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ABSTRACT. In this paper we study the perturbation theory of CD% model on the whole plane via
stochastic quantization. We use integration by parts formula (i.e. Dyson-Schwinger equations)
to generate the perturbative expansion for the k-point correlation functions, and prove bounds on
the remainder of the truncated expansion using PDE estimates; this in particular proves that the
expansion is asymptotic. Furthermore, we derive short distance behaviors of the 2-point function
and the connected 4-point function, also via suitable Dyson-Schwinger equations combined with
PDE arguments.
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1. INTRODUCTION

Physicists’ approach to quantum field theory often relies on perturbation theory, which is a formal
series expansion in terms of a certain coupling constant, see for instance the standard book [ZJ21,
Chapter 7]. The first goal of this paper is to discuss this perturbative approach and provide some
estimates on the expansion using SPDE methods. We will focus on the A®* model in two space
dimensions, formally given by

dr « eXp(—% /R2 :®(x)t: dz)du, (1.1)

where dy is the Gaussian free field with mean zero and variance % (m — A)~! for m > 0. In physics,
interesting quantities such as correlations are calculated by formally Taylor expanding the exponential
density in the coupling constant A, and then applying Wick theorem for Gaussian measures (which
yields Feynman diagrams). Jaffe [Jaf65] proved that this formal expansion is a divergent series for

any fized \ > 0.

A toy model to illustrate this divergent perturbation theory is a ®* model in “zero dimension”:
consider the following function (“partition function”)

Z(\) = / e e A g
R
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One has Z(0) = /7. For A > 0, one can formally calculate it by the expansion et = S (773)”/ A
since there is exact formula for Gaussian moments, i.e.

Z) =) /R 7(;3)71:54"6*2(13; => (" (n — Lty (1.2)

n! 22n

n=0 n=0

This series is divergent for any fized A > 0. However, despite its divergence, this perturbative approach
is widely used for other quantum field theories, such as quantum electrodynamics (QED), gauge theory,
or the so-called “standard model” in general that comprises these models; and these perturbative
calculations yield numerical values which agree with experiments at extremely high accuracy, see
e.g. [AHKN12, Eq.(4)] for calculation of the electron’s magnetic moment in QED which agrees with
experiment to eleven decimal places.

This means that practically it is still often useful to calculate physical quantities by truncating this
series. For instance in the above toy model, Z(0.01) ~ 1.7597, and the first two terms on the RHS of
(1.2) are approximately 1.7725 — 0.0133 = 1.7592 which is close to the exact value. * We also refer to
another interesting example along this line with illuminating discussion in [Fol21, Section 6.1]. ?

We remark that the model (1.1) we consider here is a type of bosonic models, whereas the per-
turbation series for some of the ferminoic models actually converge, see [GK85] (and more recently
[ABDVG20, Sec. B,D] in the setting of stochastic quantization).

The above discussion indicates that asymptoticity is a more relevant notion than convergence in
perturbation theory. Asymptoticity means that truncating the series after a fized finite number of
terms provides a good approximation to Z()) as A tends towards zero. For the ®3 model Dimock
[Dim74] proved that the perturbative expansion of correlation functions (Schwinger functions) is
asymptotic. His proof crucially relies on the constructive field theory results and methods by Glimm,
Jaffe, Spencer [GJS74]. The asymptoticity of ®3 was also proved in [FO76, Theorem 3|, see also
[MS76, Sec.IV.2]. We remark that a key input to the proof in [Dim74] is a uniform exponential cluster
property proven in [GJS74], from which Dimock managed to deduce that correlation functions are
smooth in A\ € [0, A\g] where \g > 0 is sufficiently small, and asymptoticity essentially follows from
Taylor remainder theorem. The smallness of A is mainly due to requirement for the cluster property
to hold. This is also the case for d = 3. In fact [FO76] proved cluster property in 3d in detail,
and only mentioned that smoothness in A and asymptoticity follow analogously as in 2d [Dim74].
[MS76, Sec.IV.2] provided more details but the basic mechanism is also similar with [Dim74]. The
relation between smoothness of correlations in coupling constants and cluster properties was observed
in statistical mechanics, see [Leb72]. Using the results of [Dim74], Eckmann-Epstein-Frohlich
[EEFT77] proved that in weakly coupled P(®)s theories, perturbation theory in the coupling constant
is asymptotic to the S-matrix elements; and the result was extended to ®3 in [EE79] where it was
shown that the time-ordered functions and S-matrix elements admit the standard perturbation series
as asymptotic expansions.

Another approach to asymptotic perturbation theory for (one and two-component) ®* model in 2d
and 3d was developed by Bovier and Felder in [BF84], using an infinite family of skeleton inequalities.
The leading orders of these skeleton inequalities were proved by Brydges—Frohlich-Sokal in [BFS82,
BFS83b] and applied to construct ®3 5 in [BFS83a).

In this paper we give a new proof of asymptoticity for ®3 based on SPDE methods. More precisely,
we consider the stochastic quantization of ®3 model (i.e. the dynamical ®3 model) on RT x R?:

1
(O —A+m)® = —5)\ @3 4 ¢, (1.3)

LOf course since the series is divergent, for the fixed A = 0.01 the partial sum of (1.2) will not be infinitely close to
the exact value of Z(0.01); indeed the n = 70-th term on the RHS is approximately equal to 0.9 and a truncation up
to such a high order certainly loses accuracy.

2The author explains that convergence and effectiveness of approximation are completely different. For example

80 (_17?!0)n converges to e~ 100 ~ 10~44, but unfortunately its first few partial sums are 1, —99, 4901, —161765%.
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with £ space-time white noise on Rt x R? and :®3: is Wick product defined in Section 2. The
solution theory of equation (1.3) is now well developed: see [AR91] where martingale solutions are
constructed and [DPDO03] where strong solutions are addressed, as well as the more recent approach
to global well-posedness in [MW17b]. It is obtained in [RZZ17] that the marginal distribution of the
stationary solution to (1.3) is given by ®3 field. Hence, we could use (1.3) to study the ®3 field.

Another ingredient in our approach is the integration by parts (IBP) formula w.r.t. the ®3 field,
also called Dyson-Schwinger equations. In our SPDE approach it seems not easy to establish cluster
properties or prove smoothness in A over the entire plane, so we do not follow the methodology in
[Dim74]. Instead, we iteratively apply IBP to generate the perturbation theory (which is similar with
[BF'S83a] and [BF84]), which after a certain order yields a remainder represented as integrals of the
field ® and Gaussian covariances. Our strategy is then to introduce graphic representation for such
a remainder, and then apply PDE a priori estimates to control the graphs. To this end we will carry
out some manipulations on the graphs, reduce graphs to trees and design inductive arguments.

As @3 field does not have full support on function space, we consider the following approximation:
we start with Gibbs measures (vasc)are on Apre = (6(Z/MZ))? given by

e ocexp{ — 2 3 [2@4 + (—g)\aM,g +m@? 4+ |v.oP| b ] do)

M,e €A e

where V. denotes the discrete gradient and aps. are renormalization constants. We will use the
stochastic quantization equation for vy . to prove that {va . }ar. form a tight set in Section 2 (see
also [GH21] for the proof of 3d case). We still use (M,e) to denote the subsequence such that
Unre 0 (E9)71 converge to v weakly with £° being the extension operator given in (A.4). Here v could
be every accumulation point and all the theorems hold for every v.

The k-point correlations for vy, . — for which we will expand using integration by parts formula —

are given by
SIX’M’E(,Th..., /[H(I) i|V]\/[5 d(I))

Letting M — oo, — 0 we obtain the k-point function for v

k
v,k def )
st gim [ (ILo6)s plass o) [T amidons (@), (14)

i=1
for ¢ € S(R?*) with compact support Fourier transform, where the existence of the limit will be
discussed in Theorem 2.5. We also give the definition of SK’k using extension operator in Section 3.1,
which coincides with the above definition (1.4). Our first main result gives the asymptotic expansion
of S¥*.
Theorem 1.1. It holds that for p € S(R%)
N n

v A
<S>\7ka 90> = Z H<Fk7(p> + )‘N+1<RN+1790> (15)
n=0

with F¥ only depending on the Green function of Gaussian free field and
v,k
(RN 1 9| S 1+ XHFFIROHD

with the proportional constant independent of X .
The complete version of Theorem 1.1 is given in Theorem 3.9 and Proposition 3.10. Note that

[Dim74] only amounts to A(Rk_,,¢) — 0 as A | 0, and the result in [BF84] also assumes small A
regime, whereas we give a more precise bound here which holds for arbitrary A > 0. Moreover, we

3Here the proportional constant may depend on N. We remark that the terms A4F+12(N+1) 27 a5q \54 in these
theorems provide controls for large A, but these exponents may not be optimal (see Remark 2.4).
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obtain (see Theorem 3.9 and Proposition 3.10) that (1.5) holds in C~7(p*) for v > 0, some ¢ > 0 and
polynomial weight p and the same bound holds for ||R§i,+1||cﬂ(p5). Here C~7(p") is the weighted
Besov-Holder space (see Appendix A for definition).

Note that the expansion (1.5) is precisely the Taylor expansion in the coupling constant A in the
aforementioned perturbation theory. Namely, by taking the n-th derivative on the RHS of (1.5) and
evaluating at A\ = 0, and invoking the above bound on Rﬁ, 11, we have

d’l’L

dA” Ia=o
In physics these derivatives on the LHS result in expectations of Gaussian products and are typically
computed by Wick theorems and Feynman diagrams.

<S§’ka¢>:<FrlL€v¢> Vn< N .

Remark 1.2. By [Jaf65] each F¥ has a lower bound depending on n that is not summable, which
implies the expansion is a divergent series.

As the second goal of the paper, our strategy of combining integration by parts formula and SPDE
uniform estimates also allow us to find the leading short distance behavior for the 2-point correlation
and the connected 4-point correlation. Let Chps(resp. C;) be the Green function of 2(m — A;) on
Apre (resp. on A. = €Z?). We also use C' to denote the Green function of 2(m — A) on R2.

Theorem 1.3. Let p(z) = (1 + |hz|?)7%/2 be a polynomial weight with h > 0 small enough and
§ > 1/2. It holds that for v > 0 and some £ > 0

||S§\,M,s — CI\/[15H0277,5(AEVPZ) g A2 + )\27, (1.6)
with the proportional constant independent of M, e. Furthermore taking tight limit, it holds that
1552 = Cllge—n(re pry S A% + A7

Here C277¢(p’) is the discrete Besov Holder space and we refer to Appendix A for its definition.

Remark 1.4. By Theorem 1.3 we can write SK’Q as a function on R? and the leading short distance
behavior of S§’2 is identical to that of C up to a C?>~7 part (although each of them are singular at
origin).

We define the following connected 4-point function

Unp o (@1, 22, w53,34) = SY oy (@01, 22,73, 74) — S3 0y (21, 72)S3 s (w3, 74)
— S%are (@1, 23) SR apc (w2, wa) — SR ap.c (w1, 24) Sy (w2, 3).
Theorem 1.5. Let p(z) = (14 |hx|?) =%/ be a polynomial weight with h > 0 small enough and § > 0.
It holds that for v > 0 and some £ > 0
Uzl g2 (as pey S A+ AP,

and

|t +6)\/

AM,E

4 L < )2 | )54
MOl = 2da| SN+,

with the proportional constant independent of M,e. Moreover, as in (1.4) the tight limit of Uy, . exists
which we denote by U/l\”4 and 7

U o2 ms oty S A+ X%,
and

HU;”“ + 6)\/1'[?:10(:@- - z)dzH <AZ A
2= (B8, 1)
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The proof of the above two results are given in Section 5. We will see in the proof of Theorem 1.5
that the expansion of Uy 4 cancels some irregular part, and as a result, the regularity of U;’A is G2~
which is better than the regularity of Sf\"4 which is C™7, for v > 0. Here C~7 is the optimal regularity
of SKA if considering in Besov—Holder space since the Green’s function C, which is not continuous,
appears in the expansion of 51’4.

Similar results were also obtained in [BFS83a, Theorem 1.1], but in our results above we obtain
bounds under stronger regularity norms; moreover [BFS83a] requires A > 0 to be sufficiently small
whereas we do not.

The short distance behavior of ®3 on the torus has also been studied by Brydges-Dimock—Hurd,
see [BDHO95, Theorem 9], where the L?, p < %—norm of truncated correlations are controlled. Here we
consider the case of ®3 on the full plane and we are able to estimate the C?>~7-Hélder norm of U;A
and S;\"z — C. We refer to the remark at the end of [BDH95] for a discussion on regularity and how
singular the truncated correlation functions can be at coinciding points.

We remark that as far as we understand, our technique in proving the above theorems appears to
be more robust than skeleton inequalities used in earlier literature (e.g. [BF84] and [BFS83al), in the
sense that at least in 2d, it is valid for all values of the coupling constant A and can be very easily
adapted to N component models for any N > 1 (PDE estimates for such models were discussed in
[SSZ7Z22, Section 2 and Section 6.2]).

Finally we mention that it would be interesting to see whether our methodology could be used
to deduce similar results in 3d. For 3d stochastic quantization, namely the dynamical ®3 model,
we refer to the construction of local solutions [Hail4, GIP15, CC18] and global solutions [MW17a,
GH19, AK17, GH21]. These works, followed by [MW20, HS22, SSZ722, S7Z721, AK21], including the
present paper, show that the usage of SPDE methods is not only successful in constructing Euclidean
QFTs but also proving their axioms and properties. As remarked in [GH21] deducing properties about
correlations from the dynamics would be a very interesting and challenging problem, and our results
in the present paper could be viewed as a step toward this direction. It would be also interesting to
study connected correlations of higher orders. We leave these generalizations to further work.
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2. UNIFORM ESTIMATES VIA SPDESs

In this section we study ®3 field via stochastic quantization. We will obtain tightness of the discrete
®3 field, which gives a construction of ®3 field in the continuous setting. We also give some uniform
estimates via SPDEs, especially how these estimates depend on the parameter .

We consider ®3 model in both discrete and continuous settings. In particular, we set A, := eZ?
for e = 27NV, N € NU {0} and the periodic lattice Ay 1= eZ? NT3, = eZ> N [, )2 We use
S(R?%) to denote the class of Schwartz functions on R? and S'(RY) denote the dual space of S(RY)
called Schwartz generalized function space. Given a Banach space E with a norm || - ||z and T > 0,
we write CrE = C([0,T); E) for the space of continuous functions from [0,7] to E, equipped with

the supremum norm || f|lc,r = supyepo ) [ f(t)|| £ and we write L E = LP([0,T]; E) for the space of
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LP functions from [0, 7] to E, equipped with the L” norm || f||1r g = (fOT | £(t)]|%dt)'/P. We also use

o(¢g) to denote a(e) € R satisfying lim._,o @ = 0. In this paper we use the polynomial weight on R?
given by
p(x) = (14 |ha?) ™22, 6,h>0.

It is easy to see that
V()| < |hlp(z). (2.1)

We use Bg’qE(A’;,p),a € R,p,q € [1,00] to denote the weighted Besov spaces on A¥ k € N, and we
recall their definition in Appendix A. We also write Bg:7 (p) = By'y (AF, p) if there’s no confusion. Note
that if € = 0, BgS(p) is the classical weighted Besov space BS,(p) on R?*. Set H*(p) = B3’ (p),
C*¢(p) = By (p) and H*(p) = BSs(p), C*(p) = B o(p). We also use C° to denote Besov-
Holder space w.r.t. each component on A¥ for k¥ € N with definition given in Appendix A. The duality
on A, is given by
)22 Y fg().
xEA.
with (-, -) as the usual duality between S(RY) and S’(R%). We also write LP: for the LP space on A,

endowed with the norm
1/p
1fllne = (23 1r@P)
rEAN,

with the usual modification for p = co. We refer to Appendix A for discrete Besov embedding, duality,
interpolation, which will be used below.

We start with Gibbs measures (vare)ar,e on Anre given by

dvpre o exp{ —&? Z [2@4 + (—g)\aM,5 +m)®% + |V5<I>|2}} H d®(z), (2.2)
Ane TEAM e
where ( ) @
[z tee)— flz
Vef(z) = ( € )i:1,2

denotes the discrete gradient and aps . are renormalization constants defined below. Here (e;)i=1,2 is
the canonical basis in R?. We write

Acf(x) =e2(f(z +eei) + fw —ee;) = 2f (), = €A
as the discrete Laplacian on A, and £, := 0, + m — A.. We also use ®,;. to denote the stationary
solution to the discrete stochastic quantization equation on Ay,

A 3
LePyre + 5@%4,5 - §>\GM,5<I’M,E =&Me, (2.3)

where &y - is a discrete approximation of a space-time white noise £ on R* xR? constructed as follows:
Let &) denote the periodization of € on R* x T2, and define the spatial discretization by

§M,E(t,a:) = 6_2<§M(t, -), 1|'7w|w<€/2>’ (t,x) eRT x AM767

where |z|oo = |21| V |22] for & = (1, 22). The law of @ at every time ¢ > 0 is given by v defined
in (2.2), which is the unique invariant measure to the finite dimensional gradient system (2.3) (see
e.g. [DPZ14]). We extend all the functions and distributions to A, by periodic extension.

The aim of this section is to show that {vas.}are (properly extended to &'(R?)) is tight in C~7(p)
for v > 0 and some polynomial weight p. Every accumulation point v is an invariant measure of the
following SPDE on Rt x R2:

A

Lo+ 5 D3 =¢, (2.4)
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with .2 = 0, — A+ m. Here :®3: is the Wick power defined by
@3 = lim E5(®3, . — 3anPasc)
e—0 ’
M—o0

where £° is an extension operator from By (p) to By ,(p) for some o < 0 defined in (A.4) in Appendix
A.

Here we understand (2.4) decomposed as the following two equations: & = Z +Y
A
L7 =€ LY = 75(}/3 +3Y2Z +3Y :Z% +:23%), (2.5)
where

.72, def ; e .y2 , def ; e( 72
Z% = lim &% Zy 0= lm E5(Zy . —ame),
e—0,M —o0 e—0,M—0c0

def . def .
73 = lim &£°:73, . = lim  E£5(Z3, . — 3ameZme)-
e—0,M—o0 ’ e—=0,M—o00 ’

Here Zjs,. are stationary solutions to
D%ZM,E = gM,Ea (26)
ay = BZ3; (0) and the limits are in C([0,T]; C™7(p*)) P-as. for any 7y, > 0 and T > 0. By
standard renormalization calculation we have that for every p > 1,k,7 > 0and T > 0
E”ZMﬁ”gTC—%s(pn) + E” :ZJ2\/I,E: ||ch—ms(pn) + E” :Z}s\/l,e: ||gTC—'Y,€(pn) 5 13 (27)
with the proportional constant independent of €, M, and

E|EZyve — 2| +E|€° 23 — 2% || +E|&° 23 — 2% | — 0,

CrC=7:5(pr)
(2.8)

as M — oo,e — 0 (cf. [MWI17b, GH21, ZZ18]). Global well-posedness of equations (2.5) and
hence equation (2.4) have been obtained in [MW17b]. In the following we take (®as.e, Zar,e) as joint

stationary processes satisfying equations (2.3) and (2.6), respectively, which could be constructed by

[SSZZ22, Lemma 5.7]. Hence, Y/ . def ®rre — Zi,e satisfy the following equation on Ay e:

p p
CrC=7(p~) CrC=7(p~)

Ao
LY = —§(YA‘§,E + 3Y1\2/I,EZM75 +3Ynme  Zhp 0 + :Z;”(M: ). (2.9)

In the following we derive uniform estimates in both parameters M, e for Yas .. To this end, we
recall that all the distributions above are extended periodically to the full lattice A..

For general p > 2 we have the following LP uniform bounds.

Lemma 2.1. For the polynomial weight p(x) = (1+ |hx|?)~%/% and h > 0 small enough, it holds that
foreveryp>1,6>% and 0 <o <1

2
E|[Yarep? 12 . + E|Yar,ep?| 2o | Yarep? 1342

Furthermore, for every pg = 2 there is h > 0 small enough such that for the weight p(x) = (1 +
|hz|?)=%/2 and every 2 < p < po with p even, pd > 2

E|[Y2pP || p1e + Bl VYo |Ya [P 7207 | 1e S A+ NP2, (2.11)

Here all the proportional constants are independent of M, €.

Vo< a4 232, (2.10)

Proof. We omit the subscript M for notation’s simplicity, and all the proportional constants in the
proof are independent of € and M. We first note that for the canonical basis {e;}7_, in R? and even p

V.Y (@) VoYE T ) = YO (VEYL (@) (Do V2 + ce VI (@)

i=1 (=2

2
% (IVYel@) 21V ()2 + D (V@) Y2+ eei)) (2.12)



8 HAO SHEN, RONGCHAN ZHU, AND XIANGCHAN ZHU
where V1Y (z) & L1(Yo(z +ee;) — Ye(z)) and we used Y2 ~(z + e¢;)YS72(2) > 0 for £ even and
1 1
V2o + e V22(a) < 2Y2 o+ e VA ) + 2Y2 I @ 4 eV ()

for £ odd in the last step. Taking the L?¢ inner product with Y2~1p? on the both sides of (2.9) and
using (2.12) we obtain

1 d 1 A
YA e + 5(D1+ D2) + m||YZpP||71.c + 5\\Ysp+2/’p|\uf
3\ 3\ A _
A A A R e B 1 L S S MCRE
4
where ,
SNV 2P llrre, Dy = || D (VYR YE 2 (o een)p?|| |
i=1 Lte
We also set B & \\1/'61’+2pPHL1,5. For I; we have

1/2 1/2
< CollpPY2 (| 2Dy < Cpy | pPYP|| e + 4D,

where the constants C,,, Cp,7 depend on ||p~P[Ve, pP]|| L., which for given py by (2.1) could be chosen
sufficiently small for p < py by choosing h small enough. By Lemma A.4 we have for 0 < s < %, k>0

Iy SAYZ* | gs 2 (o) [ Ze a2 o)
and we use Lemma A.3 to have

1/2 1/2
Y2 s oy S V2 Y+ (2.14)

By (prm2n) By (o7)

For the first factor on the RHS of (2.14) we use Hélder’s inequality to have

1(pP=r)

Hprrl p— 2;@”37 . < ||YP+1 D— 2:1||L1 < HYP+2 PHLJ{ZE”,O ||£Jlr26 ’SBerz7

where 0 = (p—2k)(p+2) —p(p+1) = (1 — 2k)p — 4k > 2/6 for k > 0 small enough. For the second
factor on the RHS of (2.14) we use (iii) in Lemma A.5 to obtain

Y2 g ooy S NIV H I Lre ooy + [IVEYE [ pe o)
SIYP  pre ooy + (DY? + DY*)BY2,

where we use (2.1) to have

2
VY2 ey S SNV Y2+ 2e0) + Y2)o" 10
, » (2.15)
<D (Mt eellnne) T+ DB S (D) 4 DY) B2,
=1

in the last step. Substituting the above calculations into (2.14) and using Young’s inequality we obtain
for vy >0
p+1 1 1 1 P
Iy SA(BF + (D + D) BV 555)|| Ze oo

SAB AN Ze G2 ey + D1+ 4D + WO 2L G0,

Similarly, for I3 we use Lemma A.4 to have
I3 S Y2

Bi‘:i(pp—m) H :ZEQZ ||C*5,6(pm),
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and we apply Lemma A.3 to obtain for 0 < s < ;

P|| s.e <|yr 1/2 p|1/2
IR E N 17 LI .16

For the first factor on the RHS of (2.16) we use Holder s inequality to have

T ey e P e Pl Pl Py Lo

l.e ~o

where 0; = p(1 — k) — 2k > 2/ for k > 0 small enough. For the second factor on the RHS of (2.16)
we use (iii) in Lemma A.5 to obtain

1Y21 g gy S IVl e (oo + VY2 p1e ()
1/2 1/2 1/2
S Y2l zreqory + (D2 + DYAIVPI L )

< Bise + (D1/2 ;/Q)Bﬂpu),

where we use a similar calculation as (2.15) in the second step. Combining the above calculations and
Young’s inequality we obtain

Iy S ABT7 + (Df + DJ)BTD)|| 22 o-n

+2)
se(pr)

SUABHAC, |22 (|G oy +7D1 + 7Dz + CoAE R 22 | 5
Similarly,

p— 1 1 p—
I SA(BPS + (Dj + D3 )BW) | 2% ||t (o)
5 22
[ =22 ”cfs,a(pn)'
Combining the above estimates and choosing v small enough to absorb vD1,vD2 and yAB to the
LHS of (2.13) we obtain

1d

p+2 P
SAAB G222 (| GT e ey + YD1 + ¥ D2 + Co A +12

1 A
-D +7 YPpP |30 + S |[YPT2 0P| L1.c
102+ S Y2 e + 1Y 207 o17)

<A+ A”W)C( SN

where C(Z.) denotes a polynomial in the terms of

1
|| Lol e + Dt

C—52(p")> | :Z31 et llo=se (o) 12231 ¢ llo=se (o)
and EC(Z.) < 1 with the proportional constant independent of e, M. Recall that (®., Z.) are sta-
tionary process, so are Y. Integrating over ¢ and taking expectation we obtain

1 I m [ At
7E||Y€p(t)ppHL1,a+Z/ E(D1+D2)ds+5/ EHYEpppH%l,gds—i—Z/ El[YZ*20P| 1. ds
D 0 0 0 (2.18)

1
< Crmp(A+AFP/2) 4 I;EIIYEP(O)/)”IILLE,

with the constant C,, , > 0. Using stationarity of Y. and dividing ¢ on the both side of (2.18) we
obtain

1 _ m
fEIIIVslé(O)IQIE(O)IP 2pPllpre + fEHYp(O)p”HQLm

1

- E|||v VeV 20r peds + o Enw PI3seds

S Cm,p()\ +ATHPIZ) HEIW’(O)/JPHLLE-

The last term can be absorbed by the LHS for t large enough. Then (2.11) follows. Moreover, by
Lemma A.5 we have for o € (0,1) and any polynomial weight p

IWellpiarei S Vel pgeg + 19eYellpgegy S Wellzaeg + IVeYellzaegy  (219)
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Choosing p = 2, replacing p by p? with § > % in (2.17) and using (2.19) we obtain for some ¢y > 0

m A
5 dtIIY( )P |72 + collYep?|[fpa-ac + ZIIYspzllizs + ZIIYspll‘iw
< (A +2)C(Z.).

Furthermore, we consider & 3 (Y2 p? || 72.. and have for every p > 1

1d 1 A 2(p—1
2p aell V2 Ve + colVerP o Vap? IZE70 o IVl + TN¥epl e IYer? Y
S O+ N)OEYep 727D S O+ N)CO(Ze) + T IYp?lIc.
which by taking stationary initial condition and similar argument as above gives (2.10). O

By Lemma 2.1 we could give uniform control for the nonlinear terms on the right hand side of
(2.9). Our aim is to do asymptotic expansion of k-point function up to AN*! for k, N € N. In the
following we fix a polynomial weight and several parameters

p(z) = 1+ |hx|?)™%2, §>1/2, po> (9k(N + 1))V (96), po even, (2.20)

with A > 0 small enough such that the bounds (2.10) holds for every p > 1 and (2.11) holds for
1 < p < po and even p. In the subsequent sections we also consider functions on A¥ and we also abuse
the notation p to denote the weight in R?*. In this case we say p in (2.20) means that h > 0 satisfies
the same condition as in (2.20) and it is easy to find that p could be controlled by the corresponding
weight in R2.

Corollary 2.2. For the polynomial weight and pg in (2.20), it holds that for 1 < p < pp/3,0< f < ﬁ,
k>0

EHYM6H05 e (pitr) ~ < AP+ >\4p (221)
where the proportional constant is independent of €, M .

Proof. We consider the case for p even and the general case follows by Hoélder’s inequality. We also
omit the subscript M for notation’s simplicity and all the proportional constants in the proof are
independent of € and M. We first prove that for any 0 < s < i that

EHYI\?;[,&HI];P,E(pii) +E||YJ\24,5ZM,€||Z) ;jyi 4+,¢ +E||YM€ ZME ||p bE 2+~)

(P (2.22)

<A+ NP,
By Lemma 2.1 we have for 3p < p
E||Y3||Lp e (p3) N S E[Y; ||L3p o) SAT A
For the second term in (2.22) we use Lemma A.6 to have for s > v > 0
IV2Zel pore_(guiny S 1 Zellcme oo IV o S 1 Zell e (oo | V2

S 1Zep"ll g
2s

where we choose 0 < o < 1 small enough such that §; = ;=% < 1 and we use Lemma A.5 in the
second inequality and Lemma A.3 in the last inequality. Thus by (2.10) in Lemma 2.1 and (2.7) we
obtain for o small satisfying 2sp < 1 — o,

—20 -
E|YZ.|" SENZe B e o Ve 10 VP 52 S AP 4+ AP,

(p*)

YepP |l aee 1Yep? [ r2e S 1 Zello-e (oo IYep® 3o 1Y2p? 7227

IBs,. (o

B—g € ( dtr) N
where we use Holder’s mequahty in the last step.

For the third term in (2.22) we use Lemma A.6, Lemma A.3, (2.10), (2.7) and Holder’s inequality to
have for sp < 2(1 — o)

BIY: 22 %y ormy S BIVellpe ol 2% By o)
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o

S BNV IVl 22 1y ey S A+ A

Hl—o, L2:c ;c)
Now (2.22) follows.

In the following we prove (2.21) by Schauder estimate Lemma A.7. Set
L= Y34 3Y2Z 4+ 3YL 2% 22

We choose a, s > 0 such that
2 1 2 1— 2
7<a<—+7<fL—ﬁ+f<z (2.23)
P p p I+s p

where the last inequality holds by sp < l. By Schauder’s estimate Lemma A.7
[1Ye ||Lp Bpp(p) ~ < 1Y=(0) %,s(p) + )\HFEHLZ;B;{;“(,))a

[
p,p

with the proportional constant independent of 7. By Lemma A.5 and the choice of a in (2.23) we
have the following embedding

Biiia(p7) B (oM, H (024 € B2 (0), D0 (%) © By, ().
Thus,

AP
p
BV (O piry = BNVl s iny S BV 3o T e
STEION, 5.+ NVEIVE e+ VEIVE Loty e

Bp.p P (pttr)

FNEYare : 2810 15 oe(oiny + NEIZ8r 0 16 ae (e
1
A e
prpp (p4+rc)
where we use (2.22) in the last step. Choosing T' large enough and using Besov embedding Lemma
A.5, we obtain (2.21). O

Define

def

Prre =Yre+ Zue, I‘I’?w,g' P2, —ane = Y]\24,5 +2Y e Za et 1212\4’51 ,

B3, E B3, — Ban, Dy = YA}E F 320 Y+ 323 Yot (2.24)
Then we can use the right hand sides to control E|| :®%, H%_W(pg) for i = 1,2,3. More precisely we

have the following result which will be useful in the subsequent sections.

Corollary 2.3. For the polynomial weight and py as in (2.20), it holds for 0 < v < %, k>0,1<p<
p0/9 that

E‘|(I)M7E||%—'y,s(p4+ﬁ) + E” :(I)?\/[,s: ||%—’Y,s(p9) + E” :(I)sM,e: ||%—’y,s(p13) 5 1 + )\12177
with the proportional constant independent of M, e.

Proof. Tt suffices to consider the case that p even since the general case follows by Holder’s inequality.
In the following we consider each term separately and we choose x > 0 small enough. By (2.21) we
havefor'y>0,0<ﬁ<$,3p<po

E”(I)MEHC Ve (pitn) 5 EHYM,E||1()3ﬁ,s(p4+~) + E||ZM,6||%—w.s(p~) 5 1+ AP, (2~25)
We use Lemma A.6, (2.21) and (2.7) to have for 0 < g < é, 6p < po

(p

2
EH 5(1) M. ||c v (p9) S E||YM,8||cpﬁ,s(p4+n "’EHYMEHCﬂa 4+~)HZM,€||%—ﬁ/2,e(pn) +EHZM,E||%_%5(M)
S14 A%,



12 HAO SHEN, RONGCHAN ZHU, AND XIANGCHAN ZHU

where we use Holder’s inequality in the last step. Similarly for the last term we use Lemma A.6,
Holder’s inequality and (2.21) to have for v > 0 and 0 < § < ﬁ, 9p < po

E” :‘I> M,e ||c ve(p13) ~ EHYM €||CB = (phtr) + E”YMs”cB e 4+~)HZM,E||I();—/3/2 = (p*)
+E||YM€||CBE 4+~)H Ms H C—58/2:2(pr) +E|| :Zg/f,s: Hc Tie(pr) ~ <1+ AP
The corollary then follows from the above bounds. O

Remark 2.4. The powers for the weight and X\ in Corollary 2.3 are not optimal. If we use LP€-norm
n (2.11) to bound C~7° we have lower powers with the cost that vy depends on py.

We consider the tight limit of
(geq)M,s(t)agEZM,s(t>7EEYM,E(t»M,E

and we denote by (®,Z,Y) the canonical representative of the random variables under consideration
(i.e. the canonical process on the canonical probability space with the limiting measure).

Theorem 2.5. For the polynomial weight and po as in (2.20), it holds that the family
(5E(I)M7s(t)7EEZM,s(t)vEEYM,a(t))M,E

is tight in (C~7(p*2%), C=7(p?"), CY (p*tr)) for 0 < v,k < %. Moreover, the first marginal v of every
tight limit u is an invariant measure of (2.4) and satisfies for every p > 1, o,y > 0 with 3p < po

B0 ey S 1HAY, EFY 3o S A5 EFYIL, ) S A+AZHE.
Proof. By Lemma A.8 and (2.10) we know that for p > 1, Yas. = ®are — Zarc satisfies
E|€Yar el 7 o + BIEYarelfo o) 1€ Yare I T0) < N + X%,
By Corollary 2.2 and (2.25) we have fory>0,p>220<f8< 4p, 3p < po
E||£EYM,5H€:ﬁ(p4+N) + E”gs‘pM,chfw(pun) S+ X',

Then the tightness of (E5® s (), ¢ Zpr e (t), E5Yare(t))ae in (CTY7R(phH25), C=7(p~), CP=R(p*12r))
follows from compact embedding Lemma A.5 and the moment bound follows from lower semicontinuity
of the norm and (2.25), (2.11) and (2.10) with p = 1. We may extract a converging subsequence, which
is still denoted as (E®pro(t), £ Znre(t), E5Yar,e(t)) M., modify the stochastic basis, and find random
variables (®, Z,Y) € (C~7(p**t®), C=7(p"), Cﬁ( 4+%)) such that for p > 2,0 < B < i, 3p < po

ElE°®nre — PllG-n(prrzny = 0, ElEZne = Z|Gr ey = 0, M — 00,6 =0,
and
E|lE Y — Y\\%E,H(p4+2H) —0, M — oo, —0.
Hence, by Lemma A.9, Lemma A.6 and (2.21), (2.7), (2.8) we have for v > 0, g > B8>0,3p<po
E|E°(YmeZm,e) — YZ”%*W(erSN)
SENE(YaeZme) — EYME Zn e||€3—w(p4+3~ +E|EYME°Z0 e — YZ||€;77(p4+3n)
So(e) +E|E Y, — Y||%B(p

—0, as M — oco,e — 0.

=8/2(pr) + EHYHcﬁ(p4+2ﬁ)||SEZM7€ o Z“]()J—B/?(p“)

Similarly we have that as M — oo, — 0, for 9p < pg, v > 0
Bl (V) — Y22 ran) + BIE (V) = YA inren, = O, (2.26)
EH‘S‘E(Yl\z/I,sZM,s) - Y2Z‘|I(ijw(p8+5n) + EHSE(YM,E :ZM,s: ) Y: Z2 H (pi+3r) — 0, (2-27)
which implies that
E|&° 9%, . — 0% G psrany + Bl EF D3, — 03 G izreny — 0, M —o00,e =0, (2.28)
) (p8Far) : (p )
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where
@2 Ly 4oy 22
@3 Ly 1 372y2 4322 Y+ 25
Since Yz satisfies equation (2.9), by Corollary 2.3 it is easy to obtain for 0 < s <t < T
EHYM,E(t) - YM@(S)H%ﬂ—ms(pls) S (1 + )\12p)(t - S>pa

which combined with (2.7), (2.8) implies that the tightness of the stochastic process (E¢®ns e, E5Y 0 e,
EEZ ) in CrC—2727(pl3+rF) x CpC=2727 (p13+#) x CrC~7(p”). Since Py . satisfies (2.3), we know
E°® . satisfies the following equation

t
E5B (1) = Y2 (0) + / (AEVare + E° 0%, )ds + € Znr o ().
0

For smooth test functions ¢ it is each to check A.p — Ay for ¢ — 0. By the convergence in (2.28),
the nonlinear term £° :®3, _: also converges in LP(§2, L}.C~7(p'?*6%)), which implies that the limiting

process ® satisfies equatio’n (2.4). As &) is stationary solution to (2.3), v is an invariant measure
to (2.4). O

Remark 2.6. By similar argument as in [GH21] we could prove that every v is translation invariant
and reflection positive and every v satisfies an integration by parts formula, which has the same form
as in [GJ87, Chapter 12]. As ® is not a usual function, we will not use the integration by parts
formula for v directly but use the associated one for vy . instead in the subsequent sections.

3. INTEGRATION BY PARTS AND GRAPHS

The purpose of this section is to study the perturbative expansion for the k-point correlation
S ’; e and apply the estimates from the previous section to obtain a bound on the remainder of this
expansion. To this end we actually consider an equivalent expansion using integration by parts (“IBP”
for short in the sequel), i.e. Dyson-Schwinger equations. We also use the same notation as in Section
2.

Let C.(x) := %(m — A.)7!(x) be the Green’s function of discrete Laplacian A, on A, and Cjy . is
the periodic Green’s function. Choosing apr. = Ca(0) as the Wick constant, we recall

H3 . — P3 B2 . — P2
'(I)M7E' _(I)M75_3aM,E‘I)E7 '(bM,E' —@M’E—OJMVE.

Recall the following IBP formula with respect to vp . (see e.g. [GH21, Sec. 6] or [SSZZ22, Appendix
C)) for F(Pare) = f(Pame(#1), -3 Pume(2n)),n € N, z; € Apre with smooth f : R® — R having
polynomial growth first order derivative

=(5aact) =) (e Jetom = [ (S5 ponctao

:2E<F(<I>M75)(m - AE)¢M,E(z)) n AE(F(@M,E) Bape(2): )

(3.1)

where Varo(®) = Sy, [30* + (~3Aans. +m)@* +[V.0]] and

5F(‘I)M 5) .1 €z
O OMe) iy Z(F(@aye +1052) = F(®as2)),
RIVRE) nlj{bn( (Pare +013) = F(Pare))
for e, : Ayre — [0,1], ex(2) = 1, e,(y) = 0 for y # z. We write (3.1) in terms of Green’s function
Chre:

SF (D)

Cume(z— z)E(m

I Jdz = B(@uo(@)F(2a.)

(3.2)
A Core(z — z)E(F@M,E) Dyre(2): )dz

AM.E
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2
for any x € Ay and we use fAIM,s f(z)dz to denote e 3 .\ f(2).

3.1. k-point correlation. Consider the k-point correlation given by

k
S];,M,E(J:l,. .. ,xk) = E[H‘I)M,E(l'i)] c C—'y,e(pé) ,
i=1

for v > 0, some ¢ > 0 and the polynomial weight p.

In the following, let ® denote the stationary solution to (2.4) with marginal distribution given by
v obtained in Theorem 2.5. We still use (M, ¢) to denote the subsequence such that vy o (£9)71
converge to v weakly with £° being the extension operator given in (A.4). Define

e—0,M—oc0 e—0,M—o0

k k
(5% 00 lim E/R%(ngéM,s(xi))p(xl,...,xk)dei: lim (5% pren ), (3.3)
i=1 i=1

for ¢ € S(R?), where we use Fubini Theorem in the second equality. Recall & is introduced in (A.5)
in Appendix to extend functions on A¥ and by (A.6) this coincides with the one given in (1.4). By
Theorem 2.5 and Lemmas A.1, A.8 we know

lim OggsﬁMezs;”“ in C7(pY), (3.4)
N M,

M—o00,e
for v > 0, some n > 0 and the polynomial weight p.
In the following we expand S’i M. by applying (3.2) with suitable choices of test functions F. We
introduce the following short-hand notation

def

I.f(x) = Cure(r —y) f(y)dy. (3.5)

Apne

Before the proof, let’s start by an example on how the iteration of this formula gives the desired
expansion for Sy p (o — yo) = S”/\“ Mme(@o —yo) with k = 2, zo,y0 € Apr.. We first describe the
initial steps of this iteration: o

(1) Taking F(®ar,e) = ®are(yo) in (3.2) with = x¢, we have

Corre(xo — y0) = Sx me(o — yo) + AE(Pase (yo)Ze( S‘Iﬁ’w,si )(x0)). (3.6)

This gives us the leading order expansion of the form Sy .. = Care + O(A) where O()) refers to the
last term and we will prove in Proposition 3.10 below that C~7¢(p’)-norm of this term is bounded
by A(1+ A!) for v > 0, some ¢ > 0 and the polynomial weight p in (2.20).

(2) We can further expand the last term of (3.6): taking F(®psc) = AZ.(:®3; . )(xo) in (3.2)

3/\/A Cnre(yo — 2)Care(wo = 2)E(:@are(2)* ) dz = AE(@are(yo)Z: (: @3 2 )(x0))

+ XE(T (00 )(@0) T (0% ) (wo) ). (3.7)

Substituting this into (3.6) we see that in order to get the expansion up to the next order, we need
to apply IBP again to the LHS in (3.7). Choose F(®p.) = ®ar,e(x). The LHS of (3.2) only gives a
Wick constant which can be absorbed into the RHS, so we get

0= E( 9%, (2) ) ¥ AE(@M,E(x)Ig( B3, )(a:)), (3.8)

which implies that

3)\/ Cum,e(yo — 2)Crre(zo — 2)E( :@Mys(z)Q: )dz
AM,E

= —3)\? / Cume(yo — 2)Crme(xo — 2)E(P s, (2)Ze ( :(I)?VI@: )(2)) dz.
An,e
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Therefore we have

Sx.m(zo — Yo) = Cume(®0 — yo) + >‘2E(Is( 1Y 1 ) (o)L (DY )(yo))

+ 322 /A Cite (o = 2)Care (w0 — 2)B(Par.o ()T (103, )(2) ) dz. (3.9)

M,e

This gives us the next order expansion Sy are. = Cupe + O()\?), i.e. the order \ term is zero (see
Proposition 3.10 below for the control of the term containing ®ay ).

Remark 3.1. We will iteratively apply IBP as above to obtain higher order expansions. Remark that
alternatively, if we replace all the ®pr . in (3.9) by the Gaussian field Zys e, using

E(Z e (2)Ze( :Zi/[,a: (2))) =0,
and pretending that the error of this replacement is order O(N\?), then we can write Sx pr.c(xo —yo) as

Cuto(w0 = o) + NB(L( 2310 ) (@0) T Z3r.t )(wo) ) +ON)

= Cwme(zo — yo) + 6A° / Cur.e(yo — w)Carc(zo — 2)COpr.e (2 — w)? dzdw + O(A?*)(3.10)

AM.EXAM,E

This is the expansion at one more order.

Remark 3.2. The procedure illustrated above for 2-point correlation also applies to k-point correla-
tions for general k. For example, taking F(®p ) = Hf:z Dy (i) we have

k
Z Cume(z1 — Ii)Sf,ﬁ,e(x% X1 T s 5 T)
=2 (3.11)

k
= Share(@r, oo mn) + AB( [T @are (@) T (03 )(@1) ) e
i=2
Graphic notation. To iterate the above procedure in a more systematic way, it will be convenient

to introduce some graphic notation. We denote C)s . by a line, and ®5; . by a tiny wavy line. Then
one can write the computation (3.6)—(3.10) above graphically as

2 —
SA,M,E -

_ I

= . -3\ \\/ + A7 \ /

(3.12)

[ ] [ ] .v.
= . +X \ / +3)° )
L] /—\ L]
- e = o

Remark 3.3. A very helpful intuition is that at each step of IBP, we simply pick up a point which
has a wavy line (which corresponds to x in (3.2)), and then connect it to the other existing points with
a wavy line (LHS of (3.2)), and also connect it to a new point with 3 new wavy lines (namely create
a new factor T.(:®%, : ) corresponding to the last term of (3.2)).

For instance, (3.11) amounts to picking up the point x1, or graphically:

T1e [ T e ] T1e . T e, [ €I e .

~
S\ie = = + ‘ + \ -\ 3 (3.13)
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We also find that for E[ :®%, _(x): ], (3.8) holds and for E[ :®%, _(z): | we use (3.2) with F(®rc) =

:®3, .(z): to have
0=E[:0}, () | + AE[:®, _(2): Z.(: D}, 2 )(2)].
Then there is no need to connect z to itself.

In general, given a graph G, we write G = (Vg, Eg) or simply G = (V, E) where V is the set of
vertices and F is the set of edges. We denote by |V|, |E| the cardinalities of these sets, namely the
number of vertices and edges. Here for any two distinct vertices u,v € V, we allow multiple edges
between u and v (namely we allow ‘multigraphs’ in the language of graph theory). However, we will
assume throughout the paper that our graphs do not have self-loops, i.e. there is not any edge of the
form {u,u} for v € V.

Definition 3.4. For each { > 0, we define 7—[? to be the set of all the graphs G = (V, E) such that
V| = £+ k which has k “special points” {ul,,m = 1,... k} in V with deg(u’,) € {0,1}, and such
that deg(v) € {1,2,3,4} for every v € V\{ul,,m =1,...,k}. We then define H := UpsoHE.

We then define ge to be the set of all the graphs G = (V, E) € 7-[? such that deg(v) = 4 for every
ve V\{u,,m=1,...,k} and deg(u?,) =1 form =1,... k. We then write G := Up>oGy. Clearly,
for G € H} if we wrzte

ne(G) :=40+k— Y deg(v)
veV
then G = {G € H : ne(G) =0} C H.

For any such graph we will write V§ = {u},,m =1,...,k} and VS = Vg\Vg.

Remark that the graphs in (3.12) are all elements of H, where those without any tiny wavy line
are elements of G.

We define a mapping from H} to the set of all functions in {,+ }¥_,, which maps G = (V, E) € H}

to
Ig($1,...7.’17k):/( H CM,E(:Cu;m’U))

{u,v}€Eg
E( H D e (2m) 1 deg(uy,) H Dy () 4 deg(z ) H dz., (3.14)
uz, €VE zeV§ zeVy

where x,, = 2, . In particular when G € gf, I only depends on Chpy e, and not on @y . (which is
then the usual convention for “Feynman diagrams” in physics).

We will sometimes say that G is the graph associated with the function I;. More generally when a
function F is a linear combination of functions of I (G € H') for a finite collection of graphs H' C H
we say that the graphs in ' are the graphs associated with the function F. Whenever it is clear from
the context we will sometimes use the same notation (such as x) to denote both a vertex of a graph
and the point in R? that is parametrized by x.

Lemma 3.5. For any k > 1 and N > —1, we have the following representation for the k-point
correlation

Z FvlfM € )‘N+1RN+1 M,e (315)

where the graphs associated with Fn,M,s belong to GE, and the graphs associated with R?\/‘-{-I,M,E belong
to H 1. The functions Ff,M@ and R?VJFLM’E are independent of A.

We remark that in the lemma, when N = —1, in which case the ‘empty’ sum in (3.15) is understood
as 0 by standard convention, (3.15) trivially holds which states that S§,M,5 = RIS,M,E where R’&Mi
can be indeed associated with a graph in H%, that is, the graph with only k vertices and no edge. We
also note that as an example the third line of (3.12) shows that (3.15) holds for £ = 2 and N = 1,
where F07M7€ = CM,E and Fl,M,e =0.
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Proof of Lemma 3.5. In the proof we omit M, e for notation’s simplicity. By the & — —® symmetry,
S§7M’E = 0 if k£ is odd, so nothing needs to be proven. For k € 2N, we will prove by induction in N

that the lemma holds with R%, 1 having the following form

Ry = > rdle (3.16)
GeHi
ne (G)€[0,m]N2Z

for some m € 27 which may depend on N, and some coefficients rg € R.

As remarked above, the lemma holds with N = —1, with R = S§¥ = I, where G = (V, E) € HE
with V consisting of the k special points only and E being empty.

Assume that for a fixed integer N > 0 we have already shown that
N—1 \p
Sh=>" mF,’f +AVRE, RN = > relg (3.17)

n=0 Genk,
ne (G)€E[0,m]N2Z

we then prove that the same holds with N replaced by N + 1, with updated values of m and rg.

To this end we use IBP to decrease the value of ng(G) for the graphs G € HE, above, so that we
are only left with graphs in G¥ (i.e. ng = 0), at the cost of producing other graphs in Hlf\,H which
however are multiplied by the parameter A and which will be defined as Rf, ;.

More precisely we claim that for each G' € H%; such that ng(G) = m, the term Ig in (3.17) can be
written as

Ic = Z ac'ler + A Z eZavel (3.18)

G'eHE  ng (G )=m—2 Grerk
for some agr,bgr € R.
Assuming (3.18), we plug all these I with ne(G) = m into (3.17), which allows us to write

RE = Z ralg + A Z ralag (3.19)

GeHk, Gerk
ne (G)€[0,m—2]N2Z

for some coefficients 7 € R. We then iterate this argument and plug these into (3.19) to obtain (3.19)
with even lower value of m (and new coefficients 7 € R). After m/2 iterations, we get

Ry =3 il +x Y rile (3.20)
Geghk GeHk
for some rg;. We then see that the lemma holds for N with Fi,--- , Fy_1 remaining the same,
Fy=N!'> r5le  and R, = > 15l
Gegk, GeHk .,

Since all the graphs in the last sum are finite graphs, R%; 41 has the form (3.16) for some m.
It remains to prove (3.18), for which it will be helpful to recall the intuition explained in Remark 3.3.

Fixing G, we can assume that ne(G) > 2 (otherwise if ng(G) = 0 there is nothing to prove). We
then know that there is a vertex z € V3 with deg(z) < 4 or z € Vg with deg(z) = 0. Fix any such
vertex x. Applying (3.2) with x therein being this vertex z, we have

Ic = ( Z (1 —deg(2))I,- ) + ( Z (4 — deg(2))I;- ) — M+ (3.21)
2eVy ‘“ 2eV3 " -
deg z:OC,:z;ér deg z<4c,:z;éaz

where the graph G, is defined by “adding a new vertex 2”:
Vor, =VeU{z},  Egr =EcU{{z,2}}, (¢ Vo)
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and the graph G, is defined by “connecting x and some z € Viz by a new edge”
VG;z =Va, EG;z = FEqgU {{x, Z}}, (z € V).
This is precisely in the form (3.18), since ne(G,,) = ne(G) — 2. O

We remark that from the above proof, it is clear that all the graphs associated with Fff e and
Rk, +1,m,c are obtained by the procedure described below (3.21), starting from the ‘initial graph’ with
|[V| = k and |E| = 0. For convenience of estimating the graphs later, we color the edges of these
graphs as follows. In the above proof, when we use (3.21) each time,

e we use red color for the new line {z, z} appearing in G};

e we use green color for the new line {z, z} appearing in G_,.

Remark 3.6. Just as an example for (3.21) in the above proof: if G is the last graph in (3.13), then
x can be any point except for the upper-left one. Taking for instance x to be the upper-right point,
then G, will be the following graphs

I o\./o x I o\/o x X o\. I €T
and G}, is then
I e o I
\. ./

Note that we also color the edge connected to x1 by red because of the way it arises in (3.13).

The reason for coloring the edges is that we will reduce graphs in Hf\, to trees by “cutting out” the
green lines.

Lemma 3.7. For each graph G associated with Fff,M or R?VH’M’E in Lemma, 3.5, denote by G the

subgraph formed by all its red lines.

yE€

Then, G has exactly k connected components; each connected component is a rooted tree, and has
exactly one vertex in VGa which is regarded as the root of the tree.

Proof. This is obvious by construction. Indeed, for the initial case where |Vg| = k and |Eg| = 0,
we have that G is just k trivial trees. Assuming that we already know that a graph G satisfies the
property in the lemma, then, when a new vertex z is added which creates a new red edge {x,z}
as in (3.21), it simply adds one more edge to one of the k red trees. (See the figure below for an
illustration). O

Lemma 3.8. For the polynomial weight p in (2.20), it holds that for v > 0 and some £ > 0 and
n<N+1
im  EFF,, =FF in C7(p",

M—00,6—0 "

and
lim  EERE . = RIS in C(p),

M —00,e—0 e
with & being extension opeartor defined in (A.5). Here FF can be written as integrals of the Green
function C of %(m — A) and R%* only depends on C, ®. The associated graph of F¥ is the same as
Fff’M)s with Care in (3.14) replaced by the Green function C and the sum on An . replaced by the
integral on R2.

4Recall that in graph theory, a tree is a graph without any cycle, and a rooted tree is a tree in which one vertex is
designated to be the root. In particular a graph consisting of only a single vertex and no edge is trivially a rooted tree.
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*

uje o U3

N
/ .\./

FIGURE 1. An illustration of trees formed by red lines in the case of 2-point correla-
tion. Here uj,uj € V& and all other vertices are in V3. One of the two trees, i.e. the
tree which only contains one single vertex v, is trivial.

The proof of Lemma 3.8 is postponed to Section 4.2. In the proof we could also give the explicit
formula of R’,’L’k. Formally the associated graph of R;’L’k is the same as R, ar with Cpr and ®ps
in (3.14) replaced by the Green function C of %(m — A) and @, respectively and the sum on Ay .
replaced by the integral on R2.

The following gives the main result of this section.

Theorem 3.9. It holds that
N

An

v,k k N+1 prk

S/\ = E - Fr+ 1RN 11 (3.22)
n=0

with F,’f,R';\}lil given in Lemma 3.8. This equality holds in C~7(p*) for v > 0, some £ > 0 and
polynomial weight p in (2.20).
Proof. By definition of S¥ in (3.3), (3.4), (3.15) we have

k . e gk
SV = lim &S
A ems0,M—so0 FTNMe

N
. A" .
= lim §jﬁg,§F§7Mﬁ+AN+1 im  EERY e

e—=0,M —o00 o v e—=0,M—oc0
n=

SN k N+1 prk
v,
=) —TF A R
n=0
where we use Lemmas 3.8 to obtain the last equality. |

Now to prove (1.5), we only need to show

Proposition 3.10. For the polynomial weight p in (2.20) and n < N + 1, it holds that for v > 0 and
some £ >0

IRy o) S 14 AFFI2
Proof. The result follows from Lemma 4.2 below and Lemma 3.8. O

4. PROOF OF RESULTS IN SECTION 3

4.1. Uniform bound on the remainder Ry. In this section we give uniform estimates for I
defined in (3.14) with G € H. For later use we construct the following random variables such that
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{Z](\f[)ﬁ}ieN are i.i.d. random variables and each Zj(\f[)’a

D; as follows: let Dy & {1} and
d—ef{q%,zgya,z e N},
et (i) @ SG) . N s
{ (I)MEZME ) (I)Ms'a Z ZMg ,Z,]GNZ%]}, (41)
def i % k)
Dy ¥ (@3, 2, 9% :@M@Z](\},EZ}V,L: 2. 20 20 ik e Ni# § # kY,
where :<I’M7€: are deﬁned in (2.24) and for 4,5,k e N;i £ j £ k

is an independent copy of Zjs.. We introduce

B Zyie E QueZy) 2N 2y 2325
STV ST A VIR SV VA VIR DYV 4 Y4
VIR Z%Z(&LZ?}L
By probabilistic calculation we have that for kK, >0 and p > 1
B2 ey TEI 2825 1y + Bl 280 2020 1y S (42)

where i # j 75 k and the proportional constant is independent of &, M and there exist random variables
ZW 2070, .20 70 zH). ¢ [p(Q,CrC~(p")) such that

(1) i .71 7 (9) i ).
E|£2Z5). = ZON, oore(ey + BIE® :2() .20 — 202D |12, )

+E|€°:2). 2.2 — 207078 , =0, ase—0,M — .

CrC=7:c(pr
(c.f. [MW17b, GH21, ZZ18D. By direct calculation we have
Cume(® —y) = E[Zme(2) 20, (y)]- (4.3)

Corollary 4.1. For the polynomial weight p and py in (2.20), it holds for any f; € D;, 1 < p < po/9,
v >0 that

EHfIHC 7€ (p%) + EHﬁH%—ms(pg) + EHfSHC vE(pld) ~ S1+ )\12p
with the proportional constant independent of M, e.

Proof. Similar as before we omit the supscript M in the proof for notation’s simplicity. By Corollary
2.3 the desired estimate holds for f; =:®% . For f; = Zgl),fg = ZéZ)Zg(]) and f3 = ZE(Z)ZE(])Zék),
i # j # k, the result follows from (4.2). For other cases we write
2.2 =Y. 204 :2.28:
.z 70). =y, :zW70): +.7.7070).
@270 =Y2Z0 2oy, 2.2 . 72709): .
where :Zst(i): =:72 7% and by probabilisitc calculation for v, k > 0,p > 1
E|| :2220: | .0 S L.
By (4.2), the same calculation in Corollary 2.3 and Lemma A.6, the desired estimates also hold for
the terms :@EZE(Z): , D, Zé )Z(j). and :@gZa(l): , which implies the result. O
To state the following lemma for G € ‘H with I in (3.14), we extend it as periodic functions on
A..

Lemma 4.2. For each G € HE, n < N + 1, that appears in Lemma 3.5, letting Ig be the function
introduced in (3.14) and p be polynomial weight as in (2.20) it holds that for v > 0 and some £ >0

1€ Gl oy S 1+ AFF2, (4.4)

where the proportional constant is independent of €, M and E; is the extension operator introduced in
(A.5) in Appendiz A.



An SPDE approach to perturbation theory of <I>‘21: asymptoticity and short distance behavior 21

Proof. In the proof we use p’ to denote weight and ¢ may change from line to line. We also abuse
the notation of p for the weight in different spatial dimensions. By Lemma 3.7 we have G which is a
union of k rooted trees, formed by the red edges in G.

Step 1. Reduction to trees.

It will turn out that trees are easier to estimate than general graphs. To reduce our analysis for I
to the case of trees, we proceed as follows.

Recall the definition (3.14) for I. For each of the green lines {u,v} € Eq, we use (4.3) to replace
each Cyre(zy,x,) in (3.14) by E[Z](\?ﬁ(xu)ZI(\fI),s(mq,)] with {ZJ(\Z)E}z given at the beginning of this
section. Each Chye(zy,,) corresponds to different Z](C'[)’ .. This can be done for all the green lines
since our graph is finite. The resulting function is the same as I5.

Note that for periodic functions f on A., Z.(f) introduced in (3.5) could be written as

I.(f) = /A Cule — ) (y)dy.

Since G is a disjoint union of k trees (by Lemma 3.7), i.e. G= Uk, T;, where each T; is a tree, we
know that I is the expectation of a product of k functions, and each of these k functions have the
following form

Fr(z,-) = / [I Clwo)(fitew) =0 I fulwgl@) [ de. @5)

{u,v}€Er veVr\{u*} veVr\{u*}

where f1 € D1, f, € U3_oD;, g =1 and degy(v) denotes the degree of v in the graph 7. Here and
below we just write T for T; to simplify the notation, and we have introduced the function g for the
purpose of induction later.

For instance, the graph in Figure 1 then reduces to the one shown in Figure 2 where each tiny

green wavy line denotes a factor of Zz(\f[)_ .

FIGURE 2. An illustration for reducing graphs to trees, and inductive integrations

We first consider the degenerate case separately where deg(u*) = 0, namely Fr is simply f; ()
with f; € D;. We use (2.25) and (4.2) and easily find for v > 0 and 3p < pg with pg in (2.20)

El|Zarepl o+ BI@p7 % . S 14 A, (4.6)

C—7:e ~

In the following we only need to consider the case that deg(u*) = 1 i.e. nontrivial trees. We claim
that for v > 0 and ¢ large enough,

1Prllce-very S T 1folleegos), (4.7)
veVr
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with f, € U?_yD; defined in (4.1). By the reduction we have for v > 0

”IG”c;%E(AgWZ)N i1C=:e(pt)

< T (BIFlby)” TI (

deg(uy)=1 deg(uy)=0

1

5)" (4.8)

where C;7¢(A¥, p) is the Holder space for each variable on A¥ introduced in (A.2) in Appendix A.
By the claim (4.7) and Corollary 4.1, we deduce that for deg(u}) =1,y >0

1/k _
(BIEr s e) ST+, (4.9)

where n; is given by the number of vertices in V; for the tree T; and Z _1n; < n and we use
9kn; < 9k(N + 1) < po in (2.20). For the case that deg(u}) = 0, by (4.6),

L 1/k .
(BIFR S en) S THA (4.10)

As a result, (4.4) follows from Lemma A.8, Lemma A.1 and arbitrary +. It remains to prove (4.7).
Step 2. Estimate of each tree.

5

Fixing a rooted tree T as above, we will integrate the variables in Fp in (4.5) from the leaves
of the tree T and estimate the effect of the integrations. More precisely, we claim that for every
subtree T' of T which contains the root u*, (4.5) still holds with 7" and g7 on the RHS replaced
by T and g7, where the functions g (which depend on T) are such that [|g|gs.(,e) is bounded by
Wier, | fillc—e sy, fi € U3_,D; for some index set I,cNand s>v>0,n>0.

We prove by induction downwards on the value of |Viz|. We already have that (4.5) holds for T = T
where g = 1 trivially satisfies the claimed bound.

Assume that (4.5) holds with Fr(x,+) on the LHS, and the RHS written as the integral in terms

of a subtree T. Let © be a leaf of T. Then there is a unique % € Vi such that e & {u,v} € E5. We
then have

Fr(zu:) = / [[ Gz [[ (Folw)el @) / Ce(ara,2) (foao)g (o)) [ das,
{u,v}eEsr\{e} veVy\{u*,v} veVy\{u*,v}
(4.11)

and we now estimate the integration over @ in the parenthesis, which will imply that (4.5) holds for
the subtree T = (Vz\{}, Ef\{€}) with ¢T" () redefined as

9% (a) = ([ Celown)(folzo)g? (o0))dao ) g () (4.12)

and f,, g, for v # u left unchanged. (See Figure 2 for an illustration).
The integration over v in the parenthesis is in one of the following forms:

Ze(9)(wa), Zc(fs)(wa), Zc(f29)(xa), Zc(fir9)(za), (4.13)
with f; € D;. By (A.7) and Lemma A.6, we have that for 1 > s > v > 0,

1Ze (@)l 22 oty S Ngllcse (ot
I Zc(f3)llc2—e(prsy) S |l fslla—e(prs)
I1Z- (9 f2)ll 2= (pe+13) S Nlgllcse(omy 1 f2ll e (o12)
I1Z(g /1)l 2= (petr3y S N9l

(4.14)

Cs:s(pn) f1 ||C—-y,s(p13).

5Recall that in graph theory a leaf of a rooted tree is a vertex of degree 1 and is not the root. Any nontrivial rooted
tree must have at least one leaf.
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By the inductive assumption on g, we have that the left-hand sides are bounded by

Wjer, 1fillc—e o)l follc—.2 (p13),

with f; € U3_,D;. This implies that (4.5) holds for the smaller subtree 7", namely the number of
vertices decreases by one.

By inductively decreasing the value of |V|, we know that (4.5) holds for the subtree T which only
has 2 vertices including u*. Now Fr is simply equal to one of the cases in (4.13), so we can just bound

Fr by (4.14). On the other hand, integration over one vertices counts for at most one || f;[|c-v.c(,13),
which gives (4.7). O

4.2. Convergence of Fff_Mys and Rﬁ,M,r In this section we give the proof of Lemmas 3.8, i.e. the
discrete integral converges to the corresponding continuous one. By the uniform bound in Section 4.1
we already know that each ||(€]§FT]L€7M,EHC*’Y(p2) and ||5,§R27M78||Cﬂ(pq are uniformly bounded, which
implies there exists a convergent subsequence. Now, we want to give the explicit formula of the limit.

Proof of Lemmas 3.8. Since we consider the limits of SgF,’f’M’E and 82RE,M,57 which only depend on
the law of @,/ . and Zy ., we can assume the setting as in the proof of Theorem 2.5, i.e. we fix a
stochasitic basis (2, F,P) and we have random variables (e, Zpr,e, Yar,e) and (@, Z,Y) such that
the convergence in (2.26)-(2.28) holds. We also have all the random variables
(Z3)es 200 Zitet s 200200 Zines i # 5 # )

and their continuous limit {Z®, :Z2®z0):  .z® 7z0) z(k). o j - k} on the same stochastic basis,
which can be done by Skorohod Theorem. As a result, every element in U?_; D; and their continuous
limit can be realized on this stochastic basis. We also view ®ps ¢, Y. and ZJ(\ZZE as periodic functions
on A..

Combining the proof in Theorem 2.5 and Corollary 4.1 we know that for every element f; € D;,
E¢ fi converges to the corresponding continuous one in LP(£2; C~7(p'?)) for v > 0,p > 1 with 9p < pg

for po in (2.20). For example, we consider :@%\/[,EZ](\?,E: and by similar calcuation as (2.27) we obtain

B& (Vi 280 = V2202 sy S 0(e),

for v > 0, where the proportional constant is independent of M. For other terms in :(ID?V[’&ZI(\?&: we
have similar convergence. In the following n may change for different convergences.

For each graph we consider each I and as in the proof of Lemma 4.2 we know
Lo, op) = BT, Pr,(2:)),

with Fr, defined in (4.5) and T; being trees and subgraphs for G. By the uniform bounds obtained
in (4.10) and (4.9), we first consider the convergence of £ Fy, in L¥(Q, C~7(p*)) for each tree T; and
~v > 0. For the degenerate case where deg(u*) = 0, i.e. Fr, is just fi(z;) with f1 € Dy, we have
proved the convergence.

In the following we consider the nontrivial case, i.e. deg(u*) = 1. The idea is to use Lemma A.10,
Lemma A.9 and uniform estimate in Corollary 4.1 to exchange the extension operator £ to every leaf
in the tree up to an o(e) constant. We consider the subtree T of T; and we want to prove for each
subtree T as in Step 2 in the proof of Lemma 4.2 and 0 < v < s < 1

erpwa) - [ ] Clv-z) [ @)@ [ do

{uv}EEs veVE\{u*} veVy\{u*}

B|
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We do induction on |Vi| and we start from the subtree T containing the root u* with |Vi| = 2 and
by Step 2 in the proof of Lemma 4.2, we have

Fr(z,:) = / Co(@ae,20) folo) g (20)dzs,

with f, € U}_,D; and gf as in the proof of Lemma 4.2. By Lemma A.10 and uniform bounds of
&° Fr, we know that for s > v > 0 and some n > 0
k

E) ESPr, (Tyr) — /C’(acu - xu)ga(fv(xv)gf(a:v))dxv e () < o(e). (4.16)
2—s pl/,
Using Lemma A.9 we find
_ k
B[le Fr, (ru) - / Clrar ~2)(E S E gD, 5 0le)

Hence (4.15) holds with T satisfying |Viz| = 2. Suppose that (4.15) holds with T satisfying |Viz| < n.
Now we consider the subgraph T with |Vz| = n + 1. By the Step 2 in the proof of Lemma 4.2 we
could find a @ as a leaf of T and a unique @ € V; such that (4.11) holds. We set gI" (24) as in (4.12)
and use induction for 7" = T\{¥} to have

, k
E|° P, (2.) _/ [I Cav-o) I ERe)EG @) ] do e
{uv}eEr\{} veVe\{u*,5} veVe\{u*,5} g

S ole),

For £°gs(xy) we use Lemma A.10 and Lemma A.9 to have

, . . k
E[J6°6T (w) — €201 (ww) [ Claa = )€ o) wa) (€60 wo)das |, | S ole)
2—s pI{

Hence (4.15) holds for T satisfying |Vz| = n+1 and for T = T}, which combined with the convergence
of £ f, implies that

_ k
E|e°Fr, (2.-) _/ [ ¢ I A I o oy SOO) (@7)
{u,v}€ET, veVr, \{u*} veVr, \{u*}
with f, = lim.,o&%f,. Here for the second term we abuse the notation f,(x,) which means a

distribution in C~7(p) and the integral of C(x, — z,) W.r.t. z, means the operator +(m — A)~!
acts on the corresponding distributions f,,. Now we obtain the convergence of each Fr, and give the

explicit formula for the limit F¥ and RY%¥.
We use G to denote the graph associaed with F¥. To write F¥ as the integrals of C, i.e.

/( II C(xu—xv)> IT dz..

{u,v}€Eqg veVy

which we denote by F}f, we only need to replace all the correlation of Z(®) in F% by C. However,
since Z® is not a usual function, we need more argument to explain this replacement and it suffices
to prove (FF o) = (FF o) with 0 < ¢ € S(R?). As Z@ is not a function, we first replace each
ZW in FF by Z0) % . with {.}. being standard mollifiers and we denote the resulting function by
FFe. This means we replace each f, in the second term of (4.17) by f, which converges to f, in
C~7(p"). To compare FF with F** we are in a similar situation as the convergence of Flf Me tO FF
with the sum on A. replaced by the integral on R?. Then the same argument as reduction to trees
and indunction on subtrees implies that

|(F,’fg — Fff,cp)\ —0, ase—0.

For F¥< we could replace each E[(Z® % ¢.)(2)(Z® x ¢.)(y)] by Ce(z — y) & (p- % C x @) (z — y) by
Fubini’s Theorem. Now we check that F* converge to F*. For each graph G associated with F¥ we

abuse the notation m to denote the Lebesgue measure [,y dz,. We then choose a finite reference
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measure u which is absolutely continuous w.r.t. m and has the C' associated with the red lines and

¢ as the density. Then it suffices to check all the green line (means C;) is uniform integrable under
this finite measure p since C~’8 converges to C' in measure. To obtain uniform integrability we prove
that the integral of the square of all the green lines w.r.t. p is uniformly bounded, which follows by
the same argument as what we proved in Lemma 4.2 since adding extra Z(®) to f, at each point will
not influence our proof. Thus

|<F£76_FTIL€7@>‘—>Oa ase—)(),
which implies F¥ = Fff Now the result follows. ]
We remark that one could also use [HQ18, Theorem A.3] to prove the convergence of F¥ to F,’f,

though it would require some adaptation since the setting is slightly different e.g. C would need to
be decomposed as a compact supported function plus a smooth remainder.

5. SHORT DISTANCE BEHAVIOR OF CORRELATIONS

In this section we use integration by parts formula and similar estimates to derive the short distance
behavior of the 2-point correlation function and 4-point correlation function.

To compare S(zo—yo) — C(xzo — yo) we use integration by parts for the last term of (3.9). Choosing
F(®yre) = M (:®%, . )(x) in (3.2) we obtain

3\ Care(z — z)2E( Dyre(2) )dz - AE(@M,E(@I&( B3, )(m)) + AQE((IE( B3, )(m))z).

Ame

Substitute this into (3.9) we obtain
8% a1 (w0 = 90) = Care (w0 = yo) + N2B(Z.(:0% 0 ) (@0)Z. (0% ) (wo) )

+9\? Crme(yo — 2)Chre(xo — 2)Crs e (2 — 21)2E( :@M,E(zl)Q: ) dz;dz (5.1)
AZ

B 3)\3/A Crr.e(yo — 2)Care(zo — z)E((IE( :CIJ:}\LE: )(Z))2)dz

In the following we give the proof of Theorem 1.3. In the proof we view all the functions on A as
periodic functions on A. and we will use Lemma A.2 to bound each term.

Proof of Theorem 1.3. In the proof we choose py > 18 for the weight p in (2.20) and use p’ to denote
the weight and ¢ may change from line to line. We also abuse the notation of p for different spatial
dimensions. We write the last three terms in (5.1) as Zle I;, which are graphically

Tpe e Yo X0 L Yo o) L Yo
A2 \ / +9\2 <> — 33 /\ (5.2)

It suffices to calculate the C2~7¢(p?)-norm for each graph and « > 0. By Corollary 2.3 and (A.7) we
know for v > 0 and some ¢ > 0

Ml caeaz oty S AE B0 13y S A2+ X%,

Similarly, by translation invariance,
def
J(2) CE(T.(:03,.)(2)?)

is a constant independent of z, and we can write I3 as —3\3(Cic x Carc)(@o — yo)J. By Corollary
2.3 and (A.7) we know for v > 0 and some ¢ > 0

[T Looe pmy S 14 A%



26 HAO SHEN, RONGCHAN ZHU, AND XIANGCHAN ZHU

Moreover, by (A.8), Casc * Care(xo — yo) € C*77¢(A2), which implies

[allco-.e(az,omy S A%+ A7
For I, we set

J1 d:ef/C'Mﬁ(z - 22)2E( :@MVE(ZQ)Z: )dZQ,
which is also a constant by translation invariance. Then we could write Iy as 9IA\?(Chye * Care)(zo —
Yo)J1 and by (A.8) and Corollary 2.3 we have for v > 0
|1 S 11llpoes (o) S EN @31t lomeory S T4+ A

Using (Case * Chre)(zo — yo) € C?77¢(A2) we deduce

[2lle-.e(az,00) S A% 4 AM

Now the first result follows from Lemma A.1 and the fact that we can view Si e — Cm e as a function
of one variable by translation invariance.

For the second result, note that by Lemma A.8 [|€°(S3 5 . —Cir.c)llc2-+(ra,pt) is uniformly bounded
w.r.t. e, M with £° defined for functions on A2 and there exists a subsequence converges, which is
still denoted by e, M. We would like to prove the limit of 5‘5(5’/2\7M76 — Cu,e) given by SK’2 —C. By
Lemma 3.8 we know the limit of £5 (SiME — Chre) given by S;”Q — C. Moreover, by (A.6) we know
for ¢ € S(R*) with compact support Fourier transform

lim <56(S/2\,M,5 - CM,E), 90> = lim <S§ M,e — CM,E, @)E

e—0,M—o0 e—0,M—o0 ’

= lim  (E(S2 0. — Cure)r o) = (SY2 = C o),

e—0,M —o00

which by lower semicontinuity of the norm implies
1552 = Cllge—n(re pry S A + AT
Since
E5 (SR e — Ome)(,y) = E5(SX are — e (@ — 9, 0),
the limit S;’2 — O also satisfies the same property and can be viewed as a function on R?. Hence,
1552 = Cllgz—@e,pry S A% + A7
O

In the following we consider the connected 4-point function and we give the proof of Theorem 1.5.

Proof of Theorem 1.5. In the proof we omit the subscript M, e and A/ . for notation’s simplicity. We
also write S(z,y) = Si,Mya(x,y). We choose py > 36 for the weight p in (2.20) and will use p’ to
denote the weight and ¢ may change from line to line. We introduce the following notation

Tf(x) / Cla— )iy, T ™ / Ol — 2)Cla1 — 2)f(2)dz,
and

T f (e, 1, ) / Cla — 2)C(m1 — 2)C(wa — 2)f(2)dz.

The idea of the proof is to use integration by parts formula for S3(z1, o, z3,24) and we will find
some C(z; — z;), 4,7 € {1,2,3,4} appear. However, C is not in the Holder space C>~7¢(p), v > 0.
By (3.6) and Theorem 1.3 we find

S(@i —x;) = Clw; — x;) — R(w; — x5), (5.3)
with R € C277¢(A2, p*). Here by (3.6)
R(z; — x;) = )\E(@(xj)l( % )(g:i)). (5.4)
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Hence, we use C(z; — z;) from S(z; — x;) to cancel with the corresponding C(z; — ;) in the decom-
position of S§.
4

To be more precise, for S = E [ | bt @(mi)] we use integration by parts formula (3.11) with & = 4
to have
Si(x1, T2, 3, 24) = C(x1 — 12)S (23 — 24) + C(21 — 23)S (12 — 24) + C(21 — 14)S (29 — T3)
- )\E(CI>(x2)<I>(:E3)(I>(a;4)I( 3 )(x1)>.
By (5.3) this implies that U# can be written as
R(z1 — 22)C (w3 — 4) + R(z1 — 23)C (22 — 74) + R(z1 — 24)C (22 — 23) (5.5)
- AE(@(xgm(xg)@(m)z( 93 )(xl)) U (5.6)
and by Lemma A.1
Ul(xy,x0,x3,14) = R(x1—22)R(x3—24)+ R(21 —23) R(2o—24)+ R(x1 —24) R(zo—x3) € C271E(AL, pb).

By Theorem 1.3 we have
Ul c-e az,pry) S A 4 A

Since by (A.7) Z has smoothing effect, we use IBP for the first term in (5.6) with the isolated point
x4 to have two terms, which by (5.4) cancel with the first two terms in (5.5). As a result, we obtain
that U* can be written as

Ry — 24)C(@3 — w5) + XE(®(22)®(w3)Z( :0% ) (01)T( :0% )(z1) ) (5.7)
_3)\E (@(:@)@(mg)j( 3% ) (21, u)) ~ 0. (5.8)

We further apply IBP for each term in (5.7)-(5.8). For R(x1 —x4)C(z2—x3) in (5.7) we use integration
by parts (3.7) for R with x4 to have

R({,El — .’)34)0(1‘2 — .%'3) :30(1‘2 — xg))\E(j( Z‘bQZ )($1,$4)) (59)
— N0 (2 — xg)E(z( D% ) (2)I( D )(x4)),

where the second line cancels with one term obtained from the second term in (5.7) by IBP. In fact
using IBP for x5 the second term in (5.7) could be written as

N2C(25 — acg)E(I( 0% ) () Z( D )(x4))

+ 3)\2E(<I>(m3).7( 02 ) (20, 24)T( D™ )(xl)) (5.10)
+ 3)\2E<<I>(x3)j( 0% ) (21, 1) Z( D% )(x4)) (5.11)
- )\3E<<I>(x3)I( 0% ) (1)L (D% ) (1) T( D> )(x4)). (5.12)

As mentioned above the first term cancels with the second term for R(x1 — x4)C(z2 — x3). By using
IBP for the isolated point x5 again, the term in (5.12) could be written as

- 3/\3E(j( ®% ) (20, 23)L( D% )(21)T( D% )(x4)> (5.13)
- 3)\3E(I( 0 ) (1) T (0% ) (21, 23)T( D )m))

- 3>\3E(I( 0% ) (20)Z( 0% ) (1) T (B2 )(xg,x4)),
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which share the following same graph

.

o—/.¥o
and one term like )\4E(Hf:11( 3. )(331)) By (A.7) and Corollary 2.3 we know for v > 0 and 9p < po
BT ) sy S B [y S 1A, (5.149)
and
BT (:0% )% o) SEI 0% [, S 14N, (5.15)

which by Lemma A.1 implies that the C2=7¢(A%, p*)-norm for the term in (5.12) is uniformly bounded
by A% 4+ A°2 up to a multiplicative constant. Here we abuse the notation of p for different spatial
dimensions.

Now we consider the first term in (5.8) and we apply IBP for the isolated point zs to write it as
— 3AC(a2 — xg)E(j( D% )(z, m)) - 6)\E(<I>(:z:3)jl(<1>)(:cl, s, 174))
+ 3/\2E(<I>(x3)I( 0 ) (120) T (D% )(a:l,x4)). (5.16)

We find that the first term cancels with the first term on the RHS of (5.9). We apply IBP for the
second term for the isolated point x3 and obtain

6 / Cla1 — 2)C(ma — 2)C(wa — 2)C(ws — 2)dz (5.17)

n 6/\2E(I( 0% ) (23) 71 (®) (21, 2, x4)>. (5.18)

We apply IBP for the terms in (5.10), (5.11) and (5.16) for x3, which have the same graph, and we
obtain three terms (see (5.20) below) similar as (5.18) and the following terms

9)\2E(j( 0% ) (g, 4) T (D% )(:Ul,xg)) - 3A3E(j( ®2% ) (g, 24)I( D% ) (1) T( 0% )(xg))
+ONE(T (0% (w1, 22) T (0% )(ws,20) ) = 3NE(T(:0% ) (w1, 2)T(:0% )(wa)T( 0% )(a3))
n 9/\2E(j( B2 ) (21, 24) T (D% )(x2,333)) - 3A3E<j( 02 ) (21, 20)Z( 0% ) (w2)Z( D% )(x3)),

where they have the following two graphs

.\. /. .\. ] /.
. /'\. . /'\.

By (5.14) and (5.15) C277¢(A%, p*)-norm of all the above terms are uniformly bounded by A% + A3
up to a multiplicative constant.

Now the only term in U# not in C2~7¢(p") is given by the following terms in (5.17) and (5.18) and
similar terms as (5.18):

— 6\ / C(z1 — 2)C(xg — 2)C(xg — 2)C (x5 — 2)dz (5.19)
+ 6>\2E(I( % )(zg)jl(é)(xl,xz,x4)> + 6/\2E<I( 5 )(zl)jl(@)(@,xg,u)) (5.20)

n 6/\2E(I( 5%, )(x2)j1(<b)(x1,x3,x4)) n 6)\2E(I( 33, )(x4)j1(<1>)(x1,x2,:c3)).

The term in (5.19) belongs to C2~7¢(A%, p*) by (A.9) and Lemma A.1 and could be bounded by A
up to a multiplicative constant. The last four terms have the same graph. We only consider the term
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in (5.20) and the other terms could be estimated similarly. By (A.9) and Corollary 2.3 we know for
v >0 and 3p < pg

BT (@) ey SBIOIL o) S 14X,
which combined with (5.14) and Lemma A.1 implies that the C2=7¢(A%, p*)-norm of the terms in
(5.20) are uniformly bounded. Now the first result follows.
Using Lemma A.8 we obtain ||5€U;%/[,EH02—~,(RS7PK) is uniformly bounded w.r.t. €, M with £° defined

for functions on A%. We define the limit of a subsequence as U)l\"4, which is also the limit of &£ Uf/[ﬁ

by similar argument as in the proof of Theorem 1.3. On the other hand, by (A.9) and Lemmas A.1,
A,

EFTo (21,29, 3, 24) def 55/ Cume(x1 — 2)Cre(ra — 2)Crre(@2 — 2)Cre (x5 — 2)d2

A, e

is uniform bounded in C2~7(p?), which implies that there exists a subsequence, still denoted by &, M,
converges. Then by (A.6) for p(z1, 22, %3, 24) = H?:l vi(z;) and ¢; € S(R?) with Fourier transform
compact support, it holds

li ¢ = 1l g .
un <g J27S0> M—>3>£>1:16—>0<54J27¢>

M—00,e—0
Then by a similar argument as in the proof in Section 4.2 for £.J, we replace Cp.(z; — z) by
E(Zj(é,)ys(aci)ZI(\fI),6 (%)) for i = 2, 3,4 and apply Lemmas A.9 and A.10 to obtain that £ J> converges to
J C(x1 — 2)C(x4 — 2)C(x2 — 2)C (23 — z)dz when testing positive . The the lower-semicontinuity of
the norm gives the result. O

APPENDIX A. DISCRETE BESOV SPACES

In this section we introduce Besov spaces on the lattice A, = ¢Z? where ¢ = 2=V N € NU {0},
from [MP19, GH21] and Besov spaces on R? from [Tri78]. For f € ¢1(A.) and g € L*(e71T9) we
define the Fourier and the inverse Fourier transform as

f) _ €d Z f(x)e_2“5'””, ]:-—lg(x) _ / g(g)eQﬂLﬁwdf’
.’EEAE E_le

for € € e 1T 2 € A.. We use ¢ = 0 to denote the continuous setting with Fra and fﬂgdl being the
usual Fourier transform and its inverse on R?. Let (¢j)j>—1 be a dyadic partition of unity on R?. We
define the dyadic partition of unity for x € e~ 1T¢:

c(z) =  i(%) < e,
At {1—2]-@-5%(96)7 j=Je (A1)

Here j. := inf{j : suppp; N (1T # 0}.
Now we define the Littlewood-Paley blocks for distributions on A, by
o1
ASf=F (g Ff),
which leads to the definition of weighted Besov spaces. Let p denote a polynomial weight of the form

p(x) = (14 |2[?)~%/2 for some § > 0. For a € R,p,q € [1,00] and ¢ € [0,1] we define the weighted
Besov spaces on A. given by the norm

/a
Flsgzoen = (X 291851E,,) " < oo

—1<j<Je
If e = 0, By;(p) is the classical Besov space By (p) on R, Similarly, we extend the definition of
Besov space to functions on A¥ = eZ k € N, which is denoted by Bys (A%, p). Whenever there is

no confusion we also write B¢ (A¥, p) as BS:Z(p) for simplicity. We also set C*¢(p) = o B (p) and
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Hee(p) & B3 (p). We also define Besov-Hoélder space w.r.t. each component in AF for k € N: for

f:AF SR aeR,

ef
Fllaesnr & s 20X |[(TT A fH < 0. A2
Iflezeaep s I [25.201],.0 (a2)
Here we write © = (21, ...,2x) € A¥ and AS, ., means the Littlewood-Paley blocks for the i-th com-

ponent x; € A.. If e =0, C?(de, p) is the Besov space w.r.t. each component in R?. The duality on

A. is given by
dcf d Z f
€A,

We also set
(freg)(@) = > fla—y
yEAL

For the polynomial weight p, by [GH21, Lemma A.1] it holds for « € R, p,q € [1, o0] that

1 fllBaspy = N follBae, (A.3)
where the implicit constant is independent of .
For a function f on e~ !T? we use foxs to denote its periodic extension to RZ.
Extension operator:
We follow [MP19] to introduce the following extension operator. Recall ¢$ given in (A.1). We
choose a symmetric function ¢ € C.(R?) satisfying the following property:
® D keza (- —k) =1,
e ) =1 on suppyp; for j < ji,
o (suppy) Nsupp(p})ext\T¢ # 0 = j = ji1.
Here (ap})ext means periodic extension to R? of function 90; on T¢. More precisely, In [MP19] such 1 is

called smear function. It is easy to see that ¢ (e-) satisfies the same property on A.. Set w® = fﬂgdlw(a-)
and define

Ef(x)Eel Y wf f), feBp) (A4)

yEA,L

We also introduce the following extension operators for functions f : A¥ — R:

Slif(acl,...,xk)(;efsdk Z (Hw )(yl,...,yk). (A.5)

y7€A i=1
i=1,. k
It is easy to see that
(& f.9) = (f,w xg)e,  frg € L (A). (A.6)

We have the following elementary result for the Besov-Holder space.

Lemma A.1. Fore € [0,1), if a <0, then C2<(A¥, p) € CF*=(A¥, p); if a > 0, then

k
1 loaear,m = D IFlloze (ak.o)-
i=1

Here Hf”C?f(A’;‘,p) = SUDg en.,j#i ||f($1, vy Ti—15 5 Tid1, "'7xk)||CQ’E(Aa7p(3317..',1i717'7wi+17"~)$k))'
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Proof. Let A5 and A% = be the Littlewood-Paley blocks in AF and A, respectively. By Littelewood—

JisXi
Paley decomposwlon we have

k
gokj ||A§f||L°°vE(p) 5 Z ookj HAE j“ fH
=1

1< <o Lo=le)
i=1,..k
akj akj ozz1 Ji
52 Z H A, . HLOOE( ) S2 Z 2” il flleesar,p S I llces ks
S =l Y

where in the second inequality we use ¢; (&1, ..., &)IIF_ ;. (&) # 0 only if j; < j. Here and in the
following, with a small abuse the notation we write ¢; in different dimensions. Thus the first result
follows from the definition. In the following we prove the second result. By definition we have

Hf||C§?E(A§7p) = sup Sup2la”Al T (‘Tl?"‘?zi—17.7‘ri7"'7‘rk)||L°C(A57p(fr17...,.'1,‘,i717',.7}i,.4.,1)k))
‘ zj €N, jF

= Sup 2laHAl xlf”LOO(A’g',p) S Sl;p 2la Z HAZ xlAjf”Lm(A’g,p)

I<i

Ssup 2D A5 Fll e (ar ) S sup 2D 279 fllgesarpy S IFllces (ar s

ISi I<i

where in the first inequality we used ¢; (&1, ..., &) wi(&) # 0 only if [ < j and in the last inequality we
use o > 0. For the converse statement we have

Kk
”f”CO"E(A’;,p) = sup 2ja”A§f||L°°(A’;,p) S sup 27 HAE jm)fH
J J —1<4i <Je» i=1
i=1,....k

k
<Zsup22“” ) IRD i 1] =V
i=1

where we used the fact that ©;(&1, ..., &), ¢, (&) # 0 only if there exists one j; «~ j in the third
inequality. Thus the second result follows. O

Looo=(Ak,p)

< Zsup Z 207

Jivg

’AE H Ajia:) fHLoc (Ak

P)

By similar argument as in the proof of [GH21, Lemma A.16] and [MP19, Proposition 3.6], we obtain
the following estimate. We recall that we view all the functions on Ajas . as periodic functions on A..

Lemma A.2. Fora € R, p,q € [1,00], d =2

m = 8 Fllssne gy S 135 (A7)
Moreover, set
Jf(x1,22) = A Cume(r1 — 2)COme(22 — 2) f(2)dz,
and w
T f(x1,20,23) = A Cue(xr — 2)Cpme(z2 — 2)Crre(z3 — 2) f(2)dz.

If a <0,y >0, then for p(z1,72) = ;1($1)P1($2) with p1 1

1T fllca+a—ve(o) S 1fllcaeon)s (A8)
and for p(z1,x2,73) = p1(x1)p1(x2)p1(ws) with pr $1

|71 fllcete=ve(p) S I fllcoe(on)- (A9)

Here all the proportional constants are independent of € and M.
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Proof. We only give the proof of (A.8); (A.7) and (A.9) follow in the same way. Since Cyre =
Y ienze Ce(- +1), it is easy to see that

Cre(r1 — 2)Cr (e — 2) f(2)dz = /A Ce(x1 — 2)Chrre(xe — 2) f(2)d2

= / CM,e(xl - Z)Cs($2 - Z)f(Z)dZ,
Ac

Ane

with f being the periodic extension from Az to A.. By the definition of Besov spaces it is sufficient
to prove for —1 < j < je

IAST ooy S 27277 (If o (pu)- (A.10)

We have for &, € e71T?

F(T )& n) = FC()FCrme(mFf(§+n) = FCur,e(§)FCe(n)F f(§+n),
which combined with Z—Klgjg ¢; = 1 implies that

NTf= 3 F A5G0 ) FCOFCar ) FF(E+))

—1<k,1,5<]e

= Y F e FCAOFCar () FF (€ + )

kg, i<y

+ Y F ek (et ) FCure (OFC-)F (€ +m)

i~g,kSj
=J1+ Js.

Here we used the fact that on the support of ¢S, k ~ j or i ~ j. In the following we only consider .J;
and the estimate for Jo follows similarly. We have

h= 3> F (S e ©)eE FCAOFCure ()i (€ + MFL(E +1))

—1<I<Ge kg i<y

> Y F (th (3 n)s@k(ﬁ)sﬂf(n)fc’e(E)fCM,e(n)w?(f+77)ff(£+77))

155 k~gisy

=3 X FHe5E 9 )FCOFCoaren)) 5 FH (o (€ +mFF(E+m))

1<) k~g,i<j

d:ef le *e IQ.

I<i

Here we use the notation 5 for different spatial dimensions which is a small abuse of notation, and in
the second equality we note that on the support of ¢, |€ +n| < 27. Moreover, by a similar argument
as [MP19, Proposition 3.6] we can use the smear function v introduced in the definition of extension
operator £° and rewrite I; as the Fourier transform on R*. More precisely,

Z —7:]1@1 (7/}(55»577)(90;'%%(5’77)(Qpi)ext(f)(‘pi)ext(W)Fce(g)fCM,a(n))~ (A.11)

k~jiisi

Here (apj)ext means periodic extension of ©5 from £ 'T? to R? and we extend FC., FCue to R? by
the following formula:

1 1
FCe(&1,6) = 2[m + 4(sin®(ew&y) + sin®(ewén)) /2] - 2(m +15(€))’
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and by Possion summation formula
1
FOus() = 3 FC6) Y dol€—mn), (A.12)
ne 422
where Jj is the Dirac measure at 0. It is easy to see that
Lz, 22) = A] f(#1)e 1y =0y, 21,32 € A

Thus we use p(z1) < p(y1)(1 + |21 — y1|?) for some B > 0 to obtain

I lpec) S sup Y& Y 1Ly — 21,92 — 2)|(L+ |yn — 21 )| AT fll o (o0)-

y1,Yy2€A: 1<j wi€A.

On the other hand since o < 0

ZHA Fllzoos(p1) <Z2 U fllcc oy S 27 fllces (o)

1<j 1<j

and
11(.1‘) = 22]"7],(21':1:17 332),
with

Z -7'-]1{41 <¢(52jfa577)(<P§)cxt(2j§aU)(Spi)cxt(ij)(@f)cxt(n)}-cs@jg)}-cs,M(77))~

k~ji<i
Now it suffices to prove for N € N
(1 + |1 )NV () S 2072009, (A.13)
Note that by (A.12)
RS ID VD Vi G LI TR OTE ARG

k~J mSj ne 4522
FC(2€)FC.(n)e?™Exrtnea) g,
By [MP19, Lemma 3.5] and using [o(27¢) = 229,55 (£), k ~ j and €2/ <1
0 ((e27€, en)(#)oxe (276, M (@R)ex (PO FC.276) ) | S 27 ¥ 1151,
which combined with
(1 + [a1 )V ()]

k~jm<s ne L 722
X (£8)ext (P OFC2E) )| FCe(m) (5 )exe (),

implies that for v > 0

1 1 .
1 (NP ()] < 2° QJ( 7> < 9=+,
L A P e Ve D DI v B
ne 4722 |n| <20
Thus (A.13) and (A.10) holds, which implies (A.8). O

We recall the following results for discrete Besov embedding, duality, interpolation and all the
results hold for ¢ = 0, i.e. the continuous setting. The following interpolation inequality are used
frequently, which is an easy consequence of Holder’s inequality and the corresponding definition. (see
[GH21, Lemma A.3] for the proof).
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Lemma A.3. Let p be a polynomial weight and 0 € [0,1]. Let o, a1, 9 € R and 6,01, 02 € R satisfy
0= 951 + (1 — 0)52, o = 90[1 + (1 — 9)0&2,

and P,q,P1,491,P2,q42 € [1700] Satisfy

1 0 1- 1 _ 6 |, 1-0
p—mn T m i utl @
Then it holds that
0 1-6
1005 < 171551 oy 1Al (A.14)

Lemma A.4. Let p be a polynomial weight. Let a € R and p1,q1,p2, g2 € [1,00] satisfy
_ 1 1 _ 1 1
1=—>+ ==+
Then it holds that
(£.9)e S 11zt o) l9ll e s

Proof. See [GH21, Lemma A.2]. O

We recall the following Besov embedding theorems (c.f. [MP19, Lemma 2.22]):

Lemma A.5. (i) Let 1 <p1 <K pa <ooandl < q1 < ¢ <00, andleta € R, py < p1. Then Bps (p1)
d

- Furthermore, if cg — p% <ai—-2 and

is continuously embedded in BS2E (p2) for ag — 1% <ar—5- o

P2,92
lim|g| o0 p2(2)/p1(2) = 0, the embedding is compact.

(11) Let 1 < p < oo, € >0. Then Bgf(p) C L*#(p) C Bg:;(p) and Bgﬁ(p) C LP=(p) C BYS,(p).
(iii) Let v € (0,1),p € [1,00]. Then

1 llgse S IV gy + 1l ye-

Proof. See [MP19, Lemma 2.22] for the proof of (i). (ii) and (iii) follow from [GH21, Lemma A .4,
Lemma A.5]. O

Recall the following result on the bounds for powers of functions (c.f. [GH21, Lemma A.7], [MP19,
Lemma 4.2]).

Lemma A.6. Let a > 0. Let p1, ps be polynomial weights. Then for every B > 0 it holds that
121 B¢ (01 p2) S N FllL2ee (o) | F [l e +28.2 )
Forpe[l,o0], v <0< a witha+~ >0 and 8 > 0 it holds that
1 £9l 85 (o) S Nl Bo S (o) llgll 6.2 ()
Now we prove the following Schauder estimate for discrete heat semigroup Py = et(Be—m).

Lemma A.7. Let p be a polynomial weight and o € R,p € [1,00],T > 0. Then it holds that for
a— a—2/p,
f € LIZ)“Bp,pzs(p)ag € B;DJD /PE(p)

|, .o

||P€9HLT;B§;§(p) S HgHBg’f/p‘s(

<
LyBis (o) ™ 112z 552 oy
and

p)’
where the proportional constants are independent of T and €.
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Proof. By [GH21, Lemma A.16] we have that for ¢ > 0

€ pe —ct(2¥ +m €
IASPE flloe (o) S € ™ A5 Fll e (),

with the proportional constant independent of € and %, which implies that

=S o [ / ASPE fds||)
H/ ey g0 2]: / et
T t p
s [ ([ 1ATR i) a
j 0 0
T t . »
gzgam/ (/ —clt—s)(2 +m)‘|A§fHLp,a(p)ds) dt
i 0 0
s [ ([, ) ([ e iman)
< e U peryds e S
- 0 0 JJ NLP-=(p) o
SJZQOUPQ* J(p— )A /S e—c(t—s)( +m)dt||A§f||I£p,s(p)ds
J

where we change the order of integral in the fourth inequality. The first result then follows form the
definition of Besov space. Similarly we have

”PEQHLPBO‘E )<22ajp/0 ”AaPteg”LpE
J

aj e ¢ J4+m
’SZQ Jp/o tp(2% + )HAsQHLps(p)d

< 22“”‘“ A5l -

dt
Lr=(p)

Thus the result follows. ]

Now we recall the following property of £ in Besov spaces.
Lemma A.8. For any o € R,p,q € [1,00] the family of extension operators
&5 By (p) = Byy(p), & CI(p) = CL(p),
defined in (A.4) and (A.5) are uniformly bounded in e.

Proof. See [MP19, Lemma 2.24] for the proof of the result for £. The result for & follows from
similar argument. O

Lemma A.9. Forpe[l,0], v <0< a witha+v >0 and 8 > 0 it holds that
1€5(f9) — E°FE° 9l By (prn) S 0SB (1) |9l cv8e ()
Proof. See [MP19, Lemma 4.2]. O

We prove the following result by the same argument as in [MP19, Theorem 5.13].

6[GH21, Lemma A.16] only proves the result for p = 1 and the same result also holds for general p € [1,00] by
exactly the same argument
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Lemma A.10. Assume that
(m - AE)uS = fe
and p be some polynomial weight. It holds that for « € R and 6 > 0

1€5ue — (m — D)€ fel|gara-s(p) S Ml fell oo (o)

Proof. It is easy to see that
(m—A)Eu. = E5(m — A)u. = E° fe. (A.15)
Moreover, by [MP19, Lemma 3.4] and Lemma A.8, (A.7) we know for any § > 0

lm — A)E U — (m — A)E¥ullga-s(p) S 1% a2y S e lluclcasze) S €Il lcme (o)

which implies the result by (A.15) and Schauder estimate for (m — A)~!. O
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