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Large N limit and 1/N expansion of invariant observables in
O(N) linear o-model via SPDE
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ABSTRACT. In this paper, we continue the study of large N problems for the Wick renormalized linear
sigma model, i.e. N-component ®* model, in two spatial dimensions, using stochastic quantization
methods and Dyson—Schwinger equations. We identify the large N limiting law of a collection of
Wick renormalized O(NN) invariant observables. In particular, under a suitable scaling, the quadratic
observables converge in the large N limit to a mean-zero (singular) Gaussian field denoted by Q with
an explicit covariance; and the observables which are renormalized powers of order 2n converge in
the large N limit to suitably renormalized n-th powers of Q. The quartic interaction term of the
model has no effect on the large N limit of the field, but has nontrivial contributions to the limiting
law of the observables, and the renormalization of the n-th powers of Q in the limit has an interesting
finite shift from the standard one.

Furthermore, we derive the 1/N asymtotic expansion for the k-point functions of the quadratic
observables by employing graph representations and analyzing the order of each graph from Dyson—
Schwinger equations. Finally, turning to the stationary solutions to the stochastic quantization
equations, with the Ornstein—Uhlenbeck process being the large N limit, we derive here its next
order correction in stationarity, as described by an SPDE with the right-hand side having explicit
marginal law which involves the above field Q.
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1. INTRODUCTION

The O(N) linear o-model is the first paradigm for studying large N problems in quantum field
theory (QFT) with N interacting fields. The model was first introduced and studied by Wilson
[Wil73] and Coleman-Jackiw-Politzer [CJP74], which is an N-component generalization of the ®%
model, given by the (formal) measure

N N N
N der 1 L Z 2 mz o 1 Z 2)?
dv (‘I)) = C—Nexp<—§/]rd |V(I)]| +? (I)JJ’_E( ‘I)j) dx | D (11)
j=1 j=1 j=1

Date: June 9, 2023.
2010 Mathematics Subject Classification. 60H15; 35R60.

1


http://arxiv.org/abs/2306.05166v1

2 HAO SHEN, RONGCHAN ZHU, AND XIANGCHAN ZHU

over RY valued fields & = (D1, g, ..., ) and Cy is a normalization constant. We will consider the
case where the underlying space is a torus and d = 2 in this paper, where the interaction should be
Wick renormalized (Zjvzl @?)2 : for the measure to be rigorously defined. The model has an O(N)
symmetry which will play an important role throughout the paper: that is, the measure is invariant
under any rotation of the N components of ®. In large N problems one aims to show properties of

the model as N — oco.

For every fixed N € N, the measure vV can be constructed rigorously as the unique invariant

measure of the following system of equations on the two-dimensional torus T2
N
L = - D02 + V24, (1.2)
j=1

where ¥ = 9, — A + m with m > 0, and i € {1,---,N}. The collection (&)X, consists of N
independent space-time white noises on a stochastic basis, i.e. (2, F,P) with a filtration. The Wick
products will be precisely reviewed in Section 2.

The above connection between a quantum field theory (1.1) and a stochastic PDE (1.2) is the
well-known stochastic quantization. This connection brings novel techniques into the study of large N
problems in QFT, such as singular SPDE theories, PDE a priori (uniform) estimates, mean field limit
technique, etc. which were first developed in [SSZZ22] and [SZZ22]. We refer to [SSZZ22, Section 1]
for more discussion on the background, motivation, and previous results for large N problems in
quantum field theory. With these new techniques [SSZZ22] proved that the large N limit of vV is
given by the Gaussian free field, i.e. the k-marginal distribution of vV converges to the Gaussian field

v®% with v = N(0, (m — A)~1). This result was also extended to 3D in [SZZ22]. This means that by
only observing the field ®;, one does not see any effect from the interaction term :% ( Zjvzl @?)2 :in
the large N limit.

In this paper we proceed to study the large N behavior of the following observables, also known as

composite fields

1 N
W:(Z@f) . (1.3)

1=1

with n > 1, ® = (®;)1<;<n ~ vV for the invariant measure . The precise definitions of these
observables (in particular the Wick product) are given in (2.8)-(2.11) below. They are basic and
natural observables of the model since they are O(N) invariant. When n =1,2,---, we will call them
the “first observable”, “second observable”, etc. Remark that [Kup80] and [SSZZ22, Theorem 1.3]

derived explicit formulas for the large N limit of the two-point correlations of ﬁ Zi\;l :®?: and
the expectations of + (Zfil @%)2: , which are shown to be different from those correlations when

®; is replaced by the Gaussian field A'(0, (m — A)~1); this already indicates that these observables
receive nontrivial corrections from the interaction term in the large N limit.

We obtain here the complete description of the limiting distributions of the observables (1.3) as
N — o0, as stated in the following main theorem. It relies on deriving exact formulas for correlations
in the large N limit. The availability of such exact formulas is an example that such models have
exact solvability in the large N limit. Set

N n
(@) (Zfbf) :.

Let H® := B3 5 for s € R where B3, is the Besov space which we review in the appendix.

Theorem 1.1. There exists mo > 0 such that for m > my, the following statements hold.
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(1) As N — oo, the observables (\/Lﬁ :®2: ) converge in law in H=" for any k > 0 to a mean

zero Gaussian field Q with covariance G(x —y) determined by'
C? %G+ G =2C?, (1.4)

where C' = (m — A)~L.
(2) As N — oo, the observables (+ :(®2)%:)n converge in law in H=" for any k > 0 to the
random field

0% ¥ lim (Q% — 2C2(0)) ,
e—0

where Q. = Q* p. and C. = C * p. with some mollifier p. and the limit is understood in C~"*
P-a.s. for k > 0.
(8) Formn=(ny,...,ny,) EN* meN, as N — oo,

{(ﬁ :((I>2)n1: , ﬁ :((I>2)nm:)}N

converge jointly in law to
(:Q"ic, o, Qi)
in (H=%)™ for k > 0 with
Q"o ¥ lim (2C2(0))"*HA((2C2(0))7"/?Q:)  neN. (1.5)
e—
where the limit is understood in C™" P-a.s. for k > 0 and H, is the Hermite polynomial
defined in (2.15).

We will prove the convergence of the above limit (1.5) in (4.14). These results can be derived
from Theorem 4.4 and Theorem 4.10. It is worth noting that part (3) is the most general case, while
choosing n = 1 and n = 2 recovers cases (1) and (2) respectively.

Theorem 1.1 reveals interesting structures of these O(N) invariant observables in the large N limit,
which we briefly explain. First of all, in part (1), 2C% and G are both singular at the origin, but
we will show that their difference C? * G is smooth everywhere including the origin. We recall that

2C2%(z — y) is the correlation for \/Lﬁ :Zf;l Z?%: where Z; ~ N(0,(m — A)~!) are i.i.d. Gaussian

fields; so there is indeed a nontrivial (order one) interaction between the observables (\/—% B2 )y

and the non-Gaussian term % :(®2)2: of the measure vV.

Also, one has :Q%:c = :Q%: — C? xG(0), where :9?: is the mean-zero Wick product (formally
“renormalized by G(0)”) defined in Proposition 4.6. Consequently, part (2) is consistent with (but

much stronger than) the formula for limy_,oc E+ (sz\il @f)z: obtained in [SSZZ22, Theorem 1.3].
Moreover, formally we can view = :(®?)": as the “n-th power” of \/—% :®2: | except that one

has to take into account suitable renormalization. To elaborate further, we present the following

formal calculations using Wiener chaos decomposition for the square of :®2: (c.f. [Hail4, Lemma

10.3))

1

L &ov2. a2 ) 2 L 2o, 2 2
~ (@)% _(\/N"b ) 20%(0) —4C(0) - :@%: = Q* —2C%(0),
where we pretend that (®;) are independent Gaussian free fields, which is indeed the case in the
large N limit, and we use law of large numbers to formally deduce that the last term in the first
line vanishes. This observation suggests that the appropriate renormalization constant in the large N
limit should be given by 2C?(0) instead of G(0), i.e. The renormalization constant is still obtained by
substituting ®; with its large IV limit the Gaussian free field Z;, while the correlation of the observable
is influenced by the nonlinear interaction. The general heuristic argument for any n € N can be derived
through induction. For more detailed explanations, we refer to Section 4.2. However, it is important

1

5 in front of \V<I>j\2 here, and as a result we do not have an extra

LCompared to [SSZZ22] we have an extra factor
factor 2 in (1.4).
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to note that the above calculation is purely formal, as we treat ® as its large N limit, i.e., independent
Gaussian free fields, and apply Gaussian property. Additionally, it is worth mentioning that C2(0) is
infinite, which renders it nonsensical in the context of the aforementioned calculation.

We prove these results by combining uniform in N estimates from the stochastic quantization equa-
tions (1.2) and integration by parts formula (also called Dyson-Schwinger equations). This strategy
has been shown to be fruitful in studying large N problems in [SSZZ22, S7Z722], as well as pertur-
bation theory and small scale behavior of correlations in [SZZ21], and it will be further developed in
this paper.

More precisely, to establish these results, we start by improving uniform estimates for the H "
norm of N"/2 :(®2)": for n € N and k > 0 using stochastic quantization equations (1.2) (as stated
in Proposition 2.5), where we also upgrade from the second moment bounds in [SSZZ22] to higher
moment bounds. These moment bounds play two crucial roles: First, they are important for proving
tightness of the observables in (1.3). The uniform estimates ensure that the observables remain
bounded as N tends to infinity, which is essential for studying their limiting behaviors. Second, these
estimates allow us to prove that the error terms from integration by parts formula converge to zero
as IN approaches infinity.

Integration by parts (IBP for short) is another crucial component in our analysis. ? By selecting
appropriate test functions, we can derive a set of recursive equations (as given in (3.16)) for the large
N limit of the k-point functions associated with the observables in (1.3). These recursive equations
provide a systematic way to compute the limiting behavior of these k-point functions as N becomes
large. In particular, we can identify the solutions of these recursive equations as the k-point functions of
:Q":¢. This allows us to understand the statistical properties and correlations among the observables
as N tends to infinity.

The above strategy, with extra effort, allows us to study more intricate properties of the model and
its observables. As the second objective of this paper we prove a 1/N asymptotic expansion for the
k-point correlations of LN :®2:. This 1/N expansion provides valuable insights into the behavior
of the k-point correlations of these observables and helps us understand the leading and subleading
terms as N becomes large.

We define the k-point correlations. Denote ®. ~ v~ with vV being a lattice approximation to (1.1)

(see (3.1)). For k € N we define the k-point correlation function for the observable ﬁ :®2: as

k
. o1
<f1£vaw>:;1_r)r%)/E(il:[15 TN :B2: (y )) oY1, .- Yk) del (1.6)

for every ¢ € S(T?), where £° is the extension operator from discrete to continuum introduced in
(A.5). Our second main result is the following 1/N expansion of f{.

Theorem 1.2. Let m be as in Theorem 1.1. For any k > 1 and p > 1 we have the following
representation for the k-point correlation

1
kl k,1
i —E NnFn + e B R E2N,

and

p
1
N _ k.2
fk Z N’n,+1/2Fn Np+3/2 Rp-‘rl’ k S 2N — 1,

where FFY F®2 only depend on the Green’s function C = (m — A)~! and are independent of N, and

k,2
|| +1|| —r)k + ||}zp-‘,-l”(ff*'”')’C S 17

2Dyson—Schwingor equations were also used by physicists to study large N problems, see [Sym77], on a formal level.
The aformentioned rigorous result in [Kup80, Section 3] used integration by parts twice, and in this paper we perform
IBP in a more recursive and systematic way, especially in the proof of Theorem 1.2 below.
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with the proportional constant independent of N.

Based on the results, we observe that the odd moments of \/LN{)Q are of at least the order of ﬁ,
which aligns with the formal expansion. The above bound on R;j;rll, R];fl shows that the expansions
are asymptotic. We note that a 1/N expansion for the infinite volume pressure i.e. vacuum energy
was derived in [Kup80, Theorem 1]; the proof used a “dual” representation of the partition function
and tools such as chessboard estimates from constructive quantum field theory (see also [BR82] and
more recent paper [FGPSVT22] for 1/N expansion and Borel summability for Schwinger functions
via similar approach or loop vertex expansion). Here, in Theorem 1.2, we are considering the k-
point functions of the first observable for arbitrary k. Our approach combining the Dyson—Schwinger
equations with the stochastic quantization equations is new and powerful once all the a priori estimates
are available, and the method can be easily extended to obtain a 1/N expansion for the k-point
functions of more general observables.

Theorem 1.2 follows from Theorem 5.8 and Proposition 5.9. A more delicate analysis than that for
Theorem 1.1 is required for the k-point correlation functions. Instead of directly taking the limit as
N — 00, we need to perform a more careful analysis.

Our strategy involves introducing a graphic representation for each term obtained from the in-
tegration by parts (IBP) procedure. This graphic representation allows us to visualize and analyze
the structure of the terms. To control these graphs, we apply a priori estimates based on uniform
estimates from stochastic quantization equations, similar to the approach used in [SZZ21].

However, the procedure becomes more complicated in our case because each error term is of order
\/Lﬁ, and the approach in [SZZ21] would only provide a “1/v/N expansion”. To obtain a 1/N expan-
sion, we need to analyze the structure of each term obtained from IBP, develop more useful recursions
in Section 3 and classify the terms into two categories, and iterate IBP in a way that depends on the

parity of occurrences of ®2. See Section 5 for details.

In the third part of the paper we turn to questions about the dynamics. The earlier work [SSZZ22]
constructed stationary processes (®;, Z;)1<i<n such that ®; and Z; are stationary solutions to (1.2)
and the linear equations

L7 =2,

respectively. It was shown that with decomposition ®; = Y; 4+ Z; one has E[|Y;]|2,, < & (see [SSZZ22,
Lemma 6.2] and also Lemma 2.1 below). Since the stationary distribution of Z; is given by the
Gaussian free field v = N(0, (m — A)~!), a corollary of the above result is the convergence of k-

marginal distribution of vV to v®.

Given the above result, it is natural to ask what is the “next order correction” to the limiting
dynamic. In this paper we consider the large N limit behavior of the stationary process v N(®; — Z;)
and obtain the following result.

Theorem 1.3. Let m be as in Theorem 1.1. For every k € N, {(VN(®y — Z1),...,V/N(® — Z1.)) I n
is tight in
k

(L3R5 €)1 L3, (R HO) N C(RT; H2))
for some small k > 0,0 < § < 1. Fvery tight limit u; is a stationary process and satisfies the following
equation
in the analytic weak sense, where {P1, ..., Py} is stationary process with the time marginal distribution
{X19,...,X,0}. Here X;,i = 1,....k, and Q are independent, X; =% Z; and Q is the Gaussian
field as in Theorem 1.1.

Theorem 1.3 follows from Theorem 6.1, Theorem 6.5 and Theorem 6.7. The key step of the proof
is to identify the joint distributions of P;, which again follows from a combination of IBP and uniform
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estimates from stochastic quantization equations (1.2). By applying IBP and utilizing the uniform
estimates, we can analyze the correlations and dependencies among the P; variables. This enables us
to identify the joint distributions of these variables.

Remark that it would be interesting to apply and extend our methodology to three spatial dimen-
sions. The work [SZZ22] proved the convergence of the coupled ®% field to the Gaussian free field
and the tightness of the first observable. However, the uniform estimates for the stochastic quanti-
zation equations in three dimensions as presented in [SZZ22], are currently insufficient to obtain the
statistical behavior as N — oo (e.g. extend results of the present paper to 3D). Further investigations
are required in this direction and will be very interesting. When N = 1, remarkable results have
been obtained recently for stochastic quantization of ®1, including the construction of local solutions
[Hail4, GIP15, CC18], global solutions and estimates [MW17a, GH19, AK20, MW20, GH21, JP23],
as well as a priori bounds in fractional dimension d < 4 by [CMW19, GR23]. These new techniques
could potentially be helpful in improving the a priori bounds as required in the study of large N
problems in three dimensions.

As more far-reaching goals, it would be interesting to study large N problems beyond ®* type
models, for either invariant measures or observables or the associated stochastic dynamics. For
instance, the coupled KPZ systems [FH17], random loops in N dimensional manifolds [BGHZ22,
Hail6, RWZZ20, CWZZ21] and Yang-Mills type models [CCHS22a, CCHS22b, She21, Che22] where
the dimension of the Lie group or its representation space tends to infinity. In the last case, the
Yang—Mills measure in 2D is known to converge to a deterministic limit called the master field
[Lév17, DN20, DL22b, DL22a] which satisfies the Makeenko—Migdal equations; on lattice much more
results can be proved, see [Chal9, CJ16] and dynamic approach [SSZ22, SZZ23].

Structure of the paper. This paper is structured as follows. In Section 2, we obtain uniform in
N estimates for the stationary solutions to the equations (1.2). These estimates are essential for
subsequent analysis and provide the foundation for our results. Section 3 is dedicated to deriving
the recursive relation for the k-point functions of the observables through the integration by parts
(IBP) technique. This recursive relation allows us to study the correlations and dependencies among
the observables. In Section 4, we investigate the behavior of the observables in the large N limit.
Specifically, in Section 4.1, we prove that the large N limit of the first observable corresponds to
a Gaussian field Q. In Section 4.2, we establish that the general observables converge to suitably
renormalized powers of Q by solving the recursive equations obtained earlier. Section 5 is dedicated
to deriving the 1/N expansion for the k-point functions of the first observables. Finally, in Section 6,
we study the behavior of the fluctuations of the dynamics in the large /N limit and prove Theorem 1.3.
Notations. Set Ny & NU {0}. Throughout the paper, we use the notation a < b if there exists
a constant ¢ > 0 such that a < cb, and we write @ ~ b if a < b and b < a. Let S'(T¢) and S(T9)
be the space of distributions and its dual on T? with (-,-) as the usual duality between S’'(T¢) and
S(T?). We denote by By, the Besov spaces on the torus with general indices o € R, p, ¢ € [1, 00]. The
Hélder-Besov space C* is given by C* = Bg, , and we will often write || - [[co instead of || - [[o _-

We refer to Appendix A for the definition of Besov spaces. Set A = (1 — A)%. For s >0, p € [1,+]
we use H, to denote the subspace of L, consisting of all f which can be written in the form f = A™%g
with g € LP, and the Hj norm of f is defined to be the L norm of g, i.e. | f[[m; := [[Af[[L». For
s<0,pe€(1,00), Hj is the dual space of H,* with %—F% =1. Set H® := Bj , for s € R. We also use

By ,a€R,p,q € [1,00] and H**, s € R to denote discrete Besov sapces and discrete Sobolev spaces

on A. % 72 N'T2. Their definitions are also given in Appendix A. We also denote by f the Fourier
transform of f on T2. Given a Banach space E with a norm |- || g, for B C R we write C(B; E) for the
space of continuous functions from B to E. For p € [1, c0] we write LP([0,T]; E') = L%.E for the space
of LP-integrable functions from [0, 7] to E, equipped with the usual LP-norm. We also use Li, .(R; E)

to denote the space of functions f from R to E satisfying f|jo,7] € LP((0,T); E) for all T > 0. We
also denote LP = LP(T?).
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2. UNIFORM ESTIMATES FROM SPDES

In this section, we will revisit uniform estimates in [SSZZ22] and also establish new and stronger
estimates for the stationary solutions of the following system of SPDEs

N
1
Lo, = - Z 1020, + V2§, (2.1)
=

These estimates are essential for the analysis in the subsequent sections.
Let Z; be the stationary solution to the linear SPDE

L7 =2, (2.2)

and let Y; be the stationary solution to the equation
N
1
LY =% S VY Y7 Zi+ 2YYaZ, +2Y; : ZiZys + 220 Yi+ 14,250, (2.3)
j=1
The notations :Z;Z;:, :Z7: and :Z;Z7: denote renormalized products of Wick type which are
defined as follows: let Z; . be a space-time mollification of Z; and define
i%(zz‘s - aE) (Z = .7)

:ZiZj: = . . 3 'Zsz' =
lim Z, . Z; . (i # j)
e—0

lim (77, —3a:Zic) (=) 2.4
;i_r)%(ZLEZJZ,E —a:Z;e) (i#7) '

where a. = E[Zﬁs] is a diverging constant independent of 4 and the limits are understood in C7C~™*
P-a.s. for k > 0. For fixed N € N, using [SSZZ22, Lemma 5.7] we have constructed a stationary
process (®V, Z;)1<i<n such that the components ®¥ and Z; are stationary solutions to (2.1) and (2.2),
respectively. In the following we omit the superscript N for simplicity. We know that V; = &, — Z; is a
stationary solution to (2.3). We recall the following uniform in N bounds for the stationary solutions
Y; to equation (2.3) from [SSZZ22, Lemma 6.2].

Lemma 2.1. There exists an mqg such that for m > mg and g > 1
N q N ¢, N
B[ (i) |+ B (X +1) (S ivni)| <1 25)
i=1 i=1 i=1
N an N
B|( I+ 1) | vz
i=1 i=1

where the implicit constants are independent of N .

2
} S (2.6)
L2

Let v be the unique invariant measure of (2.1). Recall that our main objects of interest are the

observables
1 AN
i=1
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with n > 1, and ® = (®;)1<;<nv ~ V. These observables are defined precisely using the stationary

X

solutions Z; and Y; to (2.2) and (2.3), for instance,

R 1 &
> e (Yf+2YZ—ZZ-+ :Zf:), (2.8)
N =1 \/N =1
1 2 g 1w
~ :(Z@f) Py (3/1.2Yj2+4yfyjzj+2yf 172 (2.9)
i=1 ij=1
2277 4 AY, 12,22 44V :Zizj:), (2.10)
and more generally,
1 N . n n—=k N
. 2 . def 2
Nn/2 '(Z(I)Z) s Nn/2ZZklmln_k m'(ZK)
1=1 k=0 m= 1=1 (211)

N
n—k—m
(o35a) ()
Jj=1 =1
Here the Wick products are canonically defined as in (2.4) with a. = E[Z?_], in particular

7272, — Yim (27 — 6acZ7, +3a7) (i =)
12222 =

lim (27, = ac)(Z7. —ac) (i # ),

e—0

(2.12)

where the limits are understood in CrC~" P-a.s. for k > 0. The Wick product of (2 Zjvzl Y;Z;)m™

and (Zévzl Zt?)l means the the canonical Wick products for Z;, Z, and the usual product with Y.
We also define the Wick product inductively by

20 = lim 20 lim a2 H, (a2 2, ,), (2.13)
e—0 e—0
and
s = [ Mo 22 207 ey brsome ),
k=1 k ! hm( Hk IZZZIC, : Z;ns.) (Zk 3&]7Vk:17p)5 '
where n,m,p,n; € N, i, 5 € {1,...,N}, 41,...,4; are all distinct and H,, with n > 1 are Hermite
polynomials explicitly given by
[n/2] ol
H,(z) = 1Y ", 2.15
o Jz::o IRACETE 219

Although we use the stationary solutions Y; and Z; to define observables in (2.7), the laws of them
only depend on vV (see [SSZZ22, Remark 6.1]).

We also recall the following classical results for the above Wick products.
Lemma 2.2. For{ > 1,k > 0 it holds that
P ¢
EH :klillZik’c : HCW <1,

with p,ng €N, i, € {1,..., N} and the proportional constant is independent of the indices iy.

As we will see, by repeatedly applying integration by parts to the above observables, we will obtain
terms which are the main contribution to the large IV limits, as well as “remainder” or “error” terms.
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All the remainder terms for the observable ﬁ Zfil :®?: from IBP will be controlled by terms of
the following form:

EAM AR AS,
with ¢; > 0, where (for s > 3k > 0 small enough)
A E Yilze + 1120

Hcfga
N N N
def
Az = ‘ZYf + D IWillal|Zill s + || D2 zH |
=1 L= i=1 HS
N N
v aay
i=1 Li+s i—1 Li+s

N
+ HAS(ZYZ- YAVALD
=1

N
Z VAVAR H
i=1

For Ay, A2 and Aj we recall the following moment estimates from [SSZZ22, Lemma 6.6].

L1+s L1+s

) +

L1+s

4

N
+ ‘AS(Yl R
=1
N
AWy 27
i=1 H—>

Lemma 2.3. Let m as in Lemma 2.1. For each £; > 0, k,5 > 0 with {2(§ + s) + 3€35 < 1, it holds
that

EA{IA?A? 5 N(l2+53)/2
where the proportional constant is independent of N.

Lemma 2.3 is sufficient to control the remainders from IBP to determine the large N limit of the

observables ﬁ Zﬁl :®?: . To determine the large N limit of all the observables in (2.7), we derive

a uniform in N higher moments estimate for the C*-norm of Y;. Below we write S, = et(A—™),

Lemma 2.4. Let m as in Lemma 2.1. For £ > 1,k > 0 with 120k < 1 it holds that
1
BIYilli~ < BIVil S o
and for 240k < 1

N ¢
E(YI¥l%) sL.
=1

where the proportional constants may depend on £ but are independent of N .

Proof. Write (2.3) into the mild form:
1/ al
Y;(t) = S;Y;(0) — N/o st_T(Z(ysz, + Y7 Z +2Y;Y, 2+ 2Y; 1 ZiZyr + 225 Y 4 222 ))dr.
j=1

For the first term involving initial data, we use smooth effect of the heat operator to have for x > 0
small enough

[15:Y:(0)[[ex < e™[[Yi(0) ]|

We then apply Besov embedding Lemma A.1 to have B; 7,  C C?*72 for s > s + 2k(1 + 5) and
Lemma A.4 to find that for s > 0 small enough and § > 0

1 —m
IYillZe o < m—p(l — e M) (14 0)[Yi(0)][ &
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N

+%HY1-ZY-2 ’ +HAS(Z1-§:Y-2) ’
NP = J LP.L1+s = J LEL1+s
N P N P
+ HAS(}QZYJ-ZJ-) + HAS(ZYj VAVAED
j=1 LY Lits j=1 LP Li+s

p

+

LR L1+s

N N p
+ HA‘S(YZ- E 1771 E YAVAR }
j=1 j=1 LpH=*

where we used the elementary inequality |A + B|P < (1 + §)AP + C5,BP. For fixed T > 2 we can

choose p large and use the stationarity of Y; to deduce that the LHS can absorb the first term on the
RHS.

Taking expectation on both sides, we note that the quantity in the bracket has the same expectation
as ALT. Hence, by Lemma 2.3 we obtain for £ > 1 with 3/s < 1 and s = 4k

1 1
E[Villz~ S EllViller S 57 BA3 S w7
which implies the first bound. The second bound follows by the first bound together with Holder’s
inequality applied to the sum over 1. O

Using Lemma 2.4 we can improve the bounds in Lemma 2.3. In particular we have the following
results. We introduce the following short hand notation

N N
p2; Z :@f: , 1D, P2 Lef Z :(1)1(1)12: ,
=1

i=1

2\n def al 2 n 2\n def al 2 n

(D) = (Z@Z) : Py (PO = :@1(Z@i) :
i=1 1=1

where Zil :®1®?: is defined as the sum in the brackets of (2.3) with i = 1. Here :<I>1(Zfi1 o)
is defined similarly as in (2.11) with ®1, ®; replaced by (Y1 + Z1) and Y; 4+ Z;, respectively, where the
products between different Z;, Z; are the Wick products defined in (2.13)-(2.14).

Proposition 2.5. Let m be as in Lemma 2.1. For {; >0, n; e N,i=1,...,n, n € N and k > 0,
one has

- . ni || 15 e,
E(i]:[lH.(qﬂ) () s NEER,

H-+
B([] oo

where the proportional constants are independent of N.

ZY
‘ < N% e ki
H-~/) ™

)

Proof. Tt suffices to prove that for n € N, ¢ > 0 with 48/nk < 1
¢
E(H L(®2)": HH%) < N2, (2.16)
and for £ > 0 with 96nfkx < 1
¢
E(H (D, (B2)" H ) < N2, (2.17)
H*)i

The general results stated in the proposition then follow from Hoélder’s inequality. For general k > 0
and ¢; we can always find 0 < &’ < k such that ), 96¢;x'n; < 1. Since || f||g-~ < || f|| -~ the results
hold with general «.
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By definition of :(<I>2)": we want to estimate the following general terms for 0 < k < n,0 < m <
n—=k

) HH%

() ()™,

<)

For the first factor on the RHS, we use Lemma 2.4 and Lemma A.2 to have for ¢ > 1 with 48xk¢k < 1

N N
B (S0 oS!

o SL (2.18)

Turning to the other factor, for the case m = 0 we also have
E iZQ n—~k 2 _g/A N Z2 n—Fk A-—r N Z2 n—Fk
[(22)" ], =ma( @) as(X2) )
=1 =1 =1
N N
= > X BQa HZe AT sz )

Now we have 2(n — k) indices summing from 1 to N and these indices ¢; and ¢; might be different. If
{l1,.. . ln—k,P1,-.,Pn—k} involves more than n — k + 1 different elements from {1,..., N}, we have

E(A~ "“-HZZ A™ “-HZ2->7

Hence, we have at most n — k distinct indices summing from 1 to N, and thus by Lemma 2.2 we have
H (ZZE) H S NE, (2.19)

n—k
Using Gaussian hypercontractivity and the fact that :( Zévzl Zf) : is a random variable with

finite Wiener chaos decomposition, we have for £ > 1

For general m > 0 we have
N m N n—k—m N U ME N n—k—m
(>oviz) (D7) i= > I I1z(X #) ..

j=1 =1 =1 i=1 i=1 =1

Using Lemma A.2 we find that the H ™ "-norm of the above term is bounded by
ML N n—k—m
> e 1122 2) |,
i=1 =1

) Jl—l =1
Using Holder’s inequality w.r.t. the sum over j; we get

C2k

N
=

(imné%)”/?( Sz () )"

Ji=1 =1 1
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Using Lemma 2.4 we find for £ > 1 with 24xém < 1
0/2

N
B(Y Ilze) S (2.20)
j=1

We then consider the second term:

> | dla(za)

Ji=1
i=1,....,m
N N m —k— m n—k—m
_ . . 2,
= X X (]l H w01z 11 2,:),
Lp,mg=1 ;=1 i=1 p=1 =1 q=1

p,q=1,...,n—k—mi=1,...m

We have 2n — 2k — m indices being summed from 1 to N. For fixed ji,..., jm, if the set

{elu--- n—k— mamlu---umn—k—m}
does not include j; (¢ =1,...,m) but involves more than n — k —m + 1 different indices, we find
<A“H21HZZ A“HZIH :>
£p=1 mg=1

Hence, we have to take sum for n — k different indices, which combined with Lemma 2.2 implies

N 2

m N —k—m
> dla(ia) ", s
i=1 =1

Ji=li=1,...,m

Using Gaussian hypercontractivity we have for £ > 1
N m N 9 n—k—m 2 /2 < (n—k)e/2
E( |: 112 (> 2) ) s bz, 2.21
ji=1 ; m zl;[l ' ; ‘ H - 220

Combining (2.18)-(2.21) and applying Holder’s inequality, (2.16) follows, which implies the first bound
in the proposition.
In the following we prove (2.17). Since ®; = Y7 + Z; we can write

10 ()" =Y (DY) + 12y (PH)":.
For the first term on the RHS we use Lemma 2.4 and (2.16) to have for 96nfx < 1
E[[Y: :(2%)": [|5- S EllY1]Goell :(2%)" 2 -

< (Bl ) " (Bl @ ) s

For the second term we use the defintion of :(®2)": to estimate the following general terms for
0<k<n,0<m<n—k

() a(Ena) (S 2) ™),

<H<Zy2>! a(z )(zZ»”*’“*“HH%'

Compared to the estimates for the corresponding terms to derive (2.16), we have extra Z; in each
Wick product involving Z part. All the estimates follow in the exactly the same way. Hence, (2.17)
follows which implies the second bound in the proposition. g

C2k
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The moments estimates obtained in Proposition 2.5 are important in bounding various error terms
in the following sections. The proof given above has a flavor of mean field limit technique; in particular,
the use of Hilbert spaces H " is crucial (see [SSZZ22, Sec. 1 and Sec. 4] for more motivation). We
will also use the following shorthand notation for the norms appeared in Proposition 2.5: for i € N

def

By (| :(®%) :|g-v,  Baion = [ :01(®2) s g (2.22)
Here the definition of B. depends on k and we could apply Proposition 2.5.

3. INTEGRATION BY PARTS AND RECURSIVE FORMULA

In this section we will employ Dyson—Schwinger equations, i.e. integration by parts formula (“IBP”
for short in the sequel) to derive the recursive equations of the k-point functions for the observables
introduced in (2.7). The Dyson-Schwinger equations provide a powerful tool to relate higher-order
correlation functions to lower-order ones. By applying IBP to the k-point functions of the observables,
we can derive the recursive equations governing the behavior of the k-point functions. These recursive
equations allow us to systematically analyze the large NV limit of the observables in Section 4 To this
end, we first recall the Dyson—Schwinger equations for the O(N) model on the lattice A, eZ?NT?
where ¢ = 2=M with M € N.

We start with Gibbs measures (v.). on A, given by

duévotexp{—EQAZE[ﬁ(i@?)z-F%( N+2a )Z(I)2+ Z|V<I>|}}x1€_£d<1>(x)
(3.1)

where

V. f(x) = (f(:v + 66;) - f(ﬂc))i:L2

denotes the discrete gradient and a® are renormalization constants defined below. Here (e;);=1,2 is
the canonical basis in R2. We write

Acf(z) =e7?(f(z +eei) + flo —ee;) = 2f(x)), = €A
O +

as the discrete Laplacian on A, and %, : +m — A,.. We also use ®. to denote the random

distribution on A, with ®. = (®; .)N¥, =4 V.
Let Co(z) < (m — A.)"'(z) be the Green’s function where A, is the discrete Laplacian on A..
Choosing a® = C(0) as the (discrete) Wick constant, we recall

B, @2 1 P, @2 4 (N 42)0,. @ZE(Zé )— (N +2)®;.,

N N
H2. def P2 . def 2 €
Pl = E 07 = E ;. —Na
=1 =1

Similarly we also define :(®2)%: and :(®2)":,n > 2 as in (2.9)-(2.11) with the RHS Y;, Z; replaced
by the related discrete version Y; . and Z; ., which satisfy the discrete version of equations (2.2) and
(2.3) on A, ie. fori=1,...,N

ZEZ’i,E = \/551',5;
and

N
1
LYie=—5 Y ViYie + Vi Zic + 2 YicZje + e i ZicZje: + 12 Yie + 1 Zic 2t ),
2

Here &, is a discrete approximation of a space-time white noise ¢ on R x T? constructed as follows:
ge(tv:p) = 572<€( ) 1| —Z|oo< €/2> (t,:l?) € RJF X AE,
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where |z]oo = |21| V |@2| for = (21, 22), and :Z; . Z; ¢, :ZJZ)E: and :ZZ-)EZ]%g: are defined similarly
as in (2.4) (with a minor abuse of notation that Z; . denotes the discretized Z; here and below while

in Section 2 Z; . was smooth approximation).
Recall the Dyson—Schwinger equations (IBP) for ®.

B, ) = B(0m = 200 @ (@) + GB(F@ 01 @B ), 62

where
S =l S (P15~ F(1.0)
with e, : A, = [0,1], ex(2) =1 and e, (y) = 0 for y # .
We write (3.2) in terms of Green’s function C.:
/ Co(z— z)E(w)dz - E(cbl E(I)F(@E)) +L / Oz — z)E(F(CDE) By B2 (z))dz (3.3)
AL 01 .:(2) ’ N Ja, o

for any = € A. and we write [, f(z)dz g > .en. f(2). We will also use the shorthand notation

I.f(z) & /A Ce(z — 2)f(2)dz.

We first prove two useful results using IBP (3.3). The first one is Lemma 3.1, which allows us to
rewrite correlation functions involving certain non-O(N)-invariant objects of the form :®; .(®2)™:
into correlation functions with only O(NV)-invariant observables, up to certain error terms. This is then
used in Lemma 3.2, where we derive important finite N recursive formulas for correlation functions
of O(N)-invariant observables, up to error terms.

Lemma 3.1. Consider for mi,mq,n; € Ng, 1 =1,...k
k
F(®:) = :P1o(B2)™ 2 (21) :81(B2)™?: (22) H (®2)" : (i) (3-4)
and -
60 = Y220 0 ) @2 o) @27 o) [ 82 )
i=1

It holds that

=
o
o
s
I

E(G(®.)) + O%

where O% 1is given in the proof.

Proof. We omit ¢ to simplify notation. Applying IBP (3.3) to the following test function

k
Fy(®) = +(@)™  (e1) 102 ()" 2 (a0) [T (@)™ : ().
with z in (3.3) given by x1, we obtain
k
N2 0y — ) B (@772 (1) (@) (1) 1T @9 )
k k
+2) " n,Clar =y B( (@)™ 5 (1) 101 (@)™ 1 (22) 101 (@) 1 () [ (@)™ ()
j=1 i=1,i%#j

= E(F(®)) + %E(Fl (®)I( :B, B )(xl)). (3.5)
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Here, the first term on the LHS arises from
§ 1Dy (P2)m2
6‘1)1 (1'2)

and using O(N) symmetry to replace :®3(®2)™271: by & :(®2)™2:. The second term on the LHS
arises from

m Mo — €
= (:(‘I)Q) 21 4 2my 1D (P2)™2 1:)(172)6—22,

5( : Hf:l((I)Q)m :) 2\n;—1 d 2vn; . s
5(1)1(yj) = 2nj 19y (‘P ) 7o (yj) :i:g?ﬁj(@ ) i (36)

and we used
:@1((I>2)m1 : = :((I>2)m1 . 2m10(0) :q)l(q>2)m1—1:

to absorb the term from *:2)™ % Notice that the first term on the LHS precisely gives G(®.).
30,

Defining the other two terms (i.e. the 2nd term on LHS and the 2nd term on RHS) in (3.5) as O%,
the result follows. O

According to Proposition 2.5, the terms defined as O% are smaller than F(®.) and G(®.) by a
factor O(ﬁ) The above lemma shows that under expectation, the main contribution to F'(®.) is

obtained by replacing the two incidences of ®; at 1 and x2 by C.(z1 — x2).

Furthermore, the terms defined as O3 have the same structure as F(®.), namely, each of them
contains exactly two incidences of ®;.

In the following we consider
1 k
N def ( P2\ i e ().
fn,k,s(ylu"'ayk) - NZ?l"l/QE(;l:]]; '((bg) . (yz))7
for n = (n,...,nx) with n; € NU{0}. We also set :(®2)°: = 1.

Lemma 3.2. Forn = (ny,...,n;) € N¥, one has

N +2
fli\{k,a(ylu s 7y/€) + T/C2(yl - Z)fé\{k+l7g(27yl7 s 7yk)d2’

K (3.7)
N+2(n; -1 5k e
= Z 2"3‘#02@1 =y () + N- i m2HQS,
j=2
with i = (1,n1 — 1,ng,...,n%) and nj = (n1 — 1,na,...,nj_1,m; — L,njq1,...,ng) and Q% , given
in (3.9) below.
Proof. We omit € as above. Choosing test function in IBP (3.3) as
k
F(®) = :®1(%)" 1 () [T (@)™ (wa),
i=2
we have
k k
> 2m;Cly = y)B( @2 (@2)" 7 () 101 (@) 1 () [ (@)™ ()
j=2 i=2,i#]
k 1
=E(:03(@)" s () [ (@)™ : () + E(F@I(:2:2%:) (1)) (3.8)
i=2

k

= LB(TT <@ ) + B(F@OII(:8:87:) (),

=1
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where we used (3.6) to have the first term and we also used
:D3(®2)M T = @y 10y (RF)M T — (0(0) (@27 +2(ny — 1)C(0) :@%(@2)"1—2:)

to absorb the term from M
RHS of (3.8) are of the same order

For each term in (3.8) having two incidences of ®; (namely the term in the first line and the last
term in the last line), we can apply Lemma 3.1, which replaces the two ®; by the Green’s function
C, and some error part. Hence we obtain

In view of Proposition 2.5, all the terms on the LHS and the

k

SB(TT @) )
i=1
k k
=S o MR = W gy, m (@) ) (@) ) T (@) )
j=2 i=2,i#]
k
~ 2 [t am (@) ) TT @) () 187 ()2 + Qi

1=2

where the last term comes from the last term in (3.8) by replacing two ®; by C(y; — z) and

E:QNn, (3.9)

with (remark that QN o is from the first term in (3.8) and QN o is from the last term in (3.8), and
they turn out to be the same)

k
Vo= D AnmnClun —1)C — ya)E( (@) (1)
Jm=2,j#m
k
< 1@ () (@) e ) [T (@)™ (),
1=2,i#j,m
§:2m — ) B( (@)™ () T(:0192: ) () 0
k
X (‘I’2 nj_l H z))
1=2,i#]
3, __ 2,e
N,n = ¥ N,n’
1 k
o= 7 B(1@" T )T @7 ) [T (@) ().
Hence, (3.7) follows by multiplying both sides by N~ (i1 ni/2)+1] O

Now we pass the above results to the continuum limit € — 0. Since ®. satisfies discrete version of
the SPDEs (2.1), we also decompose ®. = Y; + Z. where Y. = (Y; ) satisfies discrete version of the
equations (2.3). Moreover, the uniform in N estimates Lemma 2.1 hold for (Y;.) and Proposmon 2.5
hold for ®.. More precisely, Let m be as in Lemma 2.1. For ¢; >0, n; e N;i=1,...,n,n € N and
K > 0, one has

£ n
B ) < N7 Zimanits (3.11)

E(f[ | (@)
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and
E( |7| | s0rc @)z HH—) < N3 Zinits (3.12)

where the proportional constants are independent of N and . We refer to [SZZ21], [SSZZ22] and
[GH21] for more details.

Furthermore, for fixed N, the sequence (E°®.(t)). is tight in H~" for k > 0, where £° is the
extension operator defined in Appendix (A.5). Moreover, every tight limit 4 is an invariant measure
of (2.1). By [SSZZ22, Lemma 5.7] for fixed N the invariant measure of equations (2.1) is unique.
Hence, the whole sequence (E°®.(t)). converges to ®(t) weakly in H ", where ®(t) is the stationary
solution to equations (2.1). For k € N and every n = (n1,...,nx) € N*¥, we define the continuous

version of f,[1 ke

<f111\)[k, hm/ I_IE’ENW/2 (®2)": (y. )) oY1y Uk) del

for every ¢ € S(T?*), i = 1,..., k. Since for fixed N the law of
mined, we have

N" —1 :(®?)": are uniquely deter-

k
e ([T (s 7)),

=1

for ; € S(T?),i=1,...,k.
Now we send € — 0 on both sides of the formula (3.7) obtained in Lemma 3.2. To this end, we
introduce the following integral operators:

If=(m-A)Y  (Lf)y) = / C2y - )f(2)dz e C®(T?), (3.13)

where C' is the Green function of A — m. By Lemma A.5 in Appendix we can extend these operators
from Sobolev spaces H* to H*T27% o < 0,k > 0.

Lemma 3.3. It holds that for n = (nq,...,ng) withn; € N

N +2
(fl @) + —— /02 Y1 — 2 H% i) fal kg (dz, dys, ., dyg)
. =t (3.14)
N+2(nj—1)/ ) 1 k
_ D[ o2y, — () Y (dy,. .., d — e (Qn ., 9®F),
; N (1 —y; Z]_[lsa vi) i, i (dyn k) + N2 (Qnn, ¥®7)
with 1,ng,...,ng) and nj = (ny—1,n2,...,nj—1,n; — L,nj41,...,nx) and p®F = @F ¢,

:(1 n1
for ¢; € S(T?), i =1,...,k, where

4
n=> QN
=1
with

k
(Qhva ™) = 3 dngmnB(( (@)™ 0@ ™ ) T( 01 (82" 2 o), 01 )
Jym=2
j#m
k

< I G@)mee).

i=2
i¢{jm}
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<Q?v7n, NZQnJ (< (@)1 T(: 0,821 )I( :<I)1(<I>2)"j*1:g0j),901>

k
x H < (@2)111 : 7<Pi>)a

i=2,i#]
Q?V,n = Q?\/,n’
1 k
Qb 0®) = 5B(( @) Z(:01@%:)% 00 ) [T (@)1 0)).
=2

Proof. By [MP19, Lemma 2.24], we know that £° is uniformly bounded in e operators from dis-
crete Besov space to the continuous Besov space. Using Lemma A.8, Lemma A.9 and the fact that
Proposition 2.5 also holds in the discrete setting i.e. (3.11) and (3.12), we have, for fixed N € N

<56Q§V,av ®§:1<Pi> - <Q§V’ ®§:1<Pi>a e —0.
We also refer to [SZZ21, Section 4.2] for more details on the proof of the above convergence. The
lemma then follows from Lemma 3.2 and sending € — 0. O

Later we will take the large N limit on both sides of (3.14). The following lemma shows the large
N behavior of the “error term” Qn n.

Lemma 3.4. Let m be as in Lemma 2.1. It holds that

1
Rk
N(Zi‘c:l 77,1/2)—1 |<QN,1’1;S0 >|

ﬂ\

for ¢; € S(T?), where the proportional constant is independent fN.

Proof. Using Lemma A.1 and (A.1) we find that for k > 0
IZ(NHcr- S Nf =+ (3.15)

which combined with Lemma A.2 leads to
(2@ 7 TG0 (82) 71 ) Z(:01 (@) s o) 01 )

where we recall (2.22) for the notation B. This implies that

< Ban,—2Ban;—1DBon,, -1,

1 1

k
WKQ}VJU@@]CHSmE(B%anB%L]‘leQnmfl H B2ni)-

i=2
i¢{j,m}
Using Proposition 2.5 we arrive at
1 1
- - < -
N( b 1"7«1/2) 1|<QNH7S0 >|N \/—
For the first part in (Q% ,,,®*) we also use (3.15) and Lemma A.2 to have
‘< (@) (2B (B2 )T 1y B2 >‘ < Bon,—2Ban, 1 Bs.

Hence, we use Proposition 2.5 to have

1 1

- - @@ < - -
77/1/2) 1|<QN nvsp >| ~ N2§:1ni/2

k
¥ E(B2n1—2B2nj—1Bs 11 B2ni)§
i=1

i=2,i7j

=

For the first part in <lev7n, ©®%) we use (3.15) and Lemma A.2 to have

’< (@)t 7 :<I>1<I>2:)2,<p1>’ < Ban, 2B3.
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Hence, by Proposition 2.5,

k
1 4 ®k 1 2
- - < - 0 <
N(Zlem/m—l'@fvv“"” RS N(Efﬂm/mﬂE(Bz"l*QBSHBQ’“) ~

=2

=

O

Using Proposition 2.5 and Lemma 2.1 we have that for fixed k € N, { fév w1~ are uniformly bounded

in (H~%)k. By Lemma 3.4, and Lemma 3.3 every subsequential limit f, ; satisfies the following
equations

k
o™+ [ €20 = 2) [T estu s (s, dons . )
=t (3.16)

k k
=Y 20, [ o — ) [Tl e i),

j=2 i=1

with i = (1,n1 — 1,n9,...,n%) and n; = (n1 — 1,n9,...,nj-1,17; — 1, nj41,...,n). We emphasize
that the second term on the LHS of (3.16) comes from the interaction with :®;®?: .

4. LARGE N LIMITS OF OBSERVABLES

In this section, we focus on analyzing the behavior of the observables (2.7) in the large N limit. We
first obtain the large N limit of the first observables % :®2: using the recursive relation derived in

(3.16) in Section 4.1. We then derive in Section 4.2 the large N limit of the observables N"/2 (P2
by identifying the solutions to the recursive equations (3.16) as the k-point functions of :Q":¢

4.1. Large N limit of \ﬁ P2

def .
flg\fa(yla"'vyk) = Nk/2 (H ¢2 yJ) yieAEZEZQQTQ, Zzl,...,k.

Choosing n = (1,...,1) in the formula (3.7) of Lemma 3.2 we obtain the following result.

Lemma 4.1. Let m be as in Lemma 2.1. It holds that

flé\,fs(y177yk)+/ Cg(yl _Z)fli\,[s(zay277yk)dz (41)
k
Z W1 = ) F g c(Y2e -,y \{Ym}) + Qe

. 1
where Qn e is of order TN

Here and in the sequel, notation such as févzs(yg, co s U \{ym}) s understood in the obvious
way, namely f]iv_zg(yg, e Yme1,Ymt1s 5 Yk). Since for fixed N the law of \/— :®2: is uniquely

2: a@i>a

determined, we have

k

el =BT (

i=1

Al

for o; € S(T?),i=1,...,k.
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By (3.16) we have that every subsequential limit fj of f, N — oo satisfies the following equations
(recall the notation (3.13))

(fie, ®I100) + (L1 (fr), D=1 04)

b 4.2
=2 Z /02(y1 = Ym)®1(Y1)Pm (Ym)dy1dym ( fro—2. ®§:2,i¢m‘pi>v 2

where Z; (fi) only acts on the first variable and Z; (fx) = [ C*(y1 —z) fe(dz, dys, . . ., dyx). By iteration
and Fourier transform, it is easy to see that the solution to (4 2) is unique. In the following we give
an explicit formula for the solution to (4.2). To this end, we start with the case that & is odd.

Lemma 4.2. Let m be as in Lemma 2.1. One has fr, =0 if k is odd.

Proof. In the proof we first apply IBP (3.3) to calculate E :®2: | which is a constant by translation
invariance. We also omit ¢ for notation simplicity. Choosing F(®) = ®;(z) in (3.3), the LHS of (3.3)
only gives a Wick constant which can be absorbed into the RHS, which implies that

0= E( Py (2)?: ) + % /C(a: - z)E(q)l(x) 1Dy (2)®(2)2: )dz. (4.3)

By symmetry we find the first term on the RHS is & E( :®(z)?:). For the second term on the RHS
we choose F(®) = [ C(z — 2) :®1(2)®(2)?: dz in (3.3) and have

1+ %)/02@; - z)E( (B(2)2: )dz = E(fl)l(x)l( (D, B2 )(:17))

+1E(z( :@1@2:)(33)2).

N
Substituting (4 3) into the above equality and using symmetry, we find
2 — 2, - _ . 2, = . 2, 2
1+—= /C (z — 2)E( :@(2) .)dz E(.<I>(:v) .)+NE(I(.<I>1<I> .)(x)).
As E( 1P (1)?: ) is independent of x, we can write the above equality as
2 1
. 2, il 20 _ _ . 2, 2\ '
E(.(P(x) .)((1+ N)/C (x z)dz+1) NE(I( (0, B2 )(z) ) (4.4)

Now we use the extension operator £ to extend both sides to the functions on T?. Letting ¢ — 0 and
applying [SZZ21, Lemma A.9, Lemma A.10], we obtain (4.4) holds in the continuum. By Proposition
2.5, the RHS of (4.4) is of order 1. Hence,

1 I—\/——IE( OIS \/——

Letting N — oo, we find that f; = 0. Substituting f; into (4.2), using uniqueness of the solutions to
(4.2) and by induction, the result follows. O

By (4.2) with k = 2 (see also [SSZZ22, Theorem 6.5]) and translation invariance we obtain that
fa(y1,y2) = G(y1 — y2) with G € L?(T?) satisfying (1.4), or more explicitly
202
1402
where fdenotes Fourier transform of f 3. In the sequel we also write G(y1 — y2) = G(y1,y2). In the
following lemma we use fa to give an explicit formula of general f.

é:

3Compared to [SSZZ22, Theorem 6.5] we have extra % in the coefficient of |V¢,|? in v}, which makes that there’s
no extra 2 in the denominator.
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Lemma 4.3. Let m be as in Lemma 2.1. It holds that

k/2
fk(ylv"'vyk) = ZHfQ(yﬂ'@j—l)vyTr(Qj))a ke2N, k=>4, (45)
T j=1
where ® runs through pairing permutations of {1,...,k}.

Here, pairing permutations are simply permutations modulo possibly swapping the values of m(2j —
1) and 7(2j) for any j.

Proof. We claim that fi given in (4.5) satisfies (4.2). We prove by induction. Note that for k = 2
f2(y1,92) = G(y1 — v2),
with G satisfying
Gz —y) =2C%*x —y) — /02($ — 2)G(z — y)dz. (4.6)

Suppose that f), given by (4.5) satisfies (4.2). We denote the RHS of (4.5) by fi. We then use (4.5)

to write
k+2

Fera(un, - uk2) = D Gun = ym) Fiy2, - - Yks2\{ym})- (4.7)

m=2

Substituting (4.7) into (4.2) and using (4.6) we obtain

fk+2(y1,...,yk+2)+/02(y1—z)fk+2(z,y2,...,yk+2)dz

k+2
=3 (G(yl — Ym) +/02(y1 —2)G(z — ym)dZ)fk(ym s Ukr2\{Ym})
m=2
k+2
=2 C*(y1 — ym) fe W2 - b2\ {ym}),
m=2
which proved our claim, so the result follows by uniqueness of the solutions to (4.2). |

Combining Lemma 4.2 and Lemma 4.3 we give the following characterization of the limit for the

1 .$2.
observables TN Py,

Theorem 4.4. Let m be as in Lemma 2.1. Any tight limit of (ﬁ :®2: )y in H "k > 0isa

Gaussian field with mean zero and the covariance given by G(x — y). Hence, the whole sequence
\/Lﬁ :®2: converges in distribution to this Gaussian field in H™*, k > 0.

Proof. By Proposition 2.5 we know that (ﬁ :®2:) )y is tight in H~" for every x > 0. Combining

Lemma 3.3 and Lemma 4.2 we have that the k-point functions of every tight limit satisfy (4.2). The
solutions to (4.2) are given in Lemma 4.2 and Lemma 4.3. By (4.5), the law of every tight limit is the
same and is given by the Gaussian field. Hence, the result follows. O

Let Q denote the Gaussian field obtained in Theorem 4.4. We can analyze the regularity of Q in
the following result.

Lemma 4.5. It holds that for every xk >0, p > 1

E|Ql¢-. S 1.
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Proof. Since the correlation of Q is given by G, we have for j > —1
E[(A;Q)(x)]* = > 0,( S 0;(k)2C2 (k) < 277,
kez? kez?

for k > 0, where (A;);>—1 are the Littlewood-Paley blocks and 6; is the dyadic partition of unity.
Now it is standard to apply Gaussian hypercontractivity and Lemma A.1 to conclude the result. [

From the regularity of Q, which is not a random function but a distribution, we cannot define Q™
directly by using Lemma A.2. However, we can define :Q": by the following result.

Proposition 4.6. For every smooth mollifier p., set Ge = pe * G * p. and Q. = Q x p.. For each
n>1,
n ef n —
:07: = GL(0)2H, (G-(0)712Q.)
converges as € — 0 in C™" P-a.s. for any k > 0 to the limit which is denoted by :Q™:, where
H,,n > 1 are Hermite polynomials. The limit is independent of the choice of the mollifier.

Proof. By Wick Theorem we have
E[|A;(:Q:) = 0, ) < 2%,

keZ?
where we used that é\g = é‘: * é; Kok G to conclude that G"( )< 1+|k|2 for k > 0. Now the result
follows by Gaussian hypercontractnflty and standard argument (cf. [ZZ18, Section 6]). O

4. 2 Large N limit of Nn/Q :(®2)":. In this section we consider the large N limit of the observables
~+75 :(®?)": by finding the solutions to the recursive relation (3.16).
We start with a discussion on the simplest cases to provide some intuition. Recall that in [SSZ7Z22,

Theorem 6.5], it is shown that
im B (®2)2: ) = —(C? def
A}gr(l)o E( :(P7) ) =—(C**xG)(0) = hy.

Consider the case n = (2,2) and in this case we write the recursive relation (3.16) as

ha(y1,92) = 4C%(y1 — 42)G(y1 — y2) — /02(211 = 2)f21(y1, 75 y2)dz, (4.8)
with )
ha(yr,y) ' lim lim B (€7 (@221 (1)E7 (8271 (32)).

N —00e—0

Foalon,zie) & Jim Tim B (E° 1075 (1)E° 1875 ()7 (877 (1)),

N —o00e—0
where (4.8) is understood as in (3.16) but we omit the test functions for notation simplicity. Similarly,
choosing n = (1, 1, 2) we obtain

f2,1(21, 225 y) +/02(Z2 — 23) fa,1(21, 233 y)d 23

(4.9)

= —2C%*(z1 — 22) / C?%(2)G(z)dx 4+ 4C? (22 — y)G (21 — ¥),

also understood as in (3.16) but omitting the test functions. Note that (4.8) and (4.9) only involve
unknown hy and fo ;. In the following lemma we find the explicit formula for ke and fo 1.

Lemma 4.7. It holds that
faa(z1, 223y) = 2G(21 — y)G(z2 — y) — (C? x G)(0)G(21 — 22), (4.10)

and

ha(y1, y2) = 2G(y1 — y2)* + (€ G)*(0). (4.11)
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Proof. Tt is elementary to solve (4.9). For instance, by some speculation we could make an ansatz
fa1(21, 22;9) = aG (21 — y)G(z2 — y) + b(C? x G)(0)G(21 — 22) (4.12)
and we try to solve the constants a,b. Recalling C? «+ G = 2C? — G from (1.4),

/02(22 — 23) f2,1(21, 235 y)dz3

=aG(z1 — y)/C2(22 — 23)G (23 — y)dzz + b(C? x G)(0) / C%(z9 — 23)G(21 — 23)d23

= 2aG(z1 — y)C*(22 — y) — aG(z1 — y)G(22 — y)
+2b(C? % G)(0)C? (21 — 22) — b(C? x G)(0)G (21 — 22).
Adding the above identity with (4.12), some terms obviously cancel, and we obtain
LHS of (4.9) = 2aG(z1 — y)C?(22 — y) + 2b(C? x G)(0)C? (21 — 22).

So we choose a = 2,b = —1 and we have proved (4.10).
Now we also have (again using C? x G = 2C? — G)

ha(y1,y2) = AC2(y1 — 1) Glyn — o) — 2 / C2(y1 = 2)Gly1 — 1) Gz — yo)dz

+ (C? % G)(O)/Cz(yl —2)G(y1 — 2)dz = (4.11).
g

Note that 2G? gives the two-point correlation function of :Q?: as defined in Proposition 4.6. From
an approximation level, % :(®2)?: is the square of ﬁ :®2: up to some difference in renormalization
constants. Therefore, it is reasonable to speculate that the large IV limit of % :(®2)?: is given by a
linear combination of :Q%: and (C?%G)(0), i.e. :Q%: —(C?%G)(0), which has the same expectation
value as h; and the same two-point function as hs.

To understand the appearance of (C? x G)(0), recall the renormalization constant G¢(0) in the
definition of :Q?: in Proposition 4.6. On the other hand, when we expand :(®2)?: as in Introduction,
we have a renormalization constant 2C2(0) with C. = C * p. for p. in Proposition 4.6. We observe
that the difference between these two renormalization constants can be expressed as:

—C? % G(0) = G(0) — 2C2(0), (4.13)

where G(0) and 2C2(0) are infinite quantities, which is understood via approximation. Hence, —C? x
G(0) appears in the large N limit of & :(®%)?:, and we speculate that this limit is given by :9%: —
(C? % G)(0).

For general n € N, we first give a formal discussion as in Introduction. Assume that form <n € N

: (\/Lﬁqﬂ)m C (202(O))m/2Hm((2C2(O))—1/2 Q)

Then we pretend for the moment that ® is simply its large NV limit (Z;), and formally apply Wiener
chaos decomposition for the product of :(®2)": and :®2: (c.f. [Hail4, Lemma 10.3]) to obtain

L eyt (LD g\t L e dn ey,
\/N((I)) '_'(\/N(I)) .\/N.<I> : —C(0) D2 (D)™
2 ”(”_1)_ 2\n—1, 2 n &2 \n—1.
—4C (0)7]\[(71“)/2 :(D7) : —2C (())7]\[(71_1)/2 :(®9) :.

Here, the second term on the RHS arises from one pair between the new :®2: and one :®2: in
:(®2)":. The third term arises from two pairs between the new :®2?: and two :®2: in :(®?)":.
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The last term is from two pairs between the new :®2: and one :®2: in :(®2)":. Since formally
:(®2)": ~ N™2 only the first term and the last term contribute and :(\}@2)”“ goes to

a"/2Hn(a_1/2 Q)0 — naa("_l)/QHn_l(a_1/2 Q)
a2 H (0 2Q)a"V2Q — na™V/2H, 1 (a2 Q)
JH2E (0 12Q),
with @ = 2C?(0), where in the last equality we used H,1(x) = an(:C) — nHp—1(z). This formal
calculation leads to the following natural “guess”: the limit of Nn ~ :(®?)": is given by:
:Q":c = lim (2C2(0))"/2 H,,((2C2(0))~/2Q2)
Ln/2]

n! e
= ; (—02 * G(O))lm Q 2l

where C. = C * p. and Q. and p. are as in Proposition 4.6. By Proposition 4.6 the limit in (4.14)
holds in C~" P-a.s.. The second line of (4.14) follows from the definition of Hermite polynomials
(2.15) (see also [RZZ17, Lemma 3.4]).

To show that the above guess is indeed true, our next step is to find explicit solutions to the recursive
relation (3.16). In other words, we aim to provide an explicit formula for fyn x, n = (n1,...,n;) € N*
such that f, ; solves the following recursive relation

(4.14)

k

Fok(s -, k) /02 (1 — 2) fansr (201, yn)dz =D 20;C% (g1 — yy) fa, k(s - ), (4.15)
Jj=2
with = (1,n1 — 1,ng,...,n) and nj; = (nq1 — 1,n9,...,mj—1,n; — L,nj41,...,n%). To this end, we
introduce the following notation: denote by y the vector with Zle n; coordinates given by
y = (ylu' Y1, Y2, Y Y e Yke—15 Yk - - '7yk)7
—— N—— ——
ni n; Nk

and we write y(j) for its j-th coordinate where j = 1,--- ,Zle n;, for instance y(1) = y;. For

n=(ni,...,n) € NF, k € N, define

Z n1/2 . . k

e ot 27 —1)) — 27))), for > " . n; even,

Fasluns.. ) {z I Gl = 1) =i, for Spameven, gy
) D im1 M '

where 7 runs over all the pairing permutations of 1,..., Zle n; such that y(n(2j — 1)) # y(7(25))
forj=1,..., Zle n;/2. In plain words, each y; can only pair with some y; with ¢ # j.
Formally Fy, 1 (y1, - .-, yx) denotes
k
E(H QM (yi)),
i=1
and for ; € S(T?) withi =1,...,k,

o b

(Fn7k(y1,...,yk),cp®k>=E( <:Q"i:,90i>).

i=1
Lemma 4.8. The functions foi(y1,---,yk),k € Nyn = (n1,...,n) € N* given by
[n1/2] [ /2]

Z Z (_02* 1 1l H _2l |l |2l Fn—2l,k(ylu"'7yk) (417)

11=0 1=0
satisfies (4.15), where n — 21 = (ny — 21y, ..., nk — 2).
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Using (4.14) and the above remark for Fy, j, it is easy to see that (4.17) is formally the k-point

function of :Q™i:¢, i.e.
k

E(H :QM :C(yi))'

=1

Proof. We set Ly = (4.17). Formally we view Fyn_o1%(Y1,...,Yx) as

(ﬁ :QM s ().

i=1
Now we check (4.15). The first term on the LHS of (4.15) is fn, which is now denoted to be L.

Now we consider the second term on the LHS of (4.15). Using (4.17) with n, k replaced by n, k+ 1,
fﬁ,k+1(zu Y1, ... 7y/€) is given by

anz/2J LMZ/% L(nl—zl)/% ﬁ (ng —1)!

(_(j2 - ’ ;

10 o) =0 o — 21 'l 12t (n1 —-1- 211)'11'2 1 (418)
X Fa_oret1(2, 91, - - 7yk)7

where n — 21 = (1,n1 — 1 — 213, n9 — 2la, ..., ng — 2ly), and formally Fu_o1 x+1(2, 91, - -, Yk) equals

k
B(Q(z) 1@ : () [ 1@ x ().
=2

Hence, the term [ C?(y1 — 2) fak+1(2, Y1, - - -, yr)dz on the LHS of (4.15) can be written as

[n2/2] [k /2] [(n1—1)/2] .
S oYY (ceta fle (n1 —1)!
. P — 2l 'l 12L (n1 —1- 211)”1!2l1

l2=0 l=0 11=0

(4.19)
X /02(% — 2)Fa_o1k1(2,91, - - -, yr)dz,

where the first line is the same constant as in (4.18) and we take convolution w.r.t. C? for the second
line in (4.18).

Recall the definition of Fyy_o1 k+1(2, Y1, - - ., Yx) from (4.16), where we have different pairs for points
Zy Yty YL, Y25 o Y gy Yy e Yk—15 YRy - -5 Yk -
n1—1-2I n;—2l; ng—2l

Note that we only have one occurrence of z. Indeed, considering the point z and its pairing with
different points leads to two different cases which we now discuss:

Case 1. Suppose that the point z pairs with y;. Then we have n; — 1 — 2I; choices of different copies
of y1, which gives an extra factor n; — 1 — 2[;. In this case the rest of the points pair with each other.
Hence, we replace the second line of (4.19) by

(ng —1—20) / C?*(y1 — 2)G(z — y1)dzFa_21-2, k (Y1, - - - s Yk)

= (n1 =1 = 20)C2 + G(0) Fas1_2, (U1, - -, Ui).

where n — 21 — 27 = (ny — 2 — 213, ne — 2la, ..., ny — 2l;). We substitute this into (4.19) and get the
following expression as the first part of [ C%(y1 — 2) fak+1(2, Y1, - -, yk)dz

L naf2l /2] L) (m 1)
= _ Skl !
L= > =3 ) (¢ ' H --21 Y28 (7 — 2 — 20,)1, 120

l2=0 lk=0 11=0

X C 5 G(0) Fa—or-2, b (U1, k)1, ymy
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[n2/2] [k /2] [n1/2)

ny — 1)!
D DI DED DECEIE lH -_21 Y1125 (n1_2z(1)}(11_)1)!2111

l2=0 k=0 [1=1

X Fn—2l,k(ylu e 7y/€)7

where the indicator function comes from the fact that for ny odd and I; = (nq —1)/2 there is no Q(y1)
to pair with Q(z). We changed variable by rewriting {1 + 1 as l; in the second step.

Case 2. Suppose that the point z pairs with y; for fixed j € {2,...,k} we also have n; — 2l; choices
of different copies y;. In this case the remaining points pair with each other. Hence, we replace the
second line of (4.19) by

(n; — 21;) / C%(y1 — 2)G(z — yj)dzFa 211, (Y1, -, Uk)
= (TLJ — 2ZJ)C2 * G(yl - yj)anﬂflj,k(ylv s 7yk)7
where
n— 21— 1j = (n1 — 2[1 — 1,n2 — 2[2, B 7 21]‘_1,11,]‘ — 2lj — 1,nj+1 — 2lj+1, ey N — 2lk)

We plug this into (4.19) and get the following expression as the second part of [ C?(y1—2) fak+1(2, y1,
e

ot k lni/2]  Lni—1)/2] [(na—1)/2] . k il
LEY S Y Y e [ o
j=2 1;=0 1,=0 1,=0 i=2,itj * " v/
1=2,...,k,i#]
(Tll—l)' nj!

% (nl —1- 211)”1!2l1 (nj —-1- 21j)!lj!2lj
C? % G(y1 — ;) X Facor—1, kY1, - -, ),

and we used the fact that for n; even and I; = n;/2 there is no point y; to pair with the point z and

we take sum for [; from 0 to |(n; —1)/2]. Formally we view Fy_21-1, (Y1, ..,¥x) as
k
E( :Qn17172l1 . (yl) :an7172lj . (yJ) H :Qni72li . (yl)) .
i=2,i#]

Combining the above calculations, we obtain
LHS of (4.15) = L1 + Lo + Ls.
We also observe that L; and L involve the same term Fj,_o1%, but with different coefficients.
Hence, we have
[n2/2] [nk/2] [n1/2]

L1+L2:ZZ Z(—C2* lH ._21 |l|2l

12=0 k=0 [;=1

7’Ll! (n1 — 1)
x [(n1 =202 (ng = 20)!(l — 1)'211*1}Fn_21’k(y1’ S Uk) (4.20)

[n2/2] [nw/2]

+ Y > (-C*xG lH -—2l JIon Fa—ork(y1, - Uk) 1, =0y

l2=0 l=0

where the last line comes from the term L, with [; = 0, recalling that the final expression of Lo does
not have the term with {; = 0. Using

ni;—1)!
ny! (ng —1)! B {%’ h < [(m—1)/2]

(ny —20)1 1200 (ng —20)1(l, — 1)126=1 ], l1 =n1/2,n1 is even,
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the first term on the RHS of (4.20) can be written as

[n2/2] [nk/2] [(n1—1)/2] ! (ny —1)!

n; — 2[1)'lll2l1 (nl — 2l — 1)!11!2l1

k
(—C? « G(o))Z?zl L H ( Fa—ork(y1, .- yk)-
i=2

12=0 lkZO 11=1
(4.21)
Note that the second term on the RHS of (4.20) precisely corresponds to the case I; = 0 in (4.21).
Hence,
ln2/2) /2] [(n1—-1)/2] .
Li+Ly= Y - > > (=C*xG(0)>=t (4.22)
l2:0 lk:0 l1:0
bl (ni — 2[1)'11'2l1 (n1 — 2l — 1)!11!2l1 n-2LktL, - -5 Yk)-

Now we consider the RHS of (4.15). Using 2C? = C? * G + G, we write the RHS of (4.15) as

k k
Z”jG(yl —yifa, ey, - uk) + ZTLJCQ * Gy —y) fa, k(Wi uk) = Ri+Ra.  (4.23)

=2 =2

Also, using (4.17) with n replaced by nj, f&, x(y1,...,yx) is written as

/2] L(ni—1)/2] [(n;—1)/2] i k il
(—C? % G(0)) =1 1 S L —
uz:: IIZ::O 1]2_30 Z—_L-I#j (ni — 20;)!1;12%
i=2,...,k,i#£] (424
(n1 — 1)' (nj — 1)' '

% (nl —1- 211)”1!2l1 (nj —-1- 21j)!lj!2lj
X P16 (Y1, -+ Yk)-
We plug (4.24) into the first term of (4.23) and have

k [ni/2]  [(n1=1)/2] [(n;—1)/2] . k il
R=3 > ) > et I o
j=2 1;=0 11=0 ;=0 =21 (’I’Li - 211)112 i
=2, ki
(n1 — 1)' nj!

x (n1 —1- 211)”1!2l1 (nj —-1- 21j)!lj!2lj
Gy —yj) X Fa—a1-1; k(Y15 - - k)

We observe that the only difference between the expression for fgz, ; and the previous expression is
the additional constant n; in the second line and the inclusion of G(y1 — y;) in the third line.

We then compare Ry with L1 + Ly in (4.22). Consider the term Fy_o1k(y1,...,Yk) in L1 + Lo, we
fix one y; and pair it with y; for fixed j = 2,...,k and we have n; — 2[; choices of y; and the rest
points pair with each other. For fixed j, we could replace Fy_o1%(y1, ..., yx) in (4.22) by

(nj —2l;)G(y1 — y;) X Fa—a1-1, (Y1, Yk)-

Hence, we could write L + Lo as

i L’MZ/?J L(n1—zl)/2j L(nyi)/% . ﬁ nl
(—C? x G(0))Xi=1ti —lz
j=2 1;=0 11=0 1;=0 1=2,i#] (nz - 211)”7’!2 !
i=2,...,k,it]
(n1 — 1)' nj!

x (n1 —-1- 211)!11!211 (nj —1- 2lj)!lj!2lj
Gy — ;) X Fa—ar-1; (Y1, - - -, Yk)s
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which is exactly R;. We then have Ry = Ly + Lo.
For the second term in (4.23) we also plug (4.24) into it and have

k [ni/2]  [(n1=1)/2] [(n;—1)/2] . k ol
Ro=3 > ) > o=t I o
j=2 1;=0 11=0 ;=0 =21 (’I’Li - 211)112 i
=2, ki
(n1 — 1)' nj!

x (n1 —1- 211)”1!2l1 (nj —-1- 21j)!lj!2lj
C? Gy — yj) X Fa—or-1, kY1, - Yk),
which is equal to Ls. Thus we have L; + Lo + Ls = Ry + Ra, which verifies (4.15). O

Proposition 4.9. The solutions to the recursive relation (3.16) are unique.

Proof. For n = (1,...,1), funr are given in Lemma 4.3. Now we consider general n = (nq,...,ng)
and use (3.16) to find fn determined by fary1 and fz, x with o = (1,n1 — 1,n2,...,n%) and
n;=(ng—1Lng,...,nj—1,n; — L,njs1,...,nk), 5 =2,..., k. For fa 1 it satisfies

fﬁ,k+1(27917~-ayk)+/c2(z_Zl)fﬁ,k+1(zlay17~-uyk)dzl

k
=3 mC%(z =y fa, W ur)s
=1

where 1?11 = (n1 — 2,n9,...,ng) and ﬁj =1, for j > 2 and we omit test functions for notation
simplicity. By utilizing Fourier transform, we can observe that fs ;41 is determined by fﬁj o This

implies that fy ) is determined by f5, , and fﬁj, .- Comparing n with n; and A, we can see that n,

and h have fewer points y; or y;. By repeating these steps, we can continue to reduce the number of
points until we arrive at f; with j < k. As a result, we conclude that fy ; is determined by f; with
7 < k. This proves the claimed uniqueness. O

Theorem 4.10. Let m be as in Lemma 2.1. Forn = (ny,...,ny,) € N m €N,
L p2ym. L 2ynm .
{(Nm/2 @) () )}N

(:in:Ca"' ) :Qnm :C)v

converges in law to

with
n!

[
O . dzef 2 l .Oon—2l,
:Q":c zE:o( C* % G(0)) I Q"2 peN.

Proof. By Proposition 2.5,

1 2\n 1 2\n
{(N"1/2 (@), s N2 $(P7) k)}N
is tight in (H~")* and the k-point correlation functions k = (ky,--- , k) of every tight limit satisfies
(3.16) with n replaced by
nk - (nla"' IR PN [ PN {7 I 7nk7"'ank)-
kl k}j kk

By Proposition 4.9 we know that the solutions to (3.16) are unique. The unique solution is given by
(4.17) with n replaced by n¥. By Wick’s Theorem this is exactly the k-point function of

(:in:Ca"' ) :Qnm :C)'
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Hence, the result follows. O

5. 1/N EXPANSION OF THE k-POINTS FUNCTIONS OF —= :®?2:

VN

In this section we derive the 1/N expansion for f,iv, k € N, i.e. the k-points functions of \/Lﬁ P2

defined in (1.6) and give a proof of Theorem 1.2. We will frequently use the recursions obtained in
Section 3, and our induction arguments will rely on graphic notation to represent various terms arising
from the recursions.

Our approach here is similar but more sophisticated than [SZZ21] which studied the perturbative
expansion for (single component) A®* model. In [SZZ21], one iteratively applies IBP to correlation
functions in order to either decrease the number of ® or produce terms of higher orders in A, and this
generates the perturbative expansion (in \) such that each term is an expression only depending on
the Green’s function C' = (m — A)~!, except for the remainder. One can keep track of the structure
of the remainder by graphs. One then applies SPDE estimates to bound the remainder which requires
a procedure to find a spanning tree from the graph.

Here, in order to obtain a 1/N expansion, we first analyze the structure of each term obtained from
IBP. Specifically, we apply two types of IBP or recursions (Lemma 3.1 and Lemma 3.2) to classify
the terms into two categories. We then reduce the number of ®2 in each graph by repeating the IBP
procedure multiple times. Next, we analyze the parity (evenness or oddness) of the number of ®2 in

each term when performing the \/Lﬁ expansion. Each odd graph can be reduced to the product of

\/LNE :®2: and a function only depending on C. Since E :®2: is of order 1, this analysis allows us

to prove that all the odd parts are of order \/—% and provides the 1/N expansion.

Our graphic notation here is close to [SZZ21]. We denote C; by a line. We will also use wavy lines
to represent the field ®. More precisely, single / double / triple wavy lines represent @1, \/LN 1 P2

and ﬁ :®;P2: respectively. With this graphic notation, for instance, (3.7) in Lemma 3.2 in the

case k =4 and ny = --- =n4 = 1 can be represented by

[ ] [ ] 2 .Q. [ ]
1 _
+( +N)

(5.1)

(0 N )

Here, in the second graph on LHS, the “new” vertex (i.e. the vertex in the middle) corresponds to an
integration variable over space. The QY ,, terms defined in (3.10) can be also represented graphically,
for instance

Na=VN .\.. . (5.2)

Here the factor /N arises from the factor # in (3.10) and the 5 points which carry double or triple
wavy lines.

In general, given a graph G, we write G = (Vg, Eg) or simply G = (V, E) where V is the set of
vertices and E is the set of edges. We denote by |V|, |E| the cardinalities of these sets, namely the
number of vertices and edges. Here for any two distinct vertices u,v € V, we allow multiple edges
between u and v (namely we allow ‘multigraphs’ in the language of graph theory). However, we will
assume throughout the paper that our graphs do not have self-loops, i.e. there is not any edge of the
form {u,u} for u € V. For every v € V& we denote by deg(v) (called the “degree” of v) the number
of Cc-lines adjacent to v (we do not count wavy lines attached to v).
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Definition 5.1. For each £ > 0, k € N we define ’Hf to be the set of all the graphs G = (V, E) such
that

(1) |V]=~4+k

(2) there are k “special points” {uf,,m =1,...,k} in V with deg(u,) € {0,1,2},

(8) deg(v) € {1,2,3,4} for everyv € V\{u},,m=1,...,k} and

(4) there are two points or no point with odd degree.

We also denote by ’H?’l the set of all the graphs satisfying (1)(2)(3) and such that all the points
have even degrees, and H§’2 the set of all the graphs satisfying (1)(2)(3) and such that only two points
have odd degrees. In particular HE = ’Hf’l U H?Q.

For any such graph we will write V§ = {uf,,m =1,...,k} and V& = Vg\V4.

For G € H} we also write

ne(G) =40+ 2k — Y _ deg(v).
veV

For instance, all the graphs in (5.1) belong to H?’l for k = 4, where ¢ = 0 except for the second

graph on the LHS where ¢ = 1. The graph (5.2) belongs to HE’Q for £k = 4 and ¢ = 2. The number
ne(G) simply counts the number of wavy lines in the graph G, and by definition ng(G) is even.

We define a mapping from H} to the set of all functions in {Tus, M 1, which maps G € H¥ to

-1 —deg(u’ —deg(z
IG(ZEla...,Ik) :/( H Cs(Iu;Iv))N 2(2“%6‘/7@L1 deg( m)/QJJrEZEVgJLQ deg(2)/2])

{u,v}€eFa
E( H :(I)g—dcg(u;): (Zm) H :(I)zgl—deg(z); ($Z)> H da., (5.3)
ureVy zeVy zeVy
where T, = 2y: . Here we write :®.: = @1, and :®3: = :®,  ®2: as shorthand notation.

Remark 5.2. Compared to [SZZ21], the IBP for observables here is more complicated, and we need
to utilize the symmetry property in the IBP. In the following discussion, we only make use of the IBP
presented in Lemma 3.1, Lemma 3.2, and Lemma 4.2. These lemmas provide us with terms in the
form of Ig which involve either two or zero instances of :®,®%: or ®y, while all the other factors
consist of :®2: only. Specifically, for G € HF', 1g refers to a term that solely involves :®2: ; and
for G € H*?, Ig denotes a term that includes not only :®2%: but also two instances of :®;P%: or
®;. This motivates item (4) in Definition 5.1.

Before proceeding, we note that both terms in the LHS of (4.1) involve f,iv .- To handle this part
we introduce an operator

Kf < (I+C?x)7'f, feLXT?), (5.4)
where [ is the identity operator and its discrete version
Kof © (I+C2x)7'f, feLP(A). (5.5)
We could write K f as
Kf(@)= | K@-yflydy, K@-y)=d—y)+Lz—-y), zyeT

RQ
with L € LP(R?),p > 2, where we view f as periodic function on R2. Similar for the discrete operator
K.. These results are proved in Lemma A.6 and Lemma A.7 in Appendix.

In addition, we introduce edges for the kernel K in the graphs. Let G = (Vg, Eg) € Hf, and we
construct a new graph G° = (Vge, Ege), where Vge = Vg U V&, with V. representing the set of
points y1, ..., Y4, where g € {0,...,¢ + k}. We choose a set of points V* = {us,...,us} C Vi such
that each u; has a full degree. Specifically, for u; € Vg , we have deg(u;) = 2, and for u; € V3, we have
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deg(u;) = 4. The set of edges Fge is obtained by modifying two edges in E¢ that connect to each point
u;, replacing them with edges that connect to y;, and adding edges in E}. &f Hus i} :i=1,...,q}.
More precisely:

e For u; with degu; = 2, the edges {u;, v; }, {u;, x;} for v;, z; € Vg are replaced by {us, v;}, {vi, vi},
{yi7 xl}v

e For u; with degu; = 4, we choose two points v;, x; connecting with w; and the edges {u;,v;},
{ui, x;} for v;, x; € Vg are replaced by {u;, yi}, {vi,vi}, {yi, xi}-

The following Figure 1 demonstrates the first change. The second one is similar by adding two other
lines connecting u; (see also Figure 2 for an example).

’LLZ‘O

VAN /y“\

FIGURE 1. An illustration for changing from G to G¢

The advantage of introducing K can be explained with the example (5.1). Rewriting (5.1) as

> (0 N

where (---) stands for O(ﬁ) and O(;) terms, we can “solve” the first term by applying K:

(e IR e

We denote the set of such graphs G¢ = (Vige, Ege) as H?yq. We also set ne(G°) = ne(G). Here, g
represents the number of times we apply the operators K. Additionally, we define ’H,Z'; as the set of
graphs G¢ = (Vge, Ege) when G € H?’i fori=1,2.

Finally, we define gzq as the set of all graphs G = (V, F) € ’Hf)q such that ne(G) = 0. We then

write
Gk def Ue>o0 Us;g géiq, HEe def Ue>o0 UZ;S HZ"; (1=1,2), and HE = UlZ:l,Hk’i.
For G¢ € qu we also define
Ige(xy,. .. xx / H C. (a:u,xv))( H Ks(xu,a:y))
{u ’L)}GEGvc\E {u,y}EEée

N (s cvg 1-deg(u) /245, g [2-deg(2)/21)

E( H :@?‘deg(“;):(a:m) H ‘I>4 deg(z ) H dz, H dz,,

u,eVy@ zeV§ zeVy yevs

(5.6)

where K, is the discrete kernel of (I +C?x)~!. We note that for G € G*, I is independent of N and
.

In the following lemma we prove a 1/v/N expansion for f,iv .- Strictly speaking we will not directly
use this lemma and we will eventually be interested in the 1/N expansion, but the proof of this lemma
serves as important start-point for the later proofs.
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Lemma 5.3. For any k > 1 and p > —1 we have the following representation for the k-point
correlation

P
1 1
N __ k k
Jine = Z Nn/2 e+ N(p+1)/2R +1,e (5.7)
n=0

where the graphs associated with F,’fﬁs belong to G*, and the graphs associated with R1p€+1,5 belong to
HE. The functions F,’f&. are independent of N.

We remark that in the lemma, when p = —1, in which case the ‘empty’ sum in (5.7) is understood
as 0 by standard convention, (5.7) trivially holds which states that f,?fg = ng,s where R’&E can be

indeed associated with a graph in ’H’S, that is, the graph with only %k vertices and no edge
The proof requires Lemma 3.1 which we present using graphs. For each G € Hg 0 there are
two vertices, denoted by vi,v2, whose degrees are 1, see (5.2) for an example. We define a map
k,2 1
o:H, = Hz by

def

Voiey = Vo, Esqy = € B U {vi, v}

It is easy to see that ne(o(G)) = ne(G) — 2. In other words for G € H*2, I only involves two
:®,P2: or &, and I, () means connecting these two vertices by the kernel C' and replacing :®; ®2:
or ®; by :®2: or 1, respectively. For instance the graph (5.2) under the map o becomes

\/N ./\\(. .

Proof of Lemma 5.3. We omit ¢ in the proof. Assume that for a fixed integer p > 0 we have already
shown that

p—1
1
=2 st Np/2Rk Ry= Y rdle (5:8)
n=0 GeHF

ne (G)€[0,m]N27Z

for some m € 27 which may depend on p, and some coefficients r¢ € R and r¢ may involve \/— We
then prove that the same holds with p replaced by p + 1, with updated values of m and rq.

Now we consider for each G € H?’ql such that ng(G) = m. Using Lemma 3.2 the term Ig can be
written as

Ic+ O? « I = Z ag Iq + \/LN( Z agrlgr + Z agr Igr

’ k,1 7 k,2 7 k,2
G'eMy, G"eHy? G"eHY,

L+1,q
ne (G )=m—4 ne(G")=m—4 ne (G )=m
. (5.9)
—|— Z aG//IG//) —|— N Z a’G”IG”a
G”E’Hk 2 G//E'Hk’l
£+2,q m;(G”):m

ne (G )=m+4

for some coefficients ag/, agr € R independent of N, where C?* means the convolution of one :®2:
with the kernel C?. Here, the terms with coefficients 1/\/N correspond to the terms in Q% ,, in
Lemma 3.2. Additionally, we express M in (3.7) as 1+ %, and the terms with coefficients 1/N in
(5.9) are derived from the part in (3.7) w1th coefficients % .
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Applying the kernel K on both sides of (5.9), we then have for G € ’HZ’ql with ne(G) =m

Ic = Z agle + \/LN( Z agle + Z agrIgr

G’e?{f;qlﬂ G’e?-t’;;;l G”eH%‘lfl,qH
ne (G )=m—4 f@(G )=m—4 ne(G")=m (510)
—|— Z aG// IG//) —|— N Z aG// IG”;
GNE’HZfz,q+1 G//E'Hk
ne (G )=m+4

where we simply changed each graph from H.If;;,i = 1,2, to a graph in ’H,k)zjﬂ, i =1,2. When we
apply the operator K to both I and I/, we select the same variable as used in the convolution with
C2. In the case where the degree of the point corresponding to this variable is 4, there are a total
of 4 instances of this variable. However, we only perform the convolution with K on two of these 4
variables, which are the points from the term :®2:.

We note that the first term on the RHS of (5.10) has smaller values of ng. For m = 4i with ¢ € N,
applying the above procedure i times for the first term on the RHS of (5.10), we get for G € ’HZ’ql
with ne(G) =m

Is = Z ac I + \/LN Z ra g, (5.11)

G/egéc,ql+i Gl"eHk
where ag/ are independent of N and we merge the terms with coefficients ﬁ and %, and rgr may
depend on \/—% 4 Note that G’ € QZ o1 ; here implies that I does not involve ® and only depends

on C. For m = 4i + 2 applying the above procedure i times, we get for G € HZ’ql

Ig = ( Z ag'Igr + Z GG/IG’) J%E( P2 )+ \/% Z renXon

k,1 k—1,1 2 k
G'€G,7 1 g4s G'€9, o1 Gren

where ag are independent of N and rg» may depend on 1/ V/N. Using (4.4) we have
1
E(:®%:) =15 + NCLIE( :®2:),

with G’ € H' and some constant a’ € R independent of N. Then we can write
1
IG = — Z TGnIGn, (512)
VN g
with updated rg» and G”, where rg» may depend on \/—% and %

For each G € H?’j with ne(G) =m € N, using Lemma 3.1 we can write I as

1 1
IG = IG’(G) —+ —( E a/G”IG” + E aGNIG//> + NGU(G)IU(G)7 (513)
v N G//E,Hk,Q G“E’Hk’z
l,q £+1,q
ne (G )=m—2 ne (G"”)=m+2

with a,(g) = 2 or 0. By substituting the RHS of (5.11) and (5.12) into the first term of (5.13), we
observe that equations (5.11) and (5.12) also remain valid for G € ’H,Z’;. Substituting (5.11) and

(5.12) into R’; in (5.8) and recalling again that for any G € G* the corresponding I is independent
of N and ®, the result follows. g

4Here and in the sequel, when we say that r may depend on \/LN’ we mean r = 7 + \/LNF where 7 and 7 are
1

independent of N. Statements such as “depend on &7 etc are understood in similar way.
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To obtain the % expansion, we need to delve deeper into IBP and analyze the parity (oddness or
evenness) of the number of ®2 terms present in I. To this end we denote by ng the number of &2
factors in Ig. We also view ®;®2 as involving one ®2 term. It is straightforward to observe that ng
can be equivalently defined as

1

ng = 57’@(6’), for G € H*'  (i.e. Ig has no :®;®2:),
1
ng = 5(mp(G) —2), for G € H*? (i.e. I¢ has two :®®%: or ®y).

In the following proof, we will omit the subscript in H*? and focus more on the parity of ng. In
the sequel we also use ags, agr as suitable constants independent of N, which may change from line
to line.

Lemma 5.4. For G € HF, k € N, with ng = m € N, it holds that for every n € N

g 1
IG = E CLG/IG/ —|— E W E aG//IG// —|— W E aG”IG”a (514)
GIG,HI@,I =1 G”G’Hk‘l GNGHIC,Z
ngr=m-—2 ngrn €2Z+m—i ngn €24+m—n

for suitable ag,aq» € R independent of N. Here all the sums are over finitely many terms since k is
fized and at each vertex the degree plus the number of wavy lines is not allowed to exceed 4.

Remark that although the above lemma is proved for arbitrary n, we will only need n = 1, 2 later.

Proof. We first prove that for G € H*! with ng = m

+1
I+ C?xlg = I n§ . > I ! > I 5.15
a + *lg = ag'lgr + W agrlgr + W agrlgr. ( . )
Gler,l =1 G//er,l GNGHI@,Q
ngr=m-—2 ngr €2L+m—i ngrn €2Z+m—n

We write (5.9) for G € H¥! with ng = m as

Ic + C? « Ig = Z ag'lg + \/LN Z Z agrIgr

G eHr! j=—1,1,3 G/ enk2
Negr =m—2 UTelld =m-—J

+ % _Z Z agrIgr.

(5.16)

Hence, (5.15) holds with n = 1. In the following, we suppose that (5.15) holds and prove that it holds
with n replaced by n + 1.

We write (5.13) for G € H*? with ng =m

1 1
Ig = Ia(G) + \/—— Z Z agrIgr + Nag(g)lg(g). (5.17)
Nj:7171 G//E,Hkﬂ)‘
Ngrn=m-—73

From (5.16) and (5.17), we observe the following patterns: For the order \/Lﬁ terms, when we perform
IBP we either add or eliminate an odd number of ®2 factors in Ig/. This changes the parity of ng.
On the other hand, for the order % term, when we perform IBP we either add or eliminate an even

number of ®2 factors in I:. This does not change the parity of ng.

These observations show a relation between the order of the term and the change in the parity of
ng, indicating how the number of ®?2 terms is affected during the expansion.
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Using (5.17), we write the last term in (5.15) as

1 Z 1 Z 1 Z
W CLG//IG// + W aG//IG// —|— W aG”IG”a
G//E,Hk,l G//er,z G//E'Hk’l
ngr e2Z+m—n ngr €2Z+m—n—1 ngn €2L+m—2—n

where we take sum for finite terms. Using this to replace the last terms in (5.15), we obtain (5.15)
with n replaced by n + 1. Applying the operator K on both sides of (5.15) we obtain (5.14) for
G e HFL

For G € H*? with ng = m we use (5.17) and similar induction as above to have

n+1
I E I E ! E I L E I
G = aglar + W agrlgr + W agrigr.
Gler,l =1 G//E'Hk’l Gller,z
ng/r=m ngn €22+m—i ngn €24+m—n

Applying (5.14) to the I in the first term of the RHS, we can lower the value of ng and we obtain
(5.14) for G € H*2. O

In the following, we will apply (5.14) of Lemma 5.4 with n = 1 and n = 2 to derive a more detailed
decomposition of I for G € H*. This refined decomposition will be useful for the induction argument
in the 1/N expansion.

Lemma 5.5. For G € HF with ng € 27, one has

1 1
Z ag'Ia + N Z agrnIgr + W Z agrIgr + —E Z ag'Ig (518)
G'egFk G”G’Hk G”E'Hk’l G'eg
ngn €27 ngn €272+1

for suitable agr,agr € R independent of N. For G € HF with ng € 27 — 1, one has

1 1
Io = \/—N Z ag g + N Z agIgn + N3/2 Z ag Ig (5.19)
G'eHk G"eH* G'eg
ng €227 ngr €27+1

for suitable agr,ag» € R independent of N. The sums above are all over finitely many terms.

Proof. Denote m = n¢ for the graph G given in the lemma. We consider the case m € 2N, and apply
(5.14) m/2 times for the first term on the RHS of (5.14) with n = 2 (i.e. iteratively substitute I
therein by the RHS of (5.14)). We have

1

o= ¥ wole+ Y ¥ wlett ¥ oaoles gy

G/egk G//E,Hk,l G//er,2

ngrn €2Z+1 N €27%
Here we get some terms with coefficients 7 /2 ,i = 1,2,3 coming from the repetitive applications of
(5.14) to the first term in (5.14), which can be incorporated into the corresponding terms in (5.14)
with the same coefficients ﬁ,z = 1,2,3. In the first term we have G’ € G* now, because each

iteration decreases ngs by 2.

From (5.20) we find that for ¢ odd ng~ is also odd for the associated I~ with coefficient 7 ~75. As
noted in (5.12) and (5.13) for ng odd, I is of order \/N This observation is helpful because it allows

us to convert these terms to the order of W

Turning to the case m € 2N — 1, we apply (5.14) (m — 1)/2 times for the first term on the RHS of
(5.14) with n =1 to have

Ic= Y &G/IG/+ZN1/2 > GG//IG“JFﬁ Y. agder. (5.21)

G en” G ekt G eHk?
ng=1 ngr €224+i—1 ngr €27
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Using (4.4) we have

1
—E(:®%:) = =g + —

with G’ € H12,ng = 2 given by

dE(:®%:), (5.22)

and this applied to the first term on the RHS of (5.21) implies that for m € 2N — 1

2

1 1
=Y sz O ooty Y eelet mnBG#%) Y acle, (529
1=1 GllGHk‘l, G”EH’C’Z, Gleg
ngr €224+i—1 ngn €27
which gives (5.19). Using (5.23) for the terms Ig» in (5.20) with coefficient - we obtain
1 1
IG e Z GG’IG’ —|— N Z aG”IG” —|— N Z GG”IG”
Glegk GIIGHk’l, G,,Gﬂk‘Q,
ngr €27 ngr €27
X L @ (5.24)
+ W Z GG//IG// + WE( :@2:) Z GG/IG/,
GIIGHk’l, G'eg
HGNGQZJrl
which is just (5.18). O

Now we are in a position to prove 1/N expansion of f,ivg.

Lemma 5.6. For any k > 1 and p > 1 we have the following representation for the k-point correlation

P
k,1
=) —nFﬁi Np+1R b1e Kk E2N, (5.25)
n=0
and
- 1 1 k2
N _ k2 ;
fk,a - Z Nn+1/2 Fn#—“ + Np+3/2 Rerl,sa ke?2N—1, (526)

n=0
where the graphs associated with F,’fal, Fk 2 belong to G*, and the functions F,’fal, Ffff are independent
of N.
Moreover R’; 41, can be decomposed as the sum of finitely many terms of the form bl with
ng € 27 and \/Lﬁbg/lcy with ng: € 27 + 1 and %IG,E( :®2:). Here bg and bg: are constants
independent of N.

Proof. We omit ¢ in the proof. By (5 18), one has (5.25) for p = 0. Now we prove (5.25) by induction.
Assume that for a fixed integer p > 0 we have already shown that

p—1
1
N __ k, 1 k,1
fk ZON"Fn NpRp 9
(5.27)
Z balg + — \/_ Yo bele +— E :®2:) > agle, k€N,
€ G'eHF G'eg
nGE[O,ml]QQZ ngr €[0,m2]N(2Z4+1)

for some my € 2N;my € 2N — 1 which may depend on p, and some coefficients bg, bg/,ag: € R
independent of N. We then prove that the same holds with p replaced by p + 1, with updated values
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of my,ms and bg, bg,agr. In (5.27), we apply (5.18) to I, apply (5.19) to Ig/, and apply (5.22) to
E(:®2%:). We then obtain

= Z balg + % Z balg + # Z belg + %E( :(I)Q:) Z ag'lg.

Gegk GeH* GeH" G'eg
ng€[0,m1]N27Z ng€[0,m2]N2Z+1

We plug this into the first equality in (5.27) and obtain that (5.27) holds with p + 1. Using the fact
that Ig, G € G only depends on C, K and is independent of N, (5.25) follows.

For k odd, we first prove that (5.26) holds with p = 0. Using (5.19) we have

1 1
= \/— Z aglgr + N Z agrIgn + WE( %) Z aglgr,

G eMF, G eHr, G'eg
ng€2Z ngr €27+1

Applying (5.19) again for I~ and using (5.22) to replace E(:®2:), we obtain for k odd

Z acrle + N3/2 Z acrler

G enr, G'eH",
ncE?Z ng€27Z
E P2, E
2 aG//IGH N5/2 ( H ) aG/IG/,
G"ecH", G'eg
HGNGQZJrl

with updated cofficients agr, ag~ independent of N. Applying (5.18) for Igs from the first term on
the RHS, we obtain (5.26) with p = 0.

We then assume that for a fixed integer p > 0 we have already shown that

p
1
N _ k2 k2
fi = 2) Nn+1/2 o Np+3/2 R’y
1 1 (5.28)
R = Y bele+ 7% > bader + ~E( :®2:) > agle, k€2,
GeHk N G eH" G'eg
ng€[0,m1]N27Z ngr €[0,m2]N(2Z4+1)

for some m; € 2N, mg € 2N — 1 which may depend on p, and some coefficients bg,bg: € R. Using
(5.18), (5.19) and (5.22) again, (5.28) holds with p replaced by p + 1, with updated values of my, ms
and bg, ber. Hence, (5.26) follows. O

To extend Lemma 5.6 to the continuum setting, and prove Proposition 5.9 below, we follow a similar
approach as presented in [SZZ21]. The proof strategy involves reducing each graph from Lemma 5.6
to a tree and then employing inductive arguments to obtain the desired estimates. Similarly as in
[SZ7Z21] we repeatedly apply IBP (3.3); and in this procedure, we use red color for the new line
appearing for the last term in (3.3) and use green color for the new line appearing for the first term
on the LHS of (3.3). However, we also have new operators K here, which correspond to the new lines
in E}., and we color them in blue. As mentioned in Remark 5.2, here in our case, we only apply the
versions of IBP as given by Lemma 3.1, Lemma 3.2 and Lemma 4.2. As a consequence,

e we use red color for the new line for C' corresponding to Z in (3.5) and (3.8) and Eq. (4.4);
e we use green color for the other new line for C from (3.5) and (3.8);
e we use blue color for the new lines in E}. corresponding to K.

Since the aforementioned lemmas are all applications of IBP (3.3), the coloring rule here is essentially
the same as [SZZ21], except that we have a new blue color. We emphasize that we do not change the
color of the existing lines when transitioning from G = (V, E) to G¢ = (V& ES"); we simply color
the additional lines in blue. In comparison to [SZZ21], the LHS of (3.7) produces a new operator
called K which remains unchanged.
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A tree is defined as a graph that does not include the green line. By replacing C.(z — y) with
E(ZL(x)Z.(y)), where Z! 2 7. and Z! is independent of ®., we can transform each graph G into k
trees without changing the value of I. (See [SZZ21, Lemma 3.7)).

We first pass the result obtained above to continuum.

Lemma 5.7. It holds that for k >0 and k € N, n,p e N

gigéngjf;g =Fkt i (H™®MF, i=1,2,
and

;ii%s,iR’;;;’ =Ry in (H)F =12,
Here F¥' i = 1,2, can be written as integrals of the Green function C of m — A and the kernel
K from Lemma A.6. The functions Rk 74 =1,2, depend on C, k and ®. The associated graph of
Fri i =1,2, are the same as F*} wzth C. in (5.3) and (5.6) replaced by the Green’s function C' and

n,e

the sum over A replaced by the integral over T2. The functions F* i = 1,2 are independent of N.

We give the proof after Proposition 5.9.
Now we are in a position to state the main results of this section.

Theorem 5.8. For any k > 1 and p > 1 we have the following representation for the k-point
correlation

kl k,1
Z NnFn Np+1Rp+1’ k € 2N,

and
~ 1 » 1 k,2
N _ , :
fr = Z Nn+1/2F" + WRPH’ ke2N-1,
n=0
where FM1 FF2 and R];_&l, Rk+1 are given in Lemma 5.7. The equality holds in (H~*)* for xk > 0.

Proof. The result follows by applying the extension opeartor & defined in (A.6) on both sides of
(5.25) and (5.26) and using Lemma 5.7. O

Now to prove Theorem 1.2 it remains to prove the uniform in N bounds for R +1,i =1,2.
Proposition 5.9. Let m as in Lemma 2.1. It holds that for every p,k € N and k > 0
k,2
|| +1|| —r)k + ||‘I%;D+1H(If*’§)’c S 17

where the implicit constant is independent of N.

Proof. Tt suffices to prove that I for each graph G showing up in the expression of R _&1, R"2 b1 1S
of order 1, since E( :®2:) is of order 1 and all the coefficients bes are independent of N. The proof
follows similarly as in [SZZ21, Lemma 4.2]. We omit ¢ in the proof.

Step 1. Reduction to trees.

We first introduce the stochastic objects when reducing each graph to trees. When we replace the
line C(z —y) by E(ZW(2)Z® (y)) with {Z®},cn being i.i.d. random variables and {Z®},cy being
an independent copy of {Z;};cn, we also encounter the following stochastic objects

z@  and FACK SRSV ACH AP
and 2092, YA A TR ACVACAQR:
vN
where 1,7,k are distinct (see Figure 2 for an example.) These stochastic objects play the same role as
Py, \/— :®2: and \/— :®,®2: in I, respectively. The Wick products here are understood as

(5.29)

def def

VARK TERR—AQK T8 2070, = z0 70 20?2 = 70 .92
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VARPAL SRR AN ACN NAONAON AR AO O AGN

def

We set 7 < U3 2 with 2y < {1} and

def

7 E{ZD, 81}, » = { 2200, 12029 —— 9% }’
VN

e 1 . N L 1
75 %! {\/—N WALL SRV O W :Z(l)Z(J)Z(’“):,\/—N 10,12 |,

By similar calculations as in Proposition 2.5 we have for k >0, /> 1 and f € &

E| fll5-« < 1. (5.30)

We then reduce each graph G to a disjoint union of k trees I_IleTi by replacing the green lines
with E(Z® (2)Z® (y)). Then, I is the expectation of a product of k functions, and each of these k
functions have the following form

Pree)= [ T] D) I fteigi@) ] do (531)
{u,v}ebr veEVr veVr\{u*}

with D = C or K, f, € 9, gI' = 1. Here and below we just write T for T} to simplify the notation,
and we have introduced the function g! for the purpose of induction later.

For each tree we will prove by induction that for x > 0

1Prllg—- S T ol (5.32)
veVr

with f, € 2. Assuming this, we have

k k
16l ey SET] 1P Ia—~ SET] T 1follu-.
=1

=1 ’UEVTi

The result then follows from (5.30) and Hoélder’s inequality.

Figure 2 explains the procedure to turn a graph into a tree, where each tiny green wavy line denotes
a factor of Z().

. u; (T )_o;\ug

UT .—/
[}

AN ; ;
/\ N

FIGURE 2. An illustration for reducing graphs to trees, and inductive integrations,
for the case k = 2. In the right picture, there are three stochastic objects of the form
Z@  and one stochastic object of the form :Z()Z(): and three stochastic objects
of the form \/—% 1700 P2
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Step 2. Estimate of each tree.

In this step we prove (5.32). Fixing a rooted tree T as above, we will integrate the variables in Fr
in (5.31) from the leaves of the tree T' and estimate the effect of the integrations as in [SZZ21]. More
precisely, we claim that for every subtree T of T which contains the root u*, (5.31) still holds with T
and g7 on the RHS replaced by T and g”', where the functions g (which depend on T') are such that
llgllci-2+ is bounded by ILjer, || fjllg—=, fj € 2 for some index set I, C N. In this case, the vertex
that belongs to V7 \Vy has been incorporated into the definition of g7. The function g is given as an
example in Figure 2, and T represents the remaining subtree obtained by subtracting the dashed box

portion in the picture from the tree T' for uj.
We claim that (5.31) still holds for the subtree T has 2 vertices including u* and v with ||g7 ||gi—2s +

gL ||c1-2+ bounded by IWer. || fillg—=, fi € 2 for some index set I, C N. The expression for Fr (2,
u j€ly L] g J g
in this case can take one of the following forms:

Jurs fU*I(gquv)u QE*I(gquv)v K(fvgf)
Using Lemma A.6, Lemma A.2 and Lemma A.4, we obtain (5.32).

The proof of the claim can be established by employing downward induction on the value of |Viz|,
which can be carried out similarly to the approach presented in [SZZ21, Lemma 4.2]. We will not
provide the detailed proof here and only highlight the main modifications.

The first change is that we only have the H =" norm of f, € 2 by (5.30), while in [SZZ21] we have
C~"-norm estimates for the related terms in ®3 model. Instead, for Zf we apply the following from
Lemma A.1 and Lemma A.2

IZ@lcr-2x S Ngllz—= 1Z(gH)llcr-2x S lgllcr-—2n L f L=, (5.33)
for 0 < Kk < 1/3.

The second difference is that the graph involves the kernel K. Since for each K it only connects two
points u, y with {u,y} € Eée and the green line C' connecting the point y gives Z(*) (y) by replacing
O(- —y) as E(ZW(-)Z((y)), the integration over x, is in one of the following forms:

[ =) (29w) [ Ko=) w)0] 0z, ) o (534)
[ Gl ) (262 w) [ K (=2, (2)51 (2, )

where f, = :ZWZ0): or Z() and ||g”||c1-2« is controlled by the products of H~*-norm of several
stochastic objects in .

For instance, the first case in (5.34) is exemplified by Figure 1 (in which case v = u*). The second
case is exemplified by Figure 2. The third case can arise when we replace the green wavy line in Figure
2 with one branch from the dashed box in Figure 2. In the second and third cases, we consider gZ ' (xz)
defined by the second and third lines in (5.34). We aim to prove that [|gZ ||ci-2« can be controlled
by the products of the H~"-norms of several stochastic objects in 2.

For the first term in (5.34), by Lemma A.6, for > 0, | K(f,95)||z-~ can be controlled by one of
the following three terms

| VAVALE |-+ HZ(Z-)HanHgchlf%, Hgﬂclf%,

which is bounded by the products of H~"-norm of several f, € 2.

For the second term in (5.34) we decompose the operator K = I + L and we can write the second
term as

T(:£,20:90) +7(29L(fy0]))
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the C'~2%-norm of which by Lemma A.6 and Lemma A.2, (A.1) is bounded by
(17,29 —n + 12PN - Fy L= ) T -
For the third term we write it as

I(Z(92 ) K (fy9y):
the C'~2"_norm of which is bounded by

192 |2 1K (Fygy Ml = < 1192 -2 L fyll -+l gy | cr-s

Here we use Lemma A.6 and Lemma A.2, (A.1). Hence, the H "-norm of the first integral in (5.34)
and the C!'~2%-norm of the last two integrals in (5.34) can be bounded by products of H~"-norm of
several stochastic objects in 2.

The last difference is that we may meet E( :®2:) and we apply (5.22) to get some new graphs. In

this case we can bound E( :®2:) by 1. For the rest graph from E( :®2:) in (5.22), we can also use
(5.33) and Proposition 2.5, (3.11), (3.12) to bound

e ller-= <1,
with the graph G’ from (5.22) and the implicit constant independent of N. The rest is the same as
in [SZZ21, Lemma 4.2] and (5.32) follows. O
We finally give the proof of Lemma 5.7.

Proof of Lemma 5.7. The proof follows from the same argument as in [SZZ21, Section 4.2] and the
discrete version of Proposition 2.5, i.e. (3.11) and (3.12). The main difference is as in the proof of
Proposition 5.9, i.e. we have a new kernel K. from (I — C? x-)~1. From Lemma A.10 we have for

K,0 >0
1€ (Ke# fo) = K % E fell g5 S 2| fell ne,
€5 (Le # fo) = L € felltz-rn2s S &2 fell rne
This combined with Lemma A.8, Lemma A.9 implies the result. O

6. NEXT ORDER STATIONARY DYNAMIC

As mentioned in Section 2 we have constructed a stationary process (®;, Z;)1<icn such that the
components ®; and Z; are stationary solutions to (2.1) and (2.2), respectively. In this section, we
consider the fluctuations of the stationary dynamics. In the stationary case, when N — oo, ®;
converges to Z;, with Z; being stationary solution to (2.2). Taking the difference of equations (2.1)
and (2.2), we obtain

N
1
L(i—Zi) = > 03Pk
j=1

Multiplying /N and setting ull = \/N(@l —-7Z;) = V'NY;, we have

N
1
fuj-vz—z 102D, (6.1)
K2 ¥ K2
VN &
Theorem 6.1. For every k € N, {(ul¥, ..., ull)}n is tight in

loc loc

k
(L2 (R*; C*) N L2 (RﬂH%mC(RﬂH*Q“)) ,

for some small k > 0,0 < § < 1. Every tight limit u; is a stationary process and satisfies the following
equation

Lu; =P (6.2)
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. . . . . . 1 N B2 .
in the analytic weak sense, where P; is the tight limit of Wai ijl 1050

Proof. Using Lemma 2.1 and Lemma 2.4 we know that for every T' > 0 and s > 0 small enough,

k k
ZEHU£V||%2([O,T];C%) + ZE||U£V”%2([O,T];H1)

=1 i=1
k k

ZZ NE|Y; |72 0. 73:020y + ZNEHY;”%Z([O,T];HU S 1
=1 =1

with the proportional constant independent of N. By Proposition 2.5 the RHS of (6.1) satisfies for
k>0

2
it ’H**‘ S 17

k 1 N
EH — ¥ 020
28| 75 2 @
= Jj=
which implies

<1
L2H—*

Z%fiﬁz

By the above two estimates we obtain tightness of

1 & 1 X
((uiv,,u{cv),(\/—]v; :@?@1:,...,\/—N; :@?‘I)k:))
(L2071 € N 20, Tk B N €0, ) H ) x L ([0, 71 >,

for every T' > 0, where L2 means weak topology w.r.t. time. Hence, we derive the desired tightness
result. Suppose the tight limit is denoted as (u;, P;) and we could take limit on both sides of equation
(6.1) to obtain (6.2). O

We will give the time marginal law of P; in next section.

6.1. Marginal law of P;. In this section we consider the marginal law of P;, i.e. large N limit of
\/Lﬁ :®;$?:. Similar as in (2.8)-(2.10) we first use the stationary solutions Z; and Y; to (2.2) and

(2.3) to define % 10 P2: as

1 2, def

N
10, P Z(YY2+2YYZ 1Y 23 A Y2+ 2Y; 1 22, + ZZQ)

In the following we choose ¢ = 1 and concentrate on % :®;P2: . We first define

def .
gl]c\fs(ylw"ayk) = Nk/2 (H (1)18 7,) yiEAsalzla"'ak'

By symmetry it is easy to find that for k£ € 2N — 1
Gee(yr, .o y) =0, yi€ A i=1,... k.
Proposition 6.2. It holds that for k € 2N, y; € Ac,i=1,....k
91y yk) = (Y, - Y foe (W1, - Yk) + One, (6.3)

where C, . 1s the k-point function of Gaussian free field with covariance C, and On . is defined in
(6.8).
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Proof. The idea of the proof is similar as in the proof Lemma 3.1. We also omit ¢ in the proof. We
choose

k
Fi(®) = :®%: (yo) [] :2:19°: (i)
=2
as test function in (3.3) to have
k k
> Clyr —ym) ( @7 (y1)( @7 (ym) +2:07: (ym) [ 12197 (yj)) (6.4)
m=2 J=2,5#m
k
= E(H 10102 (yi) ) + %E(Fl(cb)l( 101923 ) (1) ). (6.5)

where we used
§:01D2: (y,) 9 9 ey
—— 2 = (P +2:D7:)(ym)—,

22
to derive the terms in (6.4). Note that since :®;®2: is not O(N) invariant, we cannot replace :®?:
by % :®2: . Define
Ox %' the second part in (6.4) — the second term in (6.5),
where the second part in (6.4) means the part involving 2 :®%:. In Lemma 6.3 below we will prove
that Nk E7Z O} is of the order \/—% From the above integration by parts formula we could find two
points y1, ¥, such that the related :®;®2: change to :®2%: and add one C(y1 — ym)-

For the first term in (6.4) involving only :®?: (y,,) we choose test function

k
Fy(®) = :®%: (y1) :®°: (ym) : @71 (1) H 127 (y;).
J=2,j#m,i
as in (3.3) to have
k
20(y; — y)E( @7 (1)®1(y) :@%: () [[  :@:19%: (yy)
=2, 5m,i
k
+2C(yi — yl)E(q)l(yl) D7 (ym) 1 @71 (13) H 1P (yj))
J=2,5#mi
. (6.6)
+ Y Cui-uE( J] @%@ () +2:03: () [ :019%: ()
Jj=2,j#i#m =1,m,i p#l,m,i,j
k
= ( :®(y)%: 1@ (y) H 10, P2 (y,)) + %E(FQ(@)I( 10, P2 )(yz))
J=2,j#m

Define

k
0% &of Z C(y1 — ym)(ﬁrst two terms in (6.6)

m=2

+ the second part in the third term (6.6) — last term in (6.6)),

where the second part in the third term (6 6) means the part involving 2 :®%:. Similarly as before

we will prove that Nk w75 O3 N, 1s of order \/N Here we find two more points y;, y; such that the related
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:®1®2: change to :®2: and C(y; — y;). Combining the above calculation we find

k k
E(H :(I)lq>2: (yl)) = Z C(yl - ym)c(yl - yj)
i=1

m,j=2,jAmti
2
E( H :®?: (yy) H :<I>1<I>2:(yp)) —l—ZO}V.
e=1,m,i,j L g i=1

In general we have the following term for 2 < ¢ < k — 2, £ € 2N,

= E(ﬁ 1272 (Yr(m)) H 1D1P7: (yr( )))
m=1

j=0+1

with 7 being a permutation of {1,...,k}. We then choose

£+1 k
H @ yﬂ’ m) H :(1)1¢2: (yﬂ’(j))
j=t+2

as I and yr(s41) as z in (3.3) to obtain

4 £+1

220(%@“)—yﬂp))E(@l(yw(m) I 2% o) H 10, P ym)))
p=1 m=1,m#p j=0+2
k {+1
+ C(ywuﬂ)—yw(p))E( IT @ i) (2% (Ur(r) + 2 2012 (i)
p=t+2 m=1 (6.7)
k
X H 1D P2 (y,r(j)))
J=0+2,j#p

— I+ %E(Fg(q))l( (D B2 )(yw(w))).

The first term, the part involving 2 :®%: (yr(,) in the second term and the last term in (6.7) give

£
the Oztl part and the first part in the second term could be viewed as choosing two point yr(s41)

and Yr(p), changing the related :® ®2: to :®2: and adding C(Yr(e41) — Yr(p))- We apply the above
procedure and get the following term

Nk/2 (H SeLa ) Nm(ZHCyw(za 1) _yw(ZJ)))E(f[l “523(%)) + On,

w g=1
where 7 runs through pairing permutations of {1,...,k} and
2o
def i
O =) ALE (6.8)
i=1

Note that > Hfé 21 C(Yr(2j—1) —Yr(2j)) gives the k-point function of Gaussian free field with covariance
C, the result follows. O

For k € N we could define the k-point function for \/Lﬁ 1P, P2:

k k
1
N ; € . 2. (us .
(91, ) = ;H%/E(il_ll & Wi oK (yz))tp(yl, ce Yk) Z-Izll dy;.
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for every ¢ € S(T?*). Since for fixed N the law of :®,®2: is uniquely determined, we know

1
N ok 2
, Qi i—E||<—:<I><I>:, 1->,
(9% 19i) 11 N 1 ¥

for ¢; € S(T?), i =1,...,k. Now we could let ¢ — 0 on the both sides of (6.3). The same argument
as in the proof Lemma 3.3 implies the following result.

Lemma 6.3. It holds that g5, =0,m € N and for k € 2N, ¢, € S(T?)

(gt ®l101) = (Chfi, ®1101) + (On, @11 01), (6.9)
where Oy = Zf:l,z‘ wven WO;& and O = Oy + Oy° with
(O}\}l,@)f:lcpi) = 2E(< B2 T(: D20y, ﬁ 1D, P2 ,g0]>)
J=2,j#m
1,2 dgef 1 £
(O, @k ;) & —NE(<:<I>2:I( (0, B2 H (D, B2 .,(pj>

L L1 .
and for 2 <4< k-2, €2N, Ofv—H = Zle OfVH’ with

L4101 def
O @lie) @ 23 B((T(:82: 0r)T( 197 6r(3)P1, 0r(1)

2/2 k
H<I( 12 9077(21')) P2 a@w(2i+1)> H ( 3‘1’1‘1)22 7(Pﬂ(j)>)7
i=2 j=0+2

22

(03772, @k o “ 2y Z E(H (:®%: 0r(2i) 1 @72, Pr2io))

T p=L+42 =1

k
X <I( :(I)%:<P7r(p)) :(1)2:5907r(€+1)> H < :(bl(I)Q: )SDTF(j)>)’
J=0+2,j#p
and
£41,3
(027 @F_ ) ZE( (:@19%:) :@%:,00(1)))
0/2 k
H<I( @22 0r(0) 1871, Pr(it)) H (10127 ’spﬁ(j)>>’
i=1 J=t+2

where ™ = (po, 1, - - -, Pej2+1) 8 a partition of {1,...,k} with po = {m(1)}, p; = {m(2i), m(2i + 1)} for
i=1,...,0/2 and pyjo41 = {7({ +2),...,7(k)} and po,p1,...,pej241 are pairwise disjoint and the
sum runs through over all such partition.

Lemma 6.4. Let m be as in Lemma 2.1. For p; € S(T?) it holds that

1
ON, ®_19i)| S —=-
|< N =1 >| \/N

Proof. Using Lemma 2.4 we have for ¢ > 1
Bl :®3: - < 1.
Hence, we use Proposition 2.5 to obtain

1 1
(O§" @aei)l S 77z Bl : 83t -+ B2BY ) S 575

Nk/2
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For Oy°, Lemma A.2 and (A.1) imply that
|(:@2:T(:D,®2:), 1) < BaBs.

Hence, we use Proposition 2.5 and get

1 1,2 k 1 & 1
Nk/2|<ON a®i:190i>| S WE(Bng) < T

Similarly we use Lemma A.2 and (3.15) to have

(Z(:®%: 0r(2))Z( 1% 0 (3))P1, (1)) S B1B3,

and
|<I( :(1)2:<P7r(2i)) :(1)2: 7</77r(2i+1)>| S Bga |<I( ;<1>1<I>2 : ) :(1)2: a@fr(l))>| S By Bs,
which combined with Proposition 2.5 implies that for ¢ > 2
1 +1
ol OF ™ o)
1 1 1
£ pk—t—1 32, 041 pk—0—2 041 pk—f
S i BBBBL ) + Nk/zE(H :®2: || - BLTL B ) + i BB B S s
O

Theorem 6.5. Let m as in Lemma 2.1. The marginal law of P;,i =1,...,k, is given by the random

field X1 Q, where X1, Q are mdependent and X1 =% Z, and Q given in Theorem 4.4, where
XlQ hm (pE*Xl xpE*Q)
defined as in Proposition 4.6 with mollifier p. and the limit is in C™" P-a.s..

Proof. Using Proposition 2.5 we know that {\/Lﬁ :®,®2: } v is tight in H~2%, k > 0. Now the result
follows by taking limit on both sides of (6.9) and using Lemma 6.4. O

In the following we could consider marginal law of (Pi,...,Py) for m € N. We consider for
k= (k1,...,kpn) CN™

k;

m def 1 i i
glzc\{s(y%,---,ykm) = WE(H :<I>j,5<1>§:(y§)),

j=li=1

v eM,i=1,.. kj,j=1,....,m
By symmetry it is easy to find that for k C N with k; € 2N — 1 for some j

gﬁ{ c=0.
Similar as in the proof of Proposition 6.2 we derive the following results.

Proposition 6.6. Let m be as in Lemma 2.1. It holds that for k C N™ with k; € 2N for each
i=1,....,m

gl](\fa(y]avygn): (Hckj,s(y{a'"ayij))fg;';lkj,a(y%a"'a )+ON57 (610)
j=1

yf eN,i=1,...,kj,j=1,...,m, where Ok,ys is of order \/—%

Proof. The idea of the proof is similar as in the proof Proposition 6.2. Omit € in the proof. We choose

Fi(®) = 1% (5] (H et ) [T 09 60)

j=1li=1
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as test function in (3.3) to have similar terms as in (6.4) and (6.5). The main difference is that we

need to consider %, which gives 2 :®;®;: for j # 1. Since
D10 =Y, A2+ 20+ 2070
by Lemma 2.4 we have for £ > 1
E| :®9;:|% . <1,

which combined with Proposition 2.5 and similar calculation as in the proof of Lemma 6.4 implies

that the part including 2 :®;®;: for j # 1 corresponds to the term of order —. Hence, after ki /2

VN’
steps, we get

gn i,y

1 a no : 1
= Chry (Y1, -- 7yil)mE(H :®%: (y;) H H 10, B%: (yf)) + O(\/—N)'

Compared to the definition of g{(\{ o» we change all the :®; ®2: to :®?:. We then repeat the above

j=2i=1

procedures for each :®;®2%: and the result follows. g

Hence, as in the proof of Theorem 6.5 we derive the following result.

Theorem 6.7. Let m as in Lemma 2.1. For m € N, the marginal law of (P1,...,Pm) are given by
the random field

(X19,X:20,...,X,9),
where X1, ..., Xm, Q are independent and X; = Z,i=1,...,k, and Q given in Theorem 4.4.

APPENDIX A. BESOV SPACES

In this section we introduce Besov spaces on the lattice A, = eZ?NT¢ where e = 2=V N € NU{0},
from [MP19, GH21] and Besov spaces on T¢ from [Tri78].

Let (A;)i>—1 denote the Littlewood—Paley blocks for a dyadic partition of unity. Besov spaces on
the torus with general indices a € R, p,q € [1,00] are defined as the completion of C*°(T?) with

respect to the norm
fulzg, = (32 @ azulg))
i>—1

and the Holder-Besov space C® is given by C* = Bg, . We will often write || - ||ce instead of
- s, ..

The following embedding results will be frequently used (e.g. [Tri78]).
Lemma A.1. (i) Let 1 < p1 < pa < oo and 1 < ¢1 < ¢2 < 00, and let « € R. Then By 4 C
Bo, MQA/p=1/p2) - ef [GIP15, Lemma A.2])

(i) Let s € R, 1 <p < o0, € >0. Then Hy = B3, and B, , C Hy C By . C Bp1“. (cf. [Tri78,
Theorem 4.6.1])

Here C means continuous and dense embedding.

Lemma A.2. Let o, € R and p,p1,p2,q € [1,00] be such that % = p% + p%. The bilinear map
(u,v) = uv extends to a continuous map from By, . x Bg%q to Bﬁgﬂ if a+ 8 >0. (¢f [MWI1Th,
Corollary 2])

We recall the following smoothing effect of the heat flow S; = e/(®*~™) m > 0 (e.g. [GIP15,
Lemma A.7], [MW17b, Proposition 5]).
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Lemma A.3. Let u € By, for some a € R,p,q € [1,00]. Then for every 6 > 0 and t € [0,T]
I1Seull gats S 7072 full 5y,

Lemma A.4. Let I(f)(t & fo Si—rfdr. Then for anyp > 1, € R, 5 € (0,2)

() zzcore S fllLzce -

Proof. We use Lemma A.3 and Holder’s inequality to have

T
l1I(f )||LPC°‘+BN/ (/(t—s) :3/2HfHCads dt< / / (t—s) B/2||f||17 dsdt
/ / )28 f1Beds S (£

where we used Fubini’s Theorem in the third step. 0

The following result can be proved similarly as in [SZZ21, Lemma A.2].

Lemma A.5. For a € R,p,q € [1,00], d = 2 and the operators introduced in (3.13) one has

IZf | szoez S N f e (A1)

Moreover, for a € R, v >0
I1Zy fll sroso— S I f 1l e (A.2)
Proof. The first result follows from the Fourier transform C(k (k) = m, k € Z? and the definition
of Sobolev space. The second result follows from CQ( )=C«C(k),k € Z2. O

The following result is the regularity estimate for the opearator K introduced in (5.4).

Lemma A.6. For f € C°°(T?), d =2
Kf@)= | K@-yfdy, K@-y)=0z-y)+La-y) v,y € T?

with L € LP(R?),p > 2, where we view f as periodic function on R%. Furthermore, it holds that for
vyeR, >0

K fller S levs LS zen-s SN fla0,
where Lf(z) = [ L(z — y) f(y)dy.

Proof. The proof follows from Fourier transform (see also [Kup80, Lemma 2]). In the proof we will
view the kernel K as a function on R? and f periodic function on R%2. We have for k € R?

1
— <1
1+ FreC2(k)

where Fg2 denotes the Fourier transform on R?. Thus ||K f|gv < ||f]lz~. It is easy to see that for
k € R?

0< FreK(k) =

_ Fr2C?(k)
Frelh) =~ ety

which implies for any § > 0
[ Fre L(K)| S [k[ 7270 A L.

Then we obtain L € LP for any p > 2 by Hausdorff-Young’s inequality and the second estimate
follows. O
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We also introduce Besov spaces on the lattice A, = ¢Z% N T where ¢ = 27V N € NU {0}. We
could view functions on the lattice A. as periodic functions on €Z?. The definition of Besov spaces
on the lattice eZ? is from [MP19, GH21]. For f € LY¥(¢Z¢%) and g € L'(¢71T9) we define the Fourier
and the inverse Fourier transform as

FIE=e' Y [@emer, Flgla) Z/ g(€)ermEnde,
z€eZ? e—1Td

for ¢ € e7'T% & € eZ?, where ||f||p1e(ezay = €Y cza |f(2)]. When we write ¢ = 0 we refer to
the quantities in the continuous setting with Fr« and fﬂgdl being the usual Fourier transform and its
inverse on R%. Let (¢;)j>—1 be a dyadic partition of unity on R%. We define the dyadic partition of
unity for x € e 1T

Pj (;E)u j < j87
o5 (x) = o (A.3)
! {1—ZJ—<J—E ;i (), j=Je

Here j. := inf{j : suppp,; N d(e~1T%) # 0}.
Now we define the Littlewood-Paley blocks for distributions on A, by
_ 1
A3f = F UGS T

which leads to the definition of Besov spaces. For a € R, p,q € [1,00] and € € [0, 1] we define the
Besov spaces on A. given by the norm

) 1/q
Wlsgean = (3 299a551L,.) " < oo,
—1<j<Je

where || f||pe.c = (g7 D weA. |f(z)[P)}/P, p € [1,00]. If e = 0, BS is the classical Besov space BY, on
T?¢. We also set H** = B35 (A.) for a € R.

To compare with the definition of Besov spaces on eZ¢, we also introduce the following weighted
Besov spaces on ¢Z% given by the norm

. 1/q
W lmgizn = (3 29AS e ip ) < o0
—1<j<je

for a € R,p,q € [1,00], where p is a polynomial weight of the form p(z) = (1 4 |2|?)~%/? for some
§ = 0and || f||preeza ) = (€43 pecza |(f0)(@)|P)V/P, p € [1,00]. If € =0, By ,(p) is the usual weighted
Besov space. Then it is easy to see that for functions f on A when ép > d

I fllBg:a) = 1l Ba 2 (eza,p)- (A.4)

By this we find useful results for functions on €Z? from [MP19] can be directly extended to the
functions on A..

With the above notations at hand we could extend Lemma A.6 to the following discrete version by
similar argument as in [MP19, Prop. 3.6].

Lemma A.7. For f € L*¢,d =2

K. f(x) =& Z Ke(@=y)f(y), Ke(lx—y)=0x—y)+L(x—y), =zy€A,

y€EeZ?

with Le € LP¢(eZ2),p > 2, where we view f as periodic function on eZ?. Furthermore, it holds that
foryeR,§>0

IEfllmve SN llmve,  1Lefllgzen-se S | fllmve,
where Lef(x) = €230 g2 Le(x — y) f(y), © € Ac.
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Extension operator:
We follow [MP19] and introduce the following extension operator. Recall ¢§ given in (A.3). We
choose a symmetric function ¢ € C.(R?) satisfying the following property:

® D ez V(- —k) =1,
e (e-) =1 on suppy; for j < je,
o (suppy Nsupp(¢))ext)\e T # 0 = j = je.

Here (g;)ext means periodic extension to R? of ¢; on T¢. In [MP19] such a function ¢ is called a
smear function. Set w® = f_lw(s-) and define

Ef(z) € e Y wie—y)fy), feB (A.5)
yEeZd

Here we extend functions on A. to functions on Z¢ by periodic extension. We also introduce the
following extension operators for functions f : (¢Z4)* — R:

Eflar,... un) ¥ e Z (Hw ) Y1y Yr)- (A.6)

yZEEZ =1
iZl,...,k:

By [MP19, Lemma 2.24] £° and &f are operators which are uniformly bounded in ¢ from discrete
Besov space to the continuous Besov space.

We also recall the following two results from [SZZ21, Lemma A.9, A.10], which is useful for letting
e — 0 from functions on A to &'(T?). In fact the results in [SZZ21, Lemma A.9, A.10] hold for
functions in B¢ (eZ%, p). By (A.4) the results also hold for functions in B3¢ (A.).

Lemma A.8. Forpe [l,], v <0< a witha+~ >0 and 5 > 0 it holds that
1€°(f9) — &gl Byps. S 0@l f gz gl cosse-
Lemma A.9. Assume that (m — A )ue = fo. Then fora € R and § >0
1€7us = (m = A)T1E° fellgara—s S &0l fell e
We also have similar result for K..
Lemma A.10. For d =2, it holds that fora € R and 0 < 6 < 1
1€° (e %2 f2) = K % £ fel| -5 < /2 fell e,
and
1€°(Le % fo) = L+ E° fel| praa=s S /2| fell meve,
where *. is the discrete convolution on €72, i.e. f*. g = > yeeza FC—y)g(y)-
Proof. For the first result, by (A.4) and [MP19, Lemma 2.24] we only need to prove
€7 (e #e fo) = K % E° fell poos () S €”IIE° fell g o 00

where p = (1 + |2|?)~!. From the definition of Besov space we have
|€°(Ke *e fo) — K *56f5”3a 5
SO 2OTAGE (K x fo) — K ¢ 6€fa>||%z<p>-
J
By the definition of £° only j < j. contributes. By [MP19, (33)] we know that
]:]Rz(gE(Ka * fa)) = w(g')(fKa]:fa)exta Fr2 (K * gafa) = fR2K¢(5')(ff)ext-
Here gext € S’(R?) is periodic extension of g € §'(e71T?) (see [MP19, (11)]).
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Moreover, for j < jc
A (E°(Kex fo) = K % €°fe) = Fia (9 ) (F R )ext = Fea K| (F fo)ext)
= T [0 (FK)ext — ¢ Fpa K] % AE fe.
Here ¢; =32, j1<1 i = #(2779-). Then it suffices to prove
(1 + [21%) Fa (05 (FKext — 65 Fwa K| 11 S £7/727°. (A7)
By the following calculations
(1 + [ *) Fa' (65 (FKe)ext — ¢ Fr2 K] | 11

= (1 + 272 F [ F K Jext(27-) = $F2 K (2] 1n

S+ AP [B(FEe)ext (272) = o Fpz K (27-)][| v,
(A.7) follows from for m < 6,m € N

D™ [G(FK et (2) — 6Fpa K(27)]| S /227, (A.8)

Now we prove (A.8). It is easy to see that
1 1
FE(€1,6) = ——g——,  FreK(61,62) = ,
R S T IN M S T ION Y

with

FC? = FC % FC.,  FpeC? = FpaC x FpaC,
and

1 1
FC:(&1,&) = , JreC(§) = ———.
(61, 82) m + 4(sin?(eméy) + sin?(eméy)) /g2 rC(8) m + 472[€|?
Then, for any 0 < n < 1 on the support of £2,

‘]:05(51752) -

1
m -+ 4n?[¢]?
’ 4(sin®(em&y) + sin®(en&y)) /e — 4An2|€|?
(m + 4(sin’(eméy) + sin®(enés)) /%) (m + 472[¢[?)

) (A.9)
) e€p7le
~ (m+ 4(sin2(57r§1) + sin2(57r§2))/52)(m + 472|€)?)
23K
S AR

Here in the second last step we used |“;‘c# — 1] £ Jz|" and in the last step we used on the support of
&2, (sin?(em&y) + sin®(enés))/e? 2 €] by [MP19, Lemma 3.5]. (A.9) implies that on the support of
58
IS
FO2 _ ]: 02 < |E€|
6(5) R2 (5) ~ m+4ﬂ_2|€|27

for k > 0, which implies (A.8) for m = 0. We can use similar arguments as in the proof of [ZZ18,
Lemma 3.2] to estimate further derivatives, which implies (A.8) and the result for K holds. Regarding

L, by the Fourier transform as in Lemma A.6 the second result follows similarly. O
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