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Abstract

In this paper we construct a stochastic process, more precisely, a (nonlinear) Markov process,
which is related to the parabolic p-Laplace equation in the same way as Brownian motion is to
the classical heat equation given by the (2-) Laplacian.
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1 Introduction

As it has been known for more than 100 years (where, e.g, the articles by A. Einstein [I7], M. von
Smoluchowski [50] and N. Wiener [52] are among the pioneering papers), there is a close relationship
between Brownian motion and the Laplace operator, more precisely the classical heat equation, i.e.,

0

P u(t,z) = Au(t, z), (t,z) € (0,00) x RY, (1.1)
where A = divV. But it has been an open question whether the same is true for the p-Laplace
operator, i.e. whether there exists a ”p-Brownian motion” related to the parabolic p-Laplace equation,

ie., for p > 2,

%u(t,x) = div(|Vu(t, z)|P2Vu(t,z)), (t,z) € (0,00) x R, (1.2)

in an analogous way as in the case p = 2, i.e. (L.1). The p-Laplacian
Ayu = div(|Vul|P~?Vu)

has been for many years and still is an extensively studied operator in a large number of contexts, be it
from the point of view of partial differential equations (PDEs) (see, e.g., [13], [14], [24], [30], [32], [33],
[49] and the references therein), within nonlinear functional analysis, e.g. as the duality map between
WP and its dual W= (see, e.g., [I1], [34]), in nonlinear potential theory (see, e.g., [1], [23], [37]
and the references therein) or its applications in physics (see, e.g., [29], [38]).

It should be mentioned that linear potential theory has played a crucial role in developing and
exploiting the relation between the (2-) Laplacian and Brownian motion and, more generally, between
large classes of linear partial (and pseudo) differential operators and their associated Markov processes
for more than 60 years (see, e.g., [6], [7], [15], [16], [18], [20], [21], [26], [31], [43], [44], [45] and
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[46]). Hence, one could expect that non-linear potential theory, which also has a long and exciting
history, would pave the way for discovering the probabilistic counterpart of the p-Laplacian. One
approach in this direction was developed in the fundamental papers [40], [39], where a deep relation of
a stochastic game, the ”tug-of-war” game with noise, was discovered and exploited to find a beautiful
probabilistic description of the p-harmonic function solving the Dirichlet problem for the p-Laplacian
on a bounded domain in R?. In this paper we propose a different approach, namely to construct
the desired probabilistic counterpart to the p-Laplacian as a Markov process which is related to the
p-Laplace equation in the same way as Brownian motion is to the classical heat equation , and
which then may be called a ”p-Brownian motion”.

The starting point in our approach is to recall that the relation between the classical heat equation
and Brownian motion is a special case of the relation between a Fokker—Planck equation (FPE) (see,
e.g., [8]) and its associated Markov process. In fact, this relation is a one-to-one correspondence, which
turns out to extend to large classes of FPEs and their canonically associated Markov processes, and
even to nonlinear FPEs and their canonically associated nonlinear Markov processes (see [30], [5], [42]).
We will explain this below in more detail and only mention here that such nonlinear FPEs can be shown
to have an associated family of stochastic processes given as the solutions to a corresponding McKean—
Vlasov stochastic differential equation (SDE), which turns out to constitute a nonlinear Markov process
(though the latter is extremely hard to prove in concrete cases).

Key Step 1 in our construction is to identify the parabolic p-Laplace equation as a nonlinear FPE,
and Key Step 2 to solve the corresponding McKean—Vlasov SDE. The third and hardest Key Step
is then to prove that the solutions of the latter constitute a nonlinear Markov process which is thus
associated to the parabolic p-Laplace equation in the same way as Brownian motion is to the classical
heat equation.

Let us now explain in more detail the relation of nonlinear FPEs and nonlinear Markov processes,
where the latter have already been defined in McKean’s classical paper [36] (see also [42]). Let P(R%)
denote the space of Borel probability measures on R¢, and for 1 < 4, j < d consider measurable maps

bi,aij : [0,00) X Rd X P(Rd) — R

such that the matrix (a;;); ; is pointwise symmetric and nonnegative definite. Then, a nonlinear FPE
is an equation of type

0 0

0
= = m— = (@i (t, @, pe) ) —

, d
5 92: Oz, (bi(t, e )pie), (t,2) € (0,00) x R, (1.3)

0
al’i
where the solution [0,00) > t + pu; is a curve in P(R?Y) with some specified initial condition .
Here, we use Einstein’s summation convention, is meant as a weak equation in the sense of
Schwartz distributions (see Definition in Appendix D) and, henceforth, we call solutions to (1.3])
distributional solutions. The (in space) dual operator to the operator on the right hand side of

called the corresponding Kolmogorov operator L, i.e. its action on test functions ¢ € C5°((0, 00) x R%)
is given as

Lo(t,z) = aij(t,x,ut)ami a—x] p(t,z) + bi(t’x"ut)aixi o(t, x), (t,z) € (0,00) x RY. (1.4)

In turn, this operator determines the corresponding McKean—Vlasov SDE
dX(t) = blt,X (1), p)dt +V20(t, X (t), ) dW(t), t >0, (1.5)
Lxwy = e, 120, (1.6)

where o = (0i;)i; with 0" = (aj)ij, b = (b1,...,ba), W(t), t > 0, is a (standard) d-dimensional
Brownian motion on some probability space (£2, F,P), and the maps X (¢) : Q@ — R% ¢ > 0, form the
continuous in ¢ solution process to (1.5 such that its one-dimensional time marginals

L:X(t) = X(t).P, t >0, (1.7)



(i.e. the push forward or image measures of P under X (t)) satisfy (L.6). We refer to [12], [35], [47],
[51] and the references therein for details on McKean—Vlasov SDEs. The correspondence between the
nonlinear FPE (1.3) and the McKean—Vlasov SDE 7 is now given as follows. Suppose one
has a solution to (1.5]), , then by a simple application of It6’s formula p; := Lx (), t > 0, solves
(1.3). Conversely, suppose one has a distributional solution to (L.3), then the nonlinear version in [3],
[4] of the superposition principle [48, Theorem 2.5] (which in turn is a generalization of [I9], see also
[28] and [10]) together with [22] Proposition 2.2.3] (which is a slight generalization of [25] Proposition
4.11]) gives rise to a solution to (L.5), (L.6). We would like to emphasize that in [4] (see also [5]) apart
from some integrability conditions the coefficients are only required to be measurable (in contrast to
the cases studied in [12]).

Obviously, the special case of classical Brownian motion and the classical heat equation is the case
where a;;(t, z, t) = d;; (= Kronecker delta), b;(t,z,u) =0, i.e. turns into

a Ht = A,uta (t,ﬂ?) € (07 OO) X Rda (18)

and (|L.5]), into
dX(t) = dW(t), t >0, (1.9)
Lxwy = Lwe =, t20, (1.10)

and, of course, u; is absolutely continuous with respect to Lebesgue measure dz on R? with density
u(t, ), so is really (1.1)).

To see that also of type (L.3)), we recall that the coefficients in only need to be
measurable in the variable p, so in case the solutions g, t > 0, have densities u(t,-), ¢ > 0, we might,
e.g., have dependencies as follows

aij(t,z, ) = Gyt Ti(u)(t, z)), (1.11)

bi(ta (ﬂ,,LLt) = bi(tvxar2(u)(tv x)),

where b;, @i : [0,00) x R4 x R¥ — R and each T; is a functional on the space of distributional solutions
whose values are again measurable functions of ¢ and x. Then, rewriting (|1.2)) as

(t.x) = A(|Vu(t,2)[P~u(t, ) — div(V(|Vult, 2) [P~ ?)u(t,2)), (t,2) € (0,00) x R?,  (1.12)

& u
we see that (L.2)), respectively (1.12), is of type (L.3) with a;;,b; as in (1.11) with
dij(t’xarl(u)(tax)) = 6ij|vu(t7x)‘p_2 (1 13)
B(t,l‘,rg(u)(t,m)) = V(|Vu(t,x)|p_2). .

We point out that while the already challenging so-called Nemytskii-case, where T';(u)(t, ) = u(t, z),
has received more and more attention in the last years (see, for instance, [2], [3], [4], [5] and the
references therein), the coefficients in even depend on u via its first- and second-order derivatives.
To the best of our knowledge, the relation of such nonlinear FPEs to McKean—Vlasov SDEs has not
been studied before. The Kolmogorov operator associated with the coeflicients is then given by

Lo(t,z) = [Vu(t,z)[P"*Ap(t,z) + V(| Vu(t, 2)[P~%) - Ve(t,z), (t,2) € (0,00) x R, (1.14)

and the corresponding McKean—Vlasov SDE by
dX(t) = V(|Vu(t, X ()P~ ?)dt + \[2|Vu(t,X(t))\p2;2dW(t), t>0, (1.15)
Lxw = u(t,r)dr, t>0. (1.16)

This completes Key Steps 1 and 2.



For Key Step 3, i.e. to obtain the nonlinear Markov process from , , we need to take
into account initial conditions which we choose to be Dirac measures ¢,, y € R% So, we impose in
that (0, z)dz = 0, and in that Lx ) = d,. In both cases p = 2 and p > 2, for such
initial conditions the fundamental solution to and (that is, to ) are explicitly known,
namely in case p = 2, for y € R? it is given by the classical Gaussian heat kernel

uY(t,x) = exp (—it|a: - y2) , (t,x) € (0,00) x RY, (1.17)

(47t)2
and in case p > 2 by the famous Barenblatt solution (see [24])

p—1

w¥(t,z) = t=* (C1 gt T | — y|f) " (t,x) € (0,00) x R, (1.18)
+

_ 1
where k== (p— 2+ L) ! ,q = % (%) 7=, C1 € (0,00) is the unique constant such that [w(t)|,1 (ra)

= 1forall ¢t > 0, and f; := max(f,0). Then, we consider the path laws of the corresponding solutions
XY(t), t >0, of (1.9), (1.10) and (1.15)), (1.16]), respectively, namely

P, = (XY).P, y € RY, (1.19)

i.e. the push forward or image measure of P under the map X¥ : Q@ — C([0,00), R?) (= all continuous
paths in R?). Then, if p = 2, P,, y € RY, form a Markov process in the sense of e.g. [7], [16], [44], also
called Brownian motion, which is uniquely determined by u¥(¢,z), y € R% ¢ > 0. And in this paper
we prove that P,, y € R form a nonlinear Markov process in the sense of McKean [36], which is
uniquely determined by wY(t,z), y € R%, ¢t > 0 and 7. In contrast to the results of Sections
which hold for all d > 1, p > 2, for this part, i.e. Key Step 3, we need d > 2, p > 2 (1 + é) By
analogy, we call this nonlinear Markov process p-Brownian motion.

The fact that the probability measures Py, y € R?, in form a nonlinear Markov process is
of fundamental importance, since it pins down their interrelation and is the analogue on path space
to the flow property of the fundamental solutions to the parabolic p-Laplace equation on state space
(see below). The proof of this fact is quite involved, because the diffusion coefficient in front of
the noise in with wY replacing u is very degenerate (see below). One of the proof’s main
ingredients is Theorem below. It uses very heavily the explicit form of the Barenblatt solution wY
in (1.18) and of the coefficients |VwY(t, z)|P~2 and V(|Vw?(t,z)[P~2) in with u = w¥, see (4.3))
an below. This completes Key Step 3.

All these three Key Steps are implemented in detail in the main text of the paper, including stating
or recalling all required definitions and notions.

We would also like to make a remark concerning the above quoted references. The literature
about the p-Laplacian, Markov processes, nonlinear potential theory, Fokker—Planck equations and
McKean—Vlasov equations is so huge that it is impossible to give credit to it in an appropriate way in
this paper. Therefore, above we tried to make a reasonably sized selection which is very probably not
at all optimal. But this was necessary, in regard to the length of this paper. Nevertheless, we would
like to comment on one more reference, namely [27], to avoid confusion. We point out that the notion
of nonlinear Markov processes therein is different from McKean’s, and hence from ours in this paper,
since it is defined there as a family of linear Markov processes. We refer to [27] for details.

We firmly hope that the relation between the p-Brownian motion and the p-Laplacian, or more
generally nonlinear Markov processes and nonlinear FPEs, will turn out to be as fruitful as in the linear
theory, which profited a lot from transferring an analytic problem for the PDE into a probabilistic
problem for the stochastic process and vice versa.

Furthermore, we would like to mention that for the heat equation or more general linear FPEs,
considering Dirac initial conditions is in a sense generic, since by linearity in the initial condition
a solution with another initial probability measure is a simple linear superposition of the solutions
with Dirac initial conditions. This is completely different for the p-Laplacian equation, which by



its nonlinearity produces a richer structure of solutions, if one considers general initial probability
measures. Nevertheless, our general approach above can be also applied to more general initial condi-
tions, and the corresponding McKean—Vlasov SDEs can be solved as above. This will be the subject
of a forthcoming paper.

Finally, it is obvious that Key Steps 1 and 2 above apply to much more general nonlinear parabolic
PDEs than the parabolic p-Laplace equation . The hard part is Key Step 3, more precisely the
extremality of the solution to the nonlinear PDE in the class of distributional solutions to the linearized
PDE, analogous to Theorem (see also Remark (ii)) below. Also this will be the subject of our
future work.

Let us now summarize the structure of the paper. While we have already presented parts of Key
Step 1, namely the identification of the parabolic p-Laplace equation as the nonlinear FPE above,
this step is completed in Section [2} where we define our notion of distributional solutions to
(see Definition and compare it with the usual notion of (weak) solution to the parabolic p-Laplace
equation (see Definition 2.1)). Key Step 2 is implemented in Sections [3] and [i] In Section [3] we solve
the corresponding McKean—Vlasov equation , (see Definition and Theorem , and
Section [4]is devoted to the study of the solutions to the nonlinear FPE (1.12]) and to the construction
of solutions to , imposing Dirac initial conditions (see Proposition and Theorem .
Key Step 3 is presented in Sections [f] and [6} In Section [§] we recall McKean’s definition of a nonlinear
Markov process (see Definition and then prove that the path laws P,, y € R%, (see ) of the
solutions to , form such a process (see Theorem and we give the definition of the
p-Brownian motion (see Definition . The crucial ingredient already mentioned above, namely, the
restricted distributional uniqueness result for the linearized parabolic p-Laplace equation (see Theorem
is subsequently proved in Section @ The Appendix contains some specified details of proofs in
the main text (see Appendices A—C) and some basic facts on FPEs (see Appendix D).

1.1 Notation

Standard notation. On R? we write |-|, z-y and dz (or dt in one dimension) for the Euclidean norm,
its inner product and Lebesgue measure. d;; denotes the Kronecker delta, and supp f the support of
a function f on a topological space.

Measures. MZ' is the space of finite nonnegative Borel measures on R?. For a topological space
X, we write P(X) for the probability measures on B(X), the Borel o-algebra of X. For X = R?
we write P(R?) = P. A curve t — p; € M} on an interval I C (—oo,+00) is vaguely, respectively
weakly continuous, if t — fRd 1 dpy is continuous for all continuous compactly supported, respectively
continuous bounded 1 : R* — R. The symbol E denotes expectation with respect to a given probability
measure on a prescribed measurable space.

Function spaces. For U C R¢, a measure y on B(U) and a normed space (X, |- |x), the spaces
LP(U; X;u), p € [1,00], denote the usual spaces of p-integrable measurable functions f : U — X
with norm |f|’£p(U;X;u) = [ |fI5du for p < co and |f|e;x;y = nf{C > 0:|f|x < Cp—a.s.}.
When X = R! or ¢ = dz, we omit X or dz from the notation. The corresponding local spaces are
L}, (Us X; o).

For m € N and p € [1, 00, W(T)f) (R4 R¥) are the usual Sobolev spaces of functions g : R? — R¥
with (locally) p-integrable weak partial derivatives up to order m. If k = 1, we write W(T) ’Cp) (RY). For
p =2, H™ (R4 RF) := W™2(R4 RF) are Hilbert spaces with their usual norm | - |g= and dual space
H~"(R? RF). For an open interval I C (—o0,+00), W5 (I x R?) denotes the space of functions
g : I xR? — R such that ¢ and its weak partial derivatives %g, %g and %%g, 1 <4,5 <d, belong
to L2(I x R%).

For U C R%, a Banach space X and m € NU{0}, C™(U, X) (C"(U, X), C§*(U, X)) are the spaces
of continuous (bounded, compactly supported, respectively) functions g : U — X with continuous
partial derivatives up to order m, written C(U, X) (Cy(U, X), Co(U, X)) if m = 0. If X = R!, we write
cm™U),Cr(U) and CF*(U), and we set C>(U) = ) C™(U) (likewise for Cp°(U) and C§°(U)).

m>0



On C([0,00),R9), 7; denotes the projection m;(f) := f(t). In time-dependent situations, we denote
by 7§ , t > s, the same map on C([s,o0), R?) and write 79 = m;. For an interval I C (—o0,+0c0),
C2 1([ x R%) is the space of continuous functions g I x R* — R with compact support in I x R? such
that the pointwise derivatives dtg, am g and 89: é):v g, 1 <1i,j <d, are continuous on I x R?,

2 The p-Laplace equation and its formulation as a Fokker—
Planck equation

Regarding our Key Step 1 mentioned in the introduction, we begin by recalling the usual definition of
solution to (|1.2) and to its Fokker—Planck formulation ((1.12). Let d > 1 and p > 2.

Definition 2.1. u € L}, _((0,00); I/Vlicl (R%)) is a solution to (L.2)), if Vu € LIOC ((0, 00); Lfocl(Rd R%))
and for all ¢ € C§((0,00) x R?)

/ / <—ug0+|Vu|p 2V - Vgp) dxdt = 0. (2.1)
R4

u has initial condition v € My, if for every ¢ € Co(R?) there is a set Jy C (0,00) of full dt-measure
such that

= i . 2.2
Rd ’(/} dv t—>01,11;%J¢ Rd U(t)w dx ( )

A solution u with initial condition v is called probability solution, if v and dt-a.e. u(t,z)dz belong

to P.

Condition (2.2]) for the initial condition is similar to [8, (6.1.3)]. Note that in both parts of the
following remark one needs the local integrability of ¢t — Vu(t) € LZOCI) (R4 R?) on [0, 00), whereas in

Definition it is only required on (0, c0).
Remark 2.2.

(i) If u is a solution with initial condition v such that ¢ — u(t, z)dx is vaguely continuous on (0, c0),
then J, = (0, 00) for all ¥ € Co(R?) and ¢ +— u(t, x)dz extends vaguely continuous in ¢ = 0 with
value v. In this case, if also Vu € L2'([0, 00); L2~ 1 (R%; R?)), [2.1)+([2.2) are equivalent to

loc loc

t
Rdwu(t) do = /Rd Y dv —/0 /Rd |Vu|P~2Vu - Vepdzdt, Yt >0, (2.3)

for every 1 € C}(R?). This can be proven as in the proof of [8, Prop.6.1.2].

(ii) Every nonnegative solution u with initial condition v € M, ess sup,-q|u(?)| Li(rdy < 00 and
Vu € L1 ([0, 00); L2 (R RY)) has a unique vaguely continuous dt-version @ on [0, 00). This
follows from [4I, Lemma 2.3]. Moreover, if Vu € LloC ([0, 00), LP~1(R?)), then |u(t)|r1gae) =
v(R9) for all t > 0. The latter follows by considering ([2.3) for an increasing sequence (1, )nen C
C3(R%) such that 0 < 9, < 1, ¢, (z) = 1 for |z| < n, supn |V1/)n(x)\ < C for all z € R? for C not

depending on n or x and by letting n — co. In this case, t — @(t, x)dx is weakly continuous.

Now, we turn to the nonlinear Fokker—Planck formulation (1.12]) of (1.2)) and its notion of distributional
solution.

Definition 2.3. u € L. _((0,00); W, (R?)) is a distributional solution to (L.12)), if

loc

[VulP=2 € L ((0,00); WEH(RY),  |[VulP~2u € LL((0,00) x RY), o)
|vu|p 2 u e LlOC((O?OO) X HQCl7IRd)7 .



and for all ¢ € CZ((0,00) x R?)
* d
/ / u (dt @+ |VulP"2Ap + V(|Vul|P72) - ch) dxdt = 0. (2.5)
0 Jrd

u has initial condition v € My, if for every ¢ € Co(R?) there is a set Jy as in Definition such
that (2.2]) holds. A distributional solution w with initial condition v is a probability solution, if v and
dt-a.e. u(t,x)dz belong to P.

Remark 2.4. Remark[2.2] (i) holds accordingly: if u is a distributional solution to (L.12) in the sense of
Definition [2.3|with initial condition v such that ¢ — u(t, z)dz is vaguely continuous, then J, = ) and, in
this case, if the second and third condition in hold with L{ ([0, 00) xR9) and L ([0, 00) x R%; RY),
replacing L ((0,00) x RY) and LL _((0,00) x R% R%), respectively, then and u having initial

condition v are equivalent to

t
wu(t)dxz/ ¢dv+// (|VulP2A¢ + V(|VulP~2) - Vi) udadt, ¥t >0 (2.6)
R4 R4 0 JRd

for every ¢ € CZ(R?).
Lemma 2.5. Assumeu € L _((0,00); WLHRY)) satisfies Vu € L1 ((0,00); LVH (R RY)) and (24).

loc oc oc
Then u satisfies Definition[2.1] with initial condition v if and only z}u satisfies Déﬁnition@ with initial
condition v.

If for po = v, w(dx) := u(t,z)dz, t > 0, in addition, we have that [0,00) D t — ¢ is vaguely
continuous and the above local in time integrability conditions hold on [0,00) instead of (0,00), then u
satisfies for all v € C}(RY) if and only if it satisfies for all 1 € CZ(RY).

Proof. The second assertion follows from the first, since by Remarks and under the additional
assumption, and are equivalent to Definitions [2.1] and respectively. The first assertion
follows, since under the assumption, the integrals on the left hand side of and are equal for
each ¢ € C2((0,00) x R?), as can be seen by integration by parts. O

Remark 2.6. We point out that the fundamental solutions w? from (1.18]) solve both (1.2)) and (1.12)
in the sense of Definitions [2.1] and [2.3] respectively, and all additional assumptions from Remarks [2.2]
and are satisfied. Details are given in Section

3 Corresponding McKean—Vlasov SDE and its solution

We now turn to Key Step 2 from the introduction, i.e. we associate with (more precisely, with
) the McKean—Vlasov SDE (T.15)-(T.16). Equation is a nonlinear Fokker-Planck equation
with coefficients as in (L.13). These coefficients are defined for those measures p in M7 such that
1 = u(z)de with u, |[Vu[P~2 € W2 (RY).

loc
Definition 3.1.

(i) A probabilistically weak solution (short: solution) to (1.15))—(1.16]) is a triple consisting of a filtered
probability space (Q, F, (Ft)t>0,P), an (F;)-adapted R-valued stochastic process X = (X (t))i>0
and an (F;)-Brownian motion W such that

T
]E[/O IV(|Vult, X () [P~2)| + |Vu(t, X (t))[P~3dt] < oo, YT > 0,

Lx @) = u(t,z)dz, vt >0,

and P-a.s.
X(t) :X0+/0 V(|Vu(s,X(s))\p’2)ds+\/§/o IVau(s, X(s))| "2 dW (s), Vt=>0.

We say X has initial condition v € P, if Lx ) = v. Often, we shortly refer to X as the solution.



(ii) We call the path law X.P € P(C([0, 00), R?) of a solution to (1.15)—(1.16) a solution path law to
(T.15)—(T.16). We say P is the unique solution path law (with initial condition v € P = P(R?)),
if X.P = P for all weak solutions X with initial condition v.

Remark 3.2.

(i) It is obvious how to generalize the previous definition to initial times s > 0. In this case, the
initial condition is the pair (s,v) € [0,00) x P, and the solution is defined on [s, 00).

(ii) As part of the definition it is assumed that for dt-a.e. ¢t > 0 the measure Lx) € P has a
Radon-Nikodym density u(¢, ) with respect to dx with sufficient Sobolev regularity in order to
make sense of the appearing integrands, an aspect we explicitly deal with for the fundamental

solutions from (1.18) in Section

By a fundamental result by Trevisan [48, Theorem 2.5], known as superposition principle, in
conjunction with [22, Proposition 2.2.3] and [25, Proposition 4.11], for any weakly continuous (in
general measure-valued) probability solution (ut)t>0, 4t € P, to a linear Fokker—Planck equation with
measurable coefficients a;;,b; : (0,00) x R - R, 1 < i,j < d, in the sense of Definition there
exists a (probabilistically weak) solution X = (X (¢));>0 to the SDE

dX (t) = b(t, X (t))dt + V2o (t, X (t))dW (t), t >0,

where b = (b;)i<a, 0 = (045)i j<a With (O’O’T)ij = a;j, and W a d-dimensional Brownian motion, with
one-dimensional time marginals Lx ;) = pt, t > 0.

In order to associate with solutions to (|1.2) (more precisely, (1.12))) solutions to (|1.15)—(1.16)), we

follow the approach developed in [3], [4], i.e. we use this superposition principle in the nonlinear case
by first fixing a probability solution u to in the sense of Definition in the coefficients
to obtain linear (that is, (¢,z)-depending) coefficients. Then, we apply Trevisan’s result to the same
solution u for the resulting linear equation. Clearly, the process X = (X (¢));>0 obtained this way

solves (|1.15)—(1.16). Thus, we obtain the following new result.

Theorem 3.3. Let u be a weakly continuous probability solution to (1.2) in the sense of Definition
1] such that
‘vu|l7*2 S Llloc((ov 00)7 Wlloljl (Rd))

If
T
/ / (VuP2 + V(I VaulP2)]) wdadt < 0o, VT >0, (3.1)
0 R4

then there exists a solution X = (X (t))i>0 to the McKean—Vlasov SDE (1.15)—(1.16)) in the sense of
Definition such that u(t, x)dx = Lx ) for allt > 0.

Proof. By (3.1) and Lemma u solves equation (1.12]) in the sense of Remark (2.4]). Thus, u(t, x)dx

solves the linear Fokker—Planck equation with coefficients

ai- (IVu(t,)P?), 1<i,j < d, (3.2)

in the sense of Definition By [48, Theorem 2.5], there is a solution X = (X (t)):>0 to the corres-
ponding (non-distribution dependent) SDE with coefficients b and v/2 o, where b = (by, ..., by) is as in

(3:2) and (o0 ");j = a;j, with a;; as in (3:2)), such that
Lx ) = u(t,z)dx, t > 0.
Clearly, X = (X(t))¢>0 solves the McKean—Vlasov SDE ([L.15)—(L.16]). O

By Theorem solutions to the p-Laplace equation (1.2)) are represented as the one-dimensional
time marginal density curves of stochastic processes, which solve (1.15)—(1.16]).

aij(t,z) = 05| Vu(t, )|P~2, bi(t,z) =




4 Dirac initial conditions and fundamental solutions

Now we implement Key Step 2 specifically for the fundamental solutions wY from (1.18). As said
before, w¥, y € RY, solves both and in the sense of Definition and respectively.
This follows from part (i) of the following proposition and from the proof of Theorem together
with Lemma [2.5] respectively. We collect some properties of w? in the following proposition.

Proposition 4.1. Let y € R<.

(i) wY is a weakly continuous probability solution to (1.2 with initial condition v = 6, in the sense
of Definition [2.1].

(ii) w¥(t) is radially symmetric and compactly supported for every t > 0. More precisely supp w¥(t)
p—1
P

kp
s contained in the ball centered at y with radius (Cltd;pl))
(iii) wY is the unique nonnegative vaguely continuous solution to (1.2) in the sense of Deﬁm’tion
with initial condition d,.

We note that w¥ has the expected parabolic regularity, i.e. while the initial condition is a degenerate
measure, at each time ¢ > 0, w¥(t) is a continuous, weakly differentiable, compactly supported function
on R,

Proof. (i) and (ii) can directly be inferred from the definition of w¥. For (iii), we refer to [24]. O
Next, we show that Theorem [3.3] applies to wY.

Theorem 4.2. Let d > 1, p > 2, and y € R There ezists a solution XY = (XY(t))i>0 to the
McKean—Vlasov SDE (1.15)—(1.16) with X¥(0) =y such that Lxv ) = wY(t,z)dx for all t > 0.

Corollary 4.3. Let 5,6 >0, y € R, v = wY(8,z)dz (with the convention w¥(0,x)dr = 0y). There

exists a solution X*O¥) = (X*>0V(t));>, to (1.15), (T.16) on [s,00) such that Lxaene = w6+
t—s,x)dx for allt > s.

Proof of Theorem Since w¥(t,z) = w’(¢,z — y), we only consider the case y = 0. We show
that Theorem applies to w®. By Proposition w® is a weakly continuous probability solution to
(:2). Thus it is sufficient to prove |Vw®|P~2 € LL ((0,00); WL (R?)) and

Vw720, V([Vuw[P~?)u® € Liy([0,00); L (R7)). (4.1)

Below let C' > 0 denote a constant possibly changing from line to line, only depending on d, p, C; and
T. A direct calculation yields

p —kp p_\ L —p
Vul(t,7) = —CtFIH T (Cy — gt T [ 77) 72 o, (4.2)
and, therefore,
IVl (t, z)[P~2 = Ct"“(”_z)(ﬁiﬂppf“)(ﬁ _ qt—d@’i’i) mﬁhm%f. (4.3)

Due to Proposition (ii) and since (Cy — gt || ij)+ is uniformly bounded on (0, c0) x RY, we find
for each T' > 0

T T
[ [ ettt dede < [0 [ = ade d
0 JRd 0 {lz|<Btd}

T T
< C/ (t—k(p—Q)(l"rd(ppl))‘i‘sg_? / w%t,x)dm) dt = / t—k(p—2)(1+ﬁ)+§§7jdt,
0 Rd 0



where we set 3 := (C’lq_l)pT71 and used that w®(t, z)dz is a probability measure for each t > 0 for the
last equality. Since —k(p —2)(1+ gkgy) + 527 > 1 for p > 2, [Vu°[P=2u® € L}, ([0, 00); L' (R?))

loc

follows. Likewise, since even —k(p — 2)(1 + g45) > —1, we have |[Vw®|P=2 € LL ([0,00); LY(RY)).
Furthermore, (4.3) implies |[Vw®(t)[P~2 € W,2! (R?) for all t > 0, with

loc

V|VuwO(t, z) P2

= ot~ Fr=2 U+ a55) i%f(c1 —~ qm%’ipn|x|p%)+\x|w%m — %t«%’i”nxnlxlgﬁt% ()] (44)
The estimate
VIVl (t,z)[P~?| < Cﬂ‘z‘émg(x)f’“<l’*2><1+ﬁ> (2]~ 757 + 71 |] (4.5)
implies [Vw®[P=2 € LL ([0, o0); I/Vlf)cl(]Rd)) Finally, (4.5)) also yields
V(IVu’[P~*)w’ € Lio([0, 00); L*(R7)).
Thus, Theorem applies to w® and the assertion follows. O

For the convenience of the reader, in Appendix A we give more detailed calculations for some claims
from the previous proof.

5 Nonlinear Markov processes and p-Brownian motion

5.1 The classical case: Heat equation and Brownian motion

For p = 2, is the heat equation (L.I), with fundamental solution u¥, y € R?, as in (L.17).
The kernels uY(t,z)dz, t > 0,y € R where we set u¥(0,z)dz := J,, determine a unique Markov
process (Py),ecra € P(C([0,00),R?)) with one-dimensional time marginals (m;). P, = u¥(t, z)dz (for
the definition of a Markov process, see Subsectionbelow). This Markov process is Brownian motion,
Py is the classical Wiener measure, and P, is obtained from Fy as

Py = (Ty)*PO?

where T, : C([0,00),R%) — C([0,00),R?), T,(w) := w + y, is the translation of a path by .
Equivalently, any stochastic process X¥ = (X¥(t));>0 on a probability space (£, F,P) with path
law (XY),[P = P, is called Brownian motion with start in y (y = 0: standard Brownian motion). The
associated SDE is

dX¥(t) =dw(t), t>0, XY(0)=uy,

which is probabilistically weakly well-posed, i.e. the solution path law of any solution equals P,.

5.2 Linear and nonlinear Markov processes

The following definition of nonlinear Markov processes is inspired by McKean [36] and elaborated on
in [42]. As mentioned in the introduction, it is the natural extension of the usual Markov property
(satisfied by the family of solution path laws to a weakly well-posed (non-distribution dependent) SDE)
to nonlinear FPEs and their associated McKean—Vlasov SDEs. For more details on the motivation
and properties of nonlinear Markov processes, we refer to [36] and [42].

Since equations and are time-dependent due to the dependence of the coefficients on
Vu(t,z), we present a definition of nonlinear Markov processes in the time-inhomogeneous case. In
this regard, we also refer to Remark ().
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Definition 5.1. Let Py C P (= P(R%)). A nonlinear Markov process is a family (Ps,¢)(5,¢)€[0,00) xPo>
Psc € P(C([s, o0),R?), such that

(i) (75)uPac = i €Poforall 0 <s<tand(e7Pp.
(ii) The nonlinear Markov property holds: for all 0 < s <r <t, { € Py
Py (m € AlFor) () = P(s.c),(mms () (mh € A) Py ¢ —as. for all A € B(RY), (5.1)

where (p(s,¢),(r,2))-ere i a regular conditional probability kernel from R? to B(C([r, 00), R?) of
P e [-|7r=z], z€R? (i.e. in particular p(s¢) () € P(C([r,00), R?) and p(s,¢),r2) (Th=2) = 1),
and F; , is the o-algebra generated by 73, s <u <.

u’

The case of a classical (we also say linear) time-inhomogeneous Markov process is contained in the
previous definition. In this case,

Po =P, Ps,( = /d Ps,y dg(y)a Ps,y =155,
R

and p(syy(rz) = Prz, forall 0 < s <r, 2z € R?, ¢ € P. In this case, (5.1)) is the standard time-
inhomogeneous Markov property. Since in this linear case the map ( — Ps ¢ is linear on its domain P
for every s > 0, the measures (P y)4>0 yerae determine the entire Markov process and, moreover, the
Chapman—Kolmogorov equations for the one-dimensional time marginals uf’c (see (i) of the previous
definition) hold, i.e.

et = / pptdpst(z), Vo< s <r <t y e RY (5:2)
Rd

In contrast to this, in the general nonlinear case the map { — P ¢ is not linear on Py, even if Py = P
(which we do not assume). As a consequence, one loses the Chapman—Kolmogorov equations, but the
one-dimensional time marginals still satisfy the flow property

¢
pC =t Yo < s <<ty ¢ € P, (5.3)

(in the linear case, this follows from (5.2)).
The following theorem from [42] is the key for our main result of this section, Theorem below.

Theorem 5.2. [42] Thms. 3.443.8] Let Py C P be a class of initial conditions and (uf’g)ogsgmepo CPo
such that

(i) For all (s,¢) € [0,00) X Po, (15 )i>s is a weakly continuous probability solution to the nonlinear
FPE (1.3) with initial condition (s, () in the sense of Deﬁnition satisfying the flow property
3.

(ii) For all (s,¢) € [0,00) X Py, (i )i>s is the unique weakly continuous probability solution to the

linear FPE (D)) with coefficients (t,x) — aij(t,x, i) and (t,x) — bi(t, 2, i) and initial
condition (s,C) in the sense of Definition|[D.1] in the class

{(V)i>s CP vy <O, t>s, for some C >0} (5.4)

(7restricted linearized distributional uniqueness”).

Then, for each (s,() € [0,00) X Py there is a unique solution path law Py ; to the McKean—Viasov SDE

(1.5)—(1.6) such that
(7)o Poc = 13, VO < s<t,.CeP, (5.5)

and the family (P ¢)s>0,cep, is a nonlinear Markov process in the sense of Definition[5.1]
In particular, this nonlinear Markov process is uniquely determined by its one-dimensional time

marginals (ﬂf’c)ogsgt’g*epo and equations (1.5)), (1.6).

11



More precisely, in the present work we will not apply the previous theorem, but the following
corollary. The idea behind it is that the statement of the previous theorem remains true if the restricted
linearized distributional uniqueness condition is known for fewer initial data, at the price of a uniqueness
assertion for the corresponding solution path laws, which holds for fewer initial data as well.

Corollary 5.3. [42, Corollary 3.10] Let By C Py C P and suppose (Hf’c)ogsgt,ce% satisfies (1) from
the previous theorem, but (ii) only for (s,¢) € [0,00) x Po. Further, assume ,uf’c € Bo for all triples
(s,t,¢) such that either s <t, ( € Po or s <t, ( € Py. Then, there is a nonlinear Markov process

(Ps,¢)s>0,cep, with (5.5), consisting of solution path laws to (L.5]), (L.6). The uniqueness-assertion for
P, of Theorem remains true for initial data (s,() with ¢ € Po.

For the proof of Theorem below, we apply Corollary to the nonlinear FPE ([1.12]) and the
corresponding McKean—Vlasov SDE (1.15)), (1.16]). Before we do this, let us describe the main idea of
the proof of the general Theorem [5.2] from above.

Idea of proof of Theorem[5.2 For the uniqueness assertion, let (s,() € [0,00) x Py and Py, P> be two
solution path laws to (|1.5)), (1.6) with

(1) Py = ¢, Vt>s,i€{1,2}. (5.6)

It suffices to prove
Ep, [H] = Ep, [H] (5.7)
for all H = II}_ hi(m}), n € N, s <1 < - <ty hy : R? — R measurable, ¢; < h; < C; for some
0 < ¢; < C; (indeed, the set of such H is closed under pointwise multiplication and generates the Borel
o-algebra of C([s, 00), R?) with respect to the topology of locally uniform convergence). We call n the
length of H. By , holds for all H of length 1, and we proceed via induction over n. Assuming

(5.7) is valid for all H of length n, consider an arbitrary H = II7"'h;(r} ) as above. By [48, Lemma
2.6], the curves

7721; = (WtSn)*(QPi)’ t > ty,
where o, defined via
_ I ha(m)
= Epi [ by )]
is a probability density with respect to P;, i € {1,2}, such that there is 0 < ¢ < C with ¢ < p < C,
are weakly continuous probability solutions to the linear FPE with coefficients aij(t,x,,uf’c) and
bi(t, x, 1i*°) from the initial condition (f,,7) in the sense of Definition where

= (g, )«(eP1) = (77,)«(eFP2) € P.

Indeed, the latter equality follows from the induction assumption. From the definition of p it follows
that (9})i>+,, © € {1,2}, belong to the set (5.4), with s and ¢ replaced by ¢, and ,uff, respectively.
Moreover, the definition of ¢ entails that 7 is equivalent to ,uff with a density bounded between two

0:

5,6
noMy,

. s t .
strictly positive constants. Due to the flow property, we have p, = uf’c, t > t,, and so assumption
(i) and [42, Lemma 3.7(ii)] imply 5 = 77, t > t,, i.e. in particular ; , = n7 . Thus, we infer

Eps T4 hi(w5)] : :
Lo 1 R (0} dP(w) = | hop(@)dnl (@),
EPI [H?:1hz(ﬂ_tg )] A([s,w),Rd) Q(UI) +1(7rtn+1(w)) (U)) /Rd +1(;U) ntn+1(m)

which together with the induction assumption concludes the proof of the uniqueness assertion.

Regarding the nonlinear Markov property, for 0 < s < r <t and ( € Py, it suffices to prove for all
AcBRY), neN, s<t; <---<t, <7, and h: (RY)" — R measurable with ¢ < h < C for some
0<e<C

Es ¢ [h(wfl,...ﬂrfn)]lwgeA] = /C([ )Rd)p(s,c),(hﬂ:(u}))(wtr € A)h(ni (w),..., 7} (w))dPsc(w) (5.8)
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(where E, ¢ denotes expectation with respect to Ps ¢ and ps ¢y, (r2), 2 € R?, is as in Definition ,

and to apply a monotone class argument. To prove (5.8)), define the probability measures @, and Q°
on C([r,00),R%) as follows. First, define

Qg = /]Rd p(s,g‘),(r,z)g(z) dui7<('z>7

i.e.

(€)= [ Pt Qo) (), VO € BIC([ro0). RY),
where g = cog, with §: R? — R the p#¢-a.s. unique map such that
Esclh(m,....mp )|ms] = g(7d) Psc —as.

obtained from the factorization lemma and ¢y a normalizing constant such that fRd gdusS = 1. Second,
set

Q" = (A}). (6P ),
where Af := C([s,00),R?) — C([r,00),R?), Af(w) := w|[,00) is the projection of a path w = (w(t))i>s
to (w(t))>r, and
0:C([s,00),RY) - R, 6:=coh(m,... ST )

with ¢ as above. By [48, Lemma 2.8] and [48, Proposition 2.6], ¢ — (77).Q, and t — (77).QY,
respectively, are weakly continuous probability solutions to the linear FPE with coefficients (¢,2) —
a;;(t, z, %) and (£, ) — by(t, z, u°°) in the sense of Deﬁnition and their common initial condition
is (r,gus¢). Since g and 6 are bounded between two strictly positive constants, both of the above P-

valued curves belong to the set (5.4)), with (s, ) replaced by (r, u$¢). Using the uniqueness assumption
from (i) for the initial condition (r, u2¢) instead of (s, () as well as [42] Lemma 3.7 (ii)], we obtain

(W:)*Qg = (W{)*QG, Yt >r.

We note that the flow property of (,U,?’C)sgt’Cepo was implicitly used several times in the above
arguments. Now we conclude (5.8) via the definitions of Q% and Q, by noting

Esc[h(m},,....m Mnzea] = 5" Q% o (a]) 71 (A) = ¢5 ' Qg o () "1 (A)

= 081/ D), (s (w)) (T € A)g(m7(w)) dPs ¢ (w)
C([s,00),R?

:/ P(s.0),(rms(w)) (M € A)h(mf (W), ..., (w)) dPs ¢ (w).
C([s,00),R%)

5.3 p-Brownian motion

Now, in analogy to the case p = 2 presented in Section [5.1] we implement Key Step 3 as follows: We
consider the solutions XV = (XV¥(t));>0, y € R?, to (L.15)), constructed in Theorem 4.2{ more
precisely their path laws, and prove that these laws are uniquely determined by wV(t,z), y € R?,
t > 0, and (1.15)), (1.16)), as well as that they satisfy the nonlinear Markov property. To do so, we
apply Corollaryto (1.12), (T.15), (1.16) and w¥, y € R?, as follows. Set

PO = {wy(57 1‘)d$, Yy S Rd, 6 S [0,00)} g P’

with the convention w¥(0,z)dz = §,. We note that for each ¢ € Py, the pair (6,y) € [0,00) x R? for
the representation ¢ = w¥(9, z)dz is unique.

Theorem 5.4. Letd>2, p>2 (1 + é)
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(i) Let (s,¢) € [0,00)x Py, ¢ = w¥(d,z)dx. The set of solution path laws to the McKean—Viasov SDE
1.157 with one-dimensional time marginals w¥(d+t—s,z)dzx, t > s, and initial condition
(s,C) contains exactly one element Py . The family (Ps ¢)s>0,cep, i a nonlinear Markov process
in the sense of Definition[5.1] In particular, this nonlinear Markov process is uniquely determined

by (L.15)-(L.16) and w¥(t), y € R%, ¢ > 0.
(il) (Ps¢)s>0.cep, is time-homogeneous, i.e. Py = (TI;1).Poc for all (s,¢) € [0,00) X Py, where
IT, : C(]0,0),RY) = C([s,00),RY), Tl : (W(t))i0 — (Wt — 8))i>s- (5.9)
Moreover, for ¢ = w¥(d,x)dz, we have Py = (119). Py, (the map 11V is defined in below).

Remark 5.5. For ( = w¥(d, x)dz, P, ¢ from the previous theorem is the path law of the solution X5(6)
from Corollary i.e. when the latter is defined on the probability space (2, F,P), then

P, = (X*09),P.

To avoid confusion, we remark that in the following proof the times s and ¢ are not related. In
particular, for the initial condition ¢ = w¥ (4, x)dx, we do not only consider the initial pair (6, (), but
necessarily any (s,¢), s > 0. Set

Po := {w?(5,2)dr,y € R, § >0} =Py \ {6, y € R4}
In the following proof, a crucial ingredient is Theorem [6.5] which is formulated and proven in Section [G}
Proof of Theorem|5.4
(i) Setting, for ¢ = w¥(8,z)dx, § >0, y € RY,
Pt = wY (8 +t —s,x)ds, t>s,

it is straightforward to check that the family of probability measures {/Li’g}sZO,tZS,qe'po has the

flow property (5.3). By Lemma Proposition and (@), (145)i>s is a weakly continuous
probability solution to the nonlinear FPE ([1.12)) for each (s,() € [0,00) X Py in the sense of

Definition Moreover, by Theorem below, condition (ii) of Theorem holds for all
(1) 1> with (s,¢) € [0,00) X Po. Since also the final condition of Corollary |5.3|is satisfied, we

may apply Corollary [5.3] to obtain:
There is a nonlinear Markov process (Ps.¢)(s,c)€[0,00)xPos Ps,c € P(C([s,00),R?), such that

(0) (77)« P = 1t > s;
(II) Ps is a solution path law to the McKean-Vlasov SDE (1.15)—(1.16)) on [s, 00);
(IIT) For s > 0 and ¢ € Po, Ps,¢ is the unique element from P(C([s, o0), R?)) with properties

(D)-(10).

Therefore, since Po\Po = {6,y € R?}, it remains to prove the following claim.

Claim. For (s,y) € [0,00) x R?, there is a unique path law P s, with properties (I)—(II).

Proof of Claim. Let P!, P? have properties (I)-(II) for s > 0, = 6, y € R¢. We define for
w = w(t);>s the map II5 : C([s, 00), RY) — C([s,00),RY) via

I w(t)iss — w(t +7)e>s. (5.10)
For any r > 0, i € {1,2}, we have

() o () PY) = (w54, )u P! = iy = w¥(t +7 — s, 2)dw, Ve >s, (5.11)
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where the second equality is due to (I). It is straightforward to check that (II$)., P* € P(C([s, 00), R?)),

i€{1,2}, is a solution path law to the McKean—Vlasov SDE (1.15)—(1.16) with initial condition
(s,w¥(r,z)dz). As w¥(r,z)dz € Po, (5.11)) and (III) yield

(I12) . P = (I1%). P2,
Now let s <wuy < --+ < up, n € N. First assume u; > s. Then for ¢ € {1,2}

78 )P = (5, ..., 78 ) (T ). PY),

S
(7‘(‘ Tgyens Up+S5—u1 U1 —S

U? T N Un

and by the previous part of the proof the right hand side coincides for ¢ = 1 and ¢ = 2, since
up — s > 0. Now assume s = u; < --- < up. Then, since (77).P" = J,, we find

(77131,17‘ il un) PZ_(S ®(( u27‘ il un) PZ)

(where p® v denotes the product measure of the measures p and v). Since ug > s, the argument
of the first case again yields that the right hand side coincides for i = 1 and 7 = 2. Hence we
have proven

(75 oS )Pt = (7 S ) P?

U "t N un ul’ ? N Un

for all s < uy < -+ < up, n € N, i.e. P! = P2, which proves the claim and, thereby, the
assertion.

(ii) First note
(7)o Pog = 15 = 10, = (7). (1), Po], VE = s,

with II, as in d-j Both P, ¢ and (I1,).Py ¢ are solution path laws to the McKean-Vlasov
equation ((1.15)—(1.16)) on [s, 00) with initial condition (s, (), hence, by (i),

Py ¢ = (II,). Poc.

For the final statement, note that for ¢ = w¥(d,z)dx the measures Py and (I19).FPp, have
identical one-dimensional time marginals w¥(§ + t,z)dz, ¢ > 0, and both are solution path
laws to (L.15)—(L.16) with initial condition (0,w¥(8,x)dx). Thus the assertion follows from the
uniqueness assertion in (i). O

Remark 5.6. Theorem (ii) implies that the nonlinear Markov process (Ps¢)(s,c)er, xp, is uniquely
determined by

(Py)yeRd, Py = P07§y.
Therefore, we also refer to (P,),cre as the unique nonlinear Markov process determined by 7
and the one-dimensional time marginals w¥(t),y € R ¢t > 0.

In analogy to the linear case (discussed in Section [5.1)), we now define p-Brownian motion as the
unique nonlinear Markov process, as mentioned in the previous remark.

Definition 5.7. Let d > 2, p > 2 (1 + é) We call the family of path laws (P,),cgae from Remark
p-Brownian motion.

Remark 5.8.
(i) Moreover, in analogy to the linear case p = 2, we call Py the p- Wiener measure.

(ii) As in the case p = 2, we also call any stochastic process X¥ = (X¥(¢));>0 on a probability space
(Q, F,P) a p-Brownian motion with start in y, if (X¥),P = P,, with P, as in Remark The
one-dimensional time marginals of X¥ are Lxy) = wY(t,x)dz, t > 0, Lxv) = dy.

Remark 5.9. We point out that for p > 2, unlike in the case p = 2, the measures P, are not given as
the image measure of Py under the translation map T, : C([0, o), R?) — C([0,00),R%), T}y (w) := w+y
(compare Section . This follows, for instance, from the fact that (T}). Py is not the solution path
law of the McKean—Vlasov SDE f wtih initial condition d,.
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6 A crucial uniqueness result for the linearized p-Laplace equation

As mentioned before, a crucial result used for the proof of Theorem is a restricted distributional
uniqueness result for the linearized p-Laplace equation. Here, we formulate and prove this result (see
Theorem below) and, thereby, complete Key Step 3.

6.1 A restricted linearized uniqueness result
Here, we set for § > 0,
ws(t,x) == wl(t +6,x), os(t,x) = |Vws(t)|P~%(x), (t,z) € [0,00) x R

The results of this subsection hold for w¥ instead of w® for every initial value y € R?, but for simplicity
we only mention the case y = 0. On Q7 := (0,7) x R?, where T > 0 or T' = oo, we consider the
linearized version of equation (1.12)

%u = A(ggu) — div (Vggu), (6.1)

which is a linear Fokker—Planck equation obtained by fixing in the nonlinear equation (1.12)) a priori
the coefficients g5 and Vs in place of |Vu[P~2 and V(|Vu[P~2), see also Appendix D.

Definition 6.1. By a distributional solution to (6.1)) with initial condition v € M} we mean a function
u € LY (Q7) such that t — u(t,z)dx is a weakly continuous curve of (signed) Borel measures with

T
/ / (05 + |Vos|)|u| dedt < oo,
0 R4

such that for all 1) € C§°(RY)

¢
Yu(t)de — [ Ydv = / / (0sAY + Vo5 - V) udzdt, Y0 <t <T. (6.2)
R Rd 0o Jrd
w is called probability solution (instead of distributional probability solution), if u > 0 and v, u(t, z)dx €
P for all t € (0,T).
Remark 6.2. An equivalent condition to (6.2)) is

d
/ <<p + div (ggV(p))udxdt + / »(0)dv =0 (6.3)
(0,7)xre \ dt R4

for all p € C§°([0,T) x RY).

Distributional solutions to are not necessarily related to ws, but clearly u(t,z) = ws(t, x) is a
distributional solution to in the sense of the previous definition with initial condition ws(0, z)dz =
w®(9, z)dz.

We collect some basic properties of ws and ps used in the sequel.

Lemma 6.3. Let § > 0. Then ws and g5 are nonnegative functions with the following properties.
(i) ws € NpsoCol[0, B x RY) N L®([0, 00) x RY).

(i) 05 € NgrsoCo([0, R] x RY) and {x € R : g5(t,z) > 0} ={z e RY: 0 < |z < B(t + 8)a} for all
t >0, where = (%)%

(iii) Vos € LZ.([0,00), LY(REGRY)) for g € [1,d(p — 1)).
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Proof. The nonnegativity of ws and ps as well as (i) and (ii) follow from their definitions. Regarding
(iii), by taking into account (4.5)) and considering d-dimensional spherical coordinates, it suffices to
note that [ 7~ 717 'dr < oo holds. Indeed, ——L; +d >0 <= ¢ <d(p—1). O

Comparing with Theorem and the sets (5.4), we are interested in uniqueness of distributional
solutions to (6.1)) in the sense of Definition in the class of probability solutions

Asr = {u € L'NL>®(Qr) : t — u(t,z)dx € C([0,T],P), IC > 1: u(t,z)dx < Cws(t,x)dz, Vt € [0,T]},

where the inequality u(t, z)dz < Cw;(t, z)dz is understood set-wise, i.e.

/ u(t,z)dr < O/ ws(t,x)dz, VA e BR?),
A A

and C([0,T7],P) is the set of weakly continuous maps t — py € P. If T = oo, the interval [0, 7] in the
definition of As « is understood as [0, c0).

Remark 6.4. Clearly, ws € Asz. Note that u € Asp implies u(t,z)dz = (n(t,z)ws(t, z))dz with
0 <n < C for some C > 1 dzdt-a.s. and, for each ¢ € [0,T], supp n(t) C supp ws(t).

The following result was crucially used in the proof of Theorem [5.4

Theorem 6.5. Let d > 2, p > 2(1+ %), 0>0,0<T <00 andwvy € As be a distributional solution
to equation (6.1)) in the sense of Definition with initial condition ws(0,x)dx = w°(,z)dx. Then
vy = ws dadt-a.s. on Qr. In particular, ws is the only distributional solution to (6.1)) on (0,00) x R4
in Asco with initial condition ws(0, z)dz.

As explained in Section [5] for the proof of Theorem [5.4] we need the result of Theorem [6.5] for all
initial times s > 0. More precisely, for s > 0, one considers ws(t — s) and gs(t — s) instead of ws(t)
and g5(t) in equation and considers on Qs 1 = (5,T) x R? instead of Q7. It is obvious how
to extend Definition and the definition of the sets As r in this regards, and also that Theorem
holds accordingly.

Remark 6.6.
(i) We would like to mention here that Theorem appears to be really new, though it is a unique-
ness result for a linear Fokker—Planck equation which, however, is degenerate. For uniqueness

results for the latter we refer to [8, Section 9.8] and the references therein. It should be noted
that [8, Theorem 9.8.2] (see also Theorem 1 and its complete proof in the original work [9]) is

close to what we need for our case. But it requires that Q(;_%VQ(; is bounded, which, however, is
not true in our case (see (4.4))), so it does not apply. Our proof of Theorem below is strongly
based on the explicit form of ws and gs. In this respect we, in particular, refer to the proof of
Claim 4 below.

(ii) As an easy consideration shows, the assertion of Theorem is equivalent to the statement that
w;s is an extreme point in the convex set of all probability solutions to (6.1)) with initial condition
w®(8, x), see also [42, Lemma 3.5].

6.2 Proof of Theorem [6.5]

Let T € (0,00), 6 >0, d > 2, andp>2(1+é).
Remark 6.7. We note that in Remark since

div(es V) = 0sAp + Vos - Vep,
by a standard localization argument we can replace C5°([0,T) x R?) by
C53([0,T) x RY) := {p € C;°([0,T) x R) | 3A > 0 such that o(t,z) = 0,V(t,z) € [T — A\, T) x R}

For the convenience of the reader we include a proof in Appendix B.
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Proof of Theorem[6.5] Let vy € As r, i.e. thereisn € L' (Qr)NL>®(Qr) such that n > 0, [n(t)| 1 (re) =
1 for all t € [0,T7], and v; = nws. Define

vi=ws —v; = (1 — n)ws.

Note that v is a (signed) distributional solution to (6.1 in the sense of Definition with initial
condition v(0) = 0. Let f € C§°(Qr) and for € € (0,1) consider the equation

86@: + (05 +€)Ape + Vos - Vo = f on Qr, (6.4)
¢e(T,x) =0, € RY
By Lemma (iii) and because p > 2 (1 + 1), we have
[Vos| € L¥((0,T); L™?), (6.5)
so we may apply [30, Theorem 9.1, p. 341] to obtain a unique solution ¢ to with
8;:,;%%,;%81% € L*(Qr), Vi, j = 1,...,d. (6.6)

Hence, there exists a dt-version @., again denoted by ¢., such that . : [0,7] — L? is absolutely

continuous, dc‘l’f € L?((0,T); L?) and, in particular, it follows that

¢. € C([0,T7], L?). (6.7)
Moreover, by the maximum principle

sup |@eln=(@r) < Colflroe(@r)- (6.8)
€€(0,1)

This follows in a standard way from by multiplying the equation with (0. — (T'—t)|f|z(0r))+
and (@ + (T —t)|f|po(Qr))— respectively, and integrating over Qr.

Setting o5 := ps + € and multiplying by —¢., integrating over (¢,7) x R? and using that
we(T,-) = 0, we obtain by Gronwall’s lemma

% e (D2 gy + /tT /R oV |2dads < Ci /tT /R \f|2dads, vt € (0,T). (6.9)
Now, we define for A € (0,1)
02 (t, ) = m(t)ee(t,2), (t,2) € Qr,
where nx(t) =7 (%) n (52) and n € C?([0,00)) is such that
n(r) =0 for r € [0,1], n(r) =1 for r > 2.

Below, we abbreviate % f by ft.

Claim 1. We have

| @@V V w0t < =5 [ (enlVenlt.o)Pataa, (6.10)

T

where g1 (-, ) ;-1 is the duality pairing on H'(R%;RY) x H~1(R%RY).

18



Proof of C’laim We set p* : d%dQ, q* :=difd > 3, and p* := ¢* := 4 if d = 2, and note that by

(6-6)), we have V(p.), € L*((0,T); H~') and, for a.e. t € (0,T),

105 () V()| m < [Vos(t) - Ve (t)| 2 mray + |05 () Ape ()| L2 (ray

1
2

5O |80 Oliacen + [ [9est0) 90 (0.0) e

< o5 (t
< 105(t)| Lo (met)| Ape ()| 2Ry + Col Ve (t)| Lo+ (ray [V 05 (t)| La* ey < C3|e(t)| 12 (may,

because, by Lemma (iii), |Vos|rax € L®°(0,T). Since (6.6)) yields |p.|52 € L2(0,T), we infer that
05Vp. € L*((0,T); H') and so the left hand side of (6.10] is well defined. We choose a sequence
{p5} c ([0, T); H') such that ¢(T,-) = 0 and, for v — 0,

Vei - V. stongly in I2((0,7); H')
0T (6.11)

V(gg): — V(ge)e strongly in L2((0,T); H™1)

Such a sequence might be, for instance,

@ (t) = (e * 0,)(t) = (@2 % 0,)(T),

where 0, = 0,(t), v > 0, is a standard mollifier sequence on R. Here, for technical purposes, we define
(1) by ve(0) and ¢ (T) for r € (—1,0) and r € (T, T + 1), respectively. Then, since V£ (T) = 0,
we have

T 1
/0 a1 (05 ()V el (), V(,(8)t) g dt = 5/ 05(t, 2)| Vi (t, )| P didx

T

1

1
= —f/ 05(0,2) |V (0, m)|2dx — f/ 0s (¢, $)|V<p,5,(t,x)\2dtdx
2 Jra 2 Jor

1
<=5 [ (@ntn) Vet deda,
T
Letting v — 0, we get by (6.11]) that (6.10) holds, as claimed. O

Now, by (6.4) and (6.10), we have

T
/ |(‘pe)t(t7$)|2dtd$:/ a{05 (Ve (t), V(pe)e(t) -1 do+ [ f(t,2)(pe)e(t, x)dtda

T 0 Qr

<5 [ (et Vorltn)Pade+ [ fit,)(p0)ult )dtda.
. Qr

Since (05): € L (Qr), this implies

T
/ (e )il *dtda < —/ (g(;)t|V<p5|2dtdz+/ |F(6)[72(ray dt.
T Qr 0
By the definition of o5 we have
—(05)t < G20 " 05, (6.12)

and hence we obtain

T
| ooands < /Q o5V P+ [ 1703 e . (6.13)
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Then, by (6.4) we have

0 .
— X+ div((os +€)VD) = fix + nhpe on Qr

ot (6.14)
oMT,z) =0, Vz € RL
By f we have @2 € W22’1(QT) and
d
w2 € L2((0,7); H*(RY)) N C([0,T]; L2), 2 € L2(0,7); %), 2 € L¥(Qr).  (6.15)

By Remark v satisfies (6.3) for all ¢ € C%([0,T) x R%), and v = v(0, x)dx is the zero measure.
Hence, we infer by density that v satisfies (6.3 also for all functions ¢ = 2 with properties (6.15)).
Therefore, we have

A
/ v (8(;’;8 + diV(Q5V<p?)> dtdz =0, Ve, X € (0,1) (6.16)

(see Appendix C for details).
Next, we get by (6.14) the following equality

1 T T T
3 12O 2 [ 1926 ands + [ [ ol VePasde == [ [ (rm+ mpa)odraa.
t t t

Taking into account , we get
T
|02 ()72 (gay +6/ IVw?(S)Iiz<Rd>dS+/ 05|Vl [Pdtdx < Cs, Ve, A € (0,1). (6.17)
t Qr
Now, we have as in (6.10) that

T
| 0920 9200 de == [ (@t Vo)

Qr
and this yields

/ (2)i[2dtde < — / (08)4| Vo2 [Pdtdz + C / (Fmal? + el ?)dtdz, Ve € (0,1).

T T Qr

Then, by (69), (-12) and (6.17) we get

/ I(wé)tlzdtde/Q Q5|V<p;\|2dtd:c+(}4/

Qr

1
(/12 + A7 e *)dtda < <1 + ,\) Cs,
Ve, A € (0,1).

(6.18)

(Here, we have denoted by C;, i = 0,1,2, ..., several positive constants independent of £, \.) Now, we
fix a sequence A, — 0. Hence, by (6.12)), (6.13)), (6.17) and (6.18) and a diagonal argument, we find a
subsequence ¢ — 0 such that, for all n € N as k — oo,

Yo = @, @27 o @M weakly in L2(Qr)
(o)t = (@)es (@20)e = (9*) weakly in L*(Qr) (6.19)
div((os + Ek)ng‘;) - (O, weakly in L2(Qr).
To finish the proof of Theorem [6.5, we need the following three claims. g

Claim 2. The maps ¢ + ws(t) and t — vy (t) are weakly continuous from [0, 7] to L?(R%).
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Proof of Claim . Since sup {|ws(t)[11(ray, [ws(t)|Looray} < 00, also sup {|ws(t)|2may} < oo.
te[0,T] te[0,T]

Hence, for every sequence {t,}nen C [0, 7] with limit ¢ € [0, T] there is a subsequence {t,, }ren such
that ws(t,, ) has a weak limit in L2(R%). Due to the weak continuity (in the sense of measures) of
t — ws(t, z)dx, this limit is ws(t), which implies the L?(RY)-weak continuity of [0,7] > t + ws(t).
The same argument applies to v;. O

Claim 3. We have
lim lim o1, e, dtdz = 0. (6.20)

n—oo k—oo Qr

Proof of Claim . We first note that by (6.19) for every n € N

lim vn, e, dtdz = / vn), e dtdz,

k—o0 QT T

and that ¢ € C([0,T]; L?). Furthermore, by , ©(T,-) = 0. Then, for every A € (0,1),

, 1 [ [t 1 (T (T—t
vpedtde = — n |- v(t, z)p(t, x)dtde + — n | —— v(t, z)p(t, x)dx
. Xy TR fe Ny " ) Sy
2 2
= / n’(T)dT/ v( AT, 2)(AT, x)dx + / n’(T)dT/ (T — M1, 2)p(T — A1, x)dz,
1 R4 1 R4

where, as A\ — 0, both terms converge to zero by Claim [2] and Lebesgue’s dominated convergence
theorem. 0

Claim 4. There is a € (0,1) such that for every A € (0,1) there exists C € (0,00) such that

/ 6‘A(p?‘1+aw5 dtdx < Oy, Ve € (0,1). (6.21)
T
Hence, {51%& Ap) | e € (0,1)} is equi-integrable, hence weakly relatively compact in L' (Qr; ws dtdz).
Therefore, selecting another subsequence if necessary, for every n € N as k — oo, we find

EkAcpg‘: — 0 weakly both in L' (Qr;ws dtdz) and L*(Qr; nws dtdx). (6.22)

Proof of Claim[d] By the de la Vallée Poussin theorem and a diagonal argument, (6.22) follows from
(6.21)), so we only have to prove (6.21). To this purpose, fix

2d(p — 1)

We note that this interval is not empty and that its left boundary point is strictly bigger than 2, since

d > 2, p> 2. Then,
p—2 s

— d
p—1 s5—2 <&
and so we may choose o € (O, %) such that
p—2 (Ba+1)s
0 d 6.24
<p—1s(1—a)—2(a+1)< (6:24)
and also that J )
a< =1 (6.25)

(d+2)(p—2)+d
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Then, we multiply (6.14) by sign Ap}|Ap2|“ws and integrate over Qr to obtain after rearranging

[ (s +elapdousdids < | Vosl 9621021 s td
r i (6.26)
4 [l Iad wsdtdo+ [ o il |G ws dida.
T T
We point out that by (6.15) the right hand side of (6.26]) is finite, hence so is its left hand side. The
second term on the right hand side of (6.26]) can be estimated by

2

2 _
|(<p§)t|%z(QT) +T/Q |AQ2 |1 05 ws dtdx + C, ; wy ™ g5 T did. (6.27)
T T

Likewise, we can estimate the last term in (6.26) by

_2 _ 2«
[+ nf\<p5|2L2(QT) + r/Q |AQA M 05 ws dtde + C, ; ws " o5 T dtdx, (6.28)
T T

where r € (0 1) and C) is a large enough constant independent of ¢, A. We note that for o€ (O 1)
satisfying ([6.25)), the definition of ws and gs implies that the last terms in and ( are finite.
Furthermore by - ) the respective first terms in (6.27)), are unlformly bounded ine € (0,1).
Finally, the first term on the right hand side of (6.26) can be estimated by

|Vos|tt

V@2 |*T ws da,
QT 96

r/ \A(p;‘|“+195 ws dtdx + C,
T

for r € (0,1) and C, as above, where the second integral is up to a constant bounded by

2(a+1) _3atl 2
/ Vos| T 05 % wy © dtdx—|—/ |V 205 dida
T T

of which the second integral is uniformly bounded in A, € (0,1) by (6.17) and the first integral is up
to a constant bounded by

2s _ (Bat1)s
/ |Vg(s|5 dtdx +/ wg‘(l—a)—Z(oH»l) 05 s(I—a)—2(a+1) dtd:L',
T T

where by (6.23]) and (6.24)) this quantity is finite. Choosing r small enough, we hence get from (6.26)
and the nonnegative of g5 the estimate (6.21]), and Claim {4 follows. O

Now, we can finish the proof of Theorem We have by Claim [3[and (6.14])

/ fvdtdr = lim lim (fnx, + 1), e, v dtda
T

n—oo k—oo Qr

. . d
= lim lim (dt cpE: + div((os + sk)Vgos )) vdtdz,

n—o0o k—o0

which, taking into account that v = (1 — n)ws, by Claim |4 is equal to

lim lim (gt @?;” + div (gngpé‘é“)) v dtdex,

n—oo k—oo Q

which in turn equals zero by (6.16). Hence, fQT vfdtde = 0 and so, because f € C§°(Qr) was
arbitrary, the assertion follows. O
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A Details to proof of Theorem 4.2

Here we give more details on some assertions made in the proof of Theorem Below, we denote by
< an inequality where we supress a multiplicative constant on the right hand side which only depends
on d,p and T. First, by definition of k = (p — 2+ £)~!, we have

p pp—2) p
—kp—2) 1+ ———)>-1 <= p—2+ <p—24= <= p—-2<p-—1.
w20 g ) 1) d
So, since %5%? > 0, also —k(p—2)(1+7d(p}11))+§§%? > —1. Next, V|Vwg(t)|P~2 € LL ([0, 00); Li, . (RY)

follows from (|4.5). Indeed, |x\7plf1 € L _(R%) and both exponents of ¢ appearing on the right hand

loc

side of (4.5)) are greater than —1. For the first exponent, this was already shown above; for the second,

we estimate 1\m|§ﬂt§ |z| by Bt and have
p kp k p(p—2) p p
—k(p—2)(1+ - +=>-1 <<= p-2+ + —=<p—-2+=
e L TV dp—1) "dp-1) 4 d
-2
p(pp_)]-_|_p<p+1 < p<p+1
Finally, we give details regarding V(|Vwo|P~2)wo € LL ([0, 00); L1(R%)). Let 7' > 0. We have
T
/ / IV (|Vwo|P~2) o dadt (A1)
0 Jre

T
5/ t’“@?)(lw;’-n)(/ . |x\—p%wodx+t*%/ . |x|wodx> dt
0 {le|<ptd} {lo|<pta}

T
5/ t"“(p‘Q)“*«fw)(t—’f/ |7 d:c-l—t_%Jr%/ wodx)dt,
0 {a|<pBtd} R

where for the second inequality we used wo(t, z) < t~*. Note

k(d(p—=1)—1)

k
ptd
/ e de < ct/ roi g — O(T)E D
{lel<ptd} 0

where C} is a t-dependent constant related to the surface area of the d-dimensional ball with radius
Bti. Since d is fixed, C(T) := sup Cj is finite. Since we find

te(0,7)
p k(d(p—1) —p) p(p—2) p
fk(pr)(ler(p_l)) =1 7k>71<:>p72+d(p_1>+d(p_1)<pf2+g
p(p—2)+1

<p <= 1-p<0,
p—1

the first integral term on the right hand side of (A.l) is hence finite. Regarding the second integral,
we observe, similarly as above,

P kp k
— +->-1 <= 1-p<0,
-1 dp-1 "

—k(p—-2)1+

hence the finiteness of the second integral follows from [;, wo(t,z)dz = 1 for all ¢ > 0. Consequently,
the right hand side of (A.1) is finite for every T' > 0 and we are done.
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B Proof of Remark

Clearly, C5°([0,T) x R?) is dense in C%,([0,T) x R?) (defined in Remark with respect to uniform
convergence of all partial derivatives (including zero derivatives) on [0, 7)) xR?. Let ¢ € C§5,([0,7) xR%)
and (1) ren € C5°([0,T) x RY), such that ¢, — ¢ as k — oo in the above sense. Then, in particular,

(i) ¢r(0) — ©(0) uniformly on R<.
(ii) (r)e = @1, Vor = Vo, Apr, — Ap uniformly on [0,7) x R, where we abbreviate 4 ¢ by (.
Since v € LY (Qr) N L>®(Qr) and vy € L' (RY), g5 € L™=, Vos € L?(Qr), (i)-(ii) yield

0 :lilgn (/ Tv((cpk)t +diV(Q5Vgok))dtd:c+/R;0k(0)vodm> = /Tv(gat+div(05Vg0))dtdx+/cp(O)vod:r,,

Rd

which proves Remark

C Details for (6.16)

We know that ¢} € W' (Qr). It is standard that C55,([0,T) x R?) (as introduced in Remark is
dense in W2 (Qr) N {g € W3 (Qr) : g(T) = 0} with respect to the usual norm

2,1
(lg2")% = 19132(0p) + 19¢172(00) + IVl72(00) + 12917200y

Now, let (¢r)ren € C5%,([0,T) x R?) such that ¢y, LA 2 with respect to this norm. Since vy = 0 and

since v € L?(Q7), 05 € L>(Q7), Vos € L*(Qr), v € L=(Qr), and div(gngog\) = g(;Agog‘—i—Vgg-Vgoé‘,
we deduce

0= lilgn v((@r)e + div(esVr))dtdz = / v((ap;\)t + div(gl;Vapi‘))dtdx,
QT T

which proves (6.16]).

D Linear, linearized and nonlinear Fokker—Planck equations

Here we recall of linear and nonlinear Fokker—Planck equations and their standard notion of distributional
solution. The linear Fokker-Planck equation associated with measurable coefficients a;;,b; : (0,00) X
R - R, 1 <4,j <d, is the second-order parabolic differential equation for measures

d B o 0 N - 0 ' d
1= g g @t om) — G (i@, (4.0) € (0,00) xR, (D.1)

The equation is linear, since in contrast to (1.3]) the coefficients do not depend on the solution ;.
Usually, an initial condition po = v is imposed for solutions to (D-I)), where v € M.

Definition D.1. A distributional solution to (D.l|) with initial condition v is a weakly continuous
curve (ut)¢>o of signed locally finite Borel measures on R? such that

T
/ / lai; (¢, z)| + |b; (¢, z)|dpe (z)dt < 0o, VT >0, (D.2)
0 Jrd

and
¢ o 0 0
/Rd Yduy(z) — /Rd Pdy = /0 /Rd a;j(s,x) au; 0z, P(x) + bi(s,x) oz, Y(x)dps(x)ds, YVt >0,
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for all ¢ € C$°(RY). A distributional solution is called probability solution, if v and each u;, t > 0,
are probability measures. Instead of the initial time 0, one may consider an initial time s > 0. It is
obvious how to generalize the definition in this regard. In this case, the initial condition is the pair
(s,v) and the solution is defined on [s, c0).

For the nonlinear FPE (1.3)), the notion of distributional solution is similar.

Definition D.2. A solution to (1.3) with initial condition v is a weakly continuous curve (f;)i>0 of
signed locally finite Borel measures on R? such that (t,x) ~ a;;(t, 2, ¢) and (t,x) — b(t, @, ;) are
product measurable on (0, 00) x R%,

T
| [ st + 00 ) oy < e, 5T >0, (D.3)
0 R4

and
/ Wy (x) 7/ Ydy = /t/ ai;i(s,x )i i1/)(az)+b-(5 x )iw(:r)d (x)ds, Yt >0
Rd et iy - o Jra ij\S, Ly Us 8.’11‘1' axj i\S, T, s 833, s ) Z Y%

for all 1 € C§°(R?). The notion of probability solution and the extension to initial times s > 0 is as
in the linear case.

Linearized equations. For the nonlinear FPEs (|1.3), a standard way to linearize them is as follows.
Fix a solution (f4);>0 in the measure-coefficient of the nonlinear coefficients, i.e. consider the linear
coefficients

a‘ij (ta .’E) = G4y (tv z, Mt)v Ei(tv .’E) = bi(tv xz, ,Ut),
and consider the linear FPE with coefficients a;;, l;l Clearly, (u¢)e>0 is a distributional solution to this
linear FPE in the sense of Definition In general, there can be further solutions, which are not
related to the fixed solution (g )¢>o-

This way, we obtain the linearized p-Laplace equation (6.1) by fixing in the coefficients ([1.13)
the fundamental solution w® from (1.18)) and Definition is exactly Definition for the linear

FPE (6.1).
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