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Abstract

By developing a new technique called the bi-coupling argument, we estimate the rel-
ative entropy between different diffusion processes in terms of the distances of initial
distributions and drift-diffusion coefficients. As an application, the log-Harnack inequal-
ity is established for McKean-Vlasov SDEs with multiplicative distribution dependent
noise, which appears for the first time in the literature.
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1 Introduction

In this paper, we introduce the bi-coupling argument to estimate the relative entropy between
two diffusion processes. The relative entropy, also called the Kullback-Leibler divergence or
the information divergence, is a physical quantity measuring the chaos of one distribution with
respect to another. As an application, we establish the log-Harnack inequality for McKean-
Vlasov SDEs with multiplicative distribution dependent noise, which is unknown so far.

As a member in the family of dimension-free Hanranck inequalities (see [18, 19, 21]), the
log-Harnack inequality bounds the entropy by the quadratic Wasserstein distance, hence can be
regarded as an inverse of the Talagrand inequality [17]. The log-Harnack inequality has crucial
applications in optimal transport, curvature on Riemennian manifolds or metric measure spaces,
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and exponential ergodicity in entropy, see for instance [1, 15, 19]. See [20] for more applications
of this type inequalities.
Let T > 0, and let T" be the space of (a,b), where

b:[0,T] xR =R a:[0,7] x R = R? ® R
are measurable, and for any (¢,z) € [0,7] x R?, a(t,z) is positive definite. For any (a,b) € T,
consider the time dependent second order differential operators on R¢:

LY = tr{a(t, )V} +b(t,-) -V, te[0,T]
Let (a;,b;) € T',i = 1,2, such that for any s € [0,T), each (L?i’b")te[s,T] generates a unique
diffusion process (Xo7).z)e(srxrd With X7 = x, and for any ¢ € (s,T7], the distribution Py
of Xzzf has positive density function pﬁ with respect to the Lebesgue measure. When s = 0,
we simply denote ‘ . ' .
X7 = Xi* Rip = P

The associated Markov semigroup (P?,;)o<s<¢<r is given by

P f(z) = B[f(XD)], 0<s<t<T,zeR%fecBR

st

If the initial value is random with distributions v € &, where & is the set of all probability
measures on R?, we denote the diffusion process by X,", which has distribution

P = / Pu(de), i=1,2, t€(0,7).
Rd

Let p” be the density function of P}"” with respect to the Lebesgue measure.
We estimate the relative entropy

dPLVl INZ}
Eue (PP = [ (1og 2,,)dPJ’“:E[(logpéy)(X?”l)], te(0,7].
wi\ AP 7

Before moving on, let us recall a nice entropy inequality derived in [5]. For a d x d-matrix
valued function a = (akl)1§k71§d, the divergence is an R%valued function defined by

d
diva := ( E 8lakl) ,
— 1<k<d

where 9, := 2 for x = (2')1<1<q € R%. Let
q)y(sv y) = (a1(87 y) - aQ(Sa y)>V1ng;7y(y> + diV{CLl(S? ) - a2(57 )}(y)
+ b2(87y) - bl(svy)7 S (OvT]7y € Rdal/ € (@,

where V is the gradient operator for weakly differentiable functions on R?. In particular,
|V fl|oo is the Lipschitz constant of f.
By [5, Theorem 1.1}, the entropy inequality

1 t
(1) Bu(PPE) < 3 [ ElJaals, X2) 305, X0 s, 1€ 0.7
0

holds under the following assumption (H).



(H) For each i = 1,2, b; is locally bounded, and there exists a constant K > 1 such that
las(t, @)l V llas(t, 2) M| V I Vas(t, ) (@)l < K, (t,2) € [0,T] x RY.
Moreover, at leat one of the following conditions hold:

laz(t X)) b2 (t,X,0Y)|+|@Y (£,X)] )
fO [ 1+ X072 T 14X, }dt<oo’

(2) there exist 1 <V € C%(R?) with V(z) — oo as |z| — oo, and a constant K > 0 such
that

v 1,v 1,v
[(@(t, X ™), VV(X; 7))
V(X,™")

It is well known that (/) implies the existence and uniqueness of the diffusion processes
(X7 )iz12 for any v € £, and the existence of the density functions (p;*);=12, see for in-

stance [4].
As observed in [5, Remark 1.4] that one may have

dt < 0.

L%V (2) < KV (2), /TE[

¢
/ E[|Vlogpy” [P (X2")]ds < oo,
0

dv

provided v has finite information entropy, i.e. p(z) := % satisfies [;,(p|log p|)(z)dz < co. In
this case, (1.1) provides a non-trivial upper bound for Ent(P""|P>").

However, for a fixed initial value z, i.e. v = d,, E[|Vlogpy®|*(X}")] behaves as ¢ for some
constant ¢ > 0 and small s > 0, so that

t
/ E[|V log p2(X1)]ds = o0, > 0.
0

Consequently, the estimate (1.1) becomes invalid when

1.2 - o | 3
" (s,m)el[g,T]XRd lai(s, z) — aa(s, )|

To kill the singularity in (1.1) for small ¢ > 0, we introduce a new technique by constructing
an interpolation diffusion process which is coupled with each of the given two diffusion processes
respectively, so we call it the bi-coupling argument.

1.1 Entropy estimates for diffusion processes

We make the following assumption (A;) and (A2) where b; may have a Dini continuous term
with respect to a Dini function in the class

1
9D = {gp :[0,00) — [0, 00) is increasing and concave, p(0) = 0,/ Mds < oo}.
0

S

For ¢ € 9,t > 0 and a function f on [0,] x RY, let
[ lleoo == sup [f(E,2)], | fllrst00 = sup [[flls,00, 7 € [0,2],

.’EeRd s€ [T7t]

||f||0—>T,¢ = sup (]f(t,:v)| + !f(t,x) — f(t,y)\)

te[0,T),a#ycRd ez —yl)




(Ay) For each i = 1,2, b; = bl(-o) + bl(-l) is locally bounded, and there exists a constant K > 0
such that

15 o700 V IVBM losszoe V lailloszise V | loszoo V | Vaillosree < K.

(Ay) There exist i € {1,2} and ¢ € Z such that |]b§0)]|T,¢ < K.

For any vy,v € &2, let €(v1,15) be the set of all couplings of v; and 5. Consider the
quadratic Wasserstein distance

1

Wanom)i= _jnt ([ e ypadnan )
TEE (v1,v2) Rd xRd
In the following, ¢ = ¢(K, T, d, ¢) stands for a constant depending only on K,T,d and .

Theorem 1.1. Assume (A1) and (As). Then the following assertions hold for some constants
c=c(K,T,d,p) >0 ande =¢(K,T,d,p) € (0, %]

(1) For any vy,vs € & and t € (0,T],

y y cWyo( I/,V
Ent(PL P2y < 02 v2) /{nbl—bgu o — o s

(1.3) t
c[logu ) on = aalPig + [ Idiv(as — )]s
et

(2) If there ezists a constant C(K) > 0 such that ||b1]|o—7.00 < C(K), then

¢
Ent(ﬂl,v1|Pt2,V2) < ;(WQ(Vl,y2)2 —|—/ {||1)1 — b2||iOO + ||la; — agHioo}ds)
(1.4) 0

t
+ c(l!m — /2 st.00 +/ [div(a; — az)Hi,oods), vi, e € Z,t € (0,T].
et

(3) If there ezists a constant C(K) > 0 such that

(1.5) Vb1 [lo700 + Va1 ]Josr,00 < C(K), i=1,2,

then for any vi, vy € R and t € (0,T),

t
144 1% C
Ent(P,"|PP"?) < 7 [Wz(Vla V) +/ ([1br = bll? o + llar — 2|7 ) ds
(1.6) 0

¢
+/ ||div(a; — aQ)Hioods.
et



1.2 Log-Harnack inequality for DDSDESs

Let Zy:={ve Z: v( |?) < oo}, which is a Polish space under Wy. Consider the following
distribution dependent SDE on R¢:

(17) dXt = b(t, Xt,gxt)dt + O'(t,Xt,gXt)th, te [O,T],
where Zx, is the distribution of X,
b:[0,T] xR*x Py =R 5:[0,T] x R x £y - R* @ R?

are measurable, and W, is a d-dimensional Brownian motion on a complete filtration probability
space (0, #,{F}iepo,r, P). When this SDE is well-posed for distributions in &, i.e. for any
initial value Xy with Zx, € &5 (correspondingly, any initial distribution v € %), the SDE has
a unique solution (correspondingly, a unique weak solution) with (Zx,):cjo,r; € C([0,T7]; Z),
the space of all continuous maps from [0, 7] to &, under the weak topology. In this case, let
Prv = &, for the solution with £y, = v, and define

Pf(v):= | fd(Prv), ve Pytec|0,T],fc B(R.

Rd

We investigate the log-Harnack inequality
c
(1.8) Plog f(11) < log P,f (1) + gWg(u, V)%, fe B (RY,te(0,T], v e Py(RY),

where ¢ > 0 is a constant, and %, (R?) is the set of all positive functions in %,(R?). By the
definition of Ent and Young’s inequality [2, Lemma 2.4], (1.8) is equivalent to the entropy-cost
inequality

Ent(Pv|Pf ) < gwg(u, V)2, t e (0,T], v € Po(RY).

When the noise is distribution free, i.e. o(t,z,u) = o(t,z) does not depend on the distri-
bution argument g, (1.8) has been established in [8, 10, 15, 22, 24] under different conditions,
see also [6, 7, 23] for extensions to the infinite-dimensional and reflecting models.

However, if the noise coefficient is also distribution dependent, the coupling by change of
measures applied in the above references does not apply. Recently, for o(t,z,u) = o(t, )
independent of the spatial variable x, (1.8) has been established in [11] by using a noise decom-
position argument, see also [3] for the study on a special model.

As an application of Theorem 1.1, we are able to establish (1.8) for (1.7) with distribution
dependent multiplicative noise. For any pu € C([0,T]; &), let

1
a(t,z) = 5(00*)(1&,1;,,1%), VAt ) = b(t,x, ), (t,x)€[0,T] x R™
Correspondingly to (A1) and (As), we make the following assumption.

(B) There exists a constant K > 0 such that a* and v* = b0 + b satisfy the following
conditions.



(1) For any pu € C([0,T]; &,), b* is locally bounded, and for any (¢,x,u) € [0,T] x R% x P,
IV o700 + 0" losr,c0 + (@) los,00 + VA lomr,c0 < K.

(2) There exists ¢ € Z such that
1 0llre < K, € C([0,T]; 22).

(3) For any v, u € P,

16" = Vom0 V l@” = a*|losre V [|div(a” — a“)HOHT’OO < KWy (v, ).

Theorem 1.2. Assume (B). Then (1.7) is well-posed for distributions in Py, and there exists
a constant ¢ = ¢(K,T,d, ) > 0 such that (1.8) holds.

In the next section, we introduce the bi-coupling argument by constructing an interpolation
SDE for X" i = 1,2. This SDE has finite entropy with respect to X', and its density with
respect to Xt2 "2 has finite p-moment for some p > 1, so that by the entropy inequality in Lemma
2.1, we are able to prove Theorem 1.1 and Theorem 1.2 in Sections 3 and 4 respectively.

2 Bi-coupling and moment estimate on density

Let 0; = v/2a;,i = 1,2. According to [14, Theorem 2.1], (A;) implies the well-posedness of the
SDEs:

(2.1) dX] = bi(t, X))dt + o3(t, X))dW,, t€[0,T), i =1,2.

For any s € [0,7) and x € RY, let Xé:f be the unique solution for t € [s,T] with X7 = =
Then (X§Zf)(t,z)e[0,T}de is the diffusion process generated by (L?i’bi)te[sﬂ, i=1,2.
For fixed 21,15 € RY, let X, solve (2.1) for Xy = x; and o; := v/2a;,i = 1,2. We have

P = Zyie, i =1,2, £ € (0,T],

To estimate En’c(Ptll’I1 |Pflx2) for some t; € (0,77, we choose to € (0, 3¢;] and construct a bridge

diffusion process X" starting at x; which is generated by LI for ¢ € [0, 0] and L for
t € (to, t1]. More precisely, let

DU (t, ) = Lpo.10) ()01 (£, ) + Litg 0] (£)Da(t; -),
o0 (t, ) i= 1) (D)o1 (L, ) + L) (D)o2(t,-), T € [0, 4].
We consider the interpolation SDE
(2.2) dx o = pltod (¢ x 0 qp 4 gtto) (¢, XTYAW,, X3 =my, t € [0, ).
Let Plo™ .= th@om. We will deduce from (1.1) a finite upper bound for Ent(P}"!| P tO)ml),

where the singularity at ¢t = 0 disappears since the distance of diffusion coefficients vanishes for
t € [0,1o]. Moreover, we will estimate the moment for the density of P, (071 Wwith respect to P,
so that by the following Lemma 2.1, we derive the desired upper bound on Ent(P"| P> “).

6



Lemma 2.1. Let py, po and p be probability measures on a measurable space (E, ). Then for
any p > 1,

p

du \ 721
Ent(mluz)SpEnt(ulluH(p—l)log/ (d_u> Cdpa,
E “NdH2

dMl

where the right hand side is set to be infinite if <=+ or ;—:2 does not exist.

Proof. It suffices to prove for the case that ¥ and d‘% exist such that the upper bound is

du
finite. In this case, we have

dpu du
Ent — Ent - {1 Sy, }d
nt (g |p2) — Ent(u|p) [E 08 1u, 108, S

= [ g dam =2 (G0 s (Gh) e

Combining with the Young inequality [2, Lemma 2.4], we obtain

-1 dp \ 751
log/ (_u) dpss.
g Nduo

—1
Ent(p1|p2) — Ent(pa|p) < Ent (1 |p2) +

By Lemma 2.1, for any p > 1 we have

<t0)x1 )
23) BRI RE) < PR+ - o [ (S ) are
R t1

Noting that a(t,-) — ay(t,) = 0 for t € [0,¢y], we may apply (1.1) to derive a non-trivial upper
bound on the first term in the right hand side of (2.3), see Proposition 3.1 for details. So, in
the following, we only estimate the second term.

Proposition 2.2. Assume (Ay) and (As). Then there exist constants p = p(K,T,d) > 1,e =
e(K,T,d) € (0,%] and c = ¢(K,T,d) > 0, such that for any v,z € R% t; € (0,T] and ty = ety

72

dPtf())xl = 2,22 2
log | (g ) AB < el ﬂm—@mmﬂm ball? o}t ).
rd N\ AP}

Proof. (a) Let

Pt<t0>f(l') — E[f(Xt<to>x)], Pt(2)f(I) — ]E[f(Xf’x)], f c Bb(Rd)’ (t,x) € [O,T] X ]Rd.

P(to>11 1
By first taking f :=n A (dpfm)l’*1 then letting n — oo, we see that the desired estimate
31
follows from

}Pt(1t0>f($1)|p < (Pt(12)|f|p($2)>

(2.4) cp—1 h
X exp |: (pt ) <|l’1 — I'2|2 +/ {Ha1 — CLQ”iOO + ||b1 — b2||?’oo}dt>:|, f S g%jb(Rd)
1 0

7



Let (Ps(’zt))ogsgtgj" be the semigroup generated by L{>™ . i.e.
P f(x) =E[f(XI)]. [ € B(RY,
where (X ff)te[s’T] solves
AXZ7 = by(t, X7 )dt + oo(t, X297 )dAW,, X2F =, t €[5, T).
By the Markov property and the SDE (2.2), we obtain
(2.5) P f(a1) = B[(Pon N(Xe™)], B flan) = E[(Peh, /) (X5™)]-
By [14, Theorem 2.2] which applies to a more general setting where bgo) only satisfies a local

integrability condition, there exists constants p; = p(K,T,d) > 0 and ¢; = (K, T,d) > 0
such that

eplo—yl?

(2.6) 1P f@)" < (BELIFP(y))e =, f € B(RY,z,y € RY.

Combining this with (2.5) and Jensen’s inequality, for p := 2p; we obtain

0,1
Xl’wl — X2»m2 2 2
< B[ (B 1 0x) s (A2
x 201|X1"”1 — X2@2|2
< (B[P (] enp (22 =R )
(QCI'XEO’“ - Xff"’IQ)
t1 )

w172 1 »L1 2
[P f (@)l = [BIPS, SOOI < (B[P, £ (™))

= (PP f[P(2))E [exp

Thus, to prove (2.4), it remains to estimate the expectation term in the upper bound.
(b) Since the exponential term is symmetric in (tho’xl, XEO’“), without loss of generality, in

(Az) we may and do assume that ||b§0) ot < K. We shall use Zvonkin’s transform to kill this
non-Lipschitz term. By [27, Theorem 2.1], for fixed p,q € (2, 00) with % + % < 1, there exist

constants ¢; = ¢1(K,T,d,p,q) >0 and 8 = 5(p,q) € (0,1) such that for any A > 0, the PDE
(2.8) (0 + L — N, = —b(t, ), t€[0,T],ur =0

has a unique solution satisfying

(2.9) N (|lullosro0 + I Vuullosroe) + 10l 22 + IV?ullzn < e,
where
T 1
q
(2.10) | fllzz :== sup 1B fE ) pwadt |
? z€R4 0 (RY)

8



(1) (1) (1)
Let P M7 he the Markov semigroup generated by L™ and let De Y be the heat kernel
with respect to the Lebesgue measure. By Duhamel’s formula, we have

T
(2.11) us:/ e A=) ‘“b {me)uter (t,-)}dt, se€0,T].

On the other hand, let V2 be the Hessian operator in z. By [12, Theorem 1.2], under (A4;) we
find a constant 0 = 0(K,T,d) > 1 such that

2, 010" < A < <T R
|va:pst (xay)|—t_sgﬁ(t_87xay)v 0_S<t_ , T, Y €

holds for
a 105 (x)—y?

gs(r,z,y) := (nor)"2e" 5, r>0,z,y € RY,

where 6 : [0,T] x [0,T] x R — R? is a measurable map. So, letting

(2.12) hi(y) = Vo uey) + 017 (1 y),

we obtain

) T e Mt=s) a0
V2u,(2)] < / \vxpst (e = h(2)(@)] oy, oyt
(2.13)

T oAt "
<[l / 20 ()] - Iha(y) — BBucl) .
By (As), (2.9) for A > 1, and (2.12), we have

(2.14)  |hi(y) = ha(B.a(2))] < (L4 )| (1) = 07 (1, 0s0(@))] + K [Vua(y) — Ve (Boi(a))].

In the following, we estimate these two terms respectively.
Since ¢ is concave, we find a constant co = (K, T, d) > 0 such that

07t y) = 071 0. (@) st — 5.7, 9)dy
R

S K d@(’y_687t(1.)‘)g5(t_37$7y)dy
R

< Ksa(/d|y—95,t(:v)lga(t—s,x,y)dy) Scw(\/t—s), 0<s<t<T,zeR%
R

Hence,
T o—A(t—s) . o
sup [ ———dt [ b7 (t,y) = B (1, 0u(2))lgs(t — 5.2,y)dy
(2‘15) s€[0,T] J s S R4
TeMop(ts)
SCQ ; ﬁdtzia’fl,



where g1 = e1(\, K, T,d, ) goes to 0 as A — 0.
On the other hand, let @ = 1— ;—f € (0,1) and denote z = 6 ,(z). By the Sobolev embedding
theorem, there exists a constant ¢y > 0 depending on p and d such that

Vui(y) — Vuy(2)| < eoly — Z|a||].B(Z7]_)V2UtHLp(Rd), if |y —z| < 1.
Since (2.9) implies ||Vus|| < ¢; when A > 1, we find a constant ¢z = ¢3(K,T,d) > 0 such that

|VUt(y) - VUt(Qs,t(wm < C3|y - Hs,t(x)’a”lB(z,l)qutHLP(Rd)‘

Noting that ]% + % <land a =1 — % imply (1 — a); < 1, we find a constant e, =

eo(N, K, T,d,p,q) > 0 which goes to 0 as A — oo, such that

T e—)\(t—s)
/ — dt /d |V (y) — Vut(H&t(x))\g(;(t —s,z,y)dy
s - R

T
gc:g( [ e laqldt> Sl <o s € 0.7

By (2.9), and combining this with (2.13), (
MK, T,P,p) > 0 such that |[V?ullooree <
large enough A > 0 such that

(2.14), and (2.15), we find large enough A =
% Combining this with (2.9), we may choose

(2.16) o oe V IV ello-s70 V 92100 < 5

In particular, letting

(2.17) X7 = X5 (X)), i=1,2,

we have

(2.18) SIXIT - XP| < K KR < olx - x|

Hence, to bound the exponential moment in (2.7), it suffices to estimate the corresponding
term for | X" — X7™|? replacing | X" — X",
(c) Let I; be the d x d identity matrix. By (2.8), (2.17) and It6’s formula, we obtain

AX " = {4 b8, ) (X + {Id+Vut X[ Yoo (t, X)) AW,
(2.19) deva? — {)\Ut —|— La27b2 o La1 b1)u + (62 . b )( )}(XQ m)dt
+{Ly + Vu (X7 boo(t, X772 AW,

By (A1), (2.16), (2.18), and It6’s formula, we find k; = ki (K, T,d, ¢) > 0 such that
(2:20) AIXI™ — XF2 < oy (1X07 — X272 4y — a1y — bl ) dt+dMs, € € [0,16],
where M; is a martingale satisfying

(2.21) A(M), < ky| X} — X272t

10



For any n > 1, let

T i=to Ainf {t >0 X — X" > n}, = sup X — X2

t€[0,7n]

By (2.18) we have 5 .
Ko™ = Xo ™ < dlzy — 2,

which together with (2.20), (2.21) and BDG’s inequality implies that for some constant ky =
ko (K, T,d, @) > 1,

8c1katpyn > %

1
8ciyn ko 12t 2 o2 8cikatoyn 3
E[e - ] <en [Im z2?+ fo ! (lar—az? oo +101 b2||t,oo)dtj| <E[e i }) <E[e 2

Taking ¢ := W for any to := ety and ¢, € (0,7 we have
k’QtQ 1
koto) V — < =
(kato) t 2
so that

8¢1n 8¢1n

=l 52 |y —za 2+ [y (lar —az |7 oo + 1101 —b2 13 oo )dt T
Ele & <eh Ele 2t

1
t 8 =
<e P2 [‘xl_m2|2+f01(Hal_aQ‘l%,oo+“b1_b2ug,oo)dt:| (E [G%D 2

Since 7, is bounded, this implies

8c1vn 2 _ 2 _ 2
E[e 1 } < o [l ezl blZo)ae] sy

Therefore, by Fatou’s lemma and (2.18),

2C1IX 1 XQIQIQ 2¢q X2 ){2””2|2
E[ef} < lim infE[ef

n—00

|

8
< lim E[eH] <o 2 [le1 a2 3 = 1 b2l )]

n—oo

This together with (2.7) implies (2.4) for some constant ¢ = ¢(K,T,d, ), and hence finishes
the proof.
[

3 Proof of Theorem 1.1

By (2.3) and Proposition 2.2, to estimate Ent(P.}*|P/"), we apply (1.1) to Ent(P}"*|P,’ (tojary,
To this end, we present the following result.

Proposition 3.1. Assume (Ay). Then the following assertions hold.

11



(1) There exists a constant ¢ = c¢(K,T,d) > 0 such that

]Vpi“”]Q 1 d
(3.1) y)dy <clog(l+r7"), 0<r<t<T,zeR"
Rd

S

(2) If |by| < C(K) for some constant C(K) > 0, then for some constant ¢ = c¢(K,T,d) > 0,

V1x2 t
(3.2) / / | psl y)dy < clog (1+ - ) 0<r<t<TzeR%
Rd

S

(3) If (1.5) holds, then exists a constant ¢ = c¢(K,T,d) > 0 such that

V 1,2
(5.3 R e
R

1,x
Dy

t€(0,T),z € R%

10

In the following two subsections, we prove this result and Theorem 1.1 respectively.

3.1 Proof of Proposition 3.1

We first present a lemma.

Lemma 3.2. Assume (Ay) with the condition on ||Vaillo-r.0 Teplacing by the weaker one:
there exists B € (0,1) such that

lar(t,2) = ai(t,9)|| < K|z —y|°, t€[0,T], 2,y € R".
Then the following assertions hold.

(1) There exists a constant ¢ = ¢(K,T,d,3) > 0 such that
(3.4) ‘ / “log pp™) )dy‘ <clog(l+t), t€(0,T),z € R%.
Ra
(2) If |bi| < C(K) for some constant C(K) > 0, then

‘/ L Jog pl )dy—/d(pi’xlogpi’”)(y)dy
R

(3.5) ;
§clog<1+—), 0<r<t<TzeR%
r

Proof. (1) For any x € R?, let 0;(z) solve
(3.6) 0ib(x) = bi(t, 0:(x)), Oo(x) =2z, te[0,T].
By [12, Theorem 1.2], there exists a constant ¢y = ¢o(K,T,d) > 1 such that

1 ol (@) —yl? co 1o —yl?
ceT e <pt(y) < ge wf , zyeRY e (0,7).
cot2 t2

(3.7)

12



Consequently,

38) [ ol ogpl") Wiy < logleat 4] [ p"()dy =logleot ), t€ (0.7],x € B
R R

On the other hand, by Jensen’s inequality and (3.7), we find a constant ¢; = ¢1(K, T, d)
such that

T x T x _1
—/d(ptl’ log py’ )(y)dy=2/dp§’ (y) log{p;“(y)} 2 dy
R R
< 2log/ {pr"(y)}2dy < 2log {Cét_i(ﬂ%t)g} < log[et?].
Rd

This together with (3.8) implies (3.4).
(2) For any 0 < r <t <T, we have
I(r,t) ;:/ (prlog pr) (y)dy — /d(pt log pi)(y)dy = Li(r,t) + Lx(r, 1),
(3.9) ) R
ht) = [ (o182 )widn Brt)i= [ (o= ) logp(w)y
R Pt R

If by is bounded, then (3.6) implies
16:(x) = 0r(2)] < er(t =)
for some constant ¢; > 0, so that by (3.7), we find a constant ¢, > 0 such that
5 107 (2)—y|?
Li(r,t) <log [Co 2} Co/ |0 (x Zr_%e cor dy

§0210g<1+—>, 0<r<t<T.
T

(3.10)

On the other hand, by (3.7), we find a constant ¢3 > 0 such that

{ — )" log i H(y)dy — / {(pr — p)" log p; } (y)dy
< /Rd {0 = p0)" () 108 [eot 2] = (o, — 1) (y) g [t 4]}y
+ 5 [ =2 W)0w) — yPdy

<togft 4] [ (o= p) )y + (o o) [ oo = )y
+ Ct—O/Rd 10:(x) = yl*pe(y)dy < cs.

Combining this with (3.9) and (3.10), we derive (3.5).

13
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Proof of Proposition 3.1. Let « € R? be fixed, and simply denote p, := p,™".
(a) We first consider the smooth case where

(311) ||Vibl||0_>T7oo + ||Via1||0_>T700 < 00, 1> 1.

By [12, Theorem 1.2], there exist a constant A > 1 and a measurable map @ : [0, 7] — R? such
that

2
_ 10—yl

-, t€(0,T],y e RYi=0,1,2.

d+z _ Ao —y|?
t

(3.12) A < |V ()

Moreover, by the Kolmogorov forward equation and integration by parts formula, we have

(3.13) Dupe = dlv[al( Wi + pddiva (t, )—bl(t,-)}], t e (0,T).

By (3.12), (3.13) and integration by parts formula, we obtain

t
/Rd {pilog pr — prlog p, }(y)dy = / ds /Rd {(1 4 log ps)0sps } (y)dy

(3.14) .
- / s /R (als, )V log p, + divas(s.) = ba(s, ), Vo ) (y)dy.

Since a; > K11, this implies

v 32
/{ptIngt prlog p, H( dy+K/ds/ Vo.[
R4 Ps

(3.15) < —/ ds /]Rd divay(s,-) — by (s, ~),Vps>(y)dy

= [as [ (10— anan] 50,9 )@+ [ s [ (806,95 ) )

By (3.11), (3.12) and Lemma 3.2, we derive

2
(3.16) / /d ]Vpsf y)dy < oo.
R Ps

Noting that (A;) implies |b§0) — diva;| < 2K, so that
t
/ ds /d [b§ dlval}( ), Vps>(y)dy
R

y)dy +2K° [ d .
- 2K/ /]Rd ps * / S/de
y)dy + 2K3(t —
2K/ \/]Rd Ps * ( r)

Moreover, by the integration by parts formula, (3.12) and Hngl)Ho_)TOO < K, we obtain

/ as / (6.9 ) / s / div (b (s, 9)}puly)dy < K(t— 7).
14




Combining these with (3.15) and (3.16), we derive

v sl2
(3.17) / /Rd ps

<2k [ {prlogpr — pilospi} )y + 2K + 1)(t 1)
Rd

(b) In general, let 0 < ¢ € C°(R?) such that [y, v (x)dz = 1, and define the smooth
mollifier .¥,:

Fuf @)=t [ o= yolg)dy, 0 =11 € L (R
R
Let
bgn)(ta ) = ‘Sﬂnbl(ta ')7 (n)( t, ) 7 al( )a n > 1.
Then (a{™,b{") satisfies (3 11) and (A;) for the same constant K. So, by step (a) and Lemma

NOMO
3.2, the density function pt ) for the diffusion process generated by L;" P satisfies

(n)

t V"2
(3.18) / ds (y)dy <clog(l+7r71), 0<r<t<T,n>1
T Rd ps

for some constant ¢ = ¢(K,T,d) > 0. Equivalently, for any
feCP*(Irt] x RY :={f € Cy([r, 1] x RY) : Vf,V2f € Cy([r,t] x RY)},

we have

' / o)A S ()dsdy|
[r,t] xRe

ds/ {(Viog p{”, Vo) p" } (y)dy

< clog(1+r~ )/ V£ () p™ (y)dsdy, n> 1.

[r,t] xR

By [16, Theorem 11.1.4],

lim [ o™ (y)g(y)dy = /R psW)9v)dy, g € CRY), s €[],

n—o0 R4

So, the above estimate implies

2

< clog(l+r7") / IV fo(y)ps(y)dsdy

] xR2

\ [ nwanmasy
[r,t] x R4

for any f € Co*([r,t] x R?). Therefore, (3.1) holds.
(c) If |b1] < C(K) for some constat C'(K) > 0, then (3.5) holds, so that instead of (3.18)
we have

(n)

t n)|2
V ps t
/ds g(y)dygclog<1+—>, O<r<t<T,n>1.

r Rd Ps T

15



Then the above argument implies (3.2).
(d) If (1.5) holds, then by Malliavin’s calculus, see for instance [13] or [25, Remark 2.1}, for
any v € R? with |v] = 1, there exists a martingale M,”*" such that

E[V.f(X;")] = E[f (X;") M), f € Gy(R), ¢ € (0]
and E[| M7 2] < ¢ holds for some constant ¢ = ¢(T', K,d) > 0 and all £ € (0,7]. This implies

‘/}Rd{@,vxlogpt )Y w)pt (y)dy

Equivalently,

_t/f 2pht(y)dy, f e CLHRY), Ju| = 1.

V" 2 cd
Rd pt t

so that (3.3) holds. O

3.2 Proof of Theorem 1.1

(1) Let p > 1 and € € (0, 3] be in Proposition 2.2. By Proposition (3.1) and (4;), (H) holds for
v =6, and (a'® b)) replacing (as,bs). By (1.1) with v = §,, and (3.1), we find a constant
¢ = (K,T,d,¢) > 0 such that

Ent( 1z1|]3tt0 x1)

(3.19) < | log(1+ ) |ar — aall?, e, o0 +/

ety

t1

(Iiv(or = aa) e + 10 = )]

t, € <O,T],I1 S R
Combining this with (2.3) and Proposition 2.2, we find a constant ¢ = ¢(K,T,d, ) > 0 such
that for any t; € (0,7] and x1, 2, € RY,

t1
xr x c
(P P < ufonan) = (hon = anf [ {101~ bl + s = el s )
1 0
t1

i c(logu )l = ol g+ [ v - a2>||§,oods).

t1

Equivalently, for any ¢ € (0,7] and f € %, (R?),

(3.20) /d{log Fly)} P (dy) < log /df(y)Pf’“(dy) + Ii(x1,22), @120 € RY
R R

Let m € €(v4, 1) such that

WQ(Vl,V2)2 == / |I1 —$2|27T(d1‘1,d(l,’2>.

R xR4
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we obtain

Ent(P,"'|P/™) = sup { {log f(y)} P} (dy) — log / f(y)Pf’”(dy)}
0<f€f£b(Rd) R4 R4

< / Ii(z1, zo)m(day, das)
RdxR4
c t
- Z(wz(vl,w)? +/ {lbr = bollf oo + oz — azllim}dS)
0

t
+ C<10g(1 +t ) lar — a0 + / |div(a; — a2>‘|§,oods)‘
et

Hence, (1.3) holds.
(2) Let |b;] < C(K) for some constant C'(K) > 0. By (1.1), (3.2) and noting that % =g !
for tg = ety, we find a constant ¢; = ¢;(K,T,d, ) > 0 such that instead of (3.19),

t1

Ent(Py ™ |PA™) < eillar — as]2, iy 0 + €1 / [ldiv(ar — a2) |l + lIb1 = bollf o] dt,

ety

t € (O,T}, T € R%

By repeating the above argument with this estimate replacing (3.19), we derive (1.4) for some
constant ¢ = ¢(K,T,d, p) > 0.

(3) Let (1.5) hold. By By (1.1), (3.3) and ¢y = t;, we find a constant ¢; = ¢ (K, T,d, p) > 0
such that for any ¢; € (0,7] and z; € RY,

t1 1 t1
&

ety t1
t1 t1

C .
< — lay — aslf} o dt + 1 / [ldiv(ar — a2)|l7 o + [|b1 — bo||7 oo | dt.
Etl ety ety

Then as explained above that using this estimate to replace (3.19), we derive (1.6) for some
constant ¢ = ¢(K, T,d, p) > 0.

4 Proof of Theorem 1.2

By (B), for any u € P, b*(t,x) := b(t,x, ) has decomposition b>* + bl# such that bl* is
locally bounded and
] v Vo < K.

Let b := b9 where dj is the Dirac measure at 0, and let b®#) := p* — (). Then (B) implies
VO < K, O] < K+ Kl - )3

This together with the the condition on ¢ included in (B) implies assumptions (Ag) and (A;)
in [9] for £ = 2. Therefore, by [9, Theorem 1.1], (1.7) is well-posed for distributions in %, and
there exists a constant ¢ > 0 such that

(4.1) sup E[|X;|?] < (1 + E[|Xo[*]) < o0
te[0,7
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holds for any solution with Zx, € . So, it remains to verify (1.8).
For v; € Py,i= 1,2, and (t,z) € [0,T] x R?, let

1
a;(t,x) :=a(t,z, P'v;) = =(c0™)(t, x, P'v;),
", (t.0) = alt,, Prvs) = 5(o0) (0, P

bi(t, x) = b(t,z, Prvy), b (t,z) = bt x), k=0,1.

%

By Theorem 1.1, under (B), there exists a constant ¢; = ¢y (K, T,d,¢) > 0 such that for any
t e (0,77,

EHt(P:Vl‘Pt*VQ) S Ct—lwg(yl, 1/2)2
+ c|br — ol oo 4 c1log(1 + 7" |lar — 2|7 o + crt||diviar — a2) |7 o

S %Wg(l/l, 1/2)2 + 01K2{1 + log(l + t_l) + t} sup WQ(PS*I/l, PS*I/Q)Q.
s€[0,¢]

Then there exists a constant ¢o = (K, T, d, p) > 0 such that

Ent(Pvy|Pfrs) < %Wg(l/l,Vg)Z +2 sup Wo(Pruy, Prn)?, t € (0,7).
s€[0,t]

Combining this with the following result, we derive (1.8) for some constant ¢ > 0, and hence
finish the proof of Theorem 1.2.

Proposition 4.1. Assume (B). Then there exists a constant ¢ > 0 such that
WQ(Pt*Vl, Pt*l/g) S CWQ(I/l, VQ), te [O,T], Vi, V9 € @2.

Proof. Let a; and b; be in (4.2), and let u; be in (2.8) for large enough A > 0 such that (2.16)
holds. Let X}, X2 be .Zy-measurable such that

(4.3) Ly =vi, 1=1,2, E[|Xo— X7"] = Wy(v1,15)*
Let X} solve (2.1) with initial value Xg. We have .Zy; = P, so that
(4.4) Wy (P, Prvy)? <E[X}! — X2, t€0,T).
Let X} = X} +w,(X}),i = 1,2. Then

(1.5 SIXE =X < 1% - X < 20X - X, v 0,7
and similarly to (2.19), by (2.8), (1.7) for X} and Itd’s formula, we have

AX} = Dy + 00 )Y A+ {1+ Vg (XD oo (¢, X AW,
dX? = { Mg+ (L = L Yug + (by — b)) (¢, ) H(XP)dt
+ {Is+ Vu(X}) }oo(t, X7)AW,.
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Combining this with (B)(1), (2.16), (4.3) and Ito6’s formula, we find k1 = ki (K, T,d, ) > 0
such that

AIX} = XPP < ki (1X) = XPP o+ Jlas = aolffe + 11 = ballf o) dt + M, ¢ € [0, 7],
Noting that (B)(3) and (4.2) imply

lar = aoll? o + [1br = ballF oo < 2K2, & := sup Wo(Pjvy, Pwp)?,
s€[0,¢]

and due to (2.16), (4.3) and (4.4)

oo o - 1
E[|X, — XgI"] < dWa(u, 1), B[|X] = X7P7) > JE[|X;) — X7[*] > 2 Wa (P, Bin)’,

A~ =

we find a constant ko = ko( K, T, d, ) > 0 such that
t

& < kaWa(v1,10)? + kz/ sds, t€[0,T].
0

Since (4.1) implies & < oo, by Gronwall’s inequality, this implies

sup Wo(Pjvy, Piin)? = &p < koe?T Wy (11, 1)
t€[0,T

So, the proof is finished. O
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