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ABSTRACT. An infinite population of point entities dwelling in the habitat X = R?
is studied. Its members arrive at and depart from X at random. The departure rate
has a term corresponding to a logistic-type interaction between the entities. Thereby,
the corresponding Kolmogorov operator L has an additive quadratic part, which usually
produces essential difficulties in its study. The population’s pure states are locally finite
counting measures defined on X. The set of such states I' is equipped with the vague
topology and thus with the corresponding Borel o-field. The population evolution is
described at two levels. At the first level, we deal with the Fokker-Planck equation for
(L, F, uo) where F is an appropriate set of bounded test functions F' : I' - R (domain
of L) and po is an initial state, which is supposed to belong to the set Pexp of sub-
Poissonian probability measures on I'. We prove that the Fokker-Planck equation has
a unique solution ¢ — p; which also belongs to Pexp. Some of the properties of this
solution are also obtained. The second level description yields a Markov process such
that its one dimensional marginals coincide with the mentioned states p:. The process
is obtained as the unique solution of the corresponding martingale problem.
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1. INTRODUCTION

More than 200 years ago, T. R. Malthus suggested to describe the evolution of a popula-
tion by the differential equation N; = (A—p)N;. Here N, is the population size (number of
entities) at time ¢, N; stands for the time derivative, and A and y are fertility and mortality
rates, respectively. Later on, P. F. Verhulst modified this equation by making the mortal-
ity rate state-dependent in the form p = ug + 1V, which takes into account the increase
of 1 due to the competition between the entities for the resources available at the habitat.
This modification would lead to the following evolution equation N; = (A — o) Ny — 1 N2,
known now as the logistic growth equation [1]. The appearance of the quadratic term
makes the theory more complex. In particular, rough methods which do not take into
account the sign of the quadratic term are no longer adequate. At the same time, this
change of the model essentially alternates the dependence of N; on t. In particular, it
gets globally bounded in time in contrast to an unbounded growth possible in the Malthus
theory.

In the individual-based modeling, the population members are assigned traits — typi-
cally, spatial locations x € X. Then counting measures ~ defined on the trait space X are
naturally employed as the population pure states. That is, for a suitable A C X, v(A)
yields the size of the subpopulation contained in A if the state of the whole population
is v. The way back to the aforementioned modeling amounts to restricting the theory to
N = ~v(X). Here, however, one obtains the possibility to study also infinite populations,
which corresponds to assuming that y(A) < oo only for some A, e.g., for bounded sub-
sets if X = R The set of all such states I' is equipped with a suitable topology and
hence with the corresponding Borel o-field B(I"), which allows one to employ probability
measures on (I', B(I')) as population states. By P(I') we shall denote the set of all such
measures. In this setting, pure states v appear as the corresponding Dirac measures. An-
other advantage of this approach is that the evolution equation may now appear in its
‘dual’ form F, = LF}, called the backward Kolmogorov equation. Here F' : I' — R is a
suitable test function, whereas L is the Kolmogorov operator (generator) which contains
complete information concerning the elementary acts of the population dynamics.

In this paper, we consider the model in which X = R% d > 1, and the Kolmogorov
operator reads

L = LT+L", (1.1)

(LTF)(y) = /X b()[F(y U ) — F(y)]dz,

R = - [ (m<x>+ / a(z—y)(v\x)(dm) F() - F(y\ &)]7(de),

where we use notations: YUz = y+0dz, v\ = 7—Jd,, d; being Dirac’s measure centered at
z. In this model, point entities at random arrive at and depart from the habitat X = R¢.
The arrival rate to a given A C X is [, b(x)dz. It is state-independent and may be infinite
for some A. The departure part L™ is taken in the logistic form: the departure rate from

o [ m@ntan+ [ ([ a6 \am) )
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where the second term corresponds to the departure due to the influence (competition) of
the whole population described by

/ oz — 4)(v \ 2)(dy).
X

Models of this kind — supported by appropriate simulation methods — find numerous
applications in various fields of knowledge, see, e.g., [21] and the publications quoted in
that work.

In relatively simple situations, the stochastic evolution of a given model is described
by solving the backward Kolmogorov equation F, = LF by constructing a Cp-semigroup
acting in suitable Banach spaces of test functions, see, e.g., [10, Chapt. II]. In our case,
however, this direct way is rather impossible in view of the complex nature of L given in
(1.1) — in particular, due to the fact that it describes an infinite population. Instead, we
follow the approach in which the evolution of states is obtained as a map [0, +00) 3 ¢ —
pe € P(I'), which solves the Fokker-Planck equation

t

Mt(F)ZMo(FH/O pu(LF)du,  pli=o = po, p(F) ZZ/qu, (1.2)

see [3] for the general theory of such and similar equations. Here pg is an initial state and
F' is supposed to belong to a sufficiently representative class of functions, F, considered
as the domain for L. To stress this, we shall speak of the Fokker-Planck equation for
(L7 F, ILLO) :

Let Z be an integer valued random variable and ¢z (¢) = EC? its probability generating
function. The n-th derivative at ¢ = 1 (if it exists) is the corresponding factorial moment
of Z,ie., po(Z2) =EZ(Z —1)---(Z —n+1), see, e.g., [9, Sect. 5.2, page 112]. If Z is
Poissonian with parameter A, then ¢z (¢) = M~ and hence ¢,,(Z) = A™. For a compact
A C X, set

I’E\n) ={yeT:v(A) =n}, n € INo. (1.3)

Then each p € P(I') by the formula py ,(n) = ,LL(FE\H) ) determines the distribution of a
random variable, Z, n, which is Poissonian with parameter x(A) if u = m., where the
latter is the Poisson measure on I' with intensity measure x. In dealing with states of
infinite ‘particle’ systems, one often tries to confine the consideration to a suitable subset
of P(T"), which, in particular, may yield additional technical possibilities as well as to shed
light on the properties of possible solutions. As in [15, 16], we shall use here the set of
sub-Poissonian measures Peyp. Such a measure p possesses the property

On(Zun) = / k',(;n)(l‘la ey xp)dzy - day, n € NN, (1.4)
An

with k:fbn) being positive symmetric elements of L>°(X") satisfying Ruelle’s bound, see

Definition 2.3 below. These k&n) are called correlation functions, cf. [13, 14, 17, 20, 23],
which completely characterize the corresponding state.

The aim of this work is constructing a unique Markov process with cadlag paths cor-
responding to (generated by) L given in (1.1). Here we are going to follow the scheme
elaborated in our previous (rather lengthy) works [15, 16] based on solving a restricted
martingale problem, see [8, Chapter 5]. Its essential feature is that the one dimensional
marginals of the corresponding path measures, which solve this problem, lie in Pey;, and
solve (1.2). The uniqueness of path measure solutions means that all finite dimensional
marginals of two such path measures coincide. The latter is obtained from the fact that
their one dimensional marginals coincide, which in turn is obtained by showing that the
Fokker-Planck equation for (L, F, pp) has a unique solution whenever g is in Pexp. It
should be pointed out here that L as in (1.1) is a particular case of the generator studied
in [12], where the corresponding Markov processes were obtained by solving a stochastic
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equation involving L. However, uniqueness in [12] was obtained only for the departure
part of L which in our notations reads

(L F)(7) = —m /X F(y) — F(y\ 2)}(d).

By taking L~ as in (1.1) we are going to make the next step in developing this theory.

The present article consists of two parts. First, in Sections 4 and 5 we prove Theorem
3.3 where we state that for each py € Pexp, the Fokker-Planck equation (1.2) for (L, F, po)
has a unique solution p; € Pexp. Certain properties of this solution are also described.
Here uniqueness is meant in the class of all measures for which the very solution of this
equation can be defined, see Definition 3.2. Among the key ingredients of the proof we
mention: (a) the proper choice of the domain F, see (3.10); (b) the proof that every
solution of (1.2) for (L, F, uo) lies in Pexp, see Lemma 4.4; (c) the result of [13] where the
evolution of states t — p; € Pexp describing the stochastic dynamics governed by (1.1)
was obtained with the help of correlation functions. Typically, the domain F is taken as
a subset of the set C},(I") of all bounded continuous functions, and L is supposed to have
the property L : F — Cy(T'), or at least L : F — By, (I"), where the latter is the set of
all bounded measurable functions. However, the presence of the quadratic term in (1.1)
makes such a property barely possible since in proving that LF' is bounded the sign of
this quadratic term cannot be taken into account. In our approach, we take F C Cy,(T")
and define solutions of (1.2) as maps t — p; for which LF' is py-integrable for (Lebesgue)
almost all ¢ > 0, see Definition 3.2. The construction of F is made in such a way that
+L*F > 0 for each F € F, see (4.18). This allows one to keep track on the sign of the
quadratic term in L~.

A significant property of all p1 € Peyp is u(I's) = 1, where I'x C T consists of those
for which vy is a finite measure on X, where ¢(z) = (1 + |z|¢*1)~1. With the help of
this property I'x can be endowed with the Polish topology induced by the weak topology
of the set of all finite measures on X. Then all 4 € P(I") with the property pu(I'y) =1
can be redefined as probability measures on I'y, see Proposition 2.6 and Remark 2.7. We
use this fact in the second part of the article — Sections 6 and 7 — where we construct
probability measures on the space Djg o) (I'x) of all cadlag paths with values in I'.. Here
we mostly follow the scheme elaborated in our previous works [15, 16]. In particular, the
path space measures in question are obtained as unique solutions of the corresponding
restricted martingale problems, see Definition 3.8 and Theorem 3.10. In more detail, our
approach is presented and commented in Subsect. 3.3 below. In Section 2, we provide
technicalities, whereas in Section 3 we formulate the main results as Theorems 3.3 and
3.10.

2. PRELIMINARIES

By INp = INU {0} we mean the set of all nonnegative integers 0,1,2,..., A will always
denote a compact subset of X = R%. A Polish space, F in general, is a separable space
the topology of which is consistent with a complete metric, see, e.g., [7]. By B(E), By(E),
Cy(E), Ces(E) we denote the corresponding Borel o-field, the sets of all bounded measur-
able, bounded continuous, and continuous compactly supported functions, respectively.
By B} (E), Cif (E), CL(E) we mean the corresponding cones of positive elements. For a
suitable set A, by 1T we denote the indicator function.

2.1. Configuration spaces and measures. As mentioned above, by I' we denote the
standard set of Radon counting measures on X = R¢, which in the sequel are called
configurations. For x € X and v € T, we set n () = y({z}) and p(y) = {z € X : n(z) >
0}. The set p(7y) is called the ground configurations for v, whereas +y itself is the multiset
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(p(7y),ny), see, e.g., [2]. The latter interpretation is consistent with the notations

/X @) =S g@) = Y m(@)g(a),

TEY z€p(y)

where ¢ is a suitable numerical function. The weak-hash (vague) topology of I' is defined
as the weakest topology that makes continuous all the maps

P3vy=) g(@), g€ Cu(X)

xrey

With this topology I' is a Polish space, see, e.g., [9]. By 'z, we denote the subset of T’
consisting of all finite configurations, i.e., those that satisfy v(X) < co. Along with the
subspace topology induced on I'g, from I', one can define the following one, see [19, Sect.

21] For 5 = {131, v 71‘71} and n= {yla e 7yn}7 set Pn(ﬁﬂ?) = minUGSn Z?:l |xl - ya(i)|7
where S, is the corresponding symmetric group. Then define

P|§\(§7”7) if ‘§| _ | .
1+ DK - 77|a
prn(E,m) = ¢ TPEED

1, otherwise

It turns out that p is a complete metric. Moreover, the corresponding Borel o-field B(T'g,)
coincides with the o-field {A € B(I') : A C I'gp }. Thus, each measurable G : I's,, — R is
defined by a sequence of symmetric Borel functions {G(n)}nelNo such that

G@)=G", and G(y)=GC"(x1,...,x,), for v={z1,...,2n}
Here symmetric means that
VoS,  GM(x1,....20) = G (o0, .. Tom), (2.1)
with S, being the corresponding symmetric group.

Definition 2.1. A measurable function G : I'gn — R is said to have bounded support if
there exist n € N and a compact A C X such that the following holds: (a) G™ =0 for
n > N; (b) G(v) = 0 whenever v(A) < v(X). The set of all such bounded functions which
are bounded is denoted by Blg.

The Lebesgue-Poisson measure A on I'g, is defined by the following integrals

[ G = ce)+ Y e e dr, (2.2)

It is clear, that each G € By is absolutely A-integrable. The integral in the left-hand side
of (2.2) has the following property, see e.g., [14, Lemma A.1],

[ oY B\ 6 OMan) = [ GouOHmOMIAE),  (23)

&Cn

where G and H are suitable functions. In view of the multiset terminology adopted here,

for z € p(y), we write y\x = 70z, i.e., n\ o (y) = 1, (y) for y # x, and n\,(z) = n,(z)-1.
Similarly, YUy, y € X, stands for v + d,. We will also use the notations

>3 aten) = [ stwantdontdy - [ gle.anide)

TE€Y yey\n X



6 YURI KOZITSKY AND MICHAEL ROCKNER

and their extensions

> > > 9(@1,. .., ) (2.4)

T1€Y x2€y\T1 T €Y\{T1,..,Tn—1}

= > (—1)“’/ 96 (Y1, -+ Yne)V(AY1) -+ Y (dYng )

GCKn X"G

where each G is a spanning subgraph of the complete graph K,, on {1,...,n}, lg and ng
are the number of edges and the connected components of G, respectively; gg(y1,- -, 9G)
is obtained from g(x1,...,z,) be setting x; = y; for all i belonging to j-th connected
component of G. For v € T, by writing 7/ C v we mean a conﬁguration such that
p(7") C p(v) and ny(z) < ny(z), 2 € p(7’). Which means that ' is a multisubset of ~.
In this case, we say that 4/ is a sub-configuration of ~.

Following [14, 17], we introduce now correlation measures. For n € IN, a compact
A C X™and v €T, let us consider

=3 3 - > Ta(z1,...20). (2.5)

T1€7 zo€y\ 71 n€Y\{21,-..;xn—-1}

Clearly, Qvn is a Counting measure: QAY" (A) is the number of tuples (z1,...,z,) € A in

state 7. In particular, Q7 = ~. It is known, [17, Theorem 1], that the map v — Q7 )(A)
is measurable for each measurable A. However, it may be unbounded.

Definition 2.2. A given p € P(T') is said to have all correlations if all v — Q(vn)(A),
n € N are p-integrable for all compact A C X". By Peor(I') we denote the set of all
p € P(T) that have all correlations.

() = /F Q™ (Yu(dr), (2.6)

which is called the correlation measure of n-th order for p, cf. [14, 17, 23]. The factorial
moment mentioned in (1.4) and the correlation measure are related to each other by

Sn(Zun) = X[V (M)
In view of this, correlation measures are also called factorial moment measures, cf. |9,

Chapt. 7]. For G € By, we write
G)(7v) =Y G, (2.7)

ney

For p € Peor(I'), one can define

where 77 € 7 means that the sum is taken over finite sub-configurations of ~, including
n = &. The advantage of using this K-map can be seen from the following relation

WKG) = G(2) + Zx ), G € By, (2.8)

see [14, Corollary 4.1]. We use this fact to introduce the set of sub-Poissonian measures,
which plays the key role in our constructions. Let ¢ be a finite (nonempty) collection of
0 € CL(X), and |9| stand for its cardinality. We do not require that all the members of
¥ are distinct, i.e., ¥ is a multiset. For n = ||, define

Gﬂ(f) _ { % Zoesn H?:l ei(xa'(i))a for 5 = {xla cee 7xn}7 (29)

0, otherwise.
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For this function, it follows that

(K m=23 3 X )bl (210

T1€Y x2€7\r1  n€Y\{Z1,.,Tn-1}

Let GY be as in (2.9) with [9] = n and all the members of ¥ coinciding with a given
6 € CL(X). Then the function

F(y) = H(l +0(x)) = exp (Z log(1 + 9(36))) , (2.11)

ey xrey

that possibly takes value 400, can be written in the form

Fi(y) =1+ (KGP)(7). (2.12)

n=1

Among all p € P(I') we distinguish Poissonian measures. Let x be a positive Radon
measure on X. Then the Poisson measure 7., for which k is the intensity measure, is
defined as such that its correlation measures are XSTT:) = k®". Then by (2.8), (2.9) and

(2.12) one gets
o0 1 . oo 1 " .
(PP =1+ ﬁﬁ@ (G% =) 0: —[s(O)" = ®), (2.13)

If % is absolutely continuous with respect to Lebesgue’s measure on X = R, then the
Radon-Nikodym derivative p(x) = dx/dx may be an element of L>°(X). A particular case
is a constant p, i.e., p(xr) = » for some » > 0. The corresponding Poisson measure is
called homogeneous. With certain abuse, we denote it by m,, and call s the intensity of

m,. In this case,
7.(F%) = exp <%/ 0(x)da;) :
X

2.2. Sup-Poissonian measures. In this article, the following class of measures on I' will
be employed.

Definition 2.3. y € P(I') is said to be sub-Poissonian if it has all correlations, i.e.,
p € Peor(T), see Definition 2.2, and for each n € N and ¥ = {61,...,60,}, 6; € CL(X),
and thus for G¥ as in (2.9), (2.10), the following holds

Alp(KG?) = \I(GP) < 501 - (B),  (6:) = /X 0i(x)dz, (2.14)

for one and the same » > 0. The least such s will be called the type of p; Pexp will denote
the set of all sub-Poissonian measures whereas Pg,, o € R, is to denote the set of all
those 1 € Pexp the type of which does not exceed e*.

Remark 2.4. By this definition and (2.10), each p € Pexp has the following properties:

(a) For each n € IN, the map (01,...,0,) — u(KG?), cf. (2.9), can be continued to a
continuous n-linear functional on the real Banach space L'(X™").

(b) For 6§ € CL(X), the map 6 — u(F?), see (2.11), can be continued to a real
exponential entire function of normal type defined on L!(X).

(c) For each H € B; (') such that u(H) =: Cy > 0, the measure py := Cp' Hp, lies
in Pexp and the types of p and ppy satisfy

sy < g max{1;Cy' sup H}.
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Proof. Claim (a) follows by the fact that the linear span of vectors (61, ...,6,) is dense in
LY(X™). First, one proves that it is dense in Ces(X™) — by the Stone-Weierstrass theorem
[4], and then one applies [5, Theorem 4.3, page 90]. Thereafter, one employs the estimate
in (2.14). To prove claim (b), we first note that the function

N
FR(y) =1+ (KG)(7)

n=1

is certainly p-integrable, and then by (2.12) and (2.14), we get
WFR) < exp (54.(0))

where s, is the type of 1. By the Beppo Levi (monotone convergence) theorem this yields
the proof of claim (b). The proof of (c) is immediate. O

Let p have all correlations. Similarly as in (2.2), by employing its correlation measures
(n

X Xpu ) defined in (2.6) one may write

— 1
|Gl =G@)+ 3o [ G a)xP (e, dea).(215)
fin n=1 n

Such integrals do exist for G € Byy.

Definition 2.5. Let g : X — [0, 1] be measurable. For a given pn € Peor(T'), its q-thinning
is the measure p? € Poor(I') defined by the correlation measures x,a that have the following
form

Xua(dn) = e(n; @) xuldn),  e(niq) =[] a(x). (2.16)

xen

By standard arguments, see e.g., [5, Theorem 4.14, page 99], it follows that, for each
it € Pexp, its correlation measure x, is absolutely continuous with respect to the Lebesgue-
Poisson measure A. Its Radon-Nikodym derivative

dx,
= L= 2.1
is such that k,(@) =1 and, for { = {x1,...,2,}, n € IN, the following holds, cf. (1.4),
dy™
= (TL) = 7X
ku(€) = k(21,000 20) d%l"'d$n<x17“.7xn)7 (2.18)

where k‘fln) is a symmetric element of the corresponding L>(X™), see (2.1). Then for

t € Pexp and G € By, we get

WKG) = g Gmku(mAldn) =: (ky, G)- (2.19)

Since XELn) is positive, see (2.5), (2.6), and in view of (2.14), we have that
0< kM (z1,...,20) < 5, (2.20)

holding for all n and almost all (z1,...,z,). For G > 0, by (2.19) and (2.20) one readily
gets that

which may be interpreted as the ‘sub-Poissonocity’ of p. The upper estimate in (2.20)
is known as Ruelle’s bound. It turns out that the set of measures possessing correlation
functions satisfying (2.20) contains states of thermal equilibrium of physical particles inter-
acting via super-stable potentials, see [20]. Further iformation concerning sub-Poissonian
measures can be found in [15, sect. 2.2].

Toep?
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2.3. Tempered configurations and cadlag paths. States from Py, have one more
significant property which allows one to confine the theory to so called tempered confgu-
rations, the set of which I', is defined by the condition u(I'x) = 1 that ought to hold for
all 1 € Pexp. In the present work, this set is defined by means of the function

1

for which we have
0<(x) <1, and / Y(x)dr =: (¢) < oo. (2.23)
X
Define
Py={yeT 8() = 7(1) = 3 9(x) < oo}, (2.24)
xTEY
By (2.21) we then have
u(@) = [ KD @)la)de < () < oc. (2.25)
X
which yields that u(T'x) = 1. Next we define
A, ={AeB(I):AcCT,}. (2.26)

By (2.24) it follows that I', is the set of all those configurations « for which vy is a finite
Borel measure on X. This fact allows one to define a kind of weak topology on I', which
we do as follows. Set

p(7,7") = max {1; sup v (vg) — v’wg)l} N P =R Y (2.27)
gect

where
Cl:={geCy(X):suplg(z)+ sup Mgl .
zeX z,yeX, r#y |:E - y|

It is clear that p defined in (2.27) is a metric on T',.

Proposition 2.6. [15, Lemma 2.7 and Corollary 2.8] The metric space (I'x, p) is complete
and separable. Its Borel o-field and the collection of sets defined in (2.26) satisfy B(I'x) =
A,

Remark 2.7. The space of tempered configurations defined in (2.22) and (2.24) is exactly
the same as that in [15], where one can find more information on the properties of this
space. Here we only mention that, in view of the equality B(I'x) = A, each u € P(T)
with the property p(I'x) = 1 can be redefined as an element of P(T).

Similarly as in [15], see also [8, Sect. V] and [11, Chapter 4], we introduce the spaces of
cadlag paths with values in I'x. For s > 0, we let D[, ; o) (I'x) stand for the set of all cadlag
maps [s,+00) 3t — v € T, where we mean the metric topology of T',, see Proposition
2.6. For s = 0, we write Dg, (I'x). The elemets of D[, o)(I'x) will be denoted 7. The
restriction of a given 7 € D[, 4 )(I'x) is usually considered as an element of Dy 4oy (I's)
for every s’ > s. For t > 0, by w; we denote the evaluation map, that is, w;(¥) is the
corresponding value ; of 4. For t,t' >0, > t, by Sgt, we mean the o-field of subsets of
DR, (I's) generated by the collection of maps {w, : u € [t,t']}. Next, set

St = ﬂ 32,546, St 400 = U Stt+n- (2.28)
e>0 nelN

By [11, Theorem 5.6, page 121] the Skorohod topology turns each D, | o) (I'«) into a Polish
space, measurably isomorphic to the measurable space (D s yo0)(I'x), 7(Fs,+00))-
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2.4. Banach spaces of functions. For a given p € Peyp, its correlation functions k,,,
kfln), n € Ny, are defined in (2.17), (2.18). Recall that the latter is a symmetric element of
L>°(X™) satisfying the Ruelle estimate (2.20). Having this in mind we introduce Banach
spaces which contain such k,. As each k : I's, — R is defined by its restrictions k™ to
E={x1,...,xn}, n € Np, cf. (2.18), we set

Iklle = sup K™ ~e™*",  a€R, (2.29)
n€lNg
where
||k(”) |Lee = esssup(xh_”,xn)exn|k(”)x1, cey )|

Let K, be the real Banach space of k : I'g,, — R for which ||k||o < co. It is obvious that
Ko = Ka, for o < a, (2.30)

where we mean continuous embedding. Let k£ be in K, a € R, and G be in By, see
Definition 2.1. By (2.15) and (2.4) one readily gets that

(I 1GT) =/ ()G (n)|A(dn) < oc.

n

Recall that KG is defined for all G € By, see (2.7). Keeping this in mind we set
By, ={G € Bps: (KG)(y) >0 forallyeT}.

Note that the cone of poinwise positive G € By is a proper subset of Bj,. By [14,
Theorems 6.1 and 6.2 and Remark 6.3] one has the following fact.

Proposition 2.8. For each a € R, the following is true. If k € K, is such that: (i)
k(@) =1; (ii) (k,G)) >0 for all G € B}, then k is the correlation function for a unique
1 € Pexp the type of which does not exceed e®.

Let now G : I's, — R be such that each G, n € IN, ¢f. (2.15), is a symmetric element
of L'(X™). We denote its corresponding norm ||G™)| ;1 and set

=1
Gla = |G(@)] + Y =" IG™ 1 =/ e“I"G(n)|A(dn), (2.31)
n=1 n! Din
and also
Go ={G: |G|y < 0}, a € R. (2.32)

Thus, each G, is a weighted L'-type real Banach space. Similarly as in (2.30), we have
Go — G, for o < a. (2.33)

However, here the embedding is also dense. Recall that the set of functions By, is defined
in Definition 2.1.

Remark 2.9. Regarding the spaces G,, a € R, the following is true:

(i) For each a € R, By is a dense subset of G,.
(ii) By (2.13), (2.21) and (2.31) one may write

Gla = mea (K|G]), (2.34)

by which the K-map defined in (2.7) can be extended to G, with an arbitrary
a € R. In this case, K : Go — LY(T', ea).



THE STOCHASTIC EVOLUTION OF AN INFINITE POPULATION 11

3. THE RESULTS

3.1. Solving the Fokker-Planck equation. The Kolmogorov operator L introduced in
(1.1) is subject to the following

Assumption 3.1. The parameters of L satisfy: (a) a(0) > 0; m, a and b are nonnegative
and continuous; (b) the following quantities are finite

a(z)

=:[lal|, supb(z)=:[b[|, supm(z)=:{m], (3.1)
(l’) zeX zeX

sup
zeX w

where P(x) is as in (2.22).
According to (3.1) a is integrable, cf. (2.23); hence,

/ a(z)dr =: (a) < 0. (3.2)
X

Moreover, by the triangle inequality and (2.22) we have

d+1

e~ y) < lalé(y) (1 ("7 rx|l> — lalé(y)a(a). (33
=0

By this estimate it follows that, for each § € Ck(X), the following holds, see (2.24) and
(3.3),

Vyel. Y 0(x) Y a(z—y) <y(@)]all Y 0(x)la(z) < oo, (3.4)
ey yey\z TEY

since the support of 6 is compact.
Below we use the following functions of t > 0 and z € X

1 — e~m@p) b@) if m(x) > 0;
a(z)=ce , o(x) = ( ) m() (=) (3.5)
b(x)t, if m(z)=0.

Let us turn now to defining solutions of (1.2), which we precede by the following reminder,
see e.g., [11, pages 112, 113]. A subset C C Cp(I') is said to be separating if, for each
p1, o € P, the equality pi(F) = po(F) holding for all F' € C implies p1 = po. If C is
closed under multiplication and separates points of I, it is separating. The latter property
means that, for each v1 # 72, one finds F' € C such that F(v;) # F(7y2).

Definition 3.2. Fiz separating F C Cp(I") and o € P(I'). A map Ry 3t +— pp € P(T') is
said to be a solution of the Fokker-Planck equation (1.2) for (L, F, o) if, for each F € F,
the following holds:

(i) LF is absolutely u;-integrable for Lebesque-almost all t, and the map t — p(LF)
is measurable and Lebesgue-integrable on each [0,T], T > 0.
(ii) The equality in (1.2) holds true.

Obviously, the domain F should be separating if one strives for uniqueness of the
solutions of (1.2). Typically, see, e.g., [8, page 78|, generators (L, F) are chosen in such a
way that L : F — By(I'), where the latter is the set of all bounded measurable functions
F :T'— R. In our case, however, it is barely possible in view of the quadratic term in
L~. Tt might also be clear from this definition that the proper choice of F is one of the
main technical aspects of the current research.

For 6 € CL(X), we set

(7)) =(0) =) _6(a), (3.6)

rey
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and then

o0 () = lff_g@)m - /O+OO &% () exp (—a [1 + que(y)D do, 7€(0,1/2. (3.7)

It is obvious that both &Y and @ﬁ are vaguely continuous, and also
0<®)(y) <1/t el

By ¢ we denote a finite multiset consisting of the elements of CL(X), see (2.9), (2.14).
Define

O || KZ4CONNN ZICIEN (3.8)
0y

Clearly, all lI/f are bounded and continuous. Thereafter, we set
©={0eCL(X):(0) <(¥), 0(z) <1, z € X}, (3.9)
see (2.14), (2.22) and (2.23), and

Fr = {0 : all possible finite ¥ C ©},  F= | ] F. (3.10)
7€(0,1/2]

Obviously, each F, separates points of I'. For one can take 6 € © the support of which
contains some z € p(7y1) and such that 6(y) = 0 for all y € p(y2). Also, by the very
definition (3.8), each F: is closed under multiplication and hence separating, see e.g.,
[11, Theorem 4.5, page 113]. Thus, so is F. The choice of the upper bounds in (3.9)
will be explained later. Here we just recall that ¢ (z) < 1 and hence © is closed under
multiplication.

To proceed further, we introduce the following notions. First we recall that the K-map
and the spaces G, are defined in (2.7) and (2.32), respectively. Then we set

Fmax = {F = KG : G € G, for all a € R}, (3.11)

see Remark 2.9. Note that Fi,.x contains also unbounded functions. For a compact A € X
and v € ', define

Na(9) = 3 1) = 2(4), (3.12)
xrey

which is the total number of the elements of v contained in A, cf. (1.3). Now we can
formulate our first statement. Recall that F? is defined in (2.12).

Theorem 3.3. Let the parameters of the Kolmogorov operator L introduced in (1.1) satisfy
Assumption 3.1 and F be as in (3.10). Then, for each poy € Pexp, the Fokker-Planck
equation for (L,F,po) has a unique solution such that p; € Pexp for all t > 0. This
solution has the following properties:

(a) For each 0 € CL(X),
pe(F%) < mo(FO)pud (F%), >0, (3.13)

ot and g are as in (3.5) and pd' is the g -thinning of po, see Definition 2.5.
(b) For each compact A C X and n € N, there exists Cy, o > 0 such that

V>0 pu(NY) < Coa, (3.14)

i.e., the moments of the observable (3.12) are globally bounded in time.
(c) The sets defined in (3.10) and (3.11) satisfy F C Fmax, and s solves the Fokker-
Planck equation (1.2) with each F € Fax.
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Let us make some comments to this statement. A priori we look for solutions among
all p € P(I') satisfying item (i) of Definition 3.2 — restricting only the choice of the initial
state po. The result is that the solution is unique and lies in Peyp; i.€., the evolution leaves
invariant the set of sub-Poissonian measures. Note that item (i) of Definition 3.2 means

T
VEeF VT >0 / wi(|LF|)dt < oo. (3.15)
0

The measure fi; such that ji;(F?) = RHS(3.13) is the convolution, see [18, page 15], of two
states: the Poissonian state m,, describing the distribution of the newcomers; the thinned
initial state. The inequality in (3.13) indicates that the sign of the quadratic term in
L~ was taken into account properly. Finally, the boundedness as in (3.14), which holds
also if m(z) = 0, is of the same nature as the boundedness of N, in the original Verhulst
model. As already mentioned, the set Fiax contains also unbounded functions, which are
pe-integrable for all ¢ > 0, see (2.19).

3.2. The Markov process. Theorem 3.3 yields the evolution of states g — s of the
model corresponding to the Kolmogorov operator (1.1). A more comprehensive description
of the evolution of this model can be obtained by constructing a Markov process. In
this work, we follow the way elaborated in [15, 16] in which the process in question is
obtained by solving a restricted martingale problem, which yields probability measures on
the corresponding space of cadlag paths. The central role here is played by the Fokker-
Planck equation, especially stated in Theorem 3.3 uniqueness, the facts that its solutions
lie in the class of sup-Poissonian measures and that the unique solution satisfies (1.2) with
all F € Fax.

As just mentioned, the evolution g — ¢ related to (1.2) leaves invariant the set
of measures Pexp the elements of which have the property p(I'y) = 1, see Remark 2.7.
Therefore, it might be natural to construct a process with values in T'y, cf. (2.28), such
that its one dimensional marginals solve the Fokker-Planck equation. Such a process will
be obtained as a solution of the restricted martingale problem involving L, the domain of
which should be consistent with the domain used in solving the Fokker-Planck equation.
Thus, we start by setting

F,(7) = exp (- Zv(m)1/1(x)> . veCH(X). (3.16)

rey
Concerning such functions it is known the following, see [8, Lemma 3.2.5 and Theorem
3.2.6, page 43].

Proposition 3.4. There exists a countable set V C CJ(X), that contains constants and
is closed under addition, such that the set F = {F, : v € V} has the following properties:

(i) The space of B(I'x)-measurable functions is the bounded pointwise closure of F,
see [8, page 41], and B(T,) is generated by F, i.e., B(L,) = o(F).

(ii) F is strongly separating and hence separating. The former implies that this set is
weak convergence determining. That is, if /J,n(ﬁv) — u(ﬁv) for all F, € F, then
fn = 1, holding for {un} C P(Tx) and p € P(T.).

For F, as in (3.16), one can write, cf. (2.7) and (2.16),

() =T+ ho(2)) =D el ho) = (Ke(5 1)) (7), (3.17)

ey fey

JoSk
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It is clear that C, | : = u(F,) > 0 for each v € V and p € P(T,). In the sequel, we use the
following measures, cf. item (c) of Remark 2.4,

f = Cy u Fopi. (3.18)
Proposition 3.5. Along with the properties mentined in Proposition 3.4, the set F has

the following ones:

(a) for each p € Pexp and v € V, the measure p, introduced in (3.18) is in Pexp, and
the types of the two measures, see Definition 2.3, varify »,, = max{Cy ,5,; »,}.
Moreover, for all appropriate G : I'gy :— R, the correlation functions of p, and p
satisfy

<<kuua G>> = Cv,u«kua Gv», (3.19)

Gy(n) = exp (- ZU(!IJWJ(QJ)) > el&ho)Gn\ €).
xen
where e(; hy)) 1s as in (3.17).
(b) F C Fmax, where the latter set is defined in (3.11).
(c) For each p € Pexp and F € F, it follows that p(|LF|) < oo.

Proof. The validity of the bound for s, readily follows from (2.14) and (3.16). To prove
the validity of (3.19) we use the following formula, see [14, Definition 3.2],

(KG1)(V)(KG2)(7) = K(G1 % G2)(7), (3.20)
(G1xGo)() =D > Gi(aU&)Ga(n\ &),
&1Cn&aCn\&r

where both G, G are suitable functions on I'g,,. For G as in (3.19), by (2.19) and (3.20),
and then by (2.3), we get

(ks G = Coplks e hy) * G)) (3.21)
= Cou MY Y el&1 U h)G(n\ &2)A(dn)
fin §1Cn&Cn\&

= Cop [ ku(nU & U&E)e(Er; ho)e(€2; ho) G U &) Mdn)A(d€r) A(dE2)

fin

= Cop | ku(nU&)e(&iho)Gn) | D el ho) | Adn)A(dg2)

Fﬁn £1Cn

= Cup [ Bulneln 1+ ) | el n)G0\ &) | M)

§Cn

which yields (3.19) if one takes into account the following evident equality, see (3.17),

ZHhv(a:) = H(l + hy(z)) = exp (— Zv(x)zﬁ(w)) .

ECn xzeg TEen
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To prove the validity of (b), we have to show that e(-;h,) € Go, @ € R. By (2.34) it

follows that
. hv — CY|§| _ o v(@)Y(x) Md .
eCiol= [ ||(1 e @V ) () (3.22)

S/Fﬁn el€l HU (z) | A(d€)

el
<exp(e[vl(¥)), vl = supv(z),
zeX

which completes the proof of item (b). By the same calculations as in (3.21) and (3.22)
one shows that the functions that appear (3.19) satisfy

|Gola < exp (e*[[v][()) |Gla (3.23)

holding for all « € R.
By (3.16) one gets

Fi(yua) = F(y) = —F() [1 - e @v@)] (3.24)

[Fo(yua) = B < v(@)y(e),
cf. (3.22). Then by (1.1) it follows that
[LTE, (7)) S/ b(x)o(x)p(z)dz < [|b][[[v]| (), (3.25)
X

see (2.23). In dealing with L™F,, we first take F,, with v, = vl , Ap:i={z € X : |z] <
n}. In this case, by (3.24) and (3.4) we get

LB ()] < Imlllo) 32 (@) + 3 on(@)@) Y alw—y) (3.26)
zEy vy yeN\e
< lmlllolr (@) + A @llall 3 vn(@)ba(a) < oo.
At the same time, by (2.19), (2.20), the first hnzz (3.26) and (3.2) it follows that
WLl < lmllol [ ED @+ [ )o@t — ey (.27
< ol @ (Umll + sula).

By the monitione convergence theorem one then gets that
u(|L™F,|) < RHS(3.27),
which together with the estimate in (3.25) yields the proof of claim (c). O

Remark 3.6. By (3.27) one readily gets the following extension of claim (c) of Proposition
3.5. For a subset, P C Pexp, assume that sup,cp 7, =: 3 < 0o. Then

sup p (ILE]) < [[oll ) (I8l + llmlls< + (a)s?).

Fix now some to > t1 > 0, E, as in (3.16) and consider

)= [(WFR)@ @ Q=0 +a

t1
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Clearly, Q is §, toc)-measurable. By the first line of (3.24) and (3.25) Q™ is bounded,
but Q™ may take value —oo.

Proposition 3.7. Let P € P(Dy o) (L)) be such that Pow,' € Peyp for all u > 0.
Moreover, for each t > 0, assume that sup,ejgy > =: 2 < 00, where », is the type of

Pow,!, see Definition 2.3. Then P(|Q|) < oco.

u

Proof. As mentioned above, QT is bounded; hence, it remains to prove that P(|Q™|) < oc.
First, as in (3.26) we take

Q:(9) = / (LB ) (mu(3))du,  neN.

Note that |Q,, (7)| = —Q, (), see (3.24), and Q;, : Do 4o0)(['x) = R, see (3.26). By the
assumption of this statement it follows that P o, ! =: j1,, € Pexp; hence,
to

p(\(rﬁvn)owu\)du_/2<pow;1)(|(L—Fvn)\)du (3.28)

t1 t1

- / (B du < (1 — t) o]l (@) (Im] + »(a)),

t1
see (3.27) and Remark 3.6. By the Tonelli and Fubini theorems, see [5, Theorems 4.4 and
4.5, page 91], it then follows
P(|Q,,|) < RHS(3.28),

which by the monotone convergence theorem yields the proof. O

For some s > 0 and 0 < t; < to, let J : ”D[S’Jroo) — R be §s,;¢,-measurable. Then for
Fe .7?, define

H() = F(wtz(v))—F(wtl(v))—/Q(LF)(wu(V))du J()- (3.29)

t1
The next definition is an adaptation of the corresponding definition in [8, Sect. 5.1, pages
78, 79], see also [15, Definition 3.3]. Herein, for s > 0 and g € Pexp, we deal with
probability measures on D, oy(I's), cf. Proposition 3.7.

Definition 3.8. A family of probability measures {Ps, : s > 0,1 € Pexp} is said to be a
solution of the restricted martingale problem if for all s > 0 and p € Pexp, the following
holds: (a) Ps, 0wyt = p; (b) Ps, 0wy, € Pexp for allu > s; (c) for all t > s, the types
sy of Ps 0wyt satisfy SUPye(s,] #u < 005 (d) Ps(H) = 0, holding for H as in (3.29) with
each F € F and every bounded function J : D, | o) (I'y) = R which is Fs, -measurable,
see (2.28). The restricted martingale problem is said to be well-posed if it has a unique
solution in the following sense: if {Ps, : s > 0,41 € Pexp} and {Pg, : 5 > 0,1 € Pexp}
solve the problem, then all finite dimensional marginals of Ps, and PS’# coincide for all s
and p, see [11, page 182].

Remark 3.9. Concerning the notions introduced in Definition 3.8 one should remark the
following:

(a) By Proposition 3.7 H as given in (3.29) is absolutely P ,-integrable for each s and
L.

(b) The map [0,400) > t — Py, © @y, t > 0 solves the Fokker-Planck equation for
(L, F, o). Indeed, by claim (c) of Theorem 3.3 and claim (b) of Proposition 3.5,
the solution of the Fokker-Planck equation (1.2) for (L, F, ) solves this equation
also with each F' € F. At the same time, the map in question solves (1.2) with
each F' € F, which can be obtained by taking J = 1 and interchanging integrations
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as in the proof of Proposition 3.7. Since the solution of (1.2) is unique the two
discussed solutions coincide, which yields the mentioned property.

(c¢) The adjective “restricted” points to condition (b) of Definition 3.8 wich forces the
one dimensional marginals to be in Peyp.

Another important remark is that the function J in (3.29) can be taken in the form

J() = Ji(ws, (7)) - - Tin( @, (7)), (3.30)

with all possible choices of m € IN, Jq,...,Jm € C’J(F*) such that Jj(y) > 0 for all v € T,
I=1,....m,and s < 51 < s9 < -+ < 8, < t1, see eq. (3.4) on page 174 of [11]. We are
going to use this in the proof of Theorem 3.10 which we formulate now.

Theorem 3.10. Let L and F be as (1.1) and Proposition 3.4, respectively. Then

(a) the restricted martingale problem has a unique solution in the sense of Definition
3.8;
(b) the stochastic process related to the family

1D 5,400 (Fs), s 00, {Sst 1t > 8}, {Psp 82> 0,10 € Pexp) 5 > 0}

1s Markov.

3.3. The scheme of the proof of both theorems and comments.

3.3.1. Concerning Theorem 3.3. As mentioned above, in [13] there was proved the exis-
tence of a map t — iy € Pexp, Which describes the evolution of states of the model with
the generator (1.1). It was done by constructing the evolution of the corresponding cor-
relation functions, see Proposition 5.3 below. However, it has remained unclear whether
this map describes the evolution in question in a unique way — an effect of the lack of a
‘canonical’ way of constructing solutions, e.g., by means of a Cy-semigroup. Our approach
to this problem is based on the expectation that the Fokker-Planck equation (1.2) — being
a weaker version of the evolution equation — would be more accessible for solving it by ex-
isting methods. In this case, however, the weakness just mentioned imposes the necessity
of specifying its solutions, which we do by means of the triple (L, F, uo), see Definition
3.2. In view of this, the choice of F and of the class of initial states becomes a crucial
aspect of the theory. As a benefit, one can raise and solve the problem of uniqueness of
solutions understood as the coincidence of any two of them specified by the same triple.
In Theorem 3.3 we state that the solution constructed in [13] is the unique solution of the
the Fokker-Planck equation (1.2) corresponding to the triple (L, F, o) with pig € Pexp.
This is done in the following steps.

e In order to be able to control the sign of the quadratic term in L™, we introduce
functions F' : I' — R, see (3.10), in such a way that £L*F > 0, which is done
in subsect. 4.2, see (4.18). This allows one to control p(F") for possible solutions
e, see (4.24), (4.25), and thereby to extend the domain of L to a special class of
unbounded functions, see Lemma 4.2. By means of this extension we then prove,
see Lemma 4.4, that each solution lies in Peyp, which is a key point of the whole
theory.

e In Lemma 4.1, we prove the inclusion F C Fax, see claim (c) of Theorem 3.3.
By (2.19) this result allows one to pass to the correlation functions and thus to
prove (see Section 5) that the evolution ¢ — iy € Pexp constructed in [13] solves
the Fokker-Planck equation for any F' € Fax whenever pg € Pexp. The proof of
uniqueness is mainly based on the fact proved in Lemma 4.4. Note, however, that
the presence of the quadratic term in L™ produces essential difficulties also in this
part.
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3.3.2. Concerning Theorem 3.10. In constructing the Markov process describing the sto-
chastic evolution of the model corresponding to L we mostly follow the way elaborated
in our works [15, 16]. It is based on solving the restricted martingale problem, which in
an intrinsic way is related with the Fokker-Planck equation. To see this, it is enough to
compare (1.2) and (3.29). In particular, uniqueness in this case is a consequence of the
same property proved in Theorem 3.3. The proof consists in the following steps:

e We modify the model described by L given in (1.1) by multiplying the model
parameters by a certain function 1., see (6.1), (6.2). As a result, we obtain the
family of generators {L, : o € (0,1]} corresponding to so called ‘auxiliary models’.
For these models, all the results of [13] and the first part of this work hold true.
At the same time, the mentioned modification allows one to directly construct
Markov transition functions pf, see subsect. 6.2, which is impossible for the initial
model. By standard methods one then gets, see (7.4), the finite dimensional laws
of the Markov processes corresponding to the auxiliary models.

e As mentioned above, by means of methods used in the first part we construct
the evolution ¢ — pf € Pexp. At the same time, for o € (0,1], the transition
functions py define the evolution ¢ — 47 by the formula 47 (-) = [ p7 (v, )po(dy),
cf. (6.34). In Lemma 6.6, we show that 47 = pf, which is one of the crucial
points of the construction. Then in Lemma 7.5 we prove that puf = u: as ¢ — 0,
where the latter is the evolution constructed in Theorem 3.3. This fact and the
Chentsov-like estimates obtained in Lemma 7.3 yield the following: (a) the Markov
processes corresponding to L,, o € (0, 1], have cadlag paths; (b) these processes
weakly converge as ¢ — 0 to a unique process with cadlag paths, which is the
process in question.

4. PROPERTIES OF POSSIBLE SOLUTIONS OF THE FOKKER-PLANCK EQUATION

In this section, we obtain a number of a priori properties of the solutions of (1.2) which
then allow us to develop the tools for proving Theorem 3.3.

4.1. A property of the domain. The principal technical aspect of our approach consists
in dealing with correlation functions of the states in question rather than with the states
themselves. In view of this, we use their relationship expressed in (2.19), which is based
on the possibility to present the elements of F in the form F = KG, see (2.7). Recall
that the K-map can be extended to G, see Remark 2.9. Below by K we understand this
extension.

Lemma 4.1. For each a € R, finite 9 C O, see (3.9), and 7 € (0,1/2], there exists a
unique Gf € G, such that lI/f = KG?. In other words, F C Fmax-

Proof. Fix some 9 C ©, and write 9 = {61,...,0,}, n € N. By (3.7) and (3.8) one writes

+oo +oo n
Wf(y):/o /0 e~ Bt tBu) g () exp —TZZBjGj(JJ) dpfy---dBy, (4.1)

ey j=1
where
() =[[2°(v) = <Z 01(9«“)) (Z Mﬂf)) : (4.2)
ey ey ey
For a positive integer | < n, let d = (d1,...,d;) be a division of {1,...,n} into nonempty

subsets satisfying |d;| > [0x| for j < k. Let also 9; be the set of all such divisions.
Noteworthy, its cardinality is S(n, ) — Stirling’s number of second kind. For d € 9;, we set

On(z) = [[ 0:i(x).  k=1,....L (4.3)

€0
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Then by (2.9), (2.10) one gets the following relation, inverse to that in (2.4),

() = ZZ 251(331) Z B2 (z2) - - - Z 0,(x1) (4.4)

=1 dev; \T1€Y T2EY\ 21 v €Y\{z1,.,x—1}
= Z“Z (KGO)(v),  9:=1{01,....0),
=1 dey,;

where GV is as in (2.9). Note that each f), is in © — since Y(z) < 1, see (2.22). Now we
set, cf. (3.17),

) =T (7% 1), s@) =Y Bi8(2).  nelam  (45)
j=1

Ten

Then

exp —TZ Zﬁjﬁj(x) = exp <—TZ§5($)>

T€Y j=1 TeY
-1 (1 + [e"08(@) — ) S HY(n) = (KHJ) (),
TeY ney

and further, see (4.1),

-y /m T e ) D )5 ds (40

=1 dev;

In view of (3.20), we have

<KG5><7><KH§><7> — (K(G° « H))(7), (4.7)
(Gﬁ*Hﬁ => > G JEN VHE (7 \ &).
&1Cn &Cn\é&

Note that the sums in the right-hand side of (4.7) are finite since 7 is a finite multiset.
This allows for interchanging K and the integration in (4.6). Then (4.6) implies

= KGY,
with
—+o00
B / / Bt BN G HY) ()dfy - dB. (4.8)
=1 dey,;

To prove the lemma we have to estimate the norms of GY, see (2.31) and (2.32). To
interchange the S-integration with that over I'g, we employ the Tonelli-Fubini theorems
[5, Theorems 4.4 and 4.5, page 91]. By the evident inequality 1 — e~ < v/2u, u > 0, we
have, cf. (4.5),

=Y ()| < JTQ = e @) < 20)112e(:05) < e(;605), 05(2) = \/Oa(x),  (4.9)
ren
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see (2.16). According to (2.31) and by means of (2.3), (4.9) we then get

G7 « Hf o < /F (Z S G%usz)ew\&;eg)) A(dn) (4.10)

§1Cn &2Cn\é1

_ /F ealnl+alé] (Z GU(& U)e(n\ & U ,51;95)) A(dn)A(d€1)

§2Cn

= /F | ealel& el 6y U g )e(€as 03)e (n; 05) Mdm)A(dE1)A(dE2)

= exp <e°‘/ 95(x)dw)/ ealéil+aléal g ¢ U E9)e(&r; 05)A(dEr)A(dEs).
X rz,
Here we have taken into account that

e(§1U&;08) = e(&1;0p)e(S2;0p),
see (2.16), and also (2.21). By (2.9) and the latter we have

T, = /F el Gl U g)e(61; 05)MdENAdE) (4.11)

= “/F eGP () (26(5;9/3)) Adn).

£Cn
Now we recall that all §; € ¢ are in ©, see (3.9); hence, 0;(x) < 1. By (4.5) and (4.9) we
then have
0<0p(x) Swsg:=+ b1+ + bn, (4.12)

holding for all z € X. Hence, e(;63) < wlﬂﬂ, see (2.16). By means of this estimate and
(2.9), (4.3) we get in (4.11) the following one

T < / €°(1 4 w3)] " G7 (m)A(dn) (4.13)

l
= [e*(1+wp)] H VY1 +wg)],

see (2.14) and (3.9). Here we used the upper bound (#) < (v), see (3.9), which yields an
estimate uniform in 9. Now we employ (4.13) and (4.12) in (4.10) and finally get

NG x HYlo < exp (¢* (¥)ws) [ () (1 + wp)]',
see also (2.23). This yields in (4.8) the following

+oo +o00
Gﬁa < Xp (— e — B, a 114
‘ ‘r’ > / /0 e p( 61 /3 +e <¢>wﬁ> ( )
x ZS 1+w5)] dpy - dBn
=1
+o0 ~+o0
= /0 i exp ( oo = B)Wa(Bi, ..., Bn)dBr- - dBy

where

Wa(ﬂlv-- 7571) _eXp( W)WB) Ty (ea<zp)(1—|—w5)),
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Here T, (u) = >, S(n,l)u! is Touchard’s polynomial, degT,, = n. Thus, the integral in
the last line of (4.14) is obviously convergent for all a € R, see (4.12). This completes the
proof. O

4.2. Useful estimates and their consequences. Here we derive a number of estimates
by means of which we then obtain properties of possible solution of the Fokker-Planck
equation (1.2) basing on Definition 3.2 with the domain F defined in (3.10). As a result,
we extend the domain of L to some unbounded functions, which in particular will allow
us to prove that each solution lies in Peyp.
For F' € F, write

VoF(v)=F(yUz)— F(y), z e X. (4.15)

By taking F = &Y, see (3.7), we then get
0(x)

1+ 7020y Ua)][1 + 702(7)]

szﬁﬁ ('Y) =

which immediately yields

0
0 < Vodi(y) <0(),  5-Vad?(7) <0, (4.16)
Next, see (3.8),
0< V.7 () =] [va@f_( +dl } []#%¢) (4.17)
oed 0cd
<> (H O ) 7 ().
@7&9’09 e
By (1.1) we then conclude that
+ L0 (y) >0, (4.18)
and also
Ll (y) < ) (/ b(z) [ ] e(w)d»”ﬁ) N () < plw) Yo (), (419)
o0 co \7X o’ @AY CY
where () = [(x)dz, see (2.23) and (3.9). By (4.18) it follows that
t
e < @) + [ (L) ds, (4.20)
0
which should hold for any solution u;. By (4.1) we have
vl <e(y),  limw(y) = 7(y). (4.21)
T—
For py € Pexp, similarly as in (4.13) by means of (4.21), (4.4) and (2.14) we obtain
K
(Wﬂ < ,UO Wﬁ ZZ 1’1, ..,xl)Hl(ml)---Gl(xl)d:vl---dxl (4.22)
I=1 ded, Fﬁ"
9| || l
<Y (B < ZS 191, 1) B2ue (O = T (2 (1)),
=1 dey;

where s, is the type of pg, see Definition 2.3. Recall that T}, stands for Touchard’s
polynomial. By (4.16), (4.20) and (4.22) we then get

pe(PY) < Ty (3000 () + [BI()E, O €O,
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see (3.1) and (3.9). Now by (4.17) this can be generalized to the following recursion

1) < T (e (16)) + /0 S @) ) ds, (4.23)

AW CY

by which we obtain

9]
() < Qpoy(2) Z Z,Tw\ 150 (9)) [11BI1 ()] ¢ (4.24)
By this estimate and (4.19) we also get
9]
wizrw) < ol Y- () e = a0 (4.25)
k=1

In particular, this yields that p:(LT¥Y) is dominated by a polynomial in ¢, which yields in
turn the local integrability of the map t — ps(LTWY). Then the p;(dy)dt-integrability of
|L=%?(v)| follows by the triangle inequality from the assumed corresponding integrability
of |L¥? ()|, see Definition 3.2, cf. (3.15), and (4.25).

Now we are able to prove the following important statement.

Lemma 4.2. Let p; be a solution of the Fokker-Planch equation for (L,F, ug) for some
110 € Pexp- Then it solves (1.2) also with F = WY, see (4.2).

Proof. In view of (4.21), to prove the lemma one should show that, for all ¢ > 0, the
following holds

t t
lir% e (B0) = g (W7, lim [ ps(LE0Y)ds = / ps(LEWY)ds. (4.26)
T— 0

T—0 0

By (3.7), (3.6) and (4.16) the maps 7 — u;(¥?) and 7 fot ps(LEP?)ds are monotone.
Then the convergence as in (4.26) follows by the monotone convergence theorem, the
bounds in (4.23), (4.25) and the following one, see also (4.18),

t t t
- [ ez wds = [ L0 ds = uo(8) - @) + [z 0)as
0 0 0

t t
<o)+ [ (s < (@) + [ Qf ()

0
This completes the proof. ]

4.3. Localizing the solutions. The aim of this subsection is to prove that any solution
of the Fokker-Planch equation for (L, F, o) with pg € Pexp lies in Peyp, that can be
achieved with the help of Lemma 4.2.

For ¥ C ©, |J| = n, define

= Z 01(x1) Z O2(x2) - - Z On(2n). (4.27)

T €Y z2€y\ 71 n€Y\{®1,...;tn_1}

By (2.9) and (2.10) it follows that IV = n!KG", which by (2.14) yields
,u(Fﬁ) = / k&”) (1,...,2p)01(x1) - Op(x)dxy - - - dayy < 3¢ <01> {0, (4.28)

holding for all i € Pexp. At the same time, by (2.4) we get

FP= 3 (-0’ 9= {01,...00), (4.29)
GCK,
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where 0;(z) = Hiev 6i(x), V; being the vertex set of the j-th connected component of G.

Remark 4.3. Each 9 that appears in (4.29) is in O, see (3.9). Then F? is a linear

combination of ¥¥ with § € ©. Hence, by in Lemma 4.2 a solution, j, solves (1.2) also
with F = FV for any ¥ C ©.

Then similarly as in (4.20) we get

e(F') < po(F?) o+ S [016) [ (L F)s,
9cv 0

The latter and (4.28) readily yield
pe(E7) < (g + [1BI[E)" (61) -~ (Bn). (4.30)
Thereby, we have proved the following statement.

Lemma 4.4. For every pi9 € Pexp, each solution p, of the Fokker-Planck equation (1.2)
for (L, F, po) lies in Pexp for all t > 0. Moreover, its type satisfies s, < s, + ||b]|t.

For p; as in Lemma 4.4, by (2.25) it follows that p(I'x) = 1 for all ¢ > 0, which by
Remark 2.7 yields that each u; can be redefined as an element of P(I'y). At the same
time, for v € I'y and ¥ C ©, by (4.17) and (4.18) one gets

L7l (y)] < Hyly) Y w\V(y)
DAY CO

Hy(y) = Y 0u(a) | m(@)+ Y alz—y)

TEY yeYy\z
< Y 0u(@) (m(x) + (1) |allta(x)) < oo,
xreEY

see also (3.4). Here 0, € CL(X) is such that 6(z) < 0.(z) for all # € ¥ and x € X.

5. SOLVING THE FOKKER-PLANCK EQUATION

In this section, we prove Theorem 3.3. Here we essentially use the results of [13].

5.1. Evolution of correlation functions. By means of the parameters of L, see As-
sumption 3.1, we introduce

=y m@)+) Y alz-y), nETum (5.1)
zEN €N yen\z

Then we define an operator acting in the Banach space Ky, see (2.29), (2.30), by means
of the following expression

LAk ) = 3 bz E(n)k(n) — /X <Z alw — y)) KnUz)ds.  (5.2)

TEN yen

The reason for this can be seen from the formula

valid for pu € Pexp, and appropriate functions G. Its more precise meaning will be clarified
in Lemma 5.4 below.
Set
Do=1{keKs: L keKs}, acR. (5.4)
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Keeping in mind the embedding as in (2.30), for o/ < « we introduce now a linear operator
LaAa, : Kow — Ko which acts according to (5.2). It turns out that this operator is bounded
as its operator norm satisfies, see [13, eq. (2.26)],

HLA /” < 4HQH + HbHe_a + HmH + <a>ea
el = e2(a—o)? e(a — o)

where (a) is as in (3.2). Let L, stand for the Banach space of bounded linear operators
A: Ky — Ky. Then

) (5.5)

L8 € Lo and  Liylk, =Lay  for o’ <d. (5.6)
In view of (2.30), we also have that, see (5.4),
Vo/ <a Ky C D, (5.7)
Let us consider the following Cauchy problem in K, for the operator (L*,D,)
d
&kt = LAk't, kt|t:0 =ko € D,. (58)

In this general setting, it is barely possible to solve (5.8), e.g., by applying Cp-semigroup
methods. Recall that we deal here with L*°-type spaces, see (2.29). However, if one takes
ko € Ky for some o < «, i.e., from a subset of the domain, see (5.7), a solution can be
obtained in the following way. Define

(S()k)(n) = exp (—tE(n)) k(n),  t>0, (5.9)

where E(n) is as in (5.1). Note that this is one of the steps where we properly take
into account the sign of the quadratic term in L~. By means of (5.9) we then define
Sea’ (t) € Lo One can show that the map ¢ — Syo/(t) € Lao is continuous. Obviously,
for each ¢, S(t) as in (5.9) defines a bounded operator acting from IC to Ko. We use
it as Saa(t) (i-e., acting to a bigger space) to secure the continuity just mentioned. Let
Aqar € Loo be defined by the expression

(Ak)(n) = —En)k(n), (5.10)

i.e., it is the multiplication operator by —F(n). Clearly, the map t — S,/ (t) is differen-
tiable and the following holds

d
dt
for each o/’ € (o/, ). Now we set B = L® — A and define the corresponding linear operator
B, € Laor, the norm of which satisfies, cf. (5.5),
[Blle™ + (a)e”
e(a —a)

Saa! (t) = AaarSarar (t) = Saa (t)Aa”oe’a

||Baoz’” <

It is crucial that o — o’ appears here in the first power. Define

/
N T e — 5.11
(0= e+ (ajes o1y

Fix now some § < o — o/ and [ € IN, and then set

a25:o/+l+%5+se, e=(a—a -0/,
1

a25+1:a’+8+ 5 + se, s=0,1,...,1
[+1

Note that o = o/ and a?+! = . For t > 0, set

Ti={(ttr,....t1) :0< <ty <+ <ty <t} C (R,
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and then
I (t,th, ... t) = S,z (t — t1)Boaigzi-1 - - - X

XSa3a2 (t — tl)(tl—l — tl)BaQalsala’ (tt), (t, t1,..., tl) € 77
It is known, see [13, Proposition 3.1], that the map
T (tte,... ) =T (t,t1,... 1) € Laa

aa’
is continuous. Moreover, for each 0 € (0, « — '), the operator norm satisfies
l ! :
L _(tt,.... 00| < | — ] , 5.12
Ittt < (ot ) (5.12)
see (5.11). Set

i t t1 ti—1
Qaar (1) :Saa,(t)+2/ dtl/ dtg--'/ dtInt (... t). (5.13)
1= /0 0 0

By means of (5.12) one can prove the following.

Proposition 5.1. [13, Proposition 3.2] For each o,/ € R, o/ < o, and t < T'(av, &), the
series in (5.13) converges in the norm of Laq in such a way that
(i) the map [0,T(a,a’)) 3 t = Quu(t) € Low is continuous and Quq(0) is the
embedding as in (2.30);
(ii) for each o € (!, ) and t < min{T (", a/); T (v, )}, the following holds

d
7 Qo (1) = L2 Qurar () = Quar (1) L. (5.14)
(iii) the operators Qaq (t) enjoy the semigroup property
Qaa’(t + 3) = Qaa”(t)Qa”a’(S)a (515)

that holds provided t < T(a, "), s < T(a",a') and t + s < T(a, ).
This assertion allows one to solve the Cauchy problem in (5.8) in the following form.

Proposition 5.2. [13, Lemma 3.3] For each ko € K/, the problem in (5.8) has a unique
classical solution ki € Ky, t < T(a,a'), given by the formula

ki = Quer (Dko. (5.16)
This solution has the properties: (a) k(D) = ko(2), t < T(«a, &'); (b) its norm in Ko, see
(2.29), satisfies

T(a, o
il < )

WH’%HM (5.17)

At this point, one ought to stress that the aforementioned solution k; need not be related
to any state g € Peor(I'). In particular, k; need not be positive, cf. (2.20), which means
that Proposition 5.2 says not too much concerning the evolution of states of the model we
consider. This drawback is overcome by a method elaborated in [13, subsect. 3.2], based
on Proposition 2.8 and certain approximations of the solution k;. One of its outcomes is
proving the positivity of k; that allows for continuing the evolution t — k; to all ¢ > 0.
The corresponding result can be formulated as follows.

Proposition 5.3. [13, Theorem 2.4] Let j1g € Pexp be such that its correlation function lies
in Koy Then the solution of the problem in (5.8) with o > a can uniquely be continued
to all t > 0 in such a way that the following holds

0 <ki(n) <D el&o)en\ & a)kuo(n\ ), (5.18)

§Cn
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where oy and g, are as in (3.5). Moreover, for eacht > 0, this solution k; is the correlation
function of a unique py € Pexp which satisfies (3.14).

Note that the trajectory ¢t — k; mentioned in Proposition 5.3 has the following property:
if ks € K for some s > 0 and o € R, which can be established by (5.18) and the type of
o, then by (5.15) and (5.16) it follows that

kirs = Qo (t)ks, (5.19)

holding for some o > o and ¢t < T'(a, ). Then the stated uniqueness of this trajectory
follows by its local (in ¢) uniqueness established in Proposition 5.2.

5.2. The proof of Theorem 3.3. In this subsection, we prove that the map ¢ — u; €
Pexp obtained according to Proposition 5.3 solves (1.2), and that it is a unique solution in
the sense of Definition 3.2.

We begin by recalling Lemma 4.1 and the definition of G, in (2.32). Now we set, cf.
(5.10),

% v}

L=A+B, (5.20)

BOYm ==X | X ale=9) | 6\a)+ [ Ha)Glga)da,

€N \yen\z

By means of (5.20) we now define bounded linear operators Leve : Go — G, & < a, see
(2.33). One can show, see [13, eq. (3.19)], that they satisfy

| Loa|| < RHS(5.5). (5.21)

At the same time, for G € Bpg(X), see Definition 2.1, (LG)(n) is defined pointwise for all
n € I'ay since the sums in (5.20) are finite for such G. By direct calculations it follows
that, see (2.19),

(Lowk, G) = (k, LaraG), (5.22)
holding for each k € K/, G € Bps(X) and o > ¢/, see (5.21). This can be extended to

G € Gq, see Remark 2.9. Moreover, it is possible to construct maps Qa/a(t) : Go — G,
dual to those described in Propositions 5.1 and 5.2, that satisfy

(Qaar (K, G) = (K, Qua()G),  t < T(a,a), (5.23)
whereas the norm (2.31) of G} := Qua(t)G in Gy, cf. (5.17), satisfies
T(a, o
|G| < 11(04(0/)125|G|O“ (5.24)

see [13, egs. (3.20), (3.21)] for more detail.

Lemma 5.4. For a given t > 0, let iy € Pexp be as in Proposition 5.3 and ea/, o €R,
be its type, see Definition 2.3. Then for each a > o' and G € G,, the following holds

(LKG) = j1y(K LyoG) = (kt, LaraG) = (L5 ke, G). (5.25)
Proof. 1t is possible to show, cf. (5.3) and (5.22), that
(LKG)(7) = (KEG)(7), G € Biu(X), 7e€T. (5.26)

Then for G € Bpg(X), the first equality in (5.25) follows by (5.26). The second one follows
by (2.19), whereas that last equality is just (5.22). O
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Proof of Theorem 3.3. The stated in claim (c) inclusion F C Fpax has been proved in
Lemma 4.1. Let us prove that the map t — p; as in Proposition 5.3 solves the Fokker-
Planck equation (1.2) in the sense of Definition 3.2 for each F' € Fiax. Thus, take F = KG
with G € G, with a > o/, where the latter is as in Lemma 5.4. By (5.25) it follows that,
see (2.20),

(| LF) = m(|LKG|) = (/K LG]) < p(K|LG)) (5.27)

< Wkt | LaraGl) = /F k() LoraG ()| A(dn)

: /r M LaraG(m)A(dn) < [|Lavall|Gla-
fin

Thus, |LF| is us-absolutely integrable, see item (i) of Definition 3.2. Now for ¢, s and «, o
as in (5.19) by (5.14) we have

t
kivs = ks + / L5 ks udu, (5.28)
0

where o € (¢/,a) is chosen in such a way that ¢ < T(a”,d’), see (5.11), and hence
kits € Ko Now we take G as in (5.27), apply (5.25) and obtain from (5.28) the following

Hero(KG) = (s, G = (ks G + / L kepudu, G) (5.29)

= (0 G+ [ (bt LaraGdu = (KG) + [ e (LK Gy

which yields the proof that the map ¢ — p; as in Proposition 5.3 solves (1.2) with any
F' € Fax- The proof of the bound in (3.13) readily follows by (5.18), whereas the bound
in (3.14) was proved in [13, Theorem 2.5].

Thus, it remains to prove uniqueness. To this end, we use the following arguments.
First we write (1.2) for yj

W (F) = uo(F) + / i (LF)ds, (5.30)

which has to be satisfied also by j; mentioned in Proposition 5.3, with the same pp € Pexp-
By Lemma 4.4, 1 lies in Pexp and its correlation function satisfies, cf. (4.30) and (2.29),
(2.30),

0< k() < (oy + 01 (5.31)
ku € Kay, for oy :=In(s,, + ||b]|2),
that has to hold for all ¢ > 0. By (5.30) and Remark 4.3 we then get that &, satisfies, cf.
(5.25),

(s ) = WunG*)+ [ (s LG (5.32)

0
= (s GO + (I / Ky ds, G,
0

holding for all ¥ C ©. Here GV is such that FV = KGY, i.e., it is given in (2.9). The
integral fot k. ds is considered in the Banach space Ka, a > a4, see (5.31) and (5.6),

whereas o/ > a can be arbitrary since G € G, for any /. To interchange the integrations
in (5.32) we used the absolute integrability as in (5.27), cf. (5.29).
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The set {G? : 9 € O} is clearly separating for the o-finite positive measures on Ty,
including A, for it is closed under multiplication and separates points. Assume that an
absolutely A-integrable function H : I'g, — R is such that fFﬁn HGYd\ =0 for all ¥ C ©.
Then H(n) = 0 for A-almost all . Indeed, write H = H* — H-, H* > 0, and define
At = H*). Then the assumed equality implies AT = A~ and hence H*(n) = H~(n)
holding for A-almost all 7. We use this argument in (5.32) and thereby get

t
K, = ko + Lo /0 ko ds, (5.33)

being the equality of vectors in ICps. Thus, k% is a mild solution of the Cauchy problem in
(5.8). To prove that this fact implies k,, = k,, (hence y; = y1t) we adapt standard argu-
ments by which uniqueness of mild solutions is proved when one deals with Cy-semigroups,
see [10, Proposition 6.4, page 146]. Fix ¢ > 0 and choose aq according to e* = i, , see
Lemma 4.4 and (5.31). For u <, define ¢, = ky, — k. Since k,, also satisfies (5.31),
then both ¢, and [’ gsds lie in Ky, C Ko, By (5.33) and (5.6) it then follows

u
Qu= L5, / qsds, (5.34)
0

that holds in K, for all ¢/ > a4, see (2.30). The latter means that we consider each
qu € Kaq, as an element of Iy with such o'. In this sence, ¢, = Qura, (0)qu, see (5.15).
Now we take u < ¢t and then v € (u,t] such that

o — oy

T(o/ = 5.35
v<T(d, ) Tblle=or T (a)e™” (5.35)

see (5.11), and consider, see (5.14),

u

d u
%Qa/at (v— u)/o 7sds = Qura, (Vv —u)qy — Qura(v — u)Lﬁat /0 gsds (5.36)
= Qua(v—u) [Qaat (0)qu — Lﬁat / quS]
0

= QO/OZ(U - 'LL) |:qu - Lﬁat / q5d8:| = 07
0
in view of (5.34). At the same time, integration over u of both sides of (5.36) yields

Qa/at(O)/ gsds =0, hence / gsds =0, forall v <t (5.37)
0 0

By (5.34) the latter yields g, = 0, hence k,, = &, , holding for all v <t. Now we use the
fact that o/ in the latter formulas can be chosen arbitrarely, and that e* = e®° + ||b||t. In
view of this, we take o/ = a; + 1, which yields, see (5.11),

1
 [blleme0 + {a)enott + (aje][b]t’

Then for (5.35) to hold for all v < ¢, the latter should satisfy ¢t < ¢; with ¢; > 0 being the
unique solution of the equation ¢ = 7(¢). Thus, by (5.37) we get that k,, = k,, for all
v < t1. To futher extend this equality, we rewrite (5.33) in the form

v
_ A
kll;1+v = kutl + La/at1+v/0 k“;ﬁrsds’

k. ) for which we get, cf. (5.34),
1 u

Kty +u - My

u
A
Qu = La’at1+v / gsds, u <.
0

T+ 1,04) > 7(1) t>0. (5.38)

and then introduce ¢, = k
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To use the arguments as in (5.36) with o/ = a4, 4, + 1, one should impose the restriction
v < T(a4, 40+ 1, ayy+v), which can be satisfied if v < o, where t3 is the unique solution of
the equation ¢ = 7(t1 +t), see (5.38). As a result, we obtain the equality k,, = k,; for all
t <t1+t2. Repeating this procedure due times we obtain the just mentioned equality for
t <ty +to+---+ty, where t, > 0 is the unique solution of the corresponding equation,
cf. (5.38), i.e., verifies

1
|[bllem0 + (a)ecott + (aelbl|(tr + -+ + tp1 +tn)
If the series t1 + -+ + tp—1 + tn, + -+ is convergent, then the left-hands side of (5.39)
tends to zero as n — +00, whereas its right-hand side remains separated away from zero.

Hence, t; + -+ + tp—1 + ty + -+ = +00, which yields puy = p} holding for all ¢ > 0. This
completes the whole proof of the theorem. O

ty (5.39)

6. CONSTRUCTING THE MARKOV PROCESS: AUXILIARY MODELS

The aim of this section is to prepare the proof of Theorem 3.10. As mentioned above,
the proof will be done by approximating the initial model described by L given in (1.1) by
a family of modeles described by their Kolmogorov operators {L, : o € [0,1]} such that
Ly coincides with L given in (1.1) whereas each L., o € (0, 1] can be used to construct a
Markov transition function, pf, by means of which one defines a Markov process, corre-
sponding to L,. Then the process in question is obtained as the weak limit of the Markov
processes obtained in this way.

6.1. The models. We begin by recalling that each j1 € Peyxp has the property p(I'y) =1,
see (2.24), (2.25). Keeping this in mind we set, cf. (2.23),

(@) = 1+01|33|d+1 o€ [0,1]. (6.1)
and
ba(x) = b(m)wg(l')v ma(x) = m(m)w0($)v (6'2)
ag(z,y) = a(z — Y)the (2)Yo ().
Clearly,
() <o) <o 'P(z), o€ (0,1], (6.3)
which yields, cf. (2.24),
1) = B(7) < Po(y) 07 1P(7),  Po(7) = Y(¥o)- (6.4)

Then we define

LoF(v) = /Xba(x)sz(’Y)dx - Z me(z) + Z ac(2,y) | VaF (v \ 2), (6.5)

TEY yey\z
where V,F(7) is as in (4.15). Clearly, Lo coincides with the generator defined in (1.1).
By (3.1) and (6.4) we have that

Y mo(@) < [ml|¢s(y) < [mllo~" e (),
xrey

and also, see (6.2) and (3.1),

Yo aclwy) <llall D] D vola)ely),  yeT.. (6.6)

TEY yey\z €Y yey\z
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Thereby we set, cf. (5.1), (5.2),
Es(n) = ng(x) + Z Z as(2,y), n € Lfin, (6.7)

zen z€N yen\z

LA = S be@)k(n\ 2) — Eo(n)k(n) — /

xren X

(Z ay(z, y)) kE(nUz)dz.

yen

Similarly as in (5.3) we then have
WLoKG) = (Lgky, G, o€ (0,1],

which holds for all u € Peyp, and appropriate G : I's, — R. In view of (6.2), L5 can be
used to define bounded linear operators (L5 )aa : Kor — Ko the norms of which satisfy

H(L?)aa’ H < RHS(55)a
Hence, the Cauchy problem in K, for (L%, D,), with the same domain as in (5.8),

d
= LYK, K |i—0 = ko € Ka, (6.8)
has a unique solution, see Proposition 5.2, given by the formula
kf = Q2. (t)ko, t<T(a,a), (6.9)

with T'(cv, o) given in (5.11) and the family of operators {Q7 ., (t) : t € [0,T(o, &)}
possessing all the properties established in Proposition 5.1.

Remark 6.1. Similarly as in Proposition 5.3 the evolution ¢ — k7 described by (6.9)
determines the evolution of states t — uf € Pexp, t > 0, the type of which satisfies, cf.
(4.30),

s < e = g + |[b]|2. (6.10)
These states uf solve the Fokker-Planck equation for (L, F, p19) with the same domain
given in (3.10). Similarly as in Proposition 5.3 this solution is unique.

6.2. The Markov transition functions. The abovementioned transition functions p7
will be obtained in the form

pi(y,) =57()y,  t=0, o€(0,1], (6.11)

where 0, is the Dirac measure on I'y centered at v € I'y and S9 (t) is a bounded positive
operator acting in the Banach space of finite signed measures on I'y, such that S% =
{S7(t)}+>0 is a stochastic semigroup related to L, given in (6.5). This semigroup will be
constructed (see Lemma 6.5 below) by means of the Thieme-Voigt technique developed
in [22] which proved effective in the problems like the one considered here. Its detailed
presentation in the form adapted to the present context can be found in [15, Sect. 7).
Here we just briefly outline the main aspects.

6.2.1. The Thieme-Voigt theory. Let X be an ordered real Banach space with a generating
cone X such that the norm of X is additive on the cone, i.e., ||z + y|lx = ||z]|x + ||yl x,
whenever z,y € XT. By the latter fact there exists a linear positive functional, ¢y, such
that

vx(z) = |lz]x, for xeXt. (6.12)

A Cp-semigroup S = {S(t) }+>0 of bounded linear operators on X is said to be stochastic
(resp. substochastic) if the following holds [|S(¢)z|x = ||z||x (resp. |S(t)z|x < ||z|x) for
allz € X7 and t > 0. For a dense linear subset D C X, set D™ = DNX™ and assume that
(A,D) and (B, D) are linear operators on X. The Thieme-Voigt theory gives sufficient
conditions on this pair of operators under which the closure of (A + B, D) is the generator
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of a stochastic semigroup. Its key aspect is the use of a subspace X C X with a specific
set of properties listed below.

Assumption 6.2. The linear subspace X C X has the following properties:
(a) X is dense in X
(b) there exists a norm, || - || 5, that makes X a Banach space;
(c) X :=XNXT is the generating cone in X, the norm || - | 5 is additive on X
(d) the cone Xt is dense in X
By item (c) of Assumption 6.2 there exists a linear positive functional, ¢ 5, cf (6.12),
such that _
ez(x) = |z 5, for xe€ XT. (6.13)
For a dense linear subset D C X, let (A, D) be a linear operator on X. Define D = {z €
DN X : Az € X} Then the operator (A, D) is said to be the trace of (A, D) in X. The
next statement is an adaptation of [22, Theorem 2.7], see also [15, Proposition 7.2].

Proposition 6.3. Let (A, D) and (B, D) be linear operator on X which have the following
properties

(i) —A: D" - Xt and B: D" — X7,

(ii) (A, D) is the generator of a substochastic semigroup, Sy = {So(t)}+>0, on X such
that So(t) : X — X, holding for all t > 0, and the restrictions So(t)|5, t > 0,
constitute a Co-semigroup on X genereted by (A,ZS);

(iii) B: D — & and

vx((A+ B)x) =0, for all €Dt
(iv) there exist positive ¢ and € such that
07((A+ B)xr) < cop(x) — €| Az x, for all zeDNAXT.

Then the closure of (A + B,D) in X is the generator of a stochastic semigroup, S =
{S(t)}t>0, on X which leaves X invariant.

6.2.2. The Banach spaces of measures. Now we turn to constructing the semigroups S¢
that appear in (6.11). Let M stand for the set of all finite signed measures on Ty, see [7,
Chapt. 12]. Set MT = {p € M : u(A) >0, A € B(T'y)}. Each 4 € M can uniquely be
decomposed p = put — p~ with u* € M™, which means that the latter is the generating
cone in M. Set |u| = pu™ + p~. Then

[l := (L)
is a norm, which is additive on M*. With this norm M is a Banach space, see [7,
Proposition 4.1.8, page 119]. For n € NN, let now Fj, stand for F¥, 9 = {¢,..., ¢}, |9| = n,
see (4.27). Also set Fy = 1. Since ¥(x) < 1, see (6.1), these functions satisfy

Fu(yUz) = Fo(y) + np(z) Fra (), (6.14)
Fi(y)Fa(y) < Foga(y) +nFu(y),

Fy(v)Fn(7) < Fag2(7) +2nFoa(v) + n(n — D) F (7).
Define

n
1
lialln = g ER), Ma={pe M:ulln <oo}, nel. (6.15)
k=0 """
Clearly, each M,, is a Banach space. Let M denote the corresponding cones of positive
measures. Then

Mpi1 C M, CM, Mf c M c MY, neN,
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where all the inclusions are dense in the corresponding topologies, cf. [15, Lemma 7.4]. Let
MYET consist of all 4 € M™T for which ||u|| = u(T's) = 1, i.e, of all probability measures.
Then, for each n € IN, it follows that

Pexp C Mn N Ml’Jr. (6.16)
Indeed, by (4.28) for p € Pexp One gets
n(Fy) < o), ke

We conclude this part by noting that, for each n € IN, the Banach spaces M and M,
satisfy all the conditions of Assumption 6.2, whereas the linear functionals as in (6.12)
and (6.13) are

o) = omp) = nTs),  en(n) = orm, (1) = %N(Fk)a (6.17)
k=1

respectively.

6.2.3. The semigroup. For L, introduced in (6.5), we define L:r, by the formula
(L) (F) = n(LoF), (6.18)

where F' is a suitable function. To this end, we first define the following measure kernel

QZ(A):/XbJ(x)]lA(fyUx)dx—i—Z me(z) + Y ac(z,y) | Taly\z),  (6.19)

T€y yeY\x

and the function

Ry (7) = 5(T%) = (bo) + Eo(7) —:/Xb(,(x)d;chZ mo(x) + Y ag(z,y) | . (6.20)

€y yey\z

By (6.4) and (6.6) one gets that R,(7y) < oo for all v € I',. Then Ll can be presented in
the form

LI = A+ B, (6.21)

(Ap)(dy) = —Ro(uldy),  (Bu)(dy) = / O (d)u(d).

*

Let us show that both —A and B introduced in (6.21) define positive (unbounded) oper-
ators in each of M,,. Set

Dom,,(A) := {u € M : Ry|p| € My}, n e Ny, (6.22)
where My is just M. By (6.3) and (6.20) it follows that

Ro) < (o) + 0 By () 4 1 oy, (629
Then by (6.14) we obtain
o) < (o) i) + i)+ 1 gy ) (6.21)

a 2||a a
A~ me) + ek ) + 14 )
o o o
We apply this estimate in (6.15) and get

2(n+1)|lm 4n+1)(n+2)||a
2ot Dl 4 Ax D@EDlel,,

[Aplln < (bo)llpalln +
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By (6.22) this yields
My42 C Dom,(A), n € Ny. (6.25)

Remark 6.4. For each n > 1, the operator (A, Dom,(A4)) is the trace of (4, Domg(A)) in
the Banach space M,,.

For an appropriate u € M, by (6.19) one gets

[ RBa@) = [ Fe)se @) (6:26)

— / * ( /X b () Fy(y U x)dx) p(dv)

+ / > mel@)+ Y as(z,y)| Fuly\ ) | u(dy).

TEy yey\z
For n =0 and u € M™, this yields
|Bpll = w(Ry), hence (LLu)(T.) = u(Ry) — p(Ry) =0, (6.27)

see (6.21). For p € M* and n > 1, by (6.14) and the evident estimate F,, (v \ z) < F,(v)
we get from (6.26) the following

/ Fu)(Bu)(dy) < nlbll{)a(Far) + / Fo(n) R (7)1l d),

* *

which readily yields that
B : Dom,(A) = M, n>2. (6.28)
Now we set, see (6.25),
Dom(L]) = Domg(A) = {u € M : |u|(R,) < oo} (6.29)

Lemma 6.5. For each o € (0,1], the closure of the operator (L, Dom(L})) in M is the
generator of a stochastic semigroup, S° = {S7(t)}+>0, such that S?(t) : My, — M, for
eachn>2 andt > 0.

Proof. Our aim is to show that the operator defined in (6.21) and (6.29) satisfies the
conditions of Proposition 6.3. By the very definition of A and B in (6.21), and then by
(6.22), (6.28) and (6.29), it readily follows that condition (i) is met. Define

So(t)u(dy) = exp (R (7)) pldy),  peM, t>0. (6.30)

Clearly, for each n € Ny, So(t) : M,, — M, acting as a multiplication operator, and
So = {So(t) }+>0 constitue a semigroup. Certainly,

ISo@)ull < llull, — pneMT. (6.31)

To show the strong continuity of Sy in M, for fixed p € M and € > 0, we have to find
0 > 0 such that ||So(t)u — p|| < € whenever ¢ < §. Since My is dense in M, see (6.22)
and (6.25), one finds i/ € Ma such that ||(u — u/)*|| < €/6. Then by (6.30) and (6.31) we
have

IS0y — pall < = w | + IS0t (1 = 1)+ 1So(E) = 1|
< | Ap|| 4 2¢/3 = tl|(Re) + 263 < cotllil|l2 + 2¢/3,

where ¢, = max{(b,);||m||/o;2||al|/o?}, see (6.23). This estimate yields the strong conti-
nuity in question. The strong continuity of Sy in M, can be shown in a similar way by
employing (6.24) and (6.25). Now we take into account Remark 6.4 and thus conclude that
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condition (ii) of Proposition 6.3 is also met. The validity of (iii) follows by (6.28) (concern-
ing B) and (6.17), (6.27) (concerning ¢). To complete the whole proof, we have to show
that, for each n > 2, there exist positive ¢ and € such that, for each u € Dom,,(A) N M.,
the following holds

(Pn(L:rylu) < cpn(p) — ep(Ry),
where ¢, is as in (6.17). In view of (6.23), to this end it is enough to show that

"1
> [ BONEL@) < Conl). weDom,(NME, (632)
k=0 Vi

holding for some C' > 0. By (6.18) we have

/ Fo(v)(LEp) (dv) = p(LoFy).

At the same time, by (6.14) and similarly as in (4.15), see also (4.18), we conclude that

(Lo Fi) < p(Lg Fi) < [1bll{$)kp(F—1),

which by (7.7) yields the validity of (6.32) with C' = n||b||(x)). Now the proof follows by
Proposition 6.3. U

Lemma 6.5 establishes the existence of the transition function (6.11). It is streightfor-
ward that pf defined in this way satisfies the standard conditions and thus determines
finite dimensional distributions of a Markov process, see [11, pages 156, 157]. The next
step is to prove that such processes have cadlag versions.

6.2.4. The Cauchy problem. Now we use the semigroup constructed in Lemma 6.5 to solve
the following Cauchy problem in M

d
%Mt - Ll’ﬂb ,LLt‘t:O = Mo, O € (07 1] (633)

By [10, Proposition 6.2, page 145] this problem has a unique solution given by the formula

A7 = 8% (t)uo = / P7 (%, o), (6.34)

*

whenever g € Dom(LL), see (6.29). Here we use notations i in order not to mix this
solution with the measures pf mentioned in Remark 6.1. By (6.16) and (6.25) 119 € Pexp

lies in Dom(Ll). Hence, fif lies in each M,,, but a priori not in Pexp.

Lemma 6.6. For a given g € Pexp and o € (0,1], let the map t — pf be the unique
solution of the Fokker-Planck equation for (Ls,F, o) mentioned in Remark 6.1. Then for
each t > 0, it follows that uf = [if , where the latter is obtained as in (6.34) with the same

Ho-
Proof. Since 17 solves (6.33), for each F' € F one has

A9 (F) = 3g(F) + /0 (L} AT)(F)ds,

which by (6.18) yields that if solves the Fokker-Planck equation for (L., F, uo); hence,
a7 = pf since the solution is unique. ]
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7. THE MARKOV PROCESS

7.1. The cadlag paths. In this subsection, we use Chentsov’s theorem [6] in the version
formulated below as Proposition 7.1. Its presentation is preceded by recalling that the
metric p introduced in (2.27) makes I', a Polish space, see Proposition 2.6. By means of
this metric and the transition function as in (6.11) we define

wg(y) = /p(%v’)pi(%d'y’), (7.1)

I

we () / P Yl (V)85 (7, ).

*

Now for a certain p € Pexp and a triple (t1,t2,1t3), 0 <t < tp < t3, we set
Wt tots) = [ Wa sy ). i = 500 (7.2)

see Lemma 6.6. By means of the main result of [6] and [11, Theorems 7.2 and 8.6 — 8.8,
pages 128 and 137-139] one can state the following, cf. [15, Proposition 7.8].

Proposition 7.1. Assume that: (a) for each t > 0, the family {py : o € (0,1]} € P(Ty)
is weakly relatively compact; (b) for each T > 0, there exists C(T) > 0 such that for each
triple (t1,t2,t3) satisfying t3 < T the following holds

WO (t1,ta, t3) < C(T)(ts — 1) (7.3)

Then:

(i) For each o € (0,1], the transition function p” and p € Pexp, see (7.2), determine
a probability measure P on Dg, (I's).

(ii) The family {P7 : o € (0,1]} of path measures just mentioned is tight, hence
possesses accumulation points in the weak topology of P(Dr, (I')).

Remark 7.2. For each s > 0, one can consider W"(tl,tg,tg) with 1 > s and puf =
S(t — s)p. Then by Proposition 7.1 p? and pt € Pexp, determine a probability measure
PJ, on D 4)(T'), and the family {Py, : o € (0,1]} is tight in the weak topology of
P(D(s,400)(T'x))-

The measure P7, is defined by its finite dimensional marginals, which in turn are

defined by p? and p as follows, see eq. (1.10), page 157 in [11]. For a given m € N, the
m-~dimensional marginal is the following measure

PO (Lay o @iy) - (L, o wp,)) = / Lo, ()5 o (imetod)  (74)

rmtt
XL gy (Ym=1)PY, 4y (Ym—2y dym—1) - -+ Loy (71)PF, —s (Y0, dy1) (o),
where Ay, ..., A, are in B(T'y).

Lemma 7.3. For each p € Pexp and T > 0, the estimate in (7.3) holds true for all
o € (0,1] with a o-independent C(T) > 0.

Proof. For each v € I'y and o € (0, 1], we have that §, € Dom(L}), see (6.29) and (6.23).
By standard semigroup formulas, e.g., [11, page 9], it then follows

P(7) = b6, + /0 LIS (3, )do. (7.5)
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By (7.1) and the latter one gets

wit) = wi+ [ ( JREE )(%m(%«h’))) o (7.6)

- /0” </*(L"p(7ﬁ'))pi(%dv’)> dv,

since w(y) = p(v,7y) = 0. With the help of the triangle inequality one then obtains, cf.
(6.5) and (2.27),

IVep(v, 7)) = lp(v, 7 Uz) = p(v, ) < p(v/ Uz, ) < 9(x), (7.7)
which yields

Lop(,7)] < IBIGW) + [mlF1 () + Y- w(x) Y ao(z,y) = Va(y).  (7.8)

ey’ yeY\z
Then similarly as in (7.6) by (7.5) and the latter one gets
hi(y) = / (Lop(v,9))p3 (v, dY) < /F Vo (Y)pl (v, ') (7.9)

- )+ /0 LoV ()83 (. ) ds.

By (7.8) it follows that

VaVo(7) = [Iml|(z) + wo(@,7"), (7.10)
where
Wa(l'a'V/) = Z W(if)%(l’a Z) + @ZJ(Z)G,U(Z, IL‘)) . (7'11)
zey!

Since V,V,(7") > 0, cf. (4.16), (4.18), then

LoVo(0) € LEVo() = ] [ bota (7.12)

T /X bo () (Z () (z,2) + (@) Y W,y)) dz

z€y yey’
< [mllIb (@) + Ibl{a) Fy () + [[bl] > folx) =: Vo(+'),
xey!

where

fol@) = [ otz )iz, (7.13)
We apply (7.12) in (7.9) and get

o) < Vo) 4ol + [ [0 [ (LT) sondyiaas. (1)
Furthermore, by (7.12), (7.13) we have
L) < L3T() < P ({0} + [ folodis) < 210f2()a) = C,

which we use in (7.14) and then in (7.6), and thereafter obtain

3

U2 ~ u
wy, () < wg (7)== uVy(y) + 5‘/}(7) + 5 Cv. (7.15)
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Now we turn to estimating W7 . First we write, see the second line in (7.1) and (7.15),

2 3

u u
Wg,v (7) < ’U/Tiv (7) + ?Tg,v (7) + FTg,v (7)7 (716)

T.00) = /Fp(% VWo(y)pg (v, dy) // Lop(7,7")WVao (7 )DS (v, d')ds,

9,(7) = / 1AW (Y )BS (, d),

I

S0 = Cv / p(7, 7 )pg (v, dy).
I's
In the same way as in (7.7) by (7.10) we get
[Vep(v, Y )WVo(Y) < p(v,7" U )V Vo (') + [Vep(v,7) Vo (v)
<P(@) Vo (V') + Imlle(x) + wo (2,7).

Thereafter, similarly as in (7.7), (7.8) it follows that

Lop(r ' Wo ()] < (Vo) + ] /X by () () (7.17)

( +”mH Zd} me () + Z ao (T, y)

xey! yeY'\z

—I—/X bo (2)wo (2,7 )dx

T2 | me@)+ D aoley) | woley\a),

zey yey \x
< Vo()llmll + Vo ()] + As(v) =t Vi (7).
where w,(z,7') is given in (7.11) and

/b T)we (2, d:ﬁ+z Mg (x Z ao(z,y) | we(z, ¥ \ ). (7.18)

zEy yey\z

Then, see (7.16),

v
)< [ Vit s (7.19)
o Jr.
Now we recall that ;7 lies in Pexp and thus, see Lemma 4.4, its correlation functions satisfy

0 < K\ (@, an) < se(t) = s + BIIE, (7.20)

where the right-hand side is independent of o. By (7.2) and then by (7.16) one can come
to the conclusion that proving (7.3) now amounts to estimating the integrals

Ig(tQ—tl):/F Yo (NG (dy),  G=1,2,3. (7.21)

*
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Indeed, in this setting we have

W (t,ta,ts) < (t3—t2) (I‘f(tg — 1) (7.22)

ts —t) ; t2)[20(t2 —t1) + (ta=to e _6 2) I3t 1))

ty —11)? ty —t
< (tg—tg)If(tg—tl)—i—(Szl)(Ig(tg—t1)+ 33 2Ig(t2—t1)>.

Note that the second summand in the last line of (7.22) already has the desired power of
ts —t1. Thus, it is enough for us just to get o-independent bounds for I§(t2 — t1) and
I§ (t2 — t1). At the same time, I{ (t2 — ¢1) requires a more accurate estimating.

By the semigroup property it follows that

/ B3 (> Ay Y (d) = g, o (). (7.23)

I

We take this into account and by (7.21), (7.17), (7.18) and (7.19) obtain
to—11
Hta—t) < [T [ Vit ands (724

= I{,(ta —t1) + I%(t2 — t1) + I{.(t2 — 1),

where

to—1t1
Byts—t) = |ml / / NG (dy)ds (7.25)
to—11 5
It — 1) = /0 / Vo (1)1205, 4o (d)ds

to—1t1
It —t1) = / [ a0l

To estimate the integrals in (7.25) we employ the fact that each of the integrands can
be presented as KG with an appropriate G, and then use (2.19) and (7.20). By (7.8) it
follows that

Vo =KGo, GV =pl(v), G(x)=[Imle(x), (7.26)
GP(x,y) = Y(@)as(z,y) + P(y)as (v, ),
and ng) =0 for kK > 2. Then

to—t1
ot —t0) = m] | (||bu<w> Hlml [ vy @ (@20)
+ w(x)ag(a:,y)kl(? (x,y)dxdy) ds
X2 t1+s

< (t2 — t1)[m|[(¥) (IIbI + [[mlls<(T) + <a>[%(T)]2) 1= (t2 — 11)Cra(T).
To proceeed futher, we write

Vo =KGoxGo=KHy, Hy()) =Y Y Go(&1U&)G(n\ &),

&1Cn&aCn\é
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see (4.7), which by (7.26) yields
HO =[pl())?,  HO (z) = 20bllm]| ()¢ () + [[m]e ),
HP) (21, 29) = 2|bl[ () GP) (21, 22) + 2]m || *) (1)) (2)
+2[|ml| (¢ (1) + ¢ (w2)) G (w1, w9) + [G (w1, 22))?,
H (w1, w2, 3) = 2|m|[¢h(21) G (w2, x3) + 2| m|¢h (w2) G (w1, x3)
+2[|ml|y(x3) G (w1, @2) + 2GF) (1, 22) GP (w1, 3)

+2Gg‘2) (331, .’L'Q)Gg) (.’EQ, .Tg) + QGSE) (331, .’Eg)GSQ) (.’EQ, .Tg),
and

H (w1, 09,3, 4) = GP) (w1, 22) GP) (w3, 24) + GF) (w1, 23) G (w3, 24)
+GP (21, 24)GP (22, 23).
Then similarly as in (7.27) by means of the estimates &S (x1,22) < 2|la|| and

G (a1, x2)dzrdas < 2 / W(a1)aler — z2)dzidry = 2(1)(a),
X2 X2

/ GO (2, y) Gy, 2)dadyd= < 4{a)* (1),
X3

we get

to—11
=t = [0 [ Hmh o) (7.28)
fin

< (t2—t) ( (111 ¢))* + lml| () (211b]l () + llml]) 5«(T)

+ (W) (2l1blka)(w) + [[ml[*(w) + 4lml[(a) + 2||all{a)) [>(T)]*

N | = —

+ 20){a) (Imll{w) +2(a) B«(T)P + 5 (W) {a))? [%(T)]4)

=: (tg —t1)C(T).
By (7.26), (7.11) and (7.18) one can write
8o0) = [ bola) 32 6P ) + 3 mala) 3 G (an)

yey zEY yey\z

3 D ar@wyCPey)+) . Y Y a(zy)GP(x,2).

z€Y yey\z z€Y yey\z z€v\{z,y}

Then similarly as in (7.28) one obtains
(2 —t1) < (t2 = 1)2(P)(a)x(t2) (HbH + [llml + llalll>(T) + <a>[%(T)]2> (7.29)

= (tg - tl)Clc(T).
By (7.24), (7.27), (7.28) and (7.29) we then get
Ilg(tg — tl) < (tz — tl)(Cla(T) + Clb(T> + Clc(T)) =: (tg — tl)Cl(T). (7.30)
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Now similarly as in (7.21) and (7.16), (7.12) we get

Bta=t) = [ o0 )Welt Wy, (o i, ) (7.31)

*

< /Va(v)ug(dv)é||b||<1/1>(|!mH+2(a>%(T)) =: Co(T),

*

where we used (7.23) and the fact that p(v,v") < 1, see (2.27), and the estimate

/ fo(@)dz < () (a),
X

see (7.13). Similarly,

If(tas —t1) =Cy / ] (v, V)7, i, (v, dy ) pg, (dy) < Cy. (7.32)

*

Now we employ (7.32), (7.31) and (7.30) in (7.22) and thereby come to the conclusion
that the desired inequality in (7.3) holds true with

1 1 T
C(T) = ch(T) + 502(T) + ECV7

which completes the proof. ]

7.2. The weak convergence. The aim of this subsection is to prove that the aforemen-
tioned states i = pf, see Lemma 6.6, weakly converge to the corresponding states pu
which solve the Fokker-Planck equation for (L, F, uo). By this we also demonstrate that
condition (a) of Proposition 7.1 is met. We begin by proving the following lemma in which
ay is as in (6.10). Recall also that the Banach spaces G, are defined in (2.32).

Lemma 7.4. For some ap and all o € (0,1], let po and pg be in Pgg,. Assume also that

VaeR VG E€Gy  (kug, G) = (o, G)  as o — 0. (7.33)

Next, for these ug and o, let pf and py be the unique solutions of the Fokker-Planck
equation for (Ls, F,ug) and (L, F,po), respectively. Then for each t > 0, the following
holds

Va€R VG €Gs  (kyr,G) — (ku,G) s o — 0. (7.34)

Proof. Recall that oy = In(e®® + ||b||t), see (6.10). Also, by Proposition 5.3 it follows that
k,, = k¢, where the latter solves the Cauchy problem in (5.8), and hence

Epery = kirs = Qaaikts s<T(a,on), a> . (7.35)

A similar representation holds also for ks == k7, ,, see (6.8), (6.9).

Assume that the convergence stated in (7.34) holds for a given ¢ > 0, see (7.33). Let
us then prove that there exists a possibly t-dependent sy > 0 such that this convergence
holds also for ¢ + s with s < sg. Write, cf. (7.35),

o _ o o
kH—S - kt+s - Q@tatkt T aro kt ’
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where &y = ay + 1 and the equality is written in Kg,. In view of (5.14), we then obtain,
cf. (5.36),

S d
brse =4y = Qa0 =) = ([ Qauon (5~ 0@, (0] ) 7 (730
= Quvor(5)(ky — k7) + / Qusgons (5 — W)L2 o Q0 o, ()]
0
- /O Qutvas (5 — 1) (L2 )y Q% o, (w) s

Quspes () (ke — k) + /0 Quron (5 — W) EAS. Q2o (kT du

where, see (5.2), (6.2) and (6.7),

LTk 1= (Lo — (L)aralk(n) = Y bo(w)k(n \ o) (7.37)
xEN
—E5(n)k(n) - g (2, y)k(n U z)dz,
hE
and
7 i ~ o|z|tH
bo(z) = b(x) — by () = b(z)hs (), Yo (2) = T4 ofafdit (7.38)
Ezg(x,y) = a('r - y)[l - wa($)¢0(y)]7
EU(U) = Zm(m)ia(fﬂ) + Z Z o (2, y)-
xren xEN yeTI\I
In the last line in (7.36), oy € (ay, @) and ag € (1, ay) should be such that
s < min{T(ay, a2); T (a1, 04)} .
Set oy = a4 + ¢ and find € € (0,1) from the condition
T(O[t + g, at) = T(Oét + 1, g + 8). (739)

Recall that oy = In(e® +|b||t). The equation in (7.39) has a unique solution which defines
a continuous decreasing function ¢ : Ry — (0,1) such that lim; .1~ e(t) = e, € (0,1),
where the latter is a unique solution of the equation & = (1 — €)e~(1=). Then we define

v(t) = T(au + (), au), (7.40)
take some € € (0, 1), and set
so = ev(t). (7.41)
It is possible to show that

Qo) < ap +&(t), hence ks € K C Koy, for s <sp. (7.42)

Qtto(t)

As the map a — T'(d/,«) is continuous, see (5.11), one finds ay € (ay + &(t), ar + 1)
such that sg < T(ay + 1, a2). Thus, for the chosen in this way a; and aq, the operators
Qaraz (s —u) and QF ,, (u) in the last line of (7.36) make sense for all s < sy and u < s.

Since G lies in G, with any a, we take G € G, and set Gy = Qa,a, ()G, s < 5o, see (5.23).
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This Gj lies in Go, C Gq,, cf. (2.33), and then get from (7.36) the following formula
(ktrs — kv G = (ke — kf, Gs)) + Yo (s), (7.43)

T, (s) = /0 (E2 K1 o) du

Our aim now is to prove that Y,(s) — 0 as 0 — 0. In view of (7.37) and (7.38), we then
write

To(s) = TWO()+TO(s)+TE(s) + TW(s), (7.44)

(2)k7 (§\ 2)Gs (é))\(di)) du

and

TE®) = / ( /F SO Y G )k (€G- <5>A<d5>) du (7.45)

fin pe& yct\x

W) = - / S ( /F /X Zw,y)kfﬂ(sw)&u<s>dm<d5>) du

yes

By Lemma 4.4 it follows that k7 ,(¢) < e®+ulél < e@1lél see (7.42). We take this into
account in (7.44), (7.45) and then get

eI [ [ BOGON©d,  i=1234 (110
0 JTan
Here, see (7.38),
f[él)(f) — plél—a Zd;a(ff)b(m) < 6—a1||bm£|ea1\5| — C(l)’§|eal‘£|’ (7.47)

el
HPIE) = ey g (w)m(x) < [|ml][gle™ s = CBglel,
el
HPE) = e8Iy 737 dg(a,y) < [lallj¢ffe = COgPele,
zef yed\z
HW(E) = enlhren / Y g (x,y)da < e {a)[¢le* 1t = gl
yel

By the elementary inequality se=#* < 1/8e, s, 3 > 0, we obtain

c®
e22l€l
RES(TA6) < - / /F G ) A (7.48)

()
= ¢ / |G s—u|aydu
042—041

sC@ T(ay, 2)|Gla,
e(ag —ay) T(ay, a) — so

) /1:2172747
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where we have used also (5.24). For i = 3, by the same calculations we have
dsllall  T(as, a2)|Gla,
[e(ae — a1)]?2 T(aw, a0) — so

RHS(7.46) < (7.49)

In view of (7.38), each of ﬁ[gi)(f), i =1,...,4 decreases to zero as ¢ — 0. By (7.46),
(7.48), (7.49) and the monotone convergence theorem this yields

TW(s) =0, as o—0, (7.50)

holding for all i = 1,...,4. By (7.50) and (7.43) we then get that the convergence as in
(7.34) can be prolonged from ¢ to t +s, s < sq, see (7.41). Our aim now is to prolong this
ad infinitum. Define

tr=t_14+s;, to=0, s = EU(tlfl), [ € IN. (7.51)

Since kg = k§ = k,,, the developed above arguments yields the stated convergence for
t < sup;t; = limy 400 t;. Then to complete the proof we have to show that ¢; — +o0.
Assume that sup; t; = t,. < +oo. By (7.51) it follows that t; = s; 4 - - - + s;; hence, s; — 0
in this case. The function v(t) defined in (7.40) is continuous — for both £(t) and a; are
continuous. By (7.51) we would then have

e(ty)

B A P

which is obviously impossible. This completes the whole proof. ]

The result just proved allows us to achive the main goal of this subsection.

Lemma 7.5. Let po, pg, pe and pg be as in Lemma 7.4. Then for each t > 0, it follows
that puf = py as o — 0, where we mean the weak convergence of measures on I',.

Proof. By Proposition 3.5, see (3.22), it follows that F, = Ke(-; hy) with e(-; hy) € Gq for
an arbitrary o € R. Then we apply (2.19) and obtain by Lemma 7.4 that

17 (Fo) = (kuge(5 o)) = (s e o)) = p(E), 0 =0,
holding for all ¢t > 0 and v € V. Then the proof follows by statement (ii) of Proposition
3.4. ([l

7.3. The proof of Theorem 3.10. By Lemmas 7.4 and 7.3 both conditions (a) and (b)
of Proposition 7.1 are met. Therefore, for each o € (0, 1], by statement (i) of the latter, see
also Remark 7.2, a given measure p1 € Pexp determines probability measures P7,, s > 0,
on the cadlag path space D, ;) (I'x) through their marginals given in (7.4). In particular,
this yields

Pg#owfl =S5t — s)u, t>s. (7.52)

For each pi € Pexp, by Lemma 6.6 it follows that S?(t — s)pu = i also lies in Peyp, and
sy < 2+ ||0]|(t — s). This yields that, for each fixed o € (0,1], the family {P7, : s >
0, it € Pexp} satisfies conditions (a), (b) and (c) of Definition 3.8. To prove that condition
(d) is also met we take J as in (3.30) with given fixed m, Ji,...J,, in F, see (3.16), and
$§ <81 <89 <+ < 8y, <t1. Then define

Vs, = Cod1pg, = €1,0J157 (51 — s)p, Lo =1 (1) >0. (7.53)

The latter inequality follows by the fact that all J; in J are strictly positive. Since ug, €
Py s €1 = 30,4 ||| (51— ), by item (c) of Remark 2.4 it follows that 75, 18 in Poey with

Qs = (g, + a1, where a; > 0 may be taken o-independent since the correlation functions
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of ¢7 4, obey estimates uniform in o. Clearly, the choice of @; > 0 dependes on J;. Next
we set

STES S%(sg — sl)fisl, 0277(17 = g{SQ(Jg) > 0, (7.54)
35y = C2,0J255 5,

Similarly as above, ¢5 , € Pevg and Sy € Pawg with e%2 = e%1 + ||b]|(sg — s1) and
s, = G, + a, where ag depends only on J; and is o-independent. Then we continue
proceeding in this way and thus obtain

T =87 (1= 51115 0 o = SCs (1) >0, (7.55)

~0 o ~0 dsl —
gl,sl - CZ,O’Jlglysla gl,sl S Pexp l == 2, 3, e,y

with &g, = &g, + ;. As mentioned above, the choice of all &g, is o-independent. Finally,
we get

G0 =5%(u— sm) U > S, (7.56)
which lies in ngl';, &y € R is o-independent. By (7.55) and Lemma 6.6 each ¢, solves
the Fokker-Planck equation for (Ly, Fiax, iy 8171) on the time interval [s;_1, s;], whereas

~o
gm,sm’

Sy solves it for (Lg, Fax, $.s,,) O0 the time interval [s,,, +00).
Now we take F' € F and then write

Fo.=Fow,, L,=LFow,, L)=L,Fow,, u€E [spm,ts] (7.57)
By (7.4) and (7.55), (7.56) and (7.57) it follows that
Py (Fud) = CUP;mS&,sm (Fu) = Cysl (F), U > Sm, (7.58)
Co=P7,(J) = cfclr .-+ ¢ty Thereby, we get
to
Py (H) = PJ,(F,J) — Py ,(Fy,J) — PY, (/t LZJdu) (7.59)
1

to
= o (P (o) = P )= [ P2 (L)

t1

_c, (c{;(F) G (F) - / ’ gg(LgF)du) 0.

t1

While passing to the second line in (7.59), we have interchanged the integrations as the
family {PZ, 0w, ! : u € [s,t3]} satisfies the condition of Proposition 3.7. The last equality
in (7.59) follows by the aforementioned fact that ¢ solves the corresponding Fokker-Planck
equation.

By Lemma 7.5 it follows that pJ = us, as 0 — 0, where g, solves (1.2) for (L, Fiax, ft)
on [s,+00). And also cf}, — ' = ps, (J1), sy = Sus = cJips,, see (7.53). By
Proposition 7.4 it follows that

(Fug . G) = (ku, . G), 0 =0, (7.60)
holding for all G € G,, a € R. Let us prove that
<<k§~f7sl ) G>> - <<k51,sl ) G>>v o—0, (761)

holding for all G € G,, a € R. To this end, we use (3.19), which yields
(keg, s G = cr0(kug , » Gui)s

where v is such that J; = F,,. By (3.23) it follows that Gy, € G, with any real a. By
(3.18) and (7.53) we then get that the convergence in (7.61) follows by (7.60). Now by
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(7.54) and Lemma 7.5 it follows that ¢§, = <5, € ngp, where the latter solves the
Fokker-Planck equation for (L, Fiax,1,s;) on [s1,+00). And also
5&32 = 62,52 = 62J2§2,827 <<k§§752 ) G>> — <<k§~2,32 ) G>>7 o — 07
We continue this procedure and get
@fsl = Sls; cf; — 0;1 = q.5,(J1), iﬁsl =G5 = clJlgﬁSl, (7.62)
<</€§l0:8l s G>> — <<k§l’sl s G>>, g — O, = 2, 3, oo, M.
Moreover, ¢ 5, € nglé, where &, is the same as in (7.55). It solves the Fokker-Planck
equation for (L, Fimax, {1 5, ) on [si—1,+00). Finally, by (7.56) we get
S = su kg, G) = (ke,, G), o =0, (7.63)
and ¢, solves the Fokker-Planck for (L, Finax;Sm,sm) O [Sm, +00). And also
Sy Su € ng;), Gy = Inf[e%sm 4 ||| (u — sm)].- (7.64)
Note that the convergence of integrals involving correlation functions in (7.63) follows by
the corresponding convergences in (7.62).

By Lemmas 7.3 and 7.4, and hence by Proposition 7.1, the set {P¢, : o € (0,1]} has
accumulations points. Let Ps, be one of them and {o,},ew be such that o, — 0 and
ngﬂ = P, as n — +oo. Define

Su(A)=C7 P (Taowy)d), C=Psu(d), u€[smta], AecBT.). (7.65)
Then C,, and ¢ defined in (7.58) satisfy, see Lemma 7.4,
Cop = Cy =S¢ =G,  n—+oo, (7.66)
see (7.63). In view of (7.59), one can write

PS,M(H):PS,M(H)—P;Z(H):an(tg)—an(tz)—/2bn(u)du—/2cn(u)du, (7.67)

t1 t1
an(u) = Ps i (Fud) — P (Fud),  bu(uw) = Ps pu(Lud) — P (Lud),
en(u) = Pon((Ly —Lgm)d), we [Sm, ta].

Since FyJ € Cb(D(s400)(I'x)), an(u) — 0 for each u € [sp, 2], that follows by the fact that
PJn = Ps, as n — +00, see above. To proceed further, by (7.67), (7.65) and (7.58) we
write

bn(u) = C(u(LF) — ;" (LF)) + (C = Co, )" (LF). (7.68)
By (3.11) it follows that FF = KG with G € G,, holding for each o € R. Then, see (5.3),
(5.22) and (7.64), we have

[ (LF)] = [{(kggn, LauaGN] < /F M L, o G)A(dn) < | LaalllGla, — (7.69)
fin

where the operator norm || Lg,q| satisfies the same estimate as in (5.5). By (7.66) the
second summand on the right-hand side of (7.68) vanishes as n — +oco since the bound
in (7.69) is independent of n. At the same time, similarly as in (7.69) we have

Su(LF) — ¢S (LF) = ((ke,, La,aG) — (keon, La,aGY) — 0, 1 — +oo, (7.70)

which follows by (7.63). Then b,(u) — 0 as n — +oo, holding for each u € [sp,t2].
Finally, similarly as in (7.58), see also (7.37), we have

en(1) = Co, 53" (L = L, )F) = Cop, (LT kign, G,
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where G is the same as in (7.69), (7.70), i.e., such that F' = KG. Recall that G € G, for
each a € R, see (3.11). Then similarly as in (7.43), (7.44) we may write

<<E§£‘kggn G =TO 1P 1P + 1, (7.71)

O = [ o @k (€\ D) GEIAGE),

fin Qfef

&= [ m@), @k IGOIN).

fin :Eef

O [ XY kg ©IGOIN),

fin zeg yet\z

[ Cn @k €U a)IGON@ s

yes

Now similarly as in (7.46), (7.47) we estimate
< [ HOQeONEE),  i=12.3.4,
1—‘ﬁn

where
P(€) = blle™?+[gle I =: cafgleI€l, (€)= [[ml[[gle!<l = efgleI¢,
B(E) = flalllg*e™ = eslePe™IEl,  nH(€) = {ape|ge™ ! = eafgle™ Il

By these estimates we then get

YO < 9 G, i=1,2,4, TO <
e(la— ay)

holding with an arbitrary o > @&, since G € G, for each € R. By (7.72) each Tg) is
bounded. At the same time, by, (2), ¥y, (2), G, (x,y) are monitone functions decreasing
to zero. By the monotone convergence theorem one then concludes that each of the
summands in the first line of (7.71) converges to zero as n — +oo, which by (7.67)
concludes the proof that P ,(H) = 0; hence, the accumulation point under discussion
solves the restricted martingale problem.

Assume now that there exists another accumulation point, say {PS’ pis=20,pe Pexp}
which also solves the restricted martingale problem as we just have shown. Then the
one dimentional marginals of P, and PS’# should coincide, see Remark 3.9, due to the
uniqueness stated in Theorem 3.3. Thus, to complete the whole proof we have to show
that all finite dimensional marginals of these measures coincide, see Definition 3.8. Take
Fy € F and t; > s and define the following measures on D, | )(I'x) by setting

403
51Gla. (7.72)

T ela—ay)

PSvN(]lAFl o th) Ql ( ) _ P, (1AF1 © wtl)
P'Snu(Fl © wtl) ’ tl PSHUJ(Fl © wtl)

Q1 (A) = (7.73)

Recall that Fi(vy) > 0, see (3.16) and Proposition 3.5. By the inductive assumption it
follows that

-1 _ / -1 __.
Qtl © wtl - Qtl © wtl - gtl'
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By (7.52) and (7.53) it follows that ¢f, = ¢, as o — 0, where is as in (7.53) with J; = F1.
For ty > t; and Fy € Fax, define, cf. (3.29),

to

H1(3) = Fa(w, (7)) — Fa(@r (7)) / (LFy) (wu(7))du

t1

Ha(7) = Hi(%) F1(wt, (7))
By (7.73) and the assumed properties of Ps , and P , it follows that

Ps,,u(HQ) Ps,,u(HQ)

Hy) = —or 2/ ok~
Qtl( 1) Ps,,u(Flowtl) Ps#(Flowtl)

= 07 Q;l(Hl) = = Oa

by which both @, o @, L and Q}, 0w, 1t > t;, solve the Fokker-Planck equation for
(L, Fiax, St;) on the time interval [t1,+00). By Theorem 3.3 we then conclude that @y, o
w; - Q}, 0w, = Pexp, which implies in turn that the two dimensional marginals of P,
and PS/7 , also coincide. Then the extension of this to all finite dimensional marginals goes
by induction. This completes the whole proof.
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