr is said to be narrowly continuous if, for every n €
Cy(R?),

WV

lim T](x)u(t,x)dx:/ n(x)u(s,x)dz, s> 0.

t—s R4 R4



The remainder of this paper is structured as follows. Section 2 contains the pre-
liminary definitions and results used throughout the paper. Section 3 contains the
existence of mild solutions and the uniqueness of distributional solutions for NFPE (2).
In Section 4, we prove weak uniqueness for the corresponding McKean-Vlasov SDE (3).
Section 5 contains the main results on nonlinear Markov processes.

2 Preliminaries

We now define mild and distributional solutions to NFPE (2), which are the basic
notions used in this work.

Definition 2.1 (mild solution) A continuous function u : [0,00) — L! is called a mild
solution to NFPE (2) if, for each T' > 0,

u(t) = Ilzli% up(t) in L', uniformly on [0, 77,

where uy, : [0, 7] — L' is the step function
T
up(t) = ul, Yt € [kh, (k+1)h),k=0,1,--- N, = 7],

k+1+hA( kH) =ul, Vk=0,1,---, Np; u = u.

Here, A is the operator defined as follows

Z D} (aij(x)B(x,u)) + div(b(z, u)u), Yu € D(A),

2,7=1

D(A)={ue L A(u) e L'},
where D?j and div are taken in the sense of Schwartz distributions on R<.

Definition 2.2 (1) (distributional solution) Let d > 1 and T > 0. A function u €
Ll ([0,T)xR?) is said to be a distributional solution to NFPE (2) with initial condition

loc
ug if a;;(x)B(z,u) € Li ([0,T) x RY), b(z,u)u € L ([0,T) x R} R?), and, for all
0 € C°([0,T) x RY) and ug € L*(RY),

//Rd< tx8_¢tx+zalﬁ B, u(t,z)) D} p(t, x)

+u(t, z)b(z, u(t,x)) - V(t, x))d:z;dt + / up(2)p(0, z)dx = 0.
R4
(2) A distributional solution to NFPE (2) is called a probability solution to NFPE (2)
if ug € P(RY), and u(t,-) € P(R?) for a.e. t € (0.7).

(3) Let P(R%) denote the space of all Borel probability measure on R?.  Suppose
Py C P(R?) such that for each (s,() € [0,00) X Py, there exists a weakly continuous
probability solution [s,00) 3 ¢ — u* € Py to NFPE (2) with starting time s € [0, c0)
and initial condition uy renamed as (, and ,uf’c = u*%(t, x)dx, such that flow property

S = Vo< s <r<t, CeP
holds. Then (,LLS’C)(&OE[[LOO)XPO is called a solution flow of NFPE (2) in Py.
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Remark 2.1 For an initial condition ug € L', in general, equation (2) does not have
a classical strong solution and the best expectation is to obtain mild solutions in the
sense of the above definition (which turn out to be also distributional solutions to
(2)). Another class of solutions are entropy solutions which is a convenient concept of
solutions in statistical physics (see, e.g. [14], Chapter 1). But entropy solutions are too
special for our purpose, since time marginal densities of solutions to McKean-Vlasov
SDEs are in general not entropy solutions. Therefore, distributional solutions constitute
the correct class for stochastic analysis.

Finally, for later use, we introduce the operator (L, D(L))

L:D(L) = D'RY, Lu:= ZD ag(z D(L) = L}

loc

(RY).

2,j=1

(L,D(L)) is well-defined because a;; € C*(R%),i,j = 1,2,...d. Moreover, for u :
[0,7] x RY — R and 8 : R? x R — R, we use the shorthand
LB(x, u) := LIB( ult,))](z), if B(u(t,)) € D(L).

Here and in the sequel, (z,u) stands for §(z, u(t, x)).

3 Uniqueness of distributional solutions to NFPEs

3.1 Existence of mild solutions to NFPEs

The existence of mild solutions to NFPE (2) was proved in [14], Section 2.1 (see
also [5]). To check Hypotheses (H1)-(H3) in there, we need to introduce the following
conditions.

(') B € CHR? x R), Bu(x,r) > 0,Yr € REVr € R and some § > 0; B(z,0) =
0, B(x,r) = —B(x, —r),Vor € RY,Vr € R, and for the function ®(x,7) := B(x’r),vgc €
r

R? Vr € R, where we set ®(z,0) := lim _5@’5)

e—0 I

C*(R4 x R) N Cy(R? x R), &, € Cp(R? x R; RY),
(i) b € Cy(RH1; RY) A CL(RH; RY).

= By(2,0),2 € R?, we have ® €

Theorem 3.1 [14, Thm. 2.1] Assume that (i), (it) and (tii’) hold. Then there exists
a continuous contraction semigroup S(t) : [0,00) — L such that, for each ug € L'(R?),
u = u(t,up) = S(t)ug is a mild solution to (2) and

|u(t,u0) — U(t,ao)h < |U0 — 7:L(]|1, VUO,fLQ S Ll, t>0

u >0, a.e on(0,00) x R ifug =0, a.e. onRY,

/ u(t, x)dz, —/ uo(x)dw, Vug € L, t > 0.
R Rd



Moreover, u is a distributional solution to (2), that is, for all p € C$°([0,T) x RY),

/OT /Rd (u(t,x)%—f(t, T) + i aij(x)ﬁ(m,u(t,x))ijgo(t,x)

1,j=1

+u(t, z)b(z, u(t,x)) - V(t, x))dxdt + /Rd uo(2)p(0,z)dx = 0.

Proof. Set a;j(z,u) = M = a;;(z)®(x,u). Then, by (7’) and (4¢), one
readily checks that a;; satisfies the following condition
(Hl) dij € C2<Rd X R) N Cb(Rd X R), (a”)m € Ob(]Rd X R, Rd), Elij = Elji, &ij(x,u) =
aij(z, Jul),z € REueR,4,j=1,2,...,d.
Since a;j(x,u) + (@i;)u(x, w)u = a;j(x)(P(x,u) + ud,(z,v)) = a;j(z)b,(z,u), con-
dition (¢2) implies that a@;; also satisfies
d
(H2) > (ag(z,w) + (@y)u(z, wu)&E = 7o €]?, VEeRYzeRYueR, for v as in
ij=1
(72) and ¢ as in (7).
By (i), b; satisfies
(H3) b; € Cy(RY x R) N CM R x R),i = 1,2...,d.
Hence, by Theorem 2.1 in [14], the assertions follow. O
However, the results in [14] do not include the additional property that a mild
solution starting from data in L' N L> belongs to L>((0,T) x R?). The following
theorem whose proof is given in the Appendix, provides estimate (8) below for the
corresponding general diffusion terms a;j(x,w) as in [14]. It applies, in particular, to

the present setting and is needed for the nonlinear Markov property proved in Section
5.

Theorem 3.2 Assume that (i’), (i) and (i4i’) hold and, in addition,
81(r) :==sup {|bs(z,r)|; i=1,....d, x € R}, (6)

da(r) := sup {}(&ij)xixj (z,7)
where a;;(x,u) = W

(’U) 51, (52 € Cb(R)
Then, for each uy € L* N L%, a mild solution to (2) given in Theorem 3.1 also satisfies,
for some constant C

;i,j=1,...,d, v € R}, (7)

= a;j(x)P(x,u).

[u(®)].. < eap(Ct) Juol.,, ¥t € [0,T] (8)

3.2 Uniqueness of distributional solutions to NFPEs

Theorem 3.3 Assume that Hypothesis (I) holds. Let uy,uy € L'((0,7) x R?) N
L>=((0,T) x R?) be two distributional solutions to (2) in (0,T) x R? such that u; —uy €
L>((0,T); H ') and

lim ess sup | (uy(s) — ua(s), p),| =0, Ve € C5°(RY). (9)

t=0 s€(0,t)



Then, u; = us.

Proof. We adapt the technique developed in [12], though it has to be modified to
apply to our substantially more general situation. We first note that for ¢ = 1,2,
B(z,u;) € L, = D(L). Hence

d

Z D} (asi(0)B(x, u;)) = > Dilai;(x)D;B(x,w:)) + div(A(z) B, ui))

7,j=1 1,j=1
= LB(z,u;) + div(A(z)B(z, w;)),
where A(x) = {A;(2)}L, and A;(z ZD a;j(x). Below we also set b*(z,u) =

b(z,u)u, and define N := max {|u|__, ]u2|oo}
We set

2= U — U, W= 5(1’,%) - 5(957“2)7 ¢ = b*(x,lh) - b*($7u2)aV$ € R%

Then, by Hypothesis (I) on [0, 7] x R,

¢l < oz fwl, (10)
wz = oy |w|?, (11)
where o = a_n n] and art = 15| oo (rix[—n,n)- Furthermore, our conditions imply

that z,w,¢ € LY((0,T) x RY) N L>((0,T) x RY) and
— Lw +div(¢ — Aw) =0, in D'((0,T) x R?). (12)
We define
25 1= 2 x5, w5 := w05, G5 := (* 05, (Aw)s := (Aw) x 05, (Lw)s := (Lw) * 0,

where § € C5°(R?), 65(z) = 540(%), 6 > 0, is a standard mollifier. Since z5, ws €
L*(0,T; H?), and (s, (Aw)s, (Lw)g, div(s, dlv(Aw)g € L*(0,T; L?), we have

(25)¢ — (Lw)s + div((s — (Aw)s) =0, in D'((0,T); L?). (13)

We recall that by our assumptions on a;; and standard elliptic regularity theory (see,
e.g. [24, Theorem 1 and Theorem 2.2]) we have that

EI—L|H22H2 —)LQ

is a homeomorphism for every € > 0, where I denotes the identity operator. We define
its inverse operator W, as follows: for any € > 0,

U, : L[> — H?,

U.(u) = (el — Lig2)""u, Vue€ L%



Then V.(z;), Ve(w;) € L*(0,T; H?); U (dives), U (div(Aw)s) € L*(0,T; L?).
Therefore, applying ¥, to (13) yields

(We(z5))e =Y (Lws) + Yo (div((Aw)s — 5)) + V. (Rs)

L0 (15) + W (div(Aw)y) — W (divs) + Wa(Ry), in D((0,7); L), P
where Rs = (Lw)s; — Lws. We note that, since w(t), ws(t) € L?, we have
(Lw(t))s — Lw(t) in H 2
Lws(t) — Lw(t) in H 2
Since Rs = (Lw)s — Lws = (I — L)ws — ((I — L)w)s, for some constant C' > 0
|Rs(t)| o, < Clw(t)], ae tel0,T].
Since w € L?(0,T; L?), we altogether obtain
(lsig(l) |R5|L2(0,T;H*2) =0. (15)
We also note that
25(t) = eWo(25(t)) — LW (25(t)). (16)

We set
hes(t) = (Pe(z5(t)), 26(t))2, a.e.t €(0,T).

Below we shall prove two claims.

Claim 3.1 limesssup h. s(s) = 0.

=0 se(0,t)

Proof. By (14) we have 4, (z;) € L*(0,T;L?%), where 4 is taken in the sense of
vector-valued distributions in L? on (0,T). Thus, zs5, V.(z5) € H'(0,T;L?*). On the
other hand, we have U_(zs) € L*(0,T; H?).
Therefore,

V. (z5) € C([0,T]; HY),
since the spaces L? and H? are in duality with the pivot space H' = (H?, LZ)%, after
modifying ¢ — W.(zs(t)) on a subset of measure zero (see, e.g. [2] and [12]). Since
t — W.(z5(t)) has an H'-continuous version on [0, 7], there exists f € H' such that

g%\pg(zg(t)) =f inH. (17)

By (ii) and (16), we observe that

hes(t) =(Ve(25(1)), 25(1))2 =/ We(z5(8)) (e We(2s(t) — LWe(z5(t))dx

R4

e (5 () — /R W)LV (1)

e (5 () + /R 3 () Dy (1) D ()

ij=1
>e W (2() |2+ [V (25(t)]5 = 0.

9



Furthermore,

0 < hes(s) = (We(zs(s)), 25(5))2 < [Welzs(s) — flyn - [25(8)] -
H1f = @l - |z5(s) | g + (% 05,2(5))al , Voo € C°(RY), s € (0,T).

Hence, by (9), (17),

0 <limesssup h. 5(s
=0 se(0,t) (%)

< (hm|‘I’e(2’5( )= flgn +1f = @‘Hl) |Z5’L°°(0TH 1 —|—hmesssup\(tp*95, (5))a]
t—0 0 se(0,t)

=|f- SO‘HI ‘25’L°°(0,T;H—1) .

Therefore, Claim 3.1 follows since Cg°(R?) is dense in H*(RY). O]

Claim 3.2 FEach h.s has an absolutely continuous version and for these versions, there
exists a choice of the mollification parameter 6 = 6(¢) — 0 such that lin% he sy (t) =0
E—

uniformly on t € [0,T], i.e. liH(l] he s = 0 in C([0,T7).
e—

d
Proof. By (13) we have pTEES L*(0,T; L?), hence z5 € H'(0,T; L?) and thus [0,7] >

t — z5(t) € L? and, as seen below, also [0,T] > ¢ — W.(25(t)) € L? are absolutely
continuous (see [2], p. 23, Theorem 1.17). Then, by the definition of h.s(t), (16) and
(14), we have

ca() =2((We(z5(1)))es 25(1))2
=2 (LW (ws(t)) + We(div((Aw)s () — Pe(div(Cs(1)), 25(2)), + 2(Rs(1), We(25(1)))2
=2e(We(25(t)), ws(1))2 — 2(ws(t), 25(1))2 + 2(Rs(t), We(25(t)))2
— 2(VWe(25(1)), (Aw)5(t))2 + 2(VT.(25(1)), Gs(t))2, ace. t € (0,T).

Next, we derive several estimates for h_ 5(t).
a) First by (11) we have

(ws(1), 25(1))2 = an [w(t)[5 + 75(t),

where v5(t) = (ws(t), z5(t))s — (w(t), 2(t))2.
b) By (10) we have

(VW(25(1)), (1)) 2= (VWe(25(1)), (Aw)s(t))2 < [VU(25(1)], - (IC(E)], + [(Aw)(B)],)
SIVe(z5(0)]y - (a2 [w(t)]y + [Al [w(t)ly)
SOV (z5(t)]5 [w(B)],

where C' = ay + |A|
c) For all €,0 € (0,1), we have

e(|We(zs(t)] s [ws(B)])2 < & |Welz5(t))| o lws(B)ly < cl2(t)| o [wB)ly,  ae. t€(0,T).
(20)

10



lim sup |e(V.(25(5))|,, =0, ae. s€e(0,7T) (21)

o
£=05¢(0,1)

To prove the estimates (20) and (21), let K. be the integral kernel of (eI — L)™'
By Theorem 7 in [1], there exists ¢ € (1,00) such that ¢ ! K2(z — ¢) < K.(z,€) <
cK2(x —§), Vo, & € RY where K2 is the integral kernel of (eI — A)™L.

Therefore, for a.e. ¢t € [0,T], we have

|eWe(2s5(1))(2)] <e » Ko(,8) [z5(8)(€)] d€

< / K@ — &) |2s(t) (€)] dE = co(e] — A) ™ |25(0)] (x),
Rd
It is well known that
5|(€[—A)_1y|p< |y\p, Yy € LP, p € [1, 00, (22)

Hence, €|V (25(t))|,, < clz5(t)|,,, and therefore (20) holds.
To prove (21) we proceed similarly as in [13, Proof of Thorem 3.1] (see also [18]) by
writing for a.e. t € (0,7),

d
2

(el = A) T zs(t)| () =2 | KP(Ve(r =€) |z(t)(€)] d, = € R,

Rd

where K{ is the kernel associated with the operator (I — A)~! (see [30]), i.e.

(I =2 y)(2) = | Kf(z—&y€)de, = eRe

Rd

This yields for a.e. o € R,

le(el — A)7 z5(t)| (z)] < cret |2(t)], +eb |2(t)] /f o KA(Ve(x—&)de, r >0,

where ¢, = sup {K(z);|z| > r} < oo, Vr > 0. Then, for a.e. t € (0,T), we get

limsup sup Je(el —A) a0 < (0] [ KR©de, >0,
)

el §€(0,1 l€|<r

letting 7 — 0, since K2 as a probability kernel is locally integrable, (21) follows.
By (20), (21) and the dominated convergence theorem, it follows that

lime/o sup (|We(zs(s))|, |ws(s)|)2ds = 0. (23)

€0 5€(0,1)

d) For every € € (0,1), there exists d(¢) € (0, &] such that

T
/0 [(Rae)(5), Welzao(5)))s] ds < 2 2o pun (24)

It easily follows by (22) that the operator norm of eW¥, : L? —s H? is less than one.
Hence for a.e. s € [0,T]

|(Rs(s), Ue(25(5)))al < [Rs(s)| 5 - [We(25(s)) g2 < (1/2) [Rs(5)] - |2(8)l, -

11



By (15) we can choose d(¢) € (0,¢] such that |Ry
Then by Claim 3.1, (18), (19), a), b), d), we have

)‘LQ(QT;H_Q) < &2, Hence, (24) holds.

t t t

0 < he s (t) <2€/ ([ We(250) ()] + [wae) (5)])2ds — 2041/ lw(s)|3ds + 2/ V52 ()| ds
0 0 0

02

¢ ¢
2
+2¢ |Z|L2(O,T;L2) + o / |V\I’a(2’6(s)(5)}2 ds + al/ |w(s)|§ ds
1 Jo 0

~ 02 t
<C€ + — / he,é(a) (S)dS
a1 Jo

(25)
where we used (18) again in the last step and set
~ T T
(= 25/ (|\I/6(z(5(5)(s))| , |w5(5)(s)|)2d3 + 2¢ |Z|L2(07T;L2) + 2/ |75(8)(3)’ ds.
0 0
Clearly by (23) we have liH(l) (. = 0. Hence by Gronwall’s inequality, we obtain
e—
. 02
0 < hese)(t) < Gexp(——t), Vt€[0,T]. (26)

a7y

This implies that h.s.)(t) — 0 as e — 0 uniformly on [0,7] and hence Claim 3.2 is
proved. O

Proof of Theorem 3.3 (continued): We observe from (18) that, h.s.)(t) can be
. 2
rewritten as h. s (t) = € | Ve (zs(c) (t))|; + ’(—L)illlg(z(;(g)(t)) (see, e.g. Theorem 1.3.1
2
in [20] or p. 27 in [22]). Hence, by (21) and Claim 3.2, the right-hand side of (16)
converges to 0 in D’. Therefore, 0 = hII(l] Zs(e)(t) = 2(t) in D' for a.e. t € (0,T), which
E—

implies u; = us.

0

Corollary 3.1 Assume that Hypothesis (I) holds. Let T > 0 and ug € PNL>®, and let
ur,ug € L'((0,T) x RY) N L®((0,T) x R?) be two nonnegative distributional solutions
to (5). Then uy = us.

Proof. Because of Hypothesis (I) (i)-(iii), it is elementary to check that by (5)

/ u;(t, x)dx = / up(z)dz for ae. t € (0,7), i =1,2. (27)
R4 R4

Hence, it follows by Lemma 2.3 in [27], there exist dt ® dz-versions @; of u; and uy of us
such that for @y (t)(dz) := ui(t, x)dx, uy(t)(dx) = us(t, x)dx, u1(0, x)dxr = ux(0, z)dx =
up(z)dz , the map [0,T] > t — u;(t,z)dzr is narrowly continuous for i = 1,2. In
particular, (27) holds for every ¢ € [0,7], and hence uy,us € L>®((0,T); L' N L>) C
L>(0,T; L?) C L>=(0,T; H™'). Therefore, for every ¢ € C§°(R?),

lim ess Sup |(u1(s) = ua(s), p),| = lim

/ (ur(t,x) — ua(t,x)) p(x)dz| = 0.
Rd
So, (9) holds and Theorem 3.3 implies the assertion. O
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By Theorem 3.2 and Corollary 3.1, we obtain the following existence and unique-
ness result for NFPE (2).

Corollary 3.2 Under Hypotheses (i’),(ii), (it’), (iv)-(v), for each uy € P N L,
NFPE (2) has a unique distributional solution

we LMN(0,T); L) N L¥((0,T) x RY),

which is in fact a weakly continuous probability solution to (2).

4 Weak uniqueness of the corresponding McKean-
Vlasov SDEs

In this section, we prove weak uniqueness for the McKean-Vlasov SDE (3)

u(t, X (1))
Lxo)(dr) = uo(w)dr, Lxu(dx)=u(t,r)dv, t>0,

AX(£) = (X (1), ut, X(£)))dt + \/QB(X(”’ X)) o (1yyaw (1), vt > 0,

corresponding to the nonlinear Fokker-Planck equation (2), where u is a distributional
solution to it with ug € P N L* under Hypothesis (I). By the superposition principle,
first applied to the linearized equation (see (28) below) and subsequently derived for
NFPE (2), it follows (see, e.g. [5], [14] and [31]) that there exists a probabilistically
weak solution X(¢) to the McKean-Vlasov equation (3) with law density u(t). More
precisely, there is a probability space (2,.%,P) with normal filtration (.%;)>0 and an
(:Z;)-Brownian motion W (t) on it with values in R? and a (with respect to t) continuous
(Z;)-progressively measurable map X : [0,00) x  — R? which is a solution to (3),
and u(t, r)dx =P o (X (t)) "' (dz), uo(r)dx =P o (Xy) ' (dz).

To prove weak uniqueness of (3), we first establish the so-called “linearized unique-
ness” for the “frozen” linearized version of NFPE (2), namely

le <aU i ) +div(b(z,u)v) =0, in D'((0,T) x RY),

v(0,z) = vy(z), x€RY,

where u € L*((0,T) x RY) N L>=((0,T) x R?) is a distributional solution to NFPE (2),
Le., Y € 05°([0,T) x RY), vy € L'(RY),

/ /Rd <6t (t,2) + Z () t)x))DwsO(t r)

+b(z, u(t,x)) - Vlt, x)) v(t,x)dzdt + /Rd vo(2)p(0, z)dx = 0.

Theorem 4.1 (Linearized Uniqueness) Assume that Hypothesis (1) holds. Let T > 0,
let w e LY(0,T) x RYNL>®((0,T) x RY) be a distributional solution to NFPE (2), and
let vi,v5 € LY(0,T) x RY) N L®((0,T) x RY) be two distributional solutions to (29) for
vo € PN L>® such that vy — vy € L®((0,T); H). If (9) holds with v; replacing u;,
1=1,2, then 11 = 1s.

(28)

(29)

13



Proof. Since the proof is almost the same as that for Theorem 3.1, we only give a
sketch of it below.
We first rewrite the original linearized equation using the operator L as follows:

v B(SE,U) . 5(377“) _ : /
i L(Tl/) + div((b(z,u) — A—u )v) =0 inD'((0,T) x RY),
v(0,2) = vy(z), x€R%
We set
i — vy, o= BBy
u

and define a mollification analogous to that in the proof of Theorem 3.1
25 1=z % O5,ws = w05, (5 = (b(x,u)(vn — 110)) * b5, (Aw)s := (Aw) * b5.
We note that our assumptions imply

Bz, u) Bz, u)

u

b(z,u) € L°((0,T) x RY), > 0,Vz € R,
we can then define the same U, and h. s(t) as in the proof of Theorem 3.1. Repeating

the proof of Claim 3.1, we obtain %in% esssup h. s(s) = 0. Repeating the proof of Claim
=Y se(0,t)
3.2, we have the following estimates.

a)

where 75(t) = (ws(t), 25(t))2 — (w(t), 2(t))2, a3’ = ’ﬁ(x’“)
b)
(VW(25(1)), G5(8))2— (VW(25(1)), (Aw)s(t))2 < [VW(z5(0)], - ([C(E)]5 + [(Aw)s(t)],)
S|V (z5(t)], - (aa fw(t)], + Al [w(D)],)
<C |V\I'e(26(t)|2 |w(t)|2 )

where ay = aj_jy|_ ], C = as + |A] .
c¢) For all €,0 € (0,1), we have

e(|We(zs(t)] s [ws(B)])2 < & |Welz5(t))| o lws(B)ly < cl2(t)| o [wB)ly,  ae. t€(0,T).
lim sup |e(V.(2s(s))],, =0, ae. se(0,7).

oo
e=05¢(0,1)

d) For 4(¢) as in Claim 3.2, we have

T
/0 [(Rotoy(5), el (5))a] ds < 2o zer, -

Therefore, we have

. 2
0< ha,é(E)(t) < Gexp(——t), Vt € [0,T],
Qg7
where (:_: is as in the proof of Claim 3.2. This implies that h. 5.) — 0 as € — 0 uniformly

on [0, 7], and hence vy = 15, as claimed.
O
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Corollary 4.1 Assume that Hypothesis (I) holds. Let T > 0 and vy € PN L™ and let
u € LY(0,T) x RY) N L*((0,T) x RY) be a distributional solution to (2). If vy,vy €
LY(0,T) x RN L®((0,T) x RY) are two nonnegative distributional solutions to (29),
then vy = .

Proof. This follows immediately from Theorem 4.1 by the same method as in the proof
of Corollary 3.1. U

The following result then standardly follows (see [5, Thm. 4.1]). For the readers’ con-
venience we include the proof.

Theorem 4.2 Assume that Hypothesis (I) holds. Let T > 0, and let X'(t) and X*(t) be
two probabilistically weak solutions to (3) on the stochastic bases (1, Z1, (F})i=0,P1),
(Q2, F2, (FP)iz0,P2) such that Lxiyy, Lx2) are absolutely continuous w.r.t Lebesgue
measure dx and for

dL x1 dL x2
ul(t, ) — C;;(t)’ U2(t7 ) — C;;(t)7

we have
uy,ug € L*((0,7) x RY) N L®((0,T) x RY).

Then, X' and X? have the same law, i.e. Py o (X't =Pyo0 (X?)7L.
Proof. By narrow continuity, we have
u(0, x)dr = ug(dz) = (Py o X (0)™ 1) (dz) = (Py 0 X*(0) ) (dw),

uy(t,-), us(t,-) € L=®(R?), for all t € (0, 7).

By Itd’s formula, u; and us are probability solutions to the nonlinear Fokker-Planck
equation (5), hence, by Corollary 3.1, u; = up. Again by It6’s formula, both marginal
laws Py o (X1)~1 and Py o (X?)~! satisfy the martingale problem with initial condition
ug for the linear Kolmogorov operator

d
N\ %(@)Beu) 0
L, = ; - ST, +b(z,u) - V.

Hence, by Corollary 4.1, the assertion follows from Lemma 2.12 in [31]. More specifi-
cally, for s € [0,1], choose the set Ry, appearing in Lemma 2.12 to be the set of all
weakly continuous probability solutions v of (29) such that, for each t € [s,T], t > 0,
v(t,-) € LR N LY(RY) and v € L'((0,T) x RY) N L®((0,T) x R?). Therefore, (2.9)
and (2.14) in [31] hold. By Corollary 4.1, condition i) in Lemma 2.12 of [31] holds, and
hence condition ii) in Lemma 2.12 of [31] follows; that is, X* and X? have the same
law.

O
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5 Nonlinear Markov processes

The results in this section standardly follow from our distributional uniqueness
results in Section 3 (see e.g., [14] or [28]). For the readers’ convenience we recall the
necessary definitions and present the precise arguments necessarily to derive them from
the main result in [28].

We first review the basic notions from [28]. Let Qg := C([s,00),R?) denote the
space of continuous paths in R? starting at time s, equipped with the Borel o-algebra
B(§y). For 7 > s,

™0, = RY (W) i=w(r),w €Qy, Fapi=o(nils <7 L)

T T

Let 75(Rd) denote the set of all Borel probability measures on R?, and
- D oo dlu S Yany o %)
Po=pePlpdry, P = MEPQIEEL (RY) p =P N L™

As in Section 4, for an initial condition (s, () € Rt x P(R%), we denote the probabilisti-
cally weak solution of (3) by (X;*);ss, defined on a stochastic basis (€,.%, (%)iss, P),
and set Py := P o (X*¢)~!. Nonlinear Markov processes are given by such families of
laws P, ¢, s > 0, on path space, where ¢ ranges over all admissible initial probability
measures on R%. The following is the rigorous definition.

Definition 5.1 (Nonlinear Markov process [28]) Let Py € P(R?). A nonlinear Markov
process is a family (Ps¢)(s.c)er+xp, of probability measures Py on B(§)) such that

(i) The marginals Py o (7)1 =: ui* belong to Py for all0 < s < t, ¢ € Py.
(it) The nonlinear Markov property holds, i.e., for all0 < s <r <t, ( € Py,

P&C(?Tf € A|J—"57T)(-) = p(&c)’(r’ﬂ;(.))(ﬂ'g € A) P&C — a.S. fO?“ all A € B(Rd),

where Pes ) ry), Y € R?, is a regular conditional probability kernel from R® to B(S2,) of
P, scllm =yl y e R? (i.e., in particular pis ) (ry) € P(Q) and pis.c) iry) (T = y) = 1).

Remark 5.1 The one-dimensional time-marginals uf’C of a nonlinear Markov process
satisfy the flow property, i.e.,

5,¢ D
=t Vo< s <r<t, CePRY,

which corresponds to the Chapman-Kolmogorov equations for the linear Markov pro-
cess.

Theorem 5.1 Consider NFPE (2), assume that Hypotheses (i°),(i), (iii’), (iv)-(v)
hold. Then there exists a nonlinear Markov process (P ) s c)ejorixpee such that, for
each (s,¢) € [0,T] x P:°, the measure Ps¢ is the path law of the unique weak solution
to the McKean-Vlasov SDE (3) with initial condition (s, ().

Proof. We identify a measure that is absolutely continuous with respect to Lebesgue
measure d with its density, that is, we identify u*¢ with (uf);s,, where pf =
u®*(t, z)dz. We first note that all previous theorems continue to hold when the non-
linear Fokker-Planck equation (2) is considered on [s,00) x R? for any s > 0, with an
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initial condition uy renamed as ( € P;°. Then, by Corollary 3.2, there exists a weakly
continuous probability solution u®¢(t, ) to (2) from (s, () such that

uS(t,r) € ﬂ L((s,T) x RY), ™ (t,-) € P, for all t > s,

T>s

and {usvc(t,x)}(s RS xPe is a solution flow in P:°. By the superposition princi-

ple, there exists a probabilistically weak solution X < to (3) with initial condition
(s,¢) €[0,T] x P°.

Moreover, by Corollary 4.1, the linearized equation (28) has a unique weakly con-
tinuous probability solution in (-, L>=((s,T) x R?). Therefore, by Corollary 3.9 in
28], there exists a nonlinear Markov process (P ¢) (s c)co,7]xpe With one-dimensional
time-marginals P o (7)1 = u¢(¢, x)dz. Finally, for (s,¢) € [0,7] x P, by Theo-
rem 4.2, P, ¢ is the path law of the unique probabilistically weak solution X} < to the
McKean-Vlasov SDE (3).

0

Appendix

Proof of Theorem 3.2:
Here, we even prove the theorem for general diffusion terms a;;(x, u) satisfying the
conditions (H1)-(H3) in [14], Section 2.1, and not only for our special case a;;(z,u) =

s (@)B(z,w)

u
solutions in [14] (also in [5]). We define in the space L' the operator Ay : D(Ay) C
L' — LY

We first recall the main steps of the proof of the existence of mild

Ao(u) = = > D}i(ay(x,u)u) + div(b(z, w)u), Vu € D(Ay),

J
ij=1

D(Ag) = {ue L'; Ag(u) € L'}.

Once the operator A C A is shown to be m-accretive in L', the operator A generates
a continuous contraction semigroup S(¢) in L' given by the exponential formula

t —n
S(t)ug = lim ([ + EA) up, up € LY, Vt > 0. (30)

n—oo

Formula (30) means that u(t) = S(t)up is a mild solution to the Cauchy problem

d
d—?—i—Au:O on (0, 00),
u(0) = uyp,

and hence a mild solution to NFPE (1). Consider the following regularized functions
aﬁj(x, u) = ¢ (x,u)a;j(x,u) + (1 — ¢ (x, u))max(y,¥)d;;,
bs(z,u) := ¢, u)b;(x,u),
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for 1 <i,j<d,zeR, uweR, 5:=d sup |a;| such that Z agi(z, u)&& < A€

1<i,5<d i,j7=1
for any u € R £ e R ¢c(x,u) = d(e|u])p(e|z]?) with ¢ € C®(R), Tcoon € ¢ <
1 —Tpey, —2< ¢ <0. af; and bf also satisfy the following conditions

(ag; (2, u))u €Cy(RY x R), and for some C' € (0,00),9 € L*,1 < i,j < d,
(05 Yl ) — (a5l )] < Clu— il (31)
b (z,u) — 0 (z,0)| < g(x) |u—1a|, Yu,ieR, zeR?

- d
where a% (r,u) = agj(:v,u)u, b (x,u) = b (z, w)u, by"(x,u) = by Z( )x], =

b*, ..., b5"). Then for X2 € (0, 27(bo + €o0)~2), Where
1 d 0 2
boo := sup {|bi(z, u)|; (w,u) € R x Ryi=1,...,d},

Coo 1= sup {| (ai)e; (z,u) |5 (2,u) ER? X Ri,j=1,...,d}

+ 8(H§§X |aij] o - max |(aij)e, |, +max(y,7)),

the equation

u— A Z DZag (z,u) + Adiv(b(z, u)u) = f, (32)

U
i,j=1

has a solution u. = u(A, f) for each A € (0, \o] and Vf € L' N L? (also Vf € L'). We
also have, for A € (0, \j], f € L', along a subsequence {¢} — 0,

uc(\, f) = u=u() f) weakly in H',
strongly in L7, (33)

weak-star in L™.

Defining u(), f) := Jy\(f) and u (A, f) := J(f) for f € L', where J§ : L' — D(Af) C
L' and (Ag, D(Aj)) is defined as (Ao, D(Ag)) with af; and b5 replacing a;; and b,
respectively, we have

J(f) — Ja(f) strongly in L'. (34)

A 1
We now continue the proof. Take M = " |f|.., where A\g = min { 2(b007+ o)’ 2Cy },

A€ (0,X), Co =2cqld|,, 0(r) = max (6;(r), 62(r)), where &; is as defined in (6) and J,
is as defined in (7) with a;; replacing a;; , and ¢, is a constant depending only on the
dimension d. By (32), we have

—|flo — M - AZD (a5 (z,ue) — af' (z, | fl + M))

+AdiV(be(l’7ue)ue—be(ﬂf,lflooJrM)(lf! M) =f—Ifla—M  (35)
= M| floo + M)[div (b°(z, [fo + M ZD o +M))].

i,7=1
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Since

~A(|floo + M)[div (0°(, | flo + M ZD o T M))]
< (01 (|l + M) + (| f], + M)) - % (36)

< ACo(| flo + M)
<M

Y

the right-hand side of (35) is non-positive. Thus, multiplying (35) by Xs((ue — |f|, —
M)™) and integrating over R, by (31), we obtain

/Rd(ue - |f|oO - M)Xg((ue — |f|oo — M)+)d$

< / NS D3 o) — o o+ M) Aol — 1] — M)

2,j=1

= [ Adie 0w = ¥ o+ M S+ M) (e = f] = M) )

= [N DL ) 0 M) Dy U MYl

2,7=1

[ A =BG+ M)+ D) - V(e [l = M) )

= /Rd A (l;e’*(x, u) — b (x, | flo + M)) VX5 ((ue = | floo — M)F)da

A B B
- —/ <b€’*(x, we) — 5% (x, | £ + M))  Vudz.
0 J (e 1f]o—M)* <5]

Since
A Tex Tex
lim 2 ‘(b (2, ue) — b (, | | + M)) Vu,| de
900 Jiue— ||,y +<a]
3
< Mgy lim </ Vu|? dm) =0,
070 \ (eI floe—M)+<0]
we have \
uce < (4 ) 11l
0
Thus, by (33) and (34), we obtain
A 1 00
[Ia(w)loe < (L4 =) Juloe, Ve e LT ALY,
0
take C'= (1/\g), by (30), the proof is complete. O
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