DISTRIBUTION-FLOW DEPENDENT SDES DRIVEN BY (FRACTIONAL)
BROWNIAN MOTION AND NAVIER-STOKES EQUATIONS
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ABSTRACT. Motivated by the probabilistic representation for solutions of the Navier-Stokes equa-
tions, we introduce a novel class of stochastic differential equations that depend on the entire
flow of its time marginals. We establish the existence and uniqueness of both strong and weak
solutions under one-sided Lipschitz conditions and for singular drifts. These newly proposed
distribution-flow dependent stochastic differential equations are closely connected to quasilinear
backward Kolmogorov equations and Fokker-Planck equations. Furthermore, we investigate a
stochastic version of the 2D-Navier-Stokes equation associated with fractional Brownian noise.
We demonstrate the global well-posedness and smoothness of solutions when the Hurst parameter
H lies in the range (0, %) and the initial vorticity is a finite signed measure.
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1. INTRODUCTION

Throughout this paper we fix T > 0 and d € N and write
Dr:={(s,t): 0<s<t<T}.

Let ® := ®(R?%) be the space of all probability measures over R? which is endowed with the
weak topology. Let Cg := C(R%; #(R?)) be the space of all continuous probability measure-valued
functions from R? to #(R?). Let {Wi}iepo,r) be a d-dimensional standard Brownian motion on some
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probability space (92, .%#,IP). We consider the following nonlinear stochastic differential equation
(SDE), also called distribution-flow dependent SDE (abbreviated as DFSDE): for (s,¢,2) € Dr X
R,

t t
X;C,t =T+ / B(Tv X;U,rv N;”,Tv AL'S_’T)dT' + / E(rv X;C,r» /‘;«,T» /"s,r)dWT’ (1'1)
where pf, = Po (X7 ;)1 is the probability distribution measure of X o+ satisfying
/ e (dy)pyy = ps,, forall0<s <r <t <Tand x € RY, (1.2)
Rd

and
(B,X):[0,T] x R? x C} x C4 — (R, R? @ RY)
are two Borel measurable functions.

The main feature of SDE (1.1) is that the coefficients depend on the distribution-flow x > %,
of the solution itself, even the future distribution. Of course, one can regard p; , as a probability
kernel. Such type of SDEs naturally arises in the stochastic representation of Navier-Stokes equa-
tions as we shall see in the next subsection. Before we continue the discussion, we first introduce
the following notion of a solution to the above SDE:

Definition 1.1. Let § := (Q, %, (Fs)s>0,P) be a stochastic basis. We call a pair of stochastic
processes ((XT ;) (s,t,2)enrxrds (Wi)ieo,r)) defined on § a weak solution of DFSDE (1.1), if
(i) Wy is a standard d-dimensional F;-Brownian motion;
(ii) For each (s,t) € Dp, R* 5 2 — p?, :=Po (XZ,)™' € P(R?) is weakly continuous and the
Jamily p2,, (s, t,x) € Dp x RY, satisfies (1.2);
(iii) For each (s,x) € [0,T] x R,

T T
/ Br, X2, i i )ldr + / IS, X2, i i )P < 00, P aus,

and the pair of processes a.e. satisfies equation (1.1) for allt € [s,T], s > 0, x € R4,

If; in addition, X{, 1s adapted to the filtration generated by the Brownian motion FW = o{W,,r €
[0,t]}, then it is called a strong solution of DFSDE (1.1).

McKean-Vlasov SDEs, also referred to as distribution-dependent SDEs (DDSDEs), represent
a significant class of stochastic differential equations where the coefficients are depending on the
distribution of the solution process itself. These equations extend the scope of standard SDEs by
incorporating the influence of interactions among particles or agents within a system. Initially
introduced by Henry McKean [48] in 1966 in the context of nonlinear parabolic partial differential
equations and later by Anatoli Vlasov [59] in 1968 in plasma physics, McKean-Vlasov SDEs have
now attracted considerable attention across diverse fields such as mathematical finance, statistical
physics, population dynamics, and mean field games (see, for example, [8,9,17]).

Furthermore, DDSDEs exhibit substantial connections to vortex models like the Navier-Stokes
and Euler equation (see, e.g., [19,52]). DDSDEs with singular vortex kernels have been further
developed by researchers such as Jabin-Wang [35], Serfaty [56], and other who at the same time
contributed significantly to the advancement of propagation of chaos results.

For McKean-Vlasov SDEs, the dynamics of each individual particle is influenced by the collective
behavior of the entire population, resulting in complex collective phenomena. This modeling
framework allows the analysis of systems comprising a large number of interacting components,
for which traditional approaches are inadequate. The general form of such McKean-Vlasov SDEs
reads:

t t
Y, =¢ —|—/ b(r, Yy, py)dr —|—/ o(r, Yy, ur)dW,., (1.3)
0 0

where p,- denotes the distribution of Y,.. We emphasize that these McKean-Vlasov SDEs differ from
(1.1) in several key aspects. First, (1.3) represents a single equation with a given initial condition
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¢, whereas (1.1) describes a system of SDEs. Even if we consider (1.3) with & ~ §,, where z € R?,
and arbitrary starting times s > 0, the corresponding i, does not satisfy (1.2). Instead, it only
fulfills the following flow property:
T p‘:,r
lus,t = /j’r,t )
which is the law of Y;, where Y is the solution of (1.3) started at time r > s with & ~ ug ..

Considerable attention has been paid to exploring the well-posedness of DDSDEs (1.3) with
singular drifts. Mishura and Veretenikov [49] established the strong well-posedness of DDSDEs
(1.3) if the coefficient b is only measurable and of at most linear growth, and additionally is Lipschitz
continuous with respect to the distribution p, while ¢ is assumed to be uniformly non-degenerate
and Lipschitz continuous both in the spatial and measure vaiable. Later, Rockner and Zhang
[55] extended this to cases involving local LiLP-drift. Additionally, Lacker [38] used the relative
entropy method and Girsanov’s theorem to obtain well-posedness results for DDSDEs with linear
growth and o = I, further extended by Han [26] to situations involving L{ LP-drifts. Zhao [67] used
heat kernel estimates and the Schauder-Tychonoff fixed-point theorem to establish well-posedness
results for a more general class of DDSDEs with singular coefficients.

Through Zvonkin’s transformation and the entropy method, the authors in [27] proved the
strong well-posedness for DDSDEs in cases where ¢ is independent of p and b belongs to certain
mixed L} LP-spaces. For specific cases, such as where o = I and b(¢,y, 1) = b * u(t,y), both weak
and strong well-posedness have been proved by various researchers [13,14,28]. The Nemytskii-type
DDSDEs, where

(b.0)(ty, 1) = (b,0) (.3, 2 () ).

has been studied conducted by Barbu and Réckner [2-5], and subsequently also in [32]. Moreover,
for kinetic cases of DDSDEs, further studies can be found in [28,29, 31, 33] and the references
therein.

Now let us return to the SDEs of type (1.1). One of the main motivations for studying such
equations arises from the Navier-Stokes equation, which provides an example of (1.1) through its
stochastic representation.

1.1. Motivation. Consider the following Navier-Stokes equation on R? with d = 2, 3:
{8tu:Au—u-Vu—Vp,

14
divu =0, wug = ¢, (1.4)

where u : [0, 7] x R? — R? is the velocity field and p stands for the pressure, and ¢ is the initial
velocity. In [16], Constantin and Iyer presented the following probabilistic representation:

t
Xt =z +/ u(s, X¥)ds + V2W;, t >0,
0 (1.5)

u(t, v) = PE[V,Y;" - o(Y,")],

where Y/ is the inverse of the flow mapping x — X¥, V* denotes the transpose of the Jacobi matrix
(VX)ij i= Oq, X% and P := 1 — VA~!div is the Leray projection onto the space of divergence free
vector fields. In particular, there is a one-to-one correspondence between (1.4) and (1.5) when u
is smooth. Here an interesting question is how irregular ¢ may be such that (1.5) admits a unique
solution.

Now, for a velocity field u, let us consider its vorticity

82u1 — 6111,2, d= 2;
w = curlu =
V X u, d=3.

It is well-known that u can be recovered from w by the Biot-Savart law, i.e.,

u=Kgxw, d=2,3,
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with
Ks(x) := (22, —xl)/(27r\3;|2)7 Ks(x)h = (z x h)/(47r|x|3). (1.6)

Let u be a smooth solution of (1.4). By direct calculations, we have

oo = {E(CUIOOE) de(V, 1), d=2, w7
E (VLY - (curlp)(Y)7)), d=3.
By a change of variables and since det(VY®) = 1, we get (cf. [64])
B ( [ Kalo - X1 Culp))ay). a2,
2
u(t, o) = (Kqxw(t)(z) = . (1.8)
E ( Ki(z— X})- -V, X/ - (curhp)(y)dy) , d=3.
R3
In particular, for d = 2, if we let
Baw) = [ (0o i) @)eurloly)dy,
and pf :=Po (X})™1, t €[0,7T], then X7 solves the following SDE:
t
X = [ BOG)ds + VEW, (1.9)
0

which leads to the system (1.1).

Remark 1.2. It should be noted that in both (1.7) and (1.8), w and u do not depend linearly on
the initial velocity o, as the solution X} to the SDE (1.5) also depends on the initial velocity.

DFSDE (1.9) was introduced by Chorin [15] as the random vortex method to simulate viscous
incompressible fluid flows for smooth kernels. Then it was further developed by Beale-Majda
[7], Marchioror-Pulvirenti [46] and Goodman [24]. In particular, Long [44] showed the optimal
convergence rate of the related particle system for mollifying kernels K>. Later, the interaction
particle system and propagation of chaos related to (1.9) have been attracted the attention of more
and more investigators (see [19,35]). However, the solvability of (1.9) has not been tackled in the
above references until the recent papers [14,28,65] (See below for a further discussion).

If d = 3, formally,

¢
X == —l—/ E ( K3(X? - XY)- VXV (curlgo)(y)dy) ds + V2w, (1.10)
0 R3

where X/ is an independent copy of X} and E is the expectation w.r.t. X" (see [64] and [53]
for its numerical simulations under the assumption of smoothness on the interaction kernel). To
write down the above SDE in the form of (1.1), we introduce a matrix-valued process U} := VX7.
Formally, U solves the following linear ODE:

t
U =Toss + [ B (U: v [ K- X0 (curlso)(y)dy) (X7)ds.
0 R3

Let (u%),ers be a family of probability measures over R3 x 1113, where 1113 stands for the space of
all 3 x 3-matrices. Now let us introduce

B(z,p) := / / Kz(x —2) - MpY(dz x AM) - (curly)(y)dy.
R3 JRS M3
Then we obtain the following closed SDE
t
Xp =t [ BOGE )+ VW,
0
) (1.11)
U =Loa + [ (U7 VB)(, i) (X7
0
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where pf :=Po (X7, UF)' € P(R® x M?3) for x € R3.
Remark 1.3. We note that

Uj’~V<

# [ Wz VE(XE - X)- 02 (curte) ().
Ra

Ka(-— X)- U7 <cur1sa><y>dy) (x7)
RB

Specifically, for the gradients of the Biot-Savart kernel Kg, we note that |VKg(x)| < |z|7¢ ¢
L} (R?), which leads that

loc

(VKy) * f(z) := lim VEKq(z—y)f(y)dy

e—=0 ‘$7y|>€

is a Calderdn-Zygmund operator.
However, V(Kqx f) # (VKg) x f. Ford=2 and f : R* — R, we have the following expression:

vj(KQ*f)Z:(ijé)*f+§Slgn(ij)fa Za]:LQ-
Ford=3, f :R?> = R3 and any h € R3, the expression is:
1
h-V(Ks x f)(@) =(h- VE3) » f(2) + 5 f(@) x h,
where explicitly,
3 [(z—y) x fW)] & (z—y) f(y) x h

1
h-VK. =p.v..—— hd Vo— ——dy.
(b V@D =37 fe o oF L= P P

Further details and derivations of these results can be found in [45, Section 2.4.3, p. 76].
In the present paper, we only consider the case d = 2. A detailed investigation of (1.11) for
d = 3 will be addressed in future work.

On the other hand, if we set @(t,z) :== —u(T —t,x) and p(t, z) := p(T — ¢, ), then @ solves the
following backward Navier-Stokes equation:

o+ Au+u-Vau+Vp=0,
divau =0, ap = .

In [62], the author provided a probabilistic representation for @ as well:

t
X7, = +/ a(r, X7 )dr + VAW, — W), (s.t) € Dr,
S

(1.12)
a(t, ) = PE[thtz,T : @(thjT)]'
As above, in the two dimensional case, we have
w(t, z) = curla(t,z) = E[(curlap)(f(ﬁT)] = (curly, fif ),
where [y, :=Po (Xg“"t)_l. By the Biot-Savart law, we have
u(t,x) = (Kyxw(t))(z) = | Koz —y){curly, i 7)dy.
R2
Thus (1.12) is transformed into the following DFSDE:
t
Xo =x+ / B(XZ,, fi,p)dr + V2(W, — W,), (1.13)

where

B, ) = Ky * (/sz curlw(y)u'(dy)> ().



6 ZIMO HAO, MICHAEL ROCKNER AND XICHENG ZHANG

In particular, SDE (1.13) is exactly an example of DFSDE (1.1) with B(r, z, u*,v*) = B(z, ). For
the three dimensional case, as in (1.11), we have the following representation:

t
X =ua +/ B(XZ,, . p)dr + V2(W, — W,),
) Ce ~ (1.14)
O =Taxa+ [ (U2, D)BCp ) (K2, )

where pf , :=Po (X;ﬁ U;t)’l € P(R3 x M3), and

Bla) = [ Kale—y) ( [ LRCT DI dM)) dy.

We must point out that (1.9) and (1.13) are essential different as we discuss in the next subsection.

1.2. Main results. Our first result is about the strong well-posedness of DFSDE (1.1) with regular
coefficients. More precisely, let C#; be the space of all continuous probability measure-valued
functions from R? to &) (R?) with finite first order moment (see Section 2 for more details about
the space C#P;). We assume that B and X satisfy the following assumptions:

(Ho) For each t € [0,T], the function
R x CPy x CPy 3 (z, 10, v) = (B, L) (t,z, i, v') € (RY,RY @ RY)is continuous,

and there are constants kg, ke, ks, k4 > 0 and k1 € R such that for any (¢,z,u,v) €
[0,T] x RY x CPy x CPy,

(@, B(t,, ', 0)) + 2B (t, 2, ) s < ko + malal” + ma(liw 12, + 110 1125,); (1.15)

and for any (t,z;, i, v;) € [0,T] x R x CPy x CPy, i = 1,2,

(x1 = 2, B(t, w1, 1y, i) — B(t, w2, iy, v3)) + 2||5(8, 21, i, vi) — Bt wa, i, v5) s
< raler — wol? + ma(U+ |1 + [w2]?) (B, (13, 12) + B, (i, 15))

where || - ||gs stands for the Hilbert-Schmit norm and the distance deg, is defined in (2.16)
below.

(1.16)

Our first main result is the following strong well-posedness, which is proven by freezing the
distribution-flow and Picard’s iteration.

Theorem 1.4. Under (Hy), there is a unique strong solution to DFSDE (1.1) in the sense of
Definition 1.1. Moreover, there is a constant Cy = Cr(k;) > 0 such that for all (s,t,z) € Dy x R%,

E|X,)? < Or(L+ |z,
and if kK1 <0 and K1 + 2k2 < 0, then
IE|X'S7”¢|2 < e’“(t_s)|an|2 + (ko + K5)(e“1(t_s) —1)/k1, (1.17)
where ks := 2ka2(|k1| + Ko)/(|k1] — 2K2).

Our second main result is about the well-posedness of DFSDE related to the 2D-Navier-Stokes
equation driven by the fractional Brownian motion (fBm). Recall that a Gaussian process (W );>¢
is called an fBm with Hurst parameter H € (0,1) if for any 0 < s < ¢,

E(WHAWH) = 127 4+ 27—t — 521,

Clearly, WH has the following self-similarity: for A\ > 0,

d _
W0 D W io-

Consider the following DFSDE related to the 2D-Navier-Stokes equation driven by fBm:

t
X =ux+ / / (Ko % 1) (X5 )vo(dy)ds + WH, (1.18)
0 JR2
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where K> is the Biot-Savart law given in (1.6), uf = Po(X}?)™!, 14 is a finite signed measure on R?
and WH = (WH1 WH?2) with that WH+ i = 1,2 are two independent fBms with the same Hurst
parameter H. We have the following weak well-posedness (see Theorem 5.1 below for a detailed
statement and its proof).

Theorem 1.5. Let H € (0, %) For any vorticity vy being a finite singed measure, there is a unique
weak solution X; to SDE (1.18). Moreover, for any p € (1,2) and € > 0, there is a constant C > 0
such that for all 0 <t < T,

1-2H
T—H ]75.

lu(t) — Ky x v, < CHGDIN

Here the localized LP norm || - ||, is defined in (2.3). Furthermore, if we let

u(t,z) = /}R2 ERs(z — X/ )vo(dy),

then u € C((0,T); C°(R?)).

Remark 1.6. Since fBm is neither a Markov process nor a martingale, one can not say that u
solves any PDE. By the change of wvariable, the above u has the following scaling property: for
A >0, if we let

ux(t, @) == AVE Ly (A HE Az,
then ux(t, x) = [ EKo(z — XM (dy), where
vy (dy) = AV 2u(d(Ny)), (1.19)

and X?A solves the following DFSDE:

t
XiP=a+ // (Ky s plf) (X (dy)ds + W/
0 JR2

If vo(dy) = o(y)dy, then (1.19) reduces to v3(dy) = \/H o(\y)dy.

Note that Theorem 1.5 does not include H = % Next we consider the following backward

version of DFSDE related to the Navier-Stokes equation driven by Brownian motion:
t
Xiomat [ [ Ka(Xz, — gt (o)dudr + VAV - W), (1.20)
s JR2

In this case, we also have

Theorem 1.7. Let py € (1,2) and g € LP°. For each s € [0,T] and x € R?, there is a unique
strong solution X{, to DFSDE (1.20). Moreover, if we let

u(s,z) = - Ky (z — y)Eg(XY )dy,

then u € C([0,T); Cg°(R?)) solves the following backward Navier-Stokes equation:
Osu+Au+u-Vu+Vp=0, u(T)=Kyxg.
The proof of this theorem is provided in the proof of Theorem 5.3.

Remark 1.8. When g € LP° with py > 2, the well-posedness of DDSDE (1.20) was obtained in
[64] by Zvonkin’s transformation. Here we regard (1.20) as an abstract distribution-flow SDE.
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1.3. Related works. In this section, we review some literature relevant for our main Theorems
1.5 and 1.7. We begin by considering a classical DDSDE with a singular Biot-Savart interaction
kernel, often referred to as the 2D random vortex model:

t
X, = X0+ / (K * ps)(Xs)ds + V2Wy, (1.21)
0

where K3 is the Biot-Savart kernel, y; denotes the law of X;, and Po X, *(dy) = uo(dy). Suppose
u:(dy) = pe(y)dy. Then, by Itd’s formula, p; satisfies the following vorticity form of the Navier-
Stokes equation (1.4):

Op = Ap — div((Kz % p)p). (1.22)

In other words, u(t,z) := Ky % pt(x) solves the Navier-Stokes equation (1.4). In [65], the second
author utilized the De-Giorgi method to establish the existence of a weak solution to (1.21) when
Xo = x, while the uniqueness remains an open question. Weak existence for (1.21) for Xy = = was
also proved in [6] using a nonlinear variant of the superposition principle (see [57]). Furthermore,
letting Xﬁt denote the weak solution to (1.21) started at r > 0, with Xy ~ (, it was proved in
(6], that the path law P ¢), s > 0, ¢ € &1, of (Xf’t)t% form a nonlinear Markov process in the
sense of McKean [47]. Moreover , it is proved in [6] that if X, has a density pg € L*, then (1.21)
has a strong solution and that pathwise uniqueness holds for (1.21) in the class of all solutions
having time marginal law densities in L*/3([0, T]; L*/?). Furthermore, if the initial data X, admits
a density pg € L't with respect to the Lebesgue measure, weak and strong well-posedness for
(1.21) were established in [14] and [28, Theorem 6.4].

It’s important to note that if the initial vorticity of the Navier-Stokes equation is not a proba-
bility measure, then there is no one-to-one correspondence between (1.21) and (1.4). To address

this issue, we consider the forward and backward random vortex models, as introduced in Section
1.1:

¢
Xt ot [ [ KXz, = gl (s + Wi W (123
s JR4
and
¢
X7, :J:—I—/ 4K2(XSZ7T—y)g(z)uf’T(dz)dy—FWtH ~WH, (1.24)
s JR

x

r,, and

where g represents the initial vortex, g, denotes the time marginal law of the solution X
WH is the fractional Brownian motion with H € (0, ] (see Section 2.2 for details).

For the forward DFSDE (1.23), we focus on H € (0, 1). Recent advancements in regularization
by averaging paths (see [12,21]) and the stochastic sewing lemma (see [39,41]) have led to an

increased interest in the well-posedness of SDEs driven by fractional Brownian motion of the form:
dX; = b(t, X;)dt + AW/,

where b € LIILZ. Several classical results have been established, such as those by Nualart-Ouknine
in [51] and Lé in [39], where Nualart-Ouknine, using the Girsanov transformation, established
weak well-posedness for p,q > 2 and 1/q + Hd/p < 1/2, and Lé in [39] extended this result by
introducing the stochastic sewing lemma and gave a new proof for the weak well-posedness. The
strong well-posedness was obtained as well in [39] when 1/¢ + Hd/p < 1/2 — H. Furthermore,
Galeati and Gubinelli in [21] employed the averaging paths technique to achieve path-by-path
well-posedness for ¢ = co and Hd/p < 1/4 — H. In fact, upon assuming X; := ¢ 7 X_; and
be(t,x) := '~ Hb(et,ef ) with some £ > 0, we have

dX§ = bo(t, X7)dt + e~ Haw X

et
where e HWI remains an fBm with the Hurst index H. Note that the scaling hypothesis
lim 0 [[be[|Lsrz = 0 leads to

+8d<1-H (1.25)

Q=
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Under condition (1.25), Butkovsky, Lé and Mytnik [11] recently established the existence of a
solution for ¢ = oo, and when ¢ € (1,2], Galeati and Gerencsér [20] demonstrated the strong
well-posedness. It is noteworthy that when b is independent of time t, as in the case of the
Biot-Savart kernel, the condition in [20] simplifies to % + Hd <1 — H, aligning with the strong
well-posedness result in [39]. It is important to note that the review here is primarily focused on the
L{LP-drift. Indeed, both [11] and [20] cover various measure and distributional cases respectively.
More recently, Butkovsky and Gallay in [10], employing a combination of the stochastic sewing
lemma and John-Nirenberg’s inequality, established the existence of solutions under the condition
(1—H)/q+ Hd/p < 1— H, which is considerably weaker. Beyond these results, a lot of related
works exists, and interested readers can refer to the comprehensive overview in [20].
In the context of the following DDSDE driven by f{Bm

dX; = (b pe)(t, Xp)dt + dWH

where p; represents the time marginal law of X;, the authors in [22] and [20] established strong
well-posedness for b € L{C* with o > 1+ 1/(Hq) — 1/H and ¢q € (1,2]. Here, C* denotes the
Besov space. Moreover, Han [26] used the entropy method to present a concise proof of the main
results in [22].

Following this review, we examine the condition on H for the Biot-Savart kernel by applying
the aforementioned results. Notably, b = K5 € Li; N C~!. Therefore, the restriction p > 2 in
[51] precludes its application to the Biot-Savart law. Moreover, the conditions in [39] and [20] also
imply that H must be strictly less than 1/4. Consequently, it is natural to inquire whether the
well-posedness holds for (1.23) in the range H € [1/4,1/2). We address this question in Theorem
1.5 by establishing weak well-posedness for (1.23) across all H € (0,1/2). Additionally, we define
a solution to the 2D fractional Navier-Stokes equation with an arbitrary initial vortex measure v
and show its smoothness for ¢ > 0 by the Malliavin calculus.

For the backward DFSDE (1.24), limited results are available in the literature. In Theorem
1.7, we establish the unique strong flow solution X7, for H = 1/2 and any L!'* initial data .
However, for H # 1/2, investigating the well-posedness of (1.24) becomes challenging, as our
methodology heavily relies on the Markov property of Brownian motion. Notably, the Girsanov
transformation cannot be used for backward DFSDE (1.24) with singular kernels, leaving this as
an open question.

1.4. Organization of the paper. In Section 2, we provide preliminary results concerning the
space of probability kernels and fBms. Some of these results are novel and are crucial in proving
Theorems 1.4, 1.5, and 1.7.

Section 3 is dedicated to proving Theorem 1.4 using standard Picard’s iteration. Additionally,
we offer several examples to illustrate our main results. While the proof itself is not particularly
challenging, it serves as a foundation for our future investigations into various issues such as
ergodicity and propagation of chaos.

Section 4 focuses on demonstrating weak and strong well-posedness for a broad class of DFSDEs
driven by {Bms. For H € (0, %), we employ Girsanov’s transformation and the entropy method,
while for H = %, we rely on PDE estimates.

In Section 5, we utilize the results obtained in Section 4 to prove Theorems 1.5 and 1.7. To
establish the smoothness of the velocity field, we employ Malliavin calculus when H € (0, %) and
PDE techniques for H = %

In the Appendix, we provide detailed proofs of certain technical results for the convenience of
the readers.

Throughout this paper, we shall use the following convention and notations: The letter C' with
or without subscripts will denote an unimportant constant, whose value may change from line to
line. We also use := to indicate a definition and set

a Ab:=max(a,b), aVb:=min(a,b), at:=0Va.
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By A <¢ Band A <¢ B or simply A < B and A < B, we respectively mean that for some
constant C > 1,
A< CB, C"'B<A<CB.
Below we collect some frequently used notations for the readers’ convenience.
e For p € [1,00], p’ denotes the conjugate index of p, i.e., Il) + 1% =1.
e P1: The space of all probability measures with finite first order moment.
e CHPy: The space of P;-valued continuous functions on R? w.r.t. the Wasserstein-1 distance.
e CPy: The space of P-valued continuous functions on R w.r.t. the total variation distance.
o LPP,: The space of sub-probability kernels defined in (2.7).
e LP®: The space of probability kernels defined in (2.8).
e H%: The space of all absolutely continuous function f : [0,7] — R? with f(0) = 0 and
fe ([0, T;RY) =: LL.

2. PRELIMIARIES

In this section, we first introduce several spaces of flow probability measures associated with the
Wasserstein-1 metric, the total variation distance, and localized LP-probability kernels. Then, we
also recall the definition and basic properties of fractional Brownian motions (fBms). In particular,
we demonstrate an important exponential estimate for the functional of fBm, which is crucial for
solving singular SDEs driven by fBms using Girsanov’s theorem.

2.1. Flow probability measure space. Let #; := &;(R%) be the space of all probability mea-
sures with finite first order moment and C%; the space of ®;-valued continuous functions on R
w.r.t. the Wasserstein-1 distance ¥ defined by

Wy (p,v) = inf E|X -Y].

PoX —1=p,PoY —1=v
Note that by the duality of Monge-Kantorovich (cf. [58, (6.3)])

Wi(p,v) = sup |u(g) —v(g)l
lglleip <1

For two p*,v* € CP1, we introduce a distance between p* and v* by

W1<M£’Vx>
deg, (p',v*) 1= sup ——————
)= s

(2.1)

For simplicity, we write

Jra lylp* (dy)
lew, :=d ) = R
H:u ||(‘(/)1 CPy ([,L ) 0) zsélde 1 + ‘(E|

Moreover, the total variation distance || - ||var is defined by
= vllvar := sup |u(A) —v(A)].
A€B(R?)
Let CPy be the space of all continuous probability kernels « — p® w.r.t || - ||var with the distance
[0 = vlley., = sup [|u* —v*|[var-
z€R4

Under these distances, it is easy to see that C#; and CPy are complete metric spaces. We would like
to point out that the distance degp, is only used in the study of DFSDEs with regular coefficients.

Next we introduce some localized LP-spaces for later use. Let (D;);en be the set of all unit
cubes with center at the integer lattice so that

0€ Dy, UienDi=RY D;ND; =0, i#j. (2.2)
For z = (21, ,24) € R%, we shall write

D, ::D1+z:{x:71/2<:ci—zi<1/2}.
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For p € [1,00], let LP = LP(R?) be the usual LP-space with norm || - ||,. We also introduce the
Banach spaces

0= {1 € L8 17l = swp o, Tl < o 23

and

L {f € Lloe( |||f”|p Z ||1D f”P < OO}

By a finite covering technique, there is a constant C; = Cl (p,d) > 1 such that
Cr Il <sup|p. fllp < Cillfllp- (2.4)
z

The advantage of using localized space L? is the following inclusion: for p; = pa,
H:pl C EP2.

This is quite convenient for treating singular potentials hke |z|~%, where « € (0 d), since it does
not belong to any LP-space, but belongs to L for p < £. About the spaces L? and L?, we have
the following properties, that are similar to the classmal L” spaces. For the readers’ convenience,
we provide detailed proofs in Appendix A.

Proposition 2.1. (i) For each p € [1,00|, it holds that LP C P C L?, and

I, = sw [ f@@e, ol = sw [ @ (25)

Ngllz, <1 /R4 Iy <1
where p' is the conjugate index of p.

(ii) For any p,q,r € [1,00] with 1+ % = 1% + %, the following Young’s inequalities hold: for some
O = O(dap7q7r) > 0;

IS gllr < CllFlplgls, — 0F * gl < CUFINgNG- (2.6)

Finally, we introduce a space of probability kernels that will be used in the study of backward
DFSDEs. Let K% be the set of all probability kernels from R? to # and K@, the set of all
sub-probability kernels from R? to @,, where ®, is the space of all sub-probability measures over
R<. For given p € [1,00], we introduce two subclasses

L2, = {wr € KDy wllp = sup (@)l < oo} (2.7)

el <1

and

19 = {r e XDyl = up (@)l < . (2.8)

loll,<1
Similarly, we also introduce the subclasses L7® and LP®,. It is easy to see that
LPP C LDy, LPP C LPP.

Remark 2.2. Here supjy. <, |17(6)ll, < 00 means that for any ¢ € L, 1*(8) = [ou ¢(y)n®(dy)

is well-defined for Lebesgue almost all x € R and that () belongs to LP(RY). This condition
implies that p( f]Rd u®(dy) is independent of the representative of ¢ in LP(R?). Indeed,

if p(z) = P(x) for Lefyesgue almoslt all z € R?, then p(¢) = p(@) in LP(R?). This follows from
the estimate || (¢ —d)|p < ¢ — ¢llp = 0.

One would like to point out that such classes of kernels naturally appear in the study of stochastic
Lagrangian flows (see [63]). More precisely, consider the following SDE:

¢
szx—}-/ b(X7)ds + W,
0
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where b is a divergence free Lipschitz vector field. Let pf be the law of the unique solution X7. It
is well-known that for any p € [1,00] and ¢t > 0 (see [63]),

i (Dllp < 1Nl f el

We have the following important properties that are also proven in Appendix A.

Proposition 2.3. (i) Let yu* € KP,. For any p € [1,00), we have

[ellp = sup [ (@)lp = sup [k (&)l (2.9)
pEC(RY), [|¢]lp<1 peC (R),[| o], <1
and
lell, = sup e (D)l = sup e (D)l- (2.10)
p€C(RY), [loll <1 peCe (R),[l#]l,<1

(ii) LPPs and LPP, are complete metric spaces with respect to the distance

I =vllp = sup | (@) =" (D)llp, N —vllp := sup |l (d) = v*(d)llp-
lellp<1 el <1

Moreover, with the above distances, LPDP is still complete, but LPP is not complete.

Cone JOT v € CHPy.

var

Remark 2.4. Note that || — v'||ec = " — V' |loo = || — v

2.2. Fractional Brownian motion and Girsanov’s theorem. In this section, we recall the
definition and basic properties of fBm and the related Girsanov theorem (see [18,50]).

A d-dimensional Gaussian process (W)~ defined on some probability space (€2, %, P) is called
an fBm with Hurst parameter H € (0, 1) if for any 0 < s < ¢,

E(W, W) = 57+ 2 — |t —sPP) 1y, ij=1,---d
For fixed 7 > 0, it is easy to see that for any ¢,s > 0,
E((Wiir = W (WL = W) = B W), (2.11)

-
This means that (W/L, — WH);> is another standard fBm. The value of H tells the behavior
of fBm: when H = 1/2, the process is exactly a standard d-dimensional Brownian motion; when
H > 1/2, the increments of the process are positively correlated; when H < 1/2, the increments
of the process are negatively correlated.

In what follows, we fix H € (0, 3] and introduce two constants used below

qH = ﬁ7 CH = \/2H/((1 —2H)B(1-2H,H + %))IHE(O,%) + 1H:%’
where B(«, 8) is the usual Beta function defined by
B(a, B) = /1(1 —5)> 1P 1ds, o, 8> 0. (2.12)
It is well-known that fBm has the follov:jing representation (cf. [18, Corollary 3.1]):
wH = /Ot Kg(t,s)dW,, (2.13)

where W is a standard d-dimensional Brownian motion and K is given by
t
Ky(t,s) =cy ((t/s)Hi‘(t —s)H- - H) s%*H/ TH*%(r — s)Hédr) .

Let Cr := C([0,T];R?) be the space of all continuous functions from [0,7] to R%. It is also
well-known that there is a continuous functional ® : C — Cr so that (cf. [10, Proposition A.1])

W, = d(WH)(t), tel0,T). (2.14)
Convention: If there is no special declaration, we always write

Fyi=o{W, s <ty =c{WH s <t}

D=

+

N|—=
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From the very definition, it is easy to see that

t
Kp(t,s)>cp(t—s)f- ((t/s) 4 (1 - H)s%—H/ rH—Sdr> =cp(t—s)772,  (2.15)
and by [18, Theorem 3.2],

Kp(t,s) < cyp(t— S)H_%SH_%.
To state the Girsanov theorem for fBm, we introduce a function
Kpu(t,s)=tl-3(t—s) 2 HgsH 0<s<t.

By the integration by parts and elementary calculus, one sees that
t
/ Kg(t,r)Kg(r,s)dr=1, 0<s<t. (2.16)

For given ¢ € [1,00), let HZ be the space of all absolutely continuous function f : [0,7] — R? with
f(0) =0 and f € LI([0,T]; R?) =: L, which is a Banach space under the norm

£ llexg, == 11 £ s
Now, for any function f € C1([0,T];R%), we define
K /(1) / Ru(t, 5)f(s)ds.
Lemma 2.5. The operator Ky can be extended to a bounded linear operator from H to L2, and
there is a constant C = C(H) > 0 such that for all f € H
1K n fllLz < C|\f||HqT~ (2.17)
and
t ~
P = / Ku(t, )Ry £(s)ds. (2.18)
0
Proof. Estimate (2.17) follows by Ky (t,s) < (t — s)~2~# and Hard-Littlewood’s inequality [1,
Theorem 1.7]. Equality (2.18) follows by Fubini’s theorem and (2.16). O
We have the following Girsanov theorem (see [18, Theorem 4.9]).
Theorem 2.6. Recall g = ﬁ Let h(-,w) € H¥ be an Fs-adapted process satisfying
2
E exp (||h||HqT,,) < . (2.19)

Then WtH := WH + h(t) is a new fBm with Hurst parameter H under the new probability measure
Q := Z7P with

T
_ 1 ~
Zp = exp (/ (Kgh)(s)dW, — 2||KHh||]]2_,2T> )
0

where W defined by (2.14) is a d-dimensional standard Brownian motion.

Proof. By (2.18), we have
WH =WH 4 h(t / K (t,s)(dW, + Kgh(s)ds).

By (2.19) and Novikov’s criterion, EZr = 1. Thus by the classical Girsanov theorem, Wt =W+
fg K h(s)ds is still a standard Brownian motion under Q, and therefore, W} = fot Ky (t,s)dWy
is an fBm under Q. O

Now we prove the following basic estimate. The new point is that we are using the localized
LP-space.
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Lemma 2.7. Let H € (0, %] For anyp € [1,00] and j € Ny, there is a constant C = C(j,p,d, H) >
0 such that for all0 < s <t and f € ]I:p,

) , _Hd_,
[EZ (V7 (W) Se (=) T fll,.
Proof. Note that by the representation (2.13),

S
]Eys (WtH> = / KH (ta T)dWr
0

and

wH
Clearly, WE, + 1s independent of Z¢ and

Egs(WtH) ~ N(0, O, t) WI,{t ~ N(0, Af,(t),
where

H ° T G 2H-1
Ogt = |[Kg(t,r)|?dr > c% [t — 7] dr,
0 0

and
A '—/ |Kp(t,7)]*dr > cH/ it —r|?H 1 dr = (t — )%, (2.20)
By the independence of W, t and %, we have

E7 [V (W] = 7 [V f(WE + EZ(WH))] = F9) (BT (W),

37
where _ 4
F9(y) = E[VI f(WE 1 ).
By Lemma B.1, we have
EZ [V f(W]| < [|FF|loe S (N @2=D72) £,

Combining the above calculations, we obtain the desired estimate. O

Below for simplicity of notations, we always write
LILP := LI([0, T); LP).
As a result of the previous estimate, we have the following Krylov-type estimate.
Lemma 2.8. For any p,q € [1,00] with a := 1 —(1/q + Hd/p) > 0, there is a constant Co =
Co(d,p,q,H) > 0 such that for all f € LLLP, k € Ny and 0 < s < t,
t
E* ( [ rrwie- r>'mdr) < ok (t = ) EF D £l (2.21)

Proof. Since a« =1—(1/¢+ Hd/p) > 0, we must have ¢ > 1 and ¢’ Hd/p < 1, where ¢' = ¢/(q—1).
By Lemma 2.7 and Hélder’s inequality, one sees that

S =K (/t Flr, Wt — r)ko‘dr>

Hd
P

<c / 17 ()l — )% (¢ — r)kear

t L ha " 1/q'
Sl ([=9 " Bia-nioar)
S

Let B be the Beta function defined in (2.12). By a change of variable and Lemma B.2 , we get

’

1/
I < OWfllgin(t = 95 0°B (1 - ' 2 g'ka + 1)
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1 Hd

<Cp,q, H,d)|| fllazo(t =)Dk 0
This completes the proof. O
Then we have the following moment estimate.

Lemma 2.9. For any p,q € [1,00] with a := 1 —(1/q + Hd/p) > 0, there is a constant C1 =
Ci1(d, H,p,q) > 0 such that for all f € LLLP and m € N,

/tf(s,WSH)ds
0

Proof. Without loss of generality, we assume that f > 0. For simplicity of notation, we write
h(t) = f(t, W{T).
By the symmetric of integral and (2.21), we have

/Ot h(s)ds —m!E/Oth(sl)/: h(SQ).../t h(spm)dsy, - - - dsads;

1 Sm—1

t t t
:m!IE/ h(sl)/ h(sg)--- E‘%m—l/ h(sm)dsm] .+~ dsadsy
0 S1

t t
< ComtllyiE [ hGsr) oo [ sno) b d,
0

Sm—2

< Cltaml—“|||f||\LqTI~Lp, vt € (0,7). (2.22)
Lrn(Q)

m

E

Then, by (2.21) and induction, we have for any k =1,...,m — 1,

[ hs)as| < Clmik = 1) 1Sy [ i)
0 0

m

E

t
x EZsm—k-1 / (t— sm,k)"w‘h(sm,k)dsm,;€ - dsy

Sm—k—1
< GG (m) =t W f 1 -

Finally, by Stirling’s formula, we get

/Ot h(s)ds

The proof is complete. 0

m

< C{nmm(l—a)tma Hlf”'m

E o
LILP

Now we can show the following important Khasminskii’s type estimate.

Theorem 2.10. Let qi,p; € [ﬁ,oo] with o ;= % - (q% + %) > 0. Then for any A > 0, there is
a constant C = C(\,p1,q1,d, H) > 0 such that for all b € IL;’HI:”I

Eexp {MKuA|2; | <exp{C (1+5/*)}, (2.23)
where Fp(t) fo s, WH)ds and ) = = 1ol o g -

Proof. By (2.17), we have

]Eexp{)\HIN{HfbH]I%QT} < Eexp {Co)\HfbH]%IqTH} i

m=0

]E||fb||Hq,,. (2.24)

Observing that

T
E||-# 3 = (/O |b(S7W5H)|q”dS>

2m 1/u

T
<|E ( | 1ot Wf»%ds) 7
0

2m/q,
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and a 1= § — (qi1 + %) >0 and g1, p1 € [gu, o0], by (2.22) with (p,q) = (-, ), we have

1/qn
BIAIZ < (TP @mm i e 2, .,

_Cm m(1— 204)|"b"|]qule1 — énmm(l 2a) gm

Substituting this into (2.24) and by Stirling’s formula, we have

_ ) oo (C())\CQ)mmm(l_2a)ffz2)m 00 ngﬂgm
Eexp { MK A | < 2 m! < 2 (s
The proof is complete by a > 0 and Lemma B.3. O

Remark 2.11. Similar estimates to those in (2.22) and (2.23) have been established for VMO
processes, as demonstrated in [40, Corollary 3.5].
3. WELL-POSEDNESS OF DFSDE: REGULAR COEFFICIENTS CASE

In this section, we show the strong well-posedness (existence of strong solution and pathwise
uniqueness) of the DFSDE (1.1) and prove Theorem 1.4.
We first prepare the following standard result for later use.

Lemma 3.1. Let Dp 3 (s,t) — ps € CP1 be a measurable function with

V= sup |luslles, < oc.
0<s<t<T
Consider the following classical SDE:
t ¢
X;U;tu = +/ B ’f‘ X;;{L7/’Lr T7/’Ls r)dr +/ E(’I“ X;;{L?Mr T7Ms r)dW (31)
S S
Under (Hy), there is a unique strong solution to the above SDE with the estimate:
Ko(erft(t—s) — 1 ¢
Bz < et a4 D gy [0 gy, + sl )ar (32
1 s
Moreover, let vgy be another C%Pi-valued function with 77 := supgcsci<r [|Vs tlles, < o0. Then

there is a constant Cr = Cr(k;, Y, %) > 0 such that for all (s,t,z) € Dy x RY,
EIXT/ — X3P Lo 2
W < CT/ (B, (pr,7s Ve 1) + digp, (ps s Vs,r)) dr. (3.3)

Proof. Under (Hy), the strong well-posedness to SDE (3.1) are well-known (see [43]). We only
show the estimates (3.2) and (3.3). Fix s € [0,7). By Ito’s formula and (1.15), we have

Qi I\ XTH ) = e D [(XEF, B XE i o 112.)) + 2180 X0t i)
— | XTF ) At + (XTES( XTE o 1, AW2) |
< e (kg + ra ez 2, + liseliEe,))dt + A,
where

t
s M, ::/ e M TS (XTI S (r, XEF iy 1) AW
0

is a continuous local martingale. By a standard stopping time technique and integrating both sides
with respect to the time variable ¢ from s to ¢, we derive that

t
e UTIBIX T < Jaf? +/ e 107 (ko + ko ([l 129, + ls,rllEs,))dr
S
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From this we get (3.2). For (3.3), by It&’s formula again and (1.16), we have

t
BIXZY - X3P < [ (REIXEE - XEVP + il + BIXTEP + BIXTEP)
S

X (d%@1 (ﬁ‘r,Tv VT,T) + d%’!}ﬁ (Ns,ra Vs,r)) )dr.

By Gronwall’s inequality, we get for all ¢ € [s, T1,
t
E|Xw»u Xz,tu|2 5 / (1 + E|X;C’,7{t|2 + ElX;ﬂ;TV 2) (dé{h (/’LT,T7 Vr,T) + d(%ggl (MS)T, Vs,r)) )dr (34)
S

Note that by (3.2),

sup E[XJ(? < (T ko, k1, ko) (14 [2*)(1 + 7).
te(s,T]

Substituting this into (3.4), we obtain the desired estimate. O
Now we can give

Proof of Theorem 1.4. We use the method of freezing the distribution. Let uf”to := 0, for all
(s,t,x) € Dy x RY. For n € N, by Lemma 3.1, we can recursively define the approximation
solution X7/ by

t t
Xi,tnﬂ :x+/ B(r,X;ng’MTT’M”)err/ Z(T,X§¢+1,M;7r%,u-s7g)dwr_ (3.5)

By (3.2) we have

Ko (e"“ (t=s) _ 1)

t
EIXJ7 TP <em e + +,<;2/ (w12, + it 2g,)dr. (3.6)

K1
Noting that
EIXor E|XT?
Wittt = g (T30 < s gy = e o

we have

wi(t—s) _ 1 t
fnJrl(S,t) < em(t_s) + KO(Q—) * RQ/ em(t_r)(fn(rv T) + fn(SJ“))dT.

K1 s
For m € N, if we let

F,.(s,t) = iup+1 fn(s,t),

then for each 0 < s <t < T,

¢ T ¢
F,(s,t) <1 —|—/ [Fr(s,r) + Fp(r,T)]dr < 1 —|—/ E,(r,T)dr +/ F,.(s,r)dr.

By (3.7) and Gronwall’s inequality (see Lemma B.4), we have

sup sup uyY tp, <sup sup Fp(s,t) < oc. (3.8)
m (s,t)EDy meN (s,t)eDyp

Next, we show that the sequence {X5"}2%, is a Cauchy sequence in a suitable norm. By (3.3),
we have for any n,m € N, xéRdand0<s <t T,

E|X'r n+1 _Xr m+1|2
14+ |z?

t
S [ (o i)+ e o)) (39)

Noting that

E|Xw,n X;E m|2
Hn,m — d% s,t ,t
s,t CP (/J’s i :us t ) = xsélﬂg)d (1 + |I|) ’
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by (3.9) we have
t
n+1,m+1 n,m n,m
Hs,;L * rg/ |:Hs,r +H’I“,T ] dr.
Thus, by (3.8) and Fatou’s lemma, we derive that for all ¢ € [s, T,

t
T n+1,m+1 < T n,m T n,m
n,grllrgoo Hs,t ~ l |:ﬂ,7lrllri>loo HS’T * nﬂlﬂ}brgoo HT’T :| d?“,
which implies by Gronwall’s inequality that

2
W (s e )) 0

3.10
1+ |z ( )

B A" — T Sup(

n,m—oo n,Mm—00 . ~pd
Substituting this into (3.9), we obtain

B - XM

lim sup
nM—00 (4 pye[s, T] xRY L+ |z[?

In particular, for each fixed (s,z) € [0,T) x R, there is an adapted process { X7, }ie[s,7] S0 that
lim sup E[X]/" —XZ,[*=0,

n=00 ¢c[s,T]

and by (3.10), for each s <, there is a family of probability measures (ug ;) cre € C%P1 so that

. Wh(pgs 15 4) . .
A, sup R = i e (55,0 = O
TE

Since pgf" =Po (X7/")™", we have

ply=Po(XZ,)™", VaeR%
Finally, by the continuity of (z,u,v*) — B(t,z,p,v") and taking limits for equation (3.5), one
sees that for each (s,t,z) € Dy x RY,

t t
X;c,t =T+ / B(T7 Xg,rvu;*,Tvuls,r)dT + / 2(7‘7 X;c,r»/l';",Tvﬂls,r)dWT'
s s

Thus we obtain the existence. The pathwise uniqueness is derived by the same argument. Moreover,
by (3.6), we have

0(em1(t—s) _ 1)

t
—s K K1 (t—r . .
BIXE [ < 0ol + U ey [ (g, + s B ) (310
which implies by (3.7) that
k1(t—s) _ 1) t
. k1(t—s Kol€ k1(t—r . .
||Ms,t %@1 <e (e )+ ( K1 +’i2/ € ¢ )(H:u’nT %@1 + HMS,T %@1)dr‘

By Gronwall’s inequality (see Lemma B.4), we have
s tllE0, < Cr. (3.12)

If k1 < 0 and 2K2 < |K1], then

Ko 2&2

sup_ |12z 1ll2g, -

villeg, <14+ — + —
H/‘%,t”@!]’l = |’€1| |/€1‘ 0<a<i<T

which implies that

. Ko 2K9
sup |l e, < 1+ —)/(1 = ). (3.13)
0<s<I<T |1 |ia
Substituting (3.12) and (3.13) into (3.11), we get the desired estimates. O

Now we provide simple examples to illustrate the assumptions.
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Example 3.2. Let by, by : R* — R? satisfy

(14 |z|) by, Vb € L' and Vby € L™.
Let 1,02 : R4 = R be two Borel measurable functions with

©1, Vi1 € L and (1 + |z|) po € L.
For p,v € CPy, we introduce

B(z,u,v) = /]Rd bi(z —y)pY (p1)dy + /Rd(b2 x V7)(x)pa(2)dz =: By(z, ') + Ba(z,v).

Then one sees that (1.16) and (1.15) hold. Indeed, for Bi(x, ), we have

B, ) = Bl )] < [ 1 =) = ba(oa = o)l ko)l
o [ I =)t = )l
1
<lrllclor = wal [ [ 1Vba(ar = -+ 0(as — 22))jdocly
R 0

# ([ It = 100+ 1)) 191 5

< llerlloolIVorllafzy — 2o
+ (Jz2] + DA+ |- Dorll1[[Verlloodes, (w1, ).

For Bs(x,v*), we have
Baar.vi) = Baloa, ) < [ [ poater =) = balaa = p)lof ()2 oz
+ /Rd b2 * v — ba x v5[(22)|p2(2)|dz
< |21 — 22| Vb2l sollp2ll1 + Vb2 loo /Rd Wh(vi,v5)|p2(2)|dz

< I9bs e (lillslas = @l + 111+ |- palhides, (v, 15) )
For (1.15), for any € € (0,1), by Young’s inequality we have
(z, Bz, p,v7)) < |zl[| BC, s v)[|oo

<lol (Inlllorle + [ s o7 llloa2la:)

<ol (Ierhlleale + [ I¥llclillen 1+ [2Dlga(2)d

2
el + (Iorllllerlloe + IVb2lloo | lew, (1 41 - @2 (-)l11) " /(4e).
Hence, (1.15) holds with
ki=c and k= |[Vha|2 (1 + ] De2()]7/(4e).

In particular, for any A > e+ || Vha||%[[(1+ |- p2(-)I3/(2¢), by (1.17), we have uniform moment
estimate in time for the solution of (3.1) with diffusive coefficient I and drift B(x, u*,v*) — Az.

Example 3.3. Let 0 : [0,T] x R x R — R satisfy
lo(t,x,7) —o(t,2',r")| < Oz — 2’| + |r —7']).
Let ¢, be a family of mollifiers. For u € CPy, we introduce

Ttz p) =0 (t,w,/w ¢e(x — y)(uywp)dy) :
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Then it is easy to see that (1.16) and (1.15) hold. In particular, the following SDE admits a unique
solution

t
Xy :x—i—/ Se(r, Xy, 1y 7) AW,

An open question is whether we can take limits e — 0 so that we can give a probability representation
u(s,x) = E@(Xi#) for local quasi-linear PDE:

1
8su + 5 ;C(Ulkajk)(svx7u)azaju = 0) U(T) =¥,

where X:’QQ solves the following nonlinear-SDE:

t
X =u +/ o(r, X500, uep () AW,

S

We will study this problem in a future work.

4. WELL-POSEDNESS OF DFSDE: SINGULAR DRIFT CASE

In this section, we consider the DFSDE driven by fractional Brownian motion with a fixed value
of H € (0, %] In Subsection 4.1, we focus on the well-posedness of SDEs driven by fBm using
Girsanov’s theorem. Specifically, we extend the results of Nualart-Ouknine [50] to the case where
the drift term belongs to L4LP with p,q in the range of [,
% + % < % Notably, allowing ¢ to be smaller than 2 is crucial for applications to the 2D-Navier-
Stokes equation associated with fBm. In Subsection 4.2, we establish the weak well-posedness for
DFSDEs driven by fBm using the entropy method. In Subsection 4.3, we examine a backward
DFSDE driven by Brownian motion by utilizing It6’s formula and PDE’s estimates. This analysis
will be instrumental in demonstrating the well-posedness of the backward Navier-Stokes equation

with L'T-initial vorticity.

oo] and satisfying the condition

4.1. SDEs driven by fBm. Let Cr := C([0,7]; R%) be the space of all continuous functions from
[0,T] to R, which is endowed with the uniform convergence topology. The canonical process on
Cr is defined by

wi(w) :=wy, w e Cp.
Let %; := o{w, : s < t} be the natural filtration. Let b : [0,7] x Cr — R? be a %;-progressively

measurable vector field. In this section we consider the following SDE:
t
X, = X, +/ b(s, X.)ds + WH, (4.1)
0
where W is an fBm with H € (0, 1]. To emphasize the dependence on b, we shall call SDE (4.1)
as SDE,. We introduce the following definition of a weak solution to SDE.

Definition 4.1. Let v € ®(R?). We call a probability measure P € P(Cr) a weak solution of
SDE, starting from the initial distribution v if P o wal =v and

¢
t— wy —wy — / b(s,w.)ds =: #; (4.2)
0

is an fBm with Hurst parameter H under P. The set of all weak solutions of SDE, with initial
distribution v is denoted by S(b,v). We call the uniqueness in law holds for SDEy if any two
P, Py € S(b,v) are the same.

Recall that for two Py, Py € P(Cr), the relative entropy is defined by
EF! In(dP,/dPy), P; < Py,

00, otherwise.

%(P1|P2) = {
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By Csiszar-Kullback-Pinsker’s inequality (abbreviated as CKP’s inequality) (see [58, (22.25)]), we

have
IP1 — Pallvar < /2H(P1|P2). (4.3)

We now prepare the following result about the relative entropy (see Lacker [38, Lemma 4.1] for a
version of Brownian case).

Lemma 4.2. Let v € P(RY) and b; : [0,T] x Cr — R%, i = 1,2 be two progressively measurable
vector fields and P; € S(b;,v). Suppose that the uniqueness in law holds for SDEy, and

EF! exp {)\||fbrb2||ﬂ2.ﬂan} <00, VA>0, (4.4)
where Fp, _p, (t) := fot(bl —bo)(s,w.)ds. Then for some C = C(H) > 0, it holds that
H(P1[P2) Sc B (1155, 112 )
Proof. For i = 1,2, by definition, one has
%b"' = wp — wy — /Ot bi(s,w.)dsis an fBm with respect to P;.

Let W; := ®(#°1)(t) (see (2.14)). Then W is a standard Brownian motion under P;. Write

T
~ 1 ~
ZT = exp <—/ (KHjblbe)(s)dWS - 2||KH]b1b2||1%%> .
0

By (2.17), (4.4) and Novikov’s criterion, EF1 Z7 = 1. Thus, by Girsanov’s theorem (Theorem 2.6),
t— %bl + jbl_b2 (t) = V/tbz
is still an fBm under Q := Z7yP1. Thus Q € §(bs,v). By the uniqueness in law of SDE;,, we have

ZrP1 = Q = Ps.
Hence,
1 p N o\ D )
H(P1|P2) = —/C InZpdP, = JE™ (”KH]M*M”IL?F) S o BV I —ba Ml (4.5)
T
Thus we complete the proof. O

By Theorem 2.10 and Girsanov’s theorem, it is by now standard to show the following result
(see [50, Theorem 2]).
Theorem 4.3. Suppose that for some (p1,q1) € [ﬁ,oo]2 with o := % - (q% + %) >0,
i = Bl o < 0.

Then for any x € R?, there is a unique weak solution P, € S(b,8,) in the class that

T
P, (/ |b(s, ws) | ds < oo) =1.
0

Moreover, we have the following conclusions:

(i) For any 1 < p < g < o0, there is a constant C' = C(T,H,d,p1,q1,p,q) > 0 such that for all
feLl andte (0,T],
dH dH

IEP fwn)ly, < exp{C (141 b4 U1l (4.6)

(ii) For any p,q € (1, 00] with 8 := 1—(%—&—%) > 0, there is a C = C(T, H,d, p1,q1, kp,D,q) > 0
such that for all t € [0,T], z € RY and m > 1,

‘ /t f(s,ws)ds
0

<CEm P fllya - (4.7)
L™ (CriPy)
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(i1i) For any v € (0,1), p € [1,00] and pp, g» € (q,, 0] satisfying
Bu =1 —QH(§b+ fd) > o,

there is a constant C = C(~,d, H,p, pp, g, kb, T') > 0 such that for allt € [0,T], f € B;(Rd)

and x € R?,
[EP= (- —we) = f(- = @)llp < CtT|| fllmy + 77| £l 0] LivToy (4.8)
where B;(Rd) denotes the Sobolev space consisting of all functions f with
f -+ h)— f .
171y = sup L IOl gy o, (19)
he£0 ||

Proof. (Existence) Let 2 € R and W# be an fBm over a probability space (2,.%,P). Define
t
wH .=wH —/ b(s, WH 4 2)ds = WH — 7(t).
0
Since b € ]Li}l]I:Pl and o = % — (qi1 + %) > 0, by Theorem 2.10, for any A > 0, there is a constant
C =C(\p1,q1,d,H) > 0 such that

xs;lﬂgiEexp {)\||I~{Hfb"‘||ﬂ%zT} < exp {C’ (1 + Iii/a)} : (4.10)

By Theorem 2.6, WH is an fBm under Q, = Z7P, where
t . 1 -
7 = exp ( / (R -75) ()W, — 2|Kﬂffi;> :
0

is an exponential martingale. Here W; := ®(WH)(t) (see (2.14)). Now if we let X7 = WtH + z,
then .
X =x+ / b(s, X%)ds + WH.
0

In particular, P, := Q, o (X*)~! € 8(b,4,) is a solution of SDEy.
(Uniqueness) For i = 1,2, let P; € $(b,6,) so that #? is an fBm with Hurst parameter H
under P;, and

T
Pi(wp=2z)=1, P; (/ |b(s, ws)|T"ds < oo) =1.
0

Define a %,;-stopping time by
t
Tp := inf {t €10,77: / |b(s, ws)|%*ds > n} .
0

Then limy, ,oo Pi(1, =T) = 1. Let #(t) := fot b(s,ws)ds. Note that
R 54 A)liz < CIAC A g < Onllo.

By Girsanov’s theorem,

t
WP+ Fy(t A1) = wp — wo — / b(s,ws)ds (4.11)

tATy

is still an fBm under the new probability Q} := Z7P;, where
T — 1 —~
Z7 = exp f/ Ky Fp(- A1) (s)dWs — §||KHfb( A Tn)||H%2T .
0
In particular, for any t; <ty < --- < t,, <T and I'; € Z(R?), by (4.11) we have

Pl(wtl S 1_‘17 e 7wtm € Fm; Tn = T) = / 1{wt1 elry,-- ,wtméFm;‘rn:T}/Z’?‘Q?(dw)
Cr
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= /C 1{wt1 €l 7wtm€Fm§Tn:T}/Z¥Qg(dw>
T

- P2(wt1 S Fl: c, Wy, S Fm;Tn = T)
Letting n — oo, we conclude the proof of uniqueness.
(Proofs of (i) and (ii)) Let 1 <p < g < oo and p € (1,p). Set v := L and % + % =1. By
Holder’s inequality, we have
EP* f(w,) = E® (F(X])) = B (Z§ f(W[ + 2)) < (BF (24)") /7 (B[ f (W] + 2))').
Noting that by (4.10) and Hélder’s inequality,
sup sup EF|ZF] < exp {C (1 + /{E/O‘)} =: Cy,
t€[0,T] zeRe

by Lemma B.1, we further have

1 dH _ dH dH _ dH
IEP f(wolly Sco BEFLFWE + P50 S €5 55 JAP I =655 1)

Thus we get (4.6). For (4.7), it is similar by (2.22) and Hélder’s inequality.
(Proof of (iii)): Let Q, € $(0,d,) and note that

IEP= £(- —we) = f( = 2)llp S NEXF( —we) = F(- = @)llp + [|EP= f(- = we) = EX¥ f(- —wy)p.

Since Q. is the law of fBm starting from = € R?, we have

B9~ w) = =Dl < | [ 16 =2 =t (s~ £~ 2)

p
< [ 176 =2) = SOl ()=  Ifllmg [ 1o )z €697 .
Rd Rd

where pf (2) = (27r)\6{t)’d/26|2‘2/)‘gt and A{, is defined in (2.20).
Moreover, by (4.3), (4.5) and (4.7), we have

_ B 1/2
JEP< £(- = we) =B £ = w)lly < I flplPa 0 w7 = Qu 0wy var S 1711y (B 54 2. )

Sl 1 LR e P M 1 Lot oy
The proof is complete. O

Remark 4.4. In comparison with [51, Theorem 2], we relax the condition p1,q1 > 2 in [51,
Theorem 2] to p1,q1 > 1/(1 — H) in Theorem 4.3. This allows us to treat the Biot-Savart kernel
in subsequent discussions.

It should be noted that recently, Butkovsky and Gallay [10] showed the existence of the weak
solution under the weaker assumption for b € LLL? with
1—H |, Hd Hd 1
T+7<1_H¢>7<(1_H)(1_6)7
which coincides with the result in [36] for H = 1/2. But the uniqueness in this case is still open.
However, based on the entropy estimate in Lemma 4.2, we have the following partial result.

Theorem 4.5. Let H € (0,3) and p1,q1 € [25,00) satisfy Ig—ld + 1;1H < (1 - H)2. Assume
be LILP. Let by, be a sequence of bounded smooth function converging to b in LLLP' as n — oc.

For x € R%, let X™ be the unique strong solution of

t
X{L:er/ bo(s, X™M)ds +W/H, te[0,T].
0

Then the law P, of X™ in Cr weakly converges to a solution P € S(b,d,). We call such P a
regular solution of SDEy. Moreover, for any two by,by € LILPY, letting P; be the unique reqular
solution of SDE, starting from x, where 1 = 1,2, we have

H(P1|P2) Sc EP ||, —b,lfza, (4.12)
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Proof. Let % + % < 1— H and m € N. By [10, Lemma 3.11], there is a constant C' > 0 such
that for all n € N and f € L1LP,

T
/ f(s,ws)ds
0

By Lemma 4.2 and the above Krylov’s estimate with ¢ = ¢1/qy and p = p1/qu, where qg =
1/(1 — H), we have

m

m T
EP» :E/ f(s,X™)ds
0

< Ol - (4.13)

H(P,|P,,) SEP»

2/qxn
Tt iz S O™ = ™% 1745, = b = bnllFar 0,

which implies by CKP’s inequality (4.3),

lim [P, — Py, |3 < Qn,}}lgm%(PMPm) S n}%rgoo [br, — bm”]iquLm =0.

var
n,m— 0o

Let P € #(Cr) be the limit point so that
lim |P, — P2, =0. (4.14)
n—oo

It is easy to see P € §(b,d,) by taking limits. In fact, it suffices to show that for any k € N,
ty <ty <o <ty and f € CF(RH),

EPf(thl{a"' aWtI;;I) = Epf(%l;v >%i), (415)

where W# is an fBm on some probability space (Q2,.#,P) and #.° is defined by (4.2). Since #*»
is an fBm w.r.t. P,,, we have

Epf(Wt?"" ’WtI:):EPnf<7/tl;n7"' 7%211). (4'16)
By (4.13), we have

|Epnf(%l;na a%in) _Epnf(%};a 7%2”

k te
<9l P ([ = (s, )
j=1 0
S on = bllape, =0, 1 — oo
Moreover, by (4.14) we also have

n— oo
By taking limits for (4.16), we obtain (4.15).

For i = 1,2, let P; be the unique regular solution of SDE;, with the same starting point x € R,

Let bgn) be the smooth approximation sequence of b;, and Pgn) the law of the solution of the
associated approximation SDE. By Lemma 4.2 we have

n n (n)
W(Pg )|Pg )) <c EF: H'jbin)fbg”)

2
HY
Since # (p|v) is lower semi-continuous w.r.t. p, v, by taking limits and as above, we get (4.12). O

Remark 4.6. Assume ¢ = oo and H € (1 — %, 1). The condition dH/py < (1 — H)? is worse
than dH/py; < 1/2. Thus in this case, the result in Theorem 4.3 is better than Theorem 4.5.
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4.2. DFSDEs driven by fBm. In this subsection we consider the following DFSDE driven by
fBm:

¢
X2, =a+ / B(r, X2, s )dr + WH =W (s,t) € Dr, (4.17)
where B : [0,T] x R% x CPy x CPy — R? satisfies the following assumption:
(H3) Let (p1,q1) € [, 00 satlsfy -+ H—d < 1. Thereis a k1 > 0,
|||B(-,u',l/')|||LqT1im < k1, Vv € Cy, (4.18)

and there is a function ¢ € L% such that for all p;,v; € CPy, i = 1,2,

1B, - s vi) = Bt g, v5)llpy < L)1 = pzllesy + 1v1 = vlles,)- (4.19)

Theorem 4.7. Under (HY), there is a unique weak solution to DFSDE (4.17). Moreover, for any
p > 1, there is a constant C = C(p,d, k1) > 0 such that for all (s,t) € Dy,

sup Ef(X3) Se (¢ = )" fll, (4.20)
EAS

and for any p,q € (1,00] with o :=1 — (q + Iid) > 0, there is a C = C(T, H,d,p1,q1,k1,p,q) > 0
such that for allm > 1 and (s,t) € Dr,

[ sz

Proof. We use the method of freezing the distribution-flow as Theorem 1.4. Let u;’g = §,. For
n € N, define the following approximation sequence:

sup

Som " flla g, (4.21)
z€R4

Lm (Q)

t
Xj,%n+1 =z —1—/ B(r, Xsﬁ’rnﬂaﬂr:raﬂs "ydr + Wt _wH

s

where p" is the law of X", By Theorem 4.3, there is a unique weak solution to the above
approximation SDE, and by (4.7), for any p,q € [1,00] with o := 1 — (l + @) > 0, there is a
constant C = C(T, H,d, p1,q1, k1,Dp,q) > 0 such that for all m > 1 and (s, t) € ]D)T7

/erwn

For simplicity of notations, for any n, k € N, we write

sup sup
neN gzeRe

<o m Wl - (4.22)
Lm(Q)

b (1, ) i= B(r, @, ', u3't) — Bry @, o, pik).
Noting that by Lemma 4.2,

2/qu
B (o ) <CE(/ b X:mq"dr) |

by CKP’s inequality (4.3) and (4.22) with (p,q) = (£, 1) € [1,00] and m = = > 1, we have
N . 2/qu
el 1 . 1 1 oy [
it ™ = e 12, < 2 sup F(ugy T ugr ) nk(r, X3 dr
rERC L2/a1 (Q)
2/qy
S stk |||L§f/%w/% = |||1[s,ﬂbn,k|nmw

(4.19)

t
< e [ty = e, + s -
S

By Gronwall’s inequality in Lemma B.4, we derive that for each 0 < s <t < T,

]QI dr) o .

— . Wk
lim ”:Us,TtL - :U“s,t”@-@o =0.
n,k— oo

s
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Hence, there is a p; , € CPy such that
li v — =0.
Jim gy = wielles, =0

Thus, for each z € RY, by (4.18) and Theorem 4.3, there is a unique weak solution X§ . to SDE

t
szﬂf =T+ / B(Ta X.f,r?/’[/;‘,T?M:s,r)dr + WtH - WSH
S
By the same argument as above, we have

P o (XE)™" — i Rar < 20(P o (X))

var

t N a 2/q1
< ([ o [l = srben + 1 = s lem] " ar) 5o,
as n — 0o, which implies that
Po(X3,)™! = piy
By (4.6) and (4.7), we have (4.20) and (4.21). The proof is complete. O

Example 4.8. Let by € L' and by € LP with some p > d. Let o1 € L™ and ¢o € L'. For
w,v € CPy, we introduce

Bltaew) = [ o=ty + [ Gasr)@)ea(i

Then it is easy to see that (H$) holds with (q1,p1) = (00, p). Indeed,
[t murenas| +| [ 02e)0ntia:
R4 R4

< b1 * (@) lloo + |21 sup [[bg * v* ||,

”'B(t7 Sy V)Hlp <

i

oo p

< ollllerlloo + lpz2ll1 2l
Moreover, we also have
IB(t, -t v = Bty w12, o) < bl leallocllit = 12 llea + 1B2]lplle2ll1[[v* — v
In Section 5, we shall use Theorem 4.7 to study the 2D-Navier-Stokes equation with {Bm.

CP -

4.3. Backward DFSDEs driven by Brownian motion. In this section, we consider the fol-
lowing backward DFSDE driven by Brownian motion:

t
Xé::v,t =T+ / B(Tv X;wp’;",T)dr + \/i(Wt - Ws)7 (423)

where for some pg € (1, 00),
B:[0,T] x RY x LPOP,(or LPP,) — R?
is a measurable vector field. We first consider the following classical SDE
t
X, = +/ b(r, XT)dr + VAW, — W), t € [5,T]. (4.24)
The following results were partly obtained in [61].
Theorem 4.9. Let (p1,q1) € (2,00)? satisfy o :=1— (q% + 1%) > 0. Assume that
wp = [bllpg e, < 00
(i) For each (s,z) € [0,T) x R?, there is a unique strong solution X¥, =: XZ,(b) to SDE (4.24).
Moreover, x +— X7 ,(b) is weakly differentiable and for any p > 1,

sup E|IVXZ, ()P < 0. (4.25)
(t,z)€[s, T xR i
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(ii) For any p € (1,p1], there are constants C1,Cs > 0 only depending on T, d,p1,q1,p such that

for all (s,t) € Dr,

[P (X35 Sev 1+ (6 - ) exp {Ca (141277 ).

(4.26)

(iii) Let p € (1,p1]. For any by, by € }Lqu}ff’l, there is a constant Cs = C3(T,d, p1,q1,p) > 0 such

that for all (s,t) € Dr,

_14d/py

[P o (X o (01) ™" =P o (X;,(b2) " Ip 503/(?5—7“) 2 o1 (r) = ba(r)llp, dr

(iv) If divb = 0, then for any f € L',

/ E|f(XZ,)|dz = | |1
Rd

(4.27)

(4.28)

Proof. (i) The existence and uniqueness of strong solutions and estimate (4.25) follow by [61,

Theorem 1.1].

(ii) For (4.26), we fix t € (0,7] and ¢ € C=(R?). Let u(s,z) := E¢p(vV2W;_s + ).

u € CL([0,]; C2(R?)) and
Osu+ Au =0, u(t)=¢.

By It0’s formula, we have
t
]Egb(Xft) = Eul(t, X;E,t) =u(s,z)+ IE/ (b Vu)(r, X;r)dr.

Let p € [1,p1] and pa, g2 € [1,00) be defined by
1 1 1 1 _ 1

R ' pz T pi P
By Lemma B.1 with j =0, (4.6) with H = % and Holder’s inequality, we have

t
IES(X5 Ml < luls, )l +/ IE® - Vu)(r, X ) lpdr

t
Se ol -+ exp {0/} [ 10 Vu)r)ldr

<o 9l +exp {Cwy/* b

Note that by (B.1) with ¢ = py and p = py,

i IVl -

t 1/q2
Vuligs i = ([ IES0(/2Wi, +lgar)

1/q2

t
S ol ([ 6= ryt@mma0ar) g ol (o )02,

Substituting this into (4.30) and by (2.10), we derive the estimate (4.26).

Then

(4.29)

(4.30)

(iif) For simplicity we set X} := X ,(b;), i = 1,2. We fix ¢ € [0,T] and consider the following

backward PDE:
Osu+Au+by - Vu=0, u(t)=¢cCXRY.

Since by € L% LPe, by Theorem B.6, there is a unique solution u to the above equation. Then by

the generalized It6’s formula (see [61]), we have

t
Eu(t, XI7) = u(s, x) +]E/ (05t + Au+ by - V) (r, X272 )dr

t
:E/ ((ba — by) - Var) (r, XZ2)dr,
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and ,
Eu(t,Xf”tl) =u(s,z) + ]E/ (Osu+ Au + by - Vu)(r, X251 dr = u(s, z).
Hence,
t
BO(X]) ~ B(XT) = [ (b2~ b) - Yu)(r XE2)r
and by (4.6),

t
IEG(X;7) —ES(X )l < / IE((b2 = b1) - V) (r, X7 llpdr

S [ 12 = 1) - V) )

Let po, g2 be defined by (4.29). By Holder’s inequality and Theorem B.6, we have

t
IES(X, ) — ES(X Dy So / 161 = b2llp, [ Vu(r, ) llp, dr
S

_1+d/p—d/po

t
<c 141, / N

which gives (4.27) by taking the supremum of ¢ € C2°.
(iv) Let by, (t,7) := b(t,-) * pn(z) be the mollifying approximation of b. For each z € R?, let
X" be the unique solution of approximation SDE

t
X:,’tn =z —|—/ b (1, X5t )dr + \@(Wt — Wy).

It is well known that (see [61])
lim E[X*] — X7,| = 0.
n—00 ’ ’

Since divb,, = 0, we have

B[ e = [

By taking limits, we obtain that for any 0 < f € O (R%),

B[ fxzgde= [ fa)de
Rd ’ Rd
The proof is complete by a further approximation. O

Remark 4.10. If we replace all the norms of || - ||, by || - ||p, then the results in Theorem 4.9 still
hold.
Now we make the following assumption on B:
(H3) For some (p1,¢1) € (2,00) with q% + 1% < 1and pg € (1,p1], there is a function ¢ € LT such
that for some 8 > 0 and all ¢t € [0, 7] and p* € LP° P,

1Bt 1)l < €)@+ Nl (4.31)
and for all t € [0,T] and p*, v € LD,
1Bt - ) = B(ts - )l < L = 1[I, - (4.32)

Now we can prove the main result of this section.

Theorem 4.11. Under (H}), there is a time T € (0,1) such that for each x € R%, there is a
unique strong solution to DFSDE (4.23) on [0,T]. When 5 =0, the time can be taken arbitrarily
large. Moreover, if we replace all the norms in (H3) by || - ||p, then the conclusion still holds.
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Proof. Let ,urlT = 0,. For n € N, we consider the following Picard iteration to DFSDE (4.23):

t
XEp = o[BI e + VIV - 0),
where 11 is the law of X" By (4.26) with p = po, we have

Klun;:l = Sup ‘||usn+1|||p0 Cl (1 +Tvoz/Q eXp{C K’,Q'B/a}) :
. se0.T

wherea::l—(l+1%)>0. Ifﬁ:(),then

q1
8171Lp Rum g < 0.

If 8 > 0, then one can choose a time 7" small enough so that
C1T/? exp {02(201)25/0‘} <land supkyn < 2C.
" ,

Now by (4.27) we have for any p € (1,p1],

t
+1 +1 1 1td/ey . f
h ittt = S <e / (t—r)— ey 7 = 1y 7 pbdr. (4.33)
S

In particular, if we choose p = py and set
L . LN em
h(t) :== n)}yllrgoo |||Nt,T Ky IHpm

then by Fatou’s lemma,

7 14d/py

T
h(s)é/ (T —r) =2 h(r)dr.

Since g} 1+d/ PL <1, by Gronwall’s inequality of Voltera’s type, we get
M) = Ty — w315 =0,

By Proposition 2.3, for each s € [0, 7], there is a probability kernel Wy € LP0P so that
1 [l — il = 0.

Now for each (s,z) € [0,T] x R?, let X§, be the unique strong solution of the following SDE:

X& = x—l—/ B(r, X3 .y . p)dr + V2(W, — W), (4.34)

By using (4.27) again, it is easy to see that for each s € [0,7] and Lebesgue almost all z € R9,
Po ( ;C,T)i1 = :u‘;Ta

which gives the existence, and the uniqueness is from the stability estimate (4.27).
Now, let us replace all the norm || - ||, by || - ||,- Then By the same argument, we have

lim || = w77 llpe = 0.

n,m—

The only difference from the localized LP case is that by Proposition 2.3, we can only find a
sub-probability kernel i} ;. € L%, such that

Jim (lp 7 — prllpe = 0.
But this don’t prevent us from considering the SDE (4.34). By using (4.27) again, for each s € [0, T
and Lebesgue almost all z € R?,

Po (Xsm,T)il = :u‘i,Ta
which implies that p 4 is in fact a probability kernel. The proof is complete. O
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Example 4.12. Let py € (1,00) and ¢ € LPo. Let p € (1,00] satisfy
T+ (g A 5s) =20 > 5 (4.35)

T po T
Suppose that K € (LP)? and g : R — R is a Lipschitz function. Consider the following example:
B(z,w) = 9 K(z —y)g(p’(¢))dy.
By (4.35), one can choose p1 > dV pg so that 1 + p% = % + p% Thus by (2.6), we have

IBCs 1)llpy < IR Ng (D)) lpe < I (Mg (O] + gllein Lo 121l )

and

IB( 1) = B( vl < WK Ng(w () — 9 (@) llpo < K5 g llip lSlloo e — 2 [, -

Hence, Theorem 4.11 can be applied to this case. In particular, if g is bounded Lipschitz, then we
have a global solution.

5. DFSDES DRIVEN BY fBM RELATED TO THE 2D-NAVIER-STOKES EQUATIONS

In this section we apply the previous results to prove Theorems 1.5 and 1.7. Let vy be a
finite signed measure. Consider the following DFSDE driven by fractional equation related to the
2D-Navier-Stokes:

t
Xg:x+/ B, (X%, u)ds + WH, (5.1)
0

where

: (w2, —21)
Bfe) = [ (Ko s p)ahnlay). Kaolw) = SZrt)
Theorems 1.5 is an immediate consequence of the following result.

Theorem 5.1. Let H € (0, %) For any vorticity vy being a finite singed measure, there is a unique
strong solution X; to DFSDE (5.1). Moreover, if we let

ult, ) = / EE (e~ X! oldy) = Buy (o),

then for any p > 1 and j € N, there is a constant C > 0 such that for all t € (0,T],
IV u(t)ll, Se t=2H@=D/P=G=DH ] (5.2)

var®

Moreover, for any p € (1,2) and € > 0, there is a constant C > 0 such that for all 0 <t < T,

1—2

Ju(®) — u()l, Sc G-I

and for all0 < s <t < T,
u(t) = u(s)lloo Sc s 2|t — |55

Proof. Note that Ky = Ko1p,+K21pg, where Dy is the unit cube with center 0. For any p € (1,2),
by Minkowskii’s inequality and L? + L C Ly , we clearly have

1Bl < | [ (aton) s Chntan)| + ] [ (1) i) Oomtan|
< [ 110 s ool@n) + [ 1210) 5 7ol @)
< (21 p,[lp + 1 K21 pgllso) llvo]lvar, (5.3)

and

I1Buo (-5 113) = Bug (5 1) lp < (I[K210, [l + | K210

o) [ollvarll = pzllew, -
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Let H € (0,%). One can choose p; < (125,2) and ¢; = oo so that % + q% < 3. Thus one sees
that (Hf) holds for the above B,,,. By Theorem 4.7, there is a unique weak solution XF to DFSDE
(5.1). Moreover, for any p > 1, by (4.20), there is a constant C' = C(T,p, H) > 0 such that for all
felrandte(0,T),

sup [Ef(X7)] Sc 11t =257,

which in turn implies that X7 admits a density pf(-) € LP/®~1) with
sup [l -1y <c t2H/p,
T

Since VK3 is a Calderén-Zygmund kernel, for any p € (1,00), by the LP-boundedness of singular
integral operators, we have (see Remark 1.3)

IVu(®)llp < /Rd IV (52 % p}) plv0l(dy) < supllpf llplvollvar S ¢~ 7E D771 vas- (5.4)
Y

Thus we get (5.2) for j = 1.

For higher order derivative estimates, we use the Malliavin calculus. We first recall the main
ingredients in the Malliavin calculus. Let u be the classical Wiener measure on Cr so that the
coordinate process w is a d-dimensional standard Brownian motion. For an absolutely continuous
function h with ~(0) = 0 and fOT |h(s)|?ds < oo, the Malliavin derivative of a functional F' : Cp — R

is defined by
F(w+eh)— F(w)

DpF(w) := ;% in L?(Cr; ).

€
The following integration by parts formula holds:

E*(DyF) = E* (F /T h(s)dws> .
0

Recall that on the classical Wiener space (Cr, i), the fBm W = fot K (t, s)dws can be considered
as a Wiener functional. Below we fix ¢ € (0,T]. By Girsanov’s construction of weak solutions in
Theorem 4.3 we have

EP=VI f(w;) = B(ZEVI f(WH + 2)), (5.5)
where . L
2= e (~ [ Rus)(o)dw. — IRu s R, )
and

t
T2(t) = /0 u(s, WH + z)ds.

Since the initial point = does not play any role in the following calculations, without loss of
generality, we may assume x = 0 and drop the superscript. Note that for any v > 1,

sup B*|Z," < C(v, T, d, H,p, [[ullLgrr). (5.6)
t€[0,7]

Fix v € R%. Let h(s) := vs and V,f := (Vf,v)g2. By simple calculations, we have for some
constant Cg > 0,
t
DW= / Kp(t,s)uds = Cyt" 20 = Cyt"*3v, f(WH) = Dy f(WH), (5.7)
0

and thus, by the integration by parts,
Cut" 2B (2,V, f(WH)) = B*(Z, Dy f (W)
=B (Zof (W) wr, v)gz) — E*(DpZo f(W,")).
(Claim:) For any « > 1, there is a constant C = C(T,d, H,~) > 0 such that for all ¢ € (0,77,
EX| Dy Z |7 < Clo|7||vo||2a:t” - (5.9)

var

(5.8)
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By the chain rule, we have

t t
Dyz, = -7, </ <KH]u(S),’U>]R2dS +/ (KHthu)(s)dws -+ <KHDhjb, KHfu>]LtZ>
0 0 )

and
thu(s):/ (Vu(r, WTH),thﬁder:cH/ ra g (e, WHdr.
0 0

By BDG’s inequality and Minkowskii’s inequality, for any v > 2, we have
2l
EH

to_ - (2.17)
| ®aDisy@au] <8 (RuDusidlany) < B (1Dl )

. Y/ n
5 </ r(§+H)q"||VUu(7"7 W7H)||%"'V(H)dr>
0
t 1 2Hgqy e
0

= ‘ v/ @
(5) [v|"[|vol|7, (/ p(3+H)a,~2Hg, /v — 2 dr)
0

var

S 1ol [t 927 S ol v s,

where we used the following observation in the fourth inequality:
IVl W gy = [ 1V autra)laf (@) < 9ou(r) [l oo IV} 302,
with g” is the distributional density of the fBm W . Similarly, we can show

~ ~ ~ v
B (1K s, o)z g + (K Dot R A)izl) S ol ol 2uct

var

Combining the above calculations, by Hélder’s inequality and (5.6), we obtain (5.9). Now by (5.5),
(5.8), (5.9) and Lemma B.1, there is a constant C' > 0 such that for all z € R% and ¢ € (0, T,

|EP$Vf(wt)| S |Hf”|pt_2H/p_HHVOHvar»
which in turn implies that
sup [V o7l o1y St vl var-
xr
By the same argument as in (5.4), we obtain

IV2u®)l, < /Rd IVE = Vi [plvol (dy) < sup [Vo? llp[vollvar < 727 102
Yy

This gives (5.2) for j = 2. By induction, one can show (5.2) for j = 3,4,---.
Next we show the time regularity of u. Let x € C°(R?Y) with x(0) = 1 and p € (1,2). By (4.8),
one sees that for any p; > 1/(1 — H),

o) = w0 < | [ (800« 6 = )| -+ [ (a1 =) ¢ = )t
< sup [|(Kax) + (1 = 0y)llp + sup [| (K (1 = X)) + (1 = 0y)lloo
< (I1Kaxlsy + 1K1 = Xllsz. ) + 7l e (5.10)

where By :=1—2H/(p1(1 — H)). For any p; € (1,2), by (5.3), it is easy to see that

sup Ju(t)]lp, < oe.
tefo.7]

and by [28, Lemma A.3-(iv) and Proposition 2.5], for any v € (0,2/p — 1),
Koyx € B), Ka(1-x)€Cpr.
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Thus, for any € > 0, one can choose p; close to 2 so that

u(t) — w(0)], < tHG- DN =
On the other hand, for any 0 < s <t < T,

u(t, ) —u(s, =) < /RQ E(K2(1 =) (x — X{) = E(K2(1 = x)) (= — X?)Vo(dy)‘

+| [ B - X0~ B(Rax) (o - X2ala)| =5 £ + o

Since K»(1 — x) € Cg°, we have
S1 < [V(K2(1 = X))o sup BJXY — XY
y

In view of (4.7), we have for any p € (1, 2)

t
/ u(r, XY)dr

which by taking p close to 2 implies that
I S (t—s)H, since H < 1/2.
For 75, let p. be the usual mollifiers. Note that

< | [ () 5o~ XE) = B2 «p2) o XL ()

EIX{ - X!|<E +EWS =W < (t =)' 5 ull or + (=97, (5.11)

+

/RQ E((Kax) * pe — Kox)(x — Xf)l/o(dy)‘

| [ B0 02 = Kan) (o - Xt ()]
R
By (5.11) and (4.6), we have for any p1,ps € (1,2) and 72 < 2/ps — 1,

1 < IIV(sz)*pslloosupEIXy XY+ ) supE|(Kax) * p- — Kax|(z — XY)

r=s,t

e | Kol It — A7+ 5™ |(K2x) * pe = KoXlpo

< E*(1+p1 |t — 5|H + s p2 f‘:WHI{QXHBW2

Now for any 6 > 0, one chooses p; close to 2 and ps close to 1, and € = |t — s\%,
S S s - |50
This completes the proof. O

Remark 5.2. We would like to mention the following open questions:

o Can we show the limit of H — 1/2 and the regularity of u in t?

o When H = 1/2, it is well known that lim;_,o ||u(t)]|cc = 0 when vy is a finite measure (see [23]).
Can we show the same assertion for H < 1/2¢

e In [25], the ergodicity was obtained for the solution to SDE driven by fBm. Is it possible to
estabilish the ergodicity of (5.1)%

The above result does not work for H = 1 since (5.3) is no longer true for p > 2. In what

follows, we consider the backward version of DFSDE related to Navier-Stokes equation:
5 t = + / B 5 7'7 /'L;“,T)dr + \/i(Wt - Ws)a (512)

where
By(x, ) = (Ko % p'(g)) ().
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The statement of the following theorem is already presented as Theorem 1.7 in the introduction.
Here, we provide its proof.

Theorem 5.3. Let g € L'T = U,~1LP. For each s € [0,T] and x € R?, there is a unique strong
solution X7, to DFSDE (5.12).Moreover, u(s,z) = By(x, i, r) € C([0,T); Cy°(R?)) solves the

following backward Navier-Stokes equation:
Osu+Au+u-Vu+Vp=0, uT)=Ksxg. (5.13)
Proof. Let pg € (1,2) and g € LPo. We divide the proof into three steps. In step 1, we check the
assumption (H3) with 8 = 0 for the norm || - ||, and show the well-posedness of DFSDE (5.12). In
step 2, we show the stability of the solution with respect to the initial value. In step 3, we show
that u is smooth and solves the 2D Navier-Stokes equation.
(Step 1). Let py € (2,00) satisfy p% +1= pio. For any p, v € LPP,, by Hard-Littlewood’s
inequality (see [1, Theorem 1.7]), we have

1By (s 1)lpy S N1 (@Dlpo < M1 llpo 191 po
and

1By (- 17) = By () lp S 1 (9) = v (@)l < Ml = ¥ [lpo 19l o
Since || By (-, ) |lp, is not bounded in ||z*||p,, we need to truncate it. Define

- 1
Bg(.’l," ,LL') = Bg(x, /‘.)1H#'Hpo<1 + WBQ(.’L'7M')1H#.HPO>1.

Po

Then it is easy to see that

1By (s 1) lps S M1 lmos (5.14)
and by the fact LP0P; C L(ILP0,1LP°) and Lemma B.5,

1By (- 17) = By (s ) lpy S M (9) = v (9)lpo < M1 = 1" llpo 19 1o -
Thus, by Theorem 4.11, for any T > 0 there is a unique strong solution to
t ~
Xop=x+ / By(Xg s gy p)dr + \@(Wt - Ws).
S
Noting that divB,(-, ") = 0, by (5.14) and (4.28), we in fact have

Bg(mvl’(’;',T) = B.‘J(xﬁ’é;‘,T)'

Then the strong well-posedness holds for DFSDE (5.12).
(Step 2). Let g, € C2°(R?) be the smooth approximation of g with ||g, —g|lLro — 0 as n — oo.
Let X} be the unique solution to the following DFSDE

t
X;iglzﬁ/ By, (X2, ) dr + V2(W, — W),

where 71" is the law of X7/, Let

Un (s, ) = By, / Ko (x —y)udr(9)dy.

By (4.27) and Remark 4.10, one sees that

t 1+d/p1 . “n
S| (E=r) 1By (- #57) = By, (s 1)l pr dr

2,0 —
< t _14d/py . “n
S [ =7 (e = 7 ool gl + N9 = gl ) dr
S

t 71+d/p1
S [ = (e = b + 90— o)
S
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Taking ¢t = T, by Gronwall’s inequality, we get

“n

sup ||py = = 9llpo-
sel0,T
Therefore,
[n — ulligeres = sup |[|By, (-, 1y'r) = By (-, 11 1) llps

s€|0,

< sup ] s = 13 lpo lgnllpe + 1gn — gllpy — 0 asn — oo.

s€[0,T

35

(5.15)

(Step 3). Since g, € C°(R?) is smooth, it is well-known that u, € C([0,T); C5°(R?)) solves

Ostpn, + Aty + Uy - Vuy, + Vp, =0, u,(T) =

and for any Ty < T,

sup sup ||Vkun(s)||oQ < 00,
s€0,Tp] m

which together with (5.15) implis that u € C([0,T); Cs°(R?)) and solves (5.13).

APPENDIX A. PROOFS OF PROPOSITIONS 2.1 AND 2.3

Proof of Proposition 2.1. Equivalences (2.5) are proven in [55]. Let us prove ( .6). Forr =1, it
follows by (2.5) and Hélder’s inequality. Next we assume 7 € (1,00]. Let £ + L = 1. By (2.5), it

suffices to prove that for any h € L",

7 / /Rdh(x)f(x )g(y)dady < B2 1L 1olgl:-

Noting that = by Holder’s inequality we have

7= Z /D | @y @ =) (1= 0t

3=

<;<Ai/13jh(x)f’ pdxdy) (//fx—

1
v

)

S (TEATIH ) (|||f|||§||1ngH§) (1o

i,j
=17l Y 11 o,hlle 11D, 9lle = L Lo lBI Nl
2%
The proof is finished.

Proof of Proposition 2.3. (i) We only show (2.10) for p € [1,00) since (2.9) is similar.

that for some Cy > 0 and any ¢ € C.(R%),
I (@)l < CollSll-

To show it for all ¢ € Lr , we divide the proof into four steps. Note that Fatou’s lemma can not

be used directly.

(h(2)" g(y)*) 7"

O

Suppose

(A1)

e First we show (A.1) holds for any ¢ = 1o with O being a bounded open set. For n € N, define

On(z) :=1—1/(1+d(z,0))".
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Clearly, ¢,, € C.(R%) and ¢,, 1 1o. Now by the monotone convergence theorem and Fatou’s
lemma, we have

e (o)l =11 Jim p(én)lly < L [z (én)ll, < Co Lim flénfly < Coll1ol,-

e Next we show (A.1) holds for any ¢ = 14 with A being any Borel subset of O = (—m,m]%.

Define
&:={Ac0nB®R): Iu(1a)ly < CollLall }-

Let (A, )nen C & and A,, | A. By Fatou’s lemma, we have
e Qadlly = I Yo e (La)llp <l flr(La,)llp < Co B [[La,flp = CollLallp,

where the last equality is due to limy, o0 |14, —allp S lim,—eo ||1{An_A}ﬂOHp = 0. So, A € &.
Similarly, if A,, T A, then A € §&. Thus & is a monotone class. Let

A= (I (as,b] ) (=l 0 < )

and Ay be the algebra generated by A through finite disjoint unions. For given A € Ay, there
is a family of bounded open sets A,, so that A,, | A. By Fatou’s lemma again, we have

e (La)llp = I i g (L, )llp < lim [l (1a,)llp < Co lim |14, [lp < CollLallp-
n—oo n— oo

Hence, Ax, C &. By the monotone class theorem, we have
B(0) C o(Ax) C & C B(0).

e Now we show (A.1) holds for any nonnegative bounded measurable function ¢ with support
in O = (—m,m]?. By Lusin’s theorem, for any £ > 0, there is a continuous function ¢. with
support in O so that

ol < Il lim (o : 9(a) # 0.2} = 0.
Let A. :={z: ¢(x) # ¢-(x)}. By what we have proved, as e — 0, we have
(& = ¢)llp < 2l llcllr (L)l < 2Dl CollLally < CllLa,lp — 0.

Therefore, by the dominated convergence theorem,

(@)l = Jimy i (6)llp < Co Lim fléelly = Collgl,-

e Finally, for general nonnegative ¢ € LP, let ¢, (z) = (¢(z) A n)1{jz|<n}- By the monotone
convergence theorem and Fatou’s lemma, we have

(@)l = I Jim - (dn)llp < i fl=(én)llp < Co i [ignlly < Coll@llp-

(ii) Let X denote L? or L? and let X%, denote LPP, or LPP,. Suppose that (4, )nen is a
Cauchy sequence in X%;. Since the space L (X, X) of all bounded linear operators from X to X is
complete with respect to the operator norm, and (u;,)nen can be regarded as a Cauchy sequence
in L(X,X) in a natural way, there is an operator 7' € L'(X, X) such that

Jim |, = Tlleees = Timsup ;,(6) = T(9)|[x = 0. (A.2)

T Bllx<1
By (i), it suffices to show that there is a sub-probability kernel ' € X, so that for each ¢ € C.(R?),
T(¢)(z) = u” () for Lebesgue almost all z € R, (A.3)

Note that for each ¢ € X, there is a null set A4 and a subsequence ny, so that for each = ¢ Ay,
Tim |, (6) ~ T(8)(@)] = 0.
—00
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Let {¢m }men be a dense subset of C.(R?) C L? NLP. By a standard diagonalization method, one
can find a common null set A C R? and a subsequence nj, so that for each x ¢ A and m € N,

T 2y (6m) = T(6m) ()] = 0, (A1)

Moreover, since the dual space of C.(R?) is the space of all finite Borel measures, by the Banach—
Alaoglu theorem, for any = € R?, there is a sub-probability measures ;* and a subsequence nj(x)
of nj, such that

Hm g1, () = 17(9),

k—o0 k

which together with (A.4) implies that for any © ¢ A and m € N, u*(¢d,) = T(¢m)(x). From
this and by the density of {¢,,,m € N} in C.(R?), we derive (A.3). The completeness of X, is
obtained. ~

Next we show the completeness of LPP. Let (1), )nen be a family of probability kernels. We need
to show that u® is a probability measure. For any m € N, we define 1,,, € C.(R?) by |¢,,] < 1,

Ym(y) =1for |yl <m and ¢ (y) =0 for |y| > 2m.
It follows from (A.3) that there is a common Lebesgue null set A’ such that for all =z ¢ A’
1 () = T(m)(x), for all m € N. (A.5)

We note that by the fact sup,, [[¥mlly < sup,, |¥mllc =1 and (A.2), for each bounded domain D,
we also have

lim sup /D 2 () — T (b)) = 0, (A.6)

n—roo m

which implies that
[ rwa)@lde < ti sup [ i wn)lds <10
D n X m D
Moreover, since for each n, limy, o0 [}, 414 (¢m)dz = |D|, and by (A.6), we have

lim DT(z/Jm)(w)dm = |D|.

m—ro0

This in turn implies that there is a null set A” and subsequence my, so that for each « ¢ A”,

lim T(¢m,)(z) = 1.

k—o0

This together with (A.5) implies that for each = ¢ A’ U A”, u(R?) = 1.
Finally, we show the uncompleteness of LP% through a counterexample. Consider d = 1 and
for n € N,

t (dy) = Lj0,1(2)1[0,n) (y)dy /.
It is easy to see that for any p € [1, c0),

e llp = Hn_ll[o,n]||p/(p_1) =n"P 50, n— .

The proof is complete. O

APPENDIX B. TECHNICAL LEMMAS

Lemma B.1. Let £ ~ N(0,02) be a d-dimensional normal random variable with mean zero and
variance a%. For any 1 < p < g < oo and j € Ny, there is a constant C = C(j,q,p,d) > 0 such
that for all f € P,

IEV f(€+ g Sc (07 + o=V £, (B.1)
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Proof. Note that by the integration by parts,

[EV7 f(¢ + )| = (2m0®) /2

/ fy+ )i W27y

Rd

< (2m0%) =2 / |f(y + )| [VIe 117727 | qy
Rd

So / 1y + @)™/ dy = 0717 | f| 5 oy (),
Rd
where we have used that for some ¢ > 0,
\Viem vl /20%| < gmigelul®/o® —. ¢ (y).

1_ 1 ) L .
Let 1+ 7=ptr By Young’s convolution inequality (2.6), we get

IEV? £+ S o™l ool
By the definition of || - ||, we have

ool =X ([ o) s [ ([ emeran)
o= e x < e z 2,
" . D; R4 D

7 z

1
P

where D, is the unit cube with center z € R%. Noting that for |2| > v/d and x € D,,

2] > |2 = |z = 2 > |2] = Vd/2 > |2|/2,

1/r
/ (/ e”zwazdx) dz < / e—cl=?/40” 4., < a?.
|z|>Vd D. R4

On the other hand, we clearly have

s o 1/r s o 1/r
/ (/ efcr|m| /o dl‘) dz 5 (/ efcr|m\ /o dJ?) S O,d/r.
|z|<Vd D. Rd

we have

Hence,
IEVI £ (& + g S o= (0% + o) f I,
which in turn gives the desired estimate. O
Recall

1
B(a, B) :z/ re= 11 — )= tdr,  for o, B8 > 0.
0

Lemma B.2 (Estimate for Beta functions). For any a € (0,1] and 8 > 0, we have for any k € N,
1 1

Proof. For any h € (0,1), one sees that

h 1
1 1 11
B(a, kB +1) < a-lq h“*l/ 1—r)Fdr < =h® Rt < =+ =h7) he.

Taking h = k~!, we complete the proof. O

Lemma B.3. For any a > 0, there is a constant C = C(«) > 0 such that for all A > 1,

m:

m=0
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Proof. By Stirling’s formula, we have

Am .
1+CZ 1+C/ —dx—l—i—C/ eor (A /) g,

2\ 00
<14+C "Mz + O e~ omIn2q,
1 221/

o0

3
I
o

From this we derive the desired estimate. O

Lemma B.4 (Gronwall’s inequality). Let f(s,t),g(s,t) : Dy — [0,00) and h : [0,T] — [0,00) be
measurable functions. Assume that for all (s,t) € Dp,

f(s,t) < g(s,t) /h fls,r)+ f(r,T))dr

Then we have

t
f(s,t) < G(s,t)+/ H(s't) ( s',T) / G(r,T)H(r)els Hr )dT/dr> ds’,

t
G(s,t) = g(s1) +/ (s, r)h(r)els b g

where

and
t
H(r,t) := h(r) (1 +/ h(r')el h“”‘“”dr’) .

Proof. For fixed s € [0,T], by the assumption we have
t
f(s,t) < F(s,t) —|—/ h(r)f(s,r)dr

F(s,t) :=g(s,t) +/ h(r)f(r,T)dr.

By the usual Gronwall’s inequality we get

where

t
F(s,6) < Fs,t) + / Fls, r)h(r)eli 1rar gy

t

=g(s,t) + /t h(r)f(r,T)dr + / g(s, 'r)h(r)ef: h(r)dr’ q,.

t T
S S .
~Gls)+ [ H0f(rT)ar
S
where G and H are defined in the lemma. In particular,

f(s,T) < G(s,T) +/ H(r,T)f(r,T)dr,

By Gronwall’s inequality again, we have

f(s,T) < G(s,T) + / G(r,T)H efTH(T )4 gy,

Combining the above calculations, we obtain the desired estimate. 0
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Lemma B.5. Let F;, be two Banach spaces with norms || - ||i, i = 1,2. Let G : Ey — FE3 be a
Lipschitz mapping with G(0) = 0 and define

F(z) = G(@) e <1 + G@) e, >1 /]2
Then for any x,y € £

1F(x) = F)ll2 < 2lGluipllz =yl

Proof. We consider three cases: (i) ||z]1 Alyllh < 1; (1) |||l < 1 < |lyll; (i) [|z]]i Allyllr > 1. In
case (i), F(z) = G(x), it is trivial. In case (ii), one sees that

1F(y) = F@) = 1GW)/lylh = G@)ll, < [(G(y) = G@)/llylllly + 1G@)/llylh = G@)]2
< (IGipllz =yl + 1G @) [[2((lyll = 1))
) <

~
<G (12 =yl + izl Uyl = ll2l1)) < 201G lLiplle =yl

In case (iii), we have

IF () — F(2)] = H o)yl =Gzl || 1G@) = Gyl = GOl — [yl
21yl 2 1 1yl

< Glluipllz =yl + 1G@W)2llz — vl /Nyl < 2(G|lLiplle — Yl

The proof is complete. O
Consider the following PDE:
Ou=Au+b-Vu, uy=a¢. (B.2)

Theorem B.6. Let q1,p1,po € (1,00] satisfy q% + 1% < 1. Assume b € Lqu]Lpl and ¢ € C°(RY).
For any p € [po Vs Pis, oo] with q% + p% <1+ %, there is a unique solution u to PDE (B.2) with

jt+d /po

IV u@®)ll, <t “ 6l

Proof. Let (P;)i>0 be the Gaussian heat semigroup. By Duhamel’s formula, we have

u(t) = P + /0 Pi_s(b-Vu)(s)ds.

Let p € [po V p3, 00| satisfy pig = p% + % < 1. For 5 = 0,1, by Lemma B.1, we have
. +d/p t +d/p3—d/p
IV u(t)ll, <t gl + /0 (t— )" b(s) - Vus)lppds
t
J+d/po d/p j+d /Pl
St lellpo + /O (t—s)” Io(s)llp, IVuls)llpds. (B.3)

Suppose q% + % <1+ %. By Holder’s inequality, we have

/+/P1
4

t
’ +d/pQ ’
IVuly <t 6l + Hlb\llmqwn/0 (t—s)" IVu(s)llz' ds,

which implies that by Gronwall’s inequality of Volterra’s type,

+d/Po d/p

IVu@®ll, <t~ [®1l, -

The proof is complete. O
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