AVERAGING PRINCIPLE AND NORMAL DEVIATION FOR MULTI-SCALE

SDES WITH POLYNOMIAL NONLINEARITY

MENGYU CHENG, ZHENXIN LIU, AND MICHAEL ROCKNER

ABSTRACT. We investigate three types of averaging principles and the normal deviation for
multi-scale stochastic differential equations (in short, SDEs) with polynomial nonlinearity. More
specifically, we first demonstrate the strong convergence of the solution of SDEs, which involves
highly oscillating components and fast processes, to that of the averaged equation. Then we
investigate the small fluctuations of the system around its average, and show that the normalized
difference weakly converges to an Ornstein-Uhlenbeck type process, which can be viewed as a
functional central limit theorem. Additionally, we show that the attractor of the original system
tends to that of the averaged equation in probability measure space as the time scale € goes to
zero. Finally, we establish the second Bogolyubov theorem; that is to say, we prove that there
exists a quasi-periodic solution in a neighborhood of the stationary solution of the averaged
equation when the € is small.
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1. INTRODUCTION

Consider the following periodically forced Van der Pol’s equation:

v+ u(y? — 1)y +y = asin (27vt), (1.1)
where p > 1, v represents the frequency and a the amplitude of the forcing. Let ¢ = p7 and
1d 3
— 727y + yf — 3’
prdr 3

712. Hence we can transform (1.1) into

d—x—asin 2 1/i —
P T \/g’]' Y

dy 1 y?

Let 6 = ﬁr. Then note that (1.2) is a multi-scale system, including the slow variable z, the

which is also called the Liénard transformation. Define ¢ =
the following system

(1.2)

fast variable y and the highly oscillating time component §. Van der Pol’s equation is one of the
most important examples of multi-scale systems. It exhibits a wide variety of interesting dynamical
phenomena and appears frequently in applications in various fields, including, but not limited to,
neuroscience, seismology, electrical circuits, networks, and systems biology. Multi-scale models
appear frequently in many real-world dynamical systems, such as climate weather interactions (see
e.g. [29, 37]), macro-molecules (see e.g. [3, 25]), stochastic volatility in finance (see e.g. [15]), etc.

Usually, studying multi-scale models is relatively difficult because of the presence of widely
separated times scales and the interactions between them. To understand the dynamics of multi-
scale models, it is desirable to seek a simplified system, which can simulate and predict the evolution
of the original system over a long time scale. This is the basic idea of the averaging principle.

The averaging principle was first developed for deterministic systems by Krylov, Bogolyubov
and Miltropolsky [4, 34], and extended to SDEs by Khasminskii [27]. After that, numerous studies
have been carried out on the averaging principle for SDEs, see e.g. [2, 16, 19, 28, 36, 38, 40, 44, 46]
and the references therein. Furthermore, similar results concerning stochastic partial differential
equations can be found in references like [5, 7, 9, 10, 12, 13, 18, 21, 45]. Despite considerable
advances in the averaging principle, it seems that there is no work on multi-scale SDEs which
includes the slow variable, the fast variable and the highly oscillating time component.

Building upon the motivations mentioned above, in this paper we investigate the averaging
principle of the following multi-scale SDEs with polynomial nonlinearity:

{ dXE = f(e 7, X5, YE)dt + o(e 7, X5)dW}!

e __ —2a I £ —B £ € —a € £ 2 (13>
dYy = (e7 ™" B(X[, YY) +e77b(X7, Y))dt + e g(X;, Y ) AWy,

where 0 < 8 < 20, 0 < v < 2a, f : Ritditds R 5 RIFd 5 RE @RI B RO+d2 5 Rz,
b:RUtd2 5 Rd2 g RAFd 5 R @R and 0 < ¢ < 1 is a small parameter. Here W' and W2
are independent standard Brownian motions. See Section 2 for detailed conditions for coefficients
f, o0, B,band g. If f and o are time-independent, and b = 0 then (1.3) reduces to the classical
slow-fast SDEs.

More precisely, as the time scale € goes to zero we first consider the so-called first Bogolyubov
theorem, which focuses on the strong convergence of the solution of (1.3) to that of the following
averaged equation on finite time intervals:

dX; = f(Xy)dt + & (X;)dW}, (1.4)

t+T t+T
f(x) = lim —/t f(s,z,y)p®(dy)ds, lim %/t lo(s,2) — ()|} gds =0

Rd2 T—o0
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for all (t,z) € R'* (see more details about the assumptions in Section 2.1), where | - g5 is the
Hilbert-Schmidt norm; see Theorem 2.3. Here u” is the invariant measure of

AY;® = B(z, Y7)dt + g(x, Y{*)dW,. (1.5)

Secondly, we consider the case where the coefficients f and o are time-independent. In this case,
we assume 2 = 1 for simplicity. Then by using regularity estimates for the solutions to Poisson
equations, we obtain the optimal strong convergence rate, i.e.

E| sup |X7—X:*| < Cre, (1.6)
t€[0,T)

where Cr is a constant (see Theorem 2.5). Furthermore, if o is constant, we study the normal
deviation. In other words, we prove that the normalized difference

X;-X,

=~

weakly converges to Z; as € goes to zero. Here Z; is the solution to

dZ, = V(X)) Zdt + G(X,)dAW}, Zy=0e R*™, (1.7)

VAR

where

Glw) = ¢ | [ Bl yew) - F@) [ - fo)]” e

and th is another standard Brownian motion that is independent of W}! (see Theorem 2.6). Here
Y (y),t > 0 is the solution to (1.5) with Y;* = y. Such a result is also known as the Gaussian
approximation. In addition, our investigation includes the study of the global averaging principle
in the weak sense, i.e. we prove that the measure attractor of (1.3) converges, as £ goes to zero, to
that of (1.4) (see Theorem 2.8). Finally, we establish the second Bogolyubov theorem, which states
that the stationary solution of (1.4) approximates the recurrent solution of (1.3) in the sense of
(2.6) in Theorem 2.12.

Compared with [36], where they proved the fist Bogolyubov theorem for two time scale SDEs
with locally Lipschitz coefficients, we study a broader class of SDEs (1.3). The slow process
X§ here interacts not only with the fast process Y,® but also with the highly oscillating time
component €~ 7t. To overcome the difficulty, we employ the Poisson equation, the technique of
time discretization and the technique of truncation. And we also obtain the optimal rate of strong
convergence when the coefficients of the slow equation are time-independent and f satisfies the
following locally monotone condition: for all z1,z, € R% and y € R%

(f(z1,y) — f(x2,y), 21 — 22) < M (1 +|y|*) |21 — 227, (1.8)

where M > 0 and 6 > 1; see Section 2.2 for more detailed conditions.

The rate of convergence is interesting in its own right since it plays a crucial role in constructing
efficient numerical schemes. The main motivation comes from the well-known Heterogeneous Multi-
Scale Methods used to approximate the slow component; see e.g. [14, 31]. Recall that the optimal
strong convergence order is also obtained in [43] for monotone SDEs. However, it should be noted
that our result cannot be covered by those in [43] because there it is assumed that the coefficient
f must be monotone uniformly with respect to (in short, w.r.t.) y. There are certain classes of
systems, such as f(z,y) = z — 2% + yFsinz, k € N, that do not satisfy monotonicity uniformly
w.r.t. y but satisfy condition (1.8); see Example 2.14.

In order to obtain the optimal strong convergence order under monotonicity conditions, we need
to estimate two crucial terms:

S =E ( sup / (FXE,YE) — F(XE), X5 Xs>ds> 7

te[0,T]
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tel0,T

Sy :=FE ( sup / (f(XE) — f(X,), X5 — )_(S>ds> .
1Jo

For .71, regularity estimates for solutions to the Poisson equation can be employed to handle its
estimation. The remaining part of the proof is to show that f is monotone when f satisfies the
locally monotone condition (1.8). Actually, thanks to the stability of the stationary solution to
(1.5), we can complete the proof (see Lemma 5.1 for more details).

The first Bogolyubov theorem can be viewed as a functional law of large numbers, indicating
the convergence of the slow process X7 to the averaged process X,. However, it is crucial to ac-
knowledge that even for small positive values of €, the slow process X; still experiences fluctuations
around the averaged process X;. Consequently, it is natural to go one step further and consider the
functional central limit theorem, i.e. the normal deviation. By studying these deviations, we can
contribute to the understanding of the behavior of the system and its relationship with the averaged
process. The fundamental paper about the normal deviation of multi-scale SDEs is by Khasminskii
[26]. Since then, further developments were acquired; see e.g. [6, 22, 30, 31, 32, 39, 40, 45].

To the best of our knowledge, it seems that there is no work on the normal deviation for SDEs
with polynomial nonlinearity. Therefore, we focus on investigating the deviations of the solutions
X¢ to monotone SDEs of type (1.3) from X; in this paper. Specifically, we establish that, under
appropriate conditions, the deviation process Z; converges weakly to an Ornstein-Uhlenbeck type
process Z;. Such a result is closely related to the homogenization for solutions of partial differential
equations with singularly perturbed terms; see e.g. [17].

More specifically, we prove that for any ¢ € C°(R%)

lim sup |[E@(Z;) —E@(Z)| =0, (1.9)
e=0¢e0,17
where Cg°(R%) is the space of all smooth functions with bounded j-th derivatives for all integers
j € 10,00). To this end, employing It6’s formula, we have

[Ep(Z5) — Ep(Z0)]

! 1 € € £ £ € 1 € €

T \E [T+ X = X) 25 Vol 20) — (VI (K2 Vi 2

tq 1 _ _
+ ‘IE/ §TT[V2<,0(Z§)GGT(X§)] - §Tr[V2<p(ZS)GGT(XS)]ds = I+ Iy + I3,

0

where ¢ € [0,1]. Therefore, we just need to show that %, % and %5 go to zero as ¢ — 0.
Combining the regularity estimates of the solutions to the Poisson equation and the optimal strong
convergence (1.6), we prove that lim._,q .#; = 0. For % and %3, we first prove that the subset

{Z5,Z :0 < e <1} Cc C([0,T];R%)

is tight; see Lemma 5.3. By utilizing the tightness of the set and the separation properties of
C([0,T);R%), we can then conclude that lim._,o.#> = 0 and lim._,o.#3 = 0, and complete the
proof of (1.9); see Section 5.2 for details. This provides a better approximation and is also known
as Van Kampen’s scheme in physics; see e.g. [1].

Another main ingredient of this paper is to study the long-time asymptotic behavior of solutions
to (1.3). So, we aim to establish the global averaging principle in the weak sense. Namely, we
prove that the attractor of (1.3) tends to that of (1.4) in the space of probability measures. The
global averaging principle of deterministic systems was proved in [20, 23, 24, 47] and the references
therein. There are few works on the global averaging principle for stochastic systems. In [9, 10]
the global averaging principle was established in the weak sense for stochastic partial differential
equations with highly time oscillating components.
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As we mentioned before, the drift coefficient f in (1.3) exhibits a complex and general structure,
and it encompasses not only the highly time oscillating component e~7¢, but also the fast variable
Y;¢. Due to the coupling between the slow process X¢ and the fast process Y in (1.3), it is necessary
to consider the attractor of the entire multi-scale system as a unified entity. The dynamics of the
slow process and the fast process are interconnected, and their mutual influence plays a role in
shaping the behavior of the system as a whole. Therefore, we consider the attractor of the whole
multi-scale system (1.3) instead of the single slow equation.

More exactly, fix 0 < € < 1. Define the transition probability

P(s, (2,y),t,D) :=Po [(X,(2), Y5, ()] (D)

forall s < t, (v,y) € R4tz and D € B(R%+92), where B(R%+92) is the Borel o-algebra of R41+dz,
Then for any 0 < € < 1 it associates the Markov operator P acting on the probability measure
space &2 (Ré1tdz):

P (s,t,m)(D) := /R L P ()t Dym(d(e.y) (1.10)

for any m € Z(R4+42) and D € B(R4+d2),

Note that P is time inhomogeneous, so we employ the method of skew product to consider
its pullback attractors. For detailed definitions of skew product flows, attractors, and pullback
attractors, please see Section 6.1. Finally, we investigate the convergence of pullback measure
attractors for (1.3).

Finally, we establish the second Bogolyubov theorem for (1.3). Since numerous physical models
have periodic forces, such as (1.1), we approximate the periodic solution of the original system
by utilizing the stationary solution to the averaged equation. It is worth noting that we obtain
the convergence of a broader class of recurrent solutions, including periodic, quasi-periodic, almost
periodic solutions among others; see Remark 2.13. For brevity, we focus on the analysis of quasi-
periodic solutions in this paper. To be specific, under some suitable conditions we show that there
exists a unique solution to (1.3), which is quasi-periodic in distribution, if f and o are quasi-
periodic. Then the law of the slow component of the quasi-periodic solution converges to the law
of the stationary solution for (1.4) uniformly w.r.t. ¢ € R as the time scale € goes to zero.

Now we summarize the structure of the paper. In Section 2, we state our main results. In
Section 3, we study the frozen equation and the Poisson equation. In Section 4, we investigate
the first Bogolyubov theorem. In Section 5, we first prove the optimal strong convergence order.
Then we establish the normal deviation. In Section 6, we prove the global averaging principle in
the weak sense and the second Bogolyubov theorem. In the appendix at the end, we show the
existence and uniqueness of solutions to (1.3).

Notations. Throughout this paper, let | - | be the Euclidean norm and (-,-) be the Euclidean
inner product on R%, d € N. For a vector-valued or matrix-valued function = + ¢(z) defined
on R? or (z,y) — o(x,y) defined on Ré+d2 g, dy € N, we denote the i-th order derivative
of ¢ by Vip(z), and the i-th and j-th order partial derivative of op(x,y) w.r.t. z and y by
9.07o(x,y), respectively, where i,j € N. For all i € N, let C»24(R*F41%4>) be the space of all
continuous mappings f : RAtditdz _ Rdi+dz guch that 9} f and 6{65, f are continuous for any
0 <# <iand0 <25 +E <4. Let [C] denote the integer part of C for any C > 0. We use
CF(R%) to denote the space of all functions f : R% — R whose j-th derivative is continuous
and bounded for all j € [0,k]. For any complete metric space (X,d), let C(R,X) be the space
of all continuous mappings ¢ : R — X with the compact-open topology. Define the Hausdorff
semi-metric distx (A, B) := sup,¢ 4 infyep d(z,y) for any A, B C X. Let AT denote the transpose
of a matrix A. Let Z(X) denote the distribution or law of random variable X, and (2, %#,P) be a
complete probability space. We use C with or without subscripts to denote some constant, which
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may change from line to line. In this paper, solutions to SDEs are always meant to be strong
solutions.

2. STATEMENT OF THE MAIN RESULTS
In this section, we formulate our main results.
2.1. The first Bogolyubov theorem. First of all, we introduce the following conditions about
the coefficients B, b, and g:
(H;) There exist constants n > 0, n’ > 0, 6 > 2, 7 € R and K; € R such that for all
(z,y) € R+
2(B(w,y),y) + (= Y)lis < —nlyl* —0'lyl” + K1, 2(b(z,y),y) < alyl* + K.
(H?) There exists a constant K5 > 0 such that for all (z,y) € R4+

K;' < a(z,y) < Ko,

where a(z,y) = 3997 (z,y).
(Hg) (i) There exist constants 7 > 0 and @ > 2 such that for all z € R% y;,y, € R%
2(B(x,y1) — Bz, y2), 91 — y2) + lg(,51) — 9(2,y2) 715 < —nlyr — 92|
(ii) There exists a constant L, > 0 such that for all (z1,y1), (v2,y2) € RI11d2

lg(x1, 1) — 9(x2,y2)|Hs < Lg(Jx1 — z2] + |y1 — y2l)-
(iii) There exist constants x1,s2 > 1 and K3 > 0 such that for all z;,z5 € R% and
y € R

[B(21,y) — B2z, y)| < Kz (14 [y[™) 21 — 22},

b(z1,y1) — b(z2,y2)|
< K (L [o]™ + Jzo|™ + [y2]™ + [y2]™) (lzr — @2 + [y1 — w2]) -
(H‘;) There exist constants ¢ > 0 and ¢; > 8 such that for all (x,y) € R4 and ¢ € R

2(0yB(w,y)€,€) + (51 = 1)[0yg (2, y)&|* < —l¢]*.
(H}) There exist K3 > 0 and x; > 1 such that B € C3#(R%7%2) and g € C*3(RT42) satisfy

> (10j0LB] +|0j0kgl) < Ks (1+ [y|7).

1<i+j<3

Remark 2.1. Note that (Hz) and (H‘Z) are not necessarily required if we study the averaging
principle by the technique of time discretization. However, in this context, we aim to investigate
the optimal strong convergence rate for the averaging principle based on the Poisson equation, and
we need (Hj)-(HJ) to obtain the well-posedness of the Poisson equation (see e.g. [11, 43]).

Note that if (H}) and (H2) hold, then for any = € R%
AY{ = B, YP)dt + gla, Vi) AW? (2.1)

admits a unique invariant measure u”; see e.g. [42]. Set

flto)= | flt,z,y)p"(dy), V(t,z,y) e RFTOHE,
Rd2

Next, we introduce the conditions concerning the coefficients f and o:
(Af) Let R € Ry. Thereexist w}, : R — Ry satisfying wh(T) — 0as T — oo and f : R — R%
such that for all t € R and |z| < R

1

+T )
T /t (f(s,2) — fx))ds| < wh(T).
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(A,) There exists w” : R — Ry satisfying w?(T) — 0 as T — oo and 5 : R — R @ R% such
that for all (t,r) € R+

1 t+T 9 9
7] et - a@lisds <ot @)+ laf)

(HL) There exist constants K4, K5 € R such that for all (¢,z,y) € Ritdi+dz

2f(tz,9),) + lo(t,2)[* < Ka(1+ ) + Ks|yl”,
where 0 is as in (H}).
(H2) There exist constants K¢ > 0, 61,609 > 1 such that for all (¢,z,y) € Ritd+d
0uf (ta,y)l + D 10505 f (8, x,y)| < Ko(1+ [ ™ + [y|™).
0<2i+j<4
(H2) There exist constants K7, L, > 0 such that for all t € R and z;, 7, € R%
|o(t,21) — o(t, 22)|ns < Lolwy — 2, [o(t,0)] < K.
Remark 2.2. (i) If § = 2 or K5 =0 in (H}), then we can assume that 7’ = 0 in (H}).

(ii) Note that (H2) implies that there exists a constant C' > 0, depending only on Kg, 61,62,
such that for all t € R, 1,22 € R% and y1,y2 € R%

|f(t7x1ay1) - f(t7x23y2)|
< C (L fa |7 4 Jol™ + [91]% + [y2]*) (21 — 22| + |92 — y2) -
(iii) If f and o satisfy (Af) and (A,) respectively then for all t € R and z € R%:

B T T
fla) = Jim 3 [ Feads, o@) = Jim 7 [ alsa)ds

(iv) Assume that (H,), (H}) and (H})-(H2) hold. Let 0 < & < */n'/K5 A 1. Then for any
(z,y) € Ra+dz there exists a unique solution (X§(z), Y (y)) to (1.3) satisfying (X§(x), Y5 (y)) =
(z,y); see Lemma A.1 for details. Moreover, if g € C,(R%%92) then for any x € R% there exists a
unique solution X;(z) to (1.4) with Xo(z) = x; see Remark 4.2.

(v) In this paper, we focus on the asymptotic dynamics of the multi-scale system (1.3) when
€ goes to zero. There exists g > 0 such that our results in this paper hold for any 0 < ¢ < €.
Therefore, we state our results for all 0 < € < 1 in this section for brevity.

Now we establish the first Bogolyubov theorem for (1.3).
Theorem 2.3. Assume that (H})-(H3), (H})-(H), (Ay) and (A,) hold. Then we have

Y

lim sup E|X{(z) — X, (z)|* =0.
e—0 te[0,T)

2.2. Normal deviation. Let f and o be independent of time ¢. Without loss of generality, assume
that o = % . Then we can consider the following system

AX; = J(X7,Y7)dt + o (X)dW;

1

€ 5 € 1 5 e -1 5 € 2 (22)
dYy = ZBXE,YE) + b(XE, YY) | di +e72g(Xy, Yy )dWy,

where 8 < 1. To obtain the normal deviation, we need the following condition:
(H%) (i) There exist M > 0 and 6 > 1 such that for all 21,72 € R® and y € R

<f(-1‘1,y) - f(x%y)vxl - $2> <M (1 + |y|02) |J)1 - $2|2'
(ii) There exists C' > 0 and 65 > 1 such that for all z € R4 and y;,y, € R%
|f(z,91) — flz,y2)] < C (1+ |y1]* + [y2]%) [y1 — vl
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Remark 2.4. There is a work on the optimal strong convergence rate for monotone SDEs in [43].
Our condition (HZ1)—(i), however, is more general than the condition [43, (2.1)].

The optimal strong convergence rate of the first Bogolyubov theorem for (2.2) we prove in this
paper is contained in the following theorem.

Theorem 2.5. Assume that (H})-(H}) and (H))-(H)) hold. Then there exists a constant
Cr > 0 such that

E| sup |Xi(z) — X(2)]? | < Cre. (2.3)
te[0,T]
EFo_r simplicity, set X§ = X{(z), X; := X;(x) for all € R% in the following. Define Z; :=
%. It is clear that Z; solves
1 i 1 _
dzs = NG (f(X5,YF) — f(Xy)) dt + 7 (0(XF) — o(Xy)) AW}, Z§ =0€e R™.

If o(x) = o is a constant, then we can show that, as e — 0, Z} converges weakly to Z,, which is
the solution of (1.7) with Zy = 0.

Theorem 2.6. Assume that o is a constant. Furthermore, suppose that (H})-(H3) and (H,)-
(H3) hold. Then for any ¢ € Cp°(R™) we have

lim sup |[Ep(Z;) —E@(Z;)| =0.

e=04¢(0,1]
2.3. Global averaging principle. Now we investigate the convergence of measure attractors for
multi-scale SDEs (1.3). As mentioned in the Introduction, P} defined by (1.10) is time inhomoge-
neous for any fixed 0 < € < 1. Therefore, we employ the classical method called the method of skew
product, which has been widely used in studying non-autonomous problems arising from determin-
istic differential equations and dynamical systems, to analyze its pullback attractor; see Section
6.1 for detailed definitions of cocycle, skew product flow, attractors, and pullback attractors.

More precisely, for any 0 < € < 1 we characterize P as a cocycle over some base space. Indeed,

let
T

vi=(z,y)", F(t,0) = (fe 2, y),e > Bla,y) + & b(z,y))
and
Ge(t,v) = (o7 M2), e g(a,y)) W= (W W2)"
forall 0 < e <1 and (¢,7,y) € R1T%+d2 Then (1.3) can be written as
AVE = FL(t, VE)dt + G.(t, VE)AW,. (2.4)
Fix 0 <e <1. Let F. := (F.,G.), and
H(F.):={Fr: 7 €R}

with the closure being taken under the metric d given by (2.5) below, where F7 is the 7-translation
of F for each F : R x Ré1+dz — R+dz je F7(t,v) := F(t + 7,v), for all (t,v) € R1*d1+dz_ For
any Fq,Fo : R x RAtdz 5 Rditdz et

1 1F1,F2)
d(Fq,F9) E _ 2.
1, 2 12 Fl,FQ)’ ( 5)

where d,, (F1,F2) 1= supjy <y, jvj<n [F1(tv) — Fa(t,0)].

Remark 2.7. Fix 0 < & < 1. We note that for any F. := (F.,G.) € H(F.) there exists {t,} C R
such that for all I, > 0

lim  sup |F.(t+tp,v) — Fo(t,0)] =0, lim  sup |Ge(t+tn,v) — Ge(t,v)|zs = 0.

OOt <L, |v|<r OOt <L v <
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Therefore, if (F.,G.) satisfies (Hj), (HS) and (H,)-(H2) then F. := (F.,G.) does so for any
F. € #(F.). Furthermore, let o,F := F7, 7 € R. Then (H(F.),R, o) is a shift dynamical system
(also called Bebutov shift flow); see Definition 6.3.

Assume that (H}), (H}) and (H;)-(H?) hold. Fix 0 < ¢ < 1. We aim to show that P} is a
cocycle over the base space (H(F.),R,0). It follows from Remark 2.7 that for each F. € H(F.)
and v € R%*%  there exists a unique solution Vg (t,s,v) of (2.4) by replacing F. with F., i.e.

dVg (t,s,v) = F.(t, Vg (t,s,v))dt + G.(t, V. (ts,0))dWe, Vi (s,8,0) = 0.

Here we explicitly denote the solution Vi (t,s,v) with a subscript ﬁ‘g to indicate its dependence

on IFE. Similarly, we express the dependence of the associated Markov operators on I~F6 by writing

P! (15.F.,m) (D) = / Po (Ve (ts,0)  (D)midv)
Rd1+d2 N
for all D € B(R4T42) and m € 2(R¥1142). Set
PX(t,Fe,m)(D) := P*(0,t,F.,m)(D).
Then we show that for any 0 < ¢ <1 P* is a cocycle over the base space (H(F.),R, o), and

fIJ(t,IF‘E,m) = (atﬁ‘g,P;(t,atﬁ‘g,m))

is the homogeneous Markov semi-flow in the extended phase space; see Lemma 6.17. We call (P}, o)
a skew product flow. Furthermore, we consider the existence of pullback attractors for (P, o) and
the convergence of the pullback attractors when the time scale goes to zero; see Theorem 2.8 below
for more details. To this end, we need the following dissipativity condition:

(H2) There exist Ay, K4, K5 > 0 such that for any (¢,z,y) € R1Td+d
21 (t,2, ), ) + ot )s < —Mlal? + Kslyl? + Ki,
where 6 is as in (H,) and (H}).
For any v := (x,y)T € R+ let 7 (v) := z and m(v) := y. Define

Wz,e(RlerdQ) = {m e ﬁg(Rdﬁdz) : / |y|9 mowg_l(dy) < oo},
Rd2

equipped with the following bounded Lipschitz distance (also called Fortet-Mourier distance)

[, gami- [ fdm2:|f||BLs1}
Rd1+d2 Rd1+d2

for all my,mg € Po (R4 where | f|pr := Lip(f) + || f|loo for all Lipschitz continuous f €
Cyp(RT1H42) . Tt can be verified that (P e(R41492) dp;) is a Polish space. We say that D C
P20 (Rd1+d2) is bounded if there exist r1,79 > 0 such that for all m € D

/ [o]*m(dv) <71, / [y|"m o 73 (dy) < 7o
Rd1+d2 Rd2

Theorem 2.8. Consider equation (1.3). Assume that (H,)-(H}), (H?)-(H2), (H2), (Ay) and
(Ay) hold. If H(F.) is compact for any 0 < e < 1, then the following conclusions hold:

(i) For any0 < e <1 (1.3) is associated with a skew product flow (o, PX) on (P2,9(R1T42) dp, ),
and (o, P¥) admits a pullback attractor &/ with component subsets o, Fe € H(F.);

€
(ii) The averaged equation has a global attractor A;
(111) Furthermore, for all F. € H(TF.)

lim dist oo g (Hl(%a), ,Zt) —0,

dpr(mi,mz) := sup {

where A is the global attractor of P* and Tlym :=momr; " for all m € P (Rh+d2),
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2.4. The second Bogolyubov theorem. In this subsection, we will consider the convergence of
the recurrent solutions for (1.3). More precisely, we show that, as the time scale € goes to 0, the
slow components of the quasi-periodic solutions weakly converge to the stationary solution of the
averaged equation. To this end, we need the following conditions:

(HS) There exist constants Aj, A > 0 such that for all t € R and z1, 72 € R4, yy,y, € R%

2(f(t,x1,y1) — f(t,22,92), 21 — x2) + |o(t,21) — 0 (t, 22) 715
< =Mfzr — ol + Aalyr — yol*.
(HS) There exists L > 0 such that for all t € R and y;,y, € R%
[b(z1,y1) = b(z2,y2)| < Lo (|21 — 22| + [y1 — v2) -
Remark 2.9. It can be verified that (H2) and (HS) imply (H2).

First, we recall the definition of quasi-periodic functions. Let X be a Polish space.

Definition 2.10. A function ¢ € C(R, X) is called quasi-periodic with the spectrum of frequencies
V1, ..., v if it satisfies the following conditions:

(i) the numbers vy, ..., vy are rationally independent;
(ii) there exists a continuous function ¢ : R¥ — X such that for all (¢y,...,t;) € R¥

gb(tl + 277'7 ...ﬂfk + 27T) = qf)(tl, ...,tk);
(iii) ¢(t) = ¢(vnt, ..., vit) for t € R.

Definition 2.11. We say a AX'-valued continuous stochastic process Xy, ¢ € R is quasi-periodic in
distribution, if the mapping £ (X.) : R — £(X) is quasi-periodic.

Now we can formulate our result, which is called the second Bogolyubov theorem.

Theorem 2.12. Let B(x,y) = B(y) and g(x,y) = g(y) for all (z,y) € Rh+. Assume that B < «
2

or B=a and \; > % Furthermore, suppose that (H,)~(HS), (H2)-(H3) and (HY) hold. If f

and g are quasi-periodic, then for any 0 < & < 1 there exists a unique solution V£ := (X5, YF) ,t €

R, of (1.3), which is quasi-periodic in distribution, and

lim sup dpr(L(X7), Z(X:)) =0, (2.6)

E— teR
where X is the unique stationary solution of the averaged equation (1.4).

Remark 2.13. (i) For brevity, we just illustrate the case of quasi-periodic solutions in this paper.
Indeed, our method applies to more general compact recurrent solutions.

(ii) Although there is a more general result on the second Bogolyubov theorem in [9], which can
cover unbounded recurrent solutions such as Levitan almost periodic solutions, the proof presented
here is more concise than [9]. Furthermore, the system (1.3) is more general, and the result (2.6)
is stronger than [9, Theorem 4.7]. Since we employ the global averaging principle to establish the
second Bogolyubov theorem, it is required that the hull H(F.) is compact. It is worth noting that
H(F.) is compact provided F. is Birkhoff recurrent, which includes periodic, quasi-periodic, almost
periodic, almost automorphic, and Birkhoff recurrent functions.

(iii) It is well-known that the uniform attractor (see [9, Definition 5.6]) is a pullback attractor,
but not vice versa. Compared to [9] and [10], we consider the more general pullback attractor
instead of the uniform attractor.

2.5. Examples. To illustrate our results, we will present two examples in this subsection. For
simplicity, we just consider the one-dimensional case, but one can easily extend this to the multi-
dimensional case. Let W}, t € R and W72, ¢t € R be independent two-sided standard Brownian
motions.
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Example 2.14. Consider the following slow-fast SDEs:

dX; = (X§ — (X{)? + (V) sin X7 + Y7) dt + dW}
1
dYf = - (—(sin X5)? (V) — (YF)? —Yf5) dt + —dWE.

NG

We define f(z,y) == 2 — 2% + y?sinz + vy, B(z,y) := —(sinz)?y® — > —y, V(x,y) € R2. It can
be verified that f and B satisfy (H,)-(HJ) and (H})-(Hj). Then by Theorems 2.5 and 2.6, one
sees that there exists a constant C > 0 such that

E( sup | Xy Xt|2> < Ce,

t€(0,T]

where X, is the solution to the corresponding equation, and that
7€ .— X{‘: — Xt
t \@
weakly converges to an Ornstein-Uhlenbeck type process, as € goes to zero.

Example 2.15. Counsider the following multi-scale SDEs:

dXE = {— a1 XE — (X)* + (aa¥F + a3 (YF)?) (cos (t/v/Z) + sin (ﬁt/\/g))

— X (V) (sin(t/v/E)" |dt + aw! 2.7)
vy = |20 - ¥0) + gz (6 40| ae - aw

where a; > 0, as,a3 € R and a4 > 0. For all (¢t,7,y) € R?, define

ft,z,y) == —arx — 2% + (agy + asy®)(cost + sin V2t) — agzy*(sint)?,
B(y) := —y® —y and b(z,y) := x +y. We note that f, B and b satisfy conditions (H )- (H
(H2)—(H2) and (H2). Set

T
Fo(t,2,y) = (fe /2 a,y), e By) + P b(ay)) L v(tay) € BE

Then by Theorem 2.8, we have the following conclusions:
(i) For any 0 <& <1 (2.7) is associated to a skew product flow (o, P*) on (226(R?),dpL),
and (o, P') admits a pullback attractor &/¢ with component subsets <% , F. € H(F.);

(i) The corresponding averaged equation has a global attractor A;
(iii) Furthermore, for all F. € H(F,)

gl_l’)% dlSt@(Rdl) (Hl(%g),fi) =0.

Furthermore, assume that ay = 0. Then it can be verified that (HS) also holds. Recall that
f is quasi-periodic. Then in view of Theorem 2.12, for all 0 < ¢ < 1 there is a unique solution
(X£,Y¥F),t € R, which is quasi-periodic in distribution, and

lim supdpr(Z(X5), £ (X)) =0,

e—0 teR
where X is the stationary solution to the following averaged equation:

dX; = (a1 Xy — (X4)?) dt + W}
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3. FROZEN EQUATION AND POISSON EQUATION
Consider the following so-called frozen equation
dY®Y = B(x, Y2Y)ds + g(x, Y2V)AW?2, Y =y € R%,
where z € R% is a frozen parameter.

Lemma 3.1. Assume that (H}) and (H3) hold. For any ¢ € L2(0, Z,,P;R%), t > s and x € R™,
let Y(€),t > s be the unique solution to (2.1). Then for any &,&2 € L2(Q, F,,P;R%2) we have

E|YZ,(€) - YE(&)|* S Elé - &[fe™09). 3.1)
Moreover, if £ € L2P(Q, F,,P;R%) and g € Cy(R4+92) for any p > 1, then we have
E [Y7()[* < ElgPre %0~ 4+ A, (3.2)
and there exists a constant C > 0 such that for all 1, x5 € R™
E Y7 () - Y2 )[" < O (14 1) o — aaf?
Here M depends on p, K1, |9l -
Proof. (i) Employing It6’s formula and (H2)—(i), we have

E[Y2(&) - Yo (&)

_El6, — & +E / B, Y2 (61)) — Blar, Y (€)), YE(€) — Y2 (E2))dr
+E / 00, Y2 (6) — (. Y2, (62)) By sdlr

" 2
< IE|£1 §2| +]E/ 777| 8,7 51 YS,T(£2)| dr,
which by Gronwall’s inequality implies that
xT xT 2 — —S8
E Y€)= Y(&)|” < Elé — &f e 7).
(ii) By Itd’s formula, (H ) and Young’s inequality, one sees that for any p > 1

E|Y:, ()"

= E[¢[* + pE / t YO (2(Bl, YE(€), Y2 () + o, V()] ) dr
oo~ VB [ 1V 79" V2 O)V2 (O Par

<E[£* +E / [(=nlYZ A1 + K1) [V (€272 4+ 2(p — 1)l glloo|VE ()] dr

t
D |y . . .

<B4 B [ T OF + 57— 17 (/2)! 7 (Kup+ 200 - Dlgll)” dr

0

Then we have
2 _mp(s g _ _ - _
E Y76 < EIgPPe 07 4 2pP(p — 1)P" (n/2)' 7" (Kip+2(p — 1)l|gllo0)” (mp) "
(iii) In view of Itd’s formula, we get

E|YZH(y) - Y22 (y)|°

=B [ 2Bl Y20) - Bloa, Vi), Vi) — YR ) dr
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+E/ |g ;vl,Yzl (502,sz ))|str
— & [ 2(Blen, Y0~ B, V), V) - V) o
t
B [ 2(B Y3 0) - Bl Y)Y W) - Vi3 0) de
' xy wz 2 Zo g;z 2
+E (’g(xlvys,r(y)) (xl’Y ))|HS+|g xl’Y ( )) (.’E27Y ))’HS) dr

+E/t2< (21, YY) — 9(21, Y2 (1)), 9(21, Y2 () — 9(22, Y2 (y))) g A
Then thanks to (H3), Young’s inequality and (3.2), we obtain
EYw) - Y3 )
/ (=012 w) ~ Ve + Ll — wal? 2L Y22 () — Y20 [ —
2K (1 Y2 W)I™) o1 — ol [V () = Y22 ()] ) dr

¢ 4
< IE:/ ( 2 |Yi(y) Y;g(y)f + (nLg + Lf,) |21 — x2|2) dr

t
C
+ [ S B - aapar

N va z 2 4 4 2 2
/ ( B ’Y 1( Ys,ﬁ(y)‘ + (77L9+Lg) |x1 — 22 )dr
t
w e (it
S

Therefore, by Gronwall’s inequality, we obtain

E|YZ(y) - Y3 ()|° < O (1+|y*™) o1 — aa?

71;2 (7-_3)) ‘ml _ IQ‘QdT.

Combining (3.1) and (3.2), we have the following result.
Corollary 3.2. Assume that (Hy) and (H3) hold. If g € Cy(R*%), then for any m >0

sup [yl (dy) < M,
z€R41L JRI2

Now we show the continuous dependence on the parameter € R% for stationary solutions to
equation (2.1).

Lemma 3.3. Assume that (H}) and (H}) hold. If g € Cy(R"*%), then for any x € R there
exist a unique stationary solution Y;*, t € R, to (2.1), and a constant C' > 0 such that for any
z1,T9 € RA

sup B[V — Y2 | < Clxy — o).

teR
Proof. Tt follows from (3.1) and (3.2) that for any z € R% there exists a unique stationary solution
Y7, t € R, to (2.1). By Corollary 3.2, we have for all —n <t and 1,2, € R®

E[Yy™ =Y [? <BE|Y;™ — Y, ,(0)]* + 3E[YZ,, ,(0) = Y3 4(0)]” + 3E[Y; ,(0) — Vi

—n,t —n,t —n,t —n,t

< 6Me ") 4 3C 3y — a5,
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which implies that
E|Y" =Y * < Clay — af?
by letting n — oo, where C' does not depend on ¢. O
Finally, we investigate the well-posedness of the Poisson equation. Consider the following equa-
tion
Lo(z, y)ulh, z,y) = — (¢(h z,y) = ¢(h,2)), yeR®, (3.3)
where (h,r) € R4t is a parameter, ¢(h = Jpa, &(h,z,y)p*(dy) and

Lou(h,z,y) = La(x,y)u(h, z,y) = (B(,y), Oyu(h, z,y)) Z a0y, u(h,z,y).

i,j=1

Here (a;;) = gg*' /2. Similarly, for all (h,z,y) € R¥T4112 we define

LiY(h, 2,y) = Li(z,y)(h, z,y) = (f(e77t,2,y), 0¥ (h, 2,y)) Z A5;07 40 (b, y),
i,j=1
£3¢(h7xay) = 23(1’,y)1/}(h,$7y) = <b(l’7y), ay¢(h7 'Ivy)>7
where (Afj) = 0.0 /2. When f and o are time independent, we let (4;;) := oo’ /2, and

(b, x,y) = La(a, )0 (h, 2, y) == (f(2,9), 0 (h, 2, ) Z Ai30% 5 0 (h, 2, y),

3,7=1

Siw(may) = Siz/)(a:,y) = <.f( ) Iw x y Z Alj xj a:l )

1,5=1
Let us first introduce the condition (H}), where i = 1,2.

(HY) There exist constants C1 > 0 and my, mg, m3 > 0 such that for all (b, z,y) € R4+
> 105050, w, )| + 10,6 (h,y)| < Cr(L+ B + ] + [yl™).
0<2k+;j<4

Similar to [43, Proposition 4.1] and [11, Theorem 3.1], we have the following lemma about the
existence and uniqueness of solutions to (3.3).

Lemma 3.4. Assume that (H})-(H3) hold. Furthermore, suppose that ¢ € C>*(R4FTd+d2)
satisfies (H}). Then there exist a unique solution u(t,z,-) € C%(R%) to (3.3) and constants
ml,mQ,m3,C’ > 0 such that

u(h, z,y)| + [Oyu(h, z,y)| + > |05 u(h, 2, y)|
j=1

+|0pulh, )| + [02u(h, 2, y)| < C(1+ ™ + |z™2 + [y|™2),

and

2
Z |006(h,z)| < C (1 + R |x|m2) .

4., THE FIRST BOGOLYUBOV THEOREM

In Section 4.1, we will prove some lemmas, which give the properties for f . f and &, moment
estimates of solutions to (1.3) and (1.4), and Holder continuity of the slow variable in (1.3). In
Section 4.2, we prove Theorem 2.3.
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4.1. Auxiliary lemmas. In the following lemma, we show that f , f and & inherit some properties
from f and o.

Lemma 4.1. Assume that f € CL24(RIFTh+d) gnd o satisfy (HL)-(H2), (Ay) and (A,).
Furthermore, suppose that (Hy) and (H3) hold. Then the following conclusions hold.

(i) If g € Cy(RU+42) then f and f satisfy (HL), o satisfies (H3) and there exists C > 0
such that for all t € R and x1, 2y € R%

f(t @) — f(t’fﬂz)’ + [ (1) = fla2)] < C(1+ 22| + |w2|™) |21 — 22,
where 01 is as in (H2).
(i) If (H2) and (Hy)—~(H}) hold then feC3 RN and f satisfies (H2).
Proof. (i) We note that

f(t,x) = |, fEm )it (dy), (ko) € R4
2
In view of (H.) and Corollary 3.2, we have for any (t,r) € Ri*+d
(e ={ [ @)
< [ (Ea1+ ) + Kalal?) () < K1+ Jaf) + C.

Therefore, for any t € R and = € R%, one sees that

T T
(f(z),z) = <f(x)—%/0 f(s,x)ds,x>+<;/o f(s,x)ds,x>

_ 1 (7.
< ‘f(x)—T/O f(s,z)ds| |z| + Ky (1+|$|2)+C,

which implies that
(f(x),z) < K4 (1+ |z]*) + C, Yz € R®
by letting T — oo and because of Remark 2.2 (iii).
Combing (H2), Corollary 3.2, Holder’s inequality and Lemma 3.3, we have for any ¢t € R and
z1,T9 € RA

‘f(t,ml) - f(ﬂ@)’

= f(t,zr,y)p® (dy) — [t o, y)u®? (dy)‘
Rd2 Rd2
</’uwmww¢mmmmﬂmw+v Ft,z29) (5 (dy) — 17 (dy))
Rd2 R2
<O (14 |z | + |22|") |21 — 22 (4.1)

+ CE ((1+ || + [V % 4+ |Y72(%) |y — Y72))
<C(1+ E |£E2|61) |1 — w2,

where s € R, Y** and Y*2 are stationary solutions to (2.1) with z; and x5 respectively replacing
x. Then (4.1) and (Ay) imply that for all 21,7, € R%

|f(z1) = flz2)| < C (1 + |21| + [22]*) |21 — 22.

It follows from (H2) and (A,) that & satisfies (H2).
(ii) By (H2) and Lemma 3.4, one sees that there exists m; > 0 such that

08 f(t,x)| < K (14 |z|™ +C), i=0,1,2.
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It follows from (H2) that for all (t,z) € R1T%

0f ()| < /R 0uF (.2, )] i (dy) < K (14 [2]) + C.
O

Remark 4.2. Assume that (H;), (Hz?;)v (HL)-(H32), (Ay) and (A,) hold. If g € Cp(RDFd2),
then it follows from the above lemma and Theorem 3.1.1 in [35] that for any ¢ € £?(Q, %, P;R%)
there exists a unique solution X;(¢) to (1.4) satisfying Xo(¢) = ¢.

Now we prove moment estimates for solutions to the slow-fast SDEs (1.3) and the averaged
equation (1.4).

Lemma 4.3. Assume that (H,), (H3) and (H})(H2) hold. Let (X{(¢%),YF(£%)),t >0, be the

solution to (1.3), and X¢(¢),t > 0, the solution to (1.4). If g € Cyp(RUT9), then there exists a
constant 0 < g9 < 1 such that for allp>1,T >0 and 0 < e < gq

E( sup |Yt5(55)2p> < Cpr (1 +E[EF), (4.2)
t€[0,T]
]E< sup IXf(CE)|2”> < Cpr (1+E|¢]?P + E[¢°|PP) (4.3)
t€[0,T)
and
E ( sup Xt(C)2p> <Cpr (1 +E|C|2p) , (4.4)
t€[0,T]

where 0 is as in (HL), and C, 1 is independent of .

Proof. Employing It6’s formula and (H111)7 we have
t
|n%fn%:wfﬁp+pA|Kﬂ$»%2<M52%%Xa¢»xﬂf»Af@%>
42@rﬂb«Xﬁ«fL&f(fﬁ»&f(&ﬂ>+s%wgcxsxfxxf<sv>%s>ds
t
+%@—D€MAIKKW%4MWX%ﬁJf@»ﬁ@W%s
t
<+%€“AIKHENM”Of@WgMEKﬂJf@ﬁﬂwﬁ
t
gKﬂ%+p/1ﬂf%%n—ﬁw”mﬂf@ﬂﬂﬂs
0
t
+p/’@*MKa+sﬂka+2@—1x*mwmmﬂxﬂén%*ds
0

+2p€_a/0 YE(E) PP 2(YS(69), g(XE(C7), Yo (67)dW2).

Note that there exists a constant 0 < g9 < 1 such that n — 255 > 4 for all 0 < ¢ < gg. Then
by Young’s inequality, one sees that for any 0 < € < g

t
1—o¢
YEEP? <167 +p [ e alvi€)Pras
0

+ 2pe”® /O V(€ PPV (€7), 9(XE(C7), YiE(€9))aW?) (4.5)
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t 1-p
p —2« —2a -8 —2a p
+/ (5 > e K1+ K1 +2(p—1) Jlleo)” ds,
(™) (0~ D> lgl)
which implies that for any stopping time 7 < T
E|Y: (€9) <E (e 1777 ) + Comn gt < Cor (L+EIET). (46)

Define 7¢ :=inf{t > 0 : |[YF(£°)|*? > r} AT. In view of (4.6), for any 0 < a < 1 we have

B swp V) —a [ (s YEEP ) dr
te[0,T] 0 te[0,T)]

a/ ro—t (1 Ar E|YE (55)\2”) dr
)

IN

< a/ roe—1 (1 ArtC, 7 (1 + E‘56|2p)) dr
0
< aCyr (1 + E|€a|2p)a/ Aot (1 A )\_1) dA

0
S Op,T (1 +E|£E|2p)a

by the change of variables r — [C’ET (1 + ]E|§5|2p)] A
Note that

XE(() = ¢+ / f-(5, X2(¢), YE(€))ds + / oo (5, X5(C5)) WL

It follows from It6’s formula and (HL) that
t
X5 (C)PP < |CE|2p+P/ X2 (Ka(1+ [X5(C)?) + Ks[YE(€)]%) ds
0
t
2 [ XS A, (s, XEC)AWD)
0

t
+op(p - 1) / IXE(C) PP (5, XE(C7)) 2ds.

Then by Burkholder-Davis-Gundy’s inequality and Young’s inequality, one sees that
E| sup [X7(C)*
t€[0,T]
T
< E|¢7[* +pE/ | X5 (C)PP2 (Ka(1+X5(C)P) + Ks [V (6)]) ds
0
1 e(€\|2 g (€2
+-E| sup |X;(¢%)|” |+ CrE (| X3¢+ 1) ds
2 \iep,1 0
T
+2p(p - DE [ IXEQEOPP? REXICP + C) s
0
which by (4.2) and Gronwall’s inequality implies that
e[ €\ (2P €|2p Op
E( S[IépT]lXt(C )| ) < Cpr (L+E|C|* +E[¢]P).
telo,

Similarly, we have

E( Sup Xt(C)2p> < Cpr (1 +E[¢P).

te[0,T)
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Finally, we prove the Holder continuity of X7,¢ > 0.

Lemma 4.4. Assume that (H}), (H}) and (H})-(H2) hold. If g € Cy(R™¥%2), then there exists
a constant C > 0 such that for all0 < s <t <T

E|XF(2) = X:(2)] < Cryjay,jy It = sl. (4.7)

Proof. 1t follows from Ito’s formula, the Burkholder-Davis-Gundy inequality, (H2), (H2), (4.2)
and (4.3) that

E|X7 (z) — X(x)/?
2
+2E

2

<oE / folr, XE(2), YE (y))dr / oo (1, X2 (2))dW}

t t
<lt—s / E|f.(r, X5(2), Y2 (4))2 dr + 4E / j0e(r, X2 (1)) g dr

t t
< |t—s\(]/ E (1 +|X5()P" +\Yf(y)|292)dr+c1E/ (14 X5 (@)?) dr

< O ), 1y/lt — sl

4.2. Proof of Theorem 2.3. Now we are in a position to prove Theorem 2.3.

Proof. For brevity, we define X{ := X{(z), ¢ := Y:(y) and X, := X;(z) for all ¢ > 0 in this
proof. By Itd’s formula and the Burkholder-Davis-Gundy inequality, we have

E|XF — X;|?

2 2

< 2E i (f(s, XE,YE) — f(X,)) ds +2E‘/0 (0-(s,X5) — (X)) W,

t

< 4E +4E (fs(s,XE) F(X, )) (4.8)
0

[ (0% = s x00) |

t
+ 4E/ lo2(s, X5) — 6(X,)|%gds =: 43, (t,€) + 4Ta(t, &) + 4T3(t, €).
0

First of all, we estimate Jy(t,e). Set ¢(t,x,y) := f(t,x,y) — f(t,x). Let ¢ be the solution to
the following Poisson equation

Lop(t,x,y) = d(t,x,y), yeR®,

where t € R and x € R% are parameters. By Lemma 3.4, one sees that ¢ € C122(RI+ditdz),
Then according to It6’s formula, we have for any ¢t > 0

B(e T XE V)
t t
— (0,2,y) + / (770, + £5)(e s, XE, V) ds + / e 2 ep(e Vs, X2, YY) ds
t t
" / P Lqy(e s, X5, YE)ds + / o(e7 78, XE) - Dbl s, X2, Y)W
0 0

t
+s—/ g(XE,YE) - 0,(e s, X2, YE)AWE.
0

Therefore,

(5, X5,YE) — fo(s, X5)ds
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S €4aE

2

89 S

t
—/ e PLa(e7 Vs, X5, YE)ds — M} — e~ M?
0

where

t
M} = / 0o(8, XE) - Optp(e Vs, XE, Y E)AW L,
0

LR S

t
M? = / g(XE,YE) - 0 (e s, XE,YE)AW 2.
0

Then by Lemma 3.4, (H2), (H2) and (H3), one sees that there exist m’,m” > 0 such that

2
1(t,e) :=E

/ fo(s, X5, YE) — fo(s, XE)ds

<gleg (1 +E < sup IXflm/> +E ( sup Yfl’””))
t€[0,T] t€[0,7]

t
(472 g ete  to2) c/ (1+EIXE™ + B ™) ds
0

+ 5 E|M}? + 5e*“E| M2 2.

t
P(eE X5, YE) — (0, 2,y) — / (6770, + L5)b(e s, X5, V2)ds
0

19

And it follows from the Burkholder-Davis-Gundy inequality, Lemma 3.4, (H3) and (HJ) that

there exist m/, m” > 0 such that

t
E|M}? + E|M?2? < 2/ E]as(s,xg).azz/;(gﬂs,xg,y;)yzds
0
t
+2/ E|g(XS,YE) - dy(e s, X5, VE)| ds
0

t
< C/ (1 FEXE™ + 1E|Y;|m”) ds.
0

Hence, letting & := min{4a — 2v,4a — 283, 2a}, by Lemma 4.3, one sees that
jl(t,E) < CTE&.

Now we estimate )

Jo(t,e) = E /Ot (fg(s,xg) _ f()‘(s)) ds

Define 7 :=inf {t > 0: |X§|+ |X;| > n} AT. Then we have
2)

[ (i) = 1x0) as
[ (o) = 1x0) as

32(?575) <E (X{'ri>t}

+E <X{r;§t}

For %, by Holder’s inequality, Chebyshev’s inequality, (H2), Lemmas 4.1 and 4.3, we have

t

[ (Je(s,X0) = X)) s

1 a\ 3
5 < (@) 2 )

1
2
<n7'Cr (IE < sup X,fQ) +E ( sup |Xt|2>>
te[0,T] te[0,T]

2
) =: A + S.

(4.10)

(4.11)
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1
2

T
X (]E/ (| XE|*0 + | X, * +1) ds> < Cprn~t.
0

Set )?SE = X§s for s € [kd, (k+1)d), k € N. For .#;, by Hélder’s inequality, Lemmas 4.1 and
4.4, one sees that
2

[ (o xe) - oo X0
0

N—

| (et %) = (%) ) s

)

/0 ") - F(RL)) ds

+4E (X{rpt}

2
+4E

2

+4E (4.12)

| () = o) as

T T
< Orn*h / E| XS — X¢[?ds + Cpn2® / E|X¢ — X, |2ds + 7
0 0

t
< Crn?%§ + Crnn / E|X¢ — X,|?ds + 72,
0
where

Sy = 4E (X{Tz»}

‘ 2

| (7t %0) = 7(%0)) s ) .
0

Employing the technique of time discretization, a change of variables, (A ), Remark 2.2 and (4.3),

we have

£(5) 2

(k+1)s , B
72 <88 | xigen [ [ (X9 = 1) ds
k=0

+8E | X{rs>t} (4.13)

/tt (fe(s,Xf(,;)a) — f( 5(5)5)) ds

<Cr o (wi/e)" + ¢,
where ¢(8) := [%]. Then (4.12) and (4.13) yield
S < Cp [5 (wl(5/eM)? + n2915] + Crn2 /Ot E|X¢ — X,|2ds. (4.14)
Combining (4.10), (4.11) and (4.14), we have
Ja(t,e) < Or {5 (cui(é/s”))2 +n2015 4+ nil} + Crn?% /OtE|X§ — X, |%ds. (4.15)

Similarly, for Js(¢,¢), it follows from the Burkholder-Davis-Gundy inequality, (A,), (H3),
Lemma 4.4 and (4.3) that
2

Ja(t,e) = E /O (00(5, X2) — 8(X,)) W]

t t
§4IE/ oo (s, X¢) —ag(s,X§)|§{Sds+41E/ loe(5, XE) — 7(X5)|% gds (4.16)
0 0

t t
+4IE/ |a(X§)—a(X§)|§Isds+4E/ Lo|XE — X,|*ds
0 0
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t
< Cr(5+w(5/7)) + 4]E/ L, |XE — X,[2ds.
0
In view of (4.8), (4.9), (4.15) and (4.16), we have

T
sup E|XF — Xi|? < Ce¥ + Opn?n / sup E|XE — X,.[*ds
te[0,T] 0 0<r<s

+Cr [5 (wl(6/eM)% + 026 + w7 (5/87) + n*l} ,

which by Gronwall’s inequality implies

sup E|XF — X|* < Cr (€a + n2915) exp(Cn?1T) (4.17)
t€[0,T]

+Cr ( (Wl (/M) +n 1+ w”(5/67)> exp(Cn1T).
Let 6 = ¢7/2. Taking ¢ — 0 and n — oo, we obtain

lim sup E|X{ — X;|* =
e=04c(0,1]

5. NORMAL DEVIATION

This section is dedicated to proving the normal deviation for slow-fast stochastic differential
equations (2.2). In Section 5.1, we prove the optimal strong convergence rate for (2.2). Subse-
quently, we show the normal deviation in Section 5.2.

5.1. The optimal strong convergence rate. Before investigating the optimal strong conver-
gence rate, let us first show that f is monotone under some suitable conditions.

Lemma 5.1. Assume that (Hy)-(H2) and (H}) hold. Then there exists a constant C > 0 such
that for any x1,xs € R

(f(x1) = fw2), 21 — x9) < Clay — wa|*.

Proof. Tt follows from (H2), Holder’s inequality, Corollary 3.2 and Lemma 3.3 that for all 21, x5 €
R%

(f(z1) = flz2), 21 — 22)

=< F o1,y (dy) — f(:vz,y)u“(dy)vml—m2>
Rd2

Rd2

B / (f(x1,y) — f(22,y), 21 — 22) ™t (dy) + < fxa,y) (™ — p2) (dy), 21 — m>
Rd2

Rd2
<fov—aaft [ M @) @)+ ([ T (e ) (@) = a2
< Clzy — 22| + CE [(1 + Y% + |Y””2|‘92 )Y — Y“\] |y — x|
< Clar o + O [E (L+ ¥ P + )] (B = v ?) or — oo
< Clx1 — $2\2a

where t € R and Y*! (respectively, Y*2) is the stationary solution to (2.1) with frozen z; (respec-
tively, x2). O

Now we can give the proof of the optimal strong convergence rate for the first averaging principle.
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Proof of Theorem 2.5. For simplicity, we define
Xp = Xi(@), K= X(a), Y= YE()

for any ¢ > 0 in this subsection. By It6’s formula, (H2) and Lemma 5.1, we have
= = [ (20706 ¥) = 0K, X5 = X + 2((X0) — (X)X - X0
HJo(X2) = o (s )as 2 [0~ Ko (0(067) — o(K0) )
</ (X2, YE) - F(XE), X2 - X) + CXE — X, [ds (5.1)
0

2 / (X5 - X, (0(X5) — o(X,)) dWD).
0

Define ¢(x,y, 7) := 2(f(z,y),x — ), ¢(z,7) := 2(f(z), z — 2) for all (z,y,7) € RN+%+4. For any
(z,7) € R?% let W(x, -, ) be the solution to

LoU(z,y,7) = ¢(2,y,7) — d(z,2), yeR™.

By Lemma 3.4, one sees that ¥ € C?%2(R%+d2+d1) and that there exist constants C, my, ma, mz >
0 such that

2
(e, y,2) + Y (10,9 (x,y,2)| + |0, ¥ (2, y,2)]) + 0, (2, y, 7)| (5.2)
=1
SO [a™ + [y[™ +[z[™2).

Applying Itd’s formula to t — ¥(X§, Y7, X;), we have
\IJ(XtEa }/tgv Xf) - \I/(I, Y, I)

-/ (€14 8 + e E)W(XE, Y, K )ds + / CH(X9) - (X, YE, X)W,
+ [ ot ey Roawd =t [ o002 0,00, V2 K aw?,
which implies Es)hat O
/ Ca((F(XE V) — F(XD))  XE — X.ds
— (q/(xg,y;,)‘(t) W2,y 7) —/Ot(;:1 b 2)U(XE, YE X, )ds) (5.3)
= o (XE) - O.W(XE, YE K )AW! < /Otff(Xs)-amxs,me)dW;
,\[/ (XE,Y5)-0,U(XE, Y5, X )dW?2.

Note that U (z,y,T) = 2(¢¥(x,y),x — T), where 9 is the solution to

£2¢($7y) = f(x’y) - f($)

Then in view of (5.1), (5.2), (5.3), (H2), (H3), Lemma 4.1 and Young’s inequality, there exist
constants m}, mb, m5 > 0 such that

|X7 —Xt\z

0|X€ X|ds+2/t<X5 X, (0(X2) — o(X,)) AW
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— t —
+¢ (W(Xf,Yf,Xt) —U(z,y,z) — / (£ + Sx)\I/(X‘f,YSE,XS)dS>
0
t B t B B
+5/ o(XE) -0, U(XE, YE, s)dWSl—i—e/ 0(X,) 0V (X5, YE, X, )dw!
0 0
t
e / 9(XE,YE) - (0,0(XE, YE), X3 — X,)dW?
0

t t
C|X¢ — X,|*ds + 2/ (XS = X, (0(X5) — o(X,)) dW))
0 0

S

+eC |1+ sup |X5|™ + sup Y™ + sup | X"
t€[0,T7] tel0,T t€[0,T7]

t t
e / o (X5) - 0,W(XE, Y7, X )dW! 4 / o(X.) - 0pU(XE, Y, X, )dW!
0 0

t
R / G(XE,YE) - (0y0(XE,YE), X2 — X,)dW2,
0

Then thanks to Lemma 4.3 and Burkholder-Davis-Gundy’s inequality, we obtain

E| sup |Xt€*Xt|2
t€[0,T)

T T
< C/ E|X¢ — X,|?ds + 6E (/ |XE — X [2o(XE) — U()_(s)|2ds>
0 0

+eCr [1+E( sup [X7[™ | +E|( sup [YZ|"2 | +E [ sup |X,|™
te[0,T] t€(0,T) t€(0,T)

T
+ VE6E </ |9(X5, Y P10y (X2, Y PIXS — X52d8>
0

1
2

[V

[\

1 _ r _
<-E|( sup |XS— X, |+ O/ E|X¢ — X,|?ds + Cre,
te[0,T] 0

which by Gronwall’s inequality implies that
E| sup |X:—X,*)| < Cre.
te[0,T)

O

5.2. Proof of Theorem 2.6. Prior to presenting the proof of the theorem regarding the normal
deviation, we prove several lemmas.

Lemma 5.2. Assume that (H}), (H3) and (H})(H2) hold. Let (Xf(z),YF(y)) be the solution

to (1.3) for any (x,y) € RU+d2 Pyrthermore, suppose that there exist constants cy,ca,C > 1 such
that for all (z,y) € Rd1+dz

b(z, )| + Bz, y)| < C(1+ [z + [y|?).
Then there exists a constant Cp > 0 such that for any 0 < s<t<T and0<e <1
eR|YSE — YE)> < Oplt — 5. (5.4)
Proof. Tt follows from Itd’s formula, (4.3) and (4.2) that

1 t
BIY; Vi = 2B [ (2BOGLY).YE - YE) + lo(XE Y ys) dr
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1 t
+ 5B [ (XYY - Yo
E S

I 1
< fIE/ Cl1+ sup |XZ|** + sup [YF]*2 |dr < =Crplt—s|.
€ Js r€[0,T) r€[0,T] €

Lemma 5.3. If (H}) (H}) and (Hy)-(H2) hold, then Z¢ is tight in C([0,T7; Rd).

Proof. According to (2.3) and the Arzela-Ascoli theorem, it suffices to show that there exists a
constant C7 > 0 such that for all 0 < s <t < T

E|Zf — ZZ| < Crlt — s|2.

To this end, by It6’s formula, the Burkholder-Davis-Gundy inequality, Holder’s inequality and
(2.3), one sees that

E|Z; — Z;|
t
<E FOEEYE) = ) ar| + B [ (o) = o(X0)aw}
t
<. +]E/ IVF(X, +uXg — X,)|1Ze]dr + Crlt — 5|2 (5.5)

¢ 3 ¢ 3
§f1+(E/ |Vf(Xr+L(Xf—Xr))|2d'f’> (E/ |Z;i‘2dr> +Crlt — 5|2,

where ¢ € [0, 1] and

/\[ (X5, Y5) = F(X2))dr.

Employing Lemma 4.1, (4.3), (4.4) and (2.3), we obtain that there exists a constant Cr > 0 such

that
(E/: IVF(X, + (XS —XT))Ier>; (IE/: Z§|2dr)é (5.6)

1
t 3
< (E/ (| X520 + X, 2) dr) Crlt —s|2 < Crlt —s.
S
Now we estimate .#1. Note that by the Burkholder-Davis-Gundy inequality, we get

1 < VEE|(XE, YF) - (X5, YE)| + VEE

/ 21/(/) Xﬁa Y;"a)

t
o(X2) - 0,(XE, Y )AW,H + B

YT

t
/ 9(XE,Y2) - 90(X2, YE)IW?

+EE

t
< VEE [B(XE, V) — (X5, YE)| + VEE / S1p(XE,YE)dr

»

[N

%
+3E</ (X2, Y5)a, (X5, V)2 dr) ,

f(z). Then in view of Lemma 3.4, (H2), (H2),
4), there exist constants ¢1,t2 € (0,1), C > 0 and

+vE ([ o0 v ar)

where v is the solution to £2v(z,y) = f(z,y) —
Lemma 4.3 and Holder’s inequality, (4.7) and (5.
p1,p2 > 0 such that

S < VEE (|0:(X5 + 0 (XF — X0), Y9)|IXF — XT)
+ VEE (|0,0(X3, Y5 + (V7 = YO)IIVE = Y7)) (5.7)
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t
+VECE [ (14 XA+ VAP ar

< Cr (VE (BIX; = X22)F + (BIV = YZ[2)* + |t —s/}) < Crlt — o],
Combining (5.5), (5.6) and (5.7), we obtain
E|Zf — Z5| < Crlt — s|2.
O

Lemma 5.4. Assume that (Hy)-(H) hold and let ¢ € C**2(RN+d=Fdv) satisfying (HZ). Fur-

thermore, suppose that ¢(z,y,-) € C’2(Rd1) and j0Lo(x,y, ) € Co(R™) for all (z,y) € R+d2
and 0 < 2i+4 j < 4. Then there exists Cr > 0 such that for all0 <t <T

(/ S$(XE,YE, Z5)d ) < Cpet,
where §¢(z,y, 2) = ¢(x,y,2) — [gar (. y, 2)p"(dy), V(z,y,z) € RbrFdatds,

Proof. For any (z,z) € Rle, let ¢ be the solution to

£2w($7y72) :5(/5(3371172)7 yERdz.
It follows from Lemma 3.4 that ¢ € C?22(R%1+d2+4d1) and that there exist constants C, m1,mgs > 0
such that for all (z,y, z) € RAt+datdi

[W(x,y, 2)| + 102 (2, y, 2)| + |50 (2, y, 2))|

+ 109 (@, y, 2)| + 029 (2, y, 2)| + [0y (2, y, 2)] (5-8)
SO+ [2|™ +y[™).

By It6’s formula, one sees that
Ev(X;, Y, Z5) — ¥(z,y,0 / Cip(XEYE, Z5)ds + IE/ Lop(XE,YE, Z5)ds
+22E / FIXEYE) = F(X.), 0.0(X2,YE, 25)) ds,
which by (5.8), Holder’s inequality, (H2) and (H2) implies that there exist p1, pa, p3 > 0 such that
/ 0p(X:, Y, Z)ds =¢ (Ew(Xf,Yf,Zf) Y(x,y,0 / Cip(XE,YE, Z5)d )
t
- VEE [ (FXE YD) - ), 0.0(XE, YE. 2) ds (5.9)
0

<VECE 1+ sup |X7|P' + sup |[Y7|P2+ sup |X;|P
te[0,T) t€[0,7] +€[0,7]

Combining (5.9) and Lemma 4.3, we have

t
B [ 86(X2, Y7 Z5)ds < Ol
0

Now we recall the following lemma, which is from [41, Proposition 3].

Lemma 5.5. If{Z°,7:0 < e <1} C C([0,T];R%) is tight, then for any § > 0 there exist N € N
and z*, ..., 2N € C([0, T); R%) such that for any 0 < e <1

N N
P m sup |Z; —zf| > | <68, P m sup |Z; —2F| > 8¢ | <.
k=1 Lt€[0,T] r=1 Lt€[0,T]
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Remark 5.6. (i) Note that we also have
GET(w) = [ | (f(aw) ~ @) vl g)u” (), Ve € B, (5.10)
Re2

where 1)(z,y) is the solution to £o(z,y)Y(z,y) = f(z,y) — f(z), y € R,
(ii) It follows from (HZ2), (5.10) and Lemma 3.4 that there exist constants m > 0 and C' > 0
such that for any 2 € R%

|G(2)| V|GGT ()| V [V(GGT ()] < C(1+|a|™).
Therefore, we have for any z,zo € R4
(GG (21) = GG (22)] < C(L+ |21 |™ + |2a|™) |21 — 2.
We are now in a position to prove Theorem 2.6.

Proof of Theorem 2.6. Note that it follows from It6’s formula that

o(Z) = (0) + / (VF(X0) 20, Vol Z)) + 5TrIV0(Z)GET (X.))ds (5.11)
+ / (Ve (Z.), G(X.)dWY),
0

o(Z5) = (0) + / %<f<xs,ys> (%), Ve(Z0))ds. (5.12)
Combining (5.11) and (5.12), we have
[Ep(Z5) — Ep(Zy)|

‘ 1 € ye (Y € f(X)Z 7
]EA <\£<f(X37Ys ) = F(Xs), Vo(Z9)) = (V(Xs)Zs, Vo(Zs))

— ;Tr[vzgo(ZS)GGT()_(s)])ds < A + S5+ A3,
where
t - 1
S = ‘E %U(XSE,YSE) — f(X5), Vo(Z5)) §T?"[V290(Z§)GGT(X§)]ds ,
0

)

o= |6 [ ATz 66" (0] - LrveZ)ac (Rjas
0

for some ¢ € [0,1]. Thus, we only need to demonstrate that lim._,o.# = 0, lim._,o % = 0, and
lim._,o #3 = 0 to establish our result. To this end, we will break the proof into three steps.

(Step 1) Let 6(z,y, 2) = (F(z, ), Vo(2), 6(,2) = (F(z), V(=) ¥(z,y, 2) € REFatar Tt
is obvious that ¥(x,y, z) := —(¢(x,y), Vi(2)) is the solution to

22‘I’($,y,z) = - (¢(xayvz) - Q_S({I?,Z)) 3

where v (x,y) is the solution to £39(z,y) = (f(z,y) — f(x)) . Then by Lemma 3.4, one sees that
U € C%22(Ré4+dzHd1) and that there exist constants C,my,mg > 0 such that

(O (2,y,2)| + [0V (2, y, 2)| + |029(2,y, 2)|
+10:¥ (2, y, 2)| + 02U (2, y, 2)| + 10, ¥ (2, y, 2))| (5.13)
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SO A [=[™ + [y|™).
Applying 1td’s formula to ¢t — U(XZ,YE, ZF), we have
t
1
EU(XE,YE, Z5) — E¥(z, y,0) = ]E/ (£1\I/(X§,Y'§, Z5) + =80 (XE,YE, Z9)
0 €
1

UG YE) = F(X), 00X, Y2, Z0)))ds.

Therefore, by (5.13), (H2), (H2), Holder’s inequality, Lemma 4.3 and Theorem 2.5 we obatin

t
c]1 = \ﬁ (E‘Il(xaya(D - E\IJ(XfaY;‘,E?Zf) +E/ SIW<X§7Y§7 Z.§>d8>
0

FB [ XY - F(0. 0006, ¥7,20)) =y Tr V(20667 (X0

<ove+e [ e - FX). 0,008 Y7 20 + 5 (5.14)
0

t
< OVE+[E [ IV + (X3 - X)IX: - K]0 9085, Y7, 20| + 55
0

< COVe+ 78

for some ¢ € [0, 1], where

IP = .

s S

B [ 40X Y2) — FX0). 0.0, Y7, 20) - S Tr (Ve 200667 (X0 s

Note that
(F(,) — Fl@), 00(z,y, 2)) — STrIV?0(:)GGT ()]

di1
- Z (filz,y) = filx)) ¥i(2,9)02,.,0(2)
z,J_dl 7
_ Z /Rdz (filz,y) — fi(@)) i (2, 9)02 .. 0(2)p" (dy).

By Lemma 5.4, one sees that lim. o .7 = 0, which by (5.14) implies that lim._,¢.#; = 0.
(Step 2) Now we show that lim._,q.#3 = 0. By Lemmas 5.3 and 5.5, for any § > 0 there exist
2., 2N e C([0,T);R%) such that for any 0 < e < 1

N
P (ﬂ { sup |Z5 — zF| > 5}) <4, (5.15)

r—1 Lt€[0,7T]

N
P[] sup |Z—2f| >0 | <é. (5.16)
k=1 (t€[0,T]

Define
01k ;:{ sup |75 — zF| < 26, sup Zt—zf|<2(5},
t€[0,T] te[0,T]
N N
03 ::m sup |Z8—2F|>6p, Q ::ﬂ sup |Z; —2F| > 63 .
k=1 Lt€[0,T] k=1 (€[0,T]

Let ﬁil =05 4, ﬁik =07 5\ (Ui:llﬁii) sk =2,...,N. It is obvious that for any 0 < e <1

Q=U,0f,UQsUQ;, QF,N05, =0,i# .
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Therefore,
t
Sy = ‘]E/ (VF(Xs 4+ (X5 — X)) Z5,V(Z3)) = (V (X)) Zs, V(Zy))ds (5.17)
0
N
< I+ S+ Z fzk,sa
k=1
where

2. Ve(z)as|

S e 'E [x / (VF(Xe 4 1(XE — X)) 25, Vp(Z2)) — (VF(X.)

Tz e }E [m / (VF(Ke + (X5 — X)) 25, VplZ2)) — <Vf<Xs>zs,w<Zs>>ds}

)

Iy = ]E [xﬁik / <Vf<XS+L<X§Xs>>zs,v@<zz>><vf<xs>zs,w<zs>>ds] .

In view of (5.11), Remark 5.6, the Burkholder-Davis-Gundy inequality and (4.4), for any p > 1
there exists my; > 0 such that

t P

E / (Vf(X)Zs,Vo(Z,))ds (5.18)
0
_ t 1 _ _ t _ B . p
—E[o(2) - 0) - [ STrVARZIGET (K )as - [ (Tp(2.),GX )T
0 0
T —
< Crp |9l <||s0||é’o +/ E|1X,[™ds + 1) < Cpr-
0
It follows from Holder’s inequality, (5.15) and (5.18) that
T+ oo
t
<& (g + xe) | [ (V70 + X = %) 25, V(200 s |
0
t
+[(vas +xa) | [ (VX2 Tp(Z0s |
< [®as))* + e} ( [ R - X022, V)0 )
) ) 2\ 7
+ [(PU951)* + P({0s}1)?] ( (VF(X.)Z., Vio(Z)ds )
1 T _ _ 3 3 3 % 1
<Crst (B [ V00405 - X)EIZEEVeldds | +Crst,
0
which by Hélder’s inequality and (H?2) implies that
1 T S % 1
Fo1+ S22 < Cré3 (E/ |Z§|2 + |XS‘491 + |X§|491d8> + Cré2. (5.19)
0

Combining (5.19), (4.3), (4.4) and (2.3), we get
Io1 + Fop < Crds. (5.20)
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Note that forall 1 <k < N

sty <[B [y, [T = X0) - 970) 22, Va2

+[8 [, [ (VA2 90(20) - VelZopas) 6:21)

3

i=1

+[8 [xa, [ (VA0 - 20, VelZnas]

First of all, by Holder’s inequality, (H2), Lemma 4.3 and Theorem 2.5 we have

t
J1 < [[VolloE {xﬁik/o V2 F(Xs + o/ (XS — X0)| | XS — X, |Z§|Vgo||oods]

T 3 T 1
< IVelloo <E/ |Z.f|2d5> (E/ X5 - Xs|2d5> (5.22)
0 0

T
X <]E/ IV2F(X, + ! (X2 — X)|* (1XE| +|)_(S|)2ds> < Cret,
0

Bl

where ' € [0,1]. And in view of Hélder’s inequality we have
t
3ot <[y, [ VIO (22119 e + Vel 2~ Zikds| 629

< COE

T - —
o, [ VIE)I0ZE]+ 1)as

Therefore, by (5.17), (5.20), (5.21), (5.22), (5.23), Holder’s inequality, (H2), Lemma 4.3 and
Theorem 2.5 one sees that

T
Iy < O (5* + Nai) +6CE/ IVA(X)| (125 +1)ds < Cr (5% +N5%) ,
0

which implies that lim._,q %5 = 0 by first letting € — 0 and then letting § — 0.
(Step 3) Now we estimate Z5:

Syt = ‘]E/O %Tr[v%p(zg)GGT(XS)} - %TT[V%(ZS)GGT(XS)MS

k 1 2 £ T 5 1 2 ~ T [ v
< ‘]E {mg /0 STrIVe(Z0)GGT (X2)] — JTrVp(2,)6G (XS)]ds}

! 1 € 5 1 7 %
+‘IE3 {XQS /0 §TT[V2¢(ZS)GGT(XS)] —2Tr[V2<p(ZS)GGT(XS)]ds} (5.24)

N

>

B |xa, [ 5TTIVPZ0006T ()] - STV 266 (X.)las]
k=1 /0

N
= <f371 + jg,g + Z j3k73.

k=1

Thanks to Holder’s inequality, (5.15), (5.16), Remark 5.6, (4.3) and (4.4), we have

T31+ I35 < Cré'/?. (5.25)
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And it follows from Remark 5.6, Holder’s inequality, Lemma 4.3 and Theorem 2.5 that there exists
m > 0 such that

t
sty <[ [y, [ 3770020 - V() 667 (X5) 0

t
+ ]E Xﬁik/o

t
+ ]E Xﬁfk/o

r t
<C[E|vay, [ IV%6llnlz: - 10+ x5 as]
L ? 0

TV ()G (X)] - 5 Tr{T ()66 (Xl

N = N

Tr [(V2p(Z.) - V2p(:4)) GG (X,)] ds]

(5.26)

- ¢
+ |E | xg- V200 (14 [X5I™ + [ Xo[™) [ X5 — X;|ds
L P 0

r t
+|E xfz;k/o IV30lloo| Zs — 251 (1 + | Xs™) ds]

> —‘rCTE%.

Therefore, employing (5.24), (5.25), (5.26), Holder’s inequality, (H2) and Lemma 4.3, we have

T
< Orb <JE Xa: | / (141X + |X,|™) ds
’ 0

T
I3 < Cr (51/2 + Ns%) + Crd <IE/ (L4 | X5|™ + [ Xs™) ds) < Cp(6Y% + Nel/?).
0

Therefore, firstly letting € — 0, then taking § — 0, we obtain lim._,q %3 = 0. O

6. THE GLOBAL AVERAGING PRINCIPLE AND SECOND AVERAGING PRINCIPLE

In Section 6.1, we begin with recalling some well-known definitions and results about autonomous
and nonautonomous dynamical systems (see e.g. [33]). Subsequently, we prove Theorem 2.8 in
Section 6.2. Finally, we investigate the second averaging principle in Section 6.3.

6.1. Preliminaries for dynamical systems. Let (X, d) be a complete metric space, and (P, dp)
be a metric space.

Definition 6.1. Let T = R or Z. A semi-dynamical system is defined as a continuous function
¢: T x X — X that satisfies ¢(0,x) = x, Vo € X, and ¢(t + s,x) = ¢(t, ¢(s,2)) for all s,t € T"
and z € X.

Definition 6.2. We say a nonempty compact subset A C X is a global attractor of a semi-
dynamical system ¢ on X if it is ¢-invariant and attracts bounded sets, i.e. ¢(t,A) = A for all
t € TT and limy_, o dist (¢(¢, D), A) = 0 for any bounded subset D C X.

Definition 6.3. A nonautonomous dynamical system (o, ) (in short, ¢) comprises two compo-
nents:
(i) A dynamical system o on P with time set T' = Z or R, i.e. 0o(-) = Idp, o14s(p) = o1(0s(p))
for all t,s € T and p € P, and the mapping (¢, p) — o¢(p) is continuous.
(ii) A cocycle ¢ : TT x P x X — X satisfies
(1) ¢(0,p,z) =z for all (p,x) € P x X,
(2) @(t+s,p,z) = (t,os(p), p(s,p,x)) for all s,t € TT and (p,z) € P x X,
(3) the mapping (¢,p, z) — ¢(t,p, z) is continuous.
Here P is called the base or parameter space and X is the fiber or state space. For convenience, we
also write o¢(p) as oup.
Furthermore, if o¢(p)(+) := p(t + -) then (P,R,0) is called a shift dynamical system or Bebutov
shift flow.
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Definition 6.4. The autonomous semi-dynamical system m on P x X defined by
TiTT X PxX 5P xX, x(t(p,z)) = (0:(p), p(t,p, )
is called the skew product flow associated with the nonautonomous dynamical system (6, ).

Definition 6.5. Let (0, ¢) be a skew product flow on a metric phase space (X, d) with base set
P. A subset M of the extended phase space P x X is called a nonautonomous set, and for each
p € P, the set M, :={z € X : (p,z) € M} is called the p-fiber of M. In general, M is said to have
a topological property (such as compactness or closeness) if each fiber of M has this property.

Definition 6.6. Let (0, ¢) be a skew product flow on a metric space (X, d) with base set P. A
family A = {A4,},ep of nonempty subsets of X is called invariant w.r.t. (o,¢), or ¢-invariant, if
B(t,p, Ap) = Ag,py for all t > 0 and p € P.

Remark 6.7. The compact set-valued mapping ¢ — A;, (), induced by a ¢-invariant family
(Ap)pep of compact subsets, is continuous in ¢ € R w.r.t. the Hausdorff metric for each fixed
pEP.

Definition 6.8. Let (0, ¢) be a skew product flow. A nonempty, compact and invariant nonau-
tonomous set A is called a pullback attractor if the pullback convergence

tlizn dlbtx(qb(t, 0—t (p)a D)a AP) =0
holds for every nonempty bounded subset D of X and p € P.

Lemma 6.9. Assume that a semi-dynamical system ¢ on X has an absorbing set B, i.e. for any
bounded subset D C X, there exists T = T(D) € T+ such that ¢(t,D) C B for allt > T. If B is
positively invariant, i.e. ¢(t,B) C B for allt € T, then ¢ has a unique attractor A C B defined

by A = thO ¢(t7 B)

Definition 6.10. Let (o, ¢) be a skew product flow on X. A nonempty compact subset B of X
is called pullback absorbing if for each p € P and every bounded subset D of X', there exists a
T =T(p, D) > 0 such that ¢(t,0_+(p), D) C B for all t > T.

Lemma 6.11. Let (0,¢) be a skew product flow on X with a compact pullback absorbing set B
such that ¢(t,p,B) C B for allt > 0 and p € P. Then there exists a pullback attractor A with
fibers in B uniquely determined by Ap =\, 50 U;>, ¢(t,0—+(p), B) for all p € P.

6.2. Proof of Theorem 2.8. In order to prove Theorem 2.8, we need the following decay estimates
of solutions to (1.3) and (1.4) under the dissipativity condition (H2).

Lemma 6.12. Assume that (H}), (H2) and (H2)-(H3) hold. If g € Cy(R™*%), then for any
(¢5,€°) € L2(Q, Z,,P;RUT) there exists a unique solution VE,(C5,£7) == (XZ,(¢7),YE(E9)) to
(2.4). Furthermore, there exists eg > 0 such that for allp > 1 and 0 < e < g

IV ()P <B4 o) (1 b0 (61)
and

Ksw(0/2) + K
BIXG (¢ < Bjor e (-0 4 FEFOLERS (1 i)

+ KsE|¢s|? ([)\1_1 (1 _ ef)\l(tfs))i| /\ef)\l(tfs)) :

where w(p) := (8K1 + 8(p — 1)||g]loc)’ 777, Vp > 1.

Moreover, for any 1 < p < ;‘le + 1 there exists a constant C' > 0 such that

E|XZ,(C°)*P < B|¢7Pre 8 2= D=9 1 O(EJE| 4 1). (6.2)
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Proof. By (4.5) and Gronwall’s inequality, one sees that there exists a &9 > 0 such that for all
0<e<eg

E|Ys,(69)* < E|¢8|2Peac "np(t=s)
+ (8K1 +8(p = 1llglloc)” 7 (1= e "m0,
It follows from Ito’s formula, (H3), (H3) and Young’s inequality that
E|X:,(C5)*
< EI¢*|* +pIE/ X2, (C5) P2 (- >\1|X§7T(C€)|2 I K5|Y;T(§)|9 T Ki)dr

t
+2pp = DE [ X5 (COPP (L2135, (G + KF + 2L Kol X5 (6°))
s

If p =1, in view of Gronwall’s inequality and (6.1), one sees that there exists g > 0 such that
for all 0 < e < e

EIXC(C)P < BIC oM7) 4 = = (Ks (BIE7|” +0(0/2) + Ka) (1 - H).

On the other hand, in view of Gronwall’s inequality and (6.1), we obtain that there exists ey > 0
such that for all 0 < ¢ < g

BIXE, () < Bigepe—) 1 KD K () o)
S, — )\1

82a

, Ksw(0/2) + K ,
< EK—E‘QG—)\l(t—s) + K5]E|§E|9€—A1(t—5) w( )/\1) + Ky ( _ e—kdt—é)) .

In the case where 1 < p < 5 L2 + 1, by Young’s inequality we have

1 —1
+ K5E|€s|ee—)\1(t—s) (85—2(17]0 _ )\1> (1 — exp{(\1 nt (t - 8)})

E|XE,(C)*
tro1
<BICP 48 [ (=500 - 20~ DEDIXECOP + OV € + )
which by Gronwall’s inequality and (6.1) implies that
E|X:,(C7)? < B|¢72Pre™ 820 DI (=2 4 C(E[¢%]% + 1),
O

Lemma 6.13. Assume that (H}), (H2), (H3) and (Aj) hold. Then there exists a constant
Kg > 0 such that for all z € R%

2(f(),2) +15(2)]* < —Ai|z* + K.

Proof. Let K' := sup,cpar Jpa, [y|°1%(dy) < oo. It follows from (H2), (H3), Hélder’s inequality
and Young’s inequality that for any z € R%

2(f(x),2) + o ()| Fs

< _/Mdsx>+2< /mdw>

a(x) — ;/OT o(s,z)ds

2

1 /7
T/o o(s,x)ds

2 +2 <5’(1:) - % /OT o(s,2)ds, % [ o (s, m)ds>
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< —

2 (- ) as|

- T

ol g [ @000 + oo 2 s

I I
f/ z) — o(s,x)|*ds + 2| (z )—f/o o(s,z)ds T/o o(s,x)ds
2| (T ;
<ol + Kot K'Ks+ 14 7| [ (@) = Fs.o) ds| - o
0
1 /7
—/ ) —o(s,x) ds—l—T/ 5(z) — o(s,z)[’ds (2L2|z|* + 2K3) ,
0

which by (Af) and (A,) implies that
2(f(z),z) + |6(2)|3s < —Ml|z + K4+ K'Ks + 1
by letting T' — oc. O

Similarly to the estimates provided in Lemma 6.12, the following lemma can be derived by
applying the same methodology. Therefore, we omit the proof.

Lemma 6.14. Assume that (H,), (H3) and (H2)-(H2) hold. If g € Cyp(RU+42)  then for any
¢ € L2(Q, Fs,P;RY), there exists a unique solution Xs.(C) to (1.4). Furthermore, there eists
€o > 0 such that for all 0 < € < g

_ K
E|X. (O < E[GPe ™07 4 22 (17 09).
1
Moreover, if ( € L?P(Q,.Z,,P;R%) for any 1 < p < 2/\T12 + 1, then there exists a constant C' > 0
such that
E|X. 1O < El¢[re¥=2DE(-) 4 ¢
Remark 6.15. Assume that f and o satisfy (Ay) and (A,). Note that by [9, Lemma 5.10] one
sees that for any F := (ﬁ, 5) € H(F), F and & satisfy (Ay) and (A,) provided H(IF) is compact.

Following a similar approach as in the proof of [8, Theorem 3.1], we establish the following
lemma for the continuous dependence of solutions to (2.4) on initial values and coefficients. For
convenience, we assume € = 1 in this lemma without loss of generality.

Lemma 6.16. Assume that £",& € L*(Q, Z,,P;RYT42). For any n € N let V', (€") satisfy

t
V(e = €+ / F7(r, VE (€7)dr + / G (r, VI (€")AW,, > s,

and Vs (&) satisfy

Va6 =€+ / F(r, Ve (€))dr + / G(r,Var (€)dW,, 1> 5.

Suppose that F", G", F and G satisfy (H}), (H3) and (H2)-(H3). Furthermore, assume that
lim,, o F™(t,v) = F(t,v) and lim, o G"(t,v) = G(t,v) for all t € R and v € R4a+tdz_ [f
lim, oo dpr, (ZL(E7), Z(£)) =0, then for any t > s

lim sup dpy, (£ (V,(€") , £ (Var(€))) = 0.

N=700 rc(s,t]
Lemma 6.17. Suppose that (H), (H3) and (H2)-(H3) hold. If g € Cy(R™T%), then for any
0<e<1, (0,P) is a skew product ﬂow on the phase space (92 9(Rd1+d2) dBL) with base space
H(F.), where o : Ry xH(F.) — H(F.) is defined by oy (F.) := F.(t+-,-) for all (t,F.) € Ry xH(F.).
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Proof. By Remark 2.7 and Lemma 6.12, one sees that
Pg(t,ﬁa ) : yz,e(Rdr‘rdz) N gzz,e(Rd]-i-dg)

for any t > 0, F. € H(F.) and 0 < £ < g9. Employing Lemma 6.16, the uniqueness in law of the
solutions to (2.4) follows, which completes the proof. O

With the help of the aforementioned results, we are now in a position to prove Theorem 2.8.

Proof of Theorem 2.8. (i) For any R > 0 and r > 1, define

Dy = {ue 2. @) [ lalrutan) < v},

R
vy o= {ue 2, @) [ wluta) < .

Set wy := A\[! (K5 (2w(0/2) +1) + K4) + 1 and @y := w(#/2) + 1. Let @ := w; + ws. Define

B:= {m € Py p(Rhtda) /

R

It can be verified that B is compact. By Lemma 6.12, one sees that B C 92@([&‘114“12) is a pullback

absorbing set such that PE*(t,FE,B) C Bforallt>0andF. € H(F.). It follows from Lemma
6.11 that (o, PY) has a pullback attractor «/¢ with component subsets

s |z]2m(dz) < w,mony ! € D} mom, ' € Di}f}. (6.3)
1 2

oz =) Pr(t,o4(F),B) C B, F. e H(F.).

T>0t>T1
(ii) Let

By = {,u € Py (Rh) . / lz]2p(de) < KgAT! + 1}.
R41

Employing Lemma 6.14, we show that B is a positively invariant and absorbing set. Thanks to
Lemma 6.9, P* admits a global attractor A, defined by

A=) P*(t, By).
t>0

(iii) For any 6 > 0 and bounded subset D C %5(R%), since A is the attractor of P*, there
exists a T" > 0 such that for all ¢t > T

P*(t,D) C Os/ (A) . (6.4)
In view of (4.17), we have

sup  d(IIy P*(t,F.,m), P*(t,mon7 ') < n(T, B)(e) (6.5)
0<t<2T

for all m € B and F. € H(F.). And there exists ¢ > 0 such that n(T, D)(¢) < §/2 for all
0<e<ep.
It follows from (6.4) and (6.5) that
U P (tF. B)cOs(A)
FeeH(Fe)
for all T' < ¢ < 2T. Taking some ty € [T, 2T, then we have
U Prto,0-4,(F.), B) C O5(A).
F.€H(F.)
It follows from the PX*-invariance that P*(tg,0_y, (F.), CA )) = 2/, which implies that for
—to (Fe e

all 0 < ¢ < gg and F. € H(F.) )
%E - 05(./4),
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because dg—to(ﬁa) C B. O

6.3. Proof of Theorem 2.12. In this subsection, we will give the proof of the second Bo-
golyubov theorem. To this end, we shall show the uniqueness and existence of bounded solutions
o (1.3). We say that the solution V¢ := (X§,Yf),t € R, of (1.3) is £? (Q,P;R%T92)-bounded if
supycs E|VE[? < oo.
Proposition 6.18. Assume that B(z,y) = B(y) for all (z,y) € Rh+% and 3 < . Furthermore,
2
suppose that (Hy), (H}), (HY) and (HZ)~(HS)hold. If f = a and Ay > %, then there exists
€o > 0 such that for all 0 < € < gg
A L?

EIVE () - Vi@ <Ble - &Pow (- (3 - 32) -9). (6.5

If B < a then there exists g > 0 such that for all 0 < e < e

A
EIV: (60~ Vi@ < Ble - Pero (-0 —9)). (6.7

Moreover, for any 0 < e < gqg there exists a unique solution VE t € R, to (1.3) such that

sup E|V;7|* < oo,
teR

where 1 < p < 2’\52 + 1.

Proof. In view of It0’s formula, we have
EIV(6) = V(&)

Bl - Gl +B [ (2R Vi () - For Vi @) Vi) = Vi (6) (68)

+1Ge(r, VEL (1)) = Gelr, VEL (€2) s ).
By (H2), (HS) and (HS), for all t € R and vy := (z1,51)", vz := (22,52)" € R“T4 we have
2F.(t,v1) — Fo(t,v9),v1 — v2) + |Ge(t,v1) — Ge(t,v2)| %
= 2(fo(t, 21, 91) — felt, w2, y2), 21 — @2) + |oe(t, 21) — 0= (t, 22) |55
+e72*2(B(y1) — Bly2),y1 — ya2) + ¢ >*9(y1) — 9(v2) | Frs (6.9)
+e702(b(a1, 1) — b(w2, y2), 91 — ya)
< =Mlzr — za® + Xolyr — v2f® — e 2 nlyr — ol
+ e P2Ly(Jzy — o] + |y1 — w21 — w2l

If 3=« and A\; > L?/n, then it follows from (6.9) and Young’s inequality that there exists a
constant €9 > 0 such that for all 0 < e < g9

2<F€(t7v1) - Fs(tav2)7v1 - U2> + |G5(t,’U1) - GE(LUQ)@{S

A L% 2
< (2 b _
< < > " |z1 — 24|

_ 5—2(1 n 1— 2Ll2; _ 62(1)\2 _ E2a—ﬁ2Lb ‘yl _ y2|2
Ain+ L2

A L?
(B )
n
which by (6.8) and Gronwall’s inequality implies that
AN L2

E|VZ,(€) - VE(&)] < Eléy — &Pexp (— (2 - 277) (t - s>> .
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If 5 < « then based on (6.9) and Young’s inequality there exists 9 > 0 such that for all
0<e<egg

2<F5(t,1}1) - Fi(tvv2)7vl - U2> + ‘Gf(tavl) - GE(t7UQ)‘2HS

A _ 05202 _ A
S—?1|x1—332|2— (5 Zap ¢ 2’8/\—b—5 ’32Lb—/\2> |y1—y2|2§—71\111—v2 2
1

which by (6.8) and Gronwall’s inequality implies that
A

BIVE (60) - ViF(E) < Ble - o (~ 30— 9))
For any n € N, let V=, ,(0) := (X<, ,(0),Y=, ,(0)),£ > —n, be the solution to (1.3). Thanks
to (6.6), (6.7) and the classical pullback absorbing method (see e.g. [9, Theorem 3.6] for more
details), there exists a £2(2, P; R4F492)-bounded solution Vi := (X§,Ys),t € R, of (1.3), which is
the limit of V,F(—n,0) in £2(2, P;R%+42) as n — co. Moreover, by (6.2) and (6.1), one sees that
sup, e E|VE|?P < 00, where 1 < p < 3 + 1. O

Remark 6.19. Note that Proposition 6.18 implies that the bounded solution of (1.3) is globally
asymptotically stable in the square-mean sense.

Now we can show that the bounded solution inherits the quasi-periodic property of the coeffi-
cients, and establish the second Bogolyubov theorem.

Proof of Theorem 2.12. Similar to the proof of Theorem 3.14 in [9], we show that if f and g are
quasi-periodic then for any 0 < ¢ < ¢p, V%, t € R, is quasi-periodic in distribution.
Note that it can be verified that for all z1,zo € R%

2(f(z1) — f(w2), 21 — m2) + |6(21) — F(w2)| < —Ai|z1 — 2|,
which implies that the global attractor <7 of P* is a singleton set and
o = {L(X)}, (6.10)

where X;,t € R is the stationary solution to (1.4).
For any F. € H(F.) define

B = {2V ter},

where V;R is the bounded solution to (1.3) with F. replacing F.. Note that
PI(t,0_¢Fe,Bo ,5.) = Br.

and B,_,r. C B, where is B defined by (6.3). Then we have

B, C Nr>oUs>r Pr(t,0_F, B _5.) C Nr>oUi>-Pr(t,0_4F, B) = o&_,
which by (6.10) and Theorem 2.8 implies that
lim supdpr, (£ (X5),2 (X)) = 0.

e—0 teER

APPENDIX A.
In this section, we will show the existence and uniqueness of solutions to (1.3).

Lemma A.1. Suppose that (H), (H3) and (H})-(H32) hold. Then for any (z,y) € R+ there
exists a unique solution (X7 (x), Y (y)) to (1.3) provided 0 < e < */n'/Ks A 1.
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Proof. Let v := (z,y)T,
F.(t,v) := (fe(t,x,y),s_zaB(x,y) + E_ﬁb(x,y))T, G:(t,v) := (ag(t,x),e_ag(x,y))
and W := (W1, W2)T. Then equation (1.3) can be written as
dVF = F.(t, VF)dt + G.(t, V) dW,.
Note that by (H}) and (H}), we have for any t € R and v := (z,y) € R"*
2(F(t,v),v) +|Ge(t, v)[is
= 2(fe(t.2,y),2) + |o=(t, 2) 3y + €7 (2(B(@,9),9) + |g(@. y)[hs) + 200z, 9),9)
< Kylz)? + (—e7 2+ e )|yl + (K5 — 7299 |y|® + Ky + (72 + e P)K,.
If0=2o0or K5 =0,thenforall 0 <e<1
2F.(t,0),v) + |Ge(t,v) |55 < Ok, c|v)? + Co ey 1eyy V(t,0) € RITAHd2,
Otherwise, for all 0 < e < z‘m
2(F.(t,0),v) + |Ge(t,v)|5s < Ka|v]? + Cc i, k4, V(t,v) € RITHd2,
By (H2), (H2) and (H3), one sees that

2(F.(t,v1) — Fe(t,v2), 01 — v)) + |G (t,v1) — Ge(t, v2)[7rs

= 2(fe(t, 1, 0n1) — fe(t, 22, 2), 01 — @) + |oc(t, 1) — 0o (t, 22) Frg
+ e 2*2(B(x1,y1) — Blx2,y2), 31 — y2) + & 2*2lg(z1,51) — 9(x2,2) s
+e7P2(b(x1,y1) — b(x2, Y2), Y1 — Yo)

<2\ fe(t,m1,m1) — fe(t, m2,y2)|Jw1 — m2| + L2 |21 — 2]
+e7202(B(x1,y1) — Bla1, y2), 1 — y2) + 22 (Lglwy — 2| + Lglyr — y2))°
+&72*2|B(w1,y2) — Blaa,y2)llyr — y2| + e P2[b(21,51) — b2, y2)|ly1 — w2l

<2K7 (14 |21]™ + [w2]™ + 1] + [92]") (|21 — 22| + [t2 — v2|) |21 — 22| + L3 |21 — 2o
— ey — ol — e lyr — wal” + e 2L (|o1 — 2l + |1 — 2]?)
+ 267Ky (14 [y2]™) |21 — 22| ly1 — v2l
+ 267 PRy (L4 [+ o2l 4 [y1 ]+ [y2]™) (lz1 — 22| + [y1 = vol) [y1 — v2

< KK Lo Ly (L 21 [P0V o [ag[PO1Y200 g [y [202V202 o Jyy, 202V202) |y — |2
+ CK4,K7,LU,LQ,£,77 (1 + |m1|292\/2m2 4 |x2|292v252 + |y1|292V2H2 + |y2|202v2n2) |y1 o y2|2

for any t € R and vy := (21,%1), v := (22, y2) € RU+42. Therefore, it follows from [35, Theorem

3.1.1] that for any (z,y) € R%+92 there exists a unique solution (X§(x),YF(y)) to (1.3) for all
0<e< *//Ks AL O
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