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ABSTRACT. We establish a Freidlin-Wentzell type large deviation principle (LDP) for a class of
stochastic partial differential equations with locally monotone coefficients driven by Lévy noise.
Our results essentially improve a recent work on this topic (Bernoulli, 2018) by the second
named author of this paper and his collaborator, because we drop the compactness embedding
assumptions, and we also make the conditions for the coefficient of the noise term more specific
and weaker. To obtain our results, we utilize an improved sufficient criteria of Budhiraja, Chen,
Dupuis, and Maroulas for functions of Poisson random measures, and the techniques introduced
by the first and second named authors of this paper in [26] play important roles.

As an application, for the first time, the Freidlin-Wentzell type LDPs for many SPDEs
driven by Lévy noise in unbounded domains of R?, which are generally lack of compactness
embeddings properties, are achieved, like e.g., stochastic p-Laplace equation, stochastic Burgers-
type equations, stochastic 2D Navier-Stokes equations, stochastic equations of non-Newtonian
fluids, etc.

Keywords: Freidlin-Wentzell type large deviation principle; Lévy noise; locally monotone;
stochastic partial differential equations

1. INTRODUCTION

The Freidlin-Wentzell type large deviation principle (LDP) describes how the solutions of
equations behave when the noise in the equation approaches zero, see [16] for more details. The
LDP theory provides a powerful mathematical framework for studying the behavior of rare events
and extreme fluctuations in a wide variety of complex systems. For example, large deviation
theory plays a crucial role in statistical mechanics by providing a framework for analyzing
rare fluctuations in physical systems, shedding light on phenomena such as phase transitions
and fluctuations in thermodynamic quantities (see e.g. [13] for more details); in finance and
economics, large deviation theory is applied to model extreme events in financial markets, such
as stock market crashes or large price movements (see e.g. [17] for more details).

Different from the Gaussian noise, which is commonly used in many standard engineering and
statistical applications, where the underlying processes can be adequately described by normal
distributions, Lévy noise provides a flexible and powerful framework for modeling complex sys-
tems that exhibit non-Gaussian behavior, heavy-tailed distributions, and long-range dependence.
This makes it well-suited for capturing the dynamics of real-world phenomena that cannot be
adequately described by traditional Gaussian processes, see e.g. [23] for more details about Lévy
noise.

Although there have been lots of papers investigated the LDPs for stochastic evolution equa-
tions (SEEs) and stochastic partial differential equations (SPDEs) driven by Gaussian noise (see
e.g. [5, 7,8, 11, 14, 21, 27] and the references therein), there has not been very much results
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about the LDPs for SEEs and SPDEs driven by Lévy noise. The first paper about large devi-
ations for SEEs driven by Lévy processes is [24], in which the authors obtained large deviation
results for an Ornstein—Uhlenbeck type process driven by additive Lévy noise. By using the
contraction principle in the theory of large deviations (see e.g. [9, Theorem 4.2]), [29] dealt with
the LDPs for two-dimensional stochastic Navier—Stokes equations driven by additive Lévy noise.
In [25], the authors used the theorem of Varadhan and Bryc (see e.g. [12, Theorem 1.3.8]) cou-
pled with the techniques of Feng and Kurtz [15] to prove a LDP result for solutions of abstract
SEEs perturbed by multiplicative Lévy noise, on a larger space (hence with a weaker topology)
than the actual state space of the solution. Since Budhiraja, Dupuis and Maroulas introduced
the weak convergence approach in [6], it has been applied to study the LDPs in various dy-
namical systems driven by Lévy noise, like e.g., the LDPs for (2.3) on some nuclear spaces with
a monotone condition and Hilbert spaces with a locally monotone condition were established
in [3] and [28], respectively; in [30], the authors proved the LDPs for a class of SEEs driven
by multiplicative Lévy noise on Hilbert spaces, which is the actual state space of the solution;
the LDPs for two-dimensional stochastic Navier—Stokes equations driven by multiplicative Lévy
noises were investigated in [31] and [2] (we remark here that the strong solutions in [29, 31] are
concerned in the probabilistic sense, while the strong solutions in [2] are concerned in the PDE
sense). We stress that all the existing results on this topic (though we do not list all the works
here), except for two papers [26] and [33] (cf. the next paragraph for further details), require the
compactness of embeddings. However, it is very common to encounter situations where embed-
dings lack compactness, especially in some interesting state spaces such as the general o-finite
measurable spaces, and in particular, the unbounded domains in R?. Therefore, without the
compactness conditions, whether the LDPs for SPDEs driven by Lévy noise can be established
or not is significantly worthwhile to be investigated.

As far as we know, there are only two papers about the LDPs for SPDEs driven by Lévy noises
without using the compactness assumptions. In [26], the first and second named authors of this
paper proved the LDPs for a class of stochastic porous media equations driven by Lévy noise on
general o-finite measurable spaces. In [33], the second and third named authors of this paper
and Liu established a LDP for stochastic nonlinear Schrodinger equation with either focusing or
defocusing nonlinearity driven by nonlinear multiplicative Lévy noise in the Marcus canonical
form on the whole R?. However, there are many other SPDEs, like e.g., stochastic p-Laplace
equation, stochastic Burgers-type equations, stochastic 2D Navier-Stokes equations, stochastic
equations of non-Newtonian fluids, etc., and the LDPs for these SPDEs driven by Lévy noises in
the absence of compactness embeddings are open problems to be solved. Since these equations
can be formulated within the framework of locally monotone SPDEs, this strongly motivates
us to solve the problems by establishing the LDPs for a class of SPDEs with locally monotone
coefficients driven by Lévy noises, without using the compactness embeddings hypothesis (cf.
Theorem 3.7 for our main result). We would like to emphasize that, as an application of
our current work, the LDPs for the aforementioned SPDE examples driven by Lévy noises in
unbounded domains of R?, are achieved for the first time.

We will employ the same criteria as the ones used in [26, 33]. It is an improved sufficient
criteria proposed in [20] by the second named author of this paper and his collaborators, and
can be regarded as an adaption of the weak convergence approach introduced in [6] and [3] for
the case of Poisson random measures. The improved sufficient criteria was first introduced by
Matoussi, Sabbagh, and Zhang in [21] for the Wiener case, and has been proved to be more
effective and suitable to deal with SPDEs with highly nonlinear terms, see e.g. [10, 27] for the
Wiener case. The main procedures of our proofs are to establish the well-posedness of solutions
to the skeleton equations, the convergence of the solutions to the skeleton equations, and some
convergence between the solutions to the controlled SPDEs and the solutions to the skeleton
equations.

As mentioned before, in [28], the second named author of this paper and Xiong also proved
the LDPs for (2.3), but our current paper essentially improves the results in [28]. The main
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improvement is that we drop the compactness assumption for the Gelfand triples used in [28].
Another improvement is that we make the conditions for the coefficient of the noise term more
specific and weaker. To be precise, we note that Lo(vr)NHa C Lgio(vr)NHa, B 2 0, (cf. Section
3 for the definitions of the spaces and Remark 3.1 for the proof; see also [4]), which makes [28,
page:2848, (H5)] more concrete. In our paper, we use the concrete assumption (cf. (H6) in
Section 3). Also, we find that to obtain our results, it suffices to assume that Gy € H*° N La(vr)
for some wq € (0,+00) (cf. (H7) in Section 3). Since Hy C H>® C HZ, Vw € (0,+00) (cf.
(3.1) below), it means our assumption for G5 is weaker than [28, page:2849, (H6)], where G ¢ is
assumed to be in He N La(vr). To achieve these improvements, we can not follow the methods
used in [28], but have to employ different approaches/new ideas, which surprisingly simplify
the proofs than expected. We utilize the improved sufficient criteria proposed in [20], which
has been proven to be an effective criteria in [20, 26, 33] and seems to be a more appropriate
criteria compared to the one used in [28]. We adopt a series of technical methods, including time
discretization, a cut-off argument, and relative entropy estimates of a sequence of probability
measures as used in [26] to prove the convergence of the solutions to the skeleton equations.
With all the discussions above, we can conclude that although both [28] and our present paper
are concerned with the general framework, our work in fact has fundamental improvements
compared to [28]. These consequently lead us to use different strategies and techniques, making
the entire program a nontrivial endeavor.

The remainder of this paper is organized as follows: Section 2 provides a review of basic nota-
tions related to Poisson random measures and presents fundamental knowledge about Gelfand
triples. Section 3 states the hypotheses and the main result: the large deviations for (2.3). Sec-
tion 4 is dedicated to proving the existence and uniqueness of solutions to the skeleton equations.
Sections 5 and 6 are focused on proving the improved sufficient criteria.

2. PRELIMINARIES

Set N:={1,2,3,---}, R := (—o00,+00) and R} := [0, +00). For a metric space S, the Borel
o-field on S will be written as B(S). We denote by C.(S) the space of real-valued continuous
functions with compact supports. Let C([0,T];S) be the space of continuous functions g :
[0,T] — S endowed with the uniform convergence topology. Let D([0,T7];S) be the space of all
cadlag functions g : [0,7] — S endowed with the Skorokhod topology.

For a locally compact Polish space S, the space of all Borel measures on S is denoted by
M(S), and Mpc(S) denotes the set of all € M(S) with u(O) < +oo for each compact subset
O C S. We endow Mpc(S) with the weakest topology such that for each g € C.(S) the mapping
1€ Mpc(S) = [4g(s)u(ds) is continuous. This topology is metrizable such that Mpc(S) is a
Polish space, see [6] for more details.

We fix T > 0 throughout this paper. Assume that Z is a locally compact Polish space with
a o-finite measure v € Mrc(Z). The probability space (Q, F,F := {F; }ic(0,1, P) is specified as
follows.

Q= Mpc([0,T) x Z x Ry), F = B(Q).
We introduce the coordinate mapping
N:Q—Q:Nw)=w, VweQ.
Define for each ¢ € [0, T] the o-algebra
G =0 {N((0,s] x A): 0<s<t, Ac B(ZxRy)}.

For the given v, it follows from [18, Sec..8] that there exists a unique probability measure P
on (9, F) such that N is a Poisson random measure (PRM) on [0,7] x Z x R with intensity
measure Lebr ® v @ Leby, where Leby and Leby, stand for the Lebesgue measures on [0, T
and R, respectively.
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We denote by F := {F; }cjo,r) the P-completion of {G;}ic[0,7] and P the F-predictable o-field
on [0, 7] x Q. The PRM N is defined on the (filtered) probability space (2, F,F := {Fiteeo); P)-
The corresponding compensated PRM is denoted by N.

Denote

Ry :={e: [0, T)xQ2xZ —=Ry:¢pis(P®B(Z))/B(Rs)-measurable} .
For any ¢ € Ry, N¥: Q — Mpc([0,T] x Z) is a counting process on [0,7] x Z defined by

NP((0,4] x A) = / Voo () N(dr,dz,ds), 0< t <T, AcB(Z).  (21)
(0] x AxR4

Here N¥ can be viewed as a controlled random measure, with ¢ selecting the intensity.

Analogously, N¥ is defined by replacing N with N in (2.1). When ¢ = ¢ > 0, we write
N¥ = N¢ and N¥ = N¢.

Let V be a reflexive and separable Banach space, which is densely and continuously injected
in a separable Hilbert space (H, (-,-)m). Identifying H with its dual we get
VCHXH*CV*,

ko

where the star “*’ denotes the dual spaces. Denote v+ (-, -)y the duality between V* and V, then

we have
ve(u,v)y = (u,v)g, YueH velV. (2.2)
Now we consider the following type of SPDEs driven by a Lévy process: for any € € (0, 1),

dXE = A(t, X)dt + ¢ / F(t, XE, 2)N® ' (dz, dt), tel0,T), (2.3)
Z

with initial data € H, where A : [0,T] x V. — V*is a B([0,T]) ® B(V)/B(V*)-measurable
function and f:[0,7] x H x Z — H is a B([0,T]) ® B(H) ® B(Z)/B(H)-measurable function.

Definition 2.1. An H-valued cadlag F-adapted process X€ = {Xf}te[o,T] 1s called a solution of
(2.3), if for its dt x P-equivalent class X¢ we have

(1) X< e L*([0,T); V) N L([0,T); H), P-a.s.;
(2) the following equality holds P-a.s.:

Xt—x—i-/AsX ds—l—cs//st6 ,2)N E_l(alz,als), vt € (0,77,

where X is any V -valued progressively measurable dt x P version of Xe.

Remark 2.2. It is a well-known and typical conclusion in probability theory that dt xP-equivalent
processes/versions are regarded as the same stochastic process, and it is always impossible to
find one version to satzsfy all required properties. In the above definition, three dt x P-equivalent
versions “X°¢ X €. X are implicitly required to ensure that each version satisfies some required
properties.

In the rest of this paper, when there is no danger of causing ambiguity, we denote dt x IP-
equivalent processes/versions of a given process X by itself.

3. HYPOTHESES AND MAIN RESULT

In this paper, we assume the following conditions. Suppose that there exist constants o >
1, 320, >0, C>0,a function F € L'([0,T];R") and a function p : V — [0, +00) which
is Borel measurable and bounded on the balls, such that the following conditions hold for all
v,v1,v2 € V and t € [0,7T):

(H1) (Hemicontinuity) The map s — y=(A(t,v1 + sv2),v)y is continuous on R.
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(H2) (Local monotonicity)
2 v+ (A(t,v1) = Alt,v2), 01 = v2)y < (Fy + p(v2))lor — w27
(H3) (Coercivity)
2 v+ (A(t, ), 0)v +0]loll§ < Fe(1+ [loll3).
(H4) (Growth)

JA® )52 < (F + Clloll$) A + oll)-
(H5)
p(v) < C(L+ oll§)(1 + o]l 7)-
For simplicity we write vp for Lebp @ v. For p € (0, 4+00), define

M, = {h 0,T) x Z = R : 35> 0,s.t. YO € B([0,T]) ® B(Z) with vp(0) < 4o,

we have / exp(0hP(t, z))v(dz)dt < oo}7
o
and

T
Ly(vr) = {h L 0,7] x Z = R* / / hP(t, 2)v(dz)dt < oo}.
0 Z
For @w € (0,+00), define
HT = {h:[0,T] x Z = R" : VI € B([0,T]) ® B(Z) with vp(T) < 400,

we have /Fexp(wh(s, 2))v(dz)ds < oo},

and denote by H> = (| ,¢(9 +o00) - By [3, Remark 3.2], we have
Ho C H™. (3.1)

To study the large deviation principle (LDP) of (2.3), besides the conditions (H1)-(H5), we
further need

(H6) There exists Ly € La(vp) N Ha such that
1t v, 2) | < Lp(t, 2) (1 + vllm), (v, 2) €[0,T]xV x Z.
(H7) There exists Gy € H¥° N Ly(v7) for some wy € (0, 400), such that
| f(t,v1,2) — f(t,v2,2)||la < Gf(t, 2)||v1 — v2l|m, V(t, 2) €[0,T] x Z, vi,va€V.
Remark 3.1. We claim that Lo(vr) N Ha C Lgyo(vr) N Ha.

Proof. Let h € Ha N La(vy). By the definition of Hs, there exists a § > 0 such that VO €
B([0,T]) ® B(Z) with vp(O) < +oo, we have [, exp(0h?(t,z))v(dz)dt < +oo. For this § and
B > 0, there exists M > 0, which depends on ¢ and 3, such that

exp(5y2) > y6+2, Yy > M. (3.2)
P

Denote E :={(t,z) € [0,T) x Z : h(t,z) > M} and E°:=[0,T] x Z\ E. Since h € La(vr), we
have

T T,
vr(E) < e /0 /Zh (t, z)v(dz)dt < oo,
hence by the definition of Ha,

/ exp(6R%(t, 2))v(dz)dt < oo.
E

/O ' /Z RAH2(t, 2)v(dz)dt
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/hﬁH (t,z) dz)dt—i—/ WAY2(t, 2)v(dz)dt
E c

/exp (6h2(t, 2) (dz)dt+Mﬁ/ h2(t, z)v(dz)dt
E

c

T
< / exp(0h%(t, 2))v(dz)dt + M'B/ / h2(t, 2)v(dz)dt
E 0o Jz
< Ho00,
where we used (3.2) in the first inequality. Therefore, h € Lgio(vr) N Ha. O

With a minor modification of [1, Theorem 1.2] and using Remark 3.1, we have the following
existence and uniqueness result for the solution of (2.3).

Proposition 3.2. Suppose that conditions (H1)-(H7) hold. Then (2.3) has a unique solution
Xe= {Xte}te[(),T]-

Remark 3.3. The main differences between the proofs of Proposition 3.2 and [1, Theorem 1.2]
lie in two aspects. There is no Wiener noise term in (2.3), which makes the proof of Proposition
3.2 simpler. The mapping F appearing in Conditions (H2)-(H4) of this paper is a deterministic
function, while in the conditions of [1, Theorem 1.2], F' could depend on w. This leads to the
following modifications: The local monotonicity and coercivity conditions in [1, Theorem 1.2]
are satisfied for (2.3) with the constant C replaced by an L'([0,T);RY) function, e.g., local
monotonicity holds with C' replaced by [, G%(t, 2)v(dz) + Fy and coercivity holds with C' replaced
by Ft.

Remark 3.4. The conditions in Proposition 3.2 are satisfied by a very large class of SPDEs
driven by a multiplicative pure jump Lévy noise, including the stochastic porous medium equation,
stochastic p-Laplace equation, stochastic Burgers type equations, stochastic 2D Navier-Stokes
equations and many other stochastic hydrodynamical systems. [1, Section 2| presents many
concrete examples to illustrate the applications of this proposition. It is omitted in this paper.

In the present paper, we aim to establish a LDP for the solution of (2.3) as ¢ — 0 on
D([0,TT; H).

We first state the LDP we are concerned with. The theory of large deviations is concerned
with events A € B(D([0,T]; H)) for which probability P(X€ € A) converges to zero exponentially
fast as € — 0. The exponential decay rate of such probabilities is typically expressed in terms
of a “rate function” I defined as below.

Definition 3.5. (Rate function) A function I : D([0,T]; H) — [0,+00] is called a rate
function on D([0,T]; H), if for each M < 400 the level set {y € D([0,T];H) : I(y) < M} is a
compact subset of D([0,T); H). For A € B(D([0,T]; H)), we define I(A) :=inf,ca I(y).
Definition 3.6. (Large deviation principle) Let I be a rate function on D([0,T); H). The
sequence {X}cco,1) 18 said to satisfy a large deviation principle (LDP) on D([0,T]; H) with
rate function I if the following two conditions hold.

a. LDP upper bound. For each closed subset O of D([0,T]; H),

limsup elogP(X® € O) < —I(0).

e—0

b. LDP lower bound. For each open subset G of D(]0,T]; H),
limiglfelogIP’(XE €G) > —-I1(G).
e—

Before stating our main result, we need to introduce the so-called skeleton equation. For each
Borel measurable function g: [0,7] x Z — [0, +00), define

Qg) == /[O,T]Xzﬁ(g(s,z)) v(dz)ds,
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where /(x) = zlogz —x + 1, £(0) := 1. For each N € N, define
SN = {g: [0,T] x Z — [0,00) : Qg) < N}.
Any g € SV can be identified with a measure § € Mpc([0,T] x Z), defined by

g(A) = /Ag(s,z) v(dz)ds, YA € B([0,T] x Z).

This identification induces a topology on S¥ under which SV is a compact space (see the
Appendix of [3]), which is used throughout the paper.

Denote
= J sV
NeN

For any g € S, consider the following deterministic PDE (called the skeleton equation): for
any t € [0,T7,

¢ t
Yi/=1z +/ A(s,YT)ds —i—/ / f(s, Y2, 2)(g(s,2) — )v(dz)ds, in V*. (3.3)
0 0Jz
By Proposition 4.1 below, this equation has a unique solution Y9 € C([0,T|; H)NL*([0,T]; V).
The following is the main result of this paper.

Theorem 3.7. Assume that conditions (H1)-(H7) hold. Then the family {X“}.c(,1) satisfies
a LDP on D([0,T]; H) with the rate function I : D([0,T]; H) — [0, +o0] defined by

I(¢) = inf {Q(g) . g€ S such that Y9 = ¢}, ¢ € D(0,T]; H).
Here Y9 is the unique solution to (3.3). By convention, inf () = 4o0.

Proof. Proposition 4.1 allows us to define a map
':S>¢9g—~Y%eC([0,T; H)NnL*([0,T}; V), (3.4)
where Y9 is the unique solution of (3.3).

Let {Z,}nen be a sequence of compact sets satisfying that Z, C Z and Z,, / Z. For each
n €N, let

[L,n], ifzeZ,

n’

{1}, if 2 e 7¢ for all (¢t,w) € [0,T] XQ}7

Rpn = {¢ ERy 1 Y(t,2,w) € {

and Ry = {J,—; Rpn. For any N €N, let SV be a space of stochastic processes on 2 defined by
={Y eRy: Y(-,-,w) € SN for P-ae. w € Q}.

By Proposition 3.2, the Yamada-Watanabe theorem and Girsonov theorem for Poisson random
measures, for € € (0,1), there exists a map

T : Mpe([0,T) x Z) — D([0,T]; H) 0 L*([0,T); V)

such that X¢ = IS(N® ') is the unique solution to (2.3). Moreover, for any N € (0,00) and
e € SN, let

XY = TN Ve, (3.5)
then X ¥ is the unique solution of the integral equation (or generally called “controlled SPDE”):

szﬁ = x—l—/ A(s, X¥¢) ds—i—e/ /f s, Xwe 1wf(dz,ds) —eily(dz)ds)
= x—l—/ A(s, XP<) ds—i—e/ /f XY )N Ve(dz, ds)



t 5, XY 2 s,z)—1)v(dz)ds . :
_|_/0/Zf(,XS,)(1/;€(,) 1)v(dz)ds, Vt € [0, T] (3.6)

For the details of the proof of the above result, we refer [2, Lemma 7.1].

According to [20, Theorem 4.4], which is an adaption of the original results given in [6,
Theoerm 4.2] and [3, Theorems 2.3 and 2.4], to complete the proof of the theorem, it is sufficient
to verify the following two claims:

(LDP1) For any given N € N, let 1,4, € SV, n € N, be such that v, — 1 in SV as n — +oo.
Then

lim - sup [|T'(¢n)(t) = T(¥)(0)]zr = 0.

=200 ¢2[0,T7
(LDP2) For any given N € N, let {1, ¢ >0} C SV. Then, for any 6 > 0,
im P sup [D(NY)(t) — T(@e)(®)llm > 8| =0.
=0\ ¢ef0,7)

The verification of (LDP1) will be given in Proposition 5.1; see Section 5. (LDP2) will be
established in Proposition 6.1; see Section 6. O

Finally, we introduce the following results, which will be used later.

Lemma 3.8. (i) Let x € Ho N Lo(vr), we have
sup / / Ix(t, z)|“(h(t, 2) + 1)v(dz)dt < oo, VN € N. (3.7)
hesSN

(i1) Let x € H® N La(vr) for some @ € (0,400), we have

T
sup / / x(t, z)|h(t, z) — 1|v(dz)dt < co, VN € N. (3.8)
hesSN Jo JZ
(iii) Let x € H* N La(vy) and N € N, we have
lim sup  sup / / (t,2)|h(t, z) — 1|v(dz)dt (3.9)
0—0 pegN 0eB([0,1))
Lebp(0)<8

(iv) Let x € H® N La(vy) and N € N, then for any € > 0 there exists a compact set K. C Z
such that

T
sup / / X(t, 2)|A(t, z) — 1v(dz)dt < e, (3.10)
hesy Jo  Jke
where K¢ is the complement of K.
(v) Let x € H*, K be a compact subset of Z and N € N, we have

T

lim sup / / X(t; 2) - Liy(t,2)553 (8 2)A(t, 2)v(dz)dt = 0. (3.11)
j—0o0 heSN K

Remark 3.9. The proofs of (3.7), (3.8), (3.10) and (3.11) can be found in the proofs of [3,

(3.3), (3.4), (3.23), (3.26)] respectively and use (3.1) and the fact that for any compact subset

K C Z, v(K) < +00. (3.9) is quoted from [30, Remark 2], which is a little more general than

[3, (3.5)], i.e.,

lim sup sup // (t, 2)|h(r,z) — 1|v(dz)dr

6—0 hesSN O<s<t<T



4. WELL-POSEDNESS FOR THE SKELETON EQUATION

Before verifying the (LDP1) and (LDP2), we need to prove the following proposition, i.e.,
the existence and uniqueness of solutions to the skeleton equation (3.3).

Proposition 4.1. Suppose that conditions (H1)-(H7) hold. For any g € S, there exists a
unique solution Y9 € C([0,T]; H) N L*([0,T]; V) satisfying (3.3). Moreover,

T
sup (sup [Vl + [ IVIpdt) < Cy < 400, WV €N, (4.1)
geSN Mtel0,T) 0

where C 1is defined as in (4.9).

Proof. The proof is mainly divided into three steps.
(Step 1) For J € C(]0,T); H) N LY([0,T]; V'), consider the following equation:

dz] = At, z])dt + /Z F(t.J(1), 2)(g(t, 2) = Dv(dz)dt, ¢ € 0,7, (4.2)

Z§ =x € H.

In this step, we aim to prove the existence and uniqueness of solutions to (4.2) with Z7 ¢
C([0,T]; H) N L*([0,T]; V) satistying

t ¢
z! =z +/ A(s, z])ds +/ / f(s,J(s),2)(g(s,z) — 1)v(dz)ds in V*, (4.3)
0 0 Jz
and
T
sup |23 +6 | 11Z]||%ds < Cr, (4.4)
t€[0,T] 0

where Cr is defined as in (4.6).
Assume that {ej, eq,...} C V is an orthonormal basis of H such that span{e,es, ...} is dense
in V. Denote H,, := span{ey,...,e,}. Let P, : V* — H, be defined by

n

Pny = Z 1% <y7ei>Vei7 ) € V*
i=1

It is easy to see that P,|p is just the orthogonal projection of H onto H,, and, for uj,us € V,
v € H,, we have

Ve (PaA(t 1) + /Z Puf(tus, 2)(g(t, 2) — Dw(dz), v}y
— (PoA(t ) + /Z Pof(t,us, 2)(g(t, ) — Dv(dz), o) (4.5)

= y«(A(t,u1) —i—/Zf(t,ug,z)(g(t, z) — Lv(dz),v)y.
For each n € N, consider the following equation on H,:
4Z]™ = PA(t, 2™ dt + /Z Puf(t, (8), 2)(g(t, 2) — D(dz)dt,
ZJ" = Pz € H.

From [19, Theorem 3.1.1], we know that there exists a unique solution Z/" = {th’n}te[o,T} to
the above equation satisfying the following integral equation:

t t
Zin :an/ PnA(s,Z;]’")der/ /Pnf(s,J(s),z)(g(s,z) — )u(dz)ds, Vi € [0,T].
0 0 JZ
9



Applying the chain rule to || Z"|%, by (H3), (H6) and (4.5), we have

t
1273 = | Pazl3y +2 /0 Ve (PoA(s, Z0), Z97)y ds
t
2 / ved / Puf (s, 7(s), 2)(9(5,2) — 1)w(dz), Z")yds
0 7
t t t
< leli3 + / Fuds + / o207 ds - / 012" ¢ ds
0 0 0
t
2 /0 /Z Ly(s,2) 1+ 11T() ) - 1227 1t - 1g(s, 2) — Lp(dz)ds
t t t
< llely + / Fuds + / Fy- 1227 s — / 01277 ¢ ds
0 0 0

t
+2(14 sup 9(6)n) | LoGs)- (1271 + Vs, ¥t € 0.7)
s€[0,T] 0

where
Ly(s):= /ZLf(s,z)|g(s,z) — 1|v(dz).

By (3.8) we know that Ly € L'([0,T];R"). Since F € L'([0,T];R") and J € C([0,T]; H), by
Gronwall’s inequality, we have

T
sup 1273+ [ 123" pds < Cr,
t€[0,7] 0

where

l l
C) = (||x||%{—|-/ Fsds+2(1+ sup ||J(s)||H)/ Lf(s)ds)
0 s€[0,]] 0

o Feds+2(45upacio, 196) 1) Jo Ls(s)ds 1 < [, 77, (4.6)

Following the similar ideas as [1, Theorem 4.1], we obtain the existence and uniqueness of
solutions to (4.2) satisfying (4.3) and (4.4). Besides, (4.4) still holds with T replaced by any
le[0,T].

(Step 2) Choosing M > 4(1 + ||z||%), by (4.6) there exists 0 < lp < T such that

lo lo
<||33H§J +/ Fids +2(1 + M)/ Lf(s)d8> o Feds+2(14M) [3° Ly(s)ds < pf
0 0
Define

lo
Agar = {0 € CLOR HY N L0, V) sup [(s)lia +6 [ Ix(o)lipds < 1)
s€[0,lo] 0
From (4.4) we see that for any J € Ay, a7, one has Z7 € Ajy ar- Define a function d : Ay, pr %
Ajg.pr — [0,400) by
d(x',x*) = suwp [Ix'(s) = x*(s)lm, V' x* € Ay -
SE[O,lo}

It is easy to see that d is a metric on Ay . In fact, (A, ar,d) is a complete metric space.
Before clarifying this, we remark that in this paper A, as is not equipped with the following

usual metric
1

- lo

i) = sup ) =+ ([ I 6) = ) Ids) L e € A
s€0,lo] 0

Because as seen later in this step (see the arguments under (4.7)), we only prove that the unique

solution to (4.2) on [0, 1] (cf. (4.8) for l;) is a contraction from (A, ar,d) to (A ar,d), which
10



is sufficient to use the Banach fixed-point theorem. To clarify that (A, ar,d) is complete, we
need to prove that every Cauchy sequence in (A, a7, d) converges and its limit is in Ay p.
Suppose that {xn}nen is a Cauchy sequence in (Ay, ar,d), hence also a Cauchy sequence in
(C([0,1o]; H),supgeqo o] Il - [17)- Then there exists some x € C([0,l]; H) such that as n — o0,

Xn — X, strongly in C([0,lo]; H) C L*([0,lo]; H).

Since Qf(fo Ixn(s)|Iirds < M, Vn € N, there exists some x € L*([0,[g]; V) such that as n — +oo,
Xn — X, weakly in LY([0,1]; V') € LY([0,lo]; H).

Therefore, x = ¥, ds-a.s.. Since

lo
sup [Pxn(s)]r + 6 / Ixa(8)lI3ds < M,
s€[0,l0] 0

by weak lower semicontinuity of the norms, we may pass to the limit and get

sup ()]l + 0 / Ix(s) g ds <
SE[OIQ]

From Step 1, we know that for any Ji, Jo € Ay, ar, there exist unique solutions to (4.2) with
J replaced by J; and Js, for simplicity, denoted as Z' := Z/t and Z2 := Z”2, respectively. We
have for ¢ € [0, lo],

_ Zt2
t t
= [ Az = A Zyas+ [ [ (1. 0105).2) = 5. 02(5).2) a5, ) — D).
0 0o Jz
Applying the chain rule to || Z} — Z2||%, by (H2) and (HT),
1z} — Z¢|I%

= 2/t V*(A(S7Zsl) _'A(S7Z52)7Zsl _Z§>Vd3
0

w2 [ (] (65031050 2) = 1G5 7o), 2) 0. 2) = V(=) 24 = 22) s

< /0 (Fu+ p(22))1 2} — 22|[3ds
t S, 2 S) — S . S, 2)— . l— 2 viaz)as

+2/0 /ZGA, I a(s) — Ja(s) iz - lg(s. ) — 1] - |22 — 22| o(de)d
< / (B + p(22)) |1 2L — 22|[ds

+ / /Z G (5, 2)1Ta(s) — Ta(s)l3 - l9(s, 2) — Uw(dz)ds

t
—|—/ / Gy(s,2)|1Zs — Z2||% - |9(s, 2) — 1|v(dz)ds, Vt € [0, o). (4.7)
0 Jz
By Gronwall’s inequality, we know that for [ € [0, lg],

sup |2 — Z{ |5
te(0,1]

l l
< sup |[Ji() — Ja(8) [ - / Gy(s)ds - exp / Fy + p(Z2) + Gy(s)ds},
te(0,]] 0 0
where
Gy(s) = /Z G (s, 2)lg(s, =) — 1w(dz),
11



which by (3.8) one has Gy € L1([0,T];RT). Since F € L*([0,T];R"), by (H5) and (4.4),

lo

exp{ ; Fs+p(Z2) + Gf(s)ds}

lo

< ew{ [E+CUH IR0+ 1Z215) + Grls)ds

= CM,zo,e, S Fuds, [ Gy(s)ds

< H-o00.
Therefore, choosing {1 € (0, lp] such that
A 1

. Gy(s)ds - CM,lo,e,fOT Fuds, [T Gy(s)ds S 37 (4.8)

which means the unique solution to (4.2) on [0, ;] can be regarded as a map from Ay, as to Ay, v
and it is a contraction. Hence, by the Banach fixed-point theorem, there exists a unique solution
to (3.3) on [0,1;] in the space C([0,11]; H) N L*([0,l1]; V).

(Step 3) Assume that there exists a unique solution to (3.3) on [0,7], denote it as Y.
Applying the chain rule to ||Y?||%, by (2.2), (H3) and (HS6),

t
V22 = fzl? + 2 /0 v (A(s, Y9), YS)yds
t
2 / yed / £(5,Y8,2)(g(s, 2) — 1)w(dz), YE)yds

0 A

t t t

< el + / Fuds + / Fy- Y9 ds - / 09| ds
0 0 0

t t
+4/ Lf(s)ds—|—4/ Ly(s) - ||YY|3ds, Yt € [0,T].
0 0

Then,

T
sup [Vl +6 [ 1V2pds
t€[0,T) 0

T T
< 3 + / Fy + AL (s)ds + / (Fy+ 4L (s)) - [V |rds.

By Gronwall’s inequality and (3.8),

T
sup V7] + / Y913 ds
te[0,7) 0

T
< (Il + /0 Fy + 4Ly (s)ds) - efo oLy (s)ds

= Ch, (4.9)

where Cy is dependent on fOT Fyds, fOT L¢(s)ds, N and |||z, but independent of g.

Combing the results in Step 2 and Step 3, using the standard arguments, we know that there
exists a unique solution Y9 € C([0,T]; H) N L*([0,T]; V) satisfying (3.3) on [0,T]. (4.1) follows
from (4.9). O

5. THE VERIFICATION OF (LDP1)
Recall from (3.4) that
I':'S>9g—=Y9%eC(0,T; H)NL*([0,T];V),

where Y'Y is the unique solution of the skeleton equation (3.3). In this section, we aim to prove
the following proposition.
12



Proposition 5.1. For any given N € N, let 1,4, € SN, n € N, be such that 1, — 1 in SV as
n — +oo. Then
lim sup |[D(¢n)(t) = T(¥)(@)]|lz = 0.

=200 ¢2[0,T7

Proof. From Proposition 4.1, we know that X% := I'(¢) is the unique solution to the following
deterministic PDE

4XY = A(t, XP)dt + /Z F(E X2 2)(b(t, 2) — (dz)dt,
XY =z eH,
while X¥%» := I'(1,,) is the unique solution to the following deterministic PDE
dX{™ = At, X ™) dt + /Z Ft, X0, 2) (Wt 2) — 1)v(d2)dt,
X" =zeH.
Applying the chain rule to HXZZ)" - th”%{, by (2.2),
Xt = X2l
=2 [ (A X — A X)X - Xy
+2/ </ f(s, Xw” wn(s z) — ) f(s,Xy,z)(w(s,z) — 1)1/(dz),

XY — XYY ds, Vt € [0,T]. (5.1)
By (H2), (H5) and (4.1),

t
2 / Ve (A (s, XP7) — A(s, XY, X — X¥)yds
0

N

t
2 /0 (Fo+ C(1L+ [XEIE) 1+ [XE15) - X% — X¥|Pds
t t
_p /0 (Fut C) - | XPn — XP|ds +2C /0 IXP[ - [ X — XY|3ds
t
Lac /0 IXPLE, - XPn — X2 |2ds

t
1ac /0 IXPUE - IXP XY — XY 2 ds

N

t t
2 /0 (Fut C) - | XPn — XPV|ds +2C /0 IXP[ - [ X — XY|3ds
t
+20 sup sup | XI5 - / XY — XY|3ds
hesSN te[0,T) 0

t
+2C sup sup X015 - / IXPYE - XY — XY |3ds
hGSNtG[O,T] 0

t
= [ 2B+ Cu gl XY + ) XY - X2 Ifyds, Vi€ 0.7) (5.2
0

Here Cn g only depends on Cy appearing in (4.1) and 8. For simplicity, denote the second term
in the right hand-side of (5.1) as I,(t) and rewrite it as following:

In(t)
13



=2 [ 56.X02) (0,2 = 1) = 065.2) = D)), X3 = XY s

t s. XV ) — f(s. XY o s 2) — 1Du(ds dn )
2 [ (] (X0 2) = F(5. X0 2) (Wn(.2) = Dfdz). X2 = XF)
Qn1(t) + Qna(t). (5.3)

Denote
s) = /ZGf(s,z)\wn(s,z) — 1y (dz).
From (3.8) we know that

T
sup/ Gn(s)ds < 0. (5.4)
neNJO
For Qn2(t), from (H7) we have
|Qna(t) / Gn(s)| XV — XY % ds. (5.5)

Substituting (5.2)-(5.5) to (5.1), we get
X = Xl

t
< / 2(Fy+ On gl XY G + Cng + Gu(s)) - |XP" = XY s + Qua(t), Ve € [0,
0

From (4.1) we know that || X¥||% € L'([0,T]; RT), hence by Gronwall’s inequality and (5.4), we
obtain

sup || X7 — X |13
te[0,T

T Yo
< sup [Qua(t)] - €2 o PN sIXLIG+ Ot Cn ()i
te[0,T]

= CGf,N,B,a,T' sup |Qn71(t)‘. (56)
te[0,T

Here Cq .N80, 18 independent of n.
Now let us estimate |@Qy 1(t)]. By Lemma 3.8, we know that for any ¢ > 0, there exists a
compact set K. C Z such that (3.10) holds. We rewrite

Qna(t
- / / (8, XY, 2) (Yn(s,2) — (s, 2)), X —X3>HV(dZ)d5

+2/ /c (5, XY 2) (Vn(s, 2) — w(s,z)),X;p" —X;/’>H1/(dz)ds

= I (t) + L2(t). (5.7)
By (H6) and (4.1),
sup |In2(t)]

te[0,7
T
< 2/0 /K Ly(s,2) - (|X2 )i +1) - [tn(s,2) — (s, 2)| - | XY — X2 || v(dz)ds

<2 sup (XYl + 1) IXE" = XY -
s€[0,T]

(/DT/EC Ly (s, 2)[tn(s, z) — 1|v(dz)ds + /OT /K Ly(s,2)[0(s,2) — 1\V(dz)ds>



< eCy. (5.8)
To estimate I, 1(t), define
Ar,g=A{(5,2) €[0,T] x Z : Ly(s,2) = J}.
In the following, for any M C [0,T] x Z, denote M¢ :=[0,T] x Z \ M. Denote

I (t)
= 2/:/ <f(s,X;/’,z)(1/Jn(s,z) — w(s,z)),X;b” — X;Z’>H1ALf’J(s,z)V(dz)ds

t
+2/0 /E <f(S’Xg}’Z) (tn(s,2) = (s, 2)), X" = X;Z}>H1Aif7J(S,Z)V(dz)ds
= Iy, g(t) + In,e(t). (5.9)
By (H6) and (4.1),

sup |In,1,J(t) |
t€[0,T]

T
<2 [ [ L0+ DEnls2) + 005 2)-
0 K.
(X8 1+ IX2 )1, (s, 2(d2)ds
<2 sup [(1X20 + DX s+ 1 X20)] -

s€[0,7

T
/0 / L(s,2) (¥n(s, 2) + (s, Z))lALf’J(S, 2)v(dz)ds

T
< Cy Sup/ / Ly(s,2)h(s,2)1a, ,(s,2)v(dz)ds, (5.10)
heSN JO € £

by (3.11), we know that for € > 0, there exists J. > 0 such that

)

T
sup/ / Ly(s,2)h(s,2)1a, , (s,2)v(dz)ds <
ﬁGSN 0 € e

so choose J in (5.10) to be J., then (5.10) yields

sup |[In1,.(t)] <e. (5.11)
te[0,7

Substituting (5.7)-(5.11) to (5.6), we get

£
Cn

sup || X" — X714
te[0,7)

< CGf,N,B,a,T . <€ + sup ‘In717jg(t)’ + ECN>. (5.12)
te[0,7)

To estimate |I,,1,7¢(t)|, denote

U"(s) = XP" = X0, U (5m) = X3 = X3,

where
Sm=tgr1=(k+1)T-27" forse [kT27™, (k+1)T27™).
Then
sup [, 1,5¢(t)| <> I, (5.13)
t€[0,7] " ZZ; '
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where

= s || / {6 X0, 2) (n5,2) = (5,20),U7(6) = UG L, (5, 2=l

t€[0,T

= sup ’/ f s XS7 z) — f(s,X;pm,z)) (wn(s,z) —w(s,z)),U”(Em» lAif i (s, z)v(dz)ds|,
K.

t€[0,T
I3 = sup sup
1<k<L2mt 1 <t<ty,

/t [ (5.8, 2) (02) = 005.2). U ), (o ()|

ty

) (3, X8, ) (5, 2) = (5, 2)). U 5)) g Ly, (5 ,z)u(dz)ds(.

Note that I;,i =1, ..., 4, are all dependent on n,m,e. For simplicity, we omit these parameters.
Now, let us estimate [;,7 = 1,2, 3,4. From [3, Remark 3.3] we know that for any a,b € (0, +00)
and o € [1,400),

1 1
ab < 7+ ~(blogh — b+ 1) = e7® + —(b). (5.14)
o o
Choosing a = 1 and b = ¢,(s, z) or (s, z) in (5.14), using (4.1), similarly as to get [26, (5.23)],
. T 1 T 1
B < O v (|18 = X ) ([ 100 = X2, )
0 0

Cnr

+J€ * (5.15)

Here Cy 1 only depends on C appearing in (4.1) and 7.
To estimate fOT | xem — X;{:H%{ds, note that for any s € [0, 77,

X - x| A X+ / gm [ 505 2) e 2) ~ 1)wazgar
s s Z

Applying the chain rule to |]X§: - X;b"H%{, by (2.2),
X3 = Xl

Sm
_ 9 / Ve LA XPm), XPm — X0t
S

+2 /gm </Zf(t,XZ"”,z)(wn(t,z) — Dwldz), X" = XP") dt, Vs € [0,T],

Integrating the above equality over [0,7] with respect to s, we get
T
|t = X s
T [8m
— 9 / / v (A, XP), XPn = X00) dtds
0 s

T rsm
+2/0 /S </Zf(t,XZp",z)(zbn(t,z) — 1)v(dz), X" — X¥) , dtds.

By Young’s inequality, (H4) and Fubini’s theorem, there exists a positive constant C, €
(0, +00), which only depends on « and may change from line to line, such that

T Sm
2 / / v (At XP), X — XU dtds
0 s

T Sm A t X¢n %:1 X'@Z)n _X'd)n a
[ [ IARENET |15 = 5
0 a—1 @
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N

2 o — 1 T Sm
(0‘)/0 / (Fi + CIXP 1) (1 + 11X |17) deds

T prém
o [ [N X2 dnas

2 a — 1
_2e-l) / / Fy+ B X2 |8 + CIXP |18 + CIXP 131 X0 |5 deds

+Ca// |]X§”"||§“,dtds+0a// | XY (| dids
0 s 0 s

T Sm T Sm
Co [ [ Bt X0 dtds 4 Co [ sup sup |XPIG] - [0 [ R 1 aras
0 Js heSN te[0,T] 0 Js

N

T T ok
+—C, - sup/ | X 5-ds
2n v Jo 0

T rt T rt
~Co [ [ R dstir Co- [sup swp IXPI]- [0 [ R g asar
0 Sm—1 heSN tE[O,T} 0 Sm—1

T T ,
+—C, - su / XM|S%ds

T T T
—C,- [/ Fydt + Sup/ ||Xf||avdt}
2 0 hesN Jo

N

T T T
tgCa [ supswp [XPIG] [ [ Fdes sup [ xg]
heSN t€[0,T) 0 heSN JO

T T
+27mca - sup / HXSH%dS
heSN JO

Since F € L'([0,T);R*) and (4.1) holds, the above inequality can be dominated by & Ca. 1N,
where C, 7 n only depends on Cy appearing in (4.1), T" and o
By (H6) and (4.1),

/ / </ f(t, Xwn ¢n(t z) — )V(dz),th” — X;/)”>Hdtds
S / /Sm/ Ly(t2)(1+ HXZ%HH)HXZ% = X1 - |n(t, 2) — Lv(dz)dtds
0 s A

T m
< 4[ sup sup || XP4 + 1] /0 / /ZLf(t, z) - [n(t, z) — 1|v(dz)dtds

heSN t€[0,T]

< Cnyr sup sup /m/ Ly(t,z) - |h(t, z) — 1|v(dz)dt
Z

heSN s€[0,T] /s
Since by (3.9),

lim sup sup / / Lf(t,z)-|h(t,z) — 1|v(dz)dt = 0,
m=+00 he N 5¢[0,T)

we then have

T
lim sup/ |XEn — XV ||%ds = 0. (5.16)
0

m—-+00 neN

Using similar arguments, we also have

T
li XY _ XY|%ds = 0. 1
L A X5, — XS lgds =0 (5.17)
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Substituting (5.16) and (5.17) into (5.15), we get

Cn,

lim sup sup fl < Je -

m—+00 neN

Since o is arbitrary in [1, +00), we obtain

lim supl; =0.

m—+400 N
Similarly as to get [26, (5.37), (5.39)], we have
lim sup I = 0,

m——+00 neN
and

limsup sup I3 = 0.

m—+o0 neN

Hence, for any v > 0, there exists m, > 0 such that for all m > m,,

Z sup I; < . (5.18)
Similarly as to get [26, (5.46)], we have

lim ‘/t/ Fls, X202, U™ )i (b (5,2) — 05, 2)) L, (5, 2)w(d=)ds| = 0. (5.19)

n—r—+oo
For the fixed v and m., as above, (5.19) implies that
lim I =0. (5.20)

n—+oo

Then, by (5.13), (5.18) and (5.20),

limsup sup |[1,5¢(t)| <7,
n—+o0 t€[0,7T)

which implies

lim sup |[1,¢ = 0. 5.21
i s 1, (0) (5.21)

since « is arbitrary in (0, +00).
Now, taking (5.21) into (5.12), we finally obtain

limsup sup [ X" = X'} < Coynpar- (e+Cn-e),
n—+o00 te[0,T]

since ¢ is arbitrary in (0, 400), it follows that

I X/ —x/14 =0
oA S0 | ¢ Ilr =0,

which completes the proof of Proposition 5.1. O

6. THE VERIFICATION OF (LDP2)

Recall from (3.5) that X¥¢ := [€(N€ '¥¢) is the unique solution of (3.6). Hence (LDP2) is
verified once the following proposition is proved.

Proposition 6.1. For any given N € N, let {1, ¢ >0} C SN. Then, for any 6 > 0,

lim P ( sup || X7 = D)) ||u > 5) =0. (6.1)

e—0 te[0,T]
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Proof. For any given N € N, let {1, € > 0} C SV. Recall from (3.4) that Y% := ['(3,) €
C([0,T],H) n L*([0,T],V) is the unique solution of the following equation

t t
vma [aeyrgdst [ [ it - e

Taking (3.6) into account, we get

Xpe - Y¢€—/A3Xwe)—Aste ds+e//st¢€ < e (dz, ds)

/ / 8, XY, 2) — f(s5,Y<,2)) (We(s, 2) — 1)v(dz)ds, Wt e [0,T).

By applying the Itd formula, we infer

t
1X7e —vre|3 = 2 / ve(A(s, X0 — A(s, YY), XY — Y2y ds
/ / s, XY ), X — YY)y N¢ 'Ye(dz, ds)
2 / / ((F(s, X0, 2) = (5, Y2, 2)) ($e(5, 2) — 1), XY — Y g w(de)ds

/ / I1f(s, XY, 2)|% N ¥<(dz,ds), Vte[0,T].
Owing to (H2) and (HT7), we deduce

I =Y < [ B X = Y
—1—26// fls, XY, 2), X — YY)y N¢ '¥e(dz, ds)
42 / [ Gl z) = 11 0 = Y o de)ds
te / [ I8, 2y N ()
<2 / (Gel(s) + o+ p(Y))|XP — Y0e|[3 ds

12 / / (s, XY, 2), XV — YY)y NE e (da, ds)

te / / 1f(s, XV ) NE e (da,ds), Wee[0,T],  (6.2)
where Ge(s) == [, G(s,2)[{e(s, 2) — 1|v(dz). From (3.8) there exists a constant Cg, such that,
for any € E (0 1],
T
/ Ge(s)ds < Cg, < +oo, P-as.. (6.3)
0

On applying Gronwall’s inequality, we find

sup [|X = Y|
t€[0,T]

g 26 sup ‘// s, XY ), X — YY)y ]Veilwﬁ(dz,ds)‘
t€[0,T]

//”f XY )1y N e(de, d8)>‘e2foTGe(S)+Fs+p(st5)ds
19



~ 1y,
< CN,fT Fyds,Ca 26 sup ‘ 8 X¢6 Xwe Ygdf>H N ¥ (dZ,dS)‘
0 f t€[0,T]

/ / (s, XY, 2) 1% N ¥e(dz, ds)), P-a.s.. (6.4)
in which (6.3), (4.1) and (H5) were used to get

/ Ge(s) + F + p(Yd*)ds < Oy v o | < Foo, Pas,
0 s

where C N

Ca,-
Applying Doob’s inequality for p = 1 (c.f. [22, Theorem 1] or [32, Proposition 2.2]) in the
second term on the right-hand side of (6.2) gives

2¢E sup ‘/ / S, Xwe Xwé st_c>H N€_1¢‘(dz,ds)‘
t€[0,1]

QEE// f(s, XY 2), XV — l@¢€>%{e_1w6(s,z)u(dz)ds]

T Fuds Ca, is a constant, and only depends on Cy appearing in (4.1) fo Fyds and
JO S )

N

N

1

2chE| /O [ A5 D0+ IXEBIXE = Y, () ds]

N

N

N

i T
25 E| sup [ XP =Y [ [ 21050, 2) P+ XL (s, 2)v(dz)ds]
s€[0,7T 0 JZ

N
T
=

- . 1 T
sup X0 = V] + B[ [ ] 2002 P+ X2z ds]
L s€[0,T] . 0o Jz

- . T
< SB[ sup X5 - V(] + 25 sup (1 IXEU) [ [ L5, 2Pl 2) mdz)ds)
- 0 Z

- s€[0,T) s€[0,T7
< SE| sup |[XP - YEUH| 2630w E| sup (14 X)) (6.5)
- s€[0,T1] - s€[0,T]

where Cp, N 1= supjegny fOT [ 1L (t, 2)|*(A(t, z) + 1)r(dz)dt < +oo by (3.7) and we also used
Assumption (H6) in the second inequality and Young’s inequality in the fourth inequality.
For the last term on the right-hand side of (6.2), using again Assumption (H6), we find

E[ [ [ gt X 2 N )

B[ [ [ 176X vl 2) )]

<[ [ At O IR vl ) vl

< 20y, NE[ S%%](l + HXWHH)] (6.6)
sE

Combining (6.5), (6.6) with (6.4), we obtain for any € € (0, 1],

E[ sup || X9~ v [%]
$€[0,7T

< exCy, or IE[ sup ||X1/’E—Yw€H%I}
Naf() Fst,CGf SE[O,T] s s

+2(e% +¢)C

Lf7f0T Fst7N,CGf ]E|: sup (1 =+ ||X§)E H%—I)]a (67)

s€[0,T]
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where CLf,f(;f F.ds,N.Cg,
and Cg,.

By applying the Itd formula to || X} “||%, and using Assumptions (H3) and (H6), we infer
X 1%

- \|x||§,+2/ ve (A(s, XP), X¥e) Vds+2€/ / s, XV 2), XYV N¢ Ve (dz, ds)

is a constant, and only depends on Cy appearing in (4.1), Ly, fOT Fyds

t
+2/ /(f(s,X;p‘,z)(¢6(s,z) —1),X;”‘>H v(dz)ds
/ / 1 (s, X¥0 )3 N© e (dz, ds)
t
< el + / (Fu+ 4Lo(3)) (1 + | X0 2)ds + ¢ / / 1£(s, X2, )% NV (dz, ds)
0 7

// (s, XY 2), XYV N¢ '¥e(dz,ds),, Vte[0,T],

where L(t) := [, Ly(t,2) - [{c(s, z) — 1|v(dz). From (3.8) there exists a constant C,, such that,
for any e E (0 1],

T
/ Le(s)ds < Cp, < 400, P-as..
0

Gronwall’s inequality and the above inequality now provide

sup || X717
te[0,7
< (HJJH%{—F/ Fsds +4Cp, + 2¢ sup )// s, XY 2), XYy 6_lwé(dz,ds)
t€[0,T

T
/ / £ (s, XY, 2) 1% N€ ¥ (de, ds)) celo FrdsHCL; pas . (6.8)

Similar to (6.5), in view of Doob’s inequality for p = 1 and Assumption (H6), we obtain

261@ sup ( / / 5, XY 2), XV Nf’“ﬁe(dz,ds)u
te[OT

(ST

1
<2 B[ [ [ oyl D0+ I B Pl )]

11
< 4eb C} \E| sup (1+ 1X2)3)] (6.9)

Taking the estimates (6.6) and (6.9) into account, (6.8) yields

T 1
E[ sup HX%HH} < (HxH%{ +/ Fsds +4C, +dez Cr, NE[ sup (1+ HX;Z)GH%I)]
SE[O 0 ’ SG[O,T]

T
+250Lf,NE|: sup (1 + HX;/%”%{)}) . efo Fsds+4CLf'
s€[0,7T

L 0,1) be such that (4eg C} 2¢0 C Jo Feds+4Cup 1 pep g 0
et g € (0,1) be such that (4¢ LN 1260 L;N)eE < 3. Then for any € € (0, €],

we conclude

1 be 2 9 T 1T Fudstacy, | 1
SE| swp [IxP| < (||x||H—|—/ Fyds +4Cy, ) - b 4=
2 Lseqo,1] 0 2

- C”xHHzfoTFsds,CLf < +OO' (6-10)
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Taking (6.10) into (6.7), we get that for any € € (0, €g],

1
Let €; € (0, €o] be such that €]

E[ sup X Ve _ y¥e |2} < e%C’ T E[ sup X Ve _ yve |2}
sel0.7] H s s ‘H N, [y Fst,CGf sel0.7] ” s s ‘H
+2(e2 +6)(2C +1)C

”mHva()T Fst:CLf Lf,fOT Fst,N,CGf'

1
C’NJOT Fuds.Ca, < 5. Then for any € € (0, €1],

E| sup IX0 = Y] <atet +oc
s€[0,7]

Il Sy Fsds,Cp, +1) OLf,fOT Fsds,N,Cq .’

which implies (6.1).
The proof of Proposition 6.1 is complete. g
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