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ABSTRACT. We establish existence of infinitely many stationary solutions as well as ergodic sta-
tionary solutions to the three dimensional Navier—Stokes and Euler equations in the deterministic
as well as stochastic setting, driven by an additive noise. The solutions belong to the regularity
class C(R; H?) N CY(R; L?) for some ¥ > 0 and satisfy the equations in an analytically weak
sense. Moreover, we are able to make conclusions regarding the vanishing viscosity limit and the
anomalous dissipation. The result is based on a new stochastic version of the convex integration
method which provides uniform moment bounds locally in the aforementioned function spaces.
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1. INTRODUCTION

1.1. Motivation. Hydrodynamic turbulence is omnipresent in engineering applications and nature.
And yet developing a rigorous mathematical understanding remains one of the big challenges in
contemporary fluid dynamics research. Up to date, the results providing reliable predictions are
very limited. On the physical side, the understanding has been driven by well-accepted theoretical
hypotheses such as those of the celebrated Kolmogorov’s theory [Koldla, Koldlb, Koldlc], see also
[Fri95]. These hypotheses have been confirmed to a large extent by experiments. However, their
rigorous verification from the basic physical principles and in particular from the incompressible
Navier—Stokes equations remains an outstanding open problem. In what follows, we briefly recall
some of the key aspects of the physical theories of turbulence, namely those that mainly motivated
our investigation, while leaving out many others. Due to the complexity of the subject, we encourage
the reader to discuss e.g. [Fri95, MY13] for thorough expositions.

The Navier—Stokes equations describe the time evolution of the velocity u : [0,00) x D — R3 of
a viscous fluid confined in a domain D C R3. They read as

Ou+diviu®@u) + VP =vAu+ f,

divu = 0,

(1.1)

where P : [0,00) x D — R denotes the associated pressure, v > 0 the kinematic viscosity of the
fluid and f : [0,00) x D — R? is a given external force. The equations are further supplemented
by initial and boundary conditions. Particularly relevant for the study of turbulence is the regime
of high Reynolds number which corresponds to the vanishing viscosity limit ¥ — 0. On the formal
level, the Navier—Stokes equations then converge to the Euler equations

Ou+diviu @ u) + VP = f,

1.2
divu = 0, (1.2)

which represent an idealized model for the highly turbulent limit regime. Assumptions allowing for
a rigorous passage to the limit ¥ — 0 are predicted by the physical theories of turbulence. However,
it was shown in [CG12] and also [CV18] that already weaker assumptions allow for the vanishing
viscosity limit, namely, proving convergence of the Navier—Stokes to Euler equations.

From experiments it became clear that exact realizations of turbulent trajectories are not suited
for predictions due to high sensitivity to input data such as initial and boundary conditions. On the
other hand, and rather surprisingly, statistical properties are universal and well-reproducible. Thus,
a certain probabilistic description seems indispensable. Furthermore, one of the basic assumptions in
turbulence theory is the so-called ergodic hypothesis taken for granted by physicists and engineers.
It assures that time averages along trajectories coincide with ensemble averages taken with respect to
some probability measure. This measure is then invariant, i.e., preserved by the flow. Accordingly,
statistically stationary solutions (i.e. solutions whose probability law does not change with time)
play a distinguished role in the modeling of turbulence and it is of essential interest to characterize
these solutions as well as their attraction properties.

As the authors of the survey [DLS21] explain, another argument in favor of a probabilistic descrip-
tion of turbulence is the observed lack of uniqueness, which was recently established for the Euler
as well as Navier-Stokes equation in the deterministic and stochastic setting, see e.g. [BCV18,
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BMS20, BV19b, CL19, CL20, DLS09, DLS10, DLS13, Luol9, HZZ19, HZZ22a, HZZ21, HZZ23].
More precisely, they say: “It is worth emphasizing that the non-uniqueness in such examples is
not a mathematical pathology, but seems to be a generic phenomenon, strongly suggesting that a
probability measure on ensembles with restored symmetries may exist even without having to resort
to stochastic modifications of the basic continuum equations.”

However, it may be possible to profit from the presence of stochastic perturbations of the equa-
tions and some properties of the Navier—Stokes system have indeed been shown to improve under
the presence of a stochastic noise. Namely, the force f is considered to be a Gaussian noise white
in time and colored in space, which models a large scale stirring driving turbulent fluids. In the
deterministic setting, a selection of solutions depending continuously on the initial condition has
not been obtained. But the probabilistic counterpart, i.e. the Feller property and even the strong
Feller property which corresponds to a smoothing with respect to the initial condition, was es-
tablished for a sufficiently non-degenerate noise in [DPD03] and [FRO08]. This led in particular to
uniqueness of the invariant measure associated to the constructed selection of a Markov semigroup
in [DPDO03, FROS].

Another fundamental principle of Kolmogorov’s K41 theory, also called the zeroth law of turbu-
lence, is the anomalous dissipation. Denoting u, a statistically stationary solution to the Navier—
Stokes equations (1.1) with viscosity v, it postulates that!

: 15 2 _
311)1}) €, = gli% VvE|Vu, |72 =€>0. (1.3)

The quantity on the left hand side is the mean energy dissipation of w, and the expectation is
taken with respect to the underlying randomness. Were u, converging to a sufficiently regular
solution to the Euler equations (1.2) with f = 0, the anomalous dissipation would not take place
as the Euler equations are energy conserving in that case. This is related to Onsager’s conjecture
[Ons49] which attracted a lot of attention lately with a number of groundbreaking results, see
[DLS09, DLS10, DLS13, DS17, BDLIS15, Isel8, BDLSV19].

Finally, let us mention the Kolmogorov two-third’s law, which predicts the behavior of the second
order structure function as

Sa(h) = Elluy (- + 1) = uy ()72 = (e 1)),

where €, is the dissipation rate from (1.3) and |h| belongs to the inertial range [n,,L] with n,
the dissipation and L the integral scale of turbulence. Moreover, if the statistics are translation
invariant, the energy spectrum obeys

E(k) == |k|?E|a, (k)|? ~ /3k=5/3,

where 4, (k), k € Z3, denotes the Fourier transform of 4,. This is the so-called Kolmogorov-
Obhukhov 5/3-power spectrum, which is related to H 1/3_regularity of solutions.
To summarize the above discussion, it is desired to investigate the validity of the following claims.

(i) Existence and (non)uniqueness of ergodic stationary solutions u, to the Navier-Stokes e-
quations (1.1).
(ii) Relative compactness of the family of stationary solutions u,, v > 0, and the convergence
towards a statistically stationary solution to the Euler equations (1.2).
(iii) Anomalous dissipation along the vanishing viscosity limit in the sense of (1.3).
(iv) Existence and (non)uniqueness of ergodic stationary solutions to the Euler equations (1.2).

Here and in various expressions in the sequel, the expected value does not depend on time due to stationarity.
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Up to now, these questions could only be answered in several simplified settings, such as certain shell
models of turbulence [FGHV16] or passive scalar models of turbulence [BBPS19]. However, for the
actual models of interest, i.e. the three dimensional stochastic Navier—Stokes and Euler equations,
the available results are very limited. Mere existence of stationary solutions to the stochastic Navier—
Stokes equations is classical and was proved in [FG95]. The only available result in the direction
of uniqueness of the invariant measure in this context is the unique ergodicity from [DPDO03] and
[FRO8]. The uniqueness here only relates to the Markov process constructed therein, but as shown in
[HZZ23], there are other Markov processes associated to the same equation with possibly different
invariant measures. Due to the lack of dissipation, even the existence of statistically stationary
solutions to the three dimensional stochastic Euler equations is fully open and nothing is known
about the vanishing viscosity limit in the framework of stationary solutions in three dimensions.

We also mention that nonunique ergodic measures in the Lorenz system were constructed when
adding a noise in the last component in [CH21|. It is also asked in [CH21, Remark 1.3] whether a
bifurcation of invariant measures appears at high Reynolds number for the Navier—Stokes system.

Recently the anomalous dissipation and the property (1.3) were studied for the deterministic
forced 3D Navier—Stokes equations and the advection—diffusion equation in [BD22, CCS22].

1.2. Main results. Our aim is to provide some answers to the above problems (i), (ii), (iii), (iv)
in the physically relevant context of the stochastic Navier—Stokes and Euler equations on T? driven
by an additive stochastic noise. The Navier—Stokes equations read as

du + div(u ® u) dt + VP dt = vAudt + dB,

1.4
divu = 0, (1.4)

whereas the Euler equations are
du + div(u ® ) dt + VP dt = dB,

1.
divu = 0. (1.5)

In the above, P is the associated pressure, v > 0 is the viscosity, B is a GG*-Wiener process on some
probability space (Q,F,P) and G is a Hilbert-Schmidt operator from U to L2 for some Hilbert
space U and L2 the subspace of L? containing mean and divergence free functions.

As the main tool within this study, we apply a stochastic version of the convex integration method.
Convex integration is an iterative procedure which has already permitted to establish a number of
breakthrough results concerning the Navier—Stokes and Euler equations in the deterministic setting,
see e.g. [BDLSV19, BCV18, BDLIS15, BMS20, BV19b, CL19, CL20, DLS09, DLS10, DLS13, DS17,
Isel8, Luo19]. Unlike our previous works using convex integration for the Navier—Stokes and Euler
equations in the stochastic setting [HZZ19, HZZ22a, HZ723, HZZ721], we are now inspired by [CDZ22]
and overcome the limitation originating from stopping times, previously used to control the noise
terms in the iteration. More precisely, we no longer work with stopping times and instead we include
expectations in the iterative estimates.

While this is a very natural idea to avoid the stopping times, making it possible is not obvious
at all. Namely, it requires a very careful analysis of each bound, since due to the quadratic non-
linearity, the estimates become superlinear. Accordingly, it is necessary to estimate all moments
simultaneously and when aiming for a finite rth moment, the blow up of all mth moments for m > r
must be controlled. The main reason why this strategy is possible is that any fixed mth moment
of the approximate velocity and the error at step ¢ only depends on m and the parameters up to
the step ¢ of the iteration. Additionally, it is possible to choose the parameters at the level ¢+ 1 to
guarantee smallness of the velocity perturbations and the error at step g + 1.
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Our key result is then the construction of solutions satisfying global-in-time H?-bounds for some
¥ > 0 uniformly along the vanishing viscosity limit. In comparison to [CDZ22], this is achieved by
carefully calculating how the mth moment at step ¢ depends on m and on the stochastic terms.
Then it is possible to choose suitable parameters to give an exact convergence rate of the L?-norm
as well as an exact divergence rate of the C'-norm, leading to the desired uniform HY-bound. The
interesting point is that this bound does not depend on the dissipation given by the Laplacian and
consequently all the bounds hold uniformly for v > 0.

As we are interested in the long time behavior of solutions and particularly in the construction
of statistically stationary solutions, we work with entire solutions solving the equations for all times
t € R. Accordingly, the norms in the convex integration scheme must be chosen appropriately in
order to provide the desired global-in-time estimates. This is achieved through bounds of the form

supsupE | sup [[u”(s)||Fs | < oo,
v20teR  [t<s<t+1
with » > 1 and ¥ > 0. Such bounds provide uniform moment estimates locally in C(R; H?) and
guarantee the convergence of the corresponding ergodic averages, even in the case of Euler equations.
This leads to the existence of stationary solutions.
Within this study, we focus on analytically weak solutions which satisfy the equations in the
following sense.

Definition 1.1. We say that ((Q, F, (Ft)ter, P), u, B) is an analytically weak solution to the Navier—
Stokes system (1.4) provided

(1) (2, F, (Fi)ier, P) is a stochastic basis with a complete right-continuous filtration;

(2) B is an R3-valued, spatial mean and divergence free, two-sided trace-class Brownian motion
with respect to the filtration (Fi)ier;

(3) the velocity u € L (R; L2)NC(R; H=%) P-a.s. for some § > 0 and is and (F;)icr-adapted;

(4) for every —oo < s <t < oo it holds P-a.s.

(ult), ) + / (div(u® u), P)dr = (u(s), ) + v / (Au, ) dr + (B(t) — B(s), ¥)
for all ¢ € C°°(T3), divep = 0.

We note that solutions are not required to belong to L%OC(K H') and they do not satisfy the
corresponding energy inequality, obtained formally by testing the equation by the solution itself.
In other words, our solutions are generally not the so-called Leray solutions, a feature common to
all convex integration results treating the Navier-Stokes equations. Analytically weak solutions to
the Euler equations (1.5) are defined exactly the same way, in particular using the same function
spaces, the only difference is that v = 0.

As pathwise non-uniqueness, non-uniqueness in law and even non-uniqueness of Markov selections
have been established in our previous works [HZZ19, HZZ22a, HZ723], we understand stationarity
in the sense of shift invariance of laws of solutions on the space of trajectories, see also [BFHM19,
BFH20e, FFH21, HZZ22]. More precisely, we define the joint trajectory space for the solution and
the driving Brownian motion as

T =C(R;L%) x C(R; L?)
and let S, t € R, be shifts on trajectories given by

Sy(u, B)(-) = (u(-+ ), B(- +1) — B(t)), teR, (u,B)eT.
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We note that the shift in the second component acts differently in order to guarantee that for a
Brownian motion B the shift S;B is again a Brownian motion.

Stationary solutions to the stochastic Navier-Stokes equations (1.4) are defined as follows.

Definition 1.2. We say that ((Q2, F, (Ft)ter, P),u, B) is a stationary solution to the stochastic
Navier—Stokes equations (1.4) provided it satisfies (1.4) in the sense of Definition 1.1 and its law is
shift invariant, that is,

L[S;(u, B)] = L[u, B] forall teR.

Note that this setting is different from the usual setting of invariance with respect to a Markov
semigroup. The latter notion can be applied to problems with uniqueness, i.e. where the Markov
property holds. The construction of invariant measures then additionally requires the Feller property
which corresponds to continuous dependence on initial condition. Since non-uniqueness holds true
for the above Navier—Stokes and Euler equations, we employ the more general notion of invariance
with respect to shifts on trajectories. Another advantage is that continuity of the shift operators
comes for free and therefore there is no need for any Feller property.

Every stationary solution (u, B) defines a dynamical system (7, B(T), (S:,t € R), L[u, B]) in the
sense of e.g. [DPZ96, Chapter 1], where B(7) denotes the g-algebra of Borel sets on 7. Accordingly,
we may formulate ergodicity of stationary solutions as ergodicity of the associated dynamical system.
Also with this notion of invariance, the existence of an ergodic stationary solution as defined below
implies the validity of the so-called ergodic hypothesis, i.e. the fact that ergodic averages along
trajectories of the ergodic solution converge to the ensemble average given by its law. This leads us
to the following definition.

Definition 1.3. A stationary solution ((, F, (Ft)ter, P),u, B) is ergodic provided
Llu,B](A)=1 or Lu,B](A) =0 forall ACT Borel and shift invariant.

The same definitions are also valid in the setting of the stochastic Euler equations (1.5). Par-
ticularly, the trajectory space and regularity of the solutions is the same as for the Navier—Stokes
equations.

With these definitions at hand, we are able to state our first main result, tackling the problems
(i) and (iv) above. Rather surprisingly, the result is independent of the value of the viscosity
v. In particular, it holds uniformly along the vanishing viscosity limit ¥ — 0 and we obtain the
result for both the stochastic Navier—Stokes (1.4) as well as Euler equations (1.5). Only in the
case of Euler equations we require more regularity of the Brownian motion, namely, we postulate
Tr((—A)°GG*) < oo for some o > 0. The result then reads as follows and is proved in Theorem 4.1,
Theorem 4.2 and Theorem 5.1.

Theorem 1.4. There exist

(1) infinitely many stationary solutions;

(2) infinitely many ergodic stationary solutions;
to the stochastic Navier-Stokes (1.4) and Euler (1.5) equations. Moreover, the solutions belong to
C(R,H”)NCY(R, L?) a.s. for some ¥ > 0.

Regarding the vanishing viscosity limit (ii) as formulated above, we are able to make the following
conclusion which is proved in Theorem 5.1.

Theorem 1.5. Assume Tr((—A)°GG*) < oo for some o > 0. There exists Ko > 0 so that for
every K > Ky the following holds: For an arbitrary sequence of vanishing viscosities v, — 0, n € N,
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there exist a sequence of stationary solutions u,, n € N, to the following stochastic Navier—Stokes
equations

du, + div(u, ® u,)dt + VP, dt = v, Au, dt + dB,

so that the corresponding family of laws Llu,], n € N, is tight in C(R; L2) and every accumulation
point is a stationary solution to the stochastic Fuler equations (1.5) satisfying

E|ul3. = K.

Furthermore, we are able to prove a result related to anomalous dissipation in the spirit of (iii)
along the vanishing viscosity limit in a stochastic Navier—Stokes—Reynolds system with vanishing
Reynolds stresses. The proof of this result is given in Theorem 5.4.

Theorem 1.6. Assume Tr((—A)%/?>T°GG*) < oo for some o > 0. There exists Ko > 0 so that
for every K > Ky the following holds: For any € > 0 there exists a sequence of viscosities v, — 0
and stationary processes (Uy, Rn) € CO(R; HY) x C(R; L') satisfying the following stochastic Navier—
Stokes—Reynolds equations

duy, 4 div(u, ® uyp) dt + VP, dt = vy Au, dt + divR, dt + dB,

lim B [ up ||ﬁzn<s>||y] 0,

n—00 0<s<1
and
lim inf E||Vuy, |72 > e+ %Tr(GG*).
Furthermore, the corresponding family of laws L[u,], n € N, is tight in C(R; L2) and every accu-
mulation point is a stationary solution to the stochastic Euler equations (1.5) with
Elul?. = K.
In particular, the solutions u,, n € N, can be chosen as ergodic stationary solutions.

Remark 1.7. The above result related to anomalous dissipation is produced by the nonlinearity
by means of the convex integration at the price of including an additional error term div]o%n, which
vanishes in the limit. More precisely, for the stationary solution to the linear counterpart without
the error term (which is mean and divergence free due to the assumptions on the noise)

dz, = v,Az, dt + dB,

1to’s formula yields for all n € N

1
VoE||Vz, |2, = 5Tr(GG*). (1.6)

If G = 0, the above results Theorem 1.4, Theorem 1.5 and Theorem 1.6 apply to the case of
deterministic Navier—Stokes (1.1) and Euler (1.2) equations with zero force. Furthermore, with a
small modification in the proof, it is possible to show more. The proof is given in Theorem 6.3,
Theorem 6.4 and Theorem 6.6. The latter result also contains further observations regarding the
limit of vanishing viscosity and/or vanishing noise.
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Theorem 1.8. Let G = 0. Let e > 0, 7 > 1 be given and let Z be a stationary stochastic process
with smooth trajectories, vanishing mean and divergence and satisfying

1/m
(BIZlIz +ENZ)g: ) " <m'L,

for any m > 1 and some L > (27)3. Then up to a change of probability space,
E [”U — Z”Evtwl,l] < e (17)
holds true for

(1) the stationary as well as ergodic stationary solutions u obtained in Theorem 1.4;
(2) the limit stationary solutions u to the Euler equations (1.2) obtained in Theorem 1.5 as well
as in Theorem 1.6.

In particular, the solutions can be random and time dependent. If Z is uniformly bounded in w in
Cﬁz then (1.7) holds pathwise, not only in expectation.

In the proof of the above result we make use of our stochastic convex integration construction.
The added value lies particularly in the claim (1.7). It shows that the solutions can possess certain
statistics that are close to those of the prescribed process Z. In particular, Z can be chosen Gaussian
or non-Gaussian. If we dropped this requirement in the case of deterministic Fuler equations, no
new convex integration construction would be necessary. Precisely, we can use some of the explicit
smooth steady state solutions (i.e. time independent), together with a Krein-Milman argument as
in our proof to deduce the result of Theorem 1.4 in this Euler case with G = 0.

Due to the dissipation, following the same strategy for the deterministic Navier—Stokes equations
is more delicate. The existence of nontrivial steady state solutions was established in [CL19] by
convex integration. But it is only proved in [CL19] that these solutions belong to L2, no higher
regularity is shown. Hence, these solutions are not suitable for our proof of ergodicity based on
Krein—Milman’s theorem, because of the lacking compactness. Nevertheless, the seminal paper
[BV19a] in particular permits to construct time periodic solutions taking values in H” for some
¥ > 0. These can be obtained by first prescribing a compactly supported kinetic energy and
then repeating periodically. Consequently, these solutions can be used to prove the existence and
non-uniqueness of ergodic stationary solutions as in the Navier—-Stokes part of Theorem 1.4 with
G = 0. The periodicity is used in particular to obtain nontrivial stationary solutions and their
non-uniqueness.

We also remark that in [Luol9] existence and non-uniqueness of HY-steady state solutions for
every ¥ < 1/200 was to the Navier—Stokes system in d = 4 was proved. A corollary of this result is
therefore the existence of non-unique ergodic statistically stationary solutions.

Organization of the paper. In Section 2, we collect the basic notations used throughout the pa-
per. Section 3 is the core of our proofs: here, the stochastic convex integration is developed and em-
ployed to construct entire non-unique analytically weak and probabilistically strong solutions with
a prescribed kinetic energy. This is then used in Section 4 together with a Krylov—Bogoliubov’s
argument to obtain existence of non-unique stationary solutions to the stochastic Navier—Stokes
equations. The results concerning stationary solutions to the stochastic Euler equations, the van-
ishing viscosity limit and the result related to anomalous dissipation can be found in Section 5,
whereas the results for the deterministic systems are proved in Section 6. In Appendix A, we recall
the construction of intermittent jets from [BCV18, BV19a] and in Appendix B we give estimates on
amplitude functions used in the convex integration construction.
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2. NOTATIONS

2.1. Function spaces. Throughout the paper, we employ the notation a < b if there exists a
constant ¢ > 0 such that a < ¢b, and we write a ~ b if a < b and b < a. We let Ny := NU {0}.
Given a Banach space E with a norm | - ||g and t € R, we write C,E = C([t,t + 1]; E) for the
space of continuous functions from [t,t + 1] to E, equipped with the supremum norm ||f|lc,r =
supseqr,i41) 1f(8)|| . For o € (0,1) we define Cf E' as the space of a-Hélder continuous functions from

[t,t+1] to E, endowed with the norm || fllce £ = SUDg ;e 41,52 %-ﬂupsewﬂ] f(s)]le-

Here we use C{* to denote the case when E = R. We also write Cy(R; E) for functions in C'(R; E') such
that || fllc, ®;E) := supser || f(t)||[2 < oo. For 8 € (0,1] we define C’bﬁ(R; E) as functions in C?(R; E)
such that ||f||05 (&) ‘= SUP;cR Hf”cfE < 00. We use LP to denote the set of standard LP-integrable
functions from T3 to R?. For s > 0, p > 1 we set WP := {f € LP;||(I — A)*/2f||1» < oo} with the
norm || f[lwer = ||(I = A)*/2f||1». Set L2 = {f € L? [, fdz = 0,divf = 0}. For s > 0, we define
H® = W*2N L2, For s < 0 we define H® to be the dual space of H=*. For t € R and a domain
D c RT we denote by Cg}fw and Cgﬁz, respectively, the space of CV-functions on [t,¢ + 1] x T? and
on D x T3, respectively, N € Ny. The spaces are equipped with the norms

ey, = 3 100D iz, ims Ifley. = S supllp Dl
0<n+lal<N 0<n+|al <N PP
nENg,aENg nENo,aeNg

For a Polish space H we denote by B(H) the o-algebra of Borel sets in H. We also use ® to denote
the trace-free part of the tensor product.

By P we denote the Helmholtz projection. We recall the inverse divergence operator R from
[BV19a, Section 5.6], which acts on vector fields v with [, vdz = 0 as

(Ro)M = (3 A7 0! + GAT 0F) — = (Gp + DA™ )divA™ o,

1

2
for k,1 € {1,2,3}. Then Ru(z) is a symmetric trace-free matrix for each x € T2, and R is a right
inverse of the div operator, i.e. div(Rv) = v. By [CL20, Theorem B.3] we know

IRfF(e) e S o fller for o € N. (2.1)

By 83*3 we denote the set of symmetric 3 x 3 matrices and by SSX?’ the set of symmetric trace-
free matrices. Let C§°(T3,R3%3) be the set of periodic smooth matrix valued functions with zero
mean. We also introduce the bilinear version B : C°(T% R3) x C§°(T?,R3*3) — C>=(T?,55*?) as
in [CL20, Section B.3] by

B(v,A) = vRA - R(VvRA).
Then by [CL20, Theorem B.4] we have div(B(v, A)) = vA — ﬁ Jps vAdz and

1B(v; Allze < llvller [RAl e (2.2)
2.2. Probabilistic elements. For a given probability measure P we denote by E¥ the expectation
under P. Regarding the driving noise, we assume that B is an R3-valued two-sided GG*-Wiener

process with zero spatial mean and zero divergence, defined on some probability space (2, F,P)
and G is a Hilbert-Schmidt operator from U to L2 for some Hilbert space U.
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For p € [1,00) we denote

lullo, =5 | sup )] By =B e, |-
These norms define function spaces of random variables on (2 taking values in C(R, L?) and C*(R x
T3), respectively, with bounds in LP(Q; C(I, L?)) and LP(Q2; C1(I x T3)) for any bounded interval
I C R. Furthermore, the bounds only depend on the length of the interval I, not on its location
within R. In the sequel, we simply say that u has a uniform moment of order p locally in C(R; L?)
provided [Ju||z2, < co. Similarly, we define the corresponding norms with L? replaced by LP, HY

126
or C} , replaced by C? L™, C?L? and C;WP.
3. STOCHASTIC CONVEX INTEGRATION

The previous works using convex integration in the stochastic setting always reduced the problem
to the deterministic setting by introducing suitable stopping times.? This permitted to control the
noise uniformly in w so that the convex integration could proceed pathwise up to the stopping
time. The stopping times were then removed a posteriori by a suitable extension of solutions.
Such an approach is not suitable for the construction of stationary solutions. Hence, inspired by
[CDZ22] we present an honest stochastic convex integration, constructing directly solutions on the
whole time line R. This is achieved by introducing expectations to the iterative estimates in convex
integration. The main difficulty lies in the fact that due to the quadratic nonlinearity the estimates
are superlinear. More precisely, the estimate of any pth moment at the level ¢ + 1 necessarily
contains higher moments at the level q. Accordingly, all the estimates need to be tracked down very
carefully, paying a particular attention to the appearing constants, what they depend on and how
precisely. Otherwise, it would not be possible to close the estimates. The key observation is that
the superlinear terms always contain a small constant which may be used to absorb the bounds.

As the first step, we decompose a solution to the Navier—Stokes system (1.4) with v = 1 into the
sum u = z + v where z is the unique stationary solution to the linear stochastic heat equation

dz — (A —1)zdt = dB, (3.1)
where B is a R3-valued two-sided trace-class Wiener process with spatial zero mean (see e.g. [PRO7,
page 99]), and v solves the nonlinear deterministic equation

v —Av—z+div((v+2)® (v+2))+ VP =0,
dive = 0.

Here, z is divergence free by the assumptions on the noise and by P we denote the pressure term
associated to v.

(3.2)

Remark 3.1. For notational simplicity, we work in this section as well as in Section 4 with the unit
viscosity ¥ = 1. This fact is used only in Proposition 3.2 below, which profits from the smoothing
effect of the Laplacian. More precisely, the spatial regularity is needed for the convergence rate
in the convex integration in order to deduce the H7-estimate. Only a bound in L? would not
be enough. For a general v, the bound in Proposition 3.2 would depend on v~P. Hence, for the
results regarding stationary solutions to the Euler equations, the vanishing viscosity limit and the
anomalous dissipation in Section 5 and Section 6, it is necessary to increase the regularity of the
noise in order to compensate for the lack of smoothing of the linear part.

2The first exception was our previous work on a class of supercritical/critical SPDEs with an irregular spatial
perturbation [HZZ22]. Due to the time independence of the noise, no stopping times were necessary.
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We included the linear zero order term z on the left hand side of (3.1) in order to obtain a
stabilization of the equation needed for the necessary global in time estimates. It will be seen in the
course of the construction that the corresponding counter term in (3.2) will not cause any difficulties.
Using the factorization method it is standard to derive regularity of the stochastic convolution z on
a given stochastic basis (Q, F, (Ft)ter, P) with (F;)ter canonical filtration given in [PRO7, page 99].
In particular, the following result follows from [DPZ92, Theorem 5.16] together with the Kolmogorov
continuity criterion.

Proposition 3.2. Suppose that Tr(GG*) < co. Then for any 6 € (0,1/2), p > 2

< (p— 17, (3:3)

supE | sup [|2(s) 55 + 1121125

teR t<s<t+1

where L > 1 depends on Tr(GG*), § and is independent of p.

Proof. We recall that the unique stationary solution to (3.1) has the explicit form z(t) = [ foo S(t—
s)dB(s) where S(t) = e/(*~1) ¢ > 0. The Wiener process B is given by B = >, .y ckexy for an
orthonormal basis {ex }ren of L2, a sequence of mutually independent standard two-sided Brownian
motions {f}ren and the coefficients satisfy ), ¢ < oo. Then it holds for v € (0,1/2), t > s

o3} t 0 s
BJl=(t) — 2(5)|2. = 3 3 / 1S(t - o)erl22do + 3 / SISt — o) — S(s — o)ex2do
k=1 s k=17 "

t—o
]_ 2
/ fdr‘ do}
s T

—0

<MTr(GG*)[(t—s)+ / e 2(s=9)

—0o0

S

< MTr(GGY) [(t —9) +/

—0o0

t—o 2
672(570)(8 - 0)727‘/ TWﬁldr’ da}

< MTr(GGH[(t — s) + (t — 5)2],

where the constant M depends only on the semigroup and ~ but is independent of time. Using
Gaussianity we have

Bl=(t) - ()15 < (0 — 172 (Bll=(t) - (5)[3:) "

Similar computations can be performed for the H'~%-norm as well, only the resulting time regularity
is lower and depends on §. The result then follows from Kolmogorov’s continuity criterion. ]

In the following we choose L > (27)3/? for simplicity.

Global in time estimates of the form (3.3) are well-suited for the application of a Krylov—
Bogoliubov argument leading to existence of stationary solutions as limits of ergodic averages. Our
goal in this section is to construct solutions to the Navier-Stokes system (1.4) satisfying similar
bounds. To this end, we use the norms || - [|z2 , and || - [o1 , introduced in Section 2.2, which play
the essential role in the construction. Y

Let us now explain how the convex integration iteration is set up. We consider an increasing
sequence {A;}qen, C N which diverges to oo, and a sequence {d,}qen C (0,1) which is decreasing
to 0. We choose a € N, b e N, 8 € (0, 1] and let

‘ 1
Ay =a 5 =1, 5q:§A§5A;25, q>2.
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Here g will be chosen sufficiently small and a as well as b will be chosen sufficiently large. We

assume Zr>1 571-/2 <1+ Z@z @ B—(r=10%6 — 1 4 Hﬁ < 3 which boils down to

a® > 2. (3.4)

Here we require more than is necessary for the later use and we keep this assumption from now on.
More details on the choice of these parameters will be given below in the course of the construction.

The iteration is indexed by a parameter ¢ € Ny. At each step ¢, a pair (v, Ry) is constructed solving
the following system

Dyvg — 2q — Avg + div((vg + 29) @ (vg + 29)) + Vg = div Ry,

3.5
divy, = 0. (3:5)

In the above we define z, = P¢ ()2 with f(q) = )\?ﬁ and ]i'iq is trace-free and we put the trace
part into the pressure. Thanks to this approximation of z, we are able to lower the assumption on
the spatial regularity of the noise B, namely, to cover the case of any trace-class noise. We observe
that

a/8 a/d
Bl < (0= DYPEAES, Waall jgoss, < (0= DY2LNGEL. (3.6)

We intend to construct approximations v, with a uniform moment of order 2r for a given r > 1
locally in C(R, H”) and C? (R, L?) for some ¢ > 0, in the sense of the norms [|-|| v 2, and ||- ey 2 2n-
But to this end, it is necessary to quantify the blow up of the higher moments, as these also appear
in the estimates.

Under the above assumptions, our main iteration reads as follows, the proof of this result is
presented in Section 3.1 below.

Proposition 3.3. Assume (3.3) and let v > 1 be fized. Given smooth function e : R — (0,00)
so that € > e(t) = e > 1 with ||e/||co < € for some constants €,e,é > 0, there exists a choice of

parameters a,b, 8 and « € (0,1/49) with ab > 32/7 such that the following holds true: Let (vq, Ry)
for some q € Ny be an (F;)i>0-adapted solution to (3.5) satisfying

q
logllz2 2 < Moe"/2 > 6/ (37)
k=1

for a universal constant My, and for m > 1

q
Bogllze.m < Mo(6971 - 12mL2)26"™) 1 Myel/2 7 512, (3.8)
r=1
and
logllcy , an < AZ/TO71 - 16mL) D, flugllez m < AST/T(6771 - 20mE2)P T, (3.9)
o 1
|”Rq”|Ll,r < 75(1-«—2@; (310)
48
and form > 1
IRl m < (67 - 4mL?)("). (3.11)
Moreover, for anyt € R
3 5
0ar1e(t) < e(t) —El[(v + zg)(®)]|7 < 0at1e(?), (3.12)
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Then there exists an (F;)i>o0-adapted process (Vgi1, ]O%,I_H) which solves (3.5), obeys (3.7)- (3.12) at
the level ¢ + 1 and satisfies

logs1 — valloz,2r < Mog"/?80/2. (3.13)
and for p = 52—
— 7
lvg1 = vallcywrms < Aged ™+ A, 01770 (3.14)

Using (3.9) and the choice of the parameters in Section 3.1.1 we have
lvglloy, 2r <A Nvgllez, . < AG. (3.15)

We start the iteration from vy = 0 on R. In that case, we have 1020 = 29®2 — Rzp so that
I1Roll Lt m < 2072 0 + 2)% 2Nzl 2 < 4L

and (3.10), (3.11) are satisfied on the level ¢ = 0, since d, = 1/2 and provided 8 - 48rL? < e. Here,
we used L > (27)3/2. For (3.12) we require

Selt) < e(t) ~ B3 < Jelt)

which is satisfied provided e(t) > 4L2.

We deduce the following result.
Theorem 3.4. Letr > 1 and a smooth function e : R — (0,00) satisfying € > e(t) > e > 8-48rL? be
given. There exists an (Ft)ier-adapted process u which belongs to C(R, Hﬁ) NCY(R, L2) P-a.s. for

some ¥ > 0 and is an analytically weak solution to (1.4) in the sense of Definition 1.1. Moreover,
the solution satisfies

lullzo 20 + llullop 2 2r < 00, (3.16)
and for allt € R
Ellu(t)l2: = e(t). (3.17)

There are infinitely many such solutions by choosing different energies e. Furthermore, for every
€ > 0 one may find solution such that v =u — z satisfying

lollc,winr < e. (3.18)

Proof. By interpolation we deduce for ¥ € (0, %),

Z lvg+1 = vgllaro 2 S Z lvg+1 — Uq“lm 2|||Uq+1 vqul 2~ Zéq-il )‘4191 < 0.
q=20 q=0 q=0

Similarly we could change H” to C’tﬁ L?. As a consequence, a limit v = lim,_,, v, exists and lies in
L*(Q,C(R, H?) N C?(R, L?)). Since v, is (F¢)ier-adapted for every g € Ny, the limit v is (F;)ser-
adapted as well. Furthermore, it follows from (3.10) that lim, ]%q = 0 in L}(Q,C(R; L)) and
limg o0 2 = 2z in LP(Q, C(R; L?)) for any p > 1. Thus v is an analytically weak solution to (3.2).
Hence letting u = v+ z we obtain an (F):cr-adapted analytically weak solution to (1.4). Moreover,
the estimate for u holds. Finally, (3.17) follows from (3.12).

For the last result, we use (3.14) and conditions on « to have

Iollcwror S Mg = vllcwio,s
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(o] —
Z —a/2 —1/7+6a) <@ ab/2
‘ q+1 q+1 ~ 1 gmab/2
q=
_ 1 1 <
T oaqeb/2 1 TS g16/7 1 &

where we use ab > 32/7 and —1/7 + 6 < —a/2 and we may choose a large enough such that the
last inequality holds. O

3.1. Proof of Proposition 3.3. The proof proceeds in several main steps which are the same in
many convex integration schemes. First of all, we start the construction by fixing the parameters in
Section 3.1.1 and proceed with a mollification step in Section 3.1.2. Section 3.1.3 introduces the new
iteration vg41. This is the main part of the construction which differs in each convex integration
scheme. Here, we construct new amplitude functions a similarly to [HZZ23] but we replace the
pathwise construction by a stochastic variant, namely, we work explicitly with expectations of v,+z,.
Section 3.1.4 contains the inductive estimates of v,y1, especially the moment estimates, whereas
in Section 3.1.5 we show how the energy is controlled. Flnally, in Section 3.1.6, we define the new
stress RqH and establish the inductive moment estimate on RqH in Section 3.1.7.

3.1.1. Choice of parameters. In the sequel, additional parameters will be indispensable and their
value has to be carefully chosen in order to respect all the compatibility conditions appearing in the
estimations below. First, for a sufficiently small « € (0,1) to be chosen below, we let £ € (0,1) be a
small parameter satisfying

g <A, RN, e<eh (3.19)
In particular, we define
L W (3.20)

In the sequel, we use the following bounds
1
ab>32/7, 43a < 1/14, «a>408b%, 6/b+2pb* < 1/14, 2Bb< == 127a,

which can be obtained by choosing « small such that 128 = > «, and choosing b € N large enough
such that ab > 32/7 and finally choosing 3 small such that o > 408b%. Hence, we shall choose
rational @ small first and b large, then 8 small enough. The last free parameter is a which satisfies
the lower bounds given through (3.4) and the last bound in (3.19). Let ¢ satisfy ¢69 < ¢7?. We then
choose a > (192L2r)¢ v (252L%)3¢. In the sequel, we increase a in order to absorb various implicit
and universal constants.

3.1.2. Mollification. We intend to replace vy by a mollified velocity field ve. To this end, let {¢.}->0
be a family of standard mollifiers on R3, and let {¢.}.~¢ be a family of standard mollifiers with
support in (0,1). The one-sided mollifier here is used in order to preserve adaptedness. We define
a mollification of v, ]D%q and z, in space and time by convolution as follows

Vg = (Vg *z Pe) *1 o, Ry = (Ry %4 60) %t 9, 20 = (24 *z 1) *¢ e,

where ¢y = % ¢(3) and ¢, = $¢(3). Since the mollifier ¢, is supported on (0,1), it is easy to see
that z; is (Ft)ter-adapted and so are vy and R,. Since (3.5) holds, it follows that (W,Rg) satisfies

Opvp — zp — Avy + diV((’Uz + Zz) & (vz + Zz)) + Vpy = diV(Re + Rcom)

3.21
diveoy = 0, ( )
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where
Reom = (ve + 20)®(ve + 2¢0) — ((vg + 2¢)@(vg + 2¢)) *2 Pe %t Po,
1
Do = (Pg *2 Pe) *¢ o — §(|W + 25\2 — (Jvg + Zq|2 *z r) *t W)-
We have
loa(®) = ve(®)lze < Elvallcs,_, ., (3.22)
which by (3.15) implies that
1 1/951/2
llvg = vellz2 20 S Lllvglloy, 2r < 03 < 161/25(141, (3.23)
where we used the fact that /A < )\;fl. In addition,
lvellenze < llvglley,y oy 22 (3.24)

3.1.3. Construction of vq+1. Let us now proceed with the construction of the perturbation wgi1
which then defines the next iteration by vg11 := v¢ +wg41. To this end, we employ the intermittent
jets introduced in [BCV18] and presented in [BV19a, Section 7.4], which we recall in Appendix A.
In particular, the building blocks W) = We ;-\ 2, for § € A are defined in (A.3) and the set A is
introduced in Lemma A.1. The necessary estimates are collected in (A.7). We choose the following
parameters

A=2gp o =ag o= A=A m= g =0 (3.25)

It is required that b is a multiple of 7 to ensure that A\j11r; = a7 e N.

pi=20/02 4| R + e, (3.26)
1

1(t) = 5y (01 = Bat2) ~ Bllog(t) + 2 (03],

Now we define p as follows

and

Ye ‘= Vg *t Pe-
We observe that (3.4) and b > 2 implies in particular % < awb(b*l% ie. %5q+1 2 q42, it follows
that v, > 0. In view of the definition of p in (3.26), we obtain for any p € [1, o0},

o 1
lollze < 20027)3P 4 2||Ry|| 2o + S0a41E. (3.27)
Furthermore, by mollification estimates, the embedding W*! C L* we obtain for N > 0
[Relley, < N Rl ey gzt
which in particular leads to
Ipllce, S €+ Rylloy,_y pnyrt + dgr1e: (3.28)
We put further details on the C’tlyw—estimates of p in Appendix B and by (B.1) we obtain

L o B o 1 N
Iolley, S NN Ralloy e + OV RNY, o+ 5 NS (3:29)

Now, we define the amplitude functions

Ry w,t,x)
a(&)(o‘}’tam) = Qg g+ (watvx) = p(wat7l‘)1/2’yﬁ (Id - M) ) (330)
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where ¢ is introduced in Lemma A.1. By (A.5) we have

(2m)~* > _af / Wiey ® Wigyde = pld — Ry, (3.31)
£eA
and using (B.2)
M . 1 B 1/2
ool < i (21Ralley . nr + yoae) (332

where M denotes the universal constant from Lemma A.1. Moreover, we could get the following
Cﬁm—norm of a(ey. Since the calculation is similar as in [HZZ23] except the explicit dependence on

||]O%q||C[t,11t+1]Lla we put the main part in Appendix B. In particular, by (B.9)-(B.8) we obtain for
N>1

layllex, S TN IR lloy_y purr + DY, (3.33)
and
lalley, S €U Rallcy_y ozt + DY (3.34)
Here, the implicit constant depends on N and in the following we only used N < 9

With these preparations in hand, we define the principal part w((lﬁ)l of the perturbation wq41 as

wll =" agWie) (3.35)
£eA
Since the coefficients a(¢) are (F)i>o-adapted and W(g) is a deterministic function we deduce that

((1-5-)1 is also (F;);>o-adapted. Moreover, according to (3.31) and (A.4) it follows that

wlly @ Wl + Re =" afePuo(Wie) @ Wie) + pld, (3.36)
£eA

where we use the notation Py f := f — ﬁ Jps fdz.

We also define the incompressibility corrector by

wéil = Zcurl(Va(g) X Vigy) + Vaey x curlVigy + a(E)W(c)

iy (3.37)
£EA

with W((g)) and V{¢) being given in (A.6). Since a(¢) is (F)¢zo0-adapted and Wg), W, () y and V(¢ are

deterministic it follows that w,(ljzl is also (ft)t>0—adapted. By a direct computatlon we deduce that

(p)l + wq_s_1 Z curl curl(aey Viey ),

EeA
hence
div(w((ﬁr)1 + wr(zizl) 0.
Next, we introduce the temporal corrector

|
willy = ~ > PP (“(25@%5)%2@'5) ; (3-38)

£eEA
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where P is the Helmholtz projection. Similarly as above, wé’il is (Fi)t>0-adapted and by a direct
computation (see [BV19a, (7.20)]) we obtain

Ouuifs + 3 Pyo (ayiv(Weo © Wio)

EeA
1
= Z PP00; (a ( ¢?§>1/’<2§>5) + P Z Pro (a%g)at(qs%@w(?@g)) (3.39)
§€A
(Id - P)— Z P00 (a<s>¢<s>¢<s>f) Z Pro (@a?s) w?&)%)f)) :
§€A geA

Note that the first term on the right hand side can be viewed as a pressure term Vp;.
Finally, the total perturbation wyy; is defined by

warn =0l +widy +wlly, (3.40)

which is mean zero, divergence free and (F;)¢>o-adapted. The new velocity vgy1 is defined as
Vg1 1= Vg + Way1. (3.41)
Thus, it is also (F;)ier-adapted.

3.1.4. Inductive estimates for vyy1. Next, we verify the inductive estimates (3.7) on the level ¢ + 1
for v and we prove (3.13).

In the following we use [CL20, Lemma B.1]. This result is applied to bound wgﬁ_)l in L? whereas

for the other LP-norms we use a different approach. By (3.32), (B.2) and (3.33) we obtain

1
i e,z £ llalle, W lle, 2 + WH%)H@ We)lle,z2
geA 4

Mo

1
< (||R Iy s psy Lt + E0qs1) 2 +

(Agaro)t/?
where we used the fact that due to (A.3) together with the normalizations (A.1), (A.2) it holds

[We)ll> =~ 1 uniformly in all the involved parameters. Here, we may choose My = cM > 1 with a
universal constant c.

B Rglloy oyt + 12 (342)

For a general LP-norm we apply (A.7) and (3.34) to deduce for p € (1,00)

— e 2/p—1 1/p—1/2
lwghlicis £ 3 laglles, IWieleeze < €21 Rallcy poyzr +DV2P P72 g 4
£eA

lwiillcr $ 3 (lalleg IWE lows + lagllcz, 1Vieleaw.»)
EeN

44
<6 19(||R HC[t — _|_1)3 2/p—1 1‘/1’ 1/2 (TLT +)‘q+1) (3.44)

_ 2 1 3/2

SRyl gzt + 17 P72,

and ®
lwgdillcer S p7 Y~ lagllgs 9@z 1412, 2
EEA

(3.45)

— > 2 11 2, 1 —
S 4(||Rq||c[t—1‘t+1][¥1 +1) /P H/p (M 1’PJ_ITH)

_ ° 2 11 2
= Ryl ey + DY PN
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32

We note that for p = 2 (3.43) provides a worse bound than (3.42). Hence, we obtain for p = 55>%— >
1 so that ri/pfzr‘ll/pfl < )\S‘H it holds that
—8/T+5a /|| &
lwgsalleas S AP U Rglloy gz +1)°, (3.46)

where we use (3.19) and the fact that )\;ial_% < 1 by our choice of a. The bound (3.46) will be used
below in the estimation of the Reynolds stress.

Combining (3.42), (3.44) and (3.45) we obtain

172 M

0 —1/14 ,— >
S AT U Ryl it 1)

Mo
8
—2/7 )— /5 —1/7 )— >
+ >‘q+{ é 19(||Rq‘|c[t—1,t+1]L1 + 1)3 + )\q-i-{ e 4(||Rq||0[t71,t+1]L1 + 1) (347)

Mo 2 1/2 _1/2.1/2 Mo ~1/14426 < 13 My
< ?”R‘IHC/V_LHHD +é/ 5#17 + )\q+{ a(”RQHC[t,LHl]Ll + 1)?~

1/2
Cle—1,t4+1

12,

qu+1HCtL2 < |L +e'/%

Thus by (3.10) and (3.11) we obtain

MO S nl/2 _ 1/2 MO MO —1/14+26 >
logerllze or < P UREE, +E 288070 + =N 2 (IR I 6 + 1)
MO ~1/2 1/2
—e /%4

S 4 q+1

1 My — o a
Moz 28 5 SN (e 242270 1)
Iy (3.48)
7051/251/2

MO —1/14+26«
5 Pt A (A2 +1)

< q+1

3M,
051/2(51/2

< 4 q+1°

Here we used a > (144L?r)¢ and —1/14+26a+3/b < —3 by the choice of parameters in Section 3.1.1.
The bound (3.48) can be directly combined with (3.23) and the definition of the velocity vg41 (3.41)
to deduce

loa1 = vallz,2r < lwgrlliz,or + llve = vall 2,20 < Moe"/?8,13,

hence (3.13) holds and (3.7) follows at the level of ¢ + 1. Moreover, by (3.47) and (3.11) we obtain

Mo, = v1/2 10172 Mo Mo | —1/14+4260 £
logeiliem < IR o + €720, 1570 + A 20N R 5 + 1)

q+1
M M,
< Mo 0

< o (692mI?) 3% 4 Mo 26,5 + —PA (67 - 12m L)) (3.49)

Mo _ 1/2
< (67 12mL%)*0) 4 Moe'/25)/3.
Thus combined with (3.24) and (3.8) we deduce that (3.8) holds at level of ¢ + 1.
As the next step, we shall verify the first bound in (3.9). The C} -bound follows similarly as in

[HZZ23] but with an explicit dependence on HIO%qHC[
estimates. Using (3.33)-(3.34) and (A.7) we have

+1.04 L2 - Hence, we omit most details for these

— a -1 —1/2
||w((ﬁr)1||c;z SOEUR N ey yypr + D20 / A2y, (3.50)

lwiiller . S5 (Ryle,

t,x t—1,t+1

o D)2 (3.51)
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and

1
t
nwﬁm@@<;}jw&wanMMWWm+W@@@w@mmma
cen (3.52)
SRl ey oy + 1)37'117“[2)\3;1?»

where we chose p large enough and applied the Sobolev embedding in the first inequality. This was
needed because PP is not a bounded operator on CP. In the last inequality in (3.52), we used
interpolation and an extra Ag,; appeared. Combining (3.50), (3.51), (3.52) with (3.19) we obtain

lvg+illey, < llvelley, + llwgsallep

> 264-22/7 500420/7 o
< (||RQHC[1,—1,1,+1]L1 + 1)4 (C)‘q+1 / + C)\ / + C)\43 +3) + ||Uq||C[1

q+1 q+1 =1t
Thus,
Iogsillcs m S IR am + DA + Buglley  m
<A (67 16mL2) ",

which implies the first inequality in (3.9) holds true on the level ¢ + 1.
Similarly, we have

2
(p) —19(| 1 3,.—1,—1/2y2 T
||wq+1HC’?Ym 5 E (||RqHC[t717t+1]Ll —|— 1) TJ_ frH )\q+1 <1 + rl) (3'53)
3804367 /|| £
SN Ry iy + 1,
‘@ < 03| £ 5 —3/2( HM)2
w ¢ R 1)°r Moy g —1
Il £ 6 Rl ypne + 1P (g -
34/7+62 °
S )‘q+/1 a(”Rq”C[t,l,tH]Ll +1)5,
and
) ra\?
! —27(|| 5 -2 —1\24a, —1
”w(;(Jrl”C,%m S ¢ (||Rq||c[t71’t+1]L1 —+ ]_) T rH >\q+1/1“ <1 + T|> (355)
S (IRglloy_y oyt + 1A
Hence, we obtain
: 38a+36/7
quHHCim S (Bglleys e + 1)5)‘q+al T lvgllesz, »
which implies
- 380+36/7
Fearillez, m S IR, o0 m + DN + Bogllez, m
< AT (67 - 20mL2)> ",

Hence, the second inequality in (3.9) holds true on the level ¢ + 1.

We conclude this part with further estimates of the perturbations w(gpﬁl, wgil and wfﬁh which
will be used below in order to bound the Reynolds stress .éq+1 and to establish (3.14). These

estimates follow similarly as in [HZZ23] with an explicit dependence on ||}D%q\|c[t71,t oyt~ We omit
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most details and derive the following estimates: by using (3.19), (3.33), (3.34) and (A.7)

1ol + ' lowm

< Z [lcurl curl(ae) Viey) llo,woe
£eA (3.56)

< i/p 1 ﬁ/p 1/2 (5_25)\(1431 i 6—19)\“1 LBy g—2>\q+1) (||J°%q||c[t71,t+1]L1 + 1)4

2 11 1/2
<r? /p— H/p 2= 2/\Q+1(||Rq||0[t71,t+1]u+1)4,

and
lwoilleawrs S %ri“j T 0 0) (Ralloy g + D -
S PN (Rl ey e + D7,
We then obtain for p = %
g lcowre S (3P /P20 20+ P PO (1 Ryl )
S Ot T+ Ryl )™ (3.58)

Taking expectation we obtain

Ellwgst |5 wie S Agit T (L4 El|RIE 1) S AT1TT(67 - 16rL2)0" T < AT T,

where we used (69 - 16rL?)%" < Ag s /\4 < Agy1 and we chose a large enough to absorb the constant.

Moreover, by (3.15) we obtain
Eljvg — vgllf i < AT <A

Now, (3.14) follows.
3.1.5. Proof of (3.12). We define

SE(t) := |e(t)(1 — 8g+2) — Ellvg1(t) + 2411 (t)l[72 |-
Proposition 3.5. It holds fort € R

SE(t) %5%2@(1&). (3.59)

Proof. By definition of v, we find

SE(t) < E[|[w?) 122 — 3v,(2m)?| + Elw'Yy + w122 + 2B (v + 2g41) (w0 )y +w( )|
+ 2E|(ve + zg41)wB |1 + 2E[[wl? (w0 ), + )|z (3.60)
+ E”W — Vg + Zg+1 — Zq”LZ + QEH(W — Vg + Zg+1 — Zq)(“q + Zq)”Ll»

which shall be estimated. Let us begin with the bound of the first term on the right hand side of
(3.60). We use (3.36) and the fact that Ry is traceless to deduce for t € R

w12 = 3yg = 64/€2 + [Re|2 + 3(70 — 79) + Y afey Po Wie %,

£eEN
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hence

E|||wq+1||L2 37q+1(27)°]

6+ (2n)°C+ 0|l telps + 3+ (2P — 1l + B Y | [ at PralWie .
£eEA

(3.61)

Here we estimate each term separately. Using (3. 20) we find

6 (2m)3 < 6+ (2m)3AT2072 < L A=2Boy(y <

1
q+1 48 q+1 75‘14‘26(15)7

48
which requires 28b < 3a/2 and choosing a large to absorb the constant. Using (3.10) on }D%q and
supp ¢¢ C [0,£] we know for t € R
o 1
GE[|Be(t)llzr < G0g+2e(t).
For the third term in (3.61) we use (3.3) and (3.7), (3.15) to have for 0 < 6 < 1/6
3 (2m)°|ve =Ygl S € llco_, + CEllvgllc

oy lgllo e + lzgllo,22)

4ol *Ellzllgir2-5 2 ([valle, s 22 + 1zgll .-y z2)
S e+ N2 My + L) + 012 L(Moe'/* + 1)

SAZe - A (M2 + L)+ A E O LMo 2 + )

N 1
SAE e+ L) < gdgaac(t),

where we choose a large to absorb the constant.
For the last term in (3.61) we apply (3.33), (3.34) and ||a%£)||czv S lagglleollag llev to bound

Z’ /TB “?5>P¢0\W<5>|2dx’ = Z ’ /TS “?5>P>qu+1/2|W<e>|2d$’
EeA

- Z‘/ ‘V‘NCL(E VI N]P)>7“L>\q+1/2|W(§)| dx‘
EEA
1

S llafeylen (ridge)) MW Pllee S €N (IRalley, oy + DV T2 AG) Ve ey

o 8—N
<N O Rylloy oz + DV T

Thus
By | / @B P a0 Wig [Pda| £ AU (67 a( 4 3/2)12)0" (V2
gen JT?

127a-1/7
< )\q+1 6q+2e( )

Here we may choose N =9, a > [252L?]3¢ such that (6’1 4(N +3/2)L2)5" (NF3/2) < X2 < \¥, | and
use 28b < 1/7 — 127«. This completes the bound for (3.61).
Going back to (3 60), it remains to control

t c
Elw'); + w122 + 2B (v + zg41) (wlD ) + w0 )|z

+ 2E|(ve + 2041w o1 + 2B w0l (i) +wll) ) s
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+ Ellve —vg + 2g41 — Zq||2L2 + 2E||(ve — vg + Zg+1 — 2¢) (Vg + Zg) || L1
Using the estimates (3.44), (3.45) and (3.19) we have

t h T6a—4/7 ha 16a—2/7
Elw), +wifi2e S Q@+ RS AT + A+ R NZ: )M

a a— )
< (60243 ARTHT < S e(t),

where we use a similar bound for the parameters as above. Next, we use (3.24) together with (3.42)
to have

t _
E[2]|(ve + zg+1) (w!D) + w0l ) p + 2wl () +wlf ) e] S (Moe'/? + L)wl?y + wlf) llz2 2

B 8a—1/7
S (Mo”2 4 L)(1+ Ryl )N

4
b« +2
)

with similar arguments for the second last inequality as above. We employ (3.19), (3.15), (3.43) as

well as Hw”cl . < ”Uq”Ct repn. 1O have for every ¢ > 0

2B (v + zg+) w11 S (loeloe 2 + Dzallnse )l llr o + 241 — Zq|||L4 S I P

« 1/2 1— (- 1/2 1/2 1/4
YT e A Tt o s A D LAY s S Ve SN

5a—8(1—¢) 4a—2 1 —28b J, +2
SIAGTT T H LN < gpAt < Sgeelt).

For the last terms, we apply (3.23) and obtain for 0 < § < 1/9

Elve — vg + 2g4+1 — ZqH%2 + 2E||(ve — vg + Zg+1 — 2¢) (Vg + 2¢) | 11
S loe = vgllzz 2 (lvgllzz 2 + Nzgllzz 2 +1) + Ellzg1 — 222
+ llzg+1 = Zgll L2 2(llvgll 22 + 2]l £2,2)
< E)\4(Moél/2 FL) 4 A +1(1 6)(M el/? 4 1) (3.63)

gAqf{2(M0*1/2+L)+/\ =0 (Moe'/? + L)

L2 o ‘5q+26(t).

<
S 9679t S o6

Here, we choose again a large enough to absorb the extra constant.
Combining the above estimates, (3.12) follows on the level g + 1. O
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3.1.6. Definition of the Reynolds stress ]a%q_H. Subtracting from (3.5) at level g+1 the system (3.21),
we obtain

divéq_H — qu-‘rl

= —Awg 1 + (Wi +wiy) + div((ve + 2) @ wap1 +wep1 @ (Ve + 20)

div(Riin)+Vpiin

+ div (( ) @ we +wl @ (W) + wfﬁl)>

diV(Rcor ) +Vpeor

+div(w® @ wh) + Re) + dwl),

div(ROSC)+vp05C
+ div (Vg+1®2g+1 — Vg+1®2¢ + 2g4180Vg11 — 20@Vg 41 + 2g41@2g41 — 20®2¢) + (20 — 2¢+1)

div(Rcom1)+VPcom1
+ diV(Rcom) — Vpy.
(3.64)
By using R introduced in Section 2 we define

Rin = —RAwg 1 + RO (wl)y +wly) + (v + 20) w1 + wa1®(ve + 20),

(p) &(w (e)

Reor = (wéil + wc(]tll)é)w‘frl + Wy i1 () )

Wy t1 + Wgt1)s

Reom1 1= Ug4+1®02g41 — Ugp1®2¢ + 2q41@Vg4+1 — 20Q@Uqt1 + 2q4102q1+1 — 20®20 + R(2ze — Zg41)-

In order to define the remaining oscillation error from the third line in (3.64), we apply (3.36)
and (3.39) to obtain

dlv( 1 ® w((l_s_)1 + Rg) + 8twq+1

= Z div ( P;,go Wiy ® W(g))) + Vp + 5t’wgtll

gen
= ZIF’;éO (Vaé)P;go(W@) X W(g))) +Vp+ Z ]P’;,go (a%g)diV(W(g) ® W(E))) + 8twf121
EeN EEA
= ZP;éO (Va g)P?go(W(g) ® W(g))) +Vp+Vp — — ZP;@ (8ta (d)%g)?/}(zg)f))
EEA geA
Therefore,

Rose = B (Vaé),]P’#o(W(g) ® W(f))) - ; R (ata%g) (¢?§)7/)(25)§)> - R(()S(): + Rotszsa
EEA 1IN

with B given in Section 2.
Finally we define the Reynolds stress on the level g + 1 by

éq+1 = Rlin + Rcor + Rosc + Rcom + Rcom1~
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3.1.7. Inductive estimate for }O%(H_l. To conclude the proof of Proposition 3.3, we shall verify the
estimates in (3.10) and (3.11). To this end, we estimate each term in the definition of R,y sepa-

rately.

2/p 2,1/p-1 @
TS Ag

In the following we choose p =
For the linear error we obtain

|1Rinllconr S IRAWg1 e,z + RO (wy +w ) )llc, o
+ [[(ve + 20)Owqi1 + War1@(ve + 2¢) || ¢, Lo
S llwgrillc,wre + Y [0rcurl(ag) Viey)llo, Lo
LN

+ (qu||C[t—1,t+1]Loo + ||Zq|‘C[t—l,t+1]Loo)||wq+l||CtLp’

where by (A.7) and (3.33)

> lloseurl(ag) Vie) le,zr < (lage le,calo:Vig lle,wrr + 10iace) le,enlVie le,w»)
geA EeA
» ~13.2/p 1/p—3/2
S (IRglley -yt +1)20 By /pr”/p 2y
> —-19_2 11 1/2—
Bl -y e + DAY P

In view of (3.58) as well as (3.46), we deduce
Sa—1/7 | \9a—2/7 | \27a—1/7 | 39a—15/T\ /|| f
IRinllonr S (N5 + N5 T+ ST AT (Ralloy g + 1)

5a—8/7 A
+ (vallen iz + 1zl mz=)NET " T Ralloy .y poyer + 1)

The corrector error is estimated using (3.43), (3.44), (3.45) as
[ Reorllc,rr < ”w(C)l + wq+1HCtL2P||wq+1”CtL2” + qu+1 + wq+1||CtL2P||wq+1||CtL2P

< (6719T1L/Pri/(2p) 3/2 40 1/1) 1 ﬁ/@ll) 2)\— )6727"1/1? 1Tﬁ/(2p) 1/2(”éq”(]t 1t+1]L1+1)7/2

¢
+ ||wéc+)1+wéil||aL2p

—1/7+13 —2/74+17 ®
< /\q+{ a(HRq”C[t—l,tJrl t 1)7/2 + )‘ / a(”Rq”C[t,l,tJA]Ll + 1)6'

We continue with the oscillation error Ros.. Using (2.1), (2.2) and the definition of W) we have

IR e <D |B(Vaie) Por, g 2(Wie) @ Wee))) |l 6, 1o
EEA

[Wie)y ® Weg)lle, e
TL)\q—i-l

S IVaiglloctIRWie @ Wee)llewws < [Vafgllc.or
< Ve oo 1O < oy DS T )
~ e lc.ct TL/\q+1 ~ Cri—1,e41) Lt H q+1

43 1/7 >
AT RN ey e + DM
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For the second term R(()?C we use Fubini’s theorem to integrate along the orthogonal directions of
b(ey and Y(¢) and apply (A.7) to deduce

IR lcorr < 7t~ 10safe) llco 1) 13, Lo 196 I, 2w
£eA

: —1,)-15,2/p—2_1/p—1 31a—9/7 /| $
A e e TP R ([ SIS D
In view of the standard mollification estimates and (3.7) it holds

[ Reomlle,r < Llvgllen

ft—1,t41]2 (lvallep sz + lzallo o iyz2)

-6
+02 (\Iqulc[lt/_szﬂ]m + lIzqlloy_y oy mi-s)lvglley, v, ez + 1Zglley oy 22)s

where § < 5. Finally, we use (3.6) to obtain

[Reomillc,zr S (lvgt+1lle,re + 1zg+1lley,_y vz + N2glloy_y vgre + Dllze — 2zg11llc, 22
1_5 —4(1-9)
< (62 ||Z||C[1t/_2;f+1]Lz 2oy s gm-sA )lvgslleze + l2lloy_y ore +1)

—2(1-9)
< M0”|Z|”Aq+81 (qu-&-lHCtLQ + HZ||C[t—1,t+1]L2 + 1)

Here ||z|| = HZ”CE/E;SH]L? +I2llcy, .o symr-s- Summing up all the above estimates, we obtain

h 43a—1/7 k2 —2/74+17 h
1Rgrllorr S A ™ U Rellcy ooyt + D+ A (1Rglley s yuyrr +1)°

5a—8/7 2
+ (lvglleyimz= + lzalcy =)Mo Ryl y oz +1)°

_a(1-4)
+ 12025 (lvgrlle,e + 2lley e +1)

1.5
+Elegliey o+ DD gl conyzs + Nelloys pnze):

Thus taking the r-th moment, using Holder’s inequality and (3.15), (3.11), (3.6) we obtain

= 43a0—1/7 > —2/7+17 >
IRgsllzrr S A TR 4+ 1) + AT (IRNS 5, + 1)
5a—8/7 A
+ (lvglley , 2 + Nzglzoe 200 X057 ™ (IRl 6, + 1)

—2(1-4
A5 (lvgeallze 2r + 2r — DYV2L)L(2r — 1)1/2

+ (Clvglles, ar + €27 L(2r = 1)) (fvgll 2 2r + L(2r — 1)'/?)

< YT (60 412" g AT (G 9L SO (38 4 AT )

q+1 q+1
+ (Moe"? + Ly(LA, 507 + ot 03700

43a—1/7 5a—8/7 —3a/2 a/8 —%(1-9)
5 )‘q—&-l / )‘S + ()‘q-i-l / )‘2 + )‘q+1/ )()‘3 + )‘q-{-l) + )‘q-&-gl
1

< @5q+32-

Here in the third inequality we used (67-24L%r)%" < Aq and in the last inequality we used 43a < 1/14
and 6/b + 28b*> < 1/14 and o > 408b* and ab > 32/7. Hence (3.10) holds on the level g + 1.
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Similarly, for m > 1 we use the first inequality as above with r replaced by m and instead of
(3.7) we use (3.9) and (3.8) to obtain

> 43a—1/7 2 —2/T+17« °
IRqs 1l m S AT TURME: 4 + 1)+ A, 20 T (IR 61 + 1)

5a—8/7 »
+ (lvalles , 2m + Dzaloe 2m) N3 7™ T (NR NS 1 6 + 1)

5
S Jograllnzom + (2m)2L)(2m) /2L

(auvqmcl om + er%@m)w) (oqhz2 2m + L(2m) /)

t,x?

< AT 2

A6 24m )M (X761 32m L)) xS (2m) 2L

+)\

+ @2m)2 LA 5 ((6‘1 - 24mL2)*6) 4 gl/2 4 (2m)1/2L>
+ ((6‘1 Am L) 4 gl/2 4 (2m)1/2L)

x (e/\23/7(6q—1 - 32mL2)4E T 4 6%—5L(2m)1/2)

< (6971 - 4mL?)5"

The proof of Proposition 3.3 is therefore complete.

4. STATIONARY SOLUTIONS TO THE STOCHASTIC NAVIER—STOKES SYSTEM

We recall that the trajectory space is 7 = C(R; L2) x C(R; L2) and the corresponding shifts Sy,
t € R, on trajectories are given by

Se(u, B)() = (u(-+t),B(-+t) — B(t)), teR, (u,B)eT.

The notion of stationary solution was introduced in Definition 1.2. Our first result of this section is
existence of stationary solutions as limits of ergodic averages of solutions constructed in the previous
section. This in particular implies their non-uniqueness.

Theorem 4.1. Let u be a solution obtained in Theorem 3./ with e(t) = K for some K > 8- 48L%r
and satisfying (3.16) and (3.18) with given € > 0 and r > 1. Then there exists a sequence T,, — 00
and a stationary solution ((, F,P), @, B) to (1.4) such that

Tin /0 " L[Su(u, Bt — L], B]

weakly in the sense of probability measures on T as n — oo. Moreover, it holds true that
Bljal2. = K, (4.1)
and fore >0
o — 2w <e, (4.2)

for Z(t ]P’f =) A-DdB, and for some ¥ > 0 and for every N € N

E sup [a(t)Fe + Elalg n o2y SN (4.3)
te[—N,N]
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Proof. We define the ergodic averages of the solution (u, B) as the probability measures on the space
of trajectories T

1 /7
vp = —/ L[S (u, B)|dt, T>0.
T Jo
By Theorem 3.4 we obtain
N—1
supE  sup u(t +5)[70 <sup Y E sup ult + )70
s€R  t€[—N,N] seR . T te€[iitl]
<2NsupE sup |lu(t+s)|5s <N,
520  t€0,1]

and similarly

SEEEIIU(' +8)[&o (- nnp.22) SN

For Ry > 0, N € N, we note that the set
Kor = Rl il o+ sl @)l < R |
[-N.N] te[—N,N]
is relatively compact in C'(R; L2). As a consequence, we deduce that the time shifts Syu, t € R, are

tight on C(R; L2). Since S;B is a Wiener process for every t € R, the law of S¢B does not change
with ¢ € R and is tight. Accordingly, for any ¢ > 0 there is a compact set K. in 7 such that

sup P(S;(u, B) € K¢) < e.
teR

This implies
_ 1 [T _
vr(KS) = / P(Si(u, B) € K)dt < &
0

and therefore there is a weakly converging subsequence of the probability measures vy, T > 0. That
is, there is a subsequence T,, — oo and v € P(T) such that vr, — v weakly in P(T).

Define the set

A= {(u,B) eT; (u(t),v) —|—/ (div(u ® u),¥)dr

= (u(s),v) —|—/ (Au, )dr + (B(t) — B(s),v), Yy € C=(T?), divey =0, t > s}

Since (u, B) in the statement of the theorem satisfies the equation, we have for all t € R
L[St (u, B)](A) = 1.
Hence, also vy, (A) = 1 for all n € N. By Jakubowski—Skorokhod representation theorem, there

is a probability space (Q,]} ,13) with a sequence of random variables (an,B"), n € N, such that
L[a™, B"] = vy, and (4", B™) satisfy equation (1.4) on R. By (3.17) we know
N 1 [T
Ela"(t)]l7= = T/ E|Ssu(t)[72ds = K. (4.4)
n Jo

By (3.16)

. 1 [T
sup E||a"(1)]|%% = sup T—/ E||Ssu(t)]|*5ds < oc. (4.5)
n n n JO
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Moreover, there is a random variable (i, B) having the law L[d, B] = v so that
(@™, B") — (@, B) P-as. in 7.

Thus, we can pass to the limit in the equation to deduce that v is a law of a solution on R.

The shift invariance follows from the same argument as in [BFH20e, Lemma 5.2]. Namely, it
holds for G € Cy(T) and r € R

/GOST(u,B)dz/(u,B):/ G(u, B)dv(u, B).
T T

Finally, (4.1) follows from (4.4), (4.5) and (4.2), (4.3) follow from a lower-semicontinuity argument
and the related bound for the approximations. In fact, we define

t t

() = / = A-DgFn — Fn () 4 / (A — I)elt=)(A=D gy
We know that z(¢)" — Z(t) = fioo et=9)A-DdB in C(R,H"?) P as. Thus (4.2) follows from
lower-semicontinuity. O

Using the above result and choosing different K, the first claim in Theorem 1.4 follows.

By a general result applied also in [BFH20e, FFH21, HZZ22| and using Theorem 4.1 we obtain
existence of infinitely many ergodic stationary solutions as follows.

Theorem 4.2. Letr > 1. For K > 8-48L%r there exists C > 0 and an ergodic stationary solution
((Q, F,P),u, B) satisfying

ElulZ. = K, (4.6)
and for some ¥ > 0 and for every N € N

E suwp [u®)|Fs +ElulE_n w2y < CN. (4.7)
te[—N,N]

Proof. In view of Theorem 4.1, this is a consequence of a Krein—Milman argument. In particular,
we observe that the set of all laws of stationary solutions satisfying (4.6) and (4.7) is non-empty,
convex, tight and closed which follows from the arguments in the proof of Theorem 4.1. Hence there
exist an extremal point. By a classical contradiction argument, it is the law of an ergodic stationary
solution.

Non-uniqueness of ergodic stationary solutions follows from choosing different K. O

5. STATIONARY SOLUTIONS TO THE STOCHASTIC EULER EQUATIONS
We proceed with a construction of stationary solutions to the stochastic Euler equations (1.5).

Theorem 5.1. Assume that Tr((—A)°GG*) < oo for some o > 0. There exist infinitely many
stationary solutions ((Q, F,P),u, B) to stochastic Euler equations (1.5) on R x T3. In particular,
let > 1 and for a given K > 8- 48L%r with L being the bound for the noise in Proposition 3.2,
there exists a stationary solution ((Q, F,P),u, B) to (1.5) satisfying

Eluli. = K,

as well as (4.3) for some ¥ > 0.
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Moreover, for an arbitrary sequence of vanishing viscosities v, — 0, n € N, there exist a sequence
of stationary solutions u,, n € N, to the following stochastic Navier—Stokes equations

du, + div(u, ® u,)dt + VP, dt = v, Au, dt + dB, (5.1)

so that the corresponding family of laws Llu,], n € N, is tight in C(R; L2) and every accumulation
point is a stationary solution to (1.5).

Finally, there exist infinitely many ergodic stationary solutions to (1.5).
Proof. In order to construct stationary solutions to the stochastic Euler equations (1.5), we decom-
pose its solution u as v 4+ z where z solves the linear stochastic problem

dz + zdt =dB, (5.2)
whereas v is a solution to the nonlinear equation with random coefficients
ov—z+div(lv+2)®@ v+ 2))+ VP =0,
. (5.3)
dive = 0.

Suppose that z is the unique stationary solution to (5.2) such that the bound from Proposition 3.2
is changed to: for any § € (0,1/2),p > 1

su E[zp ) }g —1yP2pp. 5.4
Sup | ||Ct1/2 spo| S(@—1) (5.4)

Here, unlike in Proposition 3.2, we cannot use the smoothing effect of the Laplacian and hence we
get the spatial regularity of z from the strengthened assumption on the Wiener process.

Accordingly, (3.6) changes to
a/4
Veallzm < gl gpraso o, < AL (o — 1)M2L. (5.5)

In Section 3.1.5, we need to modify the bounds (3.62) and (3.63). The former one now reads for
every € > 0 as

[w®\ [l 22

2E||(ve + zg+1)w o1 S (Jvell =2 + lzgllzoe 2)[0F et o + lzgs1 — 2qllz2.a
/8 _9¢1/2 1—¢ 1(1-¢) —ao/8 _
S OGN A28 5o T AT Mg
5a—8(1—¢) —ao/8 _ 1 —28b 0 +2
/S L)‘q+1 ’ + >\q+1 / M061/2 g %Aq+? g ;6 e(t)a

where we use (3.42) and (3.48) to control |||w((f£1 llz2,2 and we need aoc > 168b. The latter one now
relies on

Elzg1 — 22 < ALY,

ao/8—28b

g+ ,i.e. aoc > 168b and a large enough to absorb the extra

which requires My(e'/? + L) < A
constant.
For the control of }O%(H_l we can use (5.5) to derive the same bounds for most of the terms as in

Section 3.1.7. The main change comes from the following two parts in Reom and Reomi, namely,

€U||ZQHC[1,71,1,+1]H"(”quc[tfl,tJrl]Lz + qu||c[p71,t+1]l/2 + ||Uq+1||C[t,1,t+1]L2)7

and

—ao/8

‘lz“c[t—l,t+1]Ha>\q+l (qu||c[t711t+1]L2 + ||ZqHC[t71,1,+1]L2 + 1)
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Then, when we estimate \||Rq+1||| Lt » we have the following extra term

(Moe"/? + L)L\, + %),
which requires (Moé'/? + L)L < )\31{8721)62, i.e. ac > 163b%. We obtain this additional bound by
choosing £ small enough.
Consequently, we deduce existence and non-uniqueness of solutions to stochastic Euler equations
as in Theorem 3.4. Furthermore, existence and non-uniqueness of stationary solutions follow by the
same argument as in Theorem 4.1. This completes the proof of the first claim in Theorem 5.1.

For the second result in Theorem 5.1, we first apply Theorem 4.1 to derive the existence of
stationary solutions u,, n € N, to equations (5.1) with u,, satisfying (4.3) uniformly in n. More
precisely, we choose z, satisfying

dz, + 2z, dt = v, Az, dt + dB. (5.6)

Then z, satisfies (5.4) uniformly in n, using again the regularity of the noise instead of the smoothing
effect of the Laplacian. Hence, by exactly the same argument as above and Theorem 4.1 we know
that (4.3) holds uniformly in n, which implies tightness of u,, n € N, in C(R; L2). By Jakubowski-
Skorokhod representation theorem, we can modify the stochastic basis and pass to the limit in the
approximate Navier—Stokes equations (5.1) and derive the claim.

Existence and non-uniqueness of ergodic stationary solutions follows from the same argument as
in Theorem 4.2. (]

Motivated by the recent work [BD22], we note that our construction can be employed to give
a result related to anomalous dissipation along a vanishing viscosity limit in a Navier—Stokes—
Reynolds system. Unlike [BD22], our result holds in the context of statistically stationary solutions,
bringing our theory even closer to the fundamental principles of the Kolmogorov’s 1941 theory
of homogeneous, isotropic turbulence [Kol4la, Kold1b, Koldlc]. To this end, we first recall the
following version of the geometric lemma from [DK20, Lemma 3.2], which we use as a replacement for
Lemma A.1. It permits to derive a lower bound on the L?-norm of the gradient of the perturbations
vg+1 (see Lemma 5.3 below) and leads to the anomalous dissipation produced by convex integration.
In particular, we point out that the anomalous dissipation is not a consequence of the behavior of
the linear part of the equations as discussed in Remark 1.7.

Lemma 5.2. Let A = {£,}9_, be a set of vectors in Q% and C > 0 such that
6
Z & ®E = C1d, {6, @ &5, forms a basis of S**3. (5.7)
i=1

Then there exists a positive constant Ny such that for any N < Ny, there are functions {~e, }°_, C
C> (B, (1d)) satisfying for K € By (1d)

6
K=Y % (K)(&®&).
=1

Moreover, 7 (K) > 7 for K € By, (1d).

Now, we choose & € S2NQ? as (%, :l:%,()), (%,O, :I:%) and (0, %, :i:%). They satisfy the condition
(5.7) with C' = 2. In this case we could find Ny such that for every matrix R € By, (Id) the result
in Lemma 5.2 holds with 752 > 1/4. This is the key point in the following lemma.
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Lemma 5.3. In the setting of Proposition 3.3 it holds that for ¢ € Ny and every t € R

13/7+14a
Bl|Vog1 (072 > %l A,

Proof. Since we use a modified geometric lemma we change the definition of p with 2 replaced by
1/Ny. Since Ny is a universal constant we only need to change the bound (3.10) as

o 1
Rollpi, < —
Wil < 45

and we choose My in (3.7) depending on Ny. We calculate ||[Vvgi1]/3. and have

Noedgto,

[Vogil2e = [ Voel2e + [Vl 22 + [V (@i +wl )22 + 2(F0e, V() +wl)) +w))
+2(Vuwl) V(! +wlf))).

We use the lower bound of ¢ from Lemma 5.2, the fact that p > Nj ¢, a direct calculation showing
[VWieyllL2 ~ Ag41 and (3.33) and (A.7) to have

IVl |32 > Z meuvw@n%z = > llallz; 1WelIz-
3

2 4N T P = (RN + 1),

Taking expectation we use (3.11) to get
E|Vwgl7: 2 exqﬂ — CB(|Ry[11 +1)

~4N — U2 — APGA

For the rest thems we first use (3.15) to have
sup E[|[ Vg7 < A,
teR
For the other terms we apply (A.7) and (3.33)-(3.34) to have
IVwiilie S llage I3 IVWEZe + lla Izs 1Vie 12, 2
<N 0 2 (R4 + 1) + (IR 1S + 1),

and

IVl 2. < 2 Z <||a(§)\|cﬂ lagellcr e 1 7allve e, s
EEA

+ llage) 26111Vl llve) 12, s
2
+lla g o 1341V lle sl e, )

5/2 -1 —1/2
S (PR + ety

4 1 —1/2 r1\?2
IRl + DAy 2+ 7H>) .
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Hence, in view of (3.11) we use a > (192rL?)¢ to have |\|Rq Il s < Aq to obtain

J t 10/7+52 60a—2/7 12/7+16
E|[Vwl? 22 + E[Val) 2. S Adr T2 A8 4 A0S 4 A0 TAS 4 AL/ 102

12/7+17c
5 )\q+1 .

We use (3.33), (A.7) and have

B[V ll7a S €N A+ CB(1 Rl + 1)

SN

As a result, we apply Holder’s inequality for the cross term and get
t t
2E|(Voe, V(wg)y + wily +wit )|+ 2BV, V(wiy +wiily))]

4y14+4ay1/2 | \14+4a6/7+9a 13/7+13a
S A AT AT A S A .

Summing up the above estimates the result follows. O

Our result related to anomalous dissipation then reads as follows.

Theorem 5.4. Suppose that Tr((—A)*/?*°GG*) < oo for some o > 0. Let e > 0, r > 1 and
K > 48 -8L%r /Ny be given with L being the bound for the noise in Proposition 3.2. There exists a
sequence of viscosities v, — 0 and stationary processes (un, Ry) € C(R; HY) x C(R; LY) satisfying
the following stochastic Navier—Stokes—Reynolds equations

Aty + div(uy ® uy) At + VP, dt = v, Auy, dt + divR,, dt + dB, (5.8)

lim [[Ruf|z1.- =0,
n—oo
and
1
lim inf VnE||[ V|32 = €+ 5Tr(GG*). (5.9)

Furthermore, the corresponding family of laws Lu,], n € N, is tight in C(R; L2) and every accumu-
lation point is a stationary solution to the stochastic Euler equations (1.5) with E|jul|?, = K and
satisfying (4.3) for some ¥ > 0. In particular, the solutions u,, n € N, can be chosen as ergodic
stationary solutions.

Proof. Let z, to be the stationary solution to (5.6). Here, we suppose that G satisfies the stronger
condition from the statement of the theorem so that for é € (0,1/2) and n € N

Vonllerresep + lonllmerap < (0 = 1DY2L,

For a fixed n € N, we run the stochastic convex integration as in Section 3 but we do not project z,

o

as before. More precisely, we construct a sequence of solutions (v, 4, Rn,q) satisfying the following
equations

Otvn,g — 2n + div((vn,g + 2n) @ (Ung + 2n)) + VDn,q = VnAvp ¢ + div]%nyq,
divvy, g = 0.
Set uy, = vy n + 2, and R, = Rnn Using the estimates in Proposition 3.3 with e(¢t) = K we obtain

cirzer S L (5.10)

lunllzro 20 + llun]
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with the proportional constant independent of n and

o 1
Fun = zallog, o <N lun = zallcz, r <28 DRalliss € 5 NodaiaK,  (5.11)
and for any t € R

3 5

1o K <K - Ellu,(1)]2: < 7on K. (5.12)

In order to derive (5.9) we apply Lemma 5.3 to have
1 oo -2 T+1lda
EHVU”JL”%E > m)\i 3 /2,\n_1 _ ’\7113/ +l4a

On the other hand, we estimate using (3.14)
E(Vonn, Vzn) < Elvanllwia [Vaalze < Ellopalfyn) (B VzallF-)?

n
< (/\q—a/Q +/\;1/7+6Q)L <L,
q=0

where we could choose a large enough as in the proof of Theorem 3.4. We then get

1 )
B[ Vun|fs 2 A 202 = AT — 2L 1+ BV 3,

with a proportional constant independent of n. We denote this constant by ¢ and let

1
Uy = (6 + 2Tr(GG*)) T NN FH3e/2)2 (5.13)
we deduce for t € R
1
Un BV, (t)]2: > e+ 3 TH(GG") +vne (-A}j”/”l‘*a — 2L+ E||v,zn||%2) : (5.14)

Next, we recall that z, is a stationary solution to (5.6). Hence it follows from It6’s formula that
1
Bzl + vaB V23 = STH(EE).
On the other hand, since
t
Zn (1) z/ e(tfs)(”"Afl)dB,
a direct computation yields
1
. 2 4 *
lim Bz, 7 = 5TH(GC?),
which further implies
. 2
nh_}n;o v, Bl Vz,||1. = 0.
Therefore, in view of (5.13) and (5.14), and the choice of the parameter a, (5.9) follows for
un(t),t € R.
Furthermore, we use (3.53)-(3.55) to have for § > 0

SUp E|| R || L5 50 S C(n). (5.15)
teR t

We need the above estimate for the tightness in the trajectory space for R, in order to construct a
stationary solution below. Here, the constant may depend on n.
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Based on these estimates, we consider (un,B,Io%n) on the trajectory space 7; = C(R;L2) x
C(R; L?) x C(R; L'). The corresponding shifts S;, ¢ € R are given by

Sy(u, B,R)() = (u(- + 1), B(- + t) — B(t),R(- + 1)), teR, (u,B,R)e€T.

Using (5.10) and the last estimate in (5.11) and (5.15) it follows that for a fixed n, the ergodic
averages

I .
Un,T = T / 'C[St(unv B, Rn)]dta T >0,
0

form a tight set in 77. Furthermore, using the second estimate in (5.11) the probability measures
% fOTE[Stun]dt, T > 0, form a tight set in C(R; H'). Hence similar arguments as in the proof
of Theorem 4.1 lead to the existence of a stationary solution to (5.8), which is still denoted by
(un, B, Ry,) and satisfies (5.9)-(5.12).

Now, we apply a tightness argument to the stationary solutions (u,,, B, Rn), n € N, and the third

estimate in (5.11) to obtain || R,, Iz~ — 0. Letting n — oo we obtain that the tight limit of u, is a
stationary solution to the stochastic Euler equations.

Furthermore, Krein—-Milman’s theorem permits to choose u,, as ergodic stationary solutions and
the final result follows. O

6. STATIONARY SOLUTIONS TO THE DETERMINISTIC NAVIER*STOKES/EULER EQUATIONS

In this section, we construct random statistically stationary solutions to the deterministic Navier—
Stokes/Euler equations on R x T3. As mentioned in the introduction, a lot has been already achieved
by using the known deterministic results about Euler and Navier—Stokes equations. Furthermore,
also the results of Section 3, Section 4 and Section 5 can be applied with G = 0. Therefore, here
we focus on proving that the constructed stationary solutions may be genuinely random as well as
time dependent. Precisely, we show that the solutions can be close in a certain sense to a given
stationary stochastic process. This further highlights the fact how arbitrary the stationary solutions
to the deterministic Navier—Stokes/Euler equations can be. In particular, the constructed stationary
solutions can possess “almost” Gaussian or non-Gaussian statistics.

In the sequel, we make a few modifications in the construction of Section 3. We consider the
iteration

Orug + div(ug ® uq) + Vpg = vAu, + div]o%q (6.1)

with v =1 or 0, which corresponds to the Navier—Stokes and Euler equations, respectively. In this

case Proposition 3.3 holds for (ug4, R,) satisfying (6.1). Its proof simplifies as we do not need to
include the process z, anymore. Based on this, we obtain the following result.

Theorem 6.1. Let r > 1 be fized and Z be an F-measurable stationary stochastic process with
smooth trajectories and vanishing mean and divergence and satisfying

1/m
(BlIZIE: +BIZIZ ) <m'L, (6.2)

for any m > 1 and some L > (27)3. Let a smooth function e : R — (0,00) satisfying € >
e(t) > e > 192rL? and € > 0 be given. There exists an F-measurable process u which belongs
to C(R; H?) N CY(R; L?) P-a.s. and is an analytically weak solution to the deterministic Navier—
Stokes/Euler equations on R x T3. Moreover, there exists ¥ > 0 such that

lullzzo 2r + Nullep 2 2r < 00,
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and fort € R
Efu(t)||7. = e(t), (6.3)
and

sup Elju — Z||¢, w1 < e (6.4)
teR

Proof. We start the iteration with ug = Z, so (6.1) on the level ¢ = 0 reads as
07 +div(Z ® Z) + Vpy — vAZ =: div Ry
with )
Ro=2Z®7Z — R(AZ — 0,7).
The last term is the reason why we require smoothness of trajectories of the process Z and we also
need a bound for the Cﬁz—norm of vg = Z. Hence, for some r > 1 such that e > 1927 L2

; 1
IRollzr - < 2rL% + (2m)° - 2rL < ce,

and for m > 1
I Roll 1 < 2mL? + (27)° - 2mL < 4mL>.

Now, we run the convex integration from Proposition 3.3 and we get a limit v = limg_, oo 14 in
C(R,H?)N C?(R, H”) which solves the deterministic Navier—Stokes/Euler equations. Moreover, it
holds

u—27= Z(uq-‘rl — Ug)-
q=0

Thus, as in Proposition 3.3 we could choose a large enough so that (3.14) implies (6.4). The rest of
the proof follows exactly the same arguments as in the proof of Theorem 3.4. |

Remark 6.2. From the proof it can be seen that the stochastic convex integration is not necessary
provided Z satisfies certain stronger assumptions. For instance, if Z possesses a uniform in w
bound in CZ(R x T?), a deterministic convex integration & la [BV19b] can be applied pathwise,
an w-dependent energy can be prescribed pathwise and the expectation in (6.4) can be dropped.
Furthermore, the stochastic convex integration is also not necessary provided the trajectories of Z
belong to Cg(]R x T?) a.s. In this case, we can apply the deterministic convex integration on each
of the sets
Op = {w €0 L—1< | Z(w)llozexrs) < L}

and glue the solutions together similarly to [HZZ22, Theorem 3.2]. Restricting to the sets Q0 permits
to obtain the F-measurability of the solutions, since the parameters in the convex integration only
differ for different L but not for each different w.

Combining the above with the proof of Theorem 5.1 we obtain the following result.

Theorem 6.3. Letr > 1, ¢ > 0, let Z be as in Theorem 6.1 and let K > 192rL2. There exist a
random, time dependent, stationary solution (0, F,P,a) to the deterministic Navier—Stokes/Euler
equations on R x T3 satisfying

El|a)?. = K,
and a stochastic process Z defined on the same probability space, L[Z] = L|Z], so that
Elli — Z| ¢y <e (6.5)
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Furthermore, there exist non-unique ergodic stationary solutions.

Proof. The proof proceeds similarly to the proof of Theorem 4.1. The main difference is that now
we consider the ergodic averages

f/ L[S, (u, Z)]d —/EuZt+)]d T>0.

The uniform bounds of u and Z imply tightness of vy in C(R; L?) x C(R;C*Y). We could find a
stationary solution (€, F, P, Z) such that E||i[|2, = K for some given K and

sup E||i — Z||¢, w11 < e.
teR

This also implies that the stationary solution depends on time and is genuinely random provided
Z is time dependent and genuinely random. For different K we have different stationary solutions
which also gives non-unique ergodic stationary solutions. (I

The above results offer a lot of freedom in the choice of the process Z, showing how arbitrary
the law of constructed stationary solutions can be. For instance, the construction can be performed
with a Gaussian stationary process Z with smooth trajectories. A simple example is given by

Z(t) = (cos(t)€1 + sin(t)Es) e ey,
where £, & are independent standard Gaussians and k, e, € R3\ {0} are orthogonal. In this case,
we could find L > 0 such that for every m > 2, [ Zllc2_n + 1 Z)22,m < (m —1)/2L. Hence, (6.2)

is satisfied. Note that this corresponds to the second situation discussed in Remark 6.2, namely,
where the trajectories of Z belong to CZ(R x T?) a.s.

To construct a Gaussian process Z outside of the simplified setting of Remark 6.2, we may
consider z as in Section 3, i.e. a stationary solution to (3.1), and define Z to be its space-time
mollification. Then (6.2) follows from Proposition 3.2 and the stochastic convex integration as used
in Theorem 6.1 can be applied.

But we may as well define Z to be non-Gaussian. For example, we let Z(t) = X (t) = cos(t +
Y)e* ey, where k, e, € R?\ {0} are orthogonal and Y is uniformly distributed on (0, 27]. Alter-
natively, we use the process X given above and define Z(t) = [;° e*WA=D X (t — 5)ds which is a
stationary solution to the following equation

07+ 7 =vAZ+ X, (6.6)

which is also of zero mean and divergence free. Both these examples have uniform in w bounds as
discussed in Remark 6.2 and they are non-Gaussian.

Theorem 6.4. Letr > 1, € >0, e >0, let Z be as in Theorem 6.1 and let K > 48 - 4rL?%. Up to
a change of probability space, there exist v, — 0 and stationary processes (un, R,) € C(R; H') x
C(R; LY), satisfying the following random Navier-Stokes—Reynolds equations

Oy, + div(up, @ un) + VP, = vpAu, + div]o%n7 (6.7)
lim || Rl 1 =0,
n— oo
and

lim inf v, E|| V|22 > €. (6.8)
n—oo
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Furthermore, the corresponding family of laws L[u,], n € N, is tight in C(R; L2) and every accu-
mulation point is a stationary solution to the deterministic Euler equations

Ou+diviu®@u) +Vp =0,
with El|u||2. = K and satisfying (4.3) for some 9 > 0 and
Ellu— Z|[fs <= (6.9)
This implies that the solution u can be random and time dependent. In particular, the solutions .,

n € N, can be chosen as ergodic stationary solutions.

Proof. For a fixed n € N, we run the stochastic convex integration as in Section 3 starting at

o

Un,0 = Z and we obtain a sequence of solutions (u,q, Ry q) satisfying the following equations
Ayt + div(tn.g @ tn.g) + Vg = UnDtp g + divR, 4,
divu,,q = 0.

Similarly as in the proof of Theorem 6.3 it holds

, 1
IRnollrr < 2rL?+ (27)° - 2rL < =

and for m > 1

I Roll 1 m < 2mL? + (27)° - 2mL < 4mL>.

Set up, = up,, and Rn = Rnn Using the estimates in Proposition 3.3 with e(¢) = K we obtain

lenllzro 2r + Wunlloprzzr ST, SUDEllun — Zlic,wis < & (6.10)
€

with the proportional constant independent of n and

o 1
lunllcs,ar < Ans Nuallcz, » < A% IRl < 180n 2 (6.11)
and for any t € R
3 5
10K <K - Ellu,(t)]2: < 1on K. (6.12)
Similarly as in (5.14) and applying Lemma 5.3 we get
VnE||Vu, (t)|32 > e, (6.13)

for n large enough. Furthermore, we use (3.53)-(3.55) to have for § > 0
sup Bl Ry |55 a0 S C(n). (6.14)
teR '

We need the above estimate for tightness in trajectory space for Rn in order to construct a stationary
solution below. Here, the constant may depend on n.

Based on these estimates, we consider (un,]?%n,Z) on the trajectory space 7; = C(R;L2) x
C(R; L') x C(R; L2). The corresponding shifts S;, ¢ € R are given by

Sy(u, R, Z) () = (u(- + t), R(- + 1), Z(- + 1)), teR, (u,R Z)eTi.

Using (6.10) and the second estimate in (6.11) and (6.14) it follows that for a fixed n, the ergodic
averages

1 (7 .
Un,T = f/ ﬁ[St(unaanz)]dt7 T>0,
0
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form a tight set in 7;. Furthermore, 7 fOT L[S (u,)]dt form a tight set in C'(R; H'). Hence similar
arguments as in the proof of Theorem 4.1 lead to the existence of a stationary solution to (6.7),
which is still denoted by (un, Ry, Z,) and satisfies (6.10)-(6.14).

Now, we apply a tightness argument together with a Skorokhod representation theorem for the
stationary solution (un,}a%n,Zn). For notational simplicity, we do not rename the objects after
changing the probability space. Applying the third estimate in (6.11) we obtain |||Rn le:» — 0. The
strong convergence of u,, in C(R;L2) follows from (6.10). Letting n — oo, we see that the tight
limit is a stationary solution to the deterministic Euler equations.

Thus, we use (6.13) to deduce that (6.8) holds and

lim inf v, B[V, ||2: > e
n—oo

The claim (6.9) as well as randomness and time dependendence of the limit solutions follow from
similar arguments as in Theorem 6.3.

Furthermore, Krein—-Milman’s theorem permits to choose u,, as ergodic stationary solutions and
the final result follows. O

Remark 6.5. The regularity corresponding to the Kolmogorov 2/3-law, implying the decay of the
energy spectrum as discussed in the introduction, remains out of reach for our solutions. Neverthe-
less, our solutions satisfy a weaker version of the corresponding Kolmogorov hypothesis in the spirit
of [CG12, CV18] which is sufficient to perform rigorously the vanishing viscosity limit and obtain
stationary solutions to the Euler equations.

We conclude this section by an observation that stationary solutions to the deterministic Navier—
Stokes/Euler equations can also be obtained as limits of stationary solutions to the stochastic
counterparts of the equations, possibly combining with a vanishing viscosity limit. More precisely,
we have the following result.

Theorem 6.6. Suppose that Tr((—A)3/2+°GG*) < oo for some o > 0. Let r > 1 fived, Z be
as in Theorem 6.1, K > 384rL? and ¢ > 0. For an arbitrary sequence of vanishing constants
Yims Y2n = 0, n €N, 1, Yo, = 0, up to a change of probability space, there exist a sequence of
stationary solutions u,, n € N, to the following stochastic Navier—Stokes/Euler equations (for v =1

orv=20)
duy, + div(u, @ u,) dt + VP, dt = (v 4+ 71 n) Auyp dt + 72,,dB, (6.15)

so0 that the corresponding family of laws Lluy,], n € N, is tight in C(R; L) and every accumula-
tion point is a stationary solution to the deterministic Navier—Stokes/Euler equations on R x T3.
Furthermore, every accumulation point u satisfies

Elul?. = K,
and
Elu — Z||g, w11 < e (6.16)

Remark 6.7. The formulation of the above theorem in particular permits a simultaneous limit of
vanishing viscosity and vanishing noise. We recall that the particular choice of 72, = /71, Was
treated in [Kuk04] (see also [GHSV15]) in two spatial dimensions. It gave rise to the so-called Kuksin
measures, a genuinely random statistically stationary solutions to the deterministic Euler equations
on T?. It was argued on page 472 in [Kuk04] that in three dimensions, the correct scaling is 2, = 1
in order to be consistent with Kolmogorov’s prediction of anomalous dissipation. This is indeed
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what is suggested by the formal energy equality, but in this setting the limit satisfies the stochastic
Euler system. For the approximation (6.15) we are not able to obtain the anomalous dissipation.
More precisely, we cannot prove (1.3) due to the worse spatial regularity of our solutions. This issue
can be overcome by including an additional vanishing Reynolds stress as shown in Theorem 5.4.

Proof of Theorem 6.6. We decompose (6.15) with z, a stationary solution to
dzp + 2pdt + VP = (Vv 4 7y1,0) Azpdt + v2,,d B,
divz, = 0.
Then we have for any p > 2, 0 < § < 1/2
lzullcarzs e, + lznllc, msr2 p < 20 (p — 1)Ly,

for some L; > 0. For each fixed n, we run the convex integration iteration as in Proposition 3.3
indexed by ¢ and starting from vy = Z, which gives

1

8¢

Here we may choose n large enough such that v2 ,4rL% 4+ 72, L1 is small. We then could use similar

argument as in Theorem 6.1 and Theorem 6.3 to construct, up to a change of probability space,
stationary solutions (uy, z,) so that

I Rollzr e < 4rL?*+2- (20)3rL + Y2, Ly + 243,,7L3 < 8rL* <

Elun, |72 = K,
and

sup El|u, — 2z, — Z[|¢, 11 <. (6.17)
teR

Furthermore, for some ¥ > 0 we obtain
lunllzo 2r + llunllcp 2 2r S 1,

with the proportional constant independent of n. Hence, we obtain tightness of u, in C(R;L2)
as in the proof of Theorem 5.1 and conclude that the tight limit is a stationary solution to the
deterministic Navier-Stokes/Euler equations. Since z, — 0 in C(R; H'), (6.17) leads to (6.16). O

APPENDIX A. INTERMITTENT JETS

In this part we recall the construction of intermittent jets from [BV19a, Section 7.4]. We point
out that the construction is entirely deterministic, that is, none of the functions below depends on
w. Let us begin with the following geometric lemma which can be found in [BV19a, Lemma 6.6].

Lemma A.1. Denote by By,5(Id) the closed ball of radius 1/2 around the identity matriz Id, in the
space of 3 x 3 symmetric matrices. There exists A C S N Q3 such that for each & € A there exists
a C*®-function 7 : Byjs(Id) — R such that

R=) %R

£eA

for every symmetric matriz satisfying |R —1d| < 1/2. For Cx = 8|A|(1 + 87%)'/2, where |A| is the
cardinality of the set A, we define the constant

M= CASUP(||75||CO+ > 1Dl o)
l7l<N
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For each & € A let us define A¢ € S*> N Q3 to be an orthogonal vector to £. Then for each & € A we
have that {&, A¢, & x A¢} € S2NQ3 form an orthonormal basis for R3. We label by n, the smallest
natural such that

{ne& neAg, i€ x Agy C 72

for every € € A.

Let ® : R? — R be a smooth function with support in a ball of radius 1. We normalize ® such

that ¢ = —A® obeys

1
R/ ¢* (21, x9)daydzy = 1. (A1)
R2

By definition we know fR2 ¢dx = 0. Define 1 : R — R to be a smooth, mean zero function with
support in the ball of radius 1 satisfying

%/}RwQ(l‘z})dlﬁ =1 (A.2)
For parameters 7,7 > 0 such that
r L < 1,
we define the rescaled cut-off functions

O, (w1,72) = 1¢(”” ”C) O, (1) = ( ) Uy () = 50 ()

Ty rLoo\TLTL
We periodize ¢,,,®,, and ¢, so that they are viewed as periodic functions on T2, T? and T

respectively.

Consider a large real number A such that Ar; € N, and a large time oscillation parameter p > 0.
For every £ € A we introduce

1/1(5) (tv x) = wﬁT’LTH,)\y#(t’ 1') = TZ)T” (n*rL)‘(m ' 5 + Nt))
D(g)(x) := e, A (@) := p ) (ur LA — ag) - Ag,mar i A — ) - (€ % Ag))
D©)(7) 1= Per A(2) := Pr (Rar LA (T — ) - Ag, mar L A (@ — ag) - (§ X Ag)),
where a¢ € R? are shifts to ensure that {®(¢)}een have mutually disjoint support.
The intermittent jets W) : R x T* — R? are defined as in [BV19a, Section 7.4].
W(g) (t, 33) = W&""Ly"‘”)ﬁ# (t, CE) = flﬁ(g)(t, .%')(;5(5) (3;‘) (A3)
By the choice of a¢ we have that
Wiey @ Wieny =0, for £ # ¢ € A, (A.4)
and by the normalizations (A.1) and (A.2) we obtain

1
@)y /Ts Wie)(t,2) @ W (t,2)de =@ E.

These facts combined with Lemma A.1 imply that

ﬁ Z 2 (R) /I[‘3 Wy (t,z) @ Wig)(t,r)dr = R, (A.5)
gen

for every symmetric matrix R satisfying |R — Id| < 1/2. Since W are not divergence free, we
introduce the corrector term

W = L

© va(g) x curl(®e)€) = curl curl Vigy — Wey. (A.6)
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with
Ve (t.0) 1= s €bie)(t. )0 (o).
Thus we have
div (Wie) + W) =0.

Finally, we recall the key bounds from [BV19a, Section 7.4]. For N,M > 0 and p € [1, 0] the
following holds

N M
1/p=1/2 [ TLA T
HvNath(i)HCtLP S TH/p / ( ) ( ) )

Ll Tl

HVN¢(£)||LP + ||VN®(§)||LP < 7"2/1)_1)\]\’

(A7)
VY02 Wigy oo + LIV WG s + A IVY 0 Vig oo

M
2/p 1 1/p 1/2)\1\/ TJ_)\,U
N J_ H TH 9

where the implicit constants may depend on p, N and M, but are independent of \,r 7|, u.

APPENDIX B. ESTIMATES OF p AND ag)

For completeness, we include here the detailed proof of the estimates (3.33) and (3.34) employed
in Section 3.1.3.

We first aim at estimating the Cﬁm—norm of p for N € N. To this end, we first apply the chain
rule [BDLIS15, Proposition C.1] to the function W(2) = v/£2 + 22, |D™¥(z)| < £~ to obtain

2+ |Ry|?

lolley, < \ Dol Relleyy, + 1DWlon IRl + lelley  (B)

A o _ o 1 B
SRy gz + EVTHRGNE, i+ 50 0ga®
For the amplitude functions a(e defined in (3.30) we deduce using (3.27)

M

. 1 ) 1/2
1+ 8m3)1/2 (26(2@3 + QHR‘IHC[FLHIJLI + 25q+16>

1/2
a < <
laellc,r2 ||P||ctL1H’Y£||CO(31/2(Id)) 8|A[(

M 1 2
S TA] (2'R et emer + 25q“e) |
(B.2)
where M denotes the universal constant from Lemma A.1.
Let us now estimate the Cﬁw—norm of a(¢). By Leibniz rule, we get

al R

1 i
lagller, S Z o lege, ||ve (Id - ) (B.3)

’ m=0 p CtN,iym

and estimate each norm separately. First, by (3.28)

— S5 111/2 1/2
10" lcs, SCPNRNE? |, 00+ 05458,
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P/ e,

Second, applying [BDLIS15, Proposition C.1] to the function W(z) = z%/2, [D™W(z)| < |2|'/2™,
form=1,..., N, and using (B.1) and p > ¢ and £~! > & we obtain for m > 1

1o ez, S et 2llce, + €72 lplleg, + €2 plE:

_ — 1/2 — — >
SE 3m+1/26ﬁ1+€ 2||Rq||C/[t—1,t+1]L1 +4 9/2 m”RqHC[t—l,H—l]Ll (B4)

and by Lemma A.1

< L.

~

—6m D ||m —m— — 1/2
+ MR, T 4t 25l

For m > 1 using 0441 < 1 the above is bounded by
mOmE2(1 4 1RalE,_, iypt)-

We proceed with a bound for

(Id )H s form =0, N — 1. Keeping [BDLISLS,

Proposition C.1] as well as Lemma A.1 in mind, we need to estimate

‘é v é N—m _[—f[ N—m
e Ytale = pl| N (B.5)
p B p t,x
Ct]\f(p " C?,'c C?,ac
We use p > ¢ to have
o N—m
ViR —(N— —4—1)(N— 6(N—
: < (N =m) (A=) (N=m) | ch[t o SO (N=m)| /2, Hc[t L
(o34
t,x
and in view of |%| <1
o N—m N—m
I H !
P o, Plicy,

and by (B.1) and édg41 < ¢

ol S €SN R BT g+ £,

To estimate the first term in (B.5), we write

N—m 1

S ey, |5
m k=0 P
|
P

+ 2|l g mer L7 TR g g

R
p

7
N—-—m—k
N— C
Cira t,@

where for N — m — k = 0 we have

S
cy.

and for k=0,...,N —m — 1 using (B.1)
Hl 1

<|=
p

N—-—m—k 0
Ct,:L' Ct,

—A(N—m—k)=1 | p—6—(N—m—Fk)|| f —6(N—m—k)=1|| P ||[N—m—k
S[ (N—m—E) ) (N—m )||RqHC[t71,t+1]Ll + 0 (N—m—k) ||Rq||C[t—T§L,t+1]L1.
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Altogether, we therefore bound (B.6) as

]D%g —5— - » S i
7 5 14 5-4(N m)||Rq||C[t—1,t+1]L1 + £ 10-(¥ m)||Rq||%[t—1.t+l]L1
- (B.7)

n 6—5—6(N—m)(||Rq||g[t_1”:r11]Ll +1).

Finally, plugging (B.7), and the other bounds into (B.5) leads to

Id — — ST R

f%e —10—(N— D |12
t—1,e4+1 L1 +¢ ( m)||Rq||C[t—1,t+1]L1

N-—m
Ct,z

+ E—S—6(N—m)(”]3bq”N7m+l ]L1+1) + 8—3(N—m)’

Cle—1,t41

For N —m > 1 the above is bounded by

Combining this with the bounds for p

(IO (R 8 Rl

Cle—1,t41 1Lt + 1)

t—1,t+1

1/2 above and plugging into (B.3) yields for N > 2

lage)llex, S € N(IRqlley e + DV

It is easy to see that

holds.

lallos. S 2 Rallcy i + DY (B.3)
By interpolation ”a(f)”C{Yz < ||a(5)||g?2 ”a(f)ch/fQ{V.’ the following estimate
la)llex, S €T N (IRqlley, e + DY (B.9)
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