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Abstract

In this paper, we study the quasi-invariant property of a class of
non-Gaussian measures. These measures are associated with the fam-
ily of generalized grey Brownian motions. We identify the Cameron—
Martin space and derive the explicit Radon-Nikodym density in terms
of the Wiener integral with respect to the fractional Brownian motion.

1



Moreover, we show an integration by parts formula for the deriva-
tive operator in the directions of the Cameron—Martin space. As a
consequence, we derive the closability of both the derivative and the
corresponding gradient operators.

Contents
1 Introduction 2
2 Preliminaries 5
2.1 Fractional Brownian Motion . . . . . . . . . . . .. ... ... 5
2.2 Wiener Integral with Respect to Fractional Brownian Motion . 7
2.3 Generalized Grey Brownian Motion . . . . . . . ... ... .. 12
2.3.1 Definition and Representations . . . .. .. .. .. .. 12
2.3.2 Canonical Realization . . . . . .. . .. .. ... ... 15
3 The Cameron—Martin Theorem 16
3.1 For Grey Brownian Motion . . . . . . . ... ... ... ... .. 16
3.2  For Generalized Grey Brownian Motion . . . . . . . .. .. .. 18
4 Integration by Parts Formula and Closability of the Deriva-
tive Operator 21
4.1 Derivative Operator for Grey Brownian Motion . . . . .. .. 21
4.2 Derivative Operator for Generalized Grey Brownian Motion . 27
5 Appendix 32
1 Introduction

The main goal of this paper (see Theorem 3.5 below) is to prove the Cameron—
Martin theorem for the class of non-Gaussian processes, called generalized
grey Brownian motion (ggBm) denoted by Bs,, 0 < f <1 and 0 < a <

2.

Specifically, we are looking for suitable (random) shifts ¢ such that the

distributions of Bg, and Bs, + { are equivalent. In other words, we are
studying the quasi-invariance property of the ggBm law.

W. Schuneider [Sch90a, Sch90b, Sch92| was the first to introduce this type

of process, which he called grey Brownian motion (gBm). This provided



stochastic models for slow-anomalous diffusion. A. Mura then extended this
to ggBm, which can be used as non-Markovian stochastic models for either
slow or fast-anomalous diffusion; see [Mur08|. The remarkable characteristic
of ggBm is that it can be expressed in terms of B®/2, a fractional Brownian
motion (fBm) with Hurst parameter «/2. The first representation of ggBm
is given in [MPOS8] as the product of fBm B®/? and a non-negative random
variable Y3 with M-Wright density function (see Subsection 2.3 below for
details), that is,

{Bpalt) t = 0} £ {/V3B(1), t > 0}, (1)

where £ means equality in law. The representation (1) is particularly inter-
esting since it allows us to infer a variety of properties of ggBm Bgs, from
those of fBm B®/2. For example, the Holder continuity of the trajectories.

An alternative representation of ggBm is given in terms of a subordina-
tion of fBm. The stochastic representation through subordinated processes
is very natural, as it gives a direct physical interpretation, see Remark 9.3 in
[Mur08|. However, the subordinated representations already given for ggBm
in [MTMO08, dSE15, dSE20]| represent ggBm only in one dimensional time
marginal law. Therefore, they cannot characterize the complete stochas-
tic structure of the process, nor can they substitute ggBm when more than
one marginal law is involved, as in the Cameron-Martin theorem. So, an-
other representation involving finite-dimensional distributions is needed for
the problem that concerns us here. Our investigation yields the following
representation (see Proposition 2.14)

{Boa(t) 1 2 0} £ {B2(1v;/"), t 2 0}, (2)

which allows us to achieve the main goal of the paper, that is, the Cameron—
Martin theorem for ggBm, the integration by parts formula, and the clos-
ability of the derivative and gradient operators, see Sections 3 and 4 below.
Let us now explain the approach we adopt.

First, the general setting is as follows: Let W be the classical Wiener
space, B(W) its Borel o-algebra, and H = «/2 € [1/2,1). Furthermore, let
Py be the unique probability measure on W such that the canonical process
WH is a fBm. The distribution of the random variable Y3 is denoted by Py,
and Yj can be realized on R as the identity map

Vs :RT — R 7 Ys(7) := 1. (3)
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The ggBm is realized on the probability space (W xR™, B(W)®B(R"), Py ®
Py,) as the canonical process Xgop defined by

Xsom(t)(w,7) = W (VY™ (7)) (w) = w(trVD), t,r e RY, w € W.

After considering three essential elements - the representation (2) for ggBm,
the Cameron—Martin type theorems for {Bm, and subordinated Bm (|[DS15])
- we conclude that the natural choice for £ is h(t)3), t > 0, where h €
Has2. Here H, ) is the Cameron-Martin space associated with fBm B/ 2 see
Subsection 2.2. Our proof is based on an appropriate use of the exponential
martingale and the Cameron—Martin theorem for fBm.

It is a well-known fact that an important consequence of the quasi-
invariant property is the integration by parts formula. This is what we have
obtained in Theorems 4.3 and 4.8 for the partial derivative of a bounded
smooth cylinder functions F' : W x R™ — R in the direction of h € Hy
defined by

F(w+¢eh,7) — F(w,T)

(OLnF)(w,T) == lim , weW,TeR".
e— 9

Finally, using the integration by parts formula, we prove in Theorem 4.10
the closability on LP(W x RT, 0 (Xg2n(t),t € [0,7]),Py @ Py,), p > 1, of
the gradient Vi, the unique element in ‘Hy verifying

(O F)(w,T) = (VlF(w,T), h) weW, TeRT,

Hiy'
where (-, -)3, denotes the inner product given in Eq. (8); see also the diagram
in Fig. 1.

The paper is organized as follows. In Section 2 we recall the definition and
key properties of fBm that will be needed later. The Cameron—Martin space
of the fBm is recalled and characterized in some detail. The Wiener integral
with respect to fBm and the Cameron—Martin theorem of fBm are presented.
The class of ggBm is described as well as their canonical realization. In
Section 3 we show the main results of the paper concerning the Cameron—
Martin theorem for the class of ggBm. Section 4 contains an integration by
parts formula of the derivative in the directions of the Cameron-Martin space
and the closability of both the derivative and the corresponding gradient.

Notation. In what follows, we denote by (2, F,P) a complete probability
space. In addition, we consider the Hilbert space L*()\) := L*(R™, \;R), of
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real-valued square integrable Borel functions on RT with respect to (w.r.t.)
the Lebesgue measure A. The scalar product in L*(\) is denoted by (-,-)s
and the associated norm by || - [|2. By (W,B(W)) we denote the classical
Wiener space. More precisely, the path space

W = {w:R" — R | w is continuous and w(0) = 0},

endowed with the locally uniform convergence topology and B(W) denotes
the associated Borel o-algebra. Furthermore, for every 7' > 0, we define

Wr = {wlpzn|weW},

where w (o 7] is the restriction of w to the interval [0,77. For a continuous
process X, by Px we mean the law of the process X on W.

2 Preliminaries

In this section, we discuss the types of processes we are working with, namely
the fBm and ggBm. In addition, the Cameron—Martin space and the Wiener
integral w.r.t. fBm are reviewed. Finally, two useful representations of ggBm
and its canonical realization are shown.

2.1 Fractional Brownian Motion

In this subsection, we review the definition and important properties of the
fBm motion that are necessary for what follows. For more details, see, for
example, the book [Mis08], and references therein.

Definition 2.1 (Fractional Brownian motion). A (one-side, normalized) fBm
with Hurst index H € [1/2,1) is a Gaussian process B = {Bf(t),t e R}
on (2, F,P), satisfying the properties

1. B7(0) =0, P-a.s., that is, Bf starts at zero almost surely.
2. E[BH(t)] =0, t € R, the process B is centered.

3. The covariance kernel Ry of BY is given, for any s,t € R, by

Ry(t,s) :=E[B"(t)B"(s)] = =(*" + " — [t = s*"").  (4)

DN | —



Remark 2.2. 1. Note that E[(B"(t) — BH(S))Q} = |t — s|*" and B is a
Gaussian process, then B has a modification with continuous trajec-
tories, according to the Kolmogorov theorem. We will always consider
such a modification and keep the same notation.

2. In general, for every n > 1, it holds

E[|B"(t) — B"(s)|"] = V2rn—IT (" ;L 1) it — s,

3. For H = 1/2 the process B'/? becomes the standard Brownian motion
(Bm) with covariance kernel Ry /5(t,5) =t A's.

4. For any a > 0, the process {a~# B (at),t € R*} has the same distri-
bution as BY. In other words, B is a H-self-similar process.

5. The characteristic function has the form

exp (iZ)\kBH(tk)>] = exp (—%(A, ZH(t))\T>) ’

where A = (A\y,...,\,) € R*, A" is the transpose of \, t, > 0, k =
L...,n, Bp(t) = (Ru(tk, tj)); j=1 is the covariance matrix and (-, ) is
the scalar product on R".

C,\(t) =

6. We denote by Py := Pgr the unique probability measure in (W, B(W))
such that the canonical process

W(t)(w) :=w(t), Vt>0, weW,
is a fractional Brownian motion which we denote by W#. For H = 1/2,

[P, /2 becomes the Wiener measure.

The integral representation of the covariance kernel Ry plays an impor-
tant role in the construction of the Cameron—Martin space introduced in the
following. We state this representation of Ry in the following lemma.

Lemma 2.3 (cf. [DU99] Lemma 3.1). The covariance kernel Ry (also called
reproducing kernel Hilbert space (RKHS)) has the following integral repre-
sentation

tAs
Ry(t,s) = / Ky(t,r)Kg(s,r)dr, t,s>0. (5)
0

The corresponding kernel Ky is given by
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1. For H=1/2
Kl/g(t,’l") = ]1[0’15] (T) (6)

2. For H € (1/2,1) (see Lemma 4.3 in [Dec22])

pl/2—H

Ku(t,r) = T —1/2) / w2 (u— )32 du o q(r).  (7)

2.2 Wiener Integral with Respect to Fractional Brown-
ian Motion

Now we introduce the Cameron-Martin space of the fBm with H > 1/2.
It plays an important role in defining the Wiener integral w.r.t. fBm and
the Cameron-Martin theorem below; more details can be found in [BP88|,
[Dec22| and the references therein.

Definition 2.4 (Cameron-Martin space of the fBm). Let Y2y be the vector
space spanned by the covariance kernel Ry, that is,

Ry :=span{Ry(t,-) |t >0}
equipped with the scalar product
(RH<t '>7 RH<37 ))m

The Cameron—Martin space of the fBm with Hurst index H, denoted by Hpy,
is the completion of Ry with respect to the norm associated with the scalar
product (8).

= Ry(t, 5). 8)

H

Remark 2.5. The Cameron—Martin space, as defined above, is not very prac-
tical. It is possible to have a more suitable characterization of Hp, see
Theorem 3.3 in [DU99| (in the special case of the time interval [0,1]) or
Theorem 3.1 in [BP88| for a general time interval.

Therefore, our goal is to obtain a more convenient description of the
Cameron—Martin space Hpy. To this end, we first introduce the linear oper-
ator Ky associated with the kernel K. More precisely, for every f € L*()\),
we define

(Knf)(t) = / Ku(t, s)f(s) ds.



Note that using (5), the covariance kernel Ry is the image of Ky(t,-) under
Ky, that is,
Ku(Ku(t,))(s) = Ru(t,s), t,s>0. 9)

Hence Ky (t,-) € L*(\) for any ¢t > 0, indeed
1KH (t, )z = Ru(t,t) = 7,

ensuring that the operator K is well-defined on L?()) for every ¢ > 0. This
implies that
Ku(Ru) = R, (10)

where Ry is the vector space spanned by the kernel Ky(t,-), that is,
Ry =span{Ky(t,-) | t > 0}.

Using the explicit forms of Ky in (6), (7) and applying the Fubini theorem
(when H > 1/2), Ky f can be expressed as follows, with ¢ > 0

/Otf(s) ds, H = % (11a)
UCHf)(t) B t pH-1/2 x .
/0 m/@ (@ — )32 21 p ) A de, H > L (11b)

See, for example, [DU99| for (11b). It is not hard to see from the equalities
(11a) and (11b) that

vt >0, /tKH(t,s)f(s)ds:O — f=0, ae. (12)
0

meaning that the operator Ky is one-to-one and Ky is dense in L?(\) for
H > 1/2. As a consequence, Ky : L*(A) — Ky (L*(\)) is a bijective
isometry when Kpy (L2(/\)) is provided with the scalar product

(Kith, Kug)icyzoy) = (h,g)2,  h,g € L*(N).
On the other hand, (10) and (12) imply that

Ky : (RH, (', )2) — (%H, (', )%H)



(Rer. I ll2) ————=» (L*N).1I - Il2) ﬁm (e (L2(N) 1 Nescz2oan)

]CH O’é;ll

KH ’CH

Re - lovy) === (Ha, |l l2n)

Completion

Figure 1: Diagram with the identification of the Cameron—Martin space.
An arrow with a hook means that the map is one-to-one. A double head
indicates that the map is onto or its range is dense. Two arrows pointing in
opposite directions means that the map is an isometric isomorphism. Ky is
the extension of K to the complete space L?(\).

is a bijective isometry. By a density argument, g is extended to an isomor-
phism between the Hilbert spaces L*(\) and Hpy, that is,

I&H : (LQ(/\), <~, )2) — (HH, (', )HH)

The commutative diagram in Fig. 1 summarizes the above considerations
and enhances the understanding of the identification of the Cameron—Martin
space.

We are ready to state the following useful characterization of the Cameron—
Martin space.

Theorem 2.6 (Characterization of Hpy). The Cameron—Martin space Hy
can be identified with Kz (L*(X\)), the space of functions h = Kgh, h € L*(\),
given by

h(t) = (Kuh)(t /KHts §ds, >0, (13)

equipped with the inner product (-, )i, (z2(n)-

Remark 2.7. 1. With the identification given in (13), for every h € Hy
the function h € L2()\) is given by h := K5'h.

2. In the special case H = 1/2, H; /5 is the well-known space AC(R*,R)
of absolutely continuous functions, vanishing at 0, whose derivative
belongs to L?()\). The representation (13) takes the form

h(t) = /Ot h(s)ds, t>0, (14)



where h is the derivative in the sense of distributions of h.

We introduce the Wiener integral w.r.t. B¥, H > 1/2, following the
approach in [DU99, Dec22, BP88| for which we address the interested reader
for more details.

Definition 2.8 (Wiener integral). The Wiener integral w.r.t. {Bm is defined
as the extension to Hy of the isometry

S K (8y) — L*(P)
defined by

By linearity we have

S (ZailCH(KH(ti,-))> => aB"(t;), @ €R i=1,..n
=1 i=1

In general, for every (deterministic) function i € Hy, there exists a sequence
hn == Kg(hy), hy € R, n € N, such that h = Hpy-1lim,,_, h, which leads
to the Wiener integral w.r.t. fBm of h

/ h h(t)ABH(t) == 6y (h) := L*(P)- lim 6g(h,) = L*(P)- lim 64 (Kg(hy)).

n—oo n—oo

Therefore, 0 (h) is a centered Gaussian random variable with variance equal
to ”h ”%’lH

Remark 2.9. 1t is easy to conclude from the definition of Wiener integral
that:

1. The process
B :={0u(Ku(lpy)) [t = 0} (15)

is a standard Brownian motion and
Su(Caw) = [ u(s)dB(s), we (N,
0

where the integral on the right side is taken in the Wiener—It6 sense.
In particular, we have

BH(t) = /0 Ky(t,s)dB(s). (16)
10



2. Using the Remark 2.7-1 we have, for every h € Hpy

/0 TR dBH (1) — /0 TG (1) dB () — /0 ThwaBe). a7

For more details, see [Dec22, Lemma 4.4].

Now we are ready to state the well-known Cameron—Martin theorem for
fBm, cf. [Dec22, Theorem 4.10] or [DU99, Theorem 4.1].

Theorem 2.10. For every h € Hy, H > 1/2, and any bounded measurable
functional F': W — R we have

B )~ B[ es ([ n0asto - L, )]
[ pmen ([ i ase - 51i)] . as

Remark 2.11. Since for every h = Ky (h) € Hy with h € L*()\), the expo-
nential martingale {5 (/ h(s) dB(s)) (t),t > 0} is uniformly integrable,
0

therefore

e ([iea86)) o) = ([ iwan - [Tliwpar),

is well-defined. Thus, formula (18) can be rewritten as follows

E[F(B" + h)] = E [F(BH)S ( /0 i(s) dB(s)) (oo)] | (19)

Remark 2.12. The above construction may also be realized if we consider a
finite time interval [0,7], 7" > 0. That is,

1. the Cameron-Martin space Hy(T') is identified as the Hilbert space
K (L2([0,T],))) with the scalar product:

(hy @)1y = (Kyh, Kud)icu 2o = (hag)L2([O,T],>\)7

where h, g € L2([0,T],\),
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2. the Wiener integral of h € Hy(T):
T T
/ h(s)dB(s) := / h(s)dB(s),
0 0

3. the Cameron—Martin theorem says: for every h € Hpy(T) and any
bounded functional F': Wy — R we have

E[F(BT+h) = E {F(BH) exp </0Th(s) dB"(s) — %HhH%Hm)}

- E [F(BH)S ( /0 h(s) dB(s)) (T)] , (20)

where & ( / h(s) dB (3)) is the exponential martingale associated with
0 .
h(

the martingale {/ s)dB(s),t € [O,T]}, that is,
0

([ ioan) 0 e ([ #6080~ 3 [ e as).

For more details, see, for example, [Dec22| and [Cou07].

Remark 2.13. For H = 1, it follows from (16) that B2 and B are the same

process. Therefore, to be consistent with the Wiener-It6 integral we identify
Hi/2 with L?(X), so in Equation (17) h should be taken as h. Hence, Equa-
tion (18) includes the classical Cameron-Martin formula for the Brownian
motion, as well as its equivalent forms (20) and (19).

2.3 Generalized Grey Brownian Motion
2.3.1 Definition and Representations

Let 0 < f < 1land 1 < a < 2 be given. A continuous stochastic process
defined on (€2, F,P) is called a ggBm, denoted by Bs, = {Bs.(t), t > 0},
see [MMO9], if:

1. Bgo(0) =0, P-as.
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2. Any collection {Bga(t1),...,Bgalts)} with 0 <t <ty <... <, <
oo has a characteristic function given, for any 6 = (6,,...,60,) € R™,

by
(exp < ZekBga tk >> = Eﬂ (—%9T2a7n9> s (21)

n
k,j=1

where
Emn::@g+¢?——ﬂk—tﬂa)

and Ejg is the Mittag-LefHler (entire) function

ZFﬁn+1 zet

n=0
The generalized grey Brownian motion has the following properties:
1. For each t > 0, the moments of any order are given by

{E[Béiz“(t)] =0,

2n _ (2n)! na
E[Bb’,a(t)] - 2"F(Bn+1)t :

2. The covariance function has the form

E[Bso(t)Bs.a(s)] = (to‘ + 5% — |t — s|0‘), t,s>0. (22)

1
2I'(B+1)
3. For each t, s > 0, the characteristic function of the increments is

. 62
Ekm%ﬂmzwam]zgh(_gﬁ_ﬂw), 0 €R. (23)

4. The process Bg, is non Gaussian, «/2-self-similar with stationary in-
crements.

5. The ggBm is not a semimartingale. Furthermore, B, 3 cannot be of
finite variation in [0, 1] and by scaling and stationarity of the increment
on any interval in R™.

13



The ggBm admits different representations in terms of well-known pro-
cesses. The most common is given in [MPO08§]| in the form

{Bsa(t), t >0} £ {\/Y5B*(t), t > 0}. (24)

Here, £ means equality in law, the nonnegative random variable Y has den-
sity Mg, called the M-Wright probability density function, with the Laplace
transform

/OOO e "Mpg(T)dr = Eg(—s), (25)

and B*/? is a fBm independent of Y. The generalized moments of the density
Mp of order § > —1 are finite and are given (cf. [MPO0§|) by

T(5+1)

/000 T Mg(7) dr = TG+ 1) (26)

For our purposes, we give a more suitable representation of Bs, as a subor-
dination of fBm, which is essential in what follows.

Proposition 2.14. The ggBm has the following representation

{Bsa(t), t >0} £ {BY2(ty,/"), t > 0}. (27)
Proof. We only need to show that the representations (24) and (27) have the
same finite-dimensional distribution. For every 6 = (64,...,0,) € R", we
have
E |exp <129k3a/2(tkyg/a)>]
k=1
= / E |exp (iZ@kBa/Q(tkyl/“)>] Mps(y) dy
0 L k=1
= [ Bl (iZ@w“Ba/%k))] My(y) dy
0 L k=1
= E |exp (iZ@kY;/QBW(tk))] dn
k=1

14



2.3.2 Canonical Realization

We will distinguish two classes from the family Bg, depending on the pa-
rameter a.

Case o = 1.

The corresponding class was introduced by Schneider [Sch90a, Sch90b].
We denote it by Bg := Bg 1,0 < 8 < 1, and call it the grey Brownian motion.
It follows from (27) that Bp is realized as the subordination of the Brownian
motion by the process {tY3,¢ > 0}. In the space of continuous functions,
this realization is given below.

First, recall from Remark 2.2-6 that 1W'/2 is a standard Brownian motion
on the classical Wiener space (W, B(W), Py /2).

Second, let (R, B(R™),Py,) be the probability space where Py, is the
law of the random variable Y3. Then Yj is realized on R as the identity
map

Vs :RY — RY 70 Ys(7) :=1. (28)

Since Y and BY/2 are independent, the grey Brownian motion Bj can be
realized as the canonical process Xz defined on the product space (W X

R*, B(W) ® B(R),Py/, ® IPY[;) by
Xs(t)(w, ) = WY(tYs(r))(w) = w(tr), t>0, weW, reRt. (29)

We denote its law by pg.
Case «a € (1,2].

Let H := ¢ > 1/2 and W be the fractional Brownian motion on the
space (W,B(W),PH), see Remark 2.2-6. As Y3 and B are independent,
the generalized grey Brownian motion Bg oy can be realized as the canonical
process Xgop defined on the product space (W x RT, B(W)® B(R"),Py ®

]P)YB) by
Xgon(t)(w,7) = WH(ty;/(ZH) (1) (w) = w(tr/®N), t,r e RT, w e W.

In this case, the law of Xz op is denoted by pgom.

15



3 The Cameron—Martin Theorem

3.1 For Grey Brownian Motion

For every h € H; /2 we denote by X /’; the process defined on (W xR, B(W)®
B(R+), ]P)l/2 X PYB) by

XB(t) 1= Xg(t) + h(tVs) = WY2(tV5) + h(tYs), t >0,

and its law is represented by ug.

For T' > 0 we consider the processes Xgr = {Xs(t) | t € [0,T]} and
Xhp = {Xi(t) | t € [0,7]} and their laws, denoted by pgr and uf
respectively.

The Cameron-Martin theorem for the grey Brownian motion Xj is ex-
pressed as follows:

Theorem 3.1. Let h € Hyp be given. Then we have:

1. For every T' > 0 the measures ME,T and pgr are equivalent and the
Radon-Nikodym density is given by
d“gf g 1/2
— =& h(s)dW™=(s) |(TVs). (30)
dpg,r 0

2. The measures ,ug and pg are equivalent and the Radon-Nikodym density

: j_ZE =€ ( /O i(s) dWW(s)) (00). (31)

Remark 3.2. Before proving the theorem, we will elucidate the two equations

(30) and (31).

1. The expectation of £ (/ h(s) dW1/2(5)> (T'Y3) with respect to Py /o ®

Py,

0
, 1s equal to 1, that is,

/wa+ ¢ (/0 hs) dWl/Q(S)) (T7) Pyjo(dw) Py, (d7) = 1.

Indeed it follows from Tonelli’s theorem and the fact that the expec-
tation of a martingale is constant in time, that is, for any t > 0 we

" /W £ ( /0 (s) dW1/2(s)> () Py o (duw) = 1.
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2. It follows from Remark 2.11 that the right-hand side of (31) is well-
defined. On the other hand, since Py, ({0}) = 0 we have Py, ({00} =

oo}) = 1, thus the r.h.s. of (31) implicitly depends on Yj in the follow-
ing sense:

e ([ imraw ) oo =& ([ aw ) v,

P1/2 ® Py, almost surely.

Proof. 1. Let T > 0 be given. It is sufficient to prove
/ Fw(trr) + h(67), .. w(tar) + h(tar)) Pyja(dw) Py, (dr)
WxR+

:/WXR+f(w(tlT),...,w(tnT))E (/h@) dWl/Q(S))(TT)]P’l/z(dw)]P’Yﬁ(dT)v

0

where n € N, 0 < t; < --- <t, <T and f € C,(R") (the set of continuous
bounded functions on R"), see [Bil95, Thm. 3.3].

For every fixed 7 € R, the classical Cameron—Martin formula applied to
the bounded measurable functional on W

w = f(w(tyT), ..., w(t,7))

yields
/W Fw(tir) + h(ErT), . w(tar) + h(tar)) Pra(du)
— /W flwtim) + h(t17), ..., w(taT) + h(t,7)) Py j2(dw)

= [ sttt e ([ i ar) @ )

Wr, 0

- /W f(w(tlT),...,w(tnr))S( / | iz(s)dWl/Z(s))(TT)IP’l/g(dw).

0

Therefore, we may integrate both sides of the above equality w.r.t Py, to
obtain the result.

2. It follows by an easy adaption of the above arguments with 0 <
ty < ty < --- < t, < +oo and the classical Cameron—Martin formula for
functionals defined on W. O
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Theorem 3.3. Let h € W be given. If pg and pgy are equivalent, then
h € Hl/g.

Proof. Let h € W\, be given. It is well known that Gaussian measures
Py1/2 and Py1/2,, are singular; see Theorem 2.2 on page 339 in [RY99] (see
also Lemma 3.12 in [MR92|). Hence, there exists a measurable set A C W
such that

]P)W1/2 (A) =1 and PW1/2+h(A> =0.

Define the subset of W
A={w(7)|weA, reR.
It is not difficult to see that

and )
ppn(A) =Pz (A) = 0. o

A consequence of Theorem 3.1-1 and Theorem 3.3 is the following corol-
lary.

Corollary 3.4. Let h € W be an absolutely continuous function such that
f0T|h( 2dt < oo for any T > 0 and [°|h(t)[2dt = co. Then, for any
T > 0 the measures ,u&T and pgr are equwalent but the measures jigp and
tg are singular.

3.2 For Generalized Grey Brownian Motion

For every h € Hp we define on the space (W xRT, B(W)®@B(RT), Py @ Py,)
the process X}} op, for every t > 0, by

Xl (1), 7) 2= WD ) ) (VY ) (7)) = w(ar Dy (70,
and for any 7" > 0 the process X&QH’T
Xg,zH,T = {XZ,2H(75)7 te 0,77}

The corresponding laws are denoted by ,ugg g and ,ugg u.r» respectively. We
also denote by pgopr the law of the process Xgopr = {Xgon(t), t €
0,77}

Now we are ready to state the Cameron-Martin theorem for the general-
ized grey Brownian motion.
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Theorem 3.5. Let h € Hy be given. Then we have:

1. for every T > 0 the measures (i} o p and pigopr are equivalent and
the Radon-Nikodym density is given by

Whone _ </th<s)dWH(s>—1HhH2 )
dpgomr 0 2 0

1=TyY/ )

~ ¢ < / h(s) dW(s)> (T ), (32)

0

2. The measures /LZ)QH and pgom are equivalent, and the Radon-Nikodym
density has the form

duh S 1
_B2H = exp (/0 h(s) dWH<S) - é”h”?{H)

HB2H
_ ¢ < / i(s) d’W(s)) (c0). (33)

0

Here, W is the standard Brownian motion related to W* by Equation (15).

Proof. 1. To keep the notation short, we set 7 := 7%/2#) We have to show

/W N f(w(tlTH) + h(titg), . w(t,Ty) + h(tnTH)) Py (dw) Py, (d7)

- /wa flwttirn), ... w(ten))€ (/0 h(s) dW(S)) (T7) Py (dw) Py, (d7),
where n € N, 0 <t < - <, <T and f € Cy(R").

Taking into account the Remark 2.12, applying the classical Cameron—
Martin formula (18) to the bounded measurable functional on Wr,,,,

w — f(w<t17—H>a . »w(tnTH))
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yields
/W Fw(tira) + B, .. w(tas) + h(tarn)) Bar(dw)

= /W flw(tity) + h(tith), . .., w(t,T) + h(t,7h)) Pr(dw)

Tty

:/WTT fwltite), ..., w(t.mi))E (/D
— wa(w(ter),...,w(tnTH))E (/ h(s) dW(s))(TTH)PH(dw).

0

h(s) d’W(s)) (T7y) Py (dw)

Therefore, we may integrate both sides of the above equality w.r.t. Py, to
obtain the result.

2. It follows by an easy adaption of the above arguments with 0 < ¢; <
ty < -+ < t, < oo and the Cameron-Martin formula (18) for functionals
defined in W. O

Remark 3.6. Note that the results of Theorem 3.1-1 and Theorem 3.5-1 are
still valid if we assume that h € Hy(T) for any 7' > 0.

Theorem 3.7. Let h € W be given. If pgon and ,quH are equivalent, then
heHpy.

Proof. Let h € W\'Hy be given. It follows from Proposition 20 in [Cou07]
that the Gaussian measures Pyy# and Py r ), are singular. Therefore, there
exists a measurable set Ay C W such that

Pyu(Ag) =1 and Py (An) = 0.
Define the subset of W
Ag = {w(ry) |w € Ay, T € RT}.
It is not difficult to see that
pson(Ap) = Pyu(Ag) =1
and

NZ,QH(AH) = Pyu i (An) = 0. 0
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Remark 3.8. We would like to specify the support of the laws: pg, psom,
ppr, and pigop 7.

supp(pg) = QY% == {w (1) : [0,00[— R, t = w(tr) | w € W, 7 > 0}.
supp(jupanr) = 2 i= fuw (+/) |w e W, >0},
supp(ppr) = ° = {Wlpm | € Q7).
supp(pgonr) = QfF = {@lom| W € QH} _

4 Integration by Parts Formula and Closability
of the Derivative Operator

As an application of the Cameron—Martin formulas from Section 3, we first
introduce the directional derivative in the directions of the elements h € Hy
for smooth functionals. We show an integration by parts formula leading to
the closability of the directional derivative on LP(Py ® Py,), p > 1.

We begin by analyzing the class of gBm Xgp, T' > 0, (Subsection 4.1)
and then move on to the broader class Xgopr, T > 0, of ggBm from Sub-
section 4.2.

4.1 Derivative Operator for Grey Brownian Motion

We start by introducing the directional derivative in special directions (from
the Cameron-Marin space H;/2) of a real-valued measurable function F' on
(W x RT, B(W) @ B(R"),Py/» ® Py,).
Given T' > 0, h € Hyj, and F : W x R — R the partial derivative of
F' in the direction h is defined by
F(w+¢eh,7) — F(w, )

(O1pF)(w, 7) :=lim , weW,TeR",
e—0 9

whenever the limit exists.
We consider the class FCp° of functions F' of the form

F(w,7) = fwti7),...,w(t,7)), weW,7eR", (34)

where n € N, 0 < t; < -+ < t, < T and f € Cy°(R™) (the set of C*
bounded real-valued functions on R™). Note that this class is closely related
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to the process Xz r. In fact, any F' € FCp° of the form (34) is simply

F(w,7) = f(ngT(tl)(w, T), ..o, Xpr(ts)(w, 7')), (35)

generally referred to as smooth cylindrical function. It is simple to verify
that the derivative 0, , I exists for any F' € FCp° and we have

(DL nF)(w,T) Za fwtir), ... wt,7))h(ti7), weW,7 R, (36)

where 0; denotes the partial derivative w.r.t. x;.

In what follows, we show that 0 ,F is represented by an element of the
Cameron-Martin space H; /2, denoted by V', where the subscript 1 is used
to indicate w.r.t. the first variable w.

Proposition 4.1. Let F' € FC° be given. Then, for any w € W, 7 € RT,

1. the map
Hl/g Sh— ((91,hF)(w,7') cR

is a bounded linear functional on H, s,

2. there exists a unique element V1 F(w,T) € Hi/2 given by
(ViF(w,7) Zaf (ti7), . w(t,T)) (EALT), t>0 (37)

and
n

ViF(w,7)(t) = Z Oif (w(tiT), - .., w(taT)) Lo pim (1) (38)
satisfying

(O F)(w,T) = (VlF(w, T), h) (39)

Hijo'

Proof. 1. Let F' € FC° be given as in (34). The linearity of the map is
obvious. For every h € H, s, using the representation (14) we have

(DL p F)(w,7)| = Za Fw(tir), .. w(t,T))h(tir)

Z 0.1 /
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An application of the Cauchy-Schwarz inequality and the fact that ||h|l, =
HhHHm, yields

(@1 F) (w,m)] < Y N0 looVETIRI2 = > N0 fllocVETIBll3¢, - (40)
=1 i=1

2. The equality (39) follows from 1. and the Riesz representation theorem.
From (36) and (14) we obtain

(O F)(w,T) = Z@f (ti7), -, w(t,T)) h(tT)
_ Za Fw(tir), ... w(tar)) /O " i(s) ds

_ / Za Fwtr), - w(tam)) Lpgn (5)i(s) ds.

The equalities (37) and (38) easﬂy follow. O

Next, we show that the directional derivative 0y , F' with F' € FCp° and
h € Hiy, is an element of LP(Py/, ® Py,) for any p > 1.

Proposition 4.2. Let F' € FCy° and p > 1 be given. Then

1 O pF € LP(W x RY, FXo1 Py @ Py,), for any h € Hyj, where
FXor = o(Xpr(t),t € [0,T]) is the natural o-algebra generated by
the process Xg up to time T

2. V.F € L%l/z(fXB’T,Pl/Q@)PYﬁ) = LP(WXR+,.FXB*T,P1/2®PYB;Hl/g).

Proof. 1. Let F' € FC° be given as in (34). It follows from (35) and (36)
that F' and 0y ,F are F~*47-measurable. From the estimate (40) we derive

oaFI = [ l@uF) . P ARy © Py, ), 7)

p
/WXR

L D I / /2By, (7).

5/2+ n =

IN

Z 10:fllooVETBll31y 5| A(Pry2 @ Py, )(w, 7)

IA

= 1thymz|\a Flee
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The second inequality is the convexity inequality and the last equality follows
from (26).

2. The F¥s-measurability of V1 F and V| F can be easily derived from (37)
and (38). From (38) and again the convexity inequality we infer

Vi@ D, = [ ViF@ R
0

o

nZtlT (0:f (w(ta7), . (tnT)))2.

2

w(tiT), ..., w(tnT)) Lo ()| dt

IN

This implies

p/2
IViF(w,T)|E,, < (nZtT w(tyT),. w(tnT)))2>
S DI CULE S
i=1

Finally, the norm of ||V, F||, , is computed as
H

Xg
1/2(-7: BT Py /5@Py,

p _ p
HVIFHL?{UQ(fxﬁ’T7P1/2®]P’Y,6) B /Wx]R+ (V2 F) (w, 7->HHI/2 d(P1/2 ® PYB)(w’ 7)

< w0 [ S o1 APy © Py, 7)
WxRT 1

IN

w0 S 0 f [t [ o by (o
i=1 RF
v I'(p/2+1)
N Eay
This completes the proof. n

To investigate the closability of the directional derivative operator 0;
and Vi on LP(Py ®Py,), p > 1, we need the integration by parts formula for
the gBm Xz 7, T' > 0. Below the expectation is taken w.r.t. the probability
measure P/, ® IP’YB.
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Theorem 4.3. Let T' > 0 be given. For any h € Hyjp and F,G € FCp°, we
have
E[Go W F| =E[Fo;,G], (41)

where

9;,G = —01,G+ G ( / ) dW1/2(t)) (TVs).

0

Proof. Let T' > 0 and F,G € FCy° be given. The Cameron-Martin formula
(see Eq. (30)) for the grey Brownian motion says that, for every ¢ € R, we
have

/ F(w+¢h,7) G(w +ch, 7) Py j5(dw) Py, (d7)
WxR+

= /W XWF(w,T) G(w, 7)€ ( / ch(s) dW1/2(s)>(TT) P1j2(dw) Py, (d7).

0

We differentiate this equality w.r.t. € and set ¢ = 0. The assumptions on h
and F' allow us to interchange the operations of differentiation and integration
by using the dominated convergence theorem, and we obtain the following

/ O F(w,7) G(w, 7) Py jp(dw) Py, (d7)
WxR+

+ / F(w, 1) 01 ,G(w, 7) Py jo(dw) Pyﬁ<d7’>
WxR+

TT
= [ P ([ i@ ) B By an)
WxR+ 0
Note that by Lemma 5.1, all the terms in the above equality are well-defined.
This concludes the proof. O

From the identity (41) we obtain the following theorem.

Theorem 4.4. For every p,q > 1 and h € Hy/y the derivative operator
O FCF© — LP(W x RY, F*1 Py @ Py,) is closable on LY(W x
IR—h"F.XB’Talel/Z ®PY:3)-

Proof. Let p,q > 1 be given. We have to show that if (F},),eny C FCp° is a
sequence such that F, — 0 in LY(F¥o7 Py, @ Py,) and 0y, F,, — Z in
Lp(fXB,T7]P>1/2 & ]PYB)7 then Z =0 in Lp(.FXB’T,]P)l/Q ® Pyﬁ).

25



Let G € FCp° be fixed and r > 1. According to Proposition 4.2-1 we
have 0,,G € L’"(}"XB’T,]PH/Q ® ]P’yﬁ). In addition, using the Burkholder—
Davis—Gundy inequality, there exists a constant dependent only in r such

that
[ L[ hoare) w
o [T ([ iora)” ap

r/2 r/2
< Gl =Clnllze -

T

dPyjo(w) dPy, (7)

IN

It is well known that the Wiener integral fo t)dW1'/2(t) can be obtained
as the limit in probability of the Riemann sums; see [RY99]. Consequently,

<f0 ) dW /2 (¢ )) (TYs) is F¥47-measurable. Thus,

01,6 = ~0uG+ G ([ W)} (T9) € /(5 By By,

0

Therefore, the integration by parts (41) and the fact that 9 ,G' € LY (FXer Py )o@
Py,), ¢’ is the conjugate exponent of ¢, yields

E[GZ] = lim E[GO,,F,] = lim E[F,0;,G] = 0.

n—o0 n—oo

We can deduce that Z = 0 from the facts that the o-algebra F*6.7 is gener-
ated by the elements of FCp° and the density of FCp° in LP(FX57 Py )5 @
Py, ). O

The closability of the operator V; on LP(Py ® Py,) is based on that of
01, This is the subject of the following theorem.

Theorem 4.5. For everyp,q > 1, the operator Vy : FC;° — Ll;ﬂm (FXor, Py /o®
Py,) is closable in LY(W x R*, F¥57 Py ;o @ Py,).

Proof. Let p,q > 1 and (F},)nen C FC3° be a sequence such that F,, — 0

in LI(FXer Py @ Py,) and Vi F, — Z in L%l/Q(FXﬁ,T,Pl/Q ® Py,). We
have to show that Z = 0 in L%UQ (]—"XﬁvT,IP’l/g ® Py,). First, notice that for

any h € H,/, we have

O nFn = (ViFn, h)a, , — (Z,h)ayy 0 0 LP(FXPT Py @ Pyy) as n— oo,
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Since 9y, is closable (cf. Theorem 4.4), then (Z, h);, , = 0 in LP(F*or Py o®
Py,). Hence,
E[G(Z,h)n,,,] =0, VG e FC~.

By linearity we obtain

i=1

His

for any element of the set

S(Hyj) = {Zn: Gihi

i=1

neN,GieJ-"C,;’O},

where {h; € Hi/2, © € N} is an orthonormal basis of H; /5. Since S(Hi/2) is
dense in L%l/z (FXe.r Py /5®QPy,), we conclude that Z = 0 in L’;[W (FXor Py jp®
Py, ). 0

4.2 Derivative Operator for Generalized Grey Brown-
ian Motion

We intend to broaden the findings from Subsection 4.1 to the class of pro-
cesses Xgomr, I' > 0, introduced in Subsection 3.2.

We fix H € (1/2,1), T > 0, and consider the class FCy3; of measurable
functions on (W x RT, B(W) ® B(R"), Py ® Py,) of the form

F(w,7) = f(wtita), ..., wlt.,mw)), weW,7eR", (42)

wheren € N, 0 < t; <---<t, <T, 7y = 7/CH) and f € C{°(R"). Note
that each ' € FCy5; of the form (42) is represented as

F(w,7) = f(nggHyT(tl)(w, T)s oo, Xpomr(tn)(w, T)) (43)

Moreover, we can easily see that for every F' € FCy9 and h € Hy the partial
derivative Oy 5 F' in the direction h exists and we have

81 hF w T Z@ f tlTH w(tnTH))h(tzTH), w € W,T Z 0. (44)

The next proposition shows the two basic properties of the partial deriva-
tive operator Oy 5, h € Hp.
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Proposition 4.6. Let F' € FCyy be given. Then, for any w € W, 7 > 0,

1. the map
Hy 3 h— (O pF)(w,7) €R

1s a bounded linear functional on Hpg,

2. there exists a unique element V1 F (w,T) € Hy given, for anyt > 0, by
(ViF(w, ) Zaf (7w, - w(tnT)) R (tima, 1), (45)

and

n

(ViF(w,m))(t) = > 0if (w(tsitr), .., w(tns)) Ku(tia, 1) (46)

i=1
satisfying

(O1pF)(w,7) = (V1F(w,7), h) weW, 7>0. (47)

Hpy’

Proof. 1. Let F € FCy5; be given. The linearity of the map is obvious. For
every h € Hpy, using the representation (13) we have

|(OuF)(w, )| = Zaf (t7h), - - w(taTm)) h(tih)

Z 105 f |

An application of the Cauchy-Schwarz inequality, the fact that |||y = |22,
and the equality (5) implies

IN

/O Kt s)h(s) ds

| (010 F) (w, 7) Zuafuoot’f V2|11l (48)

2. The equality (47) follows from 1. and the Riesz representation theorem.
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From (44) and (13) we obtain
(D1 pF)(w, ) = Za Fw(tita), ..., w(t, ) h(tiTa)
= Z Oif (wtity), ..., w(tyTr)) / - Ky (tita, s)h(s) ds
0

= / Zaf (t1Tr), -, w(t nTH))KH(tTH, )h()ds.

Therefore, the equality (46) is immediate and (45) follows from (9). O

The estimate (48) is used to demonstrate that the directional derivative
onF, F € FCiy, h € Hy, is an element of LP(W x R*, FXp2ur Py ® Py,)
for any p > 1, where FXs.20.7 .= O_(X/B72H7T(t),t € [0,7] )

Proposition 4.7. Let F' € FCyy and p > 1 be given. Then
1. 81,hF c LP(W X R—i_,fXﬁ’QH’T,PH ®PY6)’ fOT’ any h € ,)L[H,
2. VlF c L%H(JT'-XB’QH’T,]P)H(gPyB) = LP(WXR+,FXﬁ’QH’T,PH(X)PyB;HH).

Proof. 1. Let F' € FCp%y be given. It follows from (43) and (44) that F and
Oy F are FXe2mr_measurable. Using the estimate (48) we obtain

lowrly < |
WxR+

I, Zua Flet / /2 Py, (7).

p

Z 10:f oot T2 Al | (P @ Py, ) (w, 7)

IN

— D pH I'(p/2+1)
il Znafn o T <

The second estimate is the convexity inequality, and the last equality follows
from (26).
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2. The FXe2nr_measurability of V1 F and V,F can be easily derived from
(45) and (46). From (46) and again the convexity inequality we infer

IVAF(w,7)|l5, = /OOO\(VlF(w,T))(t)fdt

oy

< nzt?HTH@iino-
i=1

2

w(tity), ..., w(t,Ty)) Ky (tity, t)| dt

This implies

n p/2
IViE(w, 7[5, < (n > t?HTllaifllio>
i=1

< PO N g f e

i=1

Finally, the norm of ||V, F|| 1, (FXBanT pyapy,) is computed as

p _ p
IVFIZ, sunropony = . NP7, AP Py, 7)

< @ [ S 0 f AP @ Py (w,7)
W xR

=1

< WS gl |
- R+

ST
np/QV(p 1) Z ”a f”p tp ((p//QQ—:_ ))

This completes the proof. n

We now get the integration by parts formula for ggBm that will be used to
prove the closability of the derivative operators 0y, and V; on LP(Pgy ®IP’YB).

Theorem 4.8. Let T' > 0 be given. For any h € Hy and F,G € FCyy, we
have

E[GowF| =E[Fo;,G], (49)
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where

0;,G = —01,G + G ( / h(t) dW(t)) (TY5/ ™).
0

Proof. The proof is analogous to the one of Theorem 4.3 with slight modifi-

cations. L]

From the identity (49) we obtain the following

Theorem 4.9. For every p,q > 1 and h € Hyg the derivative operator
Op o FOiy — LP(W x RY, FXe207 Py @ Py,) is closable in LYW x
]R+,]:XﬂmiT,PHW®]PnJ-

Proof. Let p,q > 1 be given. We have to show that if (F},),eny C FCpy is a
sequence such that F,, — 0 in LI(FXs207 Py @ Py,) and 014 F,, — Z in
LP(FXp2ntr Py Py,), then Z =0 in LP(FXs201 Py @ Py, ).

Let G € FC;’,OH be fixed and » > 1. According to Proposition 4.7-1 we
have 0, ,G € L"(FXe2u1 Py @ Py,). In addition, using the Burkholder—
Davis-Gundy inequality, there exists a constant C,. dependent only in r such

that
I )
<of (/r <>\2dt)r/2d1@yg<>

< CRY? = Colhlle.

d]P’H(w) dPyﬁ (7')

We know that the Wiener integral fo dW( ) is the limit in probability of
Riemann sums; see [RY99]. Furthermore, the o -algebras of WH and W are
the same; see Corollary 4.1 in [Dec22]. Consequently, ( fo ) dW (¢ )) (TYs)

is FXs.207_measurable. Thus,
NG =—-01,G+G (/ h(t )dW( )) (TYs) € LT (FXe2nr Py ® Py,).
0

Therefore, the integration by parts (49) and the fact that 07 ,G € LY (Py ®
Py,), ¢’ is the conjugate exponent of ¢, yields

E[GZ] = lim E[G0, ,F),]| = hm IE[F o1 ,G] = 0.

n—o0
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We can deduce that Z = 0 from the facts that the o-algebra FX#:25.7 is gener-
ated by the elements of FCp%; and the density of FCpY; in LP(FXe20T Py
Py, ). O

Finally, we are ready to prove the closability of the operator V; on
LP(Py ® Py,), which is the content of the following theorem.

Theorem 4.10. For everyp,q > 1, the operator Vi : FCJ3 — L%H (FXoemt Ppy®
Py,) is closable on LYW x RT, FXe211 Py @ Py,).

Proof. Let p,q > 1 and (F,)nen C FCpYy be a sequence such that F, — 0
in Lq(fXB’QH’T,IP)H X Pyﬂ) and Van — Z in L%H(./—‘.XBQH*T,PH X Pyﬂ). We
have to show that Z = 0 in L}, (FXs2nt Py @ Py,). First, notice that for
any h € Hy we have

O nFn = (ViF,, h)y, — (Z,h)wy,, in LP(FX2207 Py @ Py,) as n — oo.

Since 0, , F;, is closable (cf. Theorem 4.9), then (Z, h)y,, = 0in LP(FXe2010 Py
Py,). Hence,
E[G(Z, h)uy] =0, VG € FC,.

By linearity we obtain
E (Z,ZGihi) ] =0,
i=1 Hy

for any element of the set

S(Hy) = {zn: Gihi

=1

n €N, G, efC,ioH},

where {h; € Hpy, i € N} is an orthonormal basis of Hy. Since S(Hy) is dense
in LY, (FXponr Py ® Py, ), we conclude that Z = 0in L}, (FXp2m1 Py ®
Py, ). O
5 Appendix

In this section, we establish the existence of the integrals that appear in the
proof of Theorems 4.3 and 4.8.
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Lemma 5.1. Let H € [1/2,1) and h € Hy be given. Then, for every t > 0,
we have

1. The random wvariable (w,T) (/ (s) dW/2(s )) (w) belongs to
L2(W x R, B(W) @ B(RT), Py ® Py,), H=1/2.

tT .
2. The random variable (w, T) </ h(s) dW(s)> (w) belongs to L* (W x
0
R*, B(W) @ B(R*),Py @ Py, ), H € (1/2,1).

Proof. Tt is a consequence of the Tonelli theorem and It6’s isometry formula.
Indeed, since W1/2 and W are Brownian motions under Py, and Py, H €
(1/2,1), respectively, we obtain the bound

2

[ i) 2 -/ () a2

LQ(PH®]P)Y5) L2(]P)1/2®]PY5)
tT 2
— / < / h(s)dW1/2(s)> (w) Py j2(dw) Py, (dr)
WxR+ 0
tT
_ / ( / h?(s)ds) dPy, (1)
we Ao
< Alle-
O
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