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Abstract

For a (probability measure valued) solution to a (possibly nonlinear) Fokker-Planck equation (FPE)
the powerful superposition principle renders a probability measure on path space with one dimensional
time marginals equal to this solution, and additionally solving the martingale problem for the (possibly
nonlinear) Kolmogorov operator given by the FPE. The superposition principle thus reveals that such
parabolic PDEs have a probabilistic counter part. The aim of this work is to go a substantial further
step and, by exploiting the superposition principle, construct a full fledged Markov process, i.e. a family
of path space measures for a large set of space time starting points connected by the Markov property,
associated to the (linearized) FPE in the above way. In fact, under very general (merely measurability)
conditions on the coefficients of the FPE this is achieved in this paper in such a way that the resulting
process is a right process, which is a particularly useful class of Markov processes, enjoying among other
regularity properties the strong Markov property, which is fundamental for the analysis of the underlying
FPE as a (nonlinear) parabolic PDE by probabilistic tools. For example, as two main applications we
construct fundamental flow solutions for the FPE and we prove a well-posedeness result for the parabolic
Dirichlet problem through probabilistic means for more general coefficients than could be treated in the
existing literature. Furthermore, we introduce a Choquet capacity for such FPEs using the corresponding
right process. The validity of the strong Markov property in the context of the superposition principle
was an open problem even in the linear case. In this paper we solve this also in the nonlinear case, i.e.
for path laws of solutions to McKean-Vlasov SDEs with Nemytskii type coefficients. A main application
here is the FPE given by the generalized porous media equation and its corresponding McKean-Vlasov
SDE. For the reader’s convenience, an introduction to the theory of right process and its potential theory
is given in the last section of the paper.

Keywords: Nonlinear Fokker—Planck—Kolmogorov equation; McKean—Vlasov stochastic differential equa-
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1 Introduction

Let (11¢)sej0,7] € P(R?) be a weakly continuous solution to the time-dependent (non)linear Fokker-Planck
equation

d .
%,U/t = Lt#/bt/j/t’ te (O,T), (11)
with Ly, given by
d 9 1 & 2 ]
Lt,;ttf(tam) :sz(tamaut)axf(tam)+§ Z ai,j(tamaut)ax'ax_f(tvx)a te (OvT)7$€]R 5
i=1 v ij=1 v

where f € C2°((0,00) x R%). Then, by [4], under mild assumptions on the coefficients a and b, the well-known
superposition principle ensures the existence of a probability measure n on the paths-space C([0, T]; R?) which
is a solution to the (non)linear martingale problem associated to L; ,, with one-dimensional time marginals
given by py,t > 0, or equivalently, which renders a weak solution to the McKean-Vlasov SDE

dX(t) =b(t,x,Lx) dt + 0 (t, 2, Lxw) dW(t), Lxu = pm,t € [0,T], (1.2)

where W is a d-dimensional standard Brownian motion whilst Lx ) denotes the law of X(t), ¢ > 0. The
converse implication, namely that the one-dimensional time marginals of a weak solution to the McKean-
Vlasov SDE solves the (non)linear Fokker-Planck equation , is just a simple consequence of Ito’s
formula. Thus, under mild assumptions on the coefficients, there is a well-understood correspondence between



and (|1.2). The hard implication is, of course, the one that comes from the superposition principle,
which was first obtained in the linear case (i.e. the coefficients do not depend on ;) by [1] and [45], followed
up by [64], [35], as well as by other contributions. The extension of the superposition principle to the
nonlinear setting and the corresponding McKean-Vlasov SDEs was realized in [3], [4]. We refer to [36] for
a comprehensive study of the theory of linear Fokker-Planck-Kolmogorov equations, to [39] for a detailed
presentation of McKean-Vlasov SDEs and their applications, and to [6] for the analysis of nonlinear Fokker-
Planck equations and their probabilistic counterpart which are nonlinear Markov processes in the sense of
McKean; see also the seminal paper [54], as well as the very recent work [59] in which a general recipe
is developed how to prove that the family of laws of solutions to a McKean-Vlasov stochastic differential
equation with merely measurable coefficients (also only measurable in the measure variable) indexed by a
large enough set of initial distributions form a nonlinear Markov process in the sense of McKean. This
applies to a large number of examples (see [6] and the references therein), in particular, to also those in
[8], [7], where the underlying nonlinear Fokker-Planck equation is the parabolic p-Laplace equation and the
Leibenson equation respectively, with corresponding non-linear Markov process being the p-Brownian motion
and the Leibenson process. See also [2] for a gradient flow theory in metric spaces and the superposition
principle for the continuity equation.

Another fundamental feature of the superposition principle is that, under a weak uniqueness assumption,
the martingale solution denoted above by 7 enjoys the "simple” Markov property; see Section more
precisely . Thus, under very mild assumptions on the coefficients, the correspondence of (non)linear
Fokker-Planck equations and McKean Vlasov SDEs could be analyzed through the lens of Markov processes.
However, it is well known that the ”simple” Markov property is typically not enough in order to
benefit from the rich theory of Markov processes, since additional regularity properties of the process, like
the strong Markov property, are necessary. This leads us to the formulation of the first main goal which we
achieve in this paper:

e  We show that, under reasonable conditions (see Theorem Theorem , one can construct
a homogenized right (hence strong Markov) process X on a subset E C [0,00) x R® with us({z : (t,z) €
E}) =1,t > 0, which is associated to a given weakly continuous solution (u)i>o to the linear Fokker-Planck
equation in such a way that the family of one-dimensional time marginals of the spatial component of
X coincides with the given solution (f)i>0-

Asindicated above, a right process automatically has the strong Markov property, in particular we answer
the question on the validity of this property for the superposed measure n mentioned above, and which was
left open in [64, Remark 2.10]. Moreover, we deduce the strong Markov property for the nonlinear Markov
processes associated with nonlinear Fokker-Planck equation from [6].

Furthermore, a right process has associated a transition semigroup with regularity properties that sub-
stantially generalize the usual ones valid for Feller transition semigroups. However, the class of right processes
is a much larger class than the well studied Feller processes. For a concise introduction to the theory of right
processes, we refer to Section [6]

We here recall that right processes can be immediately constructed starting from a Feller transition
semigroup on a locally compact space with countable base, that is a Markov transition semigroup which is
also a Cy-semigroup on the space of continuous functions vanishing at infinity; see e.g. [33] Theorem 4.4].
However, the right processes we shall construct will not have a Feller transition semigroup.

As already mentioned, the interest in constructing right processes is motivated by the fact that they enjoy
plenty of useful properties which are otherwise not ensured if a process satisfies merely the simple Markov
property . Some of these key properties that a right process enjoys are briefly listed below (for details
we refer to Section [f] and to the classical work [33] and [60]):

o The underlying filtration satisfies the usual hypotheses.

o  The hitting times of Borel sets are stopping times, and they can be approximated from above by
hitting times of compact sets.

o  The strong Markov property holds.
o  The Blumenthal zero-one law is satisfied.

o The Dirichlet problem can be analyzed by means of hitting distributions.



o Analytic concepts such as polar sets and Choquet capacities have a full probabilistic interpretations.

o  Many useful transformations such as killing, time change, subordination, Girsanov transforms, con-
catenation, perturbation by kernels, are possible for right processes and leave this class invariant.

Concerning the methods and techniques of proof we would like to indicate the following:

e In order to construct the desired right process we first treat linear time-dependent Fokker-Planck
equations, and the approach we adopt mizes fundamental tools from the theory of generalized Dirichlet forms,
the theory of Fokker-Planck-Kolmogorov equations, and potential theory. It consists of three main parts
which are systematically treated in Section[2-3, Section[2.3, and Section[2.], and which can be summarized
as follows:

I (see Section Starting from a solution (u¢);>0 to the linear Fokker-Planck equation (2.3)), for each
N > 0 we use the theory of generalized Dirichlet forms for time-dependent operators on L', as developed
in [6I] (see also [62] and [50], as well as the classical work [47] and [53]), in order to construct a
time-homogenized right process on a subset of the product space (0, N) x R%, which is of full y(dx)dt-
measure.

IT (see Section We use a convenient restricted uniqueness assumption, the standard superposition
principle from Theorem and potential theoretic tools, in order to construct a right process on a
subset of (0, 00) xR? of full y1;(dz)dt-measure, by taking the projective limit of the processes constructed
in I for each N > 0 using [61].

III (see Section Finally, we use again the superposition principle together with potential theoretic
tools developed in [2I] in order to extend the process constructed in II to a conservative right process
with continuous paths defined on a larger set E C [0,00) x R? such that u,(E) = 1,t € [0,00), and
such that, if we start from dy ® pp then the family of one-dimensional time marginals of the spatial
component of the right process coincides with the given ()>0.

Among the main consequences of our results Theorem and Theorem [2.15] we would like to mention
the following;:

o We deduce several new results in the theory of time-dependent PDFEs with only measurable coefficients,
namely:

o  We show the existence of a fundamental flow solution to the time-dependent linear Fokker-Planck

equation ([2.13)); see Corollary

o  We derive maximal tail estimates for the path-space law obtained by the superposition of the fun-
damental flow solution to the time-dependent linear Fokker-Planck equation (2.13)) by means of Lyapunov
functions; see Proposition [3.9]

o We solve the backward Kolmogorov PDE associated to the time-dependent linear operators (2.1)) by
solving the parabolic Dirichlet problem through the hitting distribution of the homogenized right process
obtained in Theorem Theorem [2.15} see Proposition

o  We solve the time-dependent linear Fokker-Planck equation perturbed by a nonlocal operator, and
simultaneously the corresponding martingale problem, through a method of adding bounded jumps to a
right process; see Section [3.4

As already mentioned, the above results are valid for solutions to linear Fokker-Planck equations. By the
linearization technique (in the spirit of [4]), we then lift these results to non-linear Fokker-Planck equations.
More precisely, we achieve the second fundamental goal of this paper:

o In Section@ see Theorem we construct a right processes X on a subset E C [0,00) x R% with
w({x : (t,z) € E}) = 1,t > 0, in such a way that the family of one-dimensional time marginals of the
path-law n of the spatial component of X started at do ® po, coincides with the given solution (u)i>o0 of
the nonlinear Fokker-Planck equation (thus realizing McKean vision from [5)]), or equivalently, n coincides
with the path-law of the weak solution to the McKean-Viasov SDE . In particular, we derive the strong



Markov property for the weak solution to the McKean-Viasov SDE, which, as mentioned before, was an open
problem even for the linear case.

In the same Section [5| we achieve two more goals:

o  We construct a Choquet capacity for the solution to the nonlinear Fokker-Planck equation through
the corresponding hitting distribution of the solution to the McKean-Vlasov SDE (5.4)); see Corollary

o As our main application in the nonlinear case, we investigate sufficient explicit conditions on the coef-
ficients of a class of nonlinear Fokker-Planck equations, more precisely, generalized porous media equations,
for which all the hypotheses in Theorem are fulfilled and hence our theory fully applies; see Section

Many techniques in constructing and manipulating the right processes mentioned above are of potential
theoretic nature. Thus, to make this work as self-contained as possible:

e In Section[f we give a concise introduction to the theory of probabilistic potential theory, with special
emphasis on those tools that are fundamentally used in order to derive the main results from Section[d and
Section[3 A reader who is interested in the technical details of this work is encouraged to have a preliminary
look at Section[f] before diving into the details of the main results.

o We would like to point out that, besides well known results, in Section@we also include new results on
right processes that are of general nature and which are, as well, needed in the main part concerning Fokker-
Planck equations, namely Section [2] and Section [3} see e.g. Lemma Proposition Proposition [6.39
Proposition [6.44] Proposition as well as those from Section [6.5]

The paper is structured as follows:

In Section 2] we deal with time-dependent linear Fokker-Planck equations. In Section we briefly recall
the well-known superposition principle, a restricted uniqueness assumption and its relation with the ”simple”
Markov property. In Section we place our problem of constructing more regular Markov processes in the
context given by generalized Dirichlet forms, recall some fundamental notions and results, and discuss two
problems which have remained unsolved up to now (OP1 and OP2), and which are the main obstacles that
we overcome in this work. In Section we present the main results of Section Section [2.4] is entirely
devoted to the proof of these main results, namely Theorem and Theorem for which we allocate
separate subsections.

In Section [3] we use the right processes constructed in Section [2)in order to deduce new results about time-
dependent linear PDEs: Construction of fundamental flow solutions, solving parabolic Dirichlet problems by
probabilistic means, deriving maximal tail estimates for the path-space law obtained by the superposition
of the fundamental flow solution to the time-dependent linear Fokker-Planck equation by means of
Lyapunov functions, and solving Fokker-Planck equations perturbed by nonlocal operators.

In Section [4] we present several results of independent interest establishing that the square root of the
density of solutions to Fokker—Planck equations with non-degenerate diffusion coefficients belongs locally
to H!. This regularity result plays a central role in the present work, as it shows that one of our main
assumptions, namely , is in fact satisfied under very mild conditions; it significantly generalizes [36]
Theorem 7.4.1].

In Section [5| we extend to nonlinear Fokker-Planck equations the results presented above for the linear
case. We construct Choquet capacities for such nonlinear equations by probabilistic means and we investigate
explicit sufficient conditions on the coefficients for a class of generalized porous media equations to which
our theory applies.

In Section [ we offer a concise introduction to the theory of right processes and their potential theory,
and we also include here some new results with full proofs, which we need in the previous sections.

2 Regularization of the superposition principle for linear time-
dependent Fokker-Planck equations

Let us consider the time-dependent diffusion operator

d 0 1< 02
Ltf(ta :L‘) = E bl(tax) amf(ta'r) + 5 E ai,j(tax) 01O f(t,l‘), (21)
i=1 ¢ i,j=1 e



for (t,z) € (0,00) x R%, which acts on Borel measurable functions f : (0,00) x R? — R which are twice
continuously differentiable in the second argument, whilst

b= (bi)lgigd : [0, OO) X Rd — Rd, a = (aij)lgingd : [07 OO) X Rd — RdXd (22)

are Borel measurable coefficients, such that a(¢,x) is symmetric and non-negative definite for all (¢,z) €
[0,00) x R

Throughout, for a measurable space (E,B) we denote by M(E) the set of all finite (non-negative)
measures on F, whilst by P(F) we denote the subset of M(E) containing all probability measures on E.
Furthermore, by pB (resp. bB3) we denote the space of all non-negative (resp. bounded), real valued, and 5-
measurable functions defined on E; bpB := pBNbB. If E is a topological spaces then by B(E) we denote the
Borel o-algebra, whilst by C,(E) we denote the space of all real-valued, bounded, and continuous functions
defined on E. Also, by C.(F) we denote the subset of Cy(FE) consisting of functions which are compactly
supported.

For u € M(R?Y) and f € pB we often use the notation

wih)= [ 1an

Let (fin)n C M(RY) and p € M(RY). We say that (u,),>1 converges weakly (resp. vaguely) to pu if

lim (/) = u(f) for all f € Cy(RY)  (resp. Ce(RY)).

Throughout, we use B(a,r) to denote the Euclidean ball in R? centered at a € R? and with radius r > 0.
Definition 2.1. Let 0 < s < T < 0.
(i) A family (pi)ee(sry C M(RY) is called a (weak, or distributional) solution on (s,T) to the linear
Fokker-Planck equation

%Mt = Lf/lt, te (S,T), (23)

if (1t) e (s, s @ Borel curve in M(R?) endowed with the Borel o-algebra B (M(R?)) associated to the
topology of weak convergence,

T
/ / 1b(t, 2| + lla(t, 2)| pe(dz)dt < co, R >0, (2.4)
s B(0,R)

and

(it) We say that (pe),eps ) C M(RY) is a solution to the linear Fokker-Planck equation (2.3) (with initial
condition fis) if (it),e (s, is @ solution on (s, T) as in (i), and tl{n e = s weakly.

Planck equation (2.3)) if it is a solution on (s,T) in the sense of (i), and the curve of measures
[,T) >t = u € M(RY) is (resp. wvaguely) continuous; this definition is obviously evtended when
(t)tels, ) is merely right-continuous.

(iii) We say that (p),c s1) C M(R?) is a weakly (resp. vaguely) continuous solution to the linear Fokker-
3

Remark 2.2. Let (Mt)te[sj) C M(R?) be a vaguely (right-)continuous solution to the linear Fokker-Planck
equation (2.3). For 0 < s < T < oo, if we take f of the form f(r,x) = g(r)h(z) with g € C>*((s,T)) and
h € C*(R), then using first Fubini theorem and then integration by parts, (2.5) gives

T T
_/ gl(r) h d/férdr = / g(?“)/ L:h d/.trd’l“. (26)
s R4 s Rd



Let s < s <t' < T, go € CX(s,T),n > 1 such that limg, = 1y 4] a.e., and limg, = dy — 0y in the
n n

sense of weak convergence of measures; note that this can be done e.g. by convoluting 1(y 4 with smooth
and compactly supported mollifiers py, namely taking g := pp * g 17, > 1. Thus, replacing g with g, in
(2.6), using that r — fRd h dm,. is bounded and continuous, and letting n tend to infinity, we obtain

t/
/ h dpy —/ hdpy = / / Lyh dupdr, s<s <t <T,heCZ(RY). (2.7)
Rd Rd s’ JRA
It is easy to see that one can also pass from (2.7) to (2.5), hence the two relations are in fact equivalent.

2.1 The superposition principle and the ”simple” Markov property
For 0 < s < T < oo we define
() : C([s, T RY) = RY,  TLi(t,w) :=w(t), weO([s,TERY),t€[s,T].

As usual, we endow C([s, T]; R?) with the Borel o-algebra rendered by the topology of uniform conver-
gence, which coincides with the o-algebra generated by (IL(¢, ~))t€[S,T].

If n € P(C([s, T);RY)), then by n;,t € [s,T] we denote the one-dimensional time marginals, namely
moi=no ((t,-) " e PRY), telsT)

Definition 2.3. Let 0 < s < T < oo. A probability n € P (C([s, T};R%))) is called a solution to the canonical
martingale problem (canonical MP) associated to (Ly)c(s 7y, with initial distribution v, € P(R?) if

T
/ / 1b(t,2) | + la(t, )] me(da)dt < 00, B> 0,
s B(0,R)

and for all f € C2((s,T) x RY) the process (M (t))ie(s,r) given by

M(t) := f(t,11s(t)) — f(s,1Ls(s)) —/ Lf(r 1Ls(r)) dr,  t€s,T]

is an (Fs(t))-martingale with respect to n, where Fy(t) := o (Us(r),s <r <t),t € [s,T].

Remark 2.4. Just by taking expectations, it follows immediately that if n is a solution to the martingale
problem as in Deﬁm'tion then (n¢)iels, 1) 95 a weakly continuous solution to the linear Fokker-Planck equa-
tion (2.13)). The following highly nontrivial result, known as the superposition principle, gives the converse
implication.

Theorem 2.5 (The superposition principle; [35], [64]). Let (pt),e(s) be a weakly continuous solution to
(2.3), and suppose further that

! [(b(t, z), 2)| + |la(t, )]
/S/B(o,R) ez Peldndt<ce (2.8)

Then, according to [35, Theorem 1.1], there exists n € P (C ([S,T];Rd)) a solution to the canonical mar-
tingale problem associated to (Lt)ic[s,r) on [s,T] such that the one-dimensional time marginals (nt)ie(s, 1)
satisfy ny = g, t € [s,T]. Moreover, by [6, Proposition 2.8], for each x € R® there exists a probability
n* € P (C ([s,T);R?)) such that

(i) For every A € B (C ([s, ThR"))

the mapping R > x — n”(A) is Borel measurable and n(A) = / " (A) ps(dr).
Rd



(ii) For ps-a.e. x € R, 1" is a solution to the martingale problem associated to (Ly)e(s 1) on [s,T], with
initial distribution O, .

As a consequence, if v, € P(R?) satisfies vy < cus for some constant ¢ € (0,00), then

w0 [ ) v

is also a solution to the martingale problem associated to (L¢)ic(sr on [s,T], with initial distribution vs.

Remark 2.6. We point out that in [6])], the superposition principle is derived with (2.8)) replaced by the
stronger condition

/ 16t )| + lla(t, 2)|| pe(da)dt < oo. (2.9)
(s,T)xRd

However, there are relevant examples for which (2.9)) is not fulfilled, but for which the relaxed condition (2.8))
is valid. Other key results in [64] remain valid if we assume (2.8) instead of (2.9)), this being the case of [67),
Lemma 2.12] which we shall use below in the proof of Proposition .

Let N > 0 and (pu)tejo,n) € P(R?) be a given weakly continuous solution to the linear Fokker-Planck
equation (2.3]). With respect to such a fixed solution, we consider the following uniqueness hypothesis:

H,, For every 0 < s < N < oo and ¢ > 0 we have that whenever (v¢),c(s ny+ (P)ies N C P(RY) are two
weakly continuous solutions to the linear Fokker-Planck equation (2.3]), we have:

If v, <cp,t €[s,N], and v =05, then  (4),e(5 8 = (Pt)refs vy -

Proposition 2.7 (Well-posedeness of the canonical MP). Let N > 0 and (u)ieo,n) C P(R?) be a given
weakly continuous solution to the linear Fokker-Planck equation . If Hy, is satisfied, 0 < s < N,
c € (0,00), and (Vt)ie[s,n] C P(RY) is a weakly continuous solution to the linear Fokker-Planck equation
on [s,N) satisfying v; < cus,t € [s, N], then there exists a unique n € P(C([s, N];R?)) which is a
solution to the canonical MP associated to (Lt)te[s,N] and such that ny = vy for every t € [s, N].

Proof. The statement follows by [64, Lemma 2.12], choosing T'= N and
Ris1) = {1/ = (W)iepsr) C P(RY) : v is a weakly continuous solution to (2.3) and

there exists ¢ < oo such that vy < cuy,t € [s,T]}, 0<s<T.

Another result from [64] that remains valid if we assume (2.8) instead of (2.9) is the following:

Proposition 2.8 ([64, Remark 2.3]). Let (1t)ie(s,7) be a solution to the linear Fokker-Planck equation as
in Definition |2.1], which in addition satisfies

()te(sry € P(RY)  as well as  (25).

Then (1t)re(s,7) admits a unique dt-version (fit)ie[s, ) which is weakly continuous.

However, let us point that the proof of Proposition [2.8| requires a light adaptation. More precisely, recall
first that [64, Remark 2.3] is fundamentally [2, Lemma 8.1.2]. The latter result, remains nevertheless valid if
we replace the assumption from [64] with the relaxed one from [35], with the mention that, under
, the tightness of (u)ie[s, 7] required in [2] is ensured by [35], Proposition 2.2 and Proof of Theorem 1.1];
also, note that [35, Proposition 2.2] is valid without the assumption that (u;); is weakly continuous, since the
latter was used only for applying the Gronwall’s lemma for continuous functions, but the Gronwall’s lemma
is valid for merely measurable functions as well, see e.g. [44] Theorem 5.1], and which can be employed in
[35, Proposition 2.2].



The ”simple” Markov property Let (u:):c[0,7) be a weakly continuous solution to such that
and Hy, hold. Then, one can easily deduce:

The solution n € P(C([0,T);RY)) provided by Theorem and Proposition has the simple Markov
property, namely for every f € bB(R?) we have

Ep {f(Mo(t+5)) | Fo(t)} = By {f(To(t +5)) | o ()}, m-a.s. t€[0,T],s €[0,T -1, (2.10)

where E, denotes the expectation with respect to the probability n on C([0,T]; RY).

Recall that the filtration (Fo(t)),co 7y is not right continuous, and there is a priori no guarantee that the
simple Markov property is preserved relative to (‘Fo(t+))te[0,T]'

For the reader convenience let us rapidly prove , following a standard argument from e.g. [44]
Theorem 4.2]: Let ¢t € [0,T) and F € Fo(t) with n(F) > 0 be fixed and consider the following probabilities

_ E, {1rE[A | Fo(®)]} _ B, {1rE[A | To(t)]}
n(F) ’ n(F) ’

Then, it follows precisely as in [44] Theorem 4.2] that the probability measures

M (A) n®(A) A€ Fo(T).

Wt’(i) = 77(1) © (Ho(t + '))_1 € P(C([t7T]7Rd))7 (&S {13 2}a
are both solutions to the martingale problem associated to (L,),c[¢, 7], having the distribution at time #

0 NI Y(B)NF) (2 d

By Remark we get that (né’(i))se[tﬂ is weakly continuous solution to the linear Fokker-Planck equation
(2.3), ¢ € {1,2}. Moreover, we have

; ; - o (Tp(s)) ™" 1
0 = o (M (s)) "t < 1o Mols)

n(F) gk ret,T], ie{1,2}.

Therefore, by Hy, we deduce that nﬁ’(l) = 772’(2), hence for B € B(R%)

E, {1rE[y, € B| Fo()]} = n(F)ni(B) = n(F)nil? (B)
= E, {1pE[l,y, € B |IL]}, r € [0,T — 1,

from which the simple Markov property follows.

Remark 2.9. Note that in [{4, Theorem 4.2], the simple Markov property is deduced under the much
stronger assumption requiring that the martingale problem has at most one solution for every given initial
distribution which even implies that the strong Markov property holds. We stress that above we proved the
sitmple Markov property under assumption H,, which is much weaker than the mentioned uniqueness
assumption in [44, Theorem 4.2]. However, the strong Markov property can no longer be deduced under this
weaker uniqueness assumption by the arguments in [{4, Theorem 4.2]. In this paper we are fundamentally
interested in proving the strong Markov property as well as other useful regularity properties for the solu-
tion the martingale problem associated to the linear Fokker-Planck equation , not assuming we have
uniqueness for the martingale problem under any initial condition. Moreover, we extend these results to the
non-linear case as well.

2.2 Towards more regularity through generalized Dirichlet forms

In this section we approach the superposition principle from the perspective of generalized Dirichlet forms
for time-dependent operators on L', as developed in [61]. As we shall point out, this approach has the key
advantage of providing a ”full” Hunt (in particular strong) Markov process which is associated to the solution
of the linear Fokker-Planck equation. However, two important open problems show up, which we explain
below in detail, and systematically solve afterwards.



Throughout we are given a solution u := ({;);>0 to the linear Fokker-Planck equation on [0,00), i.e.
on each [0, N), N > 0, which consists of absolutely continuous probability measures on R?, namely: There

exists u : [0,00) x RY — R, jointly measurable, such that

pe = u(t,x)dr, pRY) =1, t>0,

N
/ / (Jo(t, )| + ||a(t, z)||) u(t,z) dxdt < 0o, N >0,R >0,
0o JB(O,R)
and - J
/ / {%f(twfr) + Lef(t,2) | u(t,z) dedt =0, feCX((0,00) x Rd) .
0 JRrd
Further, we consider the measures
7= u(t,z) dt @ dz on [0,00) x RY, Ty :=u(t,z) dt ® dz on [0, N) x RY, N > 0,

so that, by setting

Cf (1) s= 50 (00) +Lf(t,), f € C((0,00) x B,

(2.13) rewrites as
[ [ Erdn=o. secz(o.oe) <)
0o Jrd

That is, 77 is an nfinitesimally invariant o-finite measure for L.

(2.11)

(2.12)

(2.13)

Below, we will fix such a measure i having certain properties, and call it a reference measure and its

density a reference density.

Thus, we now perfectly fit in the framework of [61], which we further follow and from which we take over

the next additional assumptions on the coefficients and on f:
H, For every N,r > 0 we have
Ox,a;5 € L*([0,N) x B(0,r);fiy), 1<i,5<d,
and there exists a constant C'= C(r, N) > 0 such that

CTHEIP < (a(t,2)€,6) < ClIEI?, € e RY, (¢, 2) € [0,N) x B(0,r).

Hy, For every N,r > 0 we have
be L*([0,N) x B(0,r): Fiy)

HY" For every h € C2°(R%) and N > 0 we have
uh € L>([0,N) x R?), and +/uh € L* ([0, N); H'(R)).

We say that condition H;/g holds if all the above three conditions hold.

(2.14)

According to [61], Theorem 1.7, Remark 1.18, Theorem 1.9, Proposition 1.10, Remark 1.11, and Remark

1.12] we have the following collection of fundamental results:

Theorem 2.10 (cf. [6I]). Let u be a reference density (i.e. satisfying (2.11)-(2.13))) such that condition

H;{E 18 fulfilled. Then the following assertions hold for each N > 0:

1) There exists a maximal extension EN, D [N of (L,C°((0,N) x R%)) on L' ([0,N) x R*: Tix) sat-
1 1 c N

isfying the following properties:

(i.1) It generates a Co-semigroup (Tiv) oo 0P L' ([0,N) x R% Ty ), which can be extended (keeping
>0

the same notation) as a Co-semigroup of contractions on every LP ([0, N) x R% 7y ), p € [1,00),

— —N
whose corresponding generator is further denoted by (LIJ]V, D(L,))-
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(i.2) (Tﬁv) is of evolution type, namely for every t > 0
>0

T) f(s,0) = Low—o (9T, (fls+1,)) (s.2), (2.15)

a.e. (s,x) €[0,N)xR? and f € LP ([0, N) x R%; iy ), 1 < p < o0.

(it) There exists a right (hence strong Markov) process (see Definition [6.10)
XN = (N, FN(FN (1) 1505 (XN (1),50 - PN, (5,2) € [0, N) x RY)

t>0"

with lifetime ¢V and shift operators (HN(t)) such that the following are satisfied:

t?

N
a

—N —N —
(i.1) Its transition function (Pt ) and corresponding resolvent U := (U ) are such that for
t>0 a>0

o N . =N\ 1
each f € bB([0, N) x R*), U, f is a fiy-version of (a - I ) f, a>0.
(i3.2) For (s,z) € [0, N) x R?  Tiy-a.e. we have
@i\; ([O,(N) >t XN (t) € [0,N) x R* 4s continuous ) = 1. (2.16)
(ii.8) If we set XN (t) = (XN (t), X (t)),t > 0, then for (s,r) € [0,N) x R? Tiy-a.e. we have
N

P, (X{V(t) #t+st< (V) =0. (2.17)

(ii.4) For every N > 0, and every v € P([0,N) x RY) which satisfies v < cfiyy for some constant ¢ > 0,
the process XN solves the PY -martingale problem associated with (L,C2°((0,00) x R?))) in the

sense that
tACN
FOVEAE) = fXM o) - [ T ) ds, 20 (218)
0
is an (FN(t))-martingale under PY = f[O,N)x]Rd PY, v(ds,dzx), for all f € C°((0,00) x RY).

Remark 2.11. Recall that (ﬁt) is represented by XN through

t>0

Pif(s,x) =EY, {f(XN(t);t < ¢V}, t>0,f€bB([0,N) xRY).

In particular, (ﬁt)po s a sub-Markovian transition function which is not Markovian, as @]ﬁvN ((N < N) =1
by [@.17). Throughout the paper we shall often consider the distribution PN o(X (t))™" := 7o Py on [0, N) xR,
t >0, for somev € P ([O, N) x Rd). However, since (N < N, PY o (X(t))f1 is merely as a sub-probability
on [0,N) x RY. We shall later on prove that under some conditions, we have (N = N — s P, .. -a.s., which
will be crucial in order to show that the second components X5, N > 0 admit a projective limit with infinite
lifetime.

There are two unsolved problems that concern the processes X, N > 0 constructed in Theorem m
(ii), which we explain below and solve afterwards (see Theorem and Theorem for the solutions to
OP1 and OP2, respectively):

Open problem 1 (OP1): Is there a global Markov process X on [0,00) x R? which is obtained as the
projective limit of the processes XN, N > 0, constructed in Theorem (#)? And if yes, is it conservative,
right, or Hunt? This issue is highly nontrivial since it is related to the uniqueness property of the martingale
problems , or equivalently, to the corresponding linear Fokker-Planck equation . This is a sensitive
issue since, in general, uniqueness is expected to hold only in a restrictive sense, as it will be discussed later
on.

Open problem 2 (OP2): The second question is technically much more delicate than the first one, and
it concerns both the locally constructed process X in Theorem (ii), i.e. on each time interval [0, N),
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and the global one X which is the projective limit of X~ , N > 0, and which exists if Q1 has an affirmative
answer. It goes as follows: Fix some N > 0, take f(¢,z) = h(x), (t,x) € [0, N) x R? with h € C>*(R?), and
v € P([0,N) x RY) with ¥ < ¢fi)y for some ¢ > 0. Then, using Theorem (ii.3) and (2.18)), it follows that

tACN
BN (EA YY) — B (0)) - / Coxr (X () ds, >0

is a (FN(t))-martingale under P which is continuous on [0,¢"). Thus, if we are allowed to consider
PY o (XN (O))_1 = Jp ® vy for some vy € P(R?), then the spatial component X' solves the martingale
problem associated with the time-dependent linear operator L, on 0 < t < ¢V, starting at ¢ = 0 from
vp. But this is not possible since the initial distribution of PY o (X{V(O))f1 is assumed to be absolutely
continuous with respect to dt. This issue is a deep one and in fact ubiquitous in the theory of (generalized)
Dirichlet forms. It essentially arises from the fact that (the resolvent of the) Markov process X ¥ is in fact
constructed on the state space [0, N) x RY, uniquely except on some abstract set A" which is i y-inessential
(or Tn-negligible and fiy-polar), and on A it is trivially constructed so that if it starts from x € N then
it remains in 2 forever. As a consequence, such a Markov process set to be stuck at any point in N will
not solve the martingale problem starting from an initial distribution that charges N. In the case of the
process XV furnished by Theorem due to the fact that the first component is the uniform motion to
the right, one can easily see that the set {0} x R is never hit by the process, namely it is polar; hence, the
process X given by Theorem uniquely in law on [0,7") x R% except some abstract set N as above, is
in particular not guaranteed to solve the martingale problem with initial distribution dy x pg. As a
conclusion, the second question is if, and under which conditions, one can construct the process X so that it
can solve the martingale problem starting at t = 0 from generic distributions of the type dg X vy. By
the same reason, this question concerns also the global process X from Q1, once we show it can indeed be
constructed.

2.3 The main results: The corresponding right (in particular strong) Markov
process

This subsection is devoted to answering the two fundamental questions raised above. Throughout we
assume that the basic settings (2.11])-(2.13)) are in force. Further, we introduce the following notation:
AZ, = ={v:[s,N) x R? = [0, 00) measurable : v < u dt ® dz-a.e.}
AS N = ={v:[s,N) x R? — [0,00) measurable : 3 ¢ > 0 such that v < cu dt @ dz-a.e.} (2.19)
We introduce the following key hypothesis that concerns the given solution (u; := u(t,z)dz),~, of the
linear Fokker-Planck equation ([2.3)): B

Hey (e = u(t, 2)dz),c(g o) is weakly continuous and for every 0 < s < N < oo we have that whenever

UNS A<u induces a weakly right-continuous and Vaguely left-continuous solution (v(t, )dx),c(, v, (of sub-
probabilities) to the linear Fokker-Planck equation (2.3]) on [s, N) with initial condition v(s, z)dx = us, then
we have the identification (v(t,z)dx),c(s Ny = (ut)te[st).

We introduce now a uniqueness hypothesis which is stronger than Hc,:

H<, We have that H<, holds and for every 0 < s < N < oo and ¢ > 0 we have that whenever
(v?t, 2)dx),e (5, n) and (0(L, ¥)dx), e, vy are two weakly continuous curves with values in P(R?) which are so-
lutions to the linear Fokker-Planck equation on [s, N) such that 9,v € AS<2[ and v(s, z)dx = 0(s, z)dx,
then the two solutions must coincide, namely (v(t, 2)dz),c(s Ny = (ﬁ(t,x)d:c)te?S’N).

We have now all the ingredients so give a positive answer to the open question OP1:

Theorem 2.12 (Answer to OP1). Let u be a reference density such that that H b and Hc, hold. Then
the following assertions hold:
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(i) There exists a mazimal extension (L1,D(L1)) of (L,C((0,00) x RY))) on L' ([0,00) x R%; 7). It

generates a Cy-resolvent U = (Ua)a>0 on L* ([O,oo) X Rd;ﬁ), which, keeping the same notation,

induces a Cy-resolvent of Markov contractions U on every LP ([0, o) x RY; ﬁ) , and whose corresponding
generator is further denoted by (EIN D(Ep)), p € [1,00). Moreover, for every N > 0 we have

— —N
Ua (£1j0,5)xra) lo,nyxre = Uq (flio.nyxre),  f € LP([0,00) x R% ),

=N . .
where U, is given in Theorem .

(ii) There ezists a set E € B([0,00) x RY) and a conservative right (hence strong Markov) process on E
X =(,F, Fi,X(t),Ps 5, (s,x) € E;t >0) such that:

(i.1) 7i([0,00) x R*\ E) =0 and ps ({x € R, (s,2) € E}) =1, 5> 0.

(ii.2) The transition function of X denoted by (Pt>t207 and the corresponding resolvent U = (Uy) 45,
are such that

e Pi(f|E) is finely continuous for every f € Cy([0,00) x R?)

o« Uy (f|E) is a finely continuous T-version of (a—tp)_l f,a >0, f € pB([0,00) x RY) N
LP([0,00) x R%: 7).

(i1.8) For (s,z) € E we have
P, ([0,00) 3t X(t) € E C [0,00) x R? is continuous ) =1
(ii.4) If we set X(t) = (X1(t), X2(¢)),t > 0, then for (s,x) € E we have
Poop (X1(t) =t+s0<t<o0)=1.
Moreover, we have

Py, 0 (Xo(t)) " = pers  for every s >0 and t > 0.

(ii.5) For every (s,x) € E and every f € C2([0,00) x R?) we have that

Es,2) {/Ot ’Ef(X(r))‘ dr} <oo, t>0,

and
FX(1)) - F(X(0)) - / LX) dr, t>0

is a continuous (F(t))-martingale under P, ;).

(i3.6) For every s € (0,00), and every vs € P(R?) which satisfies vs < cps for some constant ¢ > 0, we

have that
Vigs i=Ps g, 0 (Xa(t)) ", t>0,

is the unique weakly continuous solution to the LFPE (2.3|) on [s, N) which consists of probability
measures, belongs to A‘ZLV, and whose initial condition (at time s) is vs, for all N > s. Moreover,

the (strong Markov) pr(;zess X is the unique solution to the martingale problem on [s, N') associated
with (L, C2°((0,00) x RY)), with initial distribution §; ® vs and with (X5(t))¢>0 having the one-
dimensional marginals in Aifj, for every N > s.

Proof. The proof is given in Section [2.4.2] O
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Remark 2.13. Note that the martingale problem in Theorem (1.5), may be solved for every f € bB(E)
such that f € D(Ly), in the following sense: Let f be a finely continuous fi-version of f, and E' € B(E) such
that E\ E' is fi-inessential and f is bounded on E'; f always exists. By considering the restriction of X to
E', taking g to be any B(E)-measurable fi-version of Lif, and using Lemma and Proposition it
follows that there exists a second set E" € B(E) such that E\ E" is u-inessential and

t

Foxw) - Fee) - [ olxehdr, 120
0

is a cadlag (F;)-martingale under P, .y for every (s,xz) € E".

In order to answer positively to the open question OP2, we need additional regularity properties for the
resolvent U constructed in Theorem [2.12] at points of the type (0, ), namely at s = 0. To this end, the key
needed assumption turns out to be the following:

H/}V The following hold:
(i) We have

tliH(l) ft = to  in total variation, or equivalently, }irr(l) u(t,-) = u(0,-) in L*(dz). (2.20)
— —

(ii) There exists a family Ay of probability densities which separates the measures on supp(io), with the
additional properties that if vy € Ap then there exists a constant ¢ such that vy := vodz < cu(0, z)dx,

and the corresponding solution (ntl ’”0) , given by Theorem (iii), is continuous at ¢ = 0 in total

0<t<1
variation, or equivalently
dnl,l/(]
lim —*
t—0 dx

=y in L'(dx);
see also Remark [2.14] below.

Remark 2.14. Assume that He, holds. Then any weakly continuous (v;)o<i<1 C P(RY) which is a solution
to the linear Fokker-Planck equation (2.3) such that vy < cui,0 <t <1 for some constant c, satisfies

Vt:ntl’”“, 0<t<1.

Thus, under HEV and if vo € Ao, we have
lim — = — in L'(dx).

Theorem 2.15 (Answer to OP2). Let u be a reference density such that H;/)g, H, hold. If, in addition,
H{V holds, then in assertions (ii.1), (ii.4), and (ii.6) from Theorem we can include the case s =0 as
well; more precisely, the three assertions can be respectively replaced with the following stronger ones:
(ii.1°) T([0,00) x RY)\ E =0 and ps ({z € R%, (s,z) € E}) =1, s > 0.
(i1.4°) If we set X (t) = (X1(¢), X2(t)),t > 0, then for (s,x) € E we have
Psr (X1(t) =t+s50<t<o0)=1.

Moreover, we have
P, © (Xo(t)) ™" = puegs  for every s >0 and t > 0.

(ii.6°) For every s € [0,00), and every vs € P(R?) which satisfies vs < cus for some constant ¢ > 0, we have

that
-1
Vips = Pseu, 0 (Xa(t) 5 £ 20,
is the unique weakly continuous solution to the LFPE (2.3) on [s, N) which consists of probability
measures, belongs to A‘Z;V, and whose initial condition (at time s) is vs, for all N > s. Moreover, the
(strong Markov) process X is the unique solution to the martingale problem on [s, N) associated with
(L, C((0,00) x RY)), with initial distribution 6, @ v, and with (X2(t))i>0 having the one-dimensional
. . s,N N

marginals in A2, , for every N > s.
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Proof. The proof is given in Section O

Remark 2.16. Let X be given by the trivial extension (see Deﬁmtzon 6.41) of X given in Theorem 2 19 or
-

mn Theoremu from E to [0,00) x R%. Then X isa right process by Proposition and note that X 1is
the restriction (see Definition|6.36) of X from [0,00) x R? to E, whilst all points in [0,00) x R\ E are trap
points for X. Consequently, X is a conservative norm-continuous right process on |0, ) x RE.

2.4 Proofs of the main results

This subsection has three parts. In the first part we prepare some technical results that shall be used
in the proofs of Theorem and Theorem which are given in great detail in the last two parts,
respectively.

2.4.1 Some technical lemmas needed in the proofs

Lemma 2.17. Assume that H;/_E holds, let N > 0 and vV € A%iv with ¢ > 0 as in (2.19), such that

vV (t,z)dz € P(R?) for every t € [0,N). Then there exists a measurable set S C [0,N) of full Lebesgue
measure such that for every s € S there exists v : [0,00) x R? — [0, 00) measurable satisfying the following:

(i) For every t € [0,00) we have

IPJ RuN (s,z)dx © (Xév(t))_l = vév(ta $)d$,

in particular, v (t,z)dz is a sub-probability on R<.

(ii) We have dt-a.e. that

oM (t,x)dx < el ny(s + t)u(s +t,2)dx, hence v)(-—s,-) € Aifj

S

(iii) The family of of sub-probability measures (vév(t — s J;)daz)te[s Ny @5 a weakly right-continuous solution

to the linear Fokker-Planck equation ([2.3) on [s, N) with v (0, z)dx = v (s,z)dz. Moreover, (s,N) >
t > oN(t — s, x)dz is also vaguely left- contmuous

Proof. First of all, recall that 71, is (Fﬁv )—sub—invariant so that the dual (w.r.t. iy ) semigroup of kernels
fN ,t > 0 is sub-Markovian, namely P 1< 1,t > 0. Moreover, property (2.15| - ) transfers by duality as

P fls) =Py (fls 1)) (s.2) L () (s.2) € [0,N) x B as,

Let g,h € C([0, N];R) and f € Cy(R?). Then

N N
|0 [ HBY v (X5'() s

h(s)ﬁivf(s, z)vN (s, z) dedsdt

[(),N])(Rd
ol S$,T)—=N B
Of o h(s)u(gx))Pt ot (s, o)
X
(t)

/o N]XRd 0P (h(.) N((’))> (3, 2)7in (ds, dw)dt

N
F@)h(s = 01wy P () (5,07 (s, o)

-]

:/g
[ o
= [ 10 g
= o [

/ f(@)Lo,n—s)(s)P N*< 5)(84—7533) (s +t,2) dedsdt.
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Consequently, by setting

oM (t, x) = 1p,n)(s +1 )PN*( ;V)(s—l—t z)u(s +t,x), (s,t,2) €[0,N) x[0,00) x R%

and since f, g, h are arbitrarily chosen, it follows that

Py gon sz © (X2() T = 0N (t,x)dz  for (s,t) € [0, N) x [0, 00) dsdt-a.e. (2.21)
Also, notice that because vV € A%iv and because ?iv’*l <1, we get that

o (t,2)dr < clp ny(s +t)u(s +t,2)dx  dsdt-a.e. (2.22)

Now we shall construct a modification of o (¢, z)dx which is weakly continuous with respect to ¢t > 0, ds-a.e.
To this end, let D C [0, 00) be dense (from the right) and countable, and S c [0, N) be measurable and of
full Lebesgue measure such that for every (s,t) € S x D we have

]P’a @v(s,2)dz © o (X))t = oN(t,x)dr and oY (t,x)dx < clio,ny (s +t)u(s +t, x)dx, (2.23)

which is possible due to and . Let s € S be fixed. From the last inequality we deduce that
(ﬁév (t,az)daj) ep s a family of sub-probability measures which is tight, hence by Prohorov’s theorem, it is
sequentially relatively compact with respect to the weak convergence. Further, let ¢ € [0,00), and (¢,,)n>1 C
D such that lim,, t,, = t decreasingly. By passing to a subsequence, we may also assume that there exists a
sub-probability measure m¥ (¢) on R? such that

m oY (t,, 2)de = mY (t), weakly.

S
n

But with s € S fixed as above, t — Pé\[@v(s 2)dz © (X2(7§))—1 is (right) weakly continuous, hence ([2.23]) and
the above equality entail

P oo sy © (Xa(t) " = m(6) = im0 (r,2)dz,  weakly.

Moreover, by the inequality in we also have that for every s € S there exists v (¢, z), (¢, z) € [0, 00) x R
such that
ml (t) = vl (t,2)dx < cljg ny (s + t)u(s + t,z)dz, t € [0,00). (2.24)

S

It is then straightforward to see that for each s € S we have that vN (-, -) is jointly measurable on [0, 00) x R%.
Thus, we have proved (i) and (ii).
To prove (iii), let us note that by Remark and the above construction we have for all s € S that

df(a:)vév(t,z)dx: /]Rd oN (s, 2)EN, {F(XY ()it <N} da,  f € Ch(RY),

hence using the path-continuity property (2.16) we get that
[0,00) >t~ v)(t,2)dx is weakly right continuous.

Further, let us show that one can choose S C S of full measure on (0, N) such that for every s € S
we have that (v (t,2)dz), (03— 18 & solution to the linear Fokker-Planck equation (2.3). We proceed as
follows: First of all, notice that since fiv and Tﬁv coincide as operators on LP([0, N) x R fiy) for all t > 0,

—N
we get that (Pt ) solves the Cauchy equation
t>0

Pivf(s,x) — f(s,x) = /t ﬁivtf(s,x) dr iy-ae., 0<t<oo, fe€ Cgo(Rd). (2.25)
0
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Let g,h € C°((0,N);R) and f € C°(R?), so that using the evolution character of (Tﬁv) given by ([2.15]),

we have
/ON g(s) /SN R (t) y f(@)oN(t — s, x) dedtds = /ONQ(S) -/SN R (1) /]Rd Py_sf(s,z)v(s, x) dedtds
= /ONg(s) /Rd /SN B (t)Pi—s f (s, x)v(s,z) dzdtds
= /ONg(s) /Rd h(s)f(z)v(s,z) deds — /ONQ(S) /SN h(t) /Rd P Lf(s,x)vN (s,2) dedtds
-/ " gs)h(s) | s@ts.z) dods — | " o) / " h) [ Lira@ed ¢ = s.a) dodtas.
Thus

/0 g(s)/ /Rd (W (&) f(x) + h(t)Lef ()0l (t — s,2)) dadtds = /o g(s)h(s) » f(z)v(s,z) dads.

Since g is arbitrarily chosen and using a density argument, it is easy to see that one can find a measurable
subset S’ C S of full Lebesgue measure on (0, N) such that

/sN /Rd (%f(t’x) +Lof(t ) (t = S’x)) dwdt = Rd f(s,z)v(s,z) dx

for all s € §" and f € C°((0, N) x R?). Thus, for every s € S’ and f € C>°((s, N) x R?) we obtain that

N
d
/ / (—f(t, z) + Lo f(t, x)ol (t — S,J})) dzdt = 0,
s Rrd \dt
which means that (vév (t — s, x)dx) is a weakly right-continuous solution to the linear Fokker-Planck
equation (2.3)).
To finish the proof of (iii) it remains to show that (v (¢ — s, x)dm)te(s Ny 1 vaguely left-continuous. To

this end, note that if C € C°((0, N) x R?) be countable and dense in C.((0, N) x R?) with respect to the
uniform convergence, so that by (2.25) we get for every ¢ > 0, ds-a.e. on (0, N) that

tE[S,N)

Pof(s, 200N (5,2) do :/

Lio,ny(t +5) f(s + t,x)vév(t,as) dr, feC.
Rd

Rd

and

Pif(s,x)vN(s,z) doe = f(s,z)vN (s, x) dz —|—/ v (s, ) /t P,Lf(s,x) drdz, f€C.
R R4 0

Rd

Thus, on the one hand, there exists S C S’ of full Lebesgue measure on (0, N) such that for every s € S’

/ P.f(s,z)oN(s,z) de = f(s,z)vN (s, z) dz —|—/ vV (s, 2) /tP,«Lf(s,x) drdz, feC,teQq,
Rd Rd R4 0

in particular the above integrals are well defined. On the other hand,
t
[0,00) 5t +— Pif(s,x)oN (s,z) doe = f(s,z)vN (s, z) dz +/ UN(s,x)/ P,Lf(s,x) drdx
Rd Rd Rd 0

is right continuous for every f € C°((0, N) x R?) and s € S, hence we must have
¢
/ P f(s,x)vN(s,z) do = f(s,z)oN (s, ) de +/ UN(S,.Z‘)/ P,Lf(s,x) drdz, f€C,te]0,00).
Rd Rd Rd 0
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This means that for every s € S and f € C we have
[0,00) Dt P.f(s,z)vN (s, z) do = / Lio,ny (t + ) f(s + t,x)oN (t,z) dr € R is continuos.
Rd Rd

By a density argument we can further assume that C consists of functions with separate variables, so taking
f € C of the form f(r,z) = g(r)h(x), (r,z) € (0, N) x R%, we get for every s € S that

[0,N —s)>t— h(z)vN (t,x) dz € R is continuos.
R4
Since we assumed that the class of functions h for which the above holds is dense in C.(R?) with respect to
the uniform convergence, we get that
[0,N —5)>t—oN(tz)de e M (Rd) is vaguely continuos.
O

Remark 2.18. We emphasize that although X~ has continuous paths a.s. on [0,¢N) as stated in (2.16)), it

does not mean that the the curve of sub-probability measures Pg 50 (Xé\’(lf))f1 on R? is weakly left-continuous
on (s, N — s) because the process t + 1y ¢ny(t) is not guaranteed to be stochastically left continuous in t.
In other words, based only on the results obtained in [61)], it is not clear that (N is a continuous random
variable, at least on the event (N < N — s for s fized; such a property would have solved the left-continuity
issue in t € (s, N — s), since in that case, the jump event ¢ =t would have zero probability.

Lemma 2.19. Assume that conditions H;{E and H<, are fulfilled. Then, the following assertions hold for
every 0 < s < N < o0.

(i) We have the identification
PY g o (XY (1) = jursy 0<t<N-—s. (2.26)

(ii) We have the following refinement of Theorem[2.10, (ii.3):

Py o, (XD (1) #t+ st <(N)=0. (2.27)

(iii) The lifetime ¢V satisfies
IP’Q’]I (CN =N — s) =1 ps-a.e x€ R, (2.28)

Proof. (i)-(ii). Since H;{g is in force we apply Lemma for vMV(s,x) = u(s,x),(s,z) € [0,00) x RY,
noticing that we trivially have u € A%’i\] for all N > 0. Thus, for every N > 0 there exists S C [0,N)
of full Lebesgue measure such that for every s € S there exists a family (v2(t,z)dx)

;>0 having all the
properties derived in Lemma In particular, (UN (t— s,x)dx) tels

R is a weakly right-continuous and

[s,N
vaguely left-continuous solution to the linear Fokker-Planck equation (2.3 on [s, N) with initial condition
u(s, x)dr = ps. Consequently, by H<, we have

Pé\i@)u(s’x)dm o (Xév(t - s))i1 = oN(t — s, x)dx = u(t,x)dz, s S,tels N),
or equivalently, that
1

Pien, © (X2 (D)

Furthermore, by (2.10), (ii.2), and integrating (2.16)) with respect to iy, we get

=N (t,x)de = u(t + s,x)dr = s, sE€S,t€[0,N —s). (2.29)

N
/ F(Z@m (va(t) Ft+ st < CN) ds =0,
0
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which means that by passing to a subset of S, we may assume without loss of generality that
Py op (XN®) £t+st<V)=0, ses. (2.30)

To prove that (2.29) and (2.30) from above hold for all 0 < s < N, we use a bootstrap argument: Let
0 <s< N and s € S such that 8" < s. Then

0s @u(s,2)dr = 0545 o Qu(s’' +5— 8, 2)dx =045 o Qug(s— s, x)dx
=B g, 0 (XN (s =), X3 (s =),
where the last equality follows from (2.29) and (2.30). Hence, by the Markov property of X~ we get

N N N -1 N N N -1
Pou, © (X1 (1), X2 (1) = By (XN (o) XN (s-s) L © (X3 (), X5' (1))

- Pé\i@%/ o (va(sf s t), XN (s — s'+t))_1,

and thus for all t < N — s we have that t + s — s’ < N — ¢/, so by (2.29)) we obtain

Pé\i@“(svl’)dm °© (Xév(t)) = Pé\i/®u(sﬂz)dz ° (Xév(s -5+ t))
=u(s+t,z)dz,

so (i)-(ii) are completely proved.
To prove (iii) we make use of (i)-(ii) to deduce that for every 0 < s < N < oo we have

Pé\i@)us © (X{V(t)ﬂXév(ﬂ)il = 5s+t ® ptrs, 0<t <N —s,

hence for 0 <t < N — s

-1
Es. @ {1jo,v—s)xra(X Y (2))it <V} = LdP} g, o (X1 (1), X5 (1) =1,
[0,N—s)xR4
in other words Ps,gu, {t <(V} =1, 0<t < N —s, or Py g, {N —s< ¢V} =1. At the same time, by
(2:27) we clearly have that Py, , {N —s < ¢V} =0, since PY  -a.s. on the event N — s < (™ we have
XN(N — s) = N which entails the contradiction XV (N — s) ¢ [0, N) x R%. In conclusion, we must have
2.23). 0

Lemma 2.20. Assume that conditions H;{E and He, are fulfilled. Also, let (v, := v(t,z)dx),c(o ) C P(RY)

be a weakly continuous solution to the linear Fokker-Planck equation (2.3) on [0, N) such that v € A(i’iv.
Then for every 0 < s < N < oo we have the identification

PY g, 0 (XN (1)) =wis, 0<t<N-—s (2.31)

Moreover, there exists a unique solution n™ € P (C([0,N];R?)) to the canonical MP associated to (Lo)iero,
such that for every e € (0, N)

—1
’I’]N|C([E$N);Rd) =Py, © [(XQN(t - 5))te[E)N)] as distributions on C([e, N);RY).

Proof. First of all, since Hc, is stronger than H<, we have that the conclusions of Lemma are valid.
In particular, using Lemma (iii), apllied to vV = v, we have that the solutions (vév (t,x)dx)0<t<N_s
for s € S provided by Lemma are weakly right-continuous curves in P(R¢). Thus, by Proposition
they are weakly continuous, and the uniqueness condition H<, can be used to prove by following the
same lines as in the proof of (i)-(ii) in Lemma [2.19]

Now, let us show the second part of the statement. To this end, let € € (0,7), f € C([e, N] x R?%), and
define the process

M(t) = F(XN (1) - F(XT(0)) */ LA(XN(r)) dr, te[0,N —e).

0
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Recall that h(A) = 0 for any function h : [0, N] x R? — R, where A is an abstract cemetery points; see the
paragraph on right processes from Section [6} Also, note that by Lemma [2.19] we have

Pé\i@ug (CN =N - 5) =1

Furthermore, by Lemma [2.19} (ii), (2.31), and (2.12)), we have

Eé\i@)ug /Ot ’Lf‘(XN(T))dT:/OtVTJrg (’Ef’(r—i—a,-)) drgc/ON,ur ('Ef‘(r,~)) dr <oo, t<N—c.

Consequently, under Pé\i @u.» the process M (t), e <t < N, is well-defined and integrable. Moreover, since
XN is a right process, it is a standard fact that M is a continuous additive functional, namely

M(t+s)=M(s)+M(t)o0N(s), 0<s<N-—ec—t, Pfg\:@,us—a.e.

Consequently, (M(t)),con—c) is a P} o, -martingale as soon as we show that

te|
EN g, {M(t)} =0, te[0,N—¢).

But this can be easily verified since again by (2.31]) and Lemma we have

B g, M)} = vere(f(t +€,)) = ve(f(e,)) = /O vrye(Lf(r +e,)) dr

t+e
=vite(f(t+e,7) —ve(f(e,)) —/ ve(Lf(r,)) dr
=0, t<N —g¢,

where the last equality follows from the fact that (v¢):c[o,n) is assumed to be a solution to the linear Fokker-

Planck equation (2.3)).
Now, let us notice that (M (t))icjo,n—c) being a P(]S\i@yg—martingale actually means that

ft+e, XN () = fle, XN (0)) —/th(r+6,X2N(r)) dr, te[0,N —¢),
0

is a Pé\i ov, -martingale, hence, by a change o variable, that

f(théV(t - 6)) - f(E,XéV(O)) - /th(Tv Xév(r - E)) dT’, te [57N)a

S

is a Pé\i o -martingale. Consequently,

P} oy, © [(Xév(t - 5))t€[€)N)] fep (C([e, N);RY))

is a solution to the canonical MP associated to (Lt)te[e N)» with initial distribution .. Finally, the second
part of Lemma follows by Proposition [2.7] O

2.4.2 Proof of Theorem 2.12

Let
XN = (N FN (FN) 19 P, (5,2) € [0, N) x RY) with lifetime ¢V, N > 0.

>0 8,7
be given by Theorem [2.10] In order to construct the projective limit of the above family of right processes,

—N —N
the idea is to first construct the projective limit of the analytic objects (Pt ,t> 0) and <L{ ) . One
N>0 N>0
this first part is achieved, we proceed to the construction of the corresponding stochastic process which shall

stand as the projective limit of (X™V)n~o. The proof is a bit involved, so let us split it in several steps.
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Step OP1.1: We claim that for all N > 0 we have

=N SN+1 _
P, ((s,z),) =P, ((s,7) }[ON «ge FPn-ae. on [0,N) x RY ¢ >0,

and thus, by taking the Laplace transform with respect to the ¢ variable,

—N —N+1

U, ((s,z),)=U, Tiy-a.e. on [0,N) x R% o > 0.

((s, ) |[0N xR
To prove the claim, let h € pbB([0,00) x R?), so that hu € .AO<’;V,N > 0 for ¢ := ||h||oo. Further, set

h(t :L') (t, )

t,x) = t>0 RrR?
'U( 7"1‘1) fRd t x)dm - 717 e )

so that Lemma [2.17] as well as Lemma [2.19| can be applied to deduce: For each N > 0 there exists a set
S C (0, N +1) of full Lebesgue measure such that for every s € S one can construct the family of probability
measures (vév Tt — s,:v)dx) tels,N+1) which is a weakly continuous solution to the linear Fokker-Planck

equation (2.3) on [s, N + 1) with v *1(0,z)dz = v(s,z)dz. Thus, for s € S,t < N — s, by Lemma and
then Lemma [2.20] we have

(55 ® v(s,x)dx) Pt - st ®u(s, m)dm (X{V(t)aXév(t))

-1
= 6t+8 ® P&.@v(s,m)dm © (Xév(t))
=614 @Vt — 5, 2)d,

-1

as well as
—N+1 '
(0 @ v(s,2)dw) o Py =PEL L ya, o (X770 XH(0)
N1 N+1 !
= 5t+s ® Pésgv(s,x)daf (X ! ( ))

=0t ® véVH(t — s,x)dx.

Consequently, for every s € S and t < N — s we have

(8, ® v(s,x)dx) o Py = (8, @ v(s,x)dx) o Py )

or equivalently,

N+1

/ h(s,x)u(s, )Py ((s,2), ) da = / h(s, xyu(s, 2Py (5, 2), ) da.
Rd R4

where the dot indicates that the equality is for the corresponding measures on [0, N) x R%. As a matter
of fact, the above equality holds for any ¢ > 0 since by Lemma it is easy to see that as measures on

[0, N) x RY,
(0s @ v(s,x)dx) oPt =0= (s ®u(s,z)dx) o PN+1, t>N—s.

Finally, integrating also with respect to s we obtain
—=N _ —=N+1 _
/ h(s, 2)PY (5, 2), ) Ti (ds, d) = / h(s, 2)PN (5, 2), ) Ti (ds, d).
[0,N)xR4 [0,N)xR4

The claim now follows since h was arbitrarily chosen.

Step OP1.2: Fora >0,0< fe LP ([0,00) X Rd;ﬁ), 1<p<oo, set

— —N
Uaf = sup (1[O,N)><]RdUa (f\[o,N)de)) .
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We claim that U := (Ua)a>0 is a Cy-resolvent of Markov operators on LP ([0, 00) X Rd;ﬁ), 1<p<oo, and

71 is sub-invariant with respect to U.
To prove this claim, let 0 < f € L? ([O,oo) X Rd;ﬁ), 1 < p < oo and note first that by Step Q1.1 from
above we have N

Lio,nyxraU o (fljo,n)xra) i increasing with respect to N > 0.

Therefore, by monotone convergence

_ — P
7 ((aUaf)") = Sup iy ((anV (f [o,N)de)) ) < sup iy ((flo.v)xwa)”) =B (?), a>0.
. —N _
Furthermore, since by Lemma m (iii) we get P, 1(s,x) = ljo,n)(s +t) fiy-a.e., t > 0, we deduce that
aUyl = 1. Also, alU, is clearly positivity preserving, consequently it is a Markov operator on LP(zi) for
every 1 < p < oo, and it is straightforward to check that (Ua)a satisfies the resolvent equation. To conclude
this step it remains to show that
lim aU, =1d in LP(p),

a—00

which by a density argument boils down to testing the above convergence on smooth functions f with
compact support in [0, N) x R?, for some arbitrarily fixed N > 0. But for such f, by Step Q1.1 and
Lemma [2.19] (ii), (iii), we have

— —N
aUof =aU, (fljo,n)xre) Ljo,N)xRd (2.32)
which converges to f in LP(fz) as o — oo by Theorem [2.10]
Step OP1.3: Proof of Theorem (1) Let us denote by (L,,D(L,)) the infinitesimal generators of the
Co-resolvent U on L? ([0, 00) x R% 7z, that is
D(L,) := Uy (P ([0,00) x RE ), Ly (Usf) :==Usf = f,  feLP([0,00) x R: ), 1 < p < o

Since aU, is a contraction on L ([0,00) x R% 1) for every o > 0, we have that (L,,D(Lp)) is a maximal
dissipative operator on LP ([O,oo) X Rd;ﬁ), 1 < p < oo. Let us show that (El, D(El)) is an extension of
(L, C2((0,00) x R%))) on L* ([0,00) x R%7): Let f € C°((0,00) x RY)) so that f € C°((0,N) x RY)) for
some N > 0 that we fix. Thus, by Theorem [2.10, f € D <E§V) and there exists fo € L' ([0, N) x R% i)
such that

—N -, =N _
F=T fo and Tf =T\ fo—fo Tiy-ae.
Extending fo by zero on [N, 00) x R? and using (2.32), we get

— 7N — —_ p—
Lf=Uy fo—fo=Uifo— fo=LUifo=Lf Rae,
hence (Ly,D(Ly)) is an extension of (L, C2°((0,00) x R%))) on L' ([0, 00) x R 7).

Step OP1.4: We claim that there exists a resolvent of Markov kernels u = (UZ) oo O [0, 00) x R? such

that E(Ug) is min stable, contains the constant functions, and generates B([0, 00) x R%)) for one (hence all)
B > 0; that is, the equivalent statements in Proposition [6.8 from [Elements of right processed hold.

This claim follows mostly from [I7]. More precisely, by [17, Theorem 2.2 and Remark 2.3], we can directly
deduce that a resolvent of sub-Markov kernels U exists having all the other claimed properties satisfied.
Thus, we only need to prove the Markov property pointwise on [0, 00) x R%. To this end we use Lemma m
which is also taken from [I7], as follows: Let

Ey := {33 €1[0,00) x R : alUyl(z) = 1,00 € Q+}
= {x €[0,00) xR : alU,1(x) =1,a > O} ,
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where the (second) equality holds due to the resolvent equation and the fact that U is already sub-Markovian.
Since alU,1 = 1 fi-a.e. for every a > 0, we get that 7z([0, 0c0) x R*\ Ey) = 0. But now we can apply Lemma
simultaneously for the kernels alU,, 0 < a € Q4 to find F € B([0,00) x R?) such that F C Ey,

([0,00) x RE\ F) =0, and Ualjgeyxrayr =0o0n F, 0<a€Qy, hence for all a > 0.

Therefore, by Definition [6.30] and Definition [6.29] from [Elements of right processes, we can consider the
resolvent of Markovian kernels 7{ := (U&) o On [0,00) x R? obtained by restricting first ¢/ to F, and then

by taking its trivial extension to [0, c00) x R<. HO enjoys all the properties required in the claim.

Step OP1.5: There exists N € B([0,00) x R?) with
aN)=0 and Uglj\/ = Uileﬂ[QN)XRd =0 on ([0,N) x RY) \ W\ for all a«,N > 0,
such that if we set
E:=([0,00) x R\ WV, EY:=([0,N)xR)\N, N >0,
then for every N > 0 and f € bB([0,00)) we have

UZ ((s,z),") |~ = ﬁiv ((s,2),-),(s,2) € BN, and TU,f(s,z)= /000 e f(s+t)dt, (s,x) € E. (2.33)

To prove the above assertion, let (fx)r>1 € bB([0,00) x RY]) and (gx)k>1 € bB([0,00) x RY]) be such that
the two families of functions separate the space of finite measures on the corresponding spaces. Thus, using

Lemma [2.19]
—0 —N _
U (felio,vyxre) = Uy (flio,nyxre) Ljo,n)xre  Frace. for all a, N >0,k > 1,

so if we set

N = U [Ui (frljo,nyxra) # UaN (fxljo,n)xRe) 1[0,N)><Rd} ;
k>1,N,0€Q]

then 7i(A?) = 0; throughout, for f € B([0, N) xR%), by f1(5 nxre We denote the extension of f to [0, 00) x R
by setting it to be zero on [N, c0) x R?. By the same Lemma [2.19] we get fi-a.e. for all a > 0,k > 1 that

—0 —N RS
U, (gr) = sup Uq (9klo,n)) 1jo,n)xre = Sl}tp/ e grlio,ny (s +1) dt 1jg nyxra
0

o0
= / e (s +1t)dt.
0

Thus, if we set

N0 = U {Uggk(s,x) # / e “gi(s+t)dt|,
0

kZl,aEQi
then (N%) = 0. Now we set N7 := N° U N which satisfies 7(N’) = 0, so we can apply Lemma
simultaneously for the kernels Uooz, o € Q7 to find N € B([0,00) x R?) such that

N' cN and UglN:OODEforallaeQi, hence for all a > 0.

Moreover, for every (s,z) € EN k> 1, € Q. we have

—0 —N
Uq (filponyxra) (8,2) = Uy (frljo,nyxrae) (8, 2) 10, nyxra (S, ©),

and since fi, k > 1 is measure separating the above equality holds with f replaced by any f € bB([0, 00) x
Rd). Furthermore, by the resolvent equation, it is easy to see that the equality holds for all & > 0. Thus,
we obtain

To ((s,2),) ey =Tn ((s,2),-), (s,2)€EN,a>0.
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By a similar reasoning we also have
7 f(s,2) = / e~olf(s 1) dt, febB([0,00)), (s,2) € E,a >0,
0

Step OP1.6: Keeping the notations from above, let U .= (Ug) 0 and UV = (Ug) -0 be the restrictions
of 270 and HN to E and EV, respectively, given by Definition . Furthermore, set

V:E—10,1, V(s,x)=e°(s,z)€E.

Then V is U°-excessive.
Indeed, for all (s,z) € E, by (2.33]) we have

aUJV (s, ) = a/ e~ e (5 gt =
0

and we clearly also have li_>m UV (s,z) = V(s,z).

Step OP1.7: Let (E;,U") be the saturation of (E,U°) (with respect to Z;{g for some 5 > 0) given by
Definition Consequently, by Remark the function V has a unique extension V; by fine continuity
from E to Ey; V; is U'-excessive. Furthermore, by Theorem there exits a right process

X =(QF F. X(t),0(t),P., 2 € By) (2.34)

on Fy With resolvent L. R
Let U™ be the resolvent of the process X killed upon leaving the finely open set [V; > e™ V], N > 0.
That is

n

utN =yt — BVi=e gt on (Vi > e N, a >0, (2.35)
where recall that the balayage operator B2 is defined in Definition see also .
We claim that for every N > 0, the resolvent UMY is an extension of UN from EN to (Vi > e N, in the
sense of Definition[6.49
To prove the claim, we need to check conditions (i.1) — (4.2) from Definition namely that
ULN (2,[Vi > e N\ EN) =0, 2z € [V4 > e~ 7], and that
ULN((s,x), )| g~y = UN((s,z),-) as measures on EV, for every (s,z) € EN and N > 0.

To check the first condition, note that

En (Vi >e M\ EY)=NnN[0,N) xR?, where N is given in Step OP1.5.

Thus, ULN ((s,z), En (Vi > e N\ EN)) <UL ((s,2),N) =0, (s,2) € EN, hence

O (V> e M\ EY) <O (B \ E) < U, (B \ E) = 0.

Checking the second condition is a little bit more involved: Let N > 0 and (s,z) € EV, so that s < N.
Note that R 3 }
U(i ((S’x)a ) |EN = Ug ((va)’ ) ‘EN = Uojzv ((57'75)’ ) , a>0,

where the last equality has been obtained in ([2.27). Moreover, since
02 = 0 - BYE L,
it is sufficient to show that

BY ="M ((s,2),) gy =0, N >0. (2.36)
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To this end, let F' € bB(Ey) with compact support in Ey, in particular
supp(F) C [0,N —¢) x R?  for some € > 0.

We claim that ~
UF=0 on[Vi<e ™, N>o, (2.37)

hence BN'=¢ ]UiF(sw) < ULF(s,x) = 0; from this, by a straightforward density argument, we get
. . To prove (2. et z e |V <e” so that the fine density o in Fq, there exists a sequence

(2.36). To p (12.37)), 1 Vi <e ], hat by the fine density of E in Fj, th i q

(2 = (Sks k))j>1 C B such that

e = V(sg, k) = Vi(sk,2x) =% Vi(z) <e V.

Also,

ULF(z) = lilgn ULF(z,) = lilgn USF(z,).

[e3

Thus, if we set
f(s) :== sup F(s,z), se€0,N),

rcR4

and take into account that limg sy > N and that f(r) = 0,7 > N — ¢, we get

ULF(2) < limsup UL f(sp, x1) = limsup/ e " f(sp+1t)dt =0,
k k 0

which concludes the claim.
Step Q1.8: Let (Z;{N’l,EN’l) be the saturation of (Z;{N,EN>, N > 1. Then, by Step OP1.7 and Re-
mark we have that (Z;{N’l,EN’l) is an extension of (Z;{LN, Vi > e_N]), and that the latter is an

extension of (Z:lN ,EN ), in the sense of Definition Or, using the notation introduced in Definition

we have
(@™, EN) c (UMY, [vi > e N]) < (u™t BN, (2.38)
Further, set

BN = {(s,2) € [0,N) x R : Ty ((s,2), [0, N) x R*\ EV) =0}

Note that EN > EN and EN € A (HN), N > 1; see Section [6.3.2| Let

N = (o

Doy =l V21

the restriction of 7" to EN given by Definition @ Thus, we also have
(@™, BN) c (™, EN) c (UMt BN, (2.39)
Further, set .
EN =ENn[Vi>e ™ in ENY uN =uNt gy, N>0.
Thus, we now have
@™, EN) c N, BNy c (UM, vy > e N]) € (UM BN, (2.40)
@™, EN) c N, EN) c (uN, EN) (UMt BN (2.41)

Moreover, note that E™V-1\ [V} > _N] and EN1\ EN are polar sets in EN'1; this follows by Theorem

since both resolvents U and UMV are the resolvents of two right processes on the corresponding spaces.
Consequently, for every N > 1,

ENI\ EN s polar for YN, [V1 > e*N] \EN is polar for Y™V, and EV \ EV is polar for uv.
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Step OP1.9: Recall that X" is a right process associated to u" on [0, N) x R% as in Theorem
Lemma [2.19] and Lemma [2.20l Also, since EN C [0, N) x R and EN € A (HN), we can consider

XN = XN pn, (2.42)

the restriction of X~ from [0, N) x R? to EV, which is a right process on EV with lifetime ¢V and (norm-
)continuous paths, as it follows from Proposition and Definition Clearly, the resolvent of X is
UV, N >1.

Also, let XN be the right process on EN obtained by first killing the right process X upon leaving
[Vl > e_N] and then taking the restriction to EV, N > 1; this is done following the procedures in Sec-
tion Thus, the resolvent of X1V is precisely UV |zn = UN, N > 1. Now, since the norm topology
on EV is a natural topology with respect to U, the latter being the resolvent of both processes X~ and
XLN by Proposition we get

XN and XV have the same laws on the path space C ([0, 00); EN) , (2.43)

with £V endowed with the norm-topology, and for all starting points (s,z) € EVN,N > 1.
Consequently, relying also on Lemma the right process X given by (2.34)) satisfies for all N > 0

Ps,op, (Thvice-n) =N —5) =Ps. g, ((N=N-5)=1, se(0,N), (2.44)
1@5_@#5 ([O,N —s) 2t X(t) 3 EN is well defined and norm-continuous ) =1, se(0,N). (2.45)

P(oa) © (f(@))

1 _
=P 0 (XN(1)) 1, s€ (0,N),t € (0,N —s),ps-a.e. (s,z) € EN. (2.46)

Step OP1.10: Define

E .= U EN,  so that we clearly have 7 ([0,00) x R\ E)) =0.
N>1

By Step OP1.9, we have

Pz (sup Tiv,<e-N) = oo> =1, (2.47)
N
Py ([O, 00) 3t X (t) 3 E is well defined and norm-continuous ) =1 (2.48)

In particular, if we extend & from E to E) by setting z(E; \ E) := 0, then E; \ FE is fi-polar and fi-negligible
(with respect to ), hence by Remark (iii), there exists a further B([0, 00) x R%)-measurable set Fy C F
such that E; \ Ey is fi-inessential (see Deﬁnition.
By Proposition X can be restricted to Ep, the restricted process being denoted by X°.
Furthermore, note that each EV is finely open in Ej, since it is finely open in [Vi > e~ N], and the latter
is finely open in F;. Consequently, by 7 if f € Cy([0,00) x R?) then

[0,00) 3 ¢+ f(X°(t)) € R is (right) continuous at t =0, P, ,y-a.s. for all (s,z) € Ep,

hence by Remark we easily deduce that the norm topology on E° is a natural topology with respect
to the restriction U] z0. We can now apply and Proposition to deduce that there exists another
subset ET C E, set with Ej \ ET fi-inessential such that if we restrict the process X, to Ef, then it has
P(**)_a.s. norm-continuous paths in ET for every (s,z) € ET. We denote this last right process with by

Xt = (IPT

(s,2)?

(s,2) € B, XT(t) = (X{(t), X (t),t > 0)), with resolvent . (2.49)

Note that X' has IP’J{S )-8, norm-continuous paths for every (s,x) € ET, and it is conservative since its

resolvent U1 is the restriction of U! from E' to ET, hence

aUll(z) = aUllgi(z) = aUll(z) =1, =z € ET. (2.50)
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Step OP1.11: The right process X' satisfies

Pt

oy (XI®) =t+st>0) =1, (s,2) € E. (2.51)

Indeed, we can argue as follows: First, note that by (2.33)) and the fact that U° is the restriction of HO from
[0,00) x R? to E, we have

O les,2) = [ fs+0) db, (s,) € B, F € b5(0,%)).
0
Since E is finely dense in Ej, it is straightforward that, for all (s,z) € E*,
Oif(sa) = [ eetf(s ey a f € bB(0,0),
0

where f is any bounded and Bj-measurable extension of f|g to E;. Consequently, since U is the restriction
of U' to Et, and Et € B ([0,00) X Rd), we get

Ulf|ET(s,x) = /000 e f(s+t)dt, fe€bB([0,0)),(s,x)€ Ef.

It is now straightforward to deduce (2.51]).
Step OP1.12: For every N > 1, s € (0, N) and t € [0, N — s) we have the identification

PT

(s,x

o (XTW) T =B o (X)), peae (s,2) € BN EY (2.52)

(s,

Indeed, note first that by the previous steps,

EfcE=|JEYNCl0,00)xRY, ETcAWU"), X'=X|p.
N>1

Hence, using also (2.46)) we get the identification

IP’ISJ) o (XT(tf))_1 = I@(S’m) o (X(t))_l = é\;w) o (XN(lf))71 . ps-ae. (s,x) € ETNEN.

Step OP1.13: We have i([0,00) x R\ ET) = 0. Furthermore, for every s > 0 let us set
Ef(s):={zeR?: (s,2) e E'}. (2.53)
Then

o (X‘L(t))_1 = 0t4s ® feys for every s >0 and t > 0.
(2.54)

Ibs (ET(S)) =1 fOT’ all S € (O, OO) a‘nd ]Pgs(gﬂs

Indeed, using Step OP1.10,
([0, 00) x R\ BY) = ([0, 00) x R\ ) = 0.
Moreover, from (2.26]) and (2.52]) we obtain that

Pt

5@, © (XT(t))_1 = 0145 ® prys for every s > 0,t > 0.

Step OP1.14: By construction, it is clear that @ is sub-invariant for the transition function (PJ) of

£>0
i : T d.—
the process X, hence (Pt> can be extended to a Cy-semigroup (Tt) on every LP ([O, o0) X R ;,u),

t>0 t>0

1 < p < o0. Moreover, the resolvent of (TJ)DO is precisely U constructed at Step OP1.2. Consequently,

t
PtTf =f +/ PILf ds T-a.e. for allt >0 and f € O ([0, 00) x Rd) )
0
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Step OP1.15: Let s > 0 and P(R?%) 3 v, < cpu, for some constant ¢ € (0,00), and set

-1
Viys '= Pj;s®us o (X;(t)) s t 2 0.

We claim that for all N > s, the family (Vt+8)te[0,N—s) is the unique weakly continuous solution to the LFPE
(2.3) on [s, N) which consists of probability measures, belongs to Agfj, and whose initial condition (at time
s) s vs.
Indeed, the fact that (vi4s),e(0, n—s) i a weakly continuous curve in P(RY) is now clear since (X;(t))po
is conservative and has a.s. continuous paths. B
The fact that (vi4s)yeo,n—s) IS a solution to the LFPE (2.3) on [s, N) follows e.g. similarly to the proof

of Lemma (iii). Finally,

-1 dy, -1
Vigs = / PLo (X)) i ps(dz) < cPl o, o (X3(t)  =cpuis, t2>0.

Consequently, the uniqueness part also follows since condition Hc, is in force.

Step OP1.16: Proof of Theorem (ii). Let ET and XT defined in (2.49). Note that X' is a
conservative norm-continuous right process on E, so it satisfies (ii.1) from Theorem due to ([2.54).

Concerning assertion (ii.2), note that by Theoremm (i), we have that the (trace of the) norm topology
on ET is a natural topology, hence for any f € Cy([0, 00) x R?) we have that f|g+ is finely continuous, hence
PtT flgt is finely continuous due to Remark Furthermore, recall that ' is a Ji-version of U, hence by
Step OP1.3, (ii.2) is as well satisfied by XT.

Assertion (ii.3) is also fulfilled by X due to the conclusion in Step OP1.10.
Assertion (ii.4) with XT instead of X follows by (2.51)) and (2.54).

Regarding assertion (ii.5), let us notice first that by a straightforward density argument we have that
C?([0,00) x R?) € D(Ly). Let f € C%(]0,00) x RY) and set

My(t) == F(XT(1) — F(XT(0)) / L/(XT(r) dr, t>0. (2.55)

0
Let us define i; € P([0,00) x RY) by
L= e tu(t,x) dt @ dr on [0,00) x R,

=

Notice that by Theorem [2.12] (i)-

—~

ii.2), proved above, we have

Ay (ULILf]) < oo for every a > 0, (2.56)

and also that (P} f);>0 solves the Cauchy problem for (L1,D(Ly)) on L? ([0,00) x R% ). Consequently,
using also the continuity of ¢ — M () we easily get

Ef, {M;(t)} =0, t>0, (s,2)€El P} -ae,
and thus,
EL {M;(t)} =0, t>0, forevery 7€ P(ET) for which there exists ¢ > 0 such that 7 < ¢fi,.
Now, by Proposition m there exists a subset By C ET which is p-inessential and such that
(My(t));5o isan (.7-'3) -martingale under ]P’:g(s’w) for every (s,x) € Ey. (2.57)

Furthermore, for a countable subset 7 C C2°((0,00) x R?) which is dense with respect to the uniform
convergence up to (and including) the second derivatives, set

p=( ) (N <)),

feT n
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where (,,)n>1 C C2°((0,00) x R?) is such that

¥, >0 and ¥, =1on[1/n,n] x BO,n), n>1.

Note that by (2.56), Remark and Remark we have that [UlT L | = oo] is ji-inessential for every
feT,aswellas BT\ E.

Now, we take X to be the restriction of Xt from E' to E in the sense of Definition It is clear that
(ii.1)-(ii.4) are still fulfilled, whilst (ii.5) follows easily from (2.57) and the above mentioned density of T in
C((0,0) x RY).

(ii.6) Let s > 0 and v, € P(R?) such that v, < cu, for some finite ¢ > 0. By ([2.12) and (2.54) we easily get
that

B} o, M)} <00, t>0.
Now, by assertion (ii.5) and the notation M} introduced in (2.57)), we deduce that

My is an (F(t))-martingale under Ps_g,., f € C>((0,00) x RY).

Now, assertion (ii.6) follows from Step OP1.15.

2.4.3 Proof of Theorem 2.15

Because the process ensured by Theorem [2.12] requires some modifications, let us use the notation

Xt = (Qf, F1,Fi(t), x1(t), P!, (s,2) € ET,t > 0)

S

for the process constructed in Theorem|[2.12] with transition function denoted by (PtT)t>0 and resolvent U =

(Ul)(»o. Note that we have also used the notation Xt to define the process from in Step OP1.10;
it is useful to note that the process we now denote by X', namely the one furnished by Theorem is
in fact the restriction (in the sense of Definition of XT from , so it inherits all the properties
deduced for XT in all steps that follows after (including) Step OP1.10.

Proving that in the conclusions (ii.1), (ii.4) and (ii.7) from Theorem [2.12| we can allow s = 0, if condition

HZV is in force, is highly nontrivial. We show this systematically, in what follows.

Step OP2.1: Firs of all, since the uniqueness assumption H<, holds, one can apply [64, Lemma 2.12] to
deduce that the family (™) N 8iven by Theorem is a consistent family (see [57] for the notion), hence
by the general theory (see again [57, Theorem 4.1]) admits a unique projective limit n € P (C ([0, 00); Rd)),
with one dimensional marginals (j1¢)¢e[0,00)- Let

(1) zera © P (C([0,00); RY))

be the Borel family of probability measures obtained by disintegrating the law n € P (C’ ([0, 00); Rd)) with
respect to pg, in the same spirit of Theorem Also, let

" . . . z d
t [e’s} .
(0f )tejo,00) be the one dimensional marginals of n* for every x € R

Step OP2.2: We claim that there exists M € B(R?) such that puo(M) = 1 and for all x € M and
f € bB([0,00) x RY)

e (P flei(s,) =niy (F(s+1,),  ds@dt-ae. (s,t) € (0,00)% (2.58)

To prove the claim, note first that by a monotone class argument, it is sufficient to fix f € b3 ([O, 00) X ]Rd)
and prove (2.58) with M possibly depending on f. Further, let vy € P(R9) such that vy < cup for some
finite constant ¢, and define n” € P (C([0, o0]; R?)) by

N (A) := /AUI(A)VO(dx), AeB(C([o, oo];Rd)) . (2.59)
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Consequently, for every s > 0 we have %0 < cus, and hence by Theorem [2.12] (ii.7) we have that

-1
Vits = P(];s®77.l;0 (@) (Xg(t)) 5 t Z O,

is the unique weakly continuous solution to the LFPE on [s, N) which consists of probability measures,
belongs to A;’fj, and whose initial condition (at time s) is n¥o, for all N > s. But (n;is)tgo is also such a
solution (see Theorem in fact [64, Proposition 2.7]), so we must have

Vst = n:it’ t=>0, (260)

hence, using also Theorem [2.12} (ii.4),

2 (Pl flpi(s, ) = EMSm0 {f] o (XT0)} =022, (F(s+1,), s>0,t>0.
Since vy is arbitrarily chosen such that vy < cug, the claim follows.

Remark 2.21. [t is worth to point out that relation (2.58) is not obtained for every s,t > 0 because we do
not know whether the left hand side of the equality from (2.58)) is continuous in both arguments (s,t), the
challenging continuity being the one in the s variable.

Step OP2.3: We claim that there exists M' € B(R?) such that
po(M')y =1, 5% =06, and nZ(E'(t) =1, z¢€ M, dt-a.e. t>0,

where recall that Et(t) is gwen by (2.53)).
Indeed, using Theorem [2.12} (ii.4), we get

no) = [ mColde). and [ (B E)(dn) = (B (@) = (B ©) =1, >0,
from which the claim can be easily deduced.
Step Q2.4: Let us set
Mo :=MnM', EY:=({0}x My)u(E"\ {0} x E(0)),

and

+,0 L ’r’f (f(tv ))’ lfs =0 Il 1,0
Pl f(s,x) = {Pj o) (5.2), ifs>0 febB(E)),t>0, (s,x) € ET. (2.61)

We claim that

(1) PI° =1d and PtT’OPtT,0 P+t’ as kernels on EV0, dt ® dt'-a.e. (t,t') € (0,00)2.
im P f = pointwise on or all f € Cyp(E™7).

2) lim PIf = pointwise on EJ for all f € Cy(E"
—

(3) If we denote by UM = (UJr 0 = f 7O‘tPJr 0 dt) 0s0 the resolvent of (P:7O)t>0’ then U0 is a resolvent
family of kernels on EYC such that -

U1 =1,a>0, and lim QU f = f, f e Cy(EM0). (2.62)

To prove the claim, first of all notice that

the mapping [0, 00) x ET0 5 (¢, s,2) — P f(s,2) € R is measurable for every f € bB(E'?).
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Let us prove (1), by noticing first that Pg’o = Id follows from the fact that n§ = 6.,z € Moy and d(5 ) oPg’0 =

O(s,2): (8,) € ET9. To show the semigroup property for a.e. ¢, > 0, note that taking first s = 0 we have
by (2.58) that

PIORYF(0,2) = np (PLO1(t) =i (Pl (fle) () = nise (F(E+1,)
=P, f(0,2), dt®dt-ae.
The case s > 0 is immediate since PTP = P+t, on ET.

To prove (2), it is sufficient to show the desired convergence for every f which is bounded and Lipschitz
on ET9. With this reduction, if (s,7) € ET then by using the fact that (P:>t>0 is the transition function of

a right process with a.s. continuous paths in ET, we get
. ) .
lim PF0f (s, 2) = lim Pf (f]50) (s,0) = f(5,2).

If s =0 and x € My, then

lim | P (0,2) = £(0,2)| = lim [nf (f(¢, ) = £(0,)]
—0 t—0
= limsup [ (min (|| - =[], 2[| fllsc)) + [flLipt] = 0,
t—0
where |f|Lip denotes the Lipschitz norm of f.

The proof of (3) is now straightforward, using (1) and (2) from above, as well as Step OP2.3 and the
fact that PtTl =1on ET.

Step OP2.5: We claim that there exists Moy € B(R?), Moy C My such that puo(Moo) = 1, and if we set
EH00 .= ({0} x Myo) U E,

then

UlT’0 ((s, @), ETON\ ET’OO) =0, (s,x)e EN0
and the restricted resolvent U := UT| 100 is a Markovian resolvent of kernels with no branch points,
that is for all (s,z) € ET90 f g € bB(ET9) we have

hm aU‘L 00 ( Toof A UT 00 ) (s,x) = U{r’oof(s,x) A U{r’oog(s,m)‘ (2.63)

a—r
The proof of this step is involved, so let us split it in several sub-steps:

(1) Let us set
ET00 .= {(s,x) e ET0: hm aUlfl (U{r’of A Uf’og) (s,2) = U f(s,2) AU Cg(s,2), f,g € bB(ET’O)}

Then by [14, Theorem 1.2.11 and assertion 1 of Remark at page 23] we have that E7%° € B(ET?) and
U0, ENO\ EM09) = 0 on ET0. Moreover, notice that if we set E' := Et\ {0} x Et(0) then E' € AUT)
(use e.g. Theorem [2.12] (ii.4)), Uz = UT|g, and U has no branch points since it is the resolvent of
a right process on ET; see Proposition and the remark after it. Thus,

ENO\ ETO0 < {0} x My c {0} x ET0(0),

and it remains to show that
o (EH(0)) = 1.

(2) The next step is to notice that by the monotone class argument [I4, Lemma 1.2.10], it is sufficient to fix
f,g € bLip(]0,00) x R%) with compact support, where bLip([0,00) x R?) denotes the space of bounded
and Lipschitz functions on [0, 00) x R?, and show that

o ({2 € BM(0) + tim aULY, (UTOF AUTg) (0,2) = U £(0,2) A UL 0g(0,2) }) = 1.

a—
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3)

In light of (2) from above, let us fix f, g € bLip([0,00) x R%) and define for z € My and o > 0

Yo (x) = aUl’El (Uf’of A U{r’og) (0,2) = /OOO ae*(o‘“)tnf ((Uff A Ung) (t, )) dt,

() = U F(0,2) A UT9(0,2)
Note that Uf’of/\ U{“Og is U{r’o—supermedian, hence ¥, < 1g < 1) for every 0 < o < 3, and we can define

Voo 1= lim 9o =sup Py <1, pointwise on My.

a—r 00 a>0

Consequently, to achieve Step OP2.5 it is sufficient to show that

(1o (Yoo) =) Jim po (Vo) = o (¥) - (2.64)

Proceeding to prove (2.64), let us notice first that using e.g. Theorem (ii.4), and the fact that
P/ (Uff/\Ung) < et (Uff/\Ufg) ,t >0, we get

po (Vo) = /Ooo ae= @y, (Ul f AUL) 1)) dt
e 'ue (U1 A UT) (1)) = e e ((PL (U F A UT9)) (5.)
<e s ((Ule A Ung) (s, )) dt, s<t,

we obtain that ¢ — e~ te~fu, ((Ule A Ufg) (t, )) is non-decreasing. This easily implies that (2.64) is
satisfied if we show that

Ata)n N0 limpe, ((UTFAULG) (8, ) = 1o (4). (2.65)
We focus now on proving (2.65)). To this end, we write for ¢ > 0
Het ((Uff A Ufg) (t, ')) =yt (1gto)¥) + e,
eol < e ([1or0@ U S (1) = 1pro@ (VUF£(0,)]
10 (U9t ) = Lsrowy (VU 9(0, )] ) -

Hence, using H}V we have

timsup [ (Lpro0%) = po (9)] < [0l mnsup | fu(t,) = u(0, )| do = .
t—0 t—0 R4
hence it remains to prove that 3(¢,), \, 0 : lim,e;, = 0, which boils down to show that for every
f € bLip([0,00) x R?) with compact support we have

A(tn)n \(O: li’rIY,Ilutn (‘IET,O(tn)(')UlT’Of(tn, )= lET,o(O)(')Ultof((L )D =0.

Remark 2.22. Here and in general, ifv: F — R andw : A — R with A C F, then by vw we understand
wither v| gqw or v(1aw), where recall that 1 4w stands for the extension of w from A to F by setting w = 0

on F\ A.

Furthermore, by HJV, we deduce that Step OP2.5 is achieved if we show that for every f € bLip([0, 00) x
R?) with compact support,

I(tn)n \(0: lim W(tn, )UO f (b, 2) — u(0,2) U O £(0,2)| dz = 0. (2.66)

n R4
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(6) To prove (2.66) we need first a compactness result. More precisely, fizing f € bLip([0,00) x R?) with
support (for simplicity) in [0,1) x R? and h € C(R?), we claim that by setting

w(t,z) = u(t,2)Uf f(t,2)h(z), xeR%te (0,1],
then there exists a dt @ dx-version W such that
W € C ([0,1]; L*(RY)) .

In fact, the claim follows by Lions-Magenes interpolation lemma [51, Chapter 3, Theorem 3.1], once we
show that

we L2 ([O7 1];H1(Rd)) and % c I? ([07 1];H‘1(Rd)) ) (2.67)

To this end, following [61] let us consider (Ag, D (Ag)) the closure in L2 ([0, 1] x R% 7, ) of the symmetric
bilinear form

Ao, 1) = / (At 1)V (t, ), Vib(t, ) Ty (dt,de), o) € C5° ((0,1) x RY).

[0,1]xR4

Also, note that by Theorem m (i), on LP([0,1] x R% ;) we can identify U with Ui, where ﬁi is
given in Theorem Consequently, by [61, Theorem 1.7], b) and c), we have that

Ul £ and q(-,-) := h(-)U] (-, ) belong to bD(L;) C D (Ay) (2.68)

where D(Ei) is given in Theorem and also that

d m —1
_/ dffq d,“/l = .AO(q> 90) + / <b — b07 V(p)q dﬁl + / 4PI—1Q dﬁl? (269)
[0,1]x R4 [0,1] xRd [0,1] xRe

where
Vu
Now, let us show that w € L? ([O7 1); H! (Rd)). To this end, note that it is not a priori clear that we can

consider the classical weak gradient in the z-variable, Vw. Thus, to make the computations rigorous,
let us consider

d
Oq,
b? ::Z(@wjaij—&—mij]\/a) , 1<i<d.
i=1

(vr), € C5°((0,1) x RY) € D (Ap) uniformly bounded,
and such that

lillcrnAo (vk — U{rf, vk — Ule) =0, qr:=hvg, wg:=uq, k>1

For later use, note that it is straightforward to see that limg Ao (gx — ¢, gx — ¢) = 0. Furthermore, it is
easy to see that for our current goal it is sufficient to show that

(wk)x is bounded in L? ([0, 1]; H'(R%)). (2.70)

By the product rule,
Vwy = ¢ Vu+ uVar = 2q:v/uVyv/u + uV,

so that by HY™ and using that g, is uniformly bounded with respect to k, ¢, z, and has compact support
uniformly with respect to k, the first summand 2qz+/uV+/u can be easily bounded in L2([0, 1]; L?(R9)).
Hence, it remains to show that

(uVgy), is bounded in L? ([0,1] x RY; dtdz) .
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But, according to (|2.68]),

/ [V gu? dtda::/ |Vaul? iy < Ao (Guar)
[0,1]xR4 [0,1] xR

where c is a constant depending on the ellipticity of A and the L*°-norm of u on [0, 1] x supp(h), where
supp(h) is the support of h in R?. Now, (2.70)) follows since it is easy to see that sup.Ag (qx, qx) < o0
k

due to the fact that sup Ag (vg, vk) < 00.
k

Finally, let us show that 42 € L?([0,1]; H'(R?)), namely that there exists @ € L2 ([0, 1]; H*(R?))
and a constant C' such that

/ d—ww dtdx
[0,1]xRa dt

To do so, note that by (2.69))

d
/ —ww dtdx
[0,1]xRe dt

< C||SD||L2((O,1)><H1(]Rd))7 for all (RS Cgo ((0, 1) X Rd) .

d
= / —wqu dtdx
[0,1]xRa dt

< [ o(g, )| + / (b—1°, V) i | +
[0,1] xRd

We treat now each of the three terms in the last sum:

[Aa(a, )] = lim Ao, )] <sup [ |42V qu |4 ]| dry
k- J10,1]xsupp(h)

1/2
< sup Ao(qx, qr)*/? (/ |AY 2V |2 Cm1>
k [0,1]xsupp(h)
< CSI;P Ao (g ar) 0l 20,1711 (R1Y)
where the constant C' is independent of k£ and ¢, and its existence is ensured by H, and HV". also, note

that supy, Ao(qk, qr) < 0.

Let us now treat the second term, for which we have

1/2
< lellzz(o,1)x 1 (raY) (/ b —0°)*¢%u dm)
[0,1] x R4

< Cllell L2 o,y 51 (R

/[0 ; Rd<b — b, V)q dm,
1] %

where the constant C' is independent of ¢, and its existence is ensured by H;/E.

We now treat the last term, as follows:

/ wfiq diy
[0,1]xRR4

whilst Hufiq||L2((071)xmd;ﬁl) is finite since Eiq is bounded with compact support by [61, Theorem 1.7,

(c)], whilst u is bounded on compact sets by HV™,

—1
<l z2(0,1)xr lul1all 2 ((0,1) xRA:7, )

Thus, the claim in item (6) is proved.

We now claim that there exists F : [0,1]xR? — R measurable, which is a dt®@dx-version of u(-,-)U{ f(-,-)
on [0,1] x R? such that

hE € C ([0, 1]; L2(Rd)) , for every h € C°(RY).
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To prove this, for each n > 0 let h, € C°(R?) such that h, = 1 on B(0,n). Then, by (6), let
W, € C(0,1]); L2(R%)) be a dt @ dz-version of hy,(-)u(-,-)UJ f(-,-), and for every t € [0, 1] define

Z Wnt1(t, )1 Bon+1\BOm) ()

n>0
It is now easy to see that F' satisfies the requirements from .
(8) Let F be as in item (7). We claim that
Y (tn)n \( O there ezists a subsequence (tn, )i such that hm F(tp,,r) = F(0,z) dz-a.e.

To show this, let V(z) := e~ II?l 2z € R and (t3)r C (0, 1] such that limy ¢, = 0. Then

V) E () = V() F(O, HLl(]Rd)<Z/ V(@) [t (b ) = Wny1(0, )] da

n>0 B(0,n+1)\B(0,n)

< Z 7n/ |[Wnt1(tk, 2) — Wnt1(0,2)] d
"0 B(0,n+1)\B(0,n)

= Z €_nak,na
n>0

where

Ay, 2= / [Wnt1(tr, ) — Wp1(0,2)| dz, k> 1,n >0,
B(0,n+1)\B(0,n)

whilst @y, n > 0 are given in (7). Now, on the one hand we have that w,+1 € C([0,1]; L(R%)), hence
limy, ax,, = 0. On the other hand,

Sup ag,n < 2 sup / W11 (t, )| dx = 2[|iWny1(t, )| oo ([0,1]:21 (B(O,n+1)))
k te[0,1] JB(0,n+1)

< 2[fll Los (0,1 xra)y < 0.
Therefore, by dominated convergence, we obtain
lin V() F(t, ) = VOF(©,) in L'(RY,
hence, taking also into account that V' > 0, there exists a subsequence (¢, )n>1 such that

lim F(t, ,-) = F(0,-) dz-a.e.
n

(9) We claim that
3 Fy R = R and (tn)n N\ O such that lim1gro,) (VU f(tn,) = Fo()  da-a.e. (2.71)
Indeed, first of all, since F' given in (7)) is a dt ® da-version of u(-,-)UJ f(-,-) on [0,1] x R?, there exists

(tn)n>1 N\ 0 such that
F(t”’ ) = u( ns )U1( ns '); n > 1,dx-a.e.

Therefore, using also that U{(¢,-) = U] (¢, ) for ¢t > 0, we have

3 (tn, )k : li]]inu(tnm -)Uf’o(tnk, )= F(0,-) dz-ae

Now, since limy, u(t,,,) = u(0,-) in L'(R?) and fEm(t) u(t,z)dr = 1,t € [0,1], we can easily deduce
that, by passing to a further subsequence,

3t Jr s lim lETvO(tnkl)(')UlJr’O(tnkl ;) = 1gtoy(+)

which proves the claim.
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(10)

(1)

Let us fix s > 0, f € bLip(]0, 00) x R?) with compact support, and define
pi(x) = @i (2) = Lprow (@) P f(t2), te[0,1],z €RY,

where 1pio()(2)g(x), € R? denotes the extension by zero (from ET9(t) to R?) of any given function
g: ETM0(t) = R.
We claim that

lim 1o (vowpr) = po (vowo)  for all vo € Ay, (2.72)

where Ag is the class of probability densities employed in H{V.

To prove the above assertion, let vg € Ao,

vy = vo(2)u(0, z)dz < ||volleopro, and 7;°,t > 0 be given by (2.59).

Then

)

to (vopr) = /Rd vo ()i () po(dz) = /Rd vo(2)u(0, )¢ (x) dz
— /Rd (vo(x)u(o,x) _ dg;o (:c)> oi(x) do + /Rd i () (dz)
- / <vo(x)u(0,m) - dgto (x)) u(w) du + 0 (PIOf(E, )
R4 "

hence by (2.58) we can continue with

dn;” v
— [ (sola)u0.0) = Fo@)) ) o+ 02, (54 ).
R4 X
Now, on the one hand, since H{V is in force we have that the first term in the right-hand side of the last

equality converges to zero when ¢ — 0. On the other hand, by the weak continuity of (n;’ O)tZO and the
fact that f € bLip([0, 00) x RY), we easily get

lim %, (f(s +1,-) = 15 (f(s,0)) = / vo () o () o (dz).
—0 Rd
Let us now finish the proof of the claim in Step OP2.5. First, notice that

/000 e pi(x)ds = lET,O(t)(z)Uf’Of(t,x), t>0,z € RY.
Consequently, on the one hand we have
lim p19 (UO(')lETvO(t)(x)Uf’Of(ta ')) = fto ('UO(')lET‘O(O)(')Uf7of(0> ')) for all vy € Ao,
On the other hand, by item (9) and using dominated convergence, we deduce that
3t ) N 0= im o (v0(-)Lptoqo (@)U F (1)) = po (v0(-)Fo())  for all v € Ay,

where Fj is the function entailed in @ Since Ay is assumed to have the separation property from HJV,
we deduce that

Fy = lET‘O(O)(')Ul’Of(O, ) Ho-a.e. (273)
Finally, by (2.71) and (2.73) we can ensure (2.66)), hence Step OP2.5 is accomplished.
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Step OP2.6: Let U%° = 1419|5100 be the resolvent of Markov kernels constructed in Step OP2.5. Also,
recall that U is the resolvent of the right process X' on ET, as in (2.49)), and note that using Step OP1.10

we have
U(-,{0} x E'(0)) =0 and ET\ {0} x ET(0) € AUT).

Hence, we can consider the restricted resolvent and process (X', U’) of (XT,U") from ET to E' := ET\ {0} x
E7(0). Now, let us notice that we have the natural extension (see Definition |6.49)

(E/,L{/) C (ET,OO,L{T,OO) .

Moreover, by Step OP2.4 and Step OP2.5, one can esily see that S(Ug,’oo) is min stable, contains the

constant functions, and generates B(ET°) for one (hence all) 8 > 0; see Section@for details. Consequently,
by Proposition [6.8| and Theorem [6.51} we deduce that there exists a right process on ET:°0 denoted by X100

X 1,00 . (QT’OO,]-'T’OO,FJ’OO,XT’OO(t),QT’OO(t),IP’I;OS), (s,2) € E‘L’O()) :

which is a natural extension of X’ from E’ to ET'%0; using the notation in Definition [6.49] this means that
(B',X') C (EM00, X100 (2.74)

In particular,
{0} x E™%9(0) is polar with respect to U™, (2.75)

Note that X1 is also conservative, namely
IP’L(;O (XT’OO(t) € BV for all t > 0) =1, forall(s,z)e EHO0,
We claim that for all (s,z) € ET09 s >0, we have
]P’ljgo (XT’OO has norm-continuous paths in ET%° C [0, 00) x Rd) =1. (2.76)
Indeed, if (s,z) € ET0 with s > 0 then
PHO0 o (XT0) T = pi o (XT) 7,

and in this case the claim is clear since XT has norm-continuous paths a.s. for all starting points.

Step OP2.7: We claim that

IP};)OQSHO ([0,00) 3 t = X199(t) is norm-continuous in BV C [0,00) x R?) = 1. (2.77)

To show this end, note first that by (2.74))- (2.75), and the fact that X’ has a.s. (for every starting point)
norm-continuous paths in E’, we deduce that it is enough to show

1,00
So®po

As a matter of fact, by the same (2.74))-(2.75)) we clearly have

P:g:?zguo ((O,N) > ¢t — XT9(t) is norm-continuous in ET’OO) =1, for every N > 0,

([0,N) >t~ X199(2) is norm-continuous in ET’OO) =1, for some N > 0. (2.78)

so that showing (2.78]) boils down to showing

Pg;}%gm Qg% X100y = XxT00(0)  with respect to the norm—topology) =1. (2.79)

To show this, recall that by the above and Step OP1.9 we have

Xt = X', YO\ E'is polar, X' =XT|p, X'=Xp, X°=X|g,
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whilst by Step OP1.8 we have

ED‘;S@‘S © [(X(t))te[ow_s)} - Pé\i@us °© [(XN(t))te[O,Nfs)] , 0<s<N.

Consequently, we obtain

-1
tE[O,N—S)] = Pé\i@us o [(XN(t>)te[07N_s)] 5 0<s< N,

hence, by Lemma there exists ™ € P (C([0, N]J;R?)) such that

P, o [(XT@)

—1
T]N|C([E7N);Rd) = Pg;(gus o [(XT’OO(t - 5))t€[€_N)] as probabilities on C([e, N); R?), for every € € (0, N).
Furthermore, using (2.61)) we get
UL 0,8) = [ e () o> 0.f € VB(EH) (280)
0

Consequently,
8o @ po (ULPOf) = / e” 6 @ pe(f) dt, a >0,
0

which means that

,00 ) -1
]P):go®u0 °© [XT Oo(t)] - 525 @ g, L > 0.

Consequently, using also that X790 is a (right) Markov process, we get

-1 -1
1,00 1,00 _ mt,00 1,00
Pso@uo © {(XQ (t))te[s,N)} =Pslen. © [(XQ (t- 6))te[s,N)}
:77N|C([€7N);Rd) on C([e,N);R?) 0<e<N,
Getting rid of €, the above can be rewritten as

-1

phoo [(ngoo(t))

B @0 = 7’}N|C((0’N);]Rd), for some (in fact all) N > 0. (2.81)

t€(07N)}
Since nV € P(C([0, N);R%)), the above (2.81]) shows that

37 :Q — R? which is F1%°(0)-measurable such that }iII(lJ ||X2T’00(t) —-Z|l=0 Pg:}‘guo—a.e. (2.82)
—

Moreover, by (2.80)) it is easy do deduce that

X}L’Oo(t) =t t>0, IP’Z(’)O;))—a.e. for every (0,z) € ET00.

Hence, in order to finish Step OP2.7, we need to prove the identification

xX§%0)=2z PLY, -ae. (2.83)

To prove this, let us set for each z € R¢
F. € Cy(ET), F.(t,z):=||lz—z||Al, (t,z)€RY,
and note that by (2.62) we have

lim aUlF,(0,2) = F.(0,z), (0,z)¢c BT,

a—r00
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Hence, using that X 90 is a Markov process with transition function (P:’OO)DO and resolvent U9 we have

Jim | e*at]E}éOQgMO{HXQT’OO(t)fXQT’OO(O)H/\l} dt (2.84)

_ 1 = —atmt,00 1,00

= lim e Bl {Fxpo00)(X0(0))} dt (2.85)

~ lim / emot / [P F,] ((0,2)) o) (2.86)
oa—r0o0 0 ET=OO(O)

= lim a [U;[’OOFI] ((0,z)) po(dx) (2.87)
a— 00 ETTOO(O)

= / aFy((0,2)) po(dz) = 0. (2.88)
E1:00(0)

The above convergence entails that

I(tn)n \y0 such that limE}f@gm {HX;’OO(tn) - XQT’OO(O)H A 1} =0,

hence by passing to a subsequence, we get

tw)n N0 such that  lim [ x5%(t,) - xIP0) A1 =0, PLY, -ae.
n

Jo®po~
Thus, using (2.82)) and (2.4.3)), we get (2.83]), hence Step OP2.7 is finished.
Step OP2.8: Let now

Eg,oo = {(s,x) e EM00 . IP’I;?;)) ([0,00) 3t — X100(t) € BT g norm-continuous) = 1} ,

and notice that from the previous steps we have that
Eg’oo(t) = E'(t), for every t > 0.

Using now ([2.76]) and (2.77), we can apply Proposition @ to deduce that ES’OO is dp ® pp-inessential and
satisfies
EF0) e BRY), EF0) c EN0),  po(EF*(0)) = 1.

Step OP2.9: Finalizing the proof of Theorem Based on the previous step, let us consider the
right process
X = (Q,}", F(t), X(1),0(t),P(s ), (s,7) € E) ,

with trasition semigroup (P;);>o and resolvent U = (U, )40, obtained by taking the restriction of X% from

ET0 40 F = Eg,oo as in Proposition Definition Then clearly X has all the desired properties in
Theorem [2.12] with the mention that assertion (ii.5) from Theorem is at the moment satisfied for every
(s,z) € E with s > 0. To extend (ii.5) to s = 0 we first notice that

S0 ® po (UalLf|) < oo, fe€CX((0,00) xRY), a>0. (2.89)

Then, by the same arguments as in Step OP1.3 that follow after , we can find a further set E C E
such that E'\ Ey is dy ® po-inessential, and M, given by with X replaced by X, is well defined and
integrable under P(q ;) for every (0,z) € E and f € C2°((0,00) x RY). Moreover, [0,1] 3 t = M(t) is right
continuous in Ll(]P’(;(M))). Consequently, using the fact that X (s) € ET9° s > 0, for every t > s >0

Eo,0) (M (8)) = Eo,0) {My(s) + My(t) 0 0(5)} = Eo.u) {M(5)} + Eo,0) {Ex(s) {Ms(1)}}
= E(o,2) {My(s)}-
By the above mentioned right continuity in Ll(]P’(;(O,m))), and using that we clearly have E g ,) {M;(0)} = 0,
it follows by Lemma that M is a martingale under Pg(o,w)) for every (0,x) € E. Taking the restriction

of the process X from E to E we can thus ensure (ii.5) from Theorem
To conclude, (ii.1’) and (ii.4’) in Theorem are clearly satisfied, whilst (ii.6’) follows similarly to Step
OP1.16, (ii.6).

39



3 Consequences of the main results

In this part we use the right processes constructed in Section [2] Theorem [2.12|and Theorem [2.15] in order
to deduce new results about time-dependent linear PDEs. More precisely: We construct fundamental flow
solutions; we solve parabolic Dirichlet problems by probabilistic means; by means of Lyapunov functions
we derive maximal tail estimates for the path-space law obtained by the superposition of the fundamental
flow solution to the time-dependent linear Fokker-Planck equation ; we solve Fokker-Planck equations
perturbed by nonlocal operators.

3.1 Existence of fundamental flow solutions to linear Fokker-Planck equations

Let (L¢)i>0 be given by (2.1)-(2.2) and (u4)i>0 C P(R?) be a weakly continuous solution to the linear
Fokker-Planck equation (2.13)) on [0, o).

Definition 3.1. A pair (E,T,,), where E € B([0,00) x RY) and T}, is a mapping

[0,00) x E x B(RY) 5 (t, 5,2, A) 2 T%%(A) € [0,1],

is called a p-restricted fundamental solution flow to the linear Fokker-Plank equation (2.3) if the following
properties are fulfilled:

(i) We have ps(E(s)) =1 =T}5(E(s+1t)) for everyt>0,(s,x) € E.
ii) T', is a probability kernel from [0,00) x E to R?
I
(i1i) For everyt >0, (s,x) € E it holds that (F/Sji)tzo 15 a weakly continuous solution to the linear Fokker-

Planck equation (2.3) on [s,00), with initial condition T} = 0y,

(iv) Let us set
L= /E( )FZ’,? &(dz), t,s>0,6 € P(E(s)).
For every s > 0 and vs € P(E(s)), the following flow property holds:
s Dovs

S7VS — ’
F,u,t-H’ - Fu,t+r i T, t 2 0.

(v) For every s > 0 and vs € P(E(s)) for which

N
/ / (Io(t, 2) || + lla(t, 2)|) T} (d)dt < oo, N >0,
s JB(O,N)

it holds that ("),

[s,00).

-0 is a weakly continuous solution to the linear Fokker-Planck equation (2.3) on

Corollary 3.2. Let (put := u(t, x)dx),~, be a given solution to the linear Fokker-Planck equation (2.3), and
assume that H;/E, H<,, and H{V hold. Let

X = (QF, F(t),X(t) = (X1(t), X2(t)),Ps s, (s,2) € E,t > 0)
be the right process provided by both Theorem[2.19 and Theorem[2.15 Further, set

r, = (I‘Z’?

Disoeayen: Lut(A) =Pos (Xo(t) € ANE(t+5)), A€ B(RY),s,t > 0.

Then (E,T'),) is a p-restricted fundamental solution flow to the linear Fokker-Planck equation (2.3)).
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Proof. Note that (i) is automatically satisfied by Theorem whilst (ii) follows immediately from the
properties of (P;);>o.

Assertion (iii) can be deduced directly from Theorem [2.12} Theorem (ii.5), and a similar observation
as in Remark 241

Assertion (iv) follows from the semigroup property of (P;)¢>o and the fact that X is the uniform motion
to the right.

Finally, (v) follows by Theorem (ii.6). O

Remark 3.3. Under the hypotheses of Corollary[3.9, it follows that for every s >0 and v, € P(E(s)) such
that there exists a constant ¢ € (0,00) with vy < s, it holds that it holds that (Fff,l;s)po is the unique weakly

continuous solution to the linear Fokker-Planck equation (2.13) on [s,00) which satisfies T} < cuiis for
every t > 0.

3.2 Backward Kolmogorov equations and the parabolic Dirichlet problem

Let (ut := u(t,z)dz),>, be a given solution to the linear Fokker-Planck equation (2.3), and assume that

H;/,g, Hc,, and H{JV hold. Also, recall that L, is given by (2.1).
In this part, given an open subset D C R? and a time horizon 0 < T' < oo, we are interested in giving a
meaning of and constructing a solution to the following final value problem

%p(t,x) + Lep(t,z) =0, (t,z) € (0,T) x D, dt @ p¢(dzr)-a.e.
p(t,z) = F(t, x), (t,z) € (0,T) x dD , (3.1)
p(T,x) = F(T,x), x €D,

where F € C2([0,00) x R?) is given.

In order to solve , we adopt the strategy developed by E.B. Dynkin in [42] in order to treat the so
called stochastic Dirichlet problem; see also [56] Section 9], or [10]. Crucially, we shall rely on the regularity
properties of the balayage operator, as derived in Lemma and Proposition in Section [6] which
essentially allow us to rigorously employ Doob’s maximal inequality for continuous-time martingales, by
ensuring the right-continuity of the trajectories. Let us point out that such a regularity argument seems to
have been overlooked in the proof of [56, Theorem 9.2.5] in order to guarantee that, using the notation from
[56], the martingale (V;); is right-continuous.

Proposition 3.4. Let (u: := u(t,z)dz),>, be a given solution to the linear Fokker-Planck equation (2.3),
and assume that H;/E, H<,, and HJVY hold. Further, let

X =(Q,F,Ft),X(t) = (X1(t), X2(t)),Ps 5, (s,x) € E,t > 0)

be the right process provided by both Theorem and Theorem D C R% be open, T € (0,00), and
F € bB(]0,00) x RY) for which there exists N > 0 such that F(s,-) = 0,5 > N. Furthermore, let us set

T:=1inf {t > 0: X(t) € [0,00) x R*\ (0,T) x D}, and note that T < T — s P z-a.s. for s € [0,T],
p(t,z) =K, ., {F(X(7))}, tel0,00),z¢€ E(t).

The following assertions hold.
(i) p is a solution to problem (3.1)) in the following sense:

(i.1) p is B(E)-measurable, finely continuous on [[0,T) x D]|NE (it is finely continuous on E if F is
finely continuous), and under Py ., (s,z) € [[0,T) x D|NE,

(P(X(EAT))i>0) is a cadlag (F(t AT))-martingale and th/rg p(X(t)) = F(X(7)) a.s.

Moreover, we have p(T,x) = F(T,x), = € D pr-a.e.
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(i.2) If F is finely continuous and F € D(L,) for some p € (1,00) then p € D(L,) and
Lap=0 on[0,T)x D fi-a.e. for everyl <gq <p.
(ii) p is the unique solution to problem (3.1)) in both of the following meanings:
(i1.1) Let v € bB(E) be such that under Ps ,, (s,x) € [[0,T) x D|NE,
(V(X(EAT))e>0) is a cadlag (F(t A T))-martingale and tlim v(X(t) = F(X(7)) a.s.

AT

Then v(s,x) = p(s,x) for every (s,xz) € [[0,T) x D] N E.
(i.2) Let v € bB(E) be finely continuous such that

veD(L), Liw=0 on[0,T)xD fi-a.e., and limv(X(t)) =F(X(r)) P

lim 0.7y x p "0 € (3.2)

Then there exists a set E' € B(E) such that E\ E’ is i-inessential and v(t,x) = p(t,x) for every
(t,xz) € [[0,T) x DINE'.

Proof. (i.1). Note first that in terms of the balayage operator B given by Definition and Definition
we have the identification

p(t,z) = (BAF) (t,z), te€[0,T],z € E(t), where A=FE\(0,T)x D.

The fact that p is B-measurable and finely continuous on [[0,7") x D] N E (and finely continuous on F if F’
is finely continuous) follow from Proposition and Lemma Further, note that X is clearly a Hunt
process (being a conservative right process with continuous paths), F' is finely continuous (since the norm
topology is a natural topology), whilst 7 is a predictable stopping time under P, , for (s,z) € [[0,T) x D|NE
since if we define

7, ==1inf {t > 0: X(¢) € [0,00) x R\ Dy}, with Dy C Dyy1, Dy /[0,T) x D,k > 1

then, under P; , for (s,z) € [[0,T) x D] N E, and using the path-continuity of X, there exists ko such that
T < 7 for k > ko and 7, 7 a.s. Consequently, the first part of assertion (i.1) follows from Proposition

(v)-
To prove the second part, recall that up(E(T)) = 1. By the path-continuity of X and the fact that X;
is the uniform motion to the right, we get

7=0 Prgas. zxz€ET)ND.

(i.1) is now completely proved.

(i.2). First of all, since there exists N > 0 such that F(s,-) = 0,s > N, by the Markov property we easily
get

£ (lpl?) =/OOO do @ po (Pe|pl?) dt < /OOO S0 @ pio (B, {|F(t+700(t), Xo(t +706(t)))}) dt

N

= / 50 [024] Ho (E(J {‘F‘q(t +To0 0(t),X2(t +To0 9(15)))}) dt
0

< N|F|L, 1<g<o0.

Thus, p € LY(n) for every q¢ > 1.
Furthermore, by the strong Markov property and using that 7 is a terminal time ([60, p.65]), hence
T=t+700(t) on 7 >tas. forevery ¢ > 0, we have

Pip(s,r) = Es » {EX(t) {F(X(T))}} =Es o {F(X(t+700(1)))}
=E, o {F(X(7);7 >t} + Es o {F(X(t+700(1)));7 <t}
=p(s,2) + Es . {F(X(t+700(t) — F(X(1));7 <t}, (s,x)€E.
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Since t 4+ (7 A t) 0 0(¢)) is also a stopping time (see e.g. [33, Theorem (8.6)]), and using that X solves the
martingale problem (see Theorem and Theorem [2.15), we deduce that
Es o {F(X({t+700(t)) — F(X(1));7 <t}
=E; . {F(X{IE+ (TAt)00(t)) — F(X(TAt));T <t}
=Es o {Es o {F(X(t+ (T At)00(t)) — F(X(T A)|F(rAt)};T <t}

tH(TAL)00(t)
=E; . {]Es,m {/ LE(X(r)) dr ]:(T/\t)} ;T<t}

At
t+(TAL)00(t)
=E,, {/ LF(X(r)) dr; rgt}, (s,x) € E.

At

Thus, corroborating the above we get

Pupls,z) = p(s,x)
e

IA

Es . {1 /:t ‘EF‘ (X(r))dr; t< t}

2 o

hence, by e.g. Jensen’s inequality,

- (‘ Pip(s, x)t— p(s, )

)<t [a (e (o) @
o (oef).

Since by Theorem we have LF € LP(f1), we deduce that

Pip—p
sup || ———-

te0,1]

< oQ.
Lr ()

But now it is a standard fact in the theory of strongly continuous semigroups that p € D(Lp); see e.g. the
discussion before Proposition 4.4 in [20]. Furthermore, note that Epp = 0 on (N,00) x R? fi-a.e., where
N has been in the beginning of the proof of (iii). Thus, since ([0, N] x R?) = N < oo, we deduce that
Lyp € L'(1). Since we also have p € L(1z), we get that p € D(L1) as well.

Moreover, using Holder’s inequality,

Ptp(svx) — p(S,I)
t

Consequently,

/ ‘Ptp(s,x) —p(s,x)
(0,T)xD t




which converges to 0 by dominated convergence since due to Remark we have
P, (r>0)=1, (s,2)€0,T)xDINE.
This clearly completes the proof of (i.2).

(ii.1). Let (7%)g>1 be as in the proof of (i.1) and 7 = 0, so that from the hypothesis of (ii.2) we deduce
that, under Py 4, (s,z) € [[0,T) x DINE, (v(X(7%)))r>0 is a (F(71))-martingale which is closed by F(X (7)).
Therefore,

v(s,z) = Eg , {v(X(0)} =E; . {F(X(7))}, (s,2)€[0,T)x D|NE,
which proves the claim.

(ii.2). Let v : E — R be B(E)-measurable, bounded, and finely continuous such that (3.2) is satisfied,
and consider the process

M(t) == o(X()) — v(X(0)) —/O Too(X(s) ds, ¢>0,

which, under Pz, is well defined; in particular it does not depend on the f-version of Liv. Let us take
g : E — R B(E)-measurable such that g(x) =0,z € (0,7) x D and g = Lyv f-a.e. and consider the process

M(t) = v(X(t)) —v(X(0)) — /0 g(X(s))ds, t=>0.

Since Piv = v + fg P,g ds fi-a.e., it follows by Lemma and Proposition that there exists a set

E’ € B(E) such that E\ E’ is Ti-inessential and (M (t))¢>0 is a well-defined right-continuous F(¢)-martingale
under P, , for every (s,x) € E’. Moreover, since g(z) = 0,z € (0,T) x D, we have P, ,-a.s. for (s,z) €
[(0,T) x D]N E’ that 3
U(S,I) :’U(X(t)) 7M(t)7 te [077-]3
hence by (3.2)) we get )
v(s,x) = F(X(r)) — M(r—).
Note that since X is in fact a Hunt process, it follows from [60, Theorem (47.6) and Exercise (47.7)], that
(F(t))e=0 is quasi-left continuous (see [60] for details), hence by e.g. [58, pp. 191-192], no (F(t))-martingale
can jump at predictable times. Thus, Ps ,-a.s. for (s,z) € [(0,T) x D] N E’ we have
M(r—)=M(r) and F(X(r))=uv(X(r)).
Since 7 is bounded a.s. we get P; z-a.s. for (s,x) € [(0,T) x D] N E’ that E, , {M (1)} = 0, hence finally

(s, ) = Es o {F(X(7))} (= p(s,2)) -
O

Remark 3.5. Let (u := u(t, x)dx),5 be a given solution to the linear Fokker-Planck equation (2.3), and
assume that H;{g, H<,, and H}V hold. Further, let T > 0, F € C?(R%), and p be the solution from

Pmposz'tz'on for D =R?. Then
F(o) pr(do) = |

p(0,z) po(dx). (3.3)
Rd

Rd
To see this, first of all note that since D = R whilst (X1(t)),s is the uniform motion to the right as ensured
by Theorem[2.13, it follows that T given in Proposition satisfies
T=T—t Piy-a.s. t€[0,T],z€ E(t)
Thus,
pt,x) =B o {F(Xo(T = 1))}, t€[0,T],z € E(t),

and the claim follows by Theorem (ii.4’).

From the numerical standpoint, (3.3) indicates that in order to compute the integral pur(F), given pg, T,
and F, one could attempt to solve backward in time equation (3.1) in order to compute p(0,-), and then use

(13.3). However, solving (3.1) should be carefully understood in the p-restricted sense given by Proposition '
from a probabilistic numerical perspective, one should be able to reverse in time the diffusion (Xa(t))epo,1)-
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3.3 Lyapunov functions

Let (¢ := u(t,z)dz),>, be a given solution to the linear Fokker-Planck equation (2.3), and assume that

H;{E, H<,, and H{VY hold. Further, let X be the process provided by Theorem and Theorem with
transition function (P;);>o and resolvent U = (Uy)a>o0- In this part we are inferested in deriving general
maximal tail estimates of the type

cT
]P)(s,."c) ( sup V(XZ(t)) > E) < ‘ V(ac),
t€[0,T]

where V' is a suitable Lyapunov function. Such estimates have been obtained in [35] with P(, , replaced by

Ps,eu,- Here, we are interested in obtaining such estimates for every (s,z) € E; see Proposition below.
Throughout, for a function V' € pB(RxR?), by P,V and U,V we mean P;(V|g) and U, (V|g), respectively.
We also introduce the following measures

i, (dz, dt) == e~ * s (dz)dt, o > 0.

Proposition 3.6. Assume that there exists a Borel measurable function V : [0,00) x RY — [0,00] and a
constant dy € (0,00) such that

o(V(0,-) < oo and p(V(t,) < e™'po(V(0,), t>0. (3.4)
Then the following hold:
(i) Tig (UassF) <EE) A 50 >0, F e pB(0,00) x RY).
(i) b0 @ po (UaF) < Tio(F) F € pB([0,00) x RY).
(iii) Tig (UaV) < 25500~ a,8> v

(iv) 8o ® po (UoV) < 220D -y > gy
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Proof . . .
(UaisF) = /O ~HA (PF(, ) dtz/o e—<a+ﬂ>t/0 e P, (PF(s,")) ds dt

/ _(W)t/ e Pprs (F(t+s,7) ds dt
0
/ / SO (F(t+s,0)) ds dt
0

(F) A (ﬁB(F) /Ooo e dt)

g (F')

IN
=

=AF)N=—, B,a>0F¢ pB([0,00) x RY).
50 ® o (UaF):/ODOe o (PLF(0, ) dt = /Doe— 1 (F(t ) dt = i (F), F € pB([0,00) x R
s (UaV) = [ ety (v ) de= [T et [T et (s, asar
Y °°ef B s (V(E+s,-)) ds dt
0 0
. e~ (a—dv)t o= (B=8v)s g
< o (V(0, ))/0 /0 ds dt
MO(V(O>'))

~ (-0 (B o) @ o

b0 @ po (UaV) = /OOO e o (PV(0,-)) dt = /OOO ey (V(t,-)) dt

< 10(V(0,)) / e~ (a=o0 gy

0

o — 5\/
O
Proposition 3.7. Assume that there exists 0 < V,, € CZ([0,00) x RY),n > 1, and &y € (0,00) such that
LV, (s,2) <6y V(s,x), V(s,x):=liminfV,(s,z), (s,z)€E. (3.5)
Then
PV <V, t>0. (3.6)
Furthermore, if liminf,, (EVn)7 > LV, then
t —
/ PLV]dr <V(2e°VE —1), t>0. (3.7)
0
Proof. Let us consider
=inf{t >0:X(t) € E\[0,k) x B(0,k)}, k>1.
Since X has continuous paths and it is conservative, we deduce that
T koo Psg-as., (s,x)€E. (3.8)

Indeed, if we set 7 := supy, 7, then, since X is the uniform motion to the right,

1i}1€rn||X2(Tk)H =00 Ol Too <00 A&.8.

But sup |[|[X2(t)| < 0o on 7o < 00 a.8., hence we must have (3.8).
t€[0,7o0)
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Further, for each n,k > 1 there exists 0 < Vj, , € C%([0,00) x R?) such that
Vok—1 =V, on (—1/k, k) x B(0,k). (3.9)

On the one hand, by Theorem and Theorem for every (s,z) € E and k > 1 we have that the

stopped process
tATE .

V(X (A7) = Vea(XO) = [ DX () dr £ 0 (3.10)

is a continuous (F;)-martingale under P(, ;). Consequently, using (3.9), taking expectations in (3.10j), and
using also (3.5), we have for every (s,z) € E

E(S@) {Vn’k(X(t AN Tk))} = Vn’k(S,LU) +E {/O " EVnyk(X(T')) dT‘}
— Vor(s,2) +E { /O T x ) dr}
< ank(s,x) + oy E {/0 " V(X(r)) d’l“}

t
< Vi n(s,2) +5V/ E{V(X(rAm))dr}, t>0,mk> 1.
0

On the other hand, note that
liminfV,,, =V on [0,k) x B(0,k), k>1.

Therefore, by Fatou’s lemma we get for k > 1 and (s,xz) € EN[0,k) x B(0, k) that
t
By {VX(E A7)} < Vi(52) + 5v/ E(V(X(rAm)dr}, t>0.
0

By Gronwall’s lemma we thus have for £ > 1 and (s,z) € (s,2) € EN[0,k) x B(0, k) that
Eom) {V(X(tAT))} < VV(s,2), t>0.

Now, (3.6) follows by letting k go to infinity.
To prove (3.7]), we use the second equality after (3.10) to get

E { /0 R ANE ) dr} < Viu(s,2) +E { /0 ) (x) dr}

tATE
< Vor(s,xz)+ovE {/ V(X(r)) dr} , t>0,nk>1.
0

Letting & go to infinity we thus get
t t
Es » {/ (LV,) (X(r)) dr} < V,(s,z) + ovE {/ V(X(r)) dr}
0 0

t
< Va(s,x) + 6VV/ eOve ds
0
=Vo(s,z)+V(eVt—1), t>0,n>1.
Letting now n go to infinity and using Fattou’s lemma we get
t
/ P (LV) dr<e™'v, t>o.
0

Since we clearly have
¢
/ P (V)" dr < (VP -1)V, t>0,
0
relation (3.7) follows. O
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Proposition 3.8. Let V € pB([0,00) x RY) and &y € (0,00) such that

o(V(0,) < oo, PV <eV'V, t>0.

Then p(V(t,-)) < e®tug(V(0,-)), t>0, and hence assertions (i)-(iii) from Proposz'tion hold.

Proof. First of all notice that
e_‘thPt(V/\n) <VAn, t>0n>1.

Consequently,
e o (P(V An)(0,-)) < o (V(0,-) An),

hence
e Vi (V(t, ) An) < o (V(0,-)An), n>1,

from which the statement follows.
The main result of this subsection is the following.
Proposition 3.9. Let V' be such that
0<VeC*RY, LV <&V for somedy € (0,00).
Then the following assertions hold:
(i) PV < etV t > 0.
(i) Unisy |LV] < 2106y o > 0.

(i1i) For every e > 0 we have

5vT
Plaa) ( sup V(Xa(t)) > 5) <% V@), (s,2)€k.
t€[0,T

Proof. (i). For each N > 1 let ¢y € Cg°(R) such that
On({t)=t,t < N—-1, ¥n(t)=N,t>N+1, 0<¢y <1, 9§ <O0.
Now, as in [35 Proof of Proposition 2.2], we have
Lyn (V) = ¢y (VILV + 9% (V)[[VaVV[? < ¢y (VLY
from which we deduce, by setting Vi := 1n (V) € CZ(R?), N > 1, that
LVy <6yV, N >1.

By applying Proposition we conclude that P,V < eV'V,t > 0.

(ii). We first note that B 7
lij{fn LVy =LV  pointwise on [0, 00) x R,

Therefore, we can apply Proposition to get (3.7)), namely

t
/ P|LV|dr < V(2% —1), t>0.
0
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Consequently, integrating by parts

t t K *
/ T VIR LV | dr = em (0O / P.[LV] dr + (a+ dy) / e (orovs / PoLV|dr
0 0 0 0
t
< efo‘tV+2(Oz+5v)V/ e " ds,
0

=e MV 42

OFW) g oty ¢,
(0%

Letting ¢ go to infinity we get (3.7)).
(iii). To prove (3.11)), note that by the first part we have that V is dy-excessive, hence (see e.g. The-
orem ) (6_5vtV(X2(t)))t>O is a right-continuous J(t)-supermartingale under P, ,y for every (s,z) €
B O

Thus, by Doob’s maximal inequality we get

P2 < sup V(Xa(t)) > s) <Pl ( sup e*‘s"tV(XQ(t)) > e‘;VTs)
te[0,T] te[0,T]

EJVT

V(z), (s,z)€E.

€
Example. We follow [35, Example 2.3] and take
V(s,x) :=V(x) =log(1+|z|?), (s,z)€R xR
Assume further that there exists C' € (0, 00) such that
la(t, 2)Il < Cll=*V (@) + €, (b(t,x),2) < Cllz|*V (@) + C.

It follows that there exists some constant dy € (0,00) such that

LV <6y V + 6y, or equivalently, L(V +1) <&y (V +1)
Thus, by considering V + 1 instead of V', the assumptions (and hence the conclusion) in Proposition are
verified.
3.4 Adding jumps to time-dependent linear Fokker-Planck equations

Let (¢ := u(t,z)dz),-, be a given solution to the linear Fokker-Planck equation (2.3), and assume that

H;{E, H<,, and H{V hold. Also, let X be the process on E provided by Theorem [2.12| and Theorem m
with transition function (P;):>o and resolvent U = (Uqy)a>0-
Let (£,Dp(L)) be the generator of X defined through the resolvent as in (6.19)).

Remark 3.10. It is not hard to deduce from Theorem[2.19, (ii.5), (see e.g. Lemmal[3.19 from below), that

Lf(t,z) = Lf(t,x), (t,x)€E, fecC?([0,00) x RY) NDy(L).

However, despite that both spaces C2([0,00) x R?) and Dy(L) are rich enough in the sense that they both
separate the set of finite measures on E, their intersection can be small if b merely satisfies Hy, from the
beginning of Section [2.3 For this reason, in what follows we pay special attention to the two operators,
distinctly.

Let K : [0,00) x R% x B(R?) — [0, 00) be a bounded kernel from [0, 0o) x R? to R?, that is K is measurable
in the first two arguments, and a measure in the third argument, and

sup  K(t,z,R?) < oo.
t>0,z€R4
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Let us consider the perturbed operators

L f(tx) = Lf () + / Fty) — ft.2)] K(to.dy), [ eDyL), (ta)eE

Rd
K —

L f(t,x) :=Lf(t,x) +/}Rd [f(t,y) — f(t,2)] K(t,z,dy), fe€C0,00) x Rd), (t,x) €]0,00) x R,
(3.12)

Proposition 3.11. Let us keep the context fized in the beginning of this section. Then there exists a right
process XX on E,

B= (QF, FR FR(), X5 (1) = (X1 (8), X3 (1), P, (s, @) € Byt > 0)

which has a.s. cadlag trajectories with respect to the (trace of the) norm topology on E, and such that the
following properties hold:

(i) For (s,x) € E we have
PE, (XE() =t +50<t<o0) =1

(it) For every ¢ € pb (B(R?) @ B(RY)), ¢(y,y) =0,y € R?, we have

D (XS (r=), X5 () p =B, {/ XK <s+rX2<),dy)dr}, t20.

r<t

(i4) If there exists dy € (0,00) and 0 <V € C?*(R?) such that
LV <6vV and K(t,z,V(-) <dyV(z), t > 0,2 € RY,
then the transition semigroup (P/)i>0 of XX satisfies
PEV <e?viy, t>0.
Moreover, the bound holds for XX instead of Xo and 26y instead of &y .
(iv) We have that L coincides with the generator on bB(EX) associated to X* in the sense given by

(6.19), Dy(L) = Dy(LE), and for every f € Dy(L) = Dp(LE) and every (s,z) € E, the process

FOES(0) = SO0 = [ 25 (X)) s, 120 (3.13)

is a cadlag (F¥(t))-martingale under PE,

Proof. The idea is to regard K as a bounded kernel on E,

Kf(t,):= K(t,z, f(t,"), febB(E), (tz)e€E,

where f(t,-) is extended by zero on the complement of F(t) = {z € R? : (t,x) € E}. Thus, by Proposi-
tion there exists a cadlag right Markov process

K= (f, F&, FR (), X5 (t) = (X (t), X (1)), P, (s,2) € B,t > 0)

with transition semigroup (PX);>¢ and resolvent UX := (UX),~o such that

t
PE =P +/ P.KPX ds and UF =U,+U,KUYK, ta>0, (3.14)
0

where (P/);>0 and (U})a>0 de denote the transition semigroup and the resolvent of the process X killed by
the multiplicative functional induced by the function K1, as in Section [6.5]
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Now, since K in fact acts only on the spatial variable, it is straightforward to check, using , that
XX is the uniform motion to the right, i.e. (i) holds.

Assertions (ii) and (iv) are now just consequences of Proposition and Proposition

Let us prove (iii). First of all, notice that from Proposition and the fact that U’ is obtained from U
by killing, we have

1
vioyV < Uass, V < EV’ a>0.
Thus, by (3.14) we get

UXios5,V = Ul yos, VA Ulyos, > (KUlyos,)"V

n<1
1 1 % )"
< Vv Vv (
~ a+dy +Oé—|-5v Z a+ oy
n>1

1
=-V, a>0.

a

Now (iii) follows from by the inverse Laplace transform the proof of Proposition (iii). O

We now go further and present two cases when in (3.13)) we can take f € C2([0,00) x R?) and replace
LE by L.
In the first case we consider locally bounded coefficients, and we start with the following lemma:
Lemma 3.12. If b is locally bounded then
C2([0,00) x RY) ¢ D(L) and Lf =Lf, feC([0,00) x RY).

Proof. Recall that by Theorem (ii.5) we have that for every (s,z) € E and every f € C2([0,00) x R?)
we have that

FOX()) — F(X(0) — / T/(X(r) dr, >0

is a continuous (F;)-martingale under P(s,2)- Moreover, since b is locally bounded by assumption, whilst a
is locally bounded since H, is fulfilled, it follows that

Lf e bB(E), f e C?([0,00) x R?).
Now the claim follows from Proposition [6.57] O
Proposition 3.13. If b is locally bounded then
C2([0,00) x RY) ¢ D(LK) and L' f =L5f, feC*(0,00) x RY). (3.15)

Consequently, if XX is the right process constructed in Proposition then for every (s,x) € E and every
f € C?([0,00) x R?) we have that

]Eé’z) {/Ot 'EKf(XK(T))‘ dr} < oo, t>0,

and

(f(XK(t)) — f(x%(0)) - /t [Kf(XK(r)) d?") s a cadlag (.FtK) -martingale under ]P’{;m).
0 t>0

Proof. Clearly, if we prove , then the second part of the statement is just a direct consequence of
Proposition (iv).

Let us prove . Recall first that by Proposition (iv), it follows that the generator (LX, Dy, (LK)
associated to X** in the sense of satisfies Dy(L) = Dp(LK), and LK is given by (3.12). Now,
follows by Lemma [3.12 O
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In the second case the idea is to regard EK as a bounded perturbation of L in L'(z), where recall that 7
denotes the measure ji;(dz)dt on [0,00) x R%. To this end we introduce the following condition:

H, (K) There exists § € (0,0)
| [ Kt se ) mnde<s [ [ o wna fe i (3.16)
0 Jre 0o Jre
Remark 3.14. If the kernel K admits a density K (t,z,dy) = k(t, z,y)dy then (3.16) is equivalent to

E(t,xz,y)u(t,x) de < du(t,y) dy ® dt-a.e.
Rd

Lemma 3.15. Let XX be the right process given by Proposition with resolvent UK = (UXK),~o. If
H,(K) is fulfilled, then

U2 s mionor < (14 ) I lscoms f € LB,

Proof. First of all note that by Proposition [3.6] we have
1Uafllcr (Bsooue) < Ifliem,y, [ € LHE,),a>0.

By the fact that U, < U/, as kernels, the fact that 7 is sub-invariant for ¢/, and using also H,,(K), we have
7 KULT) < 07 (UAf) < 57 (Uaf) < (), f € pB(E).

Now we note that by employing the resolvent formula we get

UL f=ULf+UL Y (KUY, f€pB(E),a>0.

n>1

Consequently, for f € pB(E) we have

S0 ® po (USysf) <ulf)+7 Z (KUhss)" f

n>1

(f)+ﬁ(f)Z(aié)n

n>1

VAU, 1 < pB(E)

IN
=

1+

I
—

Q>

O

Proposition 3.16. Assume that Hy(K) hold. Furthermore, let (Ly,D(Ly)) be the generator on L'([0,00) x
R?:71) provided by Theorem .
Then there exists a mazimal operator EIK on L(]0,00) x R%; ) which extends " given in (3.12), namely
D(Ly) > £ = L f € L'([0,00) x R*:3)

L fta) = Lf ) + [ () = f(t.0)] Kltody), (to) € Bfae. feD(0),

which is well defined and generates a Co-semigroup (TE )0 on L*([0,00) x RY ). Moreover, if XX is the
right process constructed in Proposition then the following properties hold:

(i) The transition semigroup (PX);>0 of XX coincides with (TX) >0 as family of operators on L*([0, 00) x
R 71)
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(ii) There exists EX € B(E) such that E\ E¥ is f-inessential with respect to UX, py (E*(t)) =1, ¢ >0,
where recall that for a set A € [0,00) x R? we define A(t) := {x € R?: (t,x) € A}, and for every
(s,7) € EX and every f € C°((0,00) x R?) we have that

E(s.2) {At ‘EKf(XK(T))‘ dr} <oo, t>0, (3.17)

and

(f(XK(t)) — F(XE(0)) — /t [Kf(XK(r)) dr) is a cadlag (ftK) -martingale under Pfg@).
0 t>0
(3.18)

Proof. From Hy(K) we deduce that K induces a bounded operator on L!([0,00) x R%; 7). Therefore, the

existence of the operator ElK with domain D(L;) and generating a Cy-semigroup on L*(]0, 0o) x R?; 17) follows
by Proposition
Moreover, assertion (i) follows from the same Proposition
Let us prove (ii). To this end, first of all note that by (2.12)) we deduce that
Lo, so,n) (lall + [[Bl)) € L*([0,00) x RL7), N > 1,
hence, by (i) and Lemma [3.15]
UL (1p,nx0,n5) (lall + 11b])) € L*([0,00) x R fi+ 6 ® pg), N > 1.

Consequently, by setting

EE .= ﬂ [UlK (Ljo,n)x (0,3 (lall + [[b]])) < o0]
N>1

we get EX € A(UK), see Remark and 7i(E \ EX) + 60 ® puo(E\ EX) = 0, hence E\ EX is (Ti+ 80 ® p1o)-
inessential with respect to U%. )
Note that (3.17) holds for every (s,z) € EX.

Let us fix f € C2°((0,00) x R?), and apply once again Proposition Mto deduce that there exists a set
Ey € B(E) such that E'\ Ef is fi-inessential and for every (s,z) € Ey we have that

FC () — X5 (0)) - / T FXK () dr, 120

0

is a cadlag (ftK )—martingale under P{;z)' Now let us note that by (i) we have
AUk -t)) =0,
hence, by Remark by passing to a further subset, we can assume that E is such that
Uk ‘Ele —EKf‘ (s,) =0, (s,x)€ Ey,

and thus, for every (s,z) € Ey,
ik, K
Eé,w) {/ ‘Llf -L f’ (X" (r)) dT} =0, t=>0.
0

Let now C C C?((0,00) x R%) be dense (with respect to the uniform convergence up to the second
derivatives) and also countable, and consider

Ef =E"n () Ef.
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Then EF € AUK), see Remark and (E \ EE) = 0, hence E \ Eff is fi-inessential with respect to
UK. Moreover, for every f € C we have that is fulfilled. Finally, by dominated convergence, it is easy
to see that holds for every f € C2°((0,00) x R%).

Let us show that y; (Ef(t)) = 1 for t > 0 as well. To this end, note that 7(E \ E{*) = 0, there exists
t, N\ 0 such that u, (Eg (tn)) = 1,n > 1. Moreover, from we have that for every (s,z) € Ef

PE(A)(s,z) =0 implies P;(A)(s,z) =0, AecB(E).
Since X¥ is the uniform motion to the right and E € A(UX) (see Remark [6.32)), we have
P, ([0,00) x (E(t) \ EE (1)) (tn,x) =0, t>t, >0, (t,,z) € EE.
Consequently,
P4, ([0,00) x (E(t)\ E& 1)) (tn,x) =0, t>t, >0,(ty,z) € EEX,

and thus
(B EE ) = ity (Pres, ((0,00) X (E()\ EE ()t ) =0, &> 1, > 0.
This means that
m(EE@®) =1, t>0.
Now, let us define
By = Eg \ ({0} x E5°(0)) ,

and note that since X¥ is the uniform motion to the right, we have EL € AU¥) and in fact that EX \ Ef
is p-inessential.
By Lemma [3.15] we have that

do ® fio (Uf(lE\Egg> <m(E\EY) =0,
from which we deduce that there exist 0 < t,, \, 0 such that

8o ® 1o (PtK (1%)) =1, n>1. (3.19)

n

Let us consider
Zy = {x € B¥(0): PX (1) (0,2) =1, n > 1},

so that, using (3.19)), we have ug(Zp) = 1. Now let us set
ER = [({0} x Zo) U E)] N EX.

Note that by , the fact that X is the uniform motion to the right, and using also Remark we
have that EX € AU¥X), and in fact that E\ EX is f-inessential. Moreover, from the above discussion we
also have
pe (BX(1) =1, t>0.
Furthermore, notice that if (s,z) € EX with s > 0, we have already obtained that holds for every
f € C((0,00) x R?). It thus remains to show that holds for every f € C2°((0,00) x R) and for
every (0,z) € EX. To this end, note that X% (s) € EL, s > 0, hence if we denote by (M{(t)),-, the process

in (3.18), then for every t > s >0

EfS ) (M5 (1)) = EfS o) { My (s) + My() 0 0% ()} = Ef§ o {Ms ()} + EfS o) {EX () {Mr(0)}}
_ K
= Eo,0) {My(s)}-

Since [0,00) 5 t +— M(t) is right continuous in Ll(ng0 ))), and using that we clearly have Efg o AMp(0)} =
0, it follows by Lemma that My is a martingale under ngm ) for every (0,z) € EX. O

x)

t>0

Definition 3.17. Let 0 < s <T < oo. Let (11)ye(s 1) C M(R?) be a Borel curve in M(R?).
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(i) (Vt)ye(s,r) 15 called a (weak, or distributional) solution on (s,T) to the linear Fokker-Planck equation

d *
= (L) w, te(s,T), (3.20)

T
[ [ bl + lat o)l mdnd < o, R >0,
s JB(O,R)

and

/T/ EKf(t,x) vi(de)dt =0, feCr((s,T) x Rd) .
s R4

(it) (Vi) epsm) 18 called a (weak, or distributional) solution on (s, T') to the linear Fokker-Planck equation

d R
= (L5) », te(s,T), (3.21)

if it is weakly continuous and
T
v (F(T,)) = va(f(s,)) +/ [ L5 S0 wdn)dr, ] € Du(E),

where recall that Dy(L) is given by (6.19)), whilst LK is given by ([3.12)); see also Proposition (iv).

If (W)ieis,r) € M(R?) is weakly continuous and is a solution to (3:21) or (3.20) from above, then v, is
considered to be the initial condition of the corresponding Fokker-Planck equation.

Definition 3.18. A pair (E,T},), where E € B([0,00) x RY) and T, is a mapping

[0,00) x E x BRY) 5 (t, 5,2, A) 2 T%%(A) € [0,1],
is called a p-restricted fundamental solution flow to the linear Fokker-Plank equation (3.21)) (respectively
(3.20) ) associated to LX (respectively EK) if (i)-(v) from Definition are fulfilled with the linear Fokker-
Planck equation (2.13)) replaced by (3.21) (respectively (3.20]) ).
Corollary 3.19. Let XX be the right process provided by Proposition |3.11,  Further, for every A €
B(R%),s,t >0, (s,z) € E, set

K .__ K,s,x K,s,x . oK K
I = () )t207(87x)eE, TRo%(A) :=PK, (X£(t) e ANE(t +35)).

Then the following assertions hold

(i) (E,T',) is a p-restricted fundamental solution flow to the linear Fokker-Planck equation (3.21)). More-
over, if b is locally bounded then (E,T',) is a p-restricted fundamental solution flow to the linear

Fokker-Planck equation (3.20)).

(ii) If Hu(K) is fulfilled and EX is given by Proposition |3.16} then (EK, (Ffﬁ’f@)
restricted fundamental solution flow to the linear Fokker-Planck equation (3.20)).
Proof. The proof is very similar to that of Corollary so we omit it. O

)isa,u-

t>0,(s,x)eEK

4 Construction of reference densities satisfying H;/g, H<, and HYY

In this section we first show that condition HV" from the beginning of Section [2[is valid under very mild
additional assumptions. We mention that when the diffusion coefficients a satisfy a Lipschitz condition in
the space variable and a 1/2-Holder in the time variable, then HV" can be ensured through [36, Theorem
7.4.1]. However, it turns out (see Proposition that HV" is valid under the much weaker conditions ,
([.3), and from below.

Then, we show that the Trevisan’s well-posendess conditions from [64] in the nondegenerate case are

explicit sufficient conditions for the main general assumptions H;{E, H<,, and HTV from Section [2| to be
fulfilled.
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4.1 The square root H'-regularity for Fokker-Planck equations

Let N > 0, (u(t,2)dz),ci0 n) C P(R?) be a weakly-continuous solution on [0, N] to the linear Fokker-
Planck equation

d
/ {—f(t,x) +Lef(t,2) | u(t,z) dedt =0, feC®((0,N) xR, (4.1)
(0,N)xRre Ldt
where
b:[0,00) xR 5 RY  and  a:[0,00) x RY — R
are Borel measurable coefficients, such that A(t,z) = (a;;(t,2)),; ;<4 is a symmetric and non-negative

definite real matrix for all (¢,z) € [0, 00) x RY.
Furthermore, we assume that for every r > 0 we have

b; and 9, ;a; ; belong to L*([0,N) x B(0,r)), 1<i,j<d, (4.2)

and there exists a constant C' = C'(r, N) > 0 such that

CHE? < (At 2)€,€) < CllE)®, € e R, (1) € [0,N) x B(0,7). (4.3)

Let .
bi(t,z) = %Z@Ijam(t,m), (t,z) € [0, N] x R%, (4.4)

i=1

so that the operator L; can be rewritten as
Lif =(b—b,Vf)+ %div(AVf), feCZ((0,N) xRY).
Further, we assume that
hu € L®([0, N] x R%:R)  and  hVu € L2([0, N) x RLGRY),  for all h € C°(R?). (4.5)

Lemma 4.1. If (4.2)), , and (4.5) hold, then
hu € WH2([0, N]; H-Y(R?)), hence hu € C([0,T]; L*(R%)), h € CZ(R?).

Proof. Let h € C°(R?) and f € C5° ((0, N) x R?), so that

/ {i(hf) +(b—b,V(hf)) + %div (AV(hf))} u dadt = 0.
(0,N) xRd

dt
Consequently,
/ huif drdt = —/ u(b — b, V(hf)) dmdt—/ udiv (AV(hf)) dxdt
(0,N)xrd  dt (0,N) xR¥ (0,N) xR¥
= —/ u(b — b, V(hf)) dmdt—/ (AVu, V(hf)) dxdt.
(0,N) xRd (0,N) xRd

Thus, by the Cauch-Schwartz inequality

/ huif dxdt
(0,N)xrd  dt

< / (Iad = B + 1AV all) (IVAl| + [R]) (|f] + IV f]) dedt
(0,N)xRd
- 9 1/2
< (/ (lu® = B + |AVul) ™ (IVR] + [A])? dxdt)
(0,N) xRd

1/2
x ( / (U1 + IV 1) dxdt> .
(0,N)xRd
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Now, using (4.2)), (4.3]), and (4.5]), it is straightforward to get that there exists a constant C' < oo, independent

of f, such that
/ hui f dxdt
(0,N)xrd  dt

which proves the first part of the statement. The second part of the statement follows by the first one, (4.5)),
and Lions-Magenes lemma.

< Ol fllz2 (o, )51 (R2))»

Remark 4.2. Note that by Lemma and the fact that (pi¢)ecjo,n) 95 weakly continuous, hence tight, it is
straightforward to deduce that
lim u(t,-) = u(0,-) in L'(RY).

t—0

The following regularity result is the first main step towards the main result of this subsection, namely
Proposition from below. For its proof we got inspired from [34], where the uniform ellipticity is employed
to prove the regularity of invariant measures for time-independent operators.

Proposition 4.3. If (4.2), , and (4.5) hold, then for every v € (0,1) we have

2
/ VPO Gt < o, 0. < he c((0, M) x RY.
Rd hu

Proof. Let 0 < h € C°((0, N) x R?) and set
Ue :=hu+ec, ve:=(hute)'™7, ¢>0.

By Fatou’s lemma we have

2
/ A dt<hm1nf/ IVl
Rd

(hu)v R ud

We proceed with the key fact that
N 2 N
Vu, h
/ WVl gt < o / / - (AVu,, Vu,) dedt
0 Rd Ue 0 Rd Uc

C N
7/ / h(Vve, AVu.) dzdt
—7Jo Jrd

N
L/ / (V(hve), AVu.) dxdt — 7/ / (VeVh, AVu.) dxdt.
—7Jo Jre Rd

Further, note that for 0 < ¢ <1

N
/ / (veVh, AVu.) dxdt| =
0 R4 R4
N
< / / vel| AVA|||V () | dadt
0 Rd

N
< </ / (hu 4 1)20=7)|| AV dxdt) (/ / |V (hw)]|? dxdt)
0 R4

The last two integrals are finite by (4.3), (£.5), and the fact that h € C°((0, N) x R%).
It remains to show that

(v AV R,V (hu)) dxdt

/2

N
lim inf/ / (V(hve), AVu,) dedt < co. (4.6)
R4

c—0

To this end, note that the equation (4.1)) satisfied by u can be rewritten as

oz/ON/Rd (%f)u—i—f(b—?i,Vu)—(Vf,AVu) dudt, (@7)
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hence, for every f € C2°((0,00) x RY) we have
N N
/ (Vf, AV (hu)) dxdt = / / (hV f, AVu) dxdt + (V f,uAVh) dxdt (4.8)
0 JRrd 0o Jre
N
= / / (V(hf), AVu) dzdt — (fVh, AVu) + (Vf,uAVh) dzdt (4.9)
Rd
/ / u— (hf) + hf(b—b,Vu) — (fVh, AVu) 4+ (Vf,uAVR) dzdt, (4.10)
R4

where for the last equality we have employed (4.7). Also, note that by a density argument, (4.10]) remains
valid for
F e Wy ((0.N); LA(R?) N L*((0, N); H' (R)) N L¥((0, N) x RY).

Let us now consider the following (smoothing) bounded linear operators
Iy :=ala—A)"1: LA (RY) - H2RY), a>0,
and recall that I', extend to linear bounded operators
I, : H ' (RY) — HY(RY), T, :LP(RY — LP(RY), pe[l,o0].
Moreover, we have that I, is a Markov operator on LP(R?) and
ah_{r;g Tou=u forue HY(RY), ah_)rgo Tou=u forue LP(RY),p € [1,00) (4.11)

Let us define
L I
Ug,e = Lalle, Vo =1, ., «a,¢>0,

so that, by Lemma and (4.5)),
Lo (hva.e) € Wo2((0, N); L2(RY) N L2((0, N); HY(RY)) N L=((0, N) x RY),  a, ¢ > 0.

Plugging 'y (hvq,) instead of f in we obtain
N

/ (VI o (hvg,e), AV (hu)) dzdt
]Rd
N d

- / / w L (WD (hva, ) + WD (hvw ) (b — b, V)

o Jga dt ’ ’
— (Ta(hva,c)Vh, AVU) + (VT (hvg,c), uAVh) dzdt.

Note that by (4.11), (4.5, and the fact that V and T',, commute, and T',, is L?(R%)-symmetric, we have

lim / /Rd a(Mvae)), AV (hu)) dedt = lim / /Rd (hva,c), T (AV (hu))) dxdt

a—00 a— 00

_ /O /R (Y (), AV () ddr

hence showing (4.6)) boils down to showing

liminf lim
c—0 a—oo

N d ~
/ / u%(hra(hva,c)) + h(Fa(hva,C))<b - b? vu> (412)
0 R4

—{(Ta(hva,e))Vh, AVu) + (V(Lo(hvg,c)), uAVRY) dzdt| < co.  (4.13)
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In what follows we treat all the four terms in the last integral, separately: For the first term, since

I', commute, and T, is L?(R%)-symmetric, we have

N d
/ / u— (hTo(hvg ) dadt
o Jra dt

d 11—~ 5
ho, h )27—(—h) 2= dadt
a—>0<>/ /]Rd Vel + dt Ye dt —’yuc “

2
da ) 2y _ (4 )1—7 2—y
c~>0/ /]Rd (dth U dth 2_Ayu dxdt.

Proceeding to the second term in , we have

lim/ /hF (hva.e)(b— b, Vu) dedt = hm/ /hvac o(h{b—b,Vu)) dadt
R4 Rd

a—00 a—r 00

= / / B2 (hu 4 ¢)' =7 (b — b, Vu) dadt
R4

d

dt

/ /thulvb qu)dzdt<ooby..
c—0 0 Rd

For the third term in (4.12)), we have

N
/ / o(hva,c)Vh, AVu) dxdt = / Lo (hvg,){(Vh, AVu) dzdt
R4 0 Rd

N
/ hvg, Lo ((Vh, AVu)) dzdt
Rd

o

N
— / h(hu + ¢)' =7 (Vh, AVu) dxdt
0 R4
N
— / / h(hu)*=7(Vh, AVu) dzdt.
0 R4
For the last term in (4.12)), we have
N N
/ (VT (hvae), AV dadt = / / (V(hvao), T (WAVR)) dadt
R4 Rd
N
= 7/ / (hva,c, VI (WAVR)) dadt
Rd

/ / (h(hu + )=, V(WAVR)) dadt
(l—>OO Rd

/ / h(hu)*=7,V(uAVh)) dxdt
C—>0 Rd

< 0 by @), ). @),

Thus, the proof is finished.
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We are now able to improve Proposition by allowing v = 1:
Proposition 4.4. If , , and hold, then condition HV® is fulfilled.
Proof. Let 0 < h € C2°((0, N) x R?) and set
Ue:=hu+c, wv.:=loglhu+c), ¢>0.

By Fatou’s lemma we have

N 2 N 2
h .
/ / 2 VI 5 < Y / / 2 IVuell® g
0o Jrd hu =0 Jo Jpa Ue

We proceed with the key fact that

9 N
/ / thVucH dedt < C / / (AVu,, Vu,) dedt = ¢ / / h2(Ve, AVue) dadt
Rd Ue Rd Ue _’Y 0 R4

C N
= - 2 A _ 7/ A .
2 1 _ / e (V(h7v.), AVu,) dzdt 0= ), Rd(hchh, Vu) dadt

Further, note that for 0 < ¢ < 1 Note that

(hv.Vh, AVu,.) dzdt

Rd

(hv AV R,V (hu)) dzdt

div (hv,AVh) hu dxdt

R4 R4

N
(V(hu), hAVh}L dzdt + / / div (hAVh) hulog(hu + ¢) dxdt
Rd hu+ ¢ Rd

/ [{(hVu, hAVhR)| dxdt +/ / |div (hAVR)| |hulog(hu + ¢)| dzdt
Rd

/ / [(V(hu), hAVR)| dxdt+/ |div (hAVR)| [hulog(hu + 1) +e~' +1] dudt
Rd

< o0 by (2). (T3). and (3,

where we have also used

lzlog(x + ¢)| < |zlog(z)| + ¢, |rlog(x)| <e '+ zlog(x+1), z>0,¢c>0. (4.14)
It remains to show that
lim inf/ / ), AVu,) dedt < co. (4.15)
c—0 Rd

Let us define
Ua,e = Lalle, Vo :=10g(Ua,c), a,c>0,

so that, by Lemma and ,
Lo (hva.e) € Wy 2((0, N); L2(RY)) N L2((0, N); HY(R?)) N L=((0, N) x RY), a, ¢ > 0.
Plugging ' (hvq,c) instead of f in we obtain
/ T (o), AV () dedt
N
= / g ua(hfa(h%a,c)) + AT o (h*va,c) (b — b, Vu)

— <Fa(h20a7C)Vh,AVu> + (VFa(h2va7C),uAVh> dxdt.
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Note that by (4.11), (.5, and the fact that V and T',, commute, and Ty, is L?(R%)-symmetric, we have

lim ! (V(To(h?va.c)), AV (hu)) dodt = hm/ / V(hva,e), To(AV (hu))) dadt
Rd

a—oo Jq R a—00

/ /]R d ) AV (hu) deedt,

hence showing (4.15)) boils down to showing

liminf lim / / u— (W o (h?va.c)) + Mo (h?v4.c)) (b — b, V) (4.16)
c—0 a—o Rd

— (T (h?va.e))Vh, AVU) + (V(T o (h?va.c)), uAVH) dodt| < co.  (4.17)

We treat all the four terms in the last integral, separately: For the first term, since % and I', commute, and
T, is L2(R%)-symmetric, we have

N d
/ / o (hfa 200, c)) dxdt
0o JRrd

/N/ ul'o(hv )dh+u d(hzfu ) dadt
0 Oé «,C dt OLCdt «,C

R4
N
d ) <d > d
2 22 1 22
/0 /Rd h*vgy ( dth + dth Uq,clog(ug,c) + R gy e dxdt
N
d d d
h2 «,c oc( *h) (*hQ) occl «,c *(*hz) acd dt
/O/Rd v U ert Ua,c log(Ua.c) o Uq,c AT
/N h? —h+<ih2> log(ue) — (iiﬂ) dadt
Vel o uc log(ue ) vedz
2 d d, o d, o
= h*ulog(hu + ¢)—h + | —h* | (hu + ¢)log(hu +¢) — | —h* ) (hu + ¢) dzdt
Rd dt dt dt
/ / h*ulog(hu) dh+ ( d h2> hulog(hu) — (ihZ) hu dxdt
>0 a SV g dt & dt '
Proceeding to the second term in (4.16)), we have
N ~
/ / AT o (h*vg,) (b — b, Vu) dxdt
Rd

= lim/ /h%ac o(h(b = b, Vu)) dedt| =
a—r 00 Rd

N
< / / W2 og(hu + ) (b — b, ¥ (hu))| + [h2ulog(hu + ¢) (b — b, VhY| dadt
0 Rd

Q

lim
o—r 00

h?log(hu + ¢)(b — b, Vu) dxdt (4.18)

R4

N
< / / |hlog(hu + ¢)V (hu)||||h(b — b)|| + |R*ulog(hu + ¢)|||b — b|||| VR dzdt

(/ /h2 || Tog(hu + ¢)V (hu)]|)? d:cdt) (/ /hQH B dxdt>1/2

N
+ / \h2ulog(hu 4 ¢) (b — b, Vh)| dxdt.
0 R4
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Now, let us note that

N
/ / h2||b — b||? dzdt < 0o, by ([@2)
0 R4
N
/ |h2ulog(hu + ¢)(b — b, V) )| dwdt — / \h?ulog(hu)(b — b, Vh)| dzdt < co by ([@2), (£5).
0 R4 R

Furthermore, by fixing v € (0, 1),

o 2 2 2 N 2 2 [V (hu)|?
h?| log(hu + ¢)|*||V (hw)||* dzdt = h?(hu)?|log(hu + ¢)|*+——=— dxdt
0o Jra 0o Jra (hu)”
N 2
V(uh)||
< )1 2| (NCOT A
< (hu)? g+ 0= 00y | G dud
Finally,
SE)PD |~ (hu)Y|log(u + C)|2HL°°((0,N)><Rd) < oo by using (4.5)),
ce(0,
whilst

N 2
h
/ / hM dxdt < oo by Proposition |4.3
o Jra  (hu)

For the third term in (4.16)), we have

/ / h2v, )Vh, AVu) dzdt
]Rd
/ / va ){(Vh, AVu) dxdt = / / hzva Lo ((Vh, AVu)) dxdt
Rd Rd

/ / h*log(hu + ¢)(AVh, Vu) dxdt,
a—0o0 Rd

and this last term can be further treated precisely like fON Jza B*log(hu + ¢) (b — b, Vu) dxdt in ([@.18).
For the last term in (4.16)), we have

N
/ / (VI o (h?va.c), uAVR) dxdt
Rd
/ / P24 o), Ta(uAVR)) drdt = / / (K% log(hu + ¢)), uAVh) dxdt
Rd a— 00 R

- / / h*log(hu + ¢)div(uAVh) drdt = — / / h*log(hu + ¢)[(Vu, AVh) + udiv(AVh)] dxdt.
Rd R4

Now, the integral
N
/ / B2 log(hu + ¢)(Vu, AVh) dadt
0 JRrd

can be further treated precisely like fON Joa B3 log(hu + ¢) (b — b, Vu) dedt in (£I8), whilst
N
/ / h*log(hu + c)udiv(AVh) dxdt
0o Jrd
N
< sup |[h%ulog(hu + )z (o0 N)X]Rd)/ / |div(AVh)| dzdt < co by (4.2), (4.5).
Rd

ce(0,1)

Thus, the proof is finished.
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If conditions (4.2)), (4.3)), and (4.5]) are satisfied globally in space, then, by following essentially the same
steps as above, the results from Lemma and Proposition [£.4] are satisfied globally in space as well. More
precisely, we have the following.

Proposition 4.5. Assume the following global in space versions of , , and :
o b; and 0,,a;; belong to L* ([0, N) x B(0,7)), 1<4,j<d,
o CTHEP < (At 2)€,6) < ClEIP, € e RY, (t,2) € [0,N) x B(0, )
e u€L®(0,N] xRLR) and Vu € L2([0,N) x RGRY),

Then

uwe WhH2([0, N]; HY(RY)), hence u € C([0,T); L2(R?)), and /u e L*([0,T]; H'(R%)).

4.2 Trevisan’s conditions

Let us consider the diffusion operator (L¢)¢(g o) With coefficients a, b given by (2.1)-(2.4), such that the
well-posedeness conditions in [64] for the elliptic case are satisfied for every N > 0, namely:

(T1) 3C =C(N)>0: (A(t, ), €) > C|€|?, te€[0,N],x &R, (4.19)

(T2) ac L>(]0,N] x RY), %a € L>([0,N) x RY), (4.20)
+

(T3) a € LY([0,N); WHP(R?)) for some p € [2,00], Z 81‘ 5. i € LY([0, N]; L=(R%))  (4.21)

(T4) be LY([0, N]; L>=(R%)). (4.22)

Then, by [64, Theorem 33]:

For every po = ug dv € P(R?) with ug € L"(RY), r > 2p/(p — 2), and for every N > 0, there ewists
a unique weakly continuous solution p := (u(t) = u(t,z) dz),co N C P(RY) of the linear Fokker-Planck
equation (2.3), with initial condition po and such that u € L>([0, N]; L"(R%)). Moreover, it satisfies

u € L*([0, N|; WY2(RY)),  for every N > 0. (4.23)

Remark 4.6. (i) Note that in [0, Theorem 33/, the uniqueness part is apparently claimed in the class
of weakly continuous solutions which belong to L>=([0, N|; L™ (R%)) and are necessarily probability solu-
tions. However, by inspecting the proof of [64, Theorem 33], one can see that uniqueness holds among
all weakly continuous solutions to whose densities belongs to L= ([0, N|; L (R%)).

(ii) We emphasize that the uniqueness is guaranteed in the space u € L°°([0, N]; L"(R%)), whilst - 18
a byproduct of the construction of the solution; see [64, Subsection 3.3] and the dzscusszon on page 20.

We also need the following slight modifications of (T3) and (T4):
(T3') 0y,a;; € L2 ([0,00) xRY), 1<4,j<d
(T4) b; € L ([0,00) x RY), 1<i<d

Corollary 4.7. Assume that conditions (T1)-(T4), and (T3’)-(T4’) are satisfied. Further, let ug(x)dx €
P(RY) be such that ug € L®(R?), and consider (u(t) = u(t,x)dw)te[o,T] C P(RY) the unique weakly con-
tinuous solution to the linear Fokker-Planck equation , with initial condition ug(x)dx, and such that

u € L=([0,N] x RY). Then the conditions H;I/;, H<u, and HEY are satisfied, hence the conclusion of
Theoremm & Theorem [2.13 hold.

Proof. First, by (T1),(T2), (T3’), and the fact that u is bounded, we get that H, is fulfilled.
Further, Hy, follows from (T4’) and the fact that u is bounded.
Condition HV" is ensured by Proposition since v is bounded and @ holds.
Further, H<, follows from [64, Theorem 33] presented above, and Remark 4.6} (i).
Finally, H{V follows by Remark [4.2] and Remark O
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5 Regularization of the superposition principle for nonlinear time-
dependent Fokker-Planck equations

In this part we extend to nonlinear Fokker-Planck equations the results presented above for the linear
case. We construct Choquet capacities for such nonlinear equations by probabilistic means and we investigate
explicit sufficient conditions on the coefficients for a class of generalized porous media equations to which
our theory applies.

5.1 The strong Markov property and a Choquet capacity for the solution of
the corresponding McKean-Vlasov equation

In this section we start from a general nonlinear Fokker-Planck equation, namely we consider the (¢, u)-
dependent diffusion operator

2

d
L f(t,x) =0t z, V)V, f(t,x) Z a; ;(t,x,v) 3 é@x-f(t’x)’ (t,z,v) € (0,00) x RY x P(]Rd),
=1 L0

l\')\»—l

that acts on test functions f € C2°((0,00) x R?) which are twice continuously differentiable in the second
argument, whilst b and a are functions between the following spaces

b:[0,00) x R* x P(RY) = R? and a:[0,00) x R x P(R") = RGAL.

Remark 5.1. Note that above we did not assume any kind of regularity/measurability for the coefficients b
and a, the reason being that our aim is to cover irregular coefficients, like those from below which depend on
point-wise evaluations of the density of v assuming it exists, also called Nemytskii-type operators. This is in
fact the setting adopted in [J)], to which we refer for more details and examples.

Let us now extend the notion of solution to the Fokker-Planck equation from the linear case (see Defini-
tion [2.1) to the nonlinear one:

Definition 5.2. Let 0 < s < T < 0.

(i) A family (pe)e(s7) C M(RY) is called a (weak, or distributional) solution on (s, T) to the nonlinear
Fokker-Planck equation

d .
%Nt = Lt,,ut:uta te (SaT)v (5'1)
if (14t) e (s, 18 @ Borel curve in M(R?),
o [0,00) x RS (t,2) = b(t, x, ;) € R and (t, ) — a(t, z, puy) € R are Borel measurable,

. / bt 2, )| + A 2, )| ue(da)dt < 00, R >0 (5.2)
(s,T)x B(0,R)

/(S,T)X]Rd

(it) We say that (p)es 1y C M(R?) is a solution to the nonlinear Fokker-Planck equation (5.1]) with
initial condition s if (1) e (s ) @8 a solution on (s,T) as in (i), and }{n Wy = s weakly.

jtf(t z) 4+ Loy f(tx)| me(da)dt =0, feC®((s,T)xR). (5.3)

(iti) We say that (pue)es ) C M(RY) is a weakly continuous solution to the nonlinear Fokker-Planck
equation if it is a solution on (s,T) in the sense of (i), and the curve of measures [s,T) >
t > e € M(R?) is weakly continuous; this definition is obviously extended when (1t)eels, Ty s merely
weakly right-continuous.
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Further, if 4 = (u: = u(t,x)dz);>0 C P(R?) is a Borel curve, we consider the following ”linearized”
objects:

bU(t,x) = b(t, o, ),  ai(t,x) i= aij(t, o, 1), (t,x) €[0,00) X RY
1

d 92
LA f(t @) = 6" (6 2) Ve (b 2) + 5 D al(tw) 5= f(t,2)
irj=1 e

=Ly, f(tz), fe€CX((0,00) xRY), (t,z) € [0,00) x R

Let us now recall the counterpart of the nonlinear Fokker-Planck equations considered above to the theory
of McKean-Vlasov SDEs, also called distribution dependent SDEs. First, assume that

0:[0,00) x R x P(RY) — R™*? s such that a = oo™.

Definition 5.3. Let (QJ—', (‘F(t))tZO ,]P’) be a filtered probability space. An F(t)-adapted and P-a.s. path-

continuous stochastic process X = (X (t))i>0 with values in R is called a weak solution to the McKean-Vlasov
SDE
dX(t) =b(t,z, Lxq)) dt + o (t,x, Lxp) dW (), X(0) ~ o € P(RY) (5.4)

where W is a d-dimensional standard Brownian motion defined on (Q,f, (]:(t))tzo ,]P’), whilst Lx ) =
Po(X(t) ', =0, if

N
/ / o (B2 x| 0,2, £x)l) Lxco(do)dt <00, N > 0B >0,
o JBO,R

and
MO = £(6X0) = F0.XO) = [ (74 Lieg, ) (5. XD ds, 120

is an F(t)-martingale for every f € C2°([0,0) x R9).
Theorem 5.4. Let (j11)¢>0 C P(RY) be a weakly continuous solution to the nonlinear Fokker-Planck equation

(5.1) on (0,00), such that p; := u(t,z)dz, t > 0 for a jointly measurable density u : [0,00) x R? — R,
Furthermore, assume that the ”linearized” conditions

HY ., He (LY), HIV(LY)  are fulfilled.
Then there exists a set E € B([0,00) x R?) and a conservative right (hence strong Markov) process on E
X=Q,F,F1),X®),Pss (s,x) € E,t >0), with transition function (P,);>0,
such that the following assertions hold:
(i) 71([0,00) x R4\ E) =0 and ps ({z € R, (s,x) € E}) =1, s > 0.
(i1) For (s,z) € E we have

Py ([0,00) 2t X(t) € E C [0,00) x R* is continuous ) = 1.

(ii3) If we set X(t) = (X1(t), X2(t)),t > 0, then for (s,x) € E we have

Poo (Xa(t) =t+s0<t<o0)=1.

(iv) The process (Xa(t))i>0 has the following properties:

(iv.1) For every s,t > 0
Py, 0 (X2() ™" = press:
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(iv.2) Regarded on the filtered probability space (U, F,F(t),Po ), the process (Xa(t))i>o is the unique
weak solution to the McKean-Vlasov SDE (5.4)), with initial condition Lx, ) = po and such that
Lx, ) < g, t >0 for some constant ¢ € (0,00).

(iv.3) Regarded on the filtered probability space (U, F, F(t),Po u,) the process (Xa(t))i>o is strong Markov,
in the sense that for every finite F(t)-stopping times T we have that

Esoou0 {f(t+7', Xo(t+ 1)) | .77(7')} = P, f(r,Xa2(7)), t>0,f¢€bB([0,00) x Rd).

Proof. The existence of X with all the desired properties follows by the main results Theorem [2.12] and
Theorem with a, b replaced by a*,b*. O

Remark 5.5. Let (X2(t))i>0 be the weak solution constructed in Theorem and define for every A €
B(RY)
7'1(42) =inf{t > 0: X5(t) € A} (hitting time), Df) =1inf{t > 0: X5(t) € A} (entry time).

Then both Tf) and fo) are (F(t))-stoping times.

Corollary 5.6. Let pu:= (jut)i>0 C P(R?) be a weakly continuous solution to the nonlinear Fokker-Planck
equation (5.1)), such that p; := u(t,x)dz, t > 0 for a jointly measurable density u : [0,00) x R? — R,.
Furthermore, assume that the “linearized” conditions

HYP., Heol(LY), HYV(LY)  are fulfilled.

av bu»

Let X be the process provided by Theorem a > 0, and consider the mapping
R* > A Cap(,,,)(A) := inf {E(;D@HO {e_aDg)} :ACG,GCR? open} .

Then Cap(aut) is a Choquet capacity on R? endowed with the norm topology. Moreover, Cap(aut) is tight.

Proof. Recall that X is a path-continuous right process on E. Therefore, we can consider the (tight) Choquet
capacity Capj, g, given by (6.10)), with 7 being the norm topology on F, v = §y ® o, and f = 1/a. Then
it is straightforward to check that

Cap‘(lut)(A) = Cap?@@ﬂg([o’ OO) X A)v AC Rd-

is a Choquet capacity on R? endowed with the norm topology, which is also tight. O

Remark 5.7. The capacity Capfj0 constructed in C’orollary depends only on the given solution p = (fu)1>0
of the nonlinear Fokker-Planck equation (5.1), through the corresponding superposition on the path space
C([0,00); RY) provided by Theorem .

5.2 Example: Generalized porous media equations

We place in the framework of [5] and consider the nonlinear Fokker-Planck equation

%u(t,x;uo) = AB(z, u(t, z;up)) — div(D(2)b(u(t, z;uo))ult, ;up)), t > 0,2 € RY (5.5)
u(0,-) = uo(-).

As we will see, like in Section [4] in order to apply our results to (5.5, we have to construct a reference
density satisfying the linearized conditions HY" He,(LY), HFY(LY).

av bu»
To this end, we consider the following set of assumptions on (3, D,b), most of them being taken over
from [5]:
B:R2xR—R and D:R*xR—>R, b:R—-R

satisfy the following:
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(Hp) B € C*(R% x R;R) is such that:
(Hp1) Bp(x,r) = &B(z,r) >0, € L®R*xR), VB8, € LR x[0,N]), N>0,
B(z,0)=0, zeR%
(Hp2) fRd |Slup |AB(x,r)| de < oo, N > 0.
r|<N

(Hp) Form >d/2ifd>2,and m=1ifd =1,
D e L*R%4RY),  divD € LA (RY), (divD)™ € L*=(R%).

loc

(Hb) be CI(R) n Cb(R) and b>0.
(Hp,p) |b(r)r —b(s)s| < c|B(z,r) — B(x,s)], ze€ R s,t € R, for some ¢ € (0, 00).

The following well posedness result follows from [5, Theorem 6.1]: For every ug € L*(R?) there exists
a unique mild solution u(-,-;ug) € C([0,00); LY(R?)) to the nonlinear Fokker-Planck equation (5.5); see [5,
Definition 1.1] for details on the notion of solution.

In fact, the above mentioned well-posedness result is valid under more general assumptions on the co-
efficients, see [B, Theorem 2.1 & Theorem 6.1]. The role of the assumptions (Hg), (Hp), (Hp), (Hp g) from
above, besides the well-posedness part, is that they also guarantee the following key properties of the solution,
according to [5].

(1) Cf. [B (1.16) & (2.4)]:

u(t+ s, 5 u0) = ult, su(s, sup)), t,s>0.
(2) Cf. [B (1.17) & (2.4)]:

||u(t, N uo) — u(t, 3 'UQ)HLI(]Rd) < ||UO - 'UO”LI(Rd), t> 0, Up, Vo € Ll (Rd)
(3) Cf. [5, Theorem 6.1]:

If ug(z)dxr € P(RY) then u(z)dxr € P(RY) for every ¢ > 0.

(4) Cf. [5, Theorem 6.1]:
If up € L' (RY) N L=°(R?) then u(-,;up) € L=((0, N) x RY), for every N > 0.

(5) Cf. |5, Theorems 2.2 & 5.2 & Section 6]:
If up € LY(R?) N L2(RY) then

(5.1) B, u(- - u)) € L*((0, N); HY(RT)) N L™ ((0, N); L*(R?))

Lot 5u0) € L2((0, N); HTI(RY), N >0,

(5:2) =

Lemma 5.8. Under (Hg) there exists a function B
B:R'xR =R, Bz,Bx,r)=r=75pxr), (zr)eR!xR,
such that the following properties hold
BeCHRYXR), B, Vb€ LR x[0,N]), N>0 (5.6)

Proof. First of all, note that by the implicit function theorem, for every r € R there exists a unique C'*(R%)-
function B(-,r) such that

Bz, B(z,r)) =7, xeR.
Now, by the inverse function theorem we have that for every z € R? there is a C'(R)-function B(z,-) such

that -
[3(1:,[3(1:,7”)):T:B(x,ﬁ(x,r)), reR.
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Clearly, from the injectivity of B(z,-) for each x € R? we deduce that B = B and that B is C! in each
variable. Moreover

3 *vmﬁ(xat”t—ﬁ( ) N 1
V.B(z,7r) = =220 Bz, ) = ——————, (z,7) € R XR.
Br (@, V)l i— gz ) Br(@, ) i=p(a,m)
Now, the properties in (5.6) follow immediately from (Hpg). O

Proposition 5.9. Assume that 3, D, b satisfy conditions (Hg), (Hp), (Hy), (Hp ), let ug € LY (RY)NL>®(RY)
and consider u(-,-) :=u(-,-;ug) to be the solution to (5.5). Then

u(-, - ugp) € L([0,T]; HY(RY)), T >0.
Proof. Let B be the function provided by Lemma so that
u(t,z) = Bz, Bz, u(t,x))), =,tecR? xR a.e.
Consequently, the statement follows if we show that
(t,7) = Vo [B(x, Bz, u(t, 2)))] € L2((0,T]; L*(RY)).
To this end, by and the fact that we already know that 8(u) € L2([0,7T]; H(R?)), we have

Ve [B(x, Bz, u(t, )| = VaB@, 1)l r—p(aue) + Br (@, Bla, ult,z))) Va [B(x, u(t, 2))]
eL>=([0,T]xR4) €L>=([0,T]xR%)  €L2([0,T};L2(R%))

€ L*([0,T]; L*(RY)).

O

Let 0 < ug € L*®(RY) such that [u, uo(z) dz = 1, and let u(-,+;ug) be the corresponding solution
presented above. If we set u:(dx) := u(t, z; up)dx, t > 0, then (5.5)) recasts as:
For every f € C>°((0,00) x R%)

/ h [ arwa+ Bl ults ) \ p; o) 1 (D(@)blut, 2)), V(t,2)) pu(da) de =0,  (5.7)
o Jradt u(t, x) _—

m =:b(z, 1)
u(0, ) = ug(+). (5.8)

Since p1 := (pt)i>0 C P(R?) is also continuous in the total variation norm, we thus have that p is a weakly
continuous solution (in the sense of Definition [5.2)) to the non-linear Fokker-Planck equation

d .
%/’Lt = Lt,/it/’[’t7 <5.9)

1
I—t,/l«t f(ta Jf) = b(xalj/t> wa<t7 LI,‘) + = 2@(1‘,/_},,3) A:vf(tax)a (t,I) € (05 OO) X Rda
~—~— N——r 2%/—/

Ly =:b"(t,x) =:a¥(t,x)

where b(x, u¢) and a(z, pt) are given in (5.7)).
Now, we need a convenient well-posedness result for the linearized Fokker-Planck equation

d x
priche (L) ve, where L} is defined in (5.9) with u being fixed in the coefficients. (5.10)
Proposition 5.10. Assume that 3, D,b satisfy conditions (Hg),(Hp),(Hy), (Hp ), let 0 < ug € L>®(R)
such that ug(x)dr € P(RY), and let u(-,;ug), pe(dr) = u(t, z;uo)dz,t > 0 be the solution to (5.5)/(5.7).
Let 0 < s < T and vs = vs(z)dx such that 0 < v, € LY(R?) N L (RY). Then the following assertions hold
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1 en there exists a solution (vy = v(t, x)dx to the linearized Fokker-Planck equation (5. suc
i) Th h 2 luti d te]s,T] he li ized Fokker-Planck jon ((5.10) h
that
ve L0, T); L* N L®(RY)) and +a*Vv € L*([0,T]; L*(RY)).

Moreover, it follows that
veC([0,T); L*RY), T >0. (5.11)

y 1 ._ 1 _ ) (2 ._ () _ (2
(is) If v\P) (I/t v (tw)daz)te[sﬂ and v, (Vt v (t,x)dx)te[syT]
continuous solutions to the linearized Fokker-Planck equation (5.10), such that vV v € L>°([s, T] x

R%), sharing the same initial condition vs(x)dx, then

L) — @)

are two right weakly-

Proof. (i). The main idea is to rely on the results [38, Proposition 2 & Proposition 3], so let v as in the
statement and note that (5.10]) written in divergence form [38] (5.8)] becomes

d _ w 1o . 1., . B
%v—&—dlv((b —§Va >v) - 2dlv(a Vu)=0

In fact, it turns out that the Girsanov-type result [38, Proposition 3| is much more suitable to our context,
so we go on and rewrite the above equation in the special form

d 1 o i
v +div (Vauov) — 7div(a*Vv) =0, where § := Jai 2v\/aa7

Now, assertion (i) follows by [38, Proposition 4] as soon as we check the following conditions s soon as we
check the following conditions (see [38], (6.12)-(6.13)]),

(1) va® e L2([0, T W2 (RY), 4 € L2([0,T]; L? + L= (RY))

(i.2) 6 € L([0,T); L? + L*°(RY)).
Let us check (i.1) first. Note that by condition (Hg) on 3 we have
Bowu =Bl _ Vel _

Je€ (0,00) :  a" = B(u)/u<c, w2 u

(5.12)

Now, by the first bound in (5.12), the second part of (i.1) is immediate. Regarding the first part, note that
by (Hg) and the fact that u € L>([0, T]; R?) we have

36 >0: a“:@z& (5.13)

Moreover, since 3 € C? whilst u € L>, by (Hg,1) we have

1Br (2, wu — Bz, w)| _ ‘Supaeo lulloc) Brr (25 E)u ‘ B ‘Supﬁe[o,nuuoo] Brr (2, €)
u? - 2u? 2
€ L>=([0,T] x RY).

Consequently, using also (5.13)), (5.12)), as well as the fact that v € L2([0,7]; H'(R?)) due to Proposition
|Va“| [Va™|
< —1|Va
R 75
| ul |V Bz, w)u + Br(u)u — B(u)]
w2

(IVxﬁ(x,U)l I EAC) 6(U)|)

u2

4

<

é\

S*|V|
]

\ 5

\[|Vu| e L*([0,T7; L*(RY)).
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Thus, assertion (i.1) is completely proved. Assertion (i.2) is also clear now, by (5.13)), the fact that b € Cj,(R)
according to (Hy), and the property Vv/a* € L%([0,T]; L?>(R?)) which was proved above.

In order to completely prove assertion (i), we need to justify that v € C([0,T]; L?(R%)). To this end,
note that by the first part of (i) proved above, using also (5.13), it follows that v € L?([0,T]; H!(R?)). To
conclude, we can now apply Proposition [£.5]for L} instead of L, for which the conditions from Proposition [4.5]
are clearly satisfied.

(ii) This follows directly from [5, Corollary 3.5] as well as the last line on page 34 from [5]. O

Theorem 5.11. Assume that 3, D, b satisfy conditions (i)-(iv), let 0 < ug € L>®(R?) such that [5, uo(z) dv =
1, and let u(-,-;ug), pe(dx) == u(t,z;uo)dz,t > 0 be the solution to (5.5)/(5.7). Then the “linearized” con-
ditions

HyMe, Hey(LY), HGY(LY)

al bw»

are fulfilled, where a*,b*, and L" are given in (5.9). Consequently, the conclusions of Theorem and
Corollary[5.6 are valid in this situation.

Proof. Condition Hau is fulfilled by e.g. (i.1) from the proof of Proposition [5.10] (5.12), (5.13)), and the fact

that u € L*. Condition Hpu follows from (Hp) and (Hp). Condition HV" follow from Proposition
Thus, condition HY., . is fulfilled.

Finally, it is straightforward to see that condition Hc, (L") is fulfilled by Proposition

Finally, condition H{Y (L") is also satisfied due to Proposition (i), and the dominated convergence,

using also that u € C([0, 00); L' (R?)). O

6 Elements of right processes

Throughout this section we follow mainly the terminology of [33], [60], and [I4]. The aim here is two-fold:

e  We present a concise introduction to the theory of probabilistic potential theory, with special emphasis
on those tools that are fundamentally used in order to derive the main results from Section 2] and Section

e We prove new results on right processes that are of general nature and which are, as well, needed
in Section [2] and Section [3} see e.g. Lemma [6.23] Proposition Proposition [6.39] Proposition
Proposition [6.56] as well as those from Section [6.5]

6.1 Fundamentals on right processes and their potential theory

Let (E, B) be a Lusin measurable space, i.e. it is measurably isomorphic to a Borel subset of a compact
metric space endowed with the corresponding Borel o-algebra. We denote by (b)pB the set of all numerical,
(bounded) positive B-measurable functions on E. Throughout, by U = (U, )a>0 We denote a resolvent family
of (sub-)Markovian kernels on (E, B); see e.g. [14, Subsection 1.1]. If 8 > 0, we set Us := (Up+a)a>0-

A C E is called universally B-measurable if for every (positive) finite measure p on (E,B) there exist
A1, Ay € B such that 41 C A C Ay and p(As \ A1) = 0. By B* we denote the o-algebra of all universally
B-measurable sets in E.

Definition 6.1. A wuniversally B-measurable function v : E — R, is called U-excessive provided that
aUyv < for all « > 0 and sup aUyv = v point-wise; by E(U) we denote the convex cone of all B-measurable
«

U—-excessive functions.

Remark 6.2. Recall that if f € pB, then Uy f is Uy -excessive.

If a universally B-measurable function w : E — R is merely Ug-supermedian (i.e. aUs;qw < w for all
a > 0), then its Ug—excessive reqularization is defined as w := sup aUp4ow. The function w is Ug—excessive
(e

and w € E(Ug) provided that w is in addition B-measurable.

Definition 6.3. The fine topology on E (associated with U) is the coarsest topology on E such that every
U, -excessive function is continuous for some (hence all) a > 0.
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Proposition 6.4. If u is Ug-excessive for some 3 > 0, then the set [u = 0] is finely open.

Definition 6.5. A topology T on E is called natural if it is a Lusin topology (i.e. (E,T) is homeomorphic
to a Borel subset of a compact metrizable space) which is coarser than the fine topology, and whose Borel
o-algebra is B.

Remark 6.6. (i) The necessity of considering natural topologies comes from the fact that, in general, the
fine topology is neither metrizable, nor countably generated.

(ii) Let (E,B) be a Lusin measurable space, and (fn)n>1 C B be such that it separates the points of E.
Then the topology on E generated by (fn)n>1 is a Lusin topology; see e.g. [60, Theorem A2.12] for the
similar Radonian case.

There is a convenient class of natural topologies to work with (as we do in Section 2), especially when
the aim is to construct a right process associated with U (see Definition [6.10). These topologies are called
Ray topologies, and are defined as follows.

Definition 6.7. (i) If 3 > 0 then a Ray cone associated with Ug is a convex cone R of bounded, B-
measurable Ug-excessive functions which is separable in the supremum norm, min-stable, contains the
constant function 1, generates B, Uo(R) C R for all @ > 0, and Us((R —R)+) C R.

(ii) A Ray topology on E is a topology generated by a Ray cone R, and it is denoted by 7.

In order to ensure the existence of a Ray topology, as well as many other useful properties related to the
fine topology and excessive functions, we need the following condition:

(H¢). C is a min-stable convex cone of non-negative B-measurable functions such that
(i) 1 € C and there exists a countable subset of C which separates the points of E,
(ii) Uy(C) Cc Cforall f €C and o > 0,

(iii) lim aU,f = f pointwise on F for all f € C.
a— 00

The following result is basically Corollary 2.3 from [29]:
Proposition 6.8. The following assertions are equivalent.
(i) There exists a cone C such that (He) is fulfilled.
(i) E(Ugp) is min stable, contains the constant functions, and generates B for one (hence all) 5 > 0.
(1ii) For any 8 > 0 there exists a Ray cone associated with Ug.

For the rest of this section we assume that one (hence all) of the assertions from is valid. This is
always satisfied when there is a right Markov process with resolvent U, whose definition is given below.

Remark 6.9. (i) It is clear that any Ray topology is a natural topology. A useful converse is true: For
any natural topology there exists a finer Ray topology; see Proposition 2.1 from [16]. In fact, a key
ingredient here is that given a countable family of finite Ug-excessive functions, one can always find a
Ray cone that contains it; we shall use this fact later on.

(ii) As a matter of fact, if (He) holds, then one can explicitly construct plenty of Ray topologies, following
e.g. [T4)], Proposition 1.5.1, or [29], Proposition 2.2. As we shall need such a construction later on,
let us detail it here. Let Ay C bpB be countable and such that it separates the set of finite measures on
(E,B). The Ray cone generated by Ay and associated with Ug is defined inductively as follows:

Ro :=Us(Ao) UQy,

Ru1=Qu Ry U Y Ry JUl ARn U | Ua(Rp) | UUs((Rn — Ri)4).
f f

acQy
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where by > R, resp. N\R, we denote the space of all finite sums (resp. infima) of elements from
! f
Rn. Then, the Ray cone R 4, generated by Ag is obtained by taking the closure of | JR, w.r.t. the

supremuim norm.

Right processes. Let now X = (Q,F, F(¢),X(¢),0(t),P,) be a normal Markov process with state space
E, shift operators 0(t) : Q@ — Q, t > 0, and lifetime (; if A denotes the cemetery point attached to F, then
any numerical function f on E shall be extended to A by setting f(A) = 0.

We assume that X has the resolvent U fixed above, i.e. for all f € bB and a > 0

Udsf(x) = EOC/OOO e f(X(t)dt, z€E.

To each probability measure p on (E, B) we associate the probability

Pr(A) := /]P’””(A) w(dx)
for all A € F, and we consider the following enlarged filtration

Ft):=\F"), F:=)F"

where F# is the completion of F under P#, and F*(¢) is the completion of F(t) in F* w.r.t. P#; in particular,
(z,A) — P*(A) is assumed to be a kernel from (E,B") to (2, F), where B* denotes the o-algebra of all
universally measurable subsets of F.

Definition 6.10. The Markov process X is called a right (Markov) process if the following additional hy-
potheses are satisfied:

(i) The filtration (F(t))i>0 is right continuous and F(t) = }/(t),t > 0.

(i) For one (hence all) a« > 0 and for each f € E(U,) the process f(X) has right continuous paths P*-a.s.
forallxz € E.

(iii) There exists a natural topology on E with respect to which the paths of X are P*-a.s. right continuous
forallx € E.

Remark 6.11 (Strong Markov property). Recall that if X is a right process on (E,B) with transition
function (Py)¢>o0, then it is a strong Markov process, i.e. for any p € P(E), t >0, and 7 an (F(t))-stopping
time we have

E {f(X(t+71))|F:} =P f(X(r)) Pu-a.s., fe€bB(E); recall that f(A):=0.
Moreover, for any pu, T as above and any Y € bF, the strong Markov property with shifts holds, namely
E {Yoo(r)| Fr} =Ex{Y} Pu-a.s, Y €bF; here, Y o6(c0):=0.

Sometimes, for shortness and if there is no risk of confusion, we use (X,P,,z € E) to denote a right
process X, instead of specifying the full tuple X = (Q, F, F;, X (t),0(t), P*).

Remark 6.12. It is worth to mention that if X = (Q, F, F(t), X (t),0(t),P,) is a right process as defined
above, and T is a_ gwen natural topology on E, then then one can construct another right process X =
(Q, F,F(t),X(t),0(t),P,) sharing the same resolvent (or transition function) as X, i.e. X and X are
equivalent in the sense of [33, Definition 4.1], such that assertion (iii) from Deﬁm'tion can be replaced
by a stronger one, namely:

(iii’) The path [0,00) >t — X(t,w) € F is right-continuous with respect to T for every w € €.
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Indeed, one can construct such X by considering first a second process equivalent to X which is of function
space type, according to [33, Definition 4.2 and Theorem 4.3], and then simply deleting from the path space
of this second process the set A of those paths that are not right-continuous with respect to T. Such a removal
is allowed since A is universally measurable according to [0, Ch. IV, Theorem 34].

The probabilistic description of the fine topology is given by the following key result, according to [33]
Chapter II, Theorem 4.8], or [60, Proposition 10.8 and Exercise 10.18], and [22], Corollary A.10]. The second
assertion states the relation between excessive functions and right-continuous supermartingales (cf. e.g., [19]
Proposition 1], see also [20]).

Theorem 6.13. Let X be a right process and f a universally B-measurable function. Then the following
assertions hold.

(i) The function f is finely continuous if and only if (f(X(t)))i>0 has P*-a.s. right continuous paths for
all x € E. In particular, X has a.s. right continuous paths in any natural topology on E.

(i) If B > O then the function f is Ug-excessive if and only if (e P f(X(t)))i>0 is a right continuous
Fi-supermartingale w.r.t. P* for all x € F.

Remark 6.14. Inspecting the proof of [33, Chapter II, Theorem 4.8], we see that if f is universally B-
measurable and the mapping [0,00) 3 ¢t — f(X(t)) € R is right continuous merely at t = 0 P*-a.s. for all
x € FE, then f is finely continuous.

Remark 6.15 (P, is finely Feller). A remarkable property which has been relatively overlooked in the literature
is that given a right process X on a general Lusin measurable space (E, B), the operators P; have the property
that P, f is finely continuous whenever f is finely continuous, bounded, and B“-measurable; see e.qg. [60,
Ezercise 10.24], [33, Ezxercise 4.14], or [20, Lemma 2.8] for a proof of this result. In other words, P; is
Feller with respect to the fine topology.

Proposition 6.16. Let X = (Q, F, F(t), X(t),0(t),P,),x € E and X = (Q,ﬁ,f(t),)z(t),é(t),lﬁ’x,x € FE)
be two right processes on a Lusin measurable space E sharing the same resolvent U. Further, let T be a
natural (hence Lusin) topology on E (with respect to U ), such that X has continuous paths with respect to T
P,-a.s. for some € P. Then

P, o (X) ' =Pro (f()_l as laws on the path-space C([0,00); E,T), (6.1)

where C(]0,00); E,7) denotes the space of continuous functions defined on [0, 00) with values in E endowed
with the topology 7.

Proof. Let D be the countable set of dyadics in [0, 00), and denote by W the space of the restrictions to
D of all paths from [0,00) to E which are 7-continuous. Also, consider the product E” endowed with the
canonical o-algebra, and consider the laws

vi=P,0(X)"! and #:=P,0(X)"!

of the two processes X and X on EP Now, on the one hand any distribution on EP is uniquely determined
by its finite dimensional marginals, hence, by the Markov property, v and 7 are uniquely determined by
their one-dimensional marginals. The latter marginals are in turn uniquely determined by their Laplace
transforms, and since X and X share the same resolvent U , we deduce that

v="r.

Next, by [40, Chapter IV, Theorem 34; see also pages 91-92], we have that WF is a universally measurable
subset of EP. Consequently, we have
v(WE) =p(WF) =1,

so, on the one hand, the paths of X are restrictions to D of 7-continuous paths in F I@M-a.s. On the
other hand, by Theorem it follows that X has right-continuous paths with respect to 7 P,-a.s. for every
x € F. This means that the right process X has E and has 7-continuous paths in F I@’N—a.s., and clearly
is satisfied since a probability measure on C([0,00); E,7) is uniquely determined by its finite dimensional
time-marginals. O
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We end this paragraph by recalling the analytic and probabilistic descriptions of polar (and other ”small”)
sets.

Definition 6.17. Let a > 0
(i) If u € E(U,) and A € B, then the a-order reduced function of u on A is given by

RAu=inf{v € EU,) : v=u on A}.
RAw is merely Uy -supermedian and we denote by BAu := @ its U, —excessive reqularization, called
the balayage of u on A.
One has Biu = R2u on E\ A. If in addition A is finely open then Biu = Riu € E(Uy,).
(ii) A set A € B is called polar if BA1 = 0.
When o = 0 we drop the index from notation and we simply write R* and B*, respectively.
Definition 6.18. Let m be a o-finite measure on E.
(i) A set A€ B is called
o “U-negligible” if Uy(14) =0 for one (hence all) g > 0.
o “polar” if BA1 =0 for some a > 0.
o “m-polar” if BA1 =0 m-a.e. for some a > 0.
o “m-inessential” provided that it is m-negligible and RA1(x) = 0 for all x € E\ A, for some a > 0.

i1 property is said to hold m-quasi-everywhere w.r.t. resp. U-a.e.), if there exists an m-inessentia

i) A ty i id to hold ) h t. U u if th st j tial
(resp. a U-negligible) set N such that the property holds for all x € E\ N; on short, we write m-q.e.
instead of m-quasi-everywhere.

Remark 6.19. (i) It is well known that if V € E(Uy) for some a > 0 such that Uy (1y—c]) = 0, then
the set [V = o] is polar.

(i) We have the following probabilistic characterization due to G.A. Hunt holds (see e.g. [40)): If X is a
right process with resolvent U, then for alla >0, u € EU,), A€ B, andx € E

Ryu(z) = Ex{e”*P*u(X (D))}, Biu(z) = Eo{e” T u(X(Ta))}, (6.2)

where Dy = inf{t > 0 : X(t) € A} is the entry time of A and Ty := inf{t > 0: X(t) € A} is the
hitting time of A. In particular, A is polar if and only if P, (Ta < 00) =0 for all x € E. Furthermore,
A is m-polar if and only if P,(T4 < 00) =0 m-a.e. x € E.

A similar interpretation holds for m-inessential sets: A € B is m-inessential if and only if m(A) = 0
and Py (T4 < 00) =0 for every x € E'\ A.

Remark 6.20 (Probabilistic description of finely open sets). Recall that a set D € B is finely open if and
only if
Po(Tpnp >0)=1, z¢€D;

see, e.g. [60, p. 52-53].

Definition 6.21 (The kernels R and B%). Let A € B. We consider the extension of the reduced function,
E(U,) > u > RAu to a sub-Markovian kernel on B* and clearly, by we have

Rif(x) = Eofe P2 f(X(Da)),  f€pB".
Analogously, Bé‘ is extended to a sub-Markovian kernel on B*.

Remark 6.22. For the reader convenience, let us recall several potential theoretic facts; cf. [T4)], [29], and
25].
/
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(i) If A € B is finely open and U-negligible, then A = (.

(i1) If m is a o-finite measure on E such that m(A) = 0 implies U1(14) = 0 m-a.e. for all A € B, then
any finely open and m-negligible set A € B is m-polar.

(i1i) Any m-inessential set is m-polar and m-negligible. The following converse holds (see e.g. [14)], page
168): A set which is m-polar and m-negligible is the subset of an m-inessential set. For the reader’s
convenience we present here a sketch of the proof of this sentence. Let A € B. Assume that A is
m-polar and m-negligible, or equivalently, m(R21) = 0, since R21 = BA1 on E\ A. We may suppose
that m is a finite measure and further we argue as in the first part of the proof of Theorem 1.7.29 from
[T4)]. Let (v,)n be a decreasing sequence of bounded U, -excessive functions such that v, > RA1 for all
n and inf, v, = RA1 m-a.e. Let A, := {inf, v, >0}. Then A C A, and R2°1 =0 on E\ A,. Because
m(inf, v,) = 0 it follows that m(A,) = 0, hence A, is m-inessential.

(iv) If u € bB and v is B-measurable such that v = u q.e., then B{'v is well defined and equal to B{*u m-a.e.

The following two results generalize several classical tools due to Dynkin [42, Chapter XII, Sections 4
5] that concern the balayage operator and are key ingredients in solving the stochastic parabolic Dirichlet
problem in Section [3.2

Lemma 6.23. Let X be a right process on E, u € b3, A € B and o > 0. The following assertions hold:

(i) The function Bu is finely continuous on (E\ A)°f, where B°f denotes the interior of a set B C E
with respect to the fine topology.

(ii) If u is finely continuous then Bl u is finely continuous.

Proof. Let A € B and set f := BAu. In order to show that f is finely continuous (resp. on (E\ A)°7) it is
sufficient to prove that if ¢ > 0 then x is irregular for V := f=1([f(x)+¢,00)) and for W := f~((—o0, f(z)—
gl), for every x € E (resp. x € (E\ A)°f). We treat only the case of V', the one for W being similar. Fix
x € E. Let (V,,), be an increasing sequence of finely closed sets such that Ty, N\, Ty P,-a.s., which exists
by e.g. [60, Chapter I, Exercise (10.30)] [33] Theorem 10.19]. By the zero-one law ([60, Chapter I, Corollary
(3.11)] or [33] Proposition 5.17]), x is either regular for V', i.e. P,([Tyy = 0]) = 1, or irregular for V, i.e.
P ([T = 0]) = 0.
Assume that z is regular. By the strong Markov property and recalling that u(A) = 0 we have

f(x) +e <EAf(X(Tv,))}
= Eo{Ex 1y, {e" " u(X1,); Ta < 00}}
= E {E.{e "V u(X (Tv, +Tao00r, ));Taobr, <oo|Fr, }}
= E {E.{e "™V u(X (T, + Tao0r, ));Taobr, <ool|Fr, }}
= E, {e” "™ u(X (T, + Ta 0 0r, )); Ta 00y, <oo}.

Also, note that for every z € E,
imTy, =Ty =0, Pg-as, (6.3)

and also that Ty, + T4 0 01, i Ta Ps-a.s., see e.g. [60, p. 65] or [33] (10.3)].
Now, if u is finely continuous, by Theorem it follows that the trajectories ¢t — u(X;) are right
continuous P -a.s for all z € E. Thus, by dominated convergence, limE, {f(X(Tv,))} = f(x), which is a

contradiction with the inequality from above, hence (ii) is proved.
Let us now prove (i). To this end, let = € (E'\ A)°f, so that by Remark we have P, (T4 > 0) = 1.
Using again that T4 is a terminal time ([60, p. 65]) and (6.3), we get

limu(X(Tv, +Tao0r, )) =u(X(Ta)), Pg-as.

Now, by the same argument as in the proof of (ii) we arrive immediately at a contradiction. O
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Let (E, B) be endowed with a topology 7 such that o(7) = B. Recall that a right process X on E is a
Hunt process if for p € P(E), X has left 7-limits in E P,-a.s., and for every every sequence of F(t)-stopping
times (75, ),>1 such that T,, 7, T we have

T— linLn X(T,,) = X(T) on [T <oo] P,-as.
Proposition 6.24. Let A € B, u: E — R be B-measurable, « > 0, and x € FE such that
E, {e T4 |u|(X(Ta))} < 0. (6.4)
Further, consider the process

M = (M(1) 0 = (e N0 BAu(X(E A TA)))

The following assertions hold:
(i) M is an (F(t A Ta))-martingale under P, which is closed by e~ *Tau(X (T4)).
(ii) If E\ A is finely open and x € E'\ A then M is cadlag P,-a.s.
(iii) If u is finely continuous, then M is cadlig Py-a.s.
(iv) If X is a Hunt process with respect to a given topology T on E such that o(1) = B, then for every

increasing sequence of (F(t))-stopping times (Tx)p>1 such that 1i11€rn T = Ta Py-a.s. we have

lim M(r,) = e *Tau(X(Ta)) Pi-a.s. and in L*(P,).

k—o0

(v) If X is a Hunt process, in addition to (6.4) we have that either u is finely continuous or E'\ A is finely
open and x € E'\ A, whilst Tx is predictable under P,, then

lim M(t) = e *TABAu(X(T4)) Pu-a.s. (6.5)
t " Ta

Proof. (i). First of all, recall that by Remark or by [33, Corollary (8.6)], for all z € E, Y € bF, and 7
and (F(t))-stopping time, we have

E, {Y 0 0(7)|F(1)} = EXD{Y} P,-as. (6.6)
As it easily follows by dominated convergence, also holds for x € F and Y € F for which
E,{|]Y|o0(T)} < 0.
Now, let us notice that since is in force and using the fact that T4 is a terminal stopping time, we get
E, {[e™*T4|u|(X(T4))] 0 0(t ATa)} =E, {e—@<TA°9<MTAD [u[(X(EATa+Tao0(tATs))) 00N TA)}

= E, {e7 Tl (X (7))

< e™E, {e T |u|(X(Ta)} < oco.
Consequently, by choosing Y := e~ T4y (X (Ty)) and 7 :=t A Ty we can apply to deduce that

E, {[e7 T4 u(X(Ta))] 0 0(t ANTa)|F(t ANTa)} = EXUNTA) LemoTay (X (Ty)))
= BMu(X(tATs)) Pp-as.

But, using again that T4 is a terminal time and by similar computations as above, the left hand side of the
above inequality also satisfies

E, {[e7 T4 u(X (Ta))] 0 0(t ATa)|F(t ATa)} = TR, {emTay(X (Ta))|F(EATa)}
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Thus,
M(t) = e UMD BAYX (A Ta)) = By {e™ T2 u(X (Ta))|FEATA)}, >0, (6.7)

which proves that M is a closed (hence uniformly integrable) (F(¢ A Ta))-martingale under P,.
(ii)&(iii). Clearly, it is enough to consider the case u € B satisfies v > 0. Moreover, if we consider

Uy :=uAn,n > 1, by the first part of the proof we get that the processes
My = (M (t)),50 = (7T Blu, (X (E A Ta))) n>1

tZO’ =

are (F(t A T4))-martingales under P,. Moreover, under the hypotheses in (ii) or (iii), by Lemma and
Theorem @Remark@ they are all right-continuous, hence cadlag P -a.s. Since lim u,, = u increasingly,

we get that by monotone convergence that BAw,, ,, BZu and thus

M, (t) /'n M(t) foreveryt>0 Py-as.
The fact that M is cadlag P,-a.s. now follows from a standard result of convergence for increasing families
of cadlag supermartingales, see e.g. [40, Chapter VI, Theorem 18] or [41, Part II, Chapter IV, Section 4].

(iv). As in the proof of (i), by the strong Markov property we deduce that (M(7y)),>, is a (discrete

time) (F(7x))-martingale closed by e=*T4u(X(T4)) under P,. Since X is a Hunt process and 1, 7 Ta
P,-a.s., by arguing as in [33], (4.1)-(4.2)], we get that P,-a.s.

X(TA) = h’ICnX(Tk)l[TA<oo] + AI[TA:oo]a [TA < OO] = kU n [Tn < k],
and thus
X(TA)EO' U]:(Tk) ,
k>1

so now (iv) follows by Lévy’s convergence theorem.

(v). Let the assumptions in (v) be satisfied. Then by (i), (ii), and (iii), we have that M is a cadlag
(F(t A Ta))-martingale under P, which is closed by M (00) := e~ *T4u(X (T4)). Let (7 )r>1 be an increasing
sequence of finite (F(t))-stopping times such that 7, < Ta,k > 1 on [T4 > 0] and lim 7, = T4 P,-a.s. To
prove (iv) it is clearly enough to show

lim sup |[M(t) — M(c0)|=0 Py-as.
k telry,00)

Note that the above limit is decreasing with respect to k, so the required a.s. convergence is in fact equivalent
with the convergence in probability under P,. Thus, by introducing the processes

My(t) =M +t) — M(7x), t>0, k>1,
the previous convergence boils down to showing

liin sup | My (t) — Mi(c0)] =0 in probability with respect to P,.
>0

By (iv) we have that liin Mj(00) = 0 P,-a.s. and in L!(P,), hence the above convergence, thus it remains

to show that

liin sup |My(t)| = 0 in probability with respect to P,.
>0

Now, let us note that by Doob’s stopping theorem we have that for every k& > 1 the process (My(t))i>0
is a cadlag (F((1x +t) A T4))-martingale under P, which is closed by Mj(oco). Consequently, by Doob’s
maximal inequality for (continuous-time) right-continuous martingales, and using again (iv), we get

1
P, (sup|Mk(t)| > 5) < =E, (|Mg(c0)|) =0,
t>0 3 k

which finishes the proof. O
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Existence of a right process on a larger space. Condition (H¢), although necessary, is not sufficient
to guarantee the existence of a right process with the given resolvent U/, even if the resolvent is strong Feller;
see [23]. However, under (H¢), there is always a larger space on which an associated right process exists.

We denote by Exzc(Up) the set of all Ug-excessive measures: € Exc(Up) if and only if £ is a o-finite
measure on E and £ o algyq < € for all a > 0.

Definition 6.25 (The saturation of (E,U) w.r.t. Ug). Let 8 > 0.

(i) The energy functional associated with Us is LP : Exc(Us) x EUsg) — Ry given by

LP(&,v) : = sup{pu(v) : pis a o- finite measure, o U < £}
=sup{{(f) : f >0 is a B-measurable function such that Usf < v}.

(ii) The saturation of E (with respect to Ug) is the set Ey of all extreme points of the set {{ € Exc(Ug) :
L6, 1) = 1},

(11i) The map E > x — 6, o U € Exc(Up) is a measurable embedding of E into E1 and every Ug-excessive
function v has an extension vy to Ey, defined as vy (&) := L?(&,v). The set Ey is endowed with the
o-algebra By generated by the family {vi : v € E(Uz)}. In addition, as in [17, Sections 1.1 and 1.2],
there exists a unique resolvent of kernels U' = (Ul)yso on (E1,Bi) which is an extension of U in the
sense that

(iii.1) UM gz =0 on E,
(iii.2) (U'f)|g = U(f|g) for all f € bBy.

More precisely, it is given by

ULf(&) = LP (&, Ua(f|E))
= LP(&,Us(flp + (B — a)Ua)) (6.8)
=&(f+ (B —a)Uyf) for all f € bpBy,€ € Ey,a > 0. (6.9)

Remark 6.26. Note that (E1,B1) is a Lusin measurable space, the map © — 5 o Ug identifies E with a
subset of E1, E € By, and B = By|g. Furthermore, E is dense in Ey with respect to the fine topology on
E; associated with U'. Hence, if a > 0 and v is a Uy-excessive function then its Z/{i-emcessive extension vy
giwen by Definition [6.25 is the unique extension of v from E to Ey by fine continuity.

The existence of a right process on a larger space, more precisely on F1, is given by the following result,
for which we refer to [29, (2.3)], in [I4] Sections 1.7 and 1.8], [I7, Theorem 1.3}, and [I8, Section 3]; see also
[63].

Theorem 6.27. There is always a right process X' on the saturation (E1,By), associated withU*. Moreover,
the following assertions are equivalent:

(i) There exists a right process on E associated with U.

(ii) The set By \ E is polar (w.r.t. U').

6.2 Choquet capacity

Let X = (2, F, F(t), X (¢t),0(t),P,), z € E be a right process on a Lusin measurable space (F,B), and T
be a natural topology on E. It is well known that for every v € P(E), a > 0 and f € bB, f > 0, the mapping

R? > A+ Capl(A) := inf {v (R$(Unf)) : ACG, GETY, (6.10)

is a Choquet capacity on (E,T). Moreover, if X has left limits in (E,T) P,-a.s., then the capacity Cap;, is
tight; cf. [52], [16], and [30].

For convenience, let us briefly recall the notion of capacity (for details see e.g. [40, Ch. III] and [14]
Appendix A.1]):
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Definition 6.28 (Choquet capacity). Let K be the family of al T -compact subsets of E. A map
Cap: P(E) >Ry, P(E):={A:ACE},
is called Choquet capacity on E provided that:
(i) Cap(K) < oo for every K € K;
(#i) Cap(A;) < Cap(4s) if A1 C Ay € P(E);
(i11) If (Ap)n>1 C P(E) is such that A, /' A € P(E), then Cap(A,) / Cap(4);
() If (Kp)n>1 C K is such that K,, \y, A, then Cap(K,,) \, Cap(A4).

Also, recall that a Choquet capacity Cap is tight provided that there exists an increasing sequence (Kp), C K
such that

inf Cap(E \ K,,) = 0.

n

6.3 Basic operations on right processes
6.3.1 Trivial modification and restriction of the resolvent

Let M € B be such that Uy (1p) =0 on E'\ M for one (and therefore for all) o > 0. Following [18] and
[32] we can define the trivial modification of & on M and the restriction of U to E \ M as follows.

Definition 6.29 (Trivial modification). For all o > 0 we define the kernel

1
Usf =1owmUaf+ —1nf, f€pB. (6.11)

The family U = (U})as>o0 is also a sub-Markovian resolvent of kernels on (E,B) and there exists a cone C
such that (He) is fulfilled. U’ is called the trivial modification of the resolvent U on M.

Definition 6.30 (Restriction). The family U|p\apr = (Ualp\ar)a>0 s a sub-Markovian resolvent of kernels
on (E\ M,B|g\n), called the restriction of U to E'\ M. Moreover, U|p\nr satisfies condition (He) on the
measurable space (E\ M, B|g\n).

A function u € pB|p\nm is Up| g\ m-excessive if and only if there exists a function @ which is Ug-excessive,
such that u = 11|E\M. Consequently, the fine topology on E'\ M with respect to the restriction of U to E\ M
is the trace on E \ M of the fine topology on FE with respect to U. A function v € pB will be Z/{é—excessive if
and only if v|g\ as is Up| g\ ar-excessive.

Remark 6.31. If M € B is a set such that Uy (1p) =0 on E\ M then the following assertions hold.

(t) Let R be a Ray cone associated with Ug and U’ be the trivial modification of U on M. Then there exists
a Ray cone R with respect to Uy such that R C R'.

(i) If R° is a Ray cone associated with Ug|g\nr then there exists a Ray cone R with respect to Ug such that
Rlpm = R°.

6.3.2 Restriction, trivial extension, and trivial modification of the process

Strongly supermedian functions. Recall first that a positive numerical function f on F is called nearly
Borel provided that for any finite measure A on E there exist two positive numerical Borelian functions g
and h on E such that ¢ < f < h and the set [¢g < h] is A-polar and A-negligible. It is known that any
U,-excessive function on F, a > 0, is nearly Borel. Let B™ denote the g-algebra of all nearly Borel sets.

A positive numerical function f on E is called strongly supermedian (with respect to Uy,) if it is nearly
Borel and for any two finite measures p and v on E we have

pola SvolUs = pu(f) <v(f).
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We denote by S, the set of all strongly supermedian functions on E (with respect to Uy,). Further, we
present several basic properties of the strongly supermedian functions, cf. e.g. [I3], [14], [15], and [20].

S, is a convex cone. By [13], assertion (1) of the Remark at page 369, it follows that a function f € pB"
is strongly supermedian (with respect to U,) if and only if RMf < f for any M € B. Let (v,), be a
sequence in S,, then inf, v, € S,. If in addition (v,), is increasing then sup,, v, € S,. For all v € S,
we have v = inf{u : u € E(U,),u > v}. In particular, every strongly supermedian function is finely upper
semicontinuous.

If u € £(U,) and A € B, then R%u, the a-order reduced function of u on A, is a strongly supermedian
function, particularly, it is nearly Borel measurable. More generally, the following assertions are equivalent
for a positive nearly Borel measurable function v on E:

(i) The function v is strongly supermedian with respect to U,.
(ii) There exists a family G of U,-excessive functions such that v = inf G.
(iii) We have v = inf{u € E(U,) : u>v}.

Following [29], we set
AlU) = {A € B: RP\M1 =0 on A for some a > O} (6.12)

An element A € A(U) is called an absorbing set. An absorbing set is finely open and in what follows we
shall recall several key facts concerning the restriction of a right process to an absorbing set.
Remark 6.32. By [20, A.1.2] the following assertions are equivalent for a set A € B.
(i) The set A belongs to AU).
(ii) We have Py-a.s. D\ a4 = 00 for every x € A.
(iii) There exists a strongly supermedian function v with respect to U, such that A = [v = 0].

Remark 6.33. Ifv e S, NpB, then
[v < o], [v=0] € AU).

The fact that the set [v = 0] belongs to A(U) follows from the above considerations. To show that [v < oo] €
A(U), we complete the arguments from [29] and A.1.4 from [26], where the function v was supposed to be
Uy -excessive. If n > 1 then we have 1 < %v on [v=00]. Letu € EUy,), u > v. Then R([fzoo]l < %u and
consequently

Rv==11 < y/n =inf{u € EUs) : u > v}/n.

We conclude that RY="°'1 =0 on [v < o0], hence [v < 0] € A(U).
Remark 6.34. (i) If (A,)n>1 C A(U), then N, A, € AU).

(ii) A set A € B is p-inessential (see Definition[6.18), if and only if A € A(U) and p(A) = 0. In particular,
a countable intersection of p-inessential sets is again p-inessential.

If A e A(U) then Ug(1g\a) = 0 on A and therefore we may consider the restriction U|4 of U to A. In
particular, the resolvent U|4 = (Ua|a)a>0 satisfies condition (H¢) on the measurable space (A4, B|4) and we
already observed that the fine topology on A with respect to the restriction of U to A is the trace on A of
the fine topology on E with respect to U. If R is a Ray cone associated with s then R|4 is a Ray cone
associated with Ug|4.

Proposition 6.35 (cf. [29, Corollary 3.2]). If U is the resolvent of a right process with state space E and
A € A(U), then the restriction of U to A is the resolvent of a right process with state space A.
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Definition 6.36 (Restriction of the process). If X is a right process with resolvent U, and A € A(U), then
one can construct a right process X associated to the restriction of U to A as in Proposition by setting
Q:={weQ: Xy(w) €A, forall0<t<((w)}

P® = Pylg, z € A, Xi(w) i= Xy (w),w € Q.

The right process X defined above is called the restriction of X to A; for more details, see [60)].

Proposition 6.37. Let (X,P,,x € E) be a right process associated to the resolvent U on the Lusin measur-
able space (E,B). Further, let m be a o-finite measure on E, and T be a natural topology on E. Furthermore,
suppose that

P, ([0,00) 3t +— X(t) € E is T-continuous) = 1.

Then there exists a set Eg C E such that E '\ Ey is m-inessential and
P, ([0,00) 3t +— X(t) € Ey is T-continuous) = 1 for all x € Ej. (6.13)

Consequently, one can consider the restriction X of X from E to Ey, so that X isa right process with a.s.
T-continuous paths in Eqg; in particular, T is a natural topology on Ey. Furthermore, the above assertion
remains true if instead of "T-continuous” we use "T-right-continuous” or "T-cadlag”.

Proof. The proof of ((6.13)) follows by the same arguments as in [29] Proposition 5.1], so we skip it. The fact
that 7 is a natural topology on FEj follows immediately from Theorem (i). O

Remark 6.38. We would like to stress that in Proposition[6.37, the assumption that T is a natural topology
is crucial. Indeed, the proof of [29, Proposition 5.1], realies heavily on the fact that X is apriori a.s. right-
continuous at t = 0 with respect to T, and this is automatically satisfied if T is a natural topology, by
Theorem [6.13, In the next result, which is needed in the main body of the paper, we drop the assumption
that 7 is a natural topology; however, we need to assume (i) below, instead.

Proposition 6.39. Let (X,P,,z € E) be a right process associated to the resolvent U on the Lusin measur-
able space (E,B). Further, let T be a Lusin topology on E whose Borel o-algerba is precisely B. Furthermore,
suppose that

(i) For every x € E we have

P, ((0,00) 3t — X(t) € E is T-continuous) = 1.

(ii) m is a o-finite measure on E such that
P ([0,00) 3t — X (t) € E is T-continuous) = 1.
Further, set
Ey:={zx € E:P,([0,00) >t +— X(t) € E is T-continuous) = 1}.

Then E \ Ey is m-inessential.

Consequently, one can consider the restriction X of X from E to Ey, so that X isa right process with
a.s. T-continuous paths in Eg; in particular, T is a natural topology on Ey. Furthermore, the above assertion
remains true if instead of "T-continuous” we use “T-right-continuous” or "T-cadlag”.

Proof. Let
Qp:={weN:(0,00) 3t X(t) € E is 7-continuous}.

By assumption (i) we have P(€,) = 1. Let
A={weN:[0,00) 5t X(t,w) € F is not 7-continuous}
and

Ay i={weQ:]0,00) 3t +— X(t,w) € E is not 7-continuous in zero}
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Clearly we have Q, N A =Q,NA, and
A ={weQ: X(t,w) - X(0,w) when ¢t — 0}
ﬂ U {weQ: sup | X(s,w)—X(0,w)| <e}

c€cQ, teQ, 0<s<t
= ﬂ U ﬂ{wGQ: sup |X(s,w)—X(0,w)| <e}.
e€Q4 teQ4 n %<Sgt

Further, let
Ay = ﬂ U ﬂ{weQ: sup | X(s,w) — X(0,w)| < ¢},
c€Qs teQs n 1<s<t,s€Q
and FO := o(X(t) : t > 0). Then A; € F° and Q, N AS = Q, N A; since the trajectories from , are
T-continuous on (0, co).
Define the function V on E as
V(z) :==P,(A), z € E.

Let us show that V' is a Borel function on E. Indeed, recall that by [33] Theorem (3.6)] we have that
E > x +— P,(T') is a Borel function on E for every T' in F°. Because P,(,) = 1 we get that V(z) =
P.(Ap) =1 —-P(QQNAS) =1—-P,(Ay).

We show that V is a strongly supermedian function w.r.t. U, for some o > 0. It is sufficient to prove
that REV <V for any Ray compact subset K of E. Using the probabilistic characterization of the reduced
function due to G.A. Hunt, see (6.2), we have for every z € E:

RYV(2) = Eo(e7*P* V(X (Dx))) = Eo(e™ P Px(n,)(A))
=E, (e *P¥15 00(Dx)) = By {e™*PX L(peyj-1(a) } < Pu(A)
=V(z),
where the last inequality holds because 6 (A) C A. By Remark it follows that the set By = {z € E :

P,(A) = 0} belongs to A(U). By assumption (i) we have m(V) = 0 and therefore m(E \ Ey) = m([V >
0]) = 0. We conclude that E \ Ej is m-inessential, completing the proof. O

Let M € B, F := E\ M and assume that U = (U, )a>0 is a sub-Markovian resolvent of kernels on
(F,B|Fr), the resolvent of a right process with state space F. For all « > 0 define the kernel

1
Uof =1rUasf + Jtuf, fepB.

Then, as in Definition the family U’ = (U )a>0 is a sub-Markovian resolvent of kernels on (E, B). We
can expose now the trivial extension of a right process to a larger set.

Proposition 6.40. Assume that U = (Uy)a>o s the resolvent on F' of a right process X with state space
F. Then U = (Ul)a>0 is the resolvent of a right process X' = (U, F', X, P"® x € E) with state space E
and each point of M is a trap for X', that is, P*[X, = for all t > 0] =1 for all x € M. Moreover, X is
the restriction of X' from E to F in the sense of Definition [6.36,

For the construction of the process X', the extension of X from F to E, we refer to [53], p. 118].

Definition 6.41 (Trivial extension of the process). The process X' from Proposition is called the trivial
extension of the process X from F to E.

Proposition 6.42. Let X be a right process with state space E and resolvent family U = (Uy)a>o and let
M € B be such that RY'1 =0 on E\ M. Consider the resolvent U' = (U},)a>0 on E defined by . Then
U = (UL) a0 is the resolvent of a right process X' with state space E and each point of M is a trap for X'.

Proof. Because E\ M € A(U), we can apply Proposition to the restrict of X to E'\ M. The requested
process X’ on F is obtained now applying Proposition to this restriction. O

Definition 6.43 (Trivial modification of the process). The process X' from Proposition is called the
trivial modification of the process X on M.
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6.3.3 The killed process

In this part we assume that X is a right process on (E, B) with transition semigroup (P;);>o and resolvent
u= (Ua)a>0-

Proposition 6.44. Let F be a closed set in a natural topology. Then RE and BE are Borel kernels on E,
that is, if g € pB then REg and B g are Borel functions on E.

Proof. Let FY := o(X(t),t > 0). The main observation is that Q > w + Dp(w) is F°-measurable, which
follows arguing as in (6.16) from [33], page 35. Indeed, if s > 0 then we have

[Dp > s] = {w € Q : there exists ¢ € Q such that X(t)(w) € E\ F for all t € [s,s +¢]}

=J N xoO &\,

EGQ:_ te(s,s+e]NQ

where for the second equality we used the right continuity of the paths of X (in the natural topology) and
the fact that E'\ F' is an open set. Since clearly X (¢)~*(E \ F) € FY, we conclude that also [Dp > s] € F°.
The process X is progressively measurable and consequently (¢,w) — g(X (t)(w)) is B(R) ® F’-measurable.
It follows that
Q3w Y(w) =e Pr@g(X(Dp(w))(w)) is FO-measurable.

Hence REg(z) = E,(Y), with Y € bF°. On the other hand, by [33, Theorem (3.6)], the function E >
z — E,(Y) is B-measurable for all Y € bF?, since the transition semigroup consists of Borel kernels on E.
Consequently, REg € pB. If g € b€(U,) then BEg = RE'g € £(U,,), so, it is also a Borel function on E. By
a monotone class argument it results that B g € pB for all g € pB. O

Let D € B be a finely open subset of E. For every a > 0 we denote by U2 the kernel on (E, B") given
by

UPf:=Uaf - BE\PULf, febpB".

Using (6.2]) one can see that
Tp
UPf(z) =E, {/ e F(X(t)) dt} for f € bpB",x € £, and o > 0.
0

Then the family UP = (UP),~o is a sub-Markovian resolvent of kernels on (E,B"), UP? < U,, and
UP(1p\p) = 0 for all @ > 0; cf. eg. [12] and [I4]. In particular, we may consider the restriction of
UP to D, it is a sub-Markovian resolvent of kernels on (D, B"), also denoted by UP.
Let
D := {x € E:3u e EU,) such that BP\Pu(z) < u(x)} .

Then by [12] and Section 3.6 in [I4] the set D is finely open, D € B", and D C D.
Proposition 6.45. Let D € B be a finely open subset of E. Then the following assertions hold.

(i) There exists o-algebra B on D such that (D,B) is a Radon measurable space, Bl C Bc B"|5, and

the family UP = UDP) =0 is a sub-Markovian resolvent of kernels on (5, B) such that EUP) generates
B.

(ii) Let XP denote the process X killed at time Te\D, that is,

XP(1)(w) = {X(t)(w)’ P<Tew@)  ,cq

A, t>Tp\p(w)

Then XP is a right process with state space D and life time Tp\p, and UP is its associated resolvent.
In addition, the set D\ D is polar with respect to XP.
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(iii) If D is an open set in a natural topology then UP is a resolvent of kernels on (D,B|p) and X is a
right process with state space D and resolvent UP .

Proof. Assertion (i) and the fact that the set D \ D is polar follow from Proposition 3.6.7 from [I4].
Assertion (i7) is a consequence of Corollary 12.24 from [60], since T\ p is an exact terminal time.
To prove assertion (iii), observe first that using Proposition UL is a kernel on (D, B|p) for each
a > 0. It follows that X P is a right process with state space D. O

Remark 6.46. (i) Because the set 5\D is polar (according to assertion (ii) of Proposition , we can
always restrict the process X from D to D, not only in the case when D is open in a natural topology,
as in assertion (iii) of the above proposition. So, we can regard X as a right process on D, but in a
wider sense, having the transition semigroup only universally B|p-measurable.

(i) The following properties are equivalent for a subset D of E.
(ii.1) D is open in a natural topology.
(i.2) D is open in a Ray topology.

(#.3) D is open in the topology generated by a countable family of a-excessive functions for some o > 0.

Definition 6.47 (Killing). We say that the process X from Proposition is obtained by killing X at
the first entry time in E'\ D.

Remark 6.48. Let f : E — R be universally B-measurable and D € B be finely open. Then, it follows from
Proposition and Theorem that f is finely continuous on D if and only if (f(X(?)))o<t<Ty , has

P*-qa.s. right continuous paths for all x € D.
6.3.4 The natural extension

In this paragraph we recall one of the key tools (see Theorem below) that we employ in the proof of
Theorem for solving the open problem OP2.

Definition 6.49 (Natural extension). Let (E,B) and (E,B) be two Lusin measurable spaces such that E € B
and B = B|3.

(i) Let U be a sub-Markovian resolvent of kernels on E. A second sub-Markovian resolvent of kernels
U :=(Uqa)a>o on (E,B) is called an extension of U if:

(i.1) Tallp ) = 0.
(i.2) (Uaf)le =Ua(f|E) (on E) for all « > 0 and f € bB.

In this case, for shortness, we write o
(B.U) C (E,U) (6.14)

(i) Given a right process X on E, we say that a second Markov process X = (Q,F, ft,Y(t),g(t),@x),
with state space E, is a natural extension of X if the following conditions are fulfilled:

(ii.1) X is a right process.
(i.2) The processes ((X(t));>0,Px) and (X(t))e>0,P") are equal in distribution for all x € E;
(ii.3) The set E\ E is polar with respect to (the resolvent of) X.

In this case, again for shortness, we write

(E.X) c (B.X). (6.15)

Proposition 6.50. If X is a natural extension of X, then its resolvent denoted by U is an extension of U.

Theorem 6.51 (cf [22, Theorem 1.10]). Let U be an extension of U. Then there exists a natural extension
X of X, with resolvent U, if and only if (H¢) is satisfied.
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Remark 6.52. As already stated in [2]]], the following assertion can be easily deduced from Theorem m
Let X be a right process on E. The right process X' on the saturation E/lvgz'ven by Theorem is mazimal,
in the sense that )A(/l is a natural extension of any natural extension X of X. In particular, for any such
natural extension X on E, we have that E\ E is polar.

Lemma 6.53 (cf [I7, Lemma 2.1]). Let K be a kernel and v be a o-finite measure on a measurable space
(E,B), such that if B € B and v(B) = 0, then K1p = 0 v-a.e. If Ey € B satisfies v(E \ Ey), then there
exits ' € B, F' C Ey, such that v(E'\ F) =0 and K1p\p =0 on F.

6.4 On martingale additive functionals

Let X = (Q, F, F(t), X(t),0(t),Ps,t > 0,2 € E) be a right process on a Lusin measurable space (E, B),
with transition (P;);>o and resolvent U = (Uy)q>0. Further, let 4 € P(E) and f, g : E — R be B-measurable
such that

f is bounded and finely continuous and p(U,,lg]) < oo for some ag > 0. (6.16)

Consequently, the process M = (M(t)):>0 given by

M(t) := f(X(t)) = f(X(0)) —/0 g(X(r))dt, t=0, (6.17)

is well defined PP,-a.e. and from L*(P,). Furthermore, it is easily seen that M is a right-continuous additive
functional under P, namely

[0,00) 3 7 — M(r) is right-continuous and M (t + s) = M(s) + M(t) o 0(s) P-a.s., t,s>0.
As a consequence, we deduce:

Lemma 6.54. The process M given by (6.17)) is a right-continuous (F;)-martingale under P, if and only if
E,{M(t)} =0 for every t > 0.

Another straightforward fact is the following:

Lemma 6.55. If the process M given by (6.17) is a well-defined and right-continuous (F;)-martingale under
P, forx € E p-a.e., then M is a well-defined and right-continuous (F;)-martingale under P, for every v € P
for which there exists a constant ¢ > 0 such that v < cp.

The following fine converse of Lemma [6.55| is useful:

Proposition 6.56. Let X be a right process on a Lusin measurable space (E,B), with transition (P;)i>0
and resolvent U = (Uy)a>0- Let p € P(E) such that po U, << p for one (hence all) « >0, f,g: E - R
be B-measurable such that (6.16) holds, and moreover, assume that the process M given by is an
(F(t))-martingale under P, for all v € P(E) for which there exists a constant ¢ > 0 such that v < cp.
Then there exists a set E' € B such that E\ E’ is p-inessential and M is a well-defined right-continuous
(Fi)-martingale under P, for every x € E’.

Proof. Let us consider Ey := [Uy,|g| < oc], so that, by Remark Ey € A(U). Since u(E \ Ey) = 0 we
deduce that E \ Ej is p-inessential.
Consequently, we can restrict the process X (see Definition , the measure u, as well as the functions
f and g, from E to Ey. Note that by we have that M (t) is well defined P,-a.s. for every x € Ey and
t > 0. Moreover,
M(t) e LY(P,) N LY(P,), t>0,x € Ey,

and it is easy to see that M is a right-continuous additive functional on Ey, namely

[0,00) 3 r — M(r) is right-continuous and M (t + s) = M(s) + M(t) o 0(s) P-a.s.,
for all t,s > 0,2 € Ey. As a consequence, by Lemma we deduce: If x € Ey, then the process M given
by (6.17)) is a right-continuous (Fi)-martingale under P, if and only if B, {M(t)} =0 for every t > 0.
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Note that E, {M(¢)} = 0 for every ¢t > 0 and v as in the statement. Thus,
E.{M(#)}=0, z€Epae , t>0.
Furthermore, since for x € Ey we have that M is right-continuous P, -a.s., we deduce on the one hand that
E.{M#)}=0, t>0, z€Eypu-ae. (6.18)

We also have .
E, {M(t)} = Pof(x) — f(x) - / Pog(z) dr, >0,z ¢ B,

Noticing that

¢ ¢ ¢
e_o‘t/ P.g(x) dr = e_(o‘_ao)t/ e *!'P.g(x) dr < e_("_o‘f’)t/ e " P.g(x) dr
0 0 0

< e,(afao)tUaog(x) t_> 0 for a> ag,
—00

by taking the Laplace transform and using integration by parts we obtain, on the other hand, that for z € E
E,{M#)} =0, t>0<= aUyf(z) — f(x) —Uasg(x) =0, ap<acQs.
Note that since f is finely continuous and using also Remark [6.2] we deduce that
ug = Uy f — f —Uyg is finely continuous on Ey, «a > qp.
From , the fact that wu, is finely continuous, and Remark we deduce
o = 0 p-a.e. on Ey, hence F, :={x € Ey: uy(xz) =0} is p-polar.

Consequently, by the same Remark we deduce that there exists a py-inessential set E!, such that E/, D FE,,
a > «ag. Finally, we consider
E:= (] E.

apg<aeQ

We can now conclude since by Remark we get that E’ is p-inessential, and for every x € E’ we have
that E, {M(t)} = 0,¢t > 0, hence M is an (F;)-martingale under P,. O

6.5 Adding jumps by perturbation with kernels

Let X be a right process on a Lusin measurable space (E,B) which for simplity is considered to be
conservative, i.e. it has a.s. infinite lifetime. Let (P;):>¢ denote its transition function, with resolvent
U = (Us)a>o0- In the sequel (£, Dy(L)) will be the generator (on bB) of X in the following sense:

Dy(L) :=Uy(bB) and Lf:=af —g, f=Uag, g € bB. (6.19)

The following connection between (£, Dy(L)) and the martingale problem associated to X is known. We
present its proof for completeness.

Proposition 6.57. The following assertions are equivalent for f,g € bB.
(i) f € Dy(L) and Lf = g.

(i) The process (Mf(t) = f(X(¢) — f(X(0)) — fot g(X(s)) ds)t>0 is a cadlag (F(t))-martingale under P,
for every x € E. -
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Proof. Assume (i). Since it is easy to see that
t
Ptf:f+/Psgd5a tZOa
0

it follows that E, {f(X(t)) — f(X(0)) — fotg(X(s))} = 0 for every t > 0. Assertion (ii) now follows by
Lemma [6.54]
Assume now that (ii) holds. Then we clearly have

E, {M;(t)} =0, t >0,

hence - - .
/ e P fdt = lf+/ e*at/ P.g ds dt, o> 0,
0 @ 0 0
which means that
f=Us(af —g) €Dy(L), and Lf=af—-(a—-g)=g.
O

Remark 6.58. Assertion (ii) in Propositz'on 1s precisely the property of the function f € b3 to belong
to the domain of the extended generator considered in [48]; see also Remark 3.3 from [I1)]. Consequently,
Pmposition shows that Dy(L) coincides with the domain from [48] of the extended generator acting on
bounded functions.

Let K be a bounded kernel on (E,B), (P})t>0 be the transition function of the process X killed with
the multiplicative functional induced by K1 (cf. Ch. III from [33]), and let (£ — K1,Dy(L — K1)) be its
generator. Applying Lemma 1.4 from [3I] on bB it follows that

Dy(L—K1)=Dy(L) and (L— Kl)u=Lu— Klu forevery u € Dy(L).
The next proposition is a version of Proposition 4.5 from [27]; see also Proposition 3.4 from [2§].
Proposition 6.59. Let K be a bounded kernel on (E,B). Then the following assertions hold.

1) There exists a Tight process XK = SZK,.FK,.FK,XK t ,HK t), PEY with state space E, having the
t x
generator

(L-—K1+K,Dy(L—-K1+K)) and Dy(L—- K1+ K)="Dy(L).
Moreover, the fine topology induced by (the resolvent of) XX coincides with that induced by X.

(ii) The process XX solves the martingale problem for (L — K1+ K, Dy(L))) under PX. More precisely,
for every f € Dy(L) and x € E the process

t
<f(XK(t)) — F(X®(0) - / (Lf - K1f + Kf)(XK(S))dS> (6.20)
0 t>0
is a cadlag (FE)-martingale under PX.
Proof. (i) We apply [27, Proposition 4.5] for ¢ := K1 and for the sub-Markovian kernel %K, where the
measure %K (z, dy) is zero provided that c¢(z) = 0. It follows that for any f € bpB the equation

t
ri(z) = P/ f(x) +/ P/ (Kry)(z)du, t >0, v € E,
0

has a unique solution Q. f € bpB, the function (¢,x) — Qf(x) is measurable, the family (Q;):>0 is a
semigroup of sub-Markovian kernels on (E,B) and it is the transition function of a right process X% =
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OF FEOFE XE(t),PE) with state space E. Let UF = (UK
t T

a0 on (E,B) be the resolvent of kernels
induced by (Q)iz0, UX = [ e=*Qdt, a > 0. Then

Uy =Up+ULKUS  forall >0, (6.21)

where U’ = (U],)a>0 is the resolvent of kernels induced by (PY);»o. We have EUS) C E(Up) and [BEWUL)] =
[bE(U})] = [bE(Up)]. In particular, the fine topology induced by X* and the fine topology of X coincide.

Let (L5, Dy(LX)) be the generator of X*. By [31, Lemma 1.4] applied for the Banach space b3, and
using also (6.21)), it follows that Dy (L") = Dy (L) and LX = L—K1+K. Hence (L—K1+K, Dy(L—K14+K))
is the generator of X and we have Dy(L — K1+ K) = Dy(L) as claimed.

The proof of assertion (i7) is standard and we omit it; see e.g. Section The right continuity of the
martingale follows from Theorem since f € Dy(L), hence f is finely continuous; by the general theory,
the martingale is in fact cadlag. O

Example: adding jumps to a path-continuous Markov process. The perturbation with a kernel
of the generator was used in [9] and [3I] in order to modify the jumps in the time evolution of a Markov
process. However, the basic reference here is the pioneering articles [49] and [55]; see also [37] for a very
recent related work.

Proposition 6.60 (cf. e.g. [55], [BI]). Assume that (E,T) is locally compact with countable basis and B
is the Borel o-algebra. Let X be the right process on E fixed above which is in addition assumed to have
T-continuous paths. Further, let K be a bounded kernel on (E,B). Then the right process X provided by
Propositz'on is a Hunt process on (E, 7). Moreover, for every f € ppbB® B, f(y,y) =0,y € E, we have

E. {3 F(X(s-). X" (s)) p = E. { / /E f(XK<s>,y>K<XK<s>,dy>ds}, t>0.  (6.22)

s<t

Proof. Let X' = (', F', F{, X'(t),P’*) be the right process with state space F and lifetime ¢’, obtained by
killing X with the multiplicative functional induced by K1. We consider (using the terminology from [55]
and [31]) the (simple) Markov process XX with 7-cadlag paths obtained by resurrecting X’ with the kernel
R defined as

Li¢r<oo) (W)

R(W',dy) = KI(X,(C,_)(W/))K(X/(C/—)(w’),dy)+1[</=oo](w/)6A(dy), W e,

The proof now finishes by noticing that X% corresponds to the process constructed in [49, Theorem 2.5],
hence it is in fact a Hunt process.
O

Remark 6.61. Note that f € D(L) used as test function for the martingale problem automatically
satisfies the restriction Lf € bB. This, of course, fits very well with generators L in differential form that
have locally bounded coefficients, which is the case of Lemma and Proposition [3.15 in Section or
the case of the linearized operator L} given by in Section . However, in Section@ we are interested
to cover more general coefficients, so in what follows we aim to present an L'-approach that allows to solve
the perturbed martingale problem for discontinuous diffusion coefficients and drift coefficients that are
merely in L.

The L'-approach. In this paragraph we assume that there exists a o-finite measure p on E such that
(P:)¢>0 can be extended to a Cp-semigroup on L' (), (6.23)

where recall that (P;);>o is the transition function of the right process X fixed in the beginning of this part.

Remark 6.62. Notice that, by [21], Proposition 2.1] it follows that holds provided that p is an excessive
measure w.r.t. X, i.e., po Py < p for allt > 0. The converse also holds: If a sub-Markovian Cy-resolvent of
contractions on L' (i) is given, then it is associated to a right process, however, one has to enlarge E by a
zero set; cf. Theorem 2.2 from [T7]. One can show that under certain additional conditions the above right
process lives on E; cf. [1§].
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We further denote by (L1, D(L1)) the generator induced by (P;);>0 on L(p).
Let K be a bounded kernel on (E, B) as above, and consider the following assumption on K:

(Hi) K induces a bounded operator on L'(p1), namely

e (0,00): /E K £ ()] plde) < e /E @) pld), e L.

Remark 6.63. Let v € bpBB. Then the multiplication by v is trivially a bounded operator on LP(u). Moreover,
if K satisfies (Hl), then vK trivially satisfies (H. g ) for any v € pbB, in particular for v = K1.

Proposition 6.64. Let X be the right process fized above with its transition function satisfying (6.23)), and
K be a bounded kernel on (E, B) which satisfies (Hy), and set ¢ := K1. Let X be the right process provided
by Proposition [0.59. Then the following assertions hold.

(i) The transition function of XX extends to a Co-semigroup on L'(u), whose generator is

L176+K, D(LlchrK):D(Ll)

(ii) Let f € D(L1)NbB be finely continuous. Then there exists a set E € B such that E\ E is p-inessential
and for every x € E

t
EX {/ |Lif —cf + Kf| (X5 (r)) dr} <oo, t>0,
0
and the process

(f(XK(t)) — F(X*(0)) — /0 (Lif —cf + Kf)(XK(S))dS) (6.24)

>0
. N \ K . K
is a cadlag (F;*)-martingale under Py .

Proof. (i). First of all, we can apply [43, Chapter III, 1.3] two times in a row, first for the perturbation L; —¢
and then for the perturbation Ly — ¢+ K, to ensure that (L1 — ¢+ K, D(L;)) generates a Cp-semigroup on
L(p), which we denote by (S;)¢>0. Furthermore, by [43, Chapter III, 1.7] we have

t
Sy = Pf +/ Pf ,cKSgds as operators on L'(u), t>0.
0

It is then straightforward to deduce that
Sif =Qif prae., feL'(u)NbB, t>0,
where recall that (Q):>o is the transition function of X*. Thus, assertion (i) is proved.
(ii). Let f € L*(n) NbB be finely continuous and consider

M(t) == f(X(t) = F(X™(0) 7/0 (L1 =+ K)u(X™(r))dr, t>0,

which is well defined P,-a.e. and from Ll(IPff). Since (Q¢)t>0 is a Co-semigroup on L'(p) with generator
Li — c+ K, we get that EE {M(¢)} =0, t > 0 for every v € P(E) which satisfy v < du for some constant
§ € (0,00). Now, assertion (ii) is entailed by Proposition [6.56} O
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The Lyapunov approach. In this paragraph we let X be the right process fixed above with transition
function (P;);>0 and resolvent U := (U, )a>0, and assume

3V :E —[0,00) B-measurable and w > 0 such that PV <e“'V, t>0. (6.25)

That is, using the terminology from Definition [6.1} V' is U,,-supermedian.
Furthermore, we consider

B<y = {f € B : there exists J € (0,00) such that |f] <V},

and set
Dy (L) :==Us(B<y),a>w, and Lf:=af—g, f=Uag, g€ By. (6.26)

Remark 6.65. Note that Dy (L) is independent of a > w.

Let us endow B<y with the following weighted supremum norm

=2y gy <P

It is easy to check that (B<y, |- |v) is a Banach space.
Further, we consider the following condition on K:

(HY) K is a bounded kernel on (E, B) and
36 €(0,00): KV <4§V.

Proposition 6.66. Let X be the right process fized above with its transition function satisfying (6.23), K
be a bounded kernel on (E,B) which satisfies (Hy,), and set ¢ := K1. Let XX be the right process provided

by Proposition with transition function (Q)¢>o and resolvent UK = (UX),~o. Then the following
assertions hold.

(i) We have aUE 5. )V <V, a >0, and if we set

DV(E_C+K)::Ui((BSV)7a>§+w> (£—C+K>f120éf+g, f:UfgngBSV7

then
Dy(L—c+ K)=Dy(L).

(ii) For every f € Dy (L) and every x € E, the process
(f(XK(t)) — f(X"(0) - /t(ﬁf —cf + Kf)(XK(S))dS>
0 >0
is a cadlag (Ff)-martingale under PX .
Proof. (i). Note that by we deduce
aUS )V <aUayVESV, a>0

Also, iteration (6.21)) we have

vk =vg | Y (KUS)" for all o > 0.
n>0
Moreover,

KU

atw

0
V<=V, a>0.
«
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By setting V,, :=V An, n >1, we have

K K - l
UststwV =supUsysi, Vi < sup (§+6+w E (KU5¢+6+w) Vi
n n
1>0

6 l
< Usisrw | D KU 50V | SUShsan | VY < )
1>0 o o to

1
=—V forall « >0.
o

In order to prove the rest of assertion (i) we simply apply [31, Lemma 1.4] for the resolvents (Uy+s+w)a>0s

(UX, 54.)a>0, and the Banach space (B<y, |- |v).

(ii). This is now standard, see e.g. Section noticing that the integrability of the martingale is ensured
by (i). O
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