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1. INTRODUCTION

We consider on R4 = R? x [0, 7] the Cauchy problem for the Fokker—Planck—
Kolmogorov equation

d d
3tut = Z axﬁx] (G/Z]/,Lt) — Z@ml (bl,ut) -+ Clt, Mo = V. (11)
ij=1 i=1
We assume throughout that v is a Borel probability measure, the coefficients a%,
b* and ¢ are Borel measurable, the matrix A = (a*) is symmetric and nonnegative
definite, and for some nonnegative constant cy the inequality

—Co S C(l’,t) S 0
is valid for all (z,t) € R? x [0, T].
A family of Borel subprobability measures (fi¢)cjo,r) (Which means that p; > 0
and y;(R?) < 1) is called a solution if for every Borel set B the function t — y,(B)
is Borel measurable, the coefficients a” and b° are integrable with respect to the

measure p = p;dt on U x [0,T] for every ball U C R¢ and for every function
¢ € C°(R?) and almost all ¢ € [0,T] we have the equality

t
/gp,ut—/ godV:// Lapcpdpsds, (1.2)
R R 0 JRrd

where

Lapep = trace(AD%p) + (b, V) + cp = Z a0,,0,,0 + Z b0, + cp.

i,j<d i<d

The measure p = u,; dt is defined by the equality

/Rdx[o’T]de:/OT /Rdf(%t) pe(dz) dt.

This measure is also called a solution.
In the papers [13], [24], and [9] the so-called superposition principle for probability
solutions was established. In the case where ¢ is zero, this principle states that for

every solution (pu)ico,r), defined by a family of Borel probability measures p; (i.e.,
1
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pe > 0 and py(R?) = 1) such that the mapping ¢ — g, is continuous in the weak
topology there exists a solution P to the martingale problem with the operator
L 40 and initial condition v such that the one-dimensional projections P o e, Lare
equal to j;. Here and below P o e; ' denotes the image of the measure P under
the mapping e;: w — w(t). Note that the superposition principle holds for every
probability solution given by a continuous curve in the space of probability measures
under very weak conditions on the coefficients, for example, it is assumed in [9] that

[ RS U TPy,

1+ |z)]?

In [14] the superposition principle is proved for probability solutions on arbitrary
open subsets of R? and a justification of the superposition principle with the aid
of change of coordinates is suggested. For the continuity equation, where A = 0,
the superposition principle is established in [1]. In [22], a connection between the
superposition principle for the continuity equation and the superposition principle
in the theory of flows is found. The papers [24], [16], and [12] discuss the superposi-
tion principle for infinite-dimensional spaces. In [21], the superposition principle is
obtained for nonlocal Fokker—Planck—Kolmogorov equations satisfied by the distri-
butions of Lévy processes. Applications of the superposition principle to nonlinear
Fokker—Planck—Kolmogorov equations are discussed in [17], [2], [18], [3], [5], [9], [4],
and [10]. Classical results on existence and uniqueness of solutions to martingale
problems can be found in [23] and [15]. The theory of Fokker—Planck—Kolmogorov
equations is presented in [8].

This paper continues research initiated in [9] and [14] and is concerned with
the superposition principle for solutions to Fokker—Planck—Kolmogorov equation
with potential terms. Principal results on existence, uniqueness and regularity of
solutions to such equations can be found in [20] and [8]. In place of solutions given
by continuous curves in the space of probability measures, in the case of a nonzero
potential we consider solutions defined by continuous curves t +— p; in the space of
subprobability measures such that

(R =1+ /Ot /Rd c(x, s)ps(dx) ds. (1.3)

Our main result states that for every such solution (p)sejo,r] there exists a Borel
probability measure P on C([0, T, R?) with the following properties: the measure P
is a solution to the martingale problem with the operator L4 and initial condition

v and
[ty = (eh(“”t)P) oe

where
h(w, 1) = /0 c(w(s), 5) ds.

In the case A = 0 for the continuity equation with a potential term the superposition
principle was discussed in [19]. However, it should be noted that the justification
of this principle in [19] is not satisfactory, because it assumes (see [19, Theorem
4.1, Step 3]) without any explanation that conditional measures corresponding to a
weakly convergent sequence of probability measures also converge weakly, while it
is well known that in general this is false. The paper [11] deals with the continuity
equation with an unbounded potential term, but on a bounded domain. Finally, let
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us observe that in the case of smooth bounded coefficients the superposition principle
for the Fokker—Planck—Kolmogorov equation can be derived from the Feynman—Kac

formula .
m%r>=m{w<wdam(/‘d&fswm)}

where ¢ € C5°(R?), the function u is the classical solution to the Cauchy problem
asu + LA,b,cu = 07 u|s:t = ¢,

bounded along with its derivatives, and £"" is the solution of the stochastic equation

dgt = b(gta t) dt + V 2A(€t7 t) dwt7 gT =Y.

Note that the Feynman—Kac formula can be obtained with the aid of 1t6’s formula
applied to the process u(&/"",t). Let us explain how it can be used to derive the
superposition principle. Let (ju)c0,71 be the solution to the Cauchy problem for
the Fokker—Planck-Kolmogorov equation with initial distribution v. Then by the
definition of a solution we have

/Rd o(y)p(dy) = / u(y, 0) v(dy).

]Rd
The left-hand side can be written as

Lﬂme“WM% Q = C([0,T], R,

where P = P y(dy) and P is the distribution of the process £&/°. With the aid of
[t6’s formula one can verify that P is a solution to the martingale problem with the
operator L4 and initial condition v and the equality obtained above means that

e = (eh(”’t)P> oe; .

Of course, the conditions on the coefficients in the reasoning above can be relaxed,
but one cannot get rid of the local regularity and restrictions on the growth, because
we need the (probabilistically weak) existence of the solution & of the stochastic
equation along with the existence of a sufficiently regular solution to the Cauchy
problem for the equation u; + Lap.u = 0 (in order to apply Itd’s formula) and
to be able to substitute u into the integral identity, defining the solution p;. For
these reasons, under our very weak assumptions about the coefficients, such a simple
method of justification is not applicable. Note also that the situation is complicated
by a possible non-uniqueness of solutions to the Cauchy problem for the Fokker—
Planck—Kolmogorov equation and the absence of a priori assumptions of existence of
solutions to the corresponding martingale problem and even a probability solution to
the Fokker—Planck—Kolmogorov equation with zero potential. Nevertheless, in the
case of sufficiently regular coefficients the Feynman—Kac formula enables us to obtain
probabilistic representations of solutions to nonlinear Fokker—Planck—Kolmogorov
equations of a very general form admitting coefficients that depend not only on the
solution density, but also on its gradient (see, e.g., [5], [17], and [18]).

2. AUXILIARY RESULTS

Recall that the weak topology on the space of bounded Borel measures on R? is
defined by the seminorms
/ fdo
Rd

prlo) =

)
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where f is a bounded continuous function on R?. Convergence of a sequence of
measures in this topology is convergence of integrals of bounded continuous functions
with respect to these measures. This topology is not metrizable, but on the set of
nonnegative measures it is metrizable (see [6] or [7]), for example, one can use the
Kantorovich—Rubinshtein metric

fdu—/Rdfdv,

dgr(p,v) =  sup

where Lip, is the set of all Lipschitz functions with the Lipschitz constant 1.
Set

LA,bQO = LAJ;,()QO = trace(AD2 ) b V(lp Z a Jamzaz]go + Z bz -

1,7<d i<d

In the following assertion we collect some properties of solutions to the Cauchy
problem (1.1) used below.

Proposition 2.1. Suppose that for every ball U the coefficients a¥, b', and c are
bounded on U x [0,T], ¢ <0 and A > ANU) -1 for some number N(U) > 0. Let v be
a Borel probability measure on RY.

(i) There exists a subprobability solution (i) to the Cauchy problem (1.1)

for which
d c : :
(R < 1—1—/0 /Rd (x, s)ps(dx) ds (2.1)

(ii) If —co < e(z,t) < 0 for all (z,t) € R? x [0,T], then one can find a solution
(4t)ecpo,r) to the Cauchy problem (1.1) and a solution (fit)ico,r) to the Cauchy problem
(1.1) with the same coefficients a”, b* and zero ¢ such that

e < i < ecotllt-
(iii) If there exists a function V € C?(RY) such that V > 0, lim V(z) = +oo

|z|—o0

and

T
/ / (‘\/ZVV}Z + ]LA,bVD dpis ds < 0o,
0 Rd

Rd_1+// (, 8) s (d) ds.
]Rd

(iv) If in addition to the conditions in (i) and (iii) on every ball U we have
la (z,t) — a"(y,t)] < AU)|z —yl, then a solution (pu)iepor) from (i) is unique.

then

Proof. Ttems (i), (iii), and (iv) are particular cases of the results in [20] (see The-
orem 2.1, Remark 2.9, Theorem 3.5). Let us justify (ii). In [20], solutions are
constructed as limits of solutions to equations with smooth bounded coefficients,
whose derivatives are also bounded. Hence it suffices to verify that the inequalities
are true in the case of such coefficients. Let ¢ € C5°(R?) and ¢ > 0. Consider a
bounded solution f to the Cauchy problem

atf + LA,bf = 07 f|t:s = ¢

The solution f is infinitely differentiable and bounded along with its first and second
order derivatives, moreover, f > 0 by maximum principle. Substituting f and fe?
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into the definition of a solution, we obtain the equalities

[wte)mtde) = [ pwoywtde)+ [ [ cwt)fant) )
[ v = [ o) vian)
/Rd P(2)e®® pus(dr) = /Rd f(z,0)v(dr) + /05 /Rd (co+ c(z,t)) fm, t)e® py(de) dt.

Taking into account that f > 0, co + ¢ > 0 and ¢ < 0, we arrive at the inequalities

[ w@man < [ v, [ v@er ) > [ o),
which yield the inequalities pg < 15 < €“°uy, since 1 was arbitrary. 0

The next assertion generalizes Proposition 2.2 and Proposition 2.4 from [9].

Proposition 2.2. Let 7 € (0,T], V € C*(R?%), V > 0 and |z‘liri1wV(x) = +00.

(i) If (pe)tejo,m) is a solution to the Cauchy problem (1.1) consisting of subprobabil-
ity measures satisfying (2.1), V€ LY (v) and La,V < CV+W, where W € L' (u; dt),
W >0 and C > 0, then equality (1.3) is true and for all t € [0, 7] we have the esti-

mates i
sup/ VdutgeCt(/ de—l—/ Wdusds>,
t JRrd R4 0 Jre

/ / |LA7bV|d,utdt§2eCT(/ de+/ Wdusds).
0 Rd R4 0 Rd

(ii) There exists a function 6 € C*([0,+00)) with the following properties:
>0, 0<¢ <1, ¢"<0, lim O(u)=+oo, O(V)eL'(v).

U——+00

(iii) Let (pe)icio,r be a solution to the Cauchy problem (1.1) consisting of subprob-
ability measures satisfying (2.1). If

// (NZVV\Q + |LA,Z,V\> dpis ds < oo

0 Jre

and 0 is the function from (ii), then

/ / (IWVAVOO) [+ Las0(V)]) dpsyds < 2eCT/ / (IVAVV "+ LasV]) dpe.
0 JR4 0 JRd

Proof. We justify (i). Taking into account the inequality c(x,t)V(x,t) < 0 and
repeating the reasoning from the proof of Theorem 7.1.1 in [8], we conclude that
equality (1.3) is fulfilled and

VdutgeCt( Vdu—l—/ Wd,usd5>.
Rd Rd 0 JRd

Write L4,V as the difference of the functions
(LA,bV)-i— = max{O, LA’bV}, (LA,bV>_ = IIlaX{O, —LA’bV}.

Observe that by nonnegativity of W and CV we have (L4,V)" < W + CV. Re-
peating the reasoning from the proof of Proposition 2.1, we obtain the estimate

/ |LapV|dusds < 2e°7 ( / Vdv + / W dp, ds).
0 R4 R4 0 R4
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Item (ii) follows from [8, Proposition 7.1.8]. The justification of (iii) is based on the
observation that L4 ,0(V) < |La,V| and repeats the reasoning from [9, Proposition
2.4]. O

3. MAIN RESULTS

A Borel probability measure P on the path space Q = C([0,7T],R?) is called a
solution to the martingale problem with the operator L,; and initial condition v
if P(w: w(0) € B) = v(B) for every Borel set B C R? and for every function
¢ € C°(R?) the process

£(w) = p(w(t)) — p(w(0)) - / Lasp(w(s), s) ds

is a martingale with respect to the natural filtration F; = o(w(s),s < t) and the
measure P.
Set e;(w) = w(t). Here we always assume that for every ball U C R? one has

/OT/U<||A(x, s)|| + |b(x, s)|>p o e\ (dx) ds < oo.

Proposition 3.1. Suppose that the measure P is a solution to the martingale prob-
lem with the operator Lay and initial condition v. Set

t
oy = <eh(“”t)P> oe;t, h(w,t)= / c(w(s), s) ds.
0

Then the measures y; and P oe; ' are equivalent, equality (1.3) holds, the mapping

t — g is continuous in the weak topology and the family of measures (fi)icpo,r) 5 @
solution to the Cauchy problem for the Fokker—Planck—Kolmogorov equation (1.1).

Proof. Let ¢ € Cy(RY). Then
[ e@mtdn) = [ oo pa)

Q
Since the right-hand side is continuous in ¢, the mapping ¢ — p, is continuous in the
weak topology. By the inequality —cy < ¢ < 0 the right-hand side is estimated from

above by the integral [ ¢ d(Poe;') and is estimated from below by the expression
Q

e cot / @ d(Poe; ). Therefore, the measures y; and P oe; ' are equivalent.

0
Since for all ¢t € [0, 7] we have
¢
et =1 +/ c(w(s), s)e" ) ds,
0

by Fubini’s theorem
| etinen pas
:/Qcp(w(t)) P(dw)+/0 /Qgp(w(t))c(w(s),s)eh(w’s) P(dw) ds.

For ¢ = 1 we obtain

e (RY) =1 —I—/Ot/ﬂc(w(s),s)eh(w’s) P(dw)ds =1+ /Ot /Rd c(x, s) ps(dz) ds.
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We now verify that the family of measures (ju):cjo,r] satisfies the Fokker—Planck—
Kolmogorov equation. Let ¢ € C°(R?). Consider the partition of [0,7] by the
points 0 =ty < t; < ...,ty =t , where t, = kt/N. We have

N

dpy — dv = dp, — d .
/RdSO i /Rd%DV Z(/RdSD Hy, /Rd@ Mtk_l)

k=1
By the definition of the measures p;, and iy, , we have the equality

et = [ edn, = [ (te ) — gt n) Po).
Observe that

P(w(tr))e" ) — p(w(ty-1))et )

= (bt = oot = [ Lasplils).s)ds )ttt

th—1
tr ti
([ Batete s e s ptutn( [ cteo) e as),
th_1 tk—1

where we used the equality

ti
eh(w,tk) . 6h(w,tk_1) — / C(W(S),S)eh(w’s) ds.
le—1

Since the measure P is a solution to the martingale problem and the function
eh@t-1) is measurable with respect to F;, |, we obtain

/g)(sf)(w(tk)) — p(w(tp-1)) —/tk Lavp(w(s), s) ds) i) Pl = 0.

lk—1

We also have the equality

177
/ Lapp(w(s),s)ds eh(@iti-1)

tk—1

tg
:/ eh(w’s)LAﬁbgo(w(s),s) ds—l—/

th—1 tk—1

ti

(eh(w,tk,l) _ eh(U),S))LA’bgO(w(S)? S) ds

Since

‘eh(w,tk_l) _ 6h(w,s) _ 6h(w,s)

exp (—/ c(w(T), 1) dT) - 1‘ < |tp_g — s|eM@s)ecot,

te—1

we have

tg
/ (eh(wﬁtkﬂ) . eh(“”s)) Lapp(w(s), s) ds

th—1

ty
< eftNT! / ehws) |Lapp(w(s),s)|ds.
tk—1

Observe also that

wtt) ([ eluls) 1 )

te—1
ti

— / k o(w(s))c(w(s), s)eM) ds+/ (p(w(tn)) = p(w(s)))e(w(s), s)e" ) ds,

te—1 te—1
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in addition,

/k (plw(tn) = plw(s)))clw(s), s)e" ) ds| < s | o(w(m)) —(w(m))]-

th—1 |71 —T2|<tN—1

Thus, we arrive at the equality

/sodut—/ ¢ dv
R4 R4

- [(/ (D Laplo(s), 5) + M Iefwls), s)p((s) i) P(ds) + 3.

C()tt t
on| < 6]\7 / / |Lapp| dus ds + cot/ sup  |p(w(m1)) — @(w(m2))| Pdw).
0 Jrd 0

|7'17T2|§tN71

Letting N — oo, we obtain the equality

/Rd pd(u —v) = /Q/Ot (eh(w’S)LAbcp(w(s), s) + M@ e(w(s), s)gp(w(s)) ds P(dw).

Applying Fubini’s theorem and the change of variable formula we arrive at the

equality
t
/ pd(py —v) = / / (Lapp + cp) dps ds
R4 0 R4

from the definition of a solution. OJ
Remarkably, under very general conditions, the converse assertion is true.

Theorem 3.2. Suppose that a mapping t — p; from [0, T] to the space of subproba-
bility measures is continuous in the weak topology, the family of measures (ju)icpo,m
is a solution to the Cauchy problem (1.1), equality (1.3) holds, and

(1+ |x!)’2(||A(a:,t)H + }<b(x,t>,x>\) e MR % [0,T), 1), —co < cla,t) < 0.

Then there exists a solution P to the martingale problem with the operator Ly and
wnitial condition v such that

e = (eh(w’t)P> oe; .

Proof. Since the proof repeats conceptually and partly technically the proof of a
similar theorem for the case ¢ = 0 in [9], we omit part of the reasoning and give
references to the corresponding places in [9]. The scheme of our proof consists of
the following steps: 1) smoothing the coefficients of the operator L4, 2) applying
the superposition principle known in the smooth case along with the theorem of
uniqueness of a subprobability solution, 3) justifying the limit procedure. The way
of approximating the coefficients by smooth functions in this proof differs slightly

from approximations in [9]. Namely, in place of convolutions with a smooth kernel
t+e

with respect to the variable ¢ we use expressions of the form ! (s) ds, which

t
is simpler and enables us to shorten the proof a bit.

According to Proposition 2.2 there exists a function 6 for which

sup /]Rd O(In(1 + |z|?)) e (dx) < oo.

te[0,7
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Let 0 < T/ < T and T —T" < 1. We first construct an auxiliary measure P
on C[0,7"]. Then the construction of the desired measure P on C|0,7] repeats
verbatim to reasoning from [9], namely, the measure P on C[0, 7] is obtained as the
weak limit of some subsequence of measures P, on C[0,T —n~!].

Let ¢ € C*°([0,00)), ¢(0) =1,0< (<1, <0and ((v) =0if v > 1. Set

+o0
n(v) :/ C(u)du, v €0,400).
Observe that n(v) =0 if v > 1 and 7'(v) = —((v).

If 0 < e < T —T, we denote the function cge~9((¢7%|z|?) by h., where the
constant ¢y is picked such that
/ he(x)dx = 1.
R4

Let y(z) = (2m)%2e~1#I*/2 and

Ke = 5_1/ ps(RY) ds.
0

Then lim . = 1, hence we can assume that k. > 1/2, decreasing . Set

e—0

o (z,1) =

y) ps(dy) ds,

]R’i

0 (s, 1) = ;:;/ / (v — y) ps(dy) ds,
b (2 t) = 1‘0/ / — ) pe(dy) ds,

c(x,t) = ;—;/ / —y) ps(dy) ds.

Below we use also the notation

T e e CL S R S S C

oi(z) ’ ) oi ()
%

The coefficients o, (8, ¢, are infinitely differentiable in z and continuous in ¢,
moreover, —2¢y < c.(z,t) < 0.

The family of measures (07 )i, is a solution to the Cauchy problem for the
Fokker—Planck—Kolmogorov equation with the operator

565090 LAbc‘P”’ (AQO <x,Vg0>),

where
"o = trace(A.D*¢) + (b, Vo) + cep,

and initial condition

ve(x) = e R / /Rd Y)us(dy) ds + ey(x).
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Observe that v.(R%) = 1. Moreover, since

/Ot/Rdcg(y,s)ai(dy)dS— “leTl( // /Rd Yy, T) - (dy) dr ds
— (1) / (1ol = (B} s = o (R = v (R,

the family (07 ).c(0,17 satisfies equality (1.3).
Note that for every ball U(0, R) C R? we have

T’ T
/ / (el + 16.1) o et < 2/ / (1Al + 181 dps it 427
o Ju,R) 0 JUO,R+1)

We show that
T/
[ (naa(as,t)nl : ||<f|;<fat>»af>l>gg<x> dedt<C
0 R4

and moreover there exists a function V € C?(R?) such that lim V(x) = 400 and

|z|—o0

T/
/de6+/ /<|\/a_5VV|2+|L3,BV|)do§dt§C,
R4 0 R4

where the numbers C and C' do not depend on €. We now observe that

(B, ), 2] < (b, 8), )|+ 1AL

£
Oy

—c t+e
(ba(e, 1), 2 = L2 / / (b(y. 5). ybhe(x — ) ps(dy) ds

1 —€
/ / (y,8),x —y)he(x — y) us(dy) ds.
E/ﬁlgat R4

Note that

[ 0000 = e = ) ) s

t+e
=2y [ [ (b9 Vnle e = o) ) ds.

Smce (p4t)eepo,r) satisfies the Fokker—Planck—Kolmogorov equation, we have the equal-

/ / (9, 5), Vyn(e 21w — y[2) us(dy) ds

/ n(e e = yl) pere(dy) = /Rd'fi e%lw — yI?) puldy)
/ /Rd trace (y,s )DQ ) + c(y 2|z — y’2)> 11 (dy) ds.
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Note that
trace(A(y, s) Dyn(e*|x — y[*))
= 47" (7| — yPP)(Aly, 8)(z — y)w — ) — 26720 (7w — yP)trA(y, 5).
Since ' = —( and " = —(’, we have
trace(A(y, $)D2n(e2x — yf?))|
< de Mo = yPIC (e e — yP)I[ACy, s)| + 2672 (7% |z — y[*)traceA(y, s).

Thus, we obtain the estimate

—yhe(z —y) ps(dy) ds

<2500y [ e o = o) pueeldy) + 25 ea [ nfe e~y )
R4 e R4
Sea [ [ eI e = g A9 )
CoE
o / (e — yl?)traceA(y, s) uy(dy) ds
t

+ 2cocqe™? / /Rd y|?) ps(dy) ds.

It follows that there is a number N; > 0 such that

|<5a(x t), >| < N1( () + B.(z, 1) + 1/ Rdﬁ (x—y),u,s(dy>d8),

SRR

where

B.(x,t) = 2e ¢, / 1?2 — ) g (dy) + 25y / 0z — yP) pu(dy)
R4 R4
t+e
+ 8emi3c, / / & — ylIC (2l — yP) A, )L+ 1912) " sl dy) ds
t+e
/ / Ce2 — w2 Ay, )| (1 + [yf2) ™ paldy) ds

+ 2ccqe ™! / / yl?) ps(dy) ds.

There is also a number N, > 0 independent of £ such that

T’ T A
/ / B.(z,t)dx dt < N (1 + / ||(y—,8)2|| ps(dy) ds).
0 Jrd o Jre 141yl
Therefore,

T/
/ 1B, 1), )] o; (z) dx dt
Rd 1+|$‘2

< Ny Nyt (N + o) / ! / |AG. 5| + 140Gy, 5). )]

1+ [yl?

fis(dy) ds.
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N. A
HOQ.:(iL',t)H < _3( —1/ / H (y7 )H ,us(dy) dS),
L+ |z[2 — of R 1+ Tty

we have

o (@, 8)] //IIA Y, s
drdt < Ny + Nj 115(dy) ds.
/ /Rd 1+ |z[? oilw) du " R 1+|y|2 (d4) ds

Thus we obtain

/ / <|aex DIl + (B (@, 1), @ >|)U§(x)dxdt§N47
R4 1+ [z[?

where the number N; does not depend on €. Therefore, for the function W(z) =
In(1 + |z|?) the estimate

// (WamTW* + |22, ,W) of drdi < N

holds, where N5 does not depend on €. According to assertion (iii) of Proposition 2.2
for the function V' = (W) we have

T/
/ V(z) dv. +/ / (]\/a_EVV\Z + |£me|>UtE dx dt < Ng,
Rd 0 Jre

where Ng does not depend on e. By assertion (iv) of Proposition 2.2 the family
of subprobability measures o} dz is a unique subprobability solution to the Cauchy
problem

Since

0o = (L, 3) 0+ co,  0li=0 = Ve.
Moreover, by assertion (ii) in Proposition 2.2 there exists a subprobability solution
0; dx to the Cauchy problem

o= (L 5)" 0, 0lt—0=1e

such that
of < of < ™ot
Therefore,
t t /
/ / HOCE xz, H + |<ﬁ€(£€ ) >’ 0'?($) dl‘dt S N46200T,
R4 1+ [af?
and

T/
/0 /Rd (’\/O‘_Evv‘z + lﬁi,gv\)gf dr dt < Nge2oT'.

Hence ¢} dx is a unique probability solution and by the superposition principle from
[9] there exists a solution P° to the martingale problem with the operator L, 5 such

that o = P°oe; . Moreover, according to Proposition 3.1 we have

t
o; = <eXp/ CEdS~P€> oe; .
0

Applying [9, Proposition 2.5] and [24, Corollary A5]), we conclude that P¢ contains a
subsequence P°* with ¢,, — 0 weakly convergent to some probability measure P. Let
0, = Poe; ' Since the measures of = P°oe; ! satisfy the inequality of < !¢,
their limiting probability measure g; satisfies an analogous estimate with respect
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to . In particular, the coefficients a® and b’ are locally integrable with respect to
o, dt. In addition, the measure P is a solution to the martingale problem with the
operator L4, and for the measure p, we have the representation

e = (eh(w’t)P> oe; .

These assertions are obtained by means of passing to the limit as ¢ — 0, the justi-
fication of which practically repeats verbatim the reasoning from [9]. Let us show,
for example, how we can pass to the limit in the expression

[ etwton (e [ e (wls), ) is) PA().

Let ¢ € C3°(R? x (0,7)) and —2cy < ¢ < 0. Set

Qa(mat) = %7

(aue), / / c(y, s)he(x — y) ps(dy) ds.

As e — 0, the functions ¢. converge uniformly to ¢, and the function

exp / g((s), ) ds

is bounded and continuous in w. Therefore,

i [ () (o0 [ g (ls), ) is) PA()

Q

= [ etton (e | 4((s). ) is) ().

It remains to estimate the expressions

[ttt (e [ etwto)s)ds — e [ atwts).o)ds) Pl

[ etwton (e [ e (ls), ) ds — exp / g (l(s). ) i) PG|

To this end it suffices to estimate the integrals

/ ealet) — qu e D)l )

where

9

/ R | T, t (l’, t)‘ Qt(dﬂ?) dt.

For estimating the first integral we use the inequality of <e

-, 1) = el Do) = T (e — ghu) (2.0,

€

2e0t5¢ and observe that

Hence

/o g lec(x,t) — qe(z,t)]0f () de dt < QeQCOT/ | c(x,t) — q(x, t)| pe(dex) dt.
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Since g;(dx) < e*oty,, also for estimating the expression

/oT /Rd |e(z,t) — q(x,t)] o (de) dt

it remains to estimate the integral

/oT /Rd |e(2,t) = q(z, )] pu(d) dt,

which can be made arbitrarily small by approximating the coefficient ¢ by smooth
functions ¢ in L'(ju dt). O
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