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ABSTRACT. We give a new derivation of the finite N master loop equation for lattice Yang-Mills
theory with structure group SO(N), U(N) or SU(N). The SO(N) case was initially proved by
Chatterjee in [Chal9a], and SU(N) was analyzed in a follow-up work by Jafarov [Jafl6]. Our
approach is based on the Langevin dynamic, an SDE on the manifold of configurations, and yields
a simple proof via [t6’s formula.

1. INTRODUCTION

Let G be the Lie group SO(N), U(N), or SU(N). The goal of this paper is to derive the finite N
master loop equation for the lattice Yang-Mills theory with gauge group GG. This was first obtained
in [Chal9a] for G = SO(N) and then in [Jaf16] for G = SU(N).

We recall the setup, closely following the notation in [Chal9a]. Let A be a finite subset of Z<.
We recall that a lattice edge is positively oriented if the beginning point is smaller in lexographic
order than the ending point. Let ET (resp. E~) be the set of positively (resp. negatively) oriented

edges, and denote by E;{, E) the corresponding subsets of edges with both beginning and ending

points in A. Define E LBt UE- and let u(e) and v(e) denote the starting point and ending

point of an edge e € E, respectively. A path p in the lattice Z¢ is defined to be a sequence of
edges ejeg - - - e, with e; € E and v(e;) = u(ej41) for i =1,2,--- ,n— 1. The path p is called closed
if v(e,) = u(e1). A plaquette is a closed path of length four which traces out the boundary of a
square; more precisely it is non-backtracking in the sense of [Chal9a, Sec. 2]. The set of plaquettes
is denoted as P and Py is the set of plaquettes whose vertices are all in A, and PX is the subset of
plaquettes p = ejeqezeq such that the beginning point of e is lexicographically the smallest among
all the vertices in p and the ending point of e; is the second smallest.

The lattice Yang-Mills theory (or lattice gauge theory) on A for the gauge group G, with 8 € R
the inverse coupling constant, is the probability measure pj n g on the set of all collections @ =
(Qe)eeEj{ of G-matrices, defined as

dpans(Q) = Zy 'y 4 exp(NﬂRe > Tr(Qp)> I1 don(@o), (1.1)

pePY ecEf
where Zj n g is the normalizing constant, @, gef Qe, QeyQesQe, for a plaquette p = ejegeseq, and
on is the Haar measure on GG. Note that for p € PX the edges es and ey are negatively oriented, so

throughout the paper we define Q. o Qe__ll for e € E—, where e~! denotes the edge with orientation
reversed. Also, Re is the real part, which can be omitted when G = SO(N). We do not intend to
further discuss the background and motivation for the above model (1.1); instead we refer to the
review paper [Chal9b].
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For a closed path p = e; - - - e, p’ is said to be cyclically equivalent to p if p’ = e;jej11 - - eperes - - -
for some 2 < i < n. Cyclical equivalence classes are referred to as cycles, and a cycle with no back-
tracking is called a loop and denoted by I. By [Chal9a, Lemma 2.1], for any cycle [ there is a
unique loop denoted as [I] by successive backtrack erasures until there are no more backtracks.

A loop sequence s = (I1,...,ly) is a collection of loops; more precisely it is an equivalence class
understood up to a insertion and deletion of a null cycle (think of ee™! for instance). The length
of a loop [ is denoted by |l|. For a loop sequence s with minimal representation (I1,...,[,), the

length is defined as

5] = > 1l (1.2)
=1

We refer to [Chal9a, Sec. 2] for precise definitions of loop sequence, minimal representation, loca-
tion, etc.

Given a loop [ = ejes - - - €5, the Wilson loop variable W, is defined as

- TI'(QelQez e Qen) .

By cyclic invariance of the trace, this definition is independent of the particular representative
chosen in the equivalence class {. Write E for expectation with respect to (1.1). For any non-null

loop sequence s with minimal representation (l1,...,l;,) such that each [; is contained in A, define
def def W
W =W, Wi, W,., o(s) = EN; : (1.3)

The master loop equation is a recursion which expresses ¢(s) in terms of a linear combination of
¢(s'), where s’ is a loop sequence obtained by performing an operation on s. The operations are
called splitting, twisting, merger, deformation, and expansion; each being further divided into a
positive or negative type. This leads to a definition of sets T*(s), ST(s), M*(s), D*(s), E*(s)
of all loop sequences obtained by performing one of these operations on s. The precise definition
is given in (O1)-(O5) in Section 4, but we also recommend the graphs and further discussion in
[Chal9a, Sec. 2.2] for additional intuition.

Moreover, to state the theorem, we define as in [Jaf16]

Us)Z N te)?,  He) =D tile) (e€ EY) (1.4)
ecEt i=1

def
and t;(e) = the number of occurrences of e minus the number of occurrences of e~! in the loop I;.

The following is the finite N master loop equation for the model (1.1).

Theorem 1.1. Let s be as above, and suppose that all vertices that are at distance < 1 from any
l; belong to A. Then for G = SO(N) ([Chal9a, Theorem 3.6])

(N —1)|sle(s) NBZ¢ Nﬁqu +NZ¢ qus

s'eD— s'eDT (s s’'eS— s'eSt (s
+ Z¢<s’)— Z¢<s +fZ¢ ——Z o(s (1.5)
s'€T—(s) s’€T+(s) SGM (s) s€M+(

For G = SU(N) (]Jaf16, Theorem 4.2])

(W1s1 = A9y = 22 > ot S e+ N Y o) N Y ol

s'eD— s 6]D)+(s s'€S™(s) s'€STt(s)

BZ¢ MY ol +f§j¢ - X ol

s'€E(s) s'€RT(s) s'€My; (s) s'€M (s)

(1.6)

€i—1
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L' For G = U(N),
N
Nlslo(s) 5Z¢ Z¢ 4N 3 ol)=N 3 ot
s'eD— s'eDT (s s'€S(s) s'eSt(s) (1 7)
+% > ¢><s'>—% > o)
s'eMy; (s) S/EMIJ;(S)

The proof of this theorem in [Chal9a, Jafl6] is based on Stein’s exchangeable pairs and integra-
tion by parts (see Sec. 5 - Sec. 8 therein). Here we reprove it using a simple Langevin dynamic and
1t6 calculus. To illustrate the basic idea, recall that for standard Gaussian X, one has integration
by parts (Stein’s lemma) E[X f(X)] = E[f’(X)]. This identity can be derived in a simple way from
1to’s formula applied to a Langevin dynamic as follows. Consider the Ornstein-Uhlenbeck process
dX; = —%Xtdt—i-dBt for a Brownian motion B. Let F be an anti-derivative of f,i.e. F/ = f. Then
dF(X;) = F'(X;)(—3X:dt + dBy) + $F"(X;)dt. In stationarity, taking expectation yields Stein’s
lemma. Our proof of Theorem 1.1 is based on a generalization of this idea.

Chatterjee and Jafarov [Chal9a, Jafl16] have used the master equations to study various proper-
ties of Wilson loops in the large N limit under a smallness constraint in 5. Further investigations
were initiated by Basu and Ganguly [BG18], where more structure is deduced on the limit in the
two dimensional lattice setting. We also mention that the Langevin dynamic can also be used to
prove large N limit, mass gap property and uniqueness of the lattice Yang—Mills model on the
whole lattice, see [SZZ22].

Master loop equations for lattice gauge theories were originally stated in Makeenko-Migdal’s
paper [MM79], thus are also often called Makeenko-Migdal equations. The first rigorous version
was established for two-dimensional Yang-Mills model in continuum in [Lév17], and alternative
proofs and extensions were given in [Dah16, Dril9, DGHK17, DHK17] on plane or surfaces. These
equations belong to a general class of equations arising in quantum field theory and random matrix
theory, known as Integration by Parts or Schwinger—Dyson equations. See for instance [CGMS09,
GN15] who derived Schwinger-Dyson equations for orthogonal and unitary multimatrix models,
which are to some extent related with the lattice Yang—Mills model.

We remark that the lattice cutoff is a key simplification which allows us to prove Theorem 1.1
in any dimension; it would be much more challenging to prove similar results in the continuum
(besides the aforementioned two-dimensional results). It would be natural to conjecture that the
Langevin dynamic in Section 3 - which is the main ingredient in our proof - has a scaling limit
given by the ones recently constructed in [CCHS22a, CCHS22b] on the two and three dimensional
torus. Since our proof is relatively more elementary, we hope that it would make it easier to study
related questions or other gauge theory models. We also refer to [Chal9a, Sec. 18] for a more
comprehensive list of open questions.

Acknowledgments. H.S. gratefully acknowledges financial support from NSF grants DMS-1954091
and CAREER DMS-2044415, and helpful discussions with Ilya Chevyrev. S.S. and R.Z. are grateful
to the financial supports by National Key R&D Program of China (No. 2022YFA1006300). R.Z.
is grateful to the financial supports of the NSFC (No. 12271030) and helpful discussions with Xin
Chen. S. A. Smith is grateful for financial support from the Chinese Academy of Sciences. We also
would like to thank Todd Kemp for discussion on relevant references.

lCompared to [Jaf16, Theorem 4.2] we use a different notation M for the sets of merger terms to distinguish it
from SO(N) case.
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2. PRELIMINARIES

This section collects some standard facts about Brownian motions on a Lie group G or its Lie
algebra g, mostly from [Lév17, Sec. 1].

We write the Lie algebras of SO(N), U(N), SU(N) as so(N), u(N), su(NN) respectively. Every
matrix ¢ in one of these Lie groups satisfies QQ* = Iy, and every matrix X in one of these Lie
algebras satisfies X + X* = 0. Here Iy denotes the identity matrix, and for any matrix M we write
M* for the conjugate transpose of M. Let My(R) and My (C) be the space of real and complex
N x N matrices.

We endow My (C) with the Hilbert-Schmidt inner product
(X,Y) =ReTr(XY*)  VX,Y € My(C). (2.1)

We restrict this inner product to our Lie algebra g, which is then invariant under the adjoint action.
In particular for X,Y € so(N),u(N) or su(N) we have (X,Y) = —Tr(XY).

It is well-known that this induces an inner product on the tangent space at every Q € G via the
right multiplication on G. Indeed, given any X € g, the curve t — e*XQ is well approximated near
t=0by Q+tXQ up to an error of order 2. Hence, for X,Y € g, XQ and Y Q are two tangent
vectors on the tangent space at Q € G, and their inner product is given by Tr((XQ)(YQ)*) =
Tr(XY™).

Denote by B and B the Brownian motions on G and its Lie algebra g respectively. B is charac-
terized by

E|(B(s),X)(B(t),Y)| = min(s,t)(X,Y) VX,Y eg. (2.2)
By [Lév17, Sec. 1.4], the Brownian motions B and B are related through the following SDE:
A% =dBo®B =dBB + CQ—QSBdt, (2.3)

where o is the Stratonovich product, and dB B is in the It6 sense. Here the constant ¢y is determined
by Y-, v2 = cgln where (va)il;nfw is an orthonormal basis of g. Note that dimg g indicates that
for matrices with complex entries, dimension is counted with respect to R. Moreover, by [Lév17,
Lem. 1.2],

1 NZ -1

Coo(v) = —5 (N =1). ) =N, ) =~

Note that in [Lév17, Lem. 1.2], the scalar product differs from (2.1) by a scalar multiple depending
on N and g, so we accounted for this in the expression for ¢4 above.

(2.4)

Denote by ¢ the Kronecker function, i.e. d;; = 1 if ¢ = j and 0 otherwise. For any matrix M, we
write M% for its (4, j)th entry. The following holds by straightforward calculations:

1

d(BY, BM) = 5(5ik5jg — 800 )dt, g =50(N); (2.5a)
3 1
A(BY, By = (— 6001 + Naijéu) dt , g = su(N). (2.5¢)

Remark 2.1. The relation (2.5¢) can be deduced from (2.5b) as follows. Given a u(N) Brownian

motion t — By, we may define an su(N) Brownian motion t — B, by letting B, 1o By — % Tr(By)In.

Since any X € su(N) C u(N) is traceless, the identity (2.2) satisfied by B implies the same identity
for B in light of the equality (By, X) = (By, X), which follows from (In,X) = Tr(X) = 0. To obtain
(2.5¢) from (2.5b), note that off diagonal entries of B are identical to those of B, so (2.5¢) holds
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if i # j and k # . Similarly, since on-diagonal entries of B are independent from off-diagonal
entries, it holds that (B%, Bk£> =0 for k # £, again consistent with (2.5¢). For k = {, note that

PP 1 1 1
AB", B = (B - ZB” B ZB”> ety N )= (et

1
N)dt,

where we used the mdependence of dzagonal entries of B.

Remark 2.2. Note that the choice of this inner product (2.1) may differ among the literature by a
constant multiple. (2.4) will then differ by (the inverse of) the same constant. The r.h.s. of (2.5a)
— (2.5¢) should then also be multiplied by the suitable constants.

3. YANG MILLs SDE

Recall that for any function f € C°°(G), the right-invariant derivative is given by %|t:0 f(etXQ).
Define the configuration space as the Lie group product Q = GEX , consisting of all maps @ : e €
E/J{ — Qe € G. Let q= gEX be the corresponding direct sum of g and note that q is the Lie algebra
of the Lie group Q. For any matrix-valued functions A, B on EX, we denote by AB the pointwise
product. Given X € q, the exponential map ¢ — exp(tX) is defined by exp(tX)e Lo ot Xe,

As above, the tangent space at ) € Q consists of the products X@Q with X € g, and given two
such elements X and Y @, their inner product is defined by

(XQ,YQ) = Y Tr(X.Y).

eEEX

Given any function f € C°°(Q), the right-invariant derivative is given by & ;o f(exp(tX)Q). For
each @ € Q, the differential Vf(Q) is an element of the tangent space at () which satisfies for each
Xeq

Vi), XQ) = | flewx)Q) (31)

Denote by 8 = (%@)eeEX and B = (Be)eeEX the Brownian motions on Q and g respectively.
These are independent on distinct edges, and for each edge e, B, and B, are related through (2.3).
Let S(Q) = &' NBRe ZpePX Tr(Qp). We consider the Langevin dynamic for the measure (1.1), which
is the following SDE on O

dQ = %VS(Q)dt LB (3.2)

We now derive an explicit expression for VS. For a plaquette p = ejesezes € P, we write p > €1
to indicate that p is a plaquette that starts from edge e;. Note that for each edge e, there are
2(d — 1) plaquettes in P such that p > e. For any Lie algebra g embedded into My (C), it forms a
closed subspace of My, and therefore My has an orthogonal decomposition My = g @ g*. Given
M € My, we denote by pM € g the orthogonal projection onto g.

Lemma 3.1. It holds that
VS(@e=NB > Q- (Q)7", (3.3)
PEPA,p>€

where - is matriz multiplication.

Proof. To prove the claim, fixing an edge e € EX, let X € g and with a slight abuse of notation
we write X € q to be the function which is X at e and zero elsewhere. Note that for every p € 737{
that contains both the beginning point and the ending point of e, there is a unique way to obtain a
plaquette p € Py such that p > e by a cyclic permutation and possibly a reversal of the four edges.
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One then has Tr(Q;) = Tr(Q)) (without reversal) or Tr(Qp) = Tr(Q, ') = Tr(Q};) (with reversal).
We have

ReTr(exp(tX)Q,) = ReTr((exp(tX)@p)") = ReTr(XQp)

&’t_ dt‘

where we used (X@Qp)* = (XQp)!. Therefore the derivative of S at @) in the tangent direction X@Q
is equal to N times

D O ReTr(XQp) = Y. (X,Qp)= > (X,pQp)= > ReTr(X'pQ;). (34)

PEPA,p>€ pEPA,p>€ PEPA,p>€ PEPA,p>e

Furthermore, note that
(VS(Q)e, XQe) = ReTr(VS(Q)eQ:iX™) = ReTr(X*VS(Q)Qr) - (3.5)
To ensure that (3.4) and (3.5) agree, we have (3.3). O

For specific choice of Lie algebras, our SDE system reads

Q. — %VS(Q)edt + %chedt +dB.Q.,  (ecED) (3.6)
where ¢g is as in (2.4) and
1 SINE Y (@ Qe g € {s0(V),u(V)} .
*VS(Q)e _ 1 pE'PA,p>-e 1
2 — N8 Y ((@p ~ Q) - @ - QIN)Qe s gesu(N).
PEPA,p>e
(3.7)

While our measure (1.1) and the dynamic are both defined on the configuration space Q = GEX
(in particular the above SDE system is parametrized by e € EX), when we apply it to Wilson loops
later, we will also need to differentiate Q.1 for e € EX, which is just QF. So we give the conjugate
transpose of (3.6):

Q" = %(VS(Q)e)*dt + %ch: 4 QB (€ EY). (3.8)

This system is well-posed and has (1.1) as invariant measure, as we show in the next two lemmas.

Lemma 3.2. For fized N € N, T > 0 and any initial data Q(0) = (QE(O))eeEX € Q, there exists
a unique solution @ = (Qe)eeE,f € C(]0,T); Q) to (3.6) a.s

Proof. For fixed N and A, we can write (3.6) as the system for the entries of the matrices Qe,
which can be viewed as a finite dimensional SDE with locally Lipschitz coefficients. We introduce
a stopping time

=inf{t > 0: |Qc(t)]|oc > 2, for at least one e € Ef} AT,
and we obtain local solutions @ = (Qe)eEEX with Q. € C([0,7]; My) for e € Ej{, which satisfies
(3.6) before 7, by fixed point argument (see e.g. [LR15, Chapter 3]).
Since for e € Ej{, VS(Q). belongs to the tangent space of G at Q., and the generator associated

with dBeQ. + £ B.Q. is given by  of Laplace-Beltrami operator on G (see (2.3)), exactly the same
argument as in [Lév17, Lemma 1.3] implies that Q.(t) € G, ¥Vt > 0, and 7 =T a.s.. O

Lemma 3.3. (1.1) is invariant under the SDE system (3.6).
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Proof. By standard calculation (cf. [Hsu02, Chapter 3]) the generator L for our SDE with F' €
C>®(Q) is

1 1
LF =3 d A F+ ) 5(VS(Q)e, Vo F). (3.9)
eEEX' eEE;{'

Here Ag, and Vg, are the Laplace-Beltrami operator and the gradient (w.r.t. the variable Q.) on
G endowed with the metric given in Sec 2. Using integration by parts w.r.t. the Haar measure, we
have for F,G € C*(Q)

/(LF)GdMA,N,ﬂ =— % > /<VQ5F7 VS(Q)e)Gdpa N,g +% > /<VQ5F7 VS(Q)e)Gdpua,n,s

eGE/J\r eeElJ\r
1
-3 Z /(VQEF, Vq.G)dpa N (3:.10)
eGE/J\r
1
=-3 Z /(VQEF, Vq.G)dpang = /(LG)FdNAvNﬂ’
eGE/J\r

where we exchange F' and G in the last step. Hence, L is symmetric w.r.t. ua n g and the result
follows by L1 = 0. g

Using Lemma 3.2, we can choose pip v g as an initial distribution and obtain a stationary solution
Q € C([0,T]; Q). We will fix this stationary solution in the following proof.

Remark 3.4. Dynamics very similar with ours (3.6) seem to have appeared in physics and are
used for Monte Carlo simulations for lattice gauge theory, see e.g. [BKKT85, GL83].

4. PROOF OF THE MAIN THEOREM

The proof of Theorem 1.1 is based on the It6 formula applied to W according to the dynamics
(3.6). The master theorem for ¢(s) is obtained by normalizing and taking expected value. The
nonlinear drift of the SDE yields the deformation and expansion terms, while the It6 correction
leads to the splitting, twisting and merger terms, in addition to a multiple of Wy, which combined
with ¢y part gives the left-hand side of the master loop equation (1.5).

We recall from [Chal9a, Sec. 2] and [Jafl6, Sec. 2] the following notation and definitions.

(01) ><glwl and xiyl denote the pair of loops obtained by positive splitting of [ at z and y if [
contains the same edge e at x and y, or negative splitting if [ contains e at location = and

e~! at location y. For | = aebec (where a, b, ¢ are paths and e is an edge), xalj,yl & [aec] and

Xi’yl & [be]. For | = aebe™'c, xglwl & [ac] and Xi’yl & [b]. We say that a loop sequence s’

is obtained from splitting s provided that exactly two components of s’ arise from splitting a
single loop in s. The sets ST(s) and S™(s) consist of all loop sequences obtained from positive
or negative splitting of s, respectively.

(02) oz I denotes the negative twisting if [ contains an edge e at both = and y, or positive twisting
if I contains an edge e at location x and e~ ! at location y. For | = aebec, o .y | o [ab~1c].

For | = aebe ¢, Ky | o [aeb‘le_lc]. We say that a loop sequence s’ is obtained from
twisting s provided that exactly one component of s’ arises from twisting one loop in s. The
sets T (s) and T~ (s) consist of all loop sequences obtained from positive or negative twisting
of s, respectively.
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(03) | ®py ! and 1 ©,, ' are positive and negative mergers of [ and I’ at locations z,y. For
| = aeb and I' = ced (where a,b,c,d are paths and e is an edge), | ®,, ' = [aedceb],
1 ©zyl' = [ac™rd™1b]. For | = aeb and I = ce™1d, | @, ' = [aec™ deb], | ©, 4 ' = [adch]
(here = and ¥y are the unique location in I and I, respectively, where e or e~! occurs and e is
the edge occurring at location x in [). We say that a loop sequence s’ is obtained from merging
s provided that exactly one component of s’ arises from merging two loops in s. The sets
M (s) and M~ (s) denote all loop sequences obtained from either positive mergers or negative
mergers of s. Furthermore, we define two more sets M;(s) C M™(s) and M;(s) C M~ (s);
the first consists of positive mergers resulting from an edge e appearing in both of the two
merged loops; the second consists of negative mergers where an edge e occurs in one loop and
e~ ! in the other.

(04) @, p and [ ©, p are deformations obtained by merging [ and p at locations = and y (here y is
the unique location in p where e or e~ occurs and e is the edge occurring at location x in [ ).
We say that a loop sequence s’ is obtained from deformations of s provided that exactly one
component of s’ arises from deformation of one loop in s. The sets D" (s) and D~ (s) consist
of all loop sequences obtained from positive or negative deformations of s, respectively.

(O5) A positive expansion of [ at location = by a plaquette p passing through e~! replaces [ with
the pair of loops (I,p). A negative expansion of [ at location x by a plaquette p passing
through e replaces | with the pair of loops (I, p). The sets ET(s) and E™(s) consist of all loop
sequences obtained from positive or negative expansions of s, respectively.

In preparation for an application of the It6 formula, we recall a convenient matrix analogue of
1t6 differentials. To treat each of the three groups G in a unified way, we introduce parameters A,
v, and p as follows. For G € {SO(N),U(N),SU(N)}, we rewrite (2.5) as

ABYdB* < A(BY, B = (A6udjr + v0ij0ke + pdadie) dt (4.1)
where A, u, v depend on G and the choice of the inner product. Since we will apply [t6 formula to
products of matrices, we will use a matrix variant of the standard dBdB notation for formulating
1t6’s rule. Given a matrix M, we use the shorthand dBM or dBMdB, which should always be
understood by writing it in components as a matrix product and in the latter case applying (2.5).
This leads us to two useful identities which will be crucial in the proof of Theorem 1.1.

Given adapted matrix-valued processes M, N, we have the following two identities

dBMdB = (ATtM +vM + pM')dt. (4.2)
Tr(dBM)Tr(dBN) = ()\Tr(MN) + vTr(M)Tr(N) + ,uTr(MNt))dt. (4.3)
The first follows from (4.1) by fixing components ¢, ¢ and writing
(ABMdB)* = " dBYM*AB =~ MI* (A6i681, + 161500 + pdindje) dt ,
J.k g,k
= (A6 TrM + v M™ + pM*)dt.
The second follows in a similar way, since
Tr(dBM)Tr(dBN) = Y dBY M7 dBMN* = N~ MIN (X6:40jk + v0ijone + pndixde) dt
ikl i.j,kl
- (ATr(MN) + UTe(M)Tr(N) + ,uTr(MNt))dt .

We remark that the identities (4.2)-(4.3) are not new, and are sometimes called the “magic formu-
las”, see e.g. [DL22, Lemma 7.1] for more background and literature, or [Sen08, Lemma 4.1].

We now turn to the proof of the main theorem.
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Proof of Theorem 1.1. Let s be a string with minimal representation (I1,...,l;), then we may view
the quantity ¢(s) as the mean of the stationary It6 process N~™II" 1T/Vl For each constituent
loop I € {ly,...,ln}, there exist edges (depending on [) labelled ey,...,e, € E such that W; =

Tr(Qe, -+ Qe, ). Applying Itd’s product rule with (3.6) and (3.8) yields
aWi = (Wi + D+ T )at +d, (4.4)

where we define

Dy Tr(gﬁczez[vs (@t +(VSQ ) Lip] T[ @) (45)

=1 i=x+1
z—1
g, ZTr(HQel (4B, Qe lesepr + Qe dBiil o1 g H Q..):
r=1 1=1 i=x+1
Tidt = Y Tr(Qa dQe, Qb dQe, Qc). (4.6)
<y

and recall that e, € B~ < e;! € ET (with the usual convention used above and below that an
empty product of matrices is [ N). In the definition of Z; we use the shorthand notation

Qa d—Ef H Qe“ Qb o H Qe,v Qc d_ef H Qel

i=x+1 i=y+1
and omit the dependence of these quantities on x and y.

Below, in Step 1 we write Z; in terms of the splitting and twisting operations, leading to the
identity (4.9). At this stage we have the dynamic for each fixed loop in s and now want to analyze
W, which is itself a product of [t6 processes, so we apply [t6’s product rule again and obtain

AW, = d(II72, W,,) = > dW,, I W, + Zedt
i=1

m
¢
= Eg]s]Wsdt + Y (T, + Dy, )Wy dt + odt + d M, (4.7)
=1
where M, is a martingale and Z; denotes the It6 correction defined by

Tdt = AWy, dW, g ;W

1<j

dcf

which is calculated in Step 2 in terms of the merger operation, leading to the identity (4.12). In
Step 3, we express D; in terms of the deformation and expansion operations using the expression
(3.7) for the drift VS, leading to the identity (4.14). Next, we normalize Wy by dividing (4.7) by
N™, taking expectation on both sides, and using stationarity to obtain

m
D151(s) = B[ D (T + D)V, + L) (48)
i=1
In the final step, we consider each particular Lie group, specifying cq4 according to (2.4), the pa-

rameters A, u, v as in (2.5), and use the output of Steps 1-3 to show that the RHS of (4.8) can be
closed in terms of ¢, leading to the master equations (1.5)-(1.7).

STEP 1. In this step we analyze an individual loop W; and argue that

I:—7(|l|—€ Wl—— Z W/+— Z Wy +f > Wl/—— Z Wy o (4.9)

s'eS— s'eSt(l l/eT 1) l’eT+
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where ¢(1) is as in (1.4) (with m = 1 there). To prove the claim, we apply (3.6)+(3.8) to (4.6).
Since (Be) ccEt are independent, the contribution to (4.6) is restricted to x,y with the property

that e, = e, or e, = e; 1. Since the dynamics in (4.4) also depends on the orientation of the edge,
we sub-divide each case into two further cases e, € ET and e;! € ET to obtain the identity

Ildt = Z (Jl(l)ley:eerJr + Jl(2)1e;1:e;1€E+ + Jl(3)161;1=€z€E+ + Jl(4)1€y=€;1€E+>7 (410)
<y
where Jl(i),z' =1,2,3,4, are defined by 2
IVt T (Qu(dB.,Qe.,) Qu(dBe, @, ) Qe ) -

def

(
It T (Qu(Qe dBL1 ) Q0(Qe,4B-1) Qe ) |
Tt T (Qu(dBe, @, ) Q(@e, 4B, 1) Qe
Tt T (Qu(Qe, dB1) Qu(dBe, Qe, ) Qe ).

Recall that B} = —B.. To analyze each term, we will apply (4.2) with a suitable choice of M
and B, while taking into account the relation between e, and e, imposed by the indicator function

according to (4.10). For Jl(l) and JZ(Q), the role of M is played by Q.,Qp and QyQ., respectively,
while the role of B is played by B., and B:,l = —36;1 leading to

(4.11)

IV = I = N (Qen Q) Tr (QaQe, Qc) + VT (QuQe, QbQe, Q) + 1TH(QuQp1Qe) |
where we note that p # 0 only if G = SO(N) in which case Q* = Q. In a similar way, we obtain

I = I = AT (Q) Tr(QaQe) — vTr(QuQe, QbQo1Qc) — 1T (QuQe, Qp1Q,1Qc),

where we used cyclic invariance of the trace and Q¢,Qe, = Q, Q7 = IN.

From the definition of splitting terms in (O1), the terms above with a coefficient A contribute
the splitting terms in (4.9). Indeed, recall that after choosing a closed path in [ and writing the
loop as [ = e - - - ey, the sets ST(I) and S~ (1) consist of all loop sequences s’ = (x}myl, xi,yl) where
the locations x # y have the property that e, = e, or ey = e I respectively, according to whether
the splitting is positive or negative. Note that in the calculation above z < y, however if we let
s" i= (Xy 1, %2 1), then Wy = Wy Here, we recall from the discussion in [Chal9a, Sec 2.2]
(below definitions of S, S therein) that if a loop [ has a splitting at = and y, then it also has
a splitting at y and z, and they are reverse of each other, and should be counted as two distinct
splittings of [. This gives the coefficient A/2 before the splitting terms. The same applies to twisting

and we will keep this in mind below.

*
€z

The sets TT(l) and T~ (1) consist of all loops of the form o, [ where the locations x # y have
the property that e, = e, or e, = e;l respectively, according to whether the twisting is positive or
negative. Hence, from the definition of the twisting terms (O2), the terms with a coefficient u lead
to the final two terms in (4.9).

Finally, we turn to the terms with coefficient v, and begin by introducing the following notation:
for any edge e € ET we let A(e) be the set of locations in [ where e occurs and B(e) be the set of
locations in [ where e~! occurs. The terms with coefficient v are given by

W (Teime, =10,

<y

2When e € E~, (3.8) yields dQ. = dQi_1 = () +Q:1dB)_1 = (---) + QedB_; where (- -) is the drift.
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DD ( eomeleyme + 1o 1le o1 —Lomedy o1 — 1%_6711%_8)

<y ecE+

11

=i 37 (FHA@IIAC)] - 1) + SIBEIIBE)] - 1) - @)1 B)])

= 2w 37 (JA@)1+ 1B(e)] - (1A(e)l - 1Be)])?) = —2Wi(lll - £0),

ecE+

with £(1) = 3, g+ (JA(e)| — | B(e)])?

, which is precisely the first term in (4.9), completing the proof
of the claim.

STEP 2. In this step we consider the m constituent Wilson loops W;, in Wy and argue that

ZW:—% 3 Wr—gZWs/—i—’u > oow

2
s eM+ s'eMT (s)\M; (s) s'€My; (s) s'€M~(s)\M (s)

+r > ) tile)t(e)Ws

1<j e€ET

(4.12)

To analyze Z, we start by fixing two loops /; and [; with i # j, and analyze dW;,dW,,. First we
choose a path to represent each loop and write them as
li:H‘l| el = aelb, l]—H”| k—cejd
where we use a shorthand notation

o™ I ek b= H|kl ‘erlek’ ¢ I, — } gw d= Hllcl ‘y+1 i
Using again the independence of edges, taking into account (4.4) we obtain
[t 151
AW,dWi, =303 (L + 1, ) ) Tr(QadQu; Qo) Tr(QedQ; Qu).

z=1y=1

To ease the notation below, we will drop the superscript from the edge and simply write e, = e’

and e, = e}. Apply (3.6)+(3.8) to the r.h.s. of the above equation. Using B} = —B, and cyclic
invariance of the trace, we may re-write the r.h.s. above as

lLs| 1251

3 (1%:6%E prdD g IO 1, e JP 1, g J§4>) (4.13)
z=1y=1

where J, gi) are defined by

JVdt = Tr(dBe, Qe, QpQa) Tr(dBe, Qe, QuQe),
JPdt £ Tr(dB,1QuQaQe, ) Tr(dB,1QuQ:Q., ),
JOdt & Tr(dBewQeran)Tr(dBe;QdQchy),
JWdt = —Tr(dB, 1QuQuQe, ) Tr(dBe, Qc, QuQc).
We calculate these terms similarly as in Step 1 using cyclic invariance of the trace, Q¢, Qs = In,

the fact that 4 # 0 only if G = SO(N) in which case Q) = Q! , and taking into account the
relation between e, and e, imposed by the indicator functions.
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Applying (4.3) with M = Q. QyQq and N = Q.,QaQ, for Ji" and with M = Q,QuQ., and
N = QqQ:Qe, for JS(Q), under the assumption e, = e, we obtain

Js(l) = JS(Q) = ATT(QaQerdQCQerb) + VTI'(Qli)TI'(Qlj) —+ MTr(Q&chleleb)'
Simﬂarly’ applying (4'3) with M = QeszQm N = QdQchy and M = QanQez’ N = QedeQc,

under the assumption e; = e,/ I we obtain

J® = J® = ATr(QaQuQcQp) — vTr(Qy,)Tr(Qy,) — 1Tr(QaQe, Q—1Qu-1Qe, Qs).

We first note that for s = (I1,...,ly), the set M (s) is the collection of s’ which can be obtained
from s by merging some [; and l; with ¢ # j. If [; and [; can be merged at locations z and y
respectively, then s, s” defined by s' = (I1, ..., lic1,Li®zylj, liy ..., l) and 8" = (11, ..., [j=1, i By »
lj,lj,...,lm) both belong to M (s). Since i < j we need to account for both contributions, leading
to the factors of 1/2 in (4.12). An analogous characterization holds for M (s), M~ (s), and Mj;(s).

To find the contribution of the terms with coefficient p to Zs, we recall the definition of mergers
terms in (O3) and multiply by []_,; ; Wi, and sum over i < j to obtain

[Es] 1251

MZZZ (169:%%2‘9%911 o ley 1le@zy ) H VVZ

i<j z=1y=1 k#1,5
M Y
=5 2. We-g >, W
s'€M(s)\Mj; () s’ €M (s)\M; (s)

Similarly, collecting the terms with coefficient A, multiplying by [ ki g Vi and summing over ¢ < j
yields

L] 1451

MDY (e Wity — Loy Wiey,) TT W, = z W2 Y W

i<j z=1y=1 k#i,j s'eM (s s'€My; (s)

Finally, we turn to the terms with coefficient v, and begin by introducing the following notation:
for any edge e € E* we let A, (e) be the set of locations in [, where e occurs and B (e) be the set
of locations in I, where e~ occurs. The terms with coefficient v are given by Zx’y of

Wi W, (Lesme, = 10—

LAY <1ew:eley:e TES TRUIES R DS 1%:6711%:6).
ecE+

Summing over x,y we obtain

W Wi, Y (|Ai(€)||AJ’(6)| + [Bi(e)l|Bj(e)| — |Ai(e)l|Bj(e)] — |Bi(€)||Aj(e)|>

ecE+
=W, Wy, > (4o = 1B 45(0)] — [Bi(e))) = vWi Wy, > ti(e)ts(e),
ecE+ ecEt

with ¢;(e) = |4;(e)| — |Bi(e)|. Substituting the v part into Z,, we get the last term in (4.12).
STEP 3. In this step, we analyze the gradient terms D; and claim that

o { INBY wepr oy W 1N5256D o Wy for G e {SO(N),U(N)}

VB Xyentq Em)W ‘+INBY yep- -y We  for G = SU(N)
(4.14)
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Recalling QVS (Q)e given in (3.7), we first claim that for each of our Lie groups, and for every
ec b~

1 |

S(VS(Q));1 = 5V5(Q). (415)
where the r.h.s. is given by the formula (3.7). Indeed, to calculate the L.h.s. of (4.15), note that

S (@-@e—) = Y Q@-)= Y (@-@pe.
pEPA,p-e~ ! PEP),p-e~1 PEPA,Pe

where in the last step we made a change of variable p = e legeses — p = eeileglegl. This

establishes (4.15) in case where G € {SO(N),U(N)}. For the SU(N) case we need to analyze the
additional trace term, so noting that Tr(Q, — Q}) is purely imaginary,

S (@ - @Re) == Y T@- Q)

pEPA,p-e L pEPA,pe !
=— ) Q' -QpQe= > Tr(Qp—QQe
DPEPA,P>€ PEPA,p>e

o (4.15) holds. In light of (4.15), the constraint in (4.5) on the orientation of the edge may be
removed, and the expression for D; simplifies to

_;iﬂ(ﬁ%va% I1 ).

1=x+1
In light of (3.7), in the case G € {SO(N),U(N)}, we find that D; is given by

vy oy Tr(leQei(Qp—Q;l)Qemﬁ Q) = IN8Y Y (Wian— Wicsy).

=1 pePp,p-ex i=1 i=x+1 z=1p>ey

which yields the first case in (4.14) taking into account that each s’ € D*(I) is of the form [ &, p
for a plaquette p which contains an edge e, and analogously for s’ € D~ (l). Note that here and
below, in the cycle p we choose the path where e, is the first edge.

For the SU(N) case, the quantity D; is given by adding to the quantity above the term

12y n([le)m@-e) -5 ¥ (ww-wma). w

=1 pEPp,p-ex =1 p€EP),p-ex

which yields the second case in (4.14) taking into account that each s’ € E~(I) is of the form
s’ = (I, p) for a plaquette p which contains an edge e, and analogously for s’ € E*(l). Here we use
W,-1 = W with p = e,

STEP 4. In this final step, we consider each group G € {SO(N),U(N),SU(N)} and use Steps
1-3 to conclude the proof of the master equations (1.5)-(1.7). To this end, we use the identity (4.9)
for each constituent loop I; and insert it, together with (4.12) and (4.14) into (4.8). We note in

advance that
mz o W [[w, =N > W (4.17)

=1 s'€0(l;) J#i s'€0(s)

for each of the operations O € {S*, T*,D* E*}. Depending on the operation O, the quantity Wy
on the r.h.s. of (4.17) should be normalized in one of three possible ways according to the following;:

EW,

S € {MT(s),M ()} — o

= ¢(s). (4.18a)
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EW,

S DF () D () T T () —» s = 6(s). (4.18D)
"€ {ST(5),S7(s),ET(s),E EWe _ (s 4.18
s €{S7(s),S7(s), E(s),E7(s)} = mgx = 4(s)- (4.18c)
This follows since we have m — 1 loops in Wy for s € {M*(s),M~(s)}, m loops in Wy for

s € {D*(s),D (s),,T*(s), T (s)}, and m + 1 loops in Wy for s’ € {ST(s),S™(s)}. Also we have
an extra W, for the expansion term, which requires an extra = in Wy for s’ € {E*(s),E~(s)}.

We now turn to each of the groups and simplify the r.h.s. of (4.8) in accordance with the
observations above.

Let G = SO(N). By (2.5a), we have A = —%, = %, v = 0. Since Coo(N) = —2(N = 1) from
(2.4), the identity (4.8) takes the form

(N — 1)|s]¢(s) [Z Dy, + T, W, +IS]
=1
Substituting (4.14) for Dl., (4. ) for Z;, and (4.12) for 7, the r.h.s. is equal to
-vp 3 Endens ¥ Epdon o T Nm+1

s'eDT(s) s'eD—(s) s'eSt(s) s'eS—
E[W] EWy] 1 EWy] 1 E[W,]
Z Nm + Z Nm N Z Nm—1 + N Z Nm—1

s'€T+(s) s'eT—(s) s'eM(s) s'eM(s)

where we used (4.17). Identifying the summands with ¢ by (4.18) completes the proof of (1.5).
Let G = U(N). By (2.5b), we have A = —1, p = v = 0. Since ¢,y = —N, the identity (4.8)

takes the form
m

Nls|¢(s) = NmE[Z@zi + T )W, + 7).
i=1
Again substituting (4. 14) (4.9)+(4.12) and using (4.17), the r.h.s. is equal to

z e Nﬁz

s'eDt (s s'eD—

1 E[W, E[Wy]
N Nm— 1 N Nm 1 N Z Nm+1 +N Z Nm+1 :
s'eM; (s) s'€M;(s) s'eSt(s s'€S™(s)

(4.19)

Identifying the summands with ¢ by (4.18) completes the proof of (1.7).
Let G = SU(N). By (2.5¢), we have A = =1, u = 0, v = . Since cgn) = —N + 5 by (2.4),
the identity (4.8) takes the form

1 m
(N = Dlslols) = 1B DDy + T, +1,].
1=1

We again apply (4.14)+(4.9)+(4.12) using (4.17), and note that the only differences from the U(N)
case are the v-terms and the expansion terms. The r.h.s. is then equal to

/ Nﬂ
(4 19 Z Nm—il Z Nm+1

s'€Et(s) s'elk—

_]1V|31E]£[Wm Z (th +2Zti(e)tj(e)>%

eEE+ 1<J

(4.20)
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where we used Y1, |l;| = |s| and £(l;) = Y. p+ ti(e)®. By (1.4), the second line of (4.20) is equal

to —=(|s| — £(s))¢(s). This implies (1.6) and completes the proof. O
REFERENCES

[BG18] R. Basu and S. Ganguly. SO(N) lattice gauge theory, planar and beyond. Comm. Pure Appl. Math.,
71(10):2016-2064, 2018.

[BKK"85] G. Batrouni, G. Katz, A. S. Kronfeld, G. Lepage, B. Svetitsky, and K. Wilson. Langevin simulations of
lattice field theories. Physical Review D, 32(10):2736, 1985.

[CCHS22a] A. Chandra, I. Chevyrev, M. Hairer, and H. Shen. Langevin dynamic for the 2D Yang—Mills measure.
Publ. Math. IHES, 2022.

[CCHS22b] A. Chandra, I. Chevyrev, M. Hairer, and H. Shen. Stochastic quantisation of Yang-Mills-Higgs in 3D.
arXiv preprint arXiv:2201.03487, 2022.

[CGMS09] B. Collins, A. Guionnet, and E. Maurel-Segala. Asymptotics of unitary and orthogonal matrix integrals.
Advances in Mathematics, 222(1):172-215, 2009.

[Chal9a] S. Chatterjee. Rigorous solution of strongly coupled SO(N) lattice gauge theory in the large N limit.
Comm. Math. Phys., 366(1):203-268, 2019.

[Chal9b] S. Chatterjee. Yang-Mills for probabilists. In Probability and analysis in interacting physical systems,
volume 283 of Springer Proc. Math. Stat., pages 1-16. Springer, Cham, 2019.

[Dahl6] A. Dahlqvist. Free energies and fluctuations for the unitary Brownian motion. Comm. Math. Phys.,
348(2):395-444, 2016.

[DGHK17] B. K. Driver, F. Gabriel, B. C. Hall, and T. Kemp. The Makeenko-Migdal equation for Yang-Mills theory
on compact surfaces. Comm. Math. Phys., 352(3):967-978, 2017.

[DHK17] B. K. Driver, B. C. Hall, and T. Kemp. Three proofs of the Makeenko-Migdal equation for Yang-Mills
theory on the plane. Comm. Math. Phys., 351(2):741-774, 2017.

[DL22] A. Dahlqvist and T. Lemoine. Large N limit of the Yang-Mills measure on compact surfaces II: Makeenko-
Migdal equations and planar master field. arXiv preprint arXiv:2201.05886, 2022.

[Dril9] B. K. Driver. A functional integral approaches to the Makeenko-Migdal equations. Comm. Math. Phys.,
370(1):49-116, 2019.

[GL83] A. Guha and S.-C. Lee. Stochastic quantization of matrix and lattice gauge models. Physical Review D,
27(10):2412, 1983.

[GN15] A. Guionnet and J. Novak. Asymptotics of unitary multimatrix models: the Schwinger—-Dyson lattice
and topological recursion. Journal of Functional Analysis, 268(10):2851-2905, 2015.

[Hsu02] E. P. Hsu. Stochastic analysis on manifolds, volume 38 of Graduate Studies in Mathematics. American
Mathematical Society, Providence, RI, 2002.

[Jaf16] J. Jafarov. Wilson loop expectations in SU(N) lattice gauge theory. arXiv preprint arXiv:1610.03821,
2016.

[Lév1T] T. Lévy. The master field on the plane. Astérisque, (388):ix+201, 2017.

[LR15] W. Liu and M. R6ckner. Stochastic partial differential equations: an introduction. Universitext. Springer,
Cham, 2015.

[MMT79] Y. M. Makeenko and A. A. Migdal. Exact equation for the loop average in multicolor QCD. Physics
Letters B, 88(1-2):135-137, 1979.

[Sen08] A. N. Sengupta. Traces in two-dimensional QCD: the large-N limit. In Traces in number theory, geometry
and quantum fields, Aspects Math., E38, pages 193-212. Friedr. Vieweg, Wiesbaden, 2008.

[SZ2Z722] H. Shen, R. Zhu, and X. Zhu. A stochastic analysis approach to lattice Yang—Mills at strong coupling.

arXiv e-prints, April 2022. To appear in Comm. Math. Phys.

(H. Shen) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN - MADISON, USA

Email address: pkushenhao@gmail.com

(S. A. Smith) ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCES, CHINESE ACADEMY OF SCIENCES, BEIJING,

CHINA

Email address: ssmith@amss.ac.cn

(R. Zhu) DEPARTMENT OF MATHEMATICS, BEIJING INSTITUTE OF TECHNOLOGY, BELJING 100081, CHINA
Email address: zhurongchan@126. com



	1. Introduction
	Acknowledgments

	2. Preliminaries
	3. Yang Mills SDE
	4. Proof of the main theorem
	References

