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ABSTRACT. We here consider optimal control problems governed by nonlinear stochastic
equations on a Hilbert space H with nonconvex payoff, which is rewritten as a deter-
ministic optimal control problem governed by a Kolmogorov equation in H. We prove
the existence and first-order necessary condition of closed loop optimal controls for the
above control problem. The strategy is based on solving a deterministic bilinear opti-
mal control problem for the corresponding Kolmogorov equation on the space L?(H,v),
where v is the related infinitesimally invariant measure for the Kolmogorov operator.

1. INTRODUCTION

We are concerned with optimal control problems connected with the informal stochastic
differential equation on a Hilbert space H (with norm | - |y, inner product (-,-)) of type

(1.1) dX(t) = A(X(1))dt + Q2 Bu(X (t))dt + Q2dW (t), t € (0,T),
X(0)=2z€ H.

Here, the operator A is defined by

(1.2) A:D(F) — (D(A))*, (A(z),h) := (z, Ah) + (F(z), h)

for any * € D(F) and any h € D(A), where A is a sclf-adjoint m-dissipative lincar
operator in H to be made precise later on, and F' is a (possibly nonlinear) operator from
D(F)C H to H.

The operator B is linear and bounded on L*(H; H,v), where v is an infinitesimally
invariant measure for the corresponding Kolmogorov operator when u = 0 (see Hypothesis
(H1) (ii) below), which actually serves as a substitute for Lebesque measure on H that
does not exist on infinite dimensional spaces. The operator () is a positive definite
bounded self-adjoint linear operator on H, satisfying that Qe; = g;e;, ¢; > 0 for all but
finitely many ¢ > 1 and for some orthonormal basis {e;};>1 € D(A) of H, and W is a
cylindrical Wiener process on H defined on a probability space (2,.#,P) with normal
filtration (%), t > 0.

The term w is an input controller applied to the stochastic system and is taken in the
admissible set

Uy =4u: H— H; uisv—measurable, |u(x)|lg < p, Yo € H},

where p € (0, 00) is fixed.

Equation (1.1) is mainly motivated by a number of stochastic partial differential equa-
tions, including singular stochastic equations ([16, 15]), gradient systems, stochastic
reaction-diffusion equations ([10, 14]) and stochastic porous media equations ([3], see
also [4]).
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In the present work, we are interested in the optimal feedback control problem for
(1.1), i.e., find a controller u* € U,4 such that

(Fo)
Min{]E/OT/Hg(X“(t,x))u(dx)dt; wE Uy, X solves (1.1)},

where ¢ is a given function in L*(H,v), is attained at u*.

It should be mentioned that the main difficulty for the existence theory for the optimal
control problem () is that the cost functional ®(u) = E fOT [ 9(X*(t, x))v(de)dt, u €
U,q, is not weakly lower-semicontinuous on L*(H; H,v), if A is nonlinear and g is not
convex.

Another delicate problem in infinite dimensional spaces is that, even if (1.1) has a
unique strong solution (in the probabilistic sense) in the uncontrolled case where u = 0,
it is in general not clear whether it still has strong solutions under bounded perturbations.
See, e.g., [11]-[13] for the relevant work.

Here, the key idea is to rewrite the original Problem (FP) as a deterministic bilinear
optimal control problem governed by the Kolmogorov equation corresponding to (1.1).

More precisely, we consider the Kolmogorov equation corresponding to (1.1), i.e.,
(1.3) Z—f = Nop + <Q%Bu,Dgo), t >0,

p(0,2) = g(x), veH,

where u € U,q, Ny is the Kolmogorov operator related to (1.1) (see (2.2) and Remark 2.1
below), and equation (1.3) is taken in the space L*(H,v).
Heuristically, via [t6’s formula, one has that the solution ¢* for (1.3) is given by

ot(t,x) = Eg(X"“(t,x)), for dt x v —a.e. (t,x) € [0,T] x H.

This entails that the original optimal control problem can be reformulated as follows:
find u* € U,q such that

(Pr)

T
Min{/ / O (t, x)v(dz)dt; w € Uaq, and ¢" is the solution to (1.3)}
o Ju

is attained at u*.

This idea was recently applied in [1] by the first author to the stochastic reflection
problem in finite dimensions. The main advantage of Problem (P*) is that it is a deter-
ministic bilinear optimal control problem. This feature makes it possible to give a unified
treatment of optimal control problems for various stochastic equations on Hilbert spaces
through the corresponding Kolomogorov operators, under unusually weak conditions of
the nonlinearity and the objective functionals. Actually, the usual continuity or convexity
conditions are not assumed here, which can be viewed as a regularization effect of noise
on control problems through the corresponding Kolmogorov operators.

As a matter of fact, the optimal feedback controllers for Problem (P) can be formally
determined by solving an infinite dimensional second order Hamilton-Jacobi equation
(see, e.g., [8, 17]). However, such an equation under quite restrictive conditions has only
a viscosity solution which is not sufficiently regular to provide an explicit representa-
tion for the optimal controller. We would also like to refer to [18] for the solvability of
nonlinear Kolmogorov equations, including Hamilton-Jacobi-Bellman equations, and the

applications to optimal feedback controls.
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Here, for any objective functions g in D(Ns), where D(Ns) is the domain of the closure
in L?(H,v) of the Kolmogorov operator (Ny, D(Ny)) defined in (2.2) below, we prove the
existence of a closed-loop optimal control for Problem (P*) under mild conditions on F'
and g.

Moreover, in the symmetric case (i.e., Ny = Ny on L?(H, v), where N; denotes the dual
operator of N,), for more general objective functions g € L?(H, v), we obtain the existence
as well as first-order necessary condition of optimal feedback controllers of Problem (P*).

Regarding the original control problem of the stochastic equation (1.1), it turns out
that the martingale problem serves as an appropriate concept of solutions to stochastic
equations on Hilbert spaces. More precisely, we consider the problem

(P)
T
Min{/ /Epﬁg(X“(t))l/(d:v)dt; U € Uypg, P, o (X*) ™! solves
o JH
the martingale problem of (1.1) for v —a.e. x € H}.

(See Definition 2.9 below for the definition of the martingale problem corresponding to
(1.1).)

We prove that the optimal controllers to Problem (P*) obtained above actually coincide
with those to the Problem (P), as long as the related martingale problems are well posed.
In this sense, the optimal controllers for Problem (P*) of Kolmogorov equations can be
viewed as generalized optimal controllers for the Problem (P) of stochastic equations on
Hilbert spaces.

Actually, the solutions to the martingale problem for (1.1) suffice to define the objective
functional in Problem (P). More importantly, well-posedness for this type of martingale
problem holds in a quite general setting (e.g. in the framework of (generalized) Dirichlet
forms), and it is also stable under bounded perturbations and thus enables us to treat
optimal control problems of stochastic differential equations on Hilbert spaces, of which
the nonlinearity may be not continuous or the operator Q% is not necessarily Hilbert-
Schmidt (see, e.g., [15]). For such equations, it is known that strong solutions (in the
probabilistic sense) do not exist in general.

As we shall see below, the martingale problem is well posed for various stochastic
equations on Hilbert spaces, including singular dissipative stochastic equations, stochas-
tic reaction-diffusion equations as well as stochastic porous media equations. Moreover,
we also prove that the well-posedness of martingale problems are implied by the m-
dissipativity of the corresponding Kolmogorov operators in certain situations, by using
the theory of (generalized) Dirichlet forms (see Theorems 4.1 and 4.5 below). The in-
terplay between optimal control problems and (generalized) Dirichlet forms would be of
independent interest.

We would also like to mention that, by the argument above, the end point optimal
control problem

Min{/ Ep, g(X“(T))v(dz) : u € Upa, Py o (X*)™! solves
H

the martingale problem of (1.1) for v —a.e. x € H.}

can be also written as

Min{/ (T, x)v(dz) : u € Uag, ©" solves (1.3)}.
H
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Notation For k € N, by FCF(H) we denote the set of Cf-cylindrical functions ¢(z) =
d((z,e1), -+ ,{(zx,e,)) for some n € N and ¢ € CF(R"), where {e; : k € N} is the
eigenbasis of () introduced above. Let By(H) and C,(H) denote, respectively, the bounded
Borel-measurable and bounded continuous functions from H to R, and let L(H) be the
set of all bounded operators on H. The symbols D and D? denote the first and second
Fréchet derivatives, respectively. We also use the notation Id for the identity operator
on H.

For any Borel probability measure v on H, supp(v) denotes the topological support of v,
and L?(H,v) consists of v-measurable functions ¢ on H such that [, |[¢(x)[*v(dz) < co.
We use the notation ( , ) for the inner product in L?*(H, v). Similarly, L>(H; H, v) denotes
the space of H-valued L?(v)-integrable maps.

2. FORMULATION OF THE MAIN RESULTS

To begin with, let us first introduce the Kolmogorov operator related to (1.1), which
is formally given by,

(1) Nipl) =5 TQD(@) + (Alx), De(x)) + (Bulx), @3 D(x),

for any ¢ € FCZ(H). In particular, when u = 0, we set

(22)  Nopla) ==y QD W](x) + {A(w), Dile), o € D(N) = FCI(H).

Consider the following assumptions.

(H1) There exists a Borel probability measure v such that F' : D(F) C H — H is
v-measurable and the following properties hold:
(1) »(D(A)) =1 and [, (|F(2)[f; + |=[3)v(dz) < 0.
(i) v is the infinitesimally invariant measure for (Ny, D(Ny)), i.e.,

/ Nopdv =0, Yo € FCH(H).
H

(iii) (No, FCZ(H)) is essentially m-dissipative on L*(H, v), i.e., (1—Ny)(FCZ(H))
is dense in L?(H,v).

(H2) The operator Q2B with domain D(Q2B) := U,q and defined by (Q2 B) (u)(z) :=
Q2 (Bu(z)), z € H, is compact as an operator from L>(H: H,v) to L2(H; H,v),
ie., if up,u € D(Q%B), n € N, such that u,, — u weakly-star in L>(H; H,v) as
n — oo, then Q2 Bu,, — Q2 Bu in L2(H; H,v).

(H3) The operator Q2 D with domain FCL(H) is closable from L*(H,v) to L*(H; H,v),
and the embedding W'2(H,v) into L?(H, v) is compact.

Here W'2(H,v) is the Sobolev space defined as the completion of FC?(H) under the
norm [|@llwizy = ([(l¢)* + |Q2Dpl3)dv)s. Note that WY2(H,v) is a subspace
of L2(H,v) if and only if (Q2D, FCL(H)) is closable, as an operator from L*(H,v) to
L*(H; H,v). In this case we denote its closure again by Q%D and by construction its
domain is Wh2(H, v).

Remark 2.1. As is well-known (H1) (it) implies that (No, D(Ny)) is dissipative on
L*(H,v), so by (H1) (i7i) and the Lumer-Phillips Theorem its closure (No, D(N3)) gener-
ates a Cy-semigroup Py = ™2t > 0, of contractions on L*(H,v). Furthermore, D(Np)
is dense in D(Ny) with respect to the graph norm given by Ns.
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Remark 2.2. The compactness of the embedding of W?(H,v) into L*(H,v) is equivalent
to the compactness of the semigroup Py for some (equivalently, all) t > 0. See, e.g., [19,
Theorem 1.2], [24, Theorems 1.1 and 3.1] and [25, p.3250]. The above compact embedding
can be also deduced from the Logarithmic-Sobolev inequality, see, e.qg., [10]. In particular,
Hypothesis (H3) holds for the Gaussian invariant measures of the Ornstein-Uhlenbeck
process (see [7]).

Below we give one specific example satisfying Hypothesis (H2).

Example Let Q = Id, and let f; € L'(H; H,v), g; € L*(H; H,v), j > 1, be such that

(2.3) B(u) = Z/ (u, fj)dvg;, Yu € Uyq,
j=174
and
(2.4) Cp ==Y N Fillwr gl e < oo
j=1

Then, B satisfies (H2).
In fact, let u,,u € D(B), n € N, be such that u,, — u weakly-star in L>(H; H,v) as
n — oo. Then, for every N € N,

Z/ — Uy, f;) dvg; — 0, in L®(H; H,v).

So, let € > 0. Then, by (2.4) there exists N € N such that

> Wil llgill o ey < e
Jj=N+1

Hence for ¢ > 0,

limsup || Bu — By || oo (m;m,0) < hmsup I Z/ — Un, [5) Avg;|| oo (;1,0)

n—oo

+2p Z il er ol 95\ oo (hrs )
j=N+1

<2pe.
So, we even have Bu,, — Bu in L*(H; H,v) as n — 0.

Remark 2.3. A specific example is where B(U,q) is in a finite dimensional subspace of
L>*(H;H,v).

Actually, in this case, there exists linear independent gy,---,g; € L>®(H; H,v) such
that || gillL2(amy = 1, 1 <4 < j and {B(Uaq)}  span{gr, - ,gn}, and so, for any u €
Uad, B(u) =377, cjg; for some c; € R, 1 < j <n. Then, we take {g;}}_; C L*(H;H,v)
such that (G5, 9k) ro g,y = Ok, 1 < J, k < m. This yields that c; = (B(), ;) p2(41.51,) =
(u, B*Gj) 124111, where B* is the dual operator of B in L*(H; H,v). This implies (2.3)
with f; = B*g;.

5



Under Hypothesis (H1), let (No, D(N3)) be the closure of (Ny, FCZ(H)) in L*(H,v).

Then, v is an invariant measure for P? = ™2 ¢ > 0, i.e.,

(2.5) / Py f(x)v(dx) / f(x)v(dx), YVt >0, Vf € By(H).

(See, e.g., the proof of [15, Corollary 5.3].)

The essential m-dissipativity of (NY, FCZ(H)) can be inherited from the uncontrolled
case where u = 0, more precisely, from (H1) (zi¢). This is the content of the following
theorem to be proved in Section 3 below.

Theorem 2.4. Assume Hypothesis (H1) to hold. Then, we have the integration by parts
formula

1 [
(2.6) [ oNagiv = =3 [ [@5Delydn, Vo€ D)

where Q%D 15 the continuous extension of the operator
D(Ny) 3 ¢+ Q2Dy € L*(H; H,v)

with respect to the No-graph norm on D(Np).
Moreover, for each u € U,q, the operator

Ny : D(Ny) = L*(H,v), Nyo(z) = Nog(x) + (Bu(z), Q2 Dp(x))

has FCE(H) as a core and generates a Cy-semigroup €2 on L?(H,v). Furthermore, for
some positive constant C(T, p) > 0,

T
u u 1
(2.7) SILP (€™ gl cqo.mm 20,0 + (/ / Q2 Det™ g2 dvdt)z) < C(T, p)l|gll 2 (s1.0)-
UE 0 H

The first result of this paper is concerned with the existence of optimal controllers for
Problem (P*). It will be proved in Section 3 below.

Theorem 2.5. (Optimal control of Kolmogorov equations: general case)

Assume that Hypothesis (H1) holds and, in addition, that either (H2) or (H3) holds.
Then, for any g € D(Ns), there exists at least one optimal control to Problem (P*).

In particular, in the case where (H1) and (H3) hold, one may take B = Id.

Remark 2.6. We would like to mention that, no continuity or convezity of A and g are
assumed in Theorem 2.5 which, however, are the usual conditions for optimal feedback
controls even in the finite dimensional case.

Next, we are concerned with the symmetric case (i.e., Ny = Ny on L?*(H,v)) which
arises, in particular, in various applications to gradient systems (see, e.g., [13, 14] and
the end of Subsection 5.1 below).

In this case, we are able to obtain optimal controllers for more general objective func-
tions g € H := L*(H,v). Moreover, we also obtain the first-order necessary condition of
the optimal feedback controllers, in terms of the solutions to Kolmogorov equations and
adjoint backward equations.

One nice feature here is that the corresponding Kolmogorov operators are defined in
the variational form from V := W'2(H,v) to V', where V' is the dual space of V in the
pairing (-,-) with the pivot space H := L*(H,v). (Note that, V C H C V' with dense
and continuous embeddings.) This fact enables us to analyze the Kolmogorov equations

and the adjoint backward equations in the variational setting.
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The following result generalizes Theorem 2.5 in the symmetric case for g € L*(H,v)
and is proved in Section 3.

Theorem 2.7. (Optimal control of Kolmogorov equations: symmetric case)

Consider the symmetric case Nj = Ny on L2(H,v). Assume (H1) and that (Q2D, FCL(H))
is closable from L*(H,v) to L*(H; H,v). In addition, assume that either (H2) or (H3)
holds.

Then, for any objective function g € L*(H,v), there exists an optimal control for
Problem (P*) where ¢ solves the equation in the space V'.

In particular, in the case where (H3) holds, we can take B = Id.

In order to identify the optimal feedback controllers, we (in the symmetric case) intro-
duce the adjoint-backward equation corresponding to the Kolmogorov equation (1.3)

dp
2.8 L _Nop—G% —1
(2.8) = 2P p—1,
p(T,x) =0.

Here, G* is a bounded operator from H to V', defined by

W Gy = [ (Bule). @ Dpla)vlalulde). ¢ €V, b e M
Note that ||G"9 ||y < [|u|| Lo (a1, [ BI[||¥0||#, where || B|| denotes the operator norm.
The backward equation (2.8) is understood in the variational sense, and its global
well-posedness is part of Theorem 3.3 of Subsection 3.2 below.
Now, we are ready to state the first-order necessary condition for the optimal feedback
controllers in the symmetric case (see Subsection 3.2).

Theorem 2.8. (Necessary condition of optimality: the symmetric case)

Assume that the conditions of Theorem 2.7 hold and let u, be an optimal controller for
Problem (P*). Then, we have

T
(2.9) / (B(u— u*),/ Q} Dopudt)dy > 0, Y € Uy,
H 0

where v, and p, are the solutions to (1.3) and (2.8), respectively, with u, replacing w.

Below we consider the optimal control problem of the original stochastic differential
equation (1.1).

As mentioned in the Introduction, the concept of martingale problem is robust under
bounded perturbations which, in particular, fits the optimal control problems considered
here. Moreover, the martingale problem is well posed in a quite general setting (e.g.,
the nonlinearity F' may be not continuous or the operator Q% is not necessary Hilbert-
Schmidt) in which case probabilistic strong solutions may not exist.

Following [3, 15], the martingale problem for (1.1) is defined in Definition 2.9, where
we use the notion of “v-martingale problem” to express its dependence on the probability
measure v on H. Later, however, we shall fix v as in Hypothesis (H1) for the remaining
part of the paper, and for simplicity we shall drop the pre-fix v again.

Definition 2.9. Let v be a Borel probability measure on H. A solution to the v-
martingale problem for (N}, FC?(H)) is a conservative Markov process M* = (Q,.F,
(Z)e0, (X"(t))i>0, (Pr)ren,) on Hy := supp(v) with continuous sample paths t —
(X"“(t),e:), i > 1, such that X*(0) = x, P,-a.s., and the following properties hold:
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(i) There exist M, e € (0,00) such that

(2.10) / (Prf)2dv < M | f*dv, Vf e Cy(H), te(0,¢),
Ho Ho
where P, t > 0, is the transition semigroup of M*".
(ii) For v-a.e. v € H, P,-a.s.,

(2.11) /Ot | (A(X™“(s)),€:) |ds < 0o, for every t >0,

and for all test functions ¢ € FCE(H)

(2.12) H(XU(1)) — / (VEo(X"(s))ds, 120,

is an (Z)-martingale under P,.
For simplicity, we also say that X* solves the v-martingale problem for (1.1).
Uniqueness holds if any two Markov processes which are solutions to the v-martingale
problem for (1.1) have the same finite dimensional distributions for v-a.e. starting points
r e H.
The v-martingale problem for (1.1) is said to be well posed if existence and uniqueness
of solutions hold.

Remark 2.10. (i) We note that (2.11) holds under Hypothesis (H1), by the integrability
properties of |x|g and F in Hypothesis (H1) (i) and (2.10).

(17) The uniqueness of solutions to the martingale problem can be derived from the
existence of martingale solutions and the m-dissipativity of Kolmogorov operators in Hy-
pothesis (H1). See the arguments in the proof of the uniqueness part of Theorem 2.12.

In order to consider the optimal control problem of the stochastic equation (1.1), we
assume that

(H1)" The v-martingale problem for (1.1) is well posed in the case u = 0.

Remark 2.11. (i) Hypothesis (H1)' can be obtained from (H1) if the associated general-
ized Dirichlet form is quasi-reqular and has the local property. Actually, under (H1), it is
known that (see [22, p.6]) the closure (Ny, D(Ny)) of (No, FCZ(H)) induces a generalized
Dirichlet form on L*(H,v) as follows

 —(Napoi), 9 D(N), ¥ € IA(H,v);
Elpy) = { (Nyr), € LA(H. ), v € D(N;),

where (| ) denotes the inner product in L*(H,v), and Nj is the dual operator of Ns.
We see that the condition D3 in [22, p.78] is satisfied with Y = FCZ(H) and F =
D(Ny). Hence, provided £ is quasi-regular, [22, Theorem IV. 2.2] yields that there exists
a sufficiently reqular Markov process M (namely, a v-tight special standard process) with
transition semigroup Py, t > 0, given by P/, t > 0, hence satisfying (i) of Definition 2.9
with M =1 for all t € (0,00). In addition, by [23, Theorem 3.3], the sample paths of M
are continuous P-a.s. for v-a.e. © € Hy if € is local. Moreover, Remark 2.10 (i) and [5,
Proposition 1.4] yield that M satisfies the property (ii) of Definition 2.9. Thus, M solves
the martingale problem for (1.1) for w = 0. The uniqueness can be proved as in Section
4 below.

As specific examples, we show in Theorems 4.1 and 4.5 that Hypothesis (H1)" can be
implied by the m-dissipativity of Kolmogorov operators in certain situations, based on the

theory of (generalized) Dirichlet forms.
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(id) It follows by (2.12) and (H1) that for all ¢ € FCE(H) and for all t > 0
Ho 5z = Blo(r) = Ep, [p(X"(1))]

is a v-version of ¢™2¢ € L?(H,v). Below we shall briefly describe this by saying that
“Pt is given by eN2 7.

Similarly to Theorem 2.4, the well-posedness of the martingale problem for controlled
equations can be inherited from that for the uncontrolled equation.

Theorem 2.12. Assume that Hypotheses (H1) and (H1) hold. Then, for each u € Uyg,
the martingale problem for (1.1) is well posed.

The main result for optimal control problems of the stochastic equation (1.1) is formu-
lated below.

Theorem 2.13. (Optimal control for stochastic equations on Hilbert spaces)

(1) (General case) Assume (H1) and (H1). Assume in addition that either (H2) or
(H3) holds. Then, for any objective function g € D(Ny), there exists an optimal control
to Problem (P).

(i) (Symmetric case) Consider the symmetric case. Assume (H1) and that (QzD,
FCL(H)) is closable from L*(H,v) to L*(H; H,v). Assume additionally (H2) or (H3).
Then, for any objective function g € L*(H,v), there exists an optimal control to Problem
(P) and the first-order necessary condition (2.9) holds.

In both cases, when (H3) holds, one can take B = Id.

The remainder of this paper is organized as follows. Section 3 is mainly devoted to
the optimal control problem of Kolmogorov equations. We first prove Theorem 2.5 in the
general case in Subsection 3.1, while Theorems 2.7 and 2.8 are proved later in Subsection
3.2. Then, in Section 4 we study the optimal control problem of stochastic equations on
Hilbert spaces. Finally, Section 5 mainly contains the applications to various stochastic
partial differential equations, including stochastic equations in H with singular drifts,
stochastic reaction-diffusion equations and stochastic porous media equations.

3. OPTIMAL CONTROL OF KOLMOGOROV EQUATIONS
3.1. General case. This subsection is mainly devoted to the proof of Theorem 2.5. To
begin with, we first prove Theorem 2.4 for the realted Kolmogorov operators.
Proof of Theorem 2.4. For simplicity, we set H := L?(H, v). Let us first prove the
identity (2.6). Actually, by straightforward computations,
No(#?) = 20Now + Q2 Dy, Y € FC(H),
which along with (H1) (i¢) implies that

1
(3.1) / e Nopdy = —5/ |Q%D<p|%{dl/, Vo € FCL(H).
H H
To extend (3.1) to all ¢ € D(NV;) we observe that the map
Q2D : FC2(H) — L*(H; H,v)

is linear and by (3.1) continuous with respect to the graph norm of Ny on FC?(H).
Since FC?(H) is dense in D(Ny) with respect to the graph norm of Ny, this map extends

uniquely by continuity to D(/Ns) and then (2.6) follows by continuity.
9



We also note that

(3.2) D(Ns) 3 ¢ — (Bu,Q2Dy) € H

is a well-defined bounded linear operator. Actually, for any ¢ € D(Ns), we take {p,} C
FCE(H) such that ¢, — ¢ in the No-graph norm in H. Then, since sup,cy |u(z)|g < p,
by (3.1),

(3.3) [(Bu, Q2 D(pn — o)) [*dv <p?||BI* [ 1Q2D(on — pm)[*dv

= — 2p2||B||2 /(Qon - me)No«On - @m)dlj - 07

as n,m — oo. This implies that {(Bu, Q%Dgo,)} is a Cauchy sequence in H and so yields
the claim above.

In order to prove that FCZ(H) is a core of (N¥, D(Ny)), it suffices to prove that the
graph norms of N, and Nj' are equivalent, i.e., there exists C' > 0 such that for any

¢ € FC;(H),
(3.4) CHIIN2¢ I3, + llellz) < (INsoll3, + llell7) < CUIN2wll3, + llell3,)-

For this purpose, we note that for any A > 0, similarly to (3.3),

1 1
(35)  [(Bu,Q2Dy)ll3, < —QPQIIBHQ/HsDstodV < 20| BIP(IN2 3 + Al eI,

which immediately yields the second inequality of (3.4). Moreover, taking A large enough
such that 2p%||B||*/A < 1/4 we also obtain the first inequality of (3.4).

The fact that (N3, D(N,)) generates a Cy-semigroup e'™? follows from the essential
m-dissipativity of (N¥, FCZ(H)) on H. To this end, we note that for A large enough, for
any f € H, the equation

Ao = Napp — (Bu, Q2 D) = f
has the unique solution
p=R\((I=T2)7"f),

where R) is the resolvent of Ny, i.e., Ry = (A — Ny)~!, and the operator T\ : L*(H,v) —

L*(H,v) is defined by Thip = (Bu,Q2DRy). (Note that, [|Th]l% < 3|[¢)]l% when
A is large enough, hence (I — T))™! is well-defined and (I — Ty)™' € L(H).) By the
essential m-dissipativity of (No, FCZ(H)), there exists a sequence (p,) C FCZ(H) such
that (A — No), — (I —Ty)"'f, as n — oo. This yields

(A= Na)n — (Bu(x), Q2 Dn) =(A — Na)g, — Ta(A — Na)g,
(I -T\) ' f—T(I-T)"'f =1,

as n — 0o, which implies that the image of A — N{ is dense in H. Thus, (N, FCZ(H))

is essentially m-dissipative on H and so generates a semigroup e‘2 on H, t > 0.
10



Regarding (2.7), by (2.6) and Cauchy’s inequality, for ¢ := et g,
1
Olelli =(Nag, ) + ((Bu, Q:Dy), ¢)

1 [ = i
g_é/ \QzDgoﬁ{dy—l-/)HBH/ |Q2 Dl x| p|dv
H H

1 1
<1 /H Q2 Dy ldv + 407 BI* e 113,.

which along with Gronwall’s inequality implies (2.7).
Therefore, the proof of Theorem 2.4 is complete. U

Proof of Theorem 2.5. We set H := L*(H,v) and

O(u) = /0 ' /H YUt 2)v(dz)dt,

where 9" is the solution to (1.3) corresponding to u € Uyq.

Let I, := inf{®(u) : u € Uaq} and take a sequence {u,} C Uy,q, such that I, < d(u,) <
L+in>1

Let ¢, := e~ 4°IIBI*+Dtyun 1y > 1 Then, we have

T
(3.6) @(un):/ /6(4’)2”B||2+1)t90nd1/dt,
o JH

and by (1.3) ¢, solves

don
(3.7) =N, L (0,),
#n(0) =g,
where the operator N : D(Nsy) — H is defined by
(3.8) N := Nytp + (Buy, Q2 Dip) — (4p°| B||* + 1)1, 1 € D(N).

By Theorem 2.4, we see that also (N"», D(N5)) generates a Co-semigroup eV on H,
namely eN"" = =@ IBIP+DiotNs™ where N2 s given by Theorem 2.4, and

T
1
39 swlealbn+ow [ [ 1QIDeus)dvis < Clglf
n> nz 0
Similarly, by (3.4) and (3.9),
(3:10)  sup [IN*"@ullcpo.rag = sup e N gllcporag < O(T, p) (I Naglla + llglla).

Hence, along a subsequence, again denoted {n}, we have

(3.11) Up — Uy, weakly — star in L>°(H; H,v),
(3.12) On — 0y, weakly in L*(0,T;H),
(3.13) Nt o, —n, weakly in L*(0,T;H).

Note that, since ¢ — e’ IIBIP+Dt ¢ 12(0, T #), we apply (3.12) to pass to the limit in
(3.6) to obtain

T

(3.14) I, = lim ®(u,) :/ / e IBIP o dudt.
o Ju
11

n—o0



Moreover, by (3.7), (3.12) and (3.13), ¢, satisfies the equation

t
(3.15) wi(t) =g +/ n(s)ds, for dt —a.e.t € [0,T].
0
Now it remains to prove that
(3.16) n(t) = N"p.(t), for ae. t € (0,T).
Note that, by (2.6),
(3.17) (N v, v)y <0, Yo € D(Ny),

For simplicity, we set H; := L?(0,¢; 1) with the inner produce (-, )%, below. Then, (3.17)
yields that, for any positive function h € L*>°(0,7") and any ¢» € M, where M denotes

the space of all linear combinations of functions of the form fv, where f € L>(0,7T) and
v e FCEH),

0> / BN (g0 — ©), 0n — )yt

T T
0 0
T

T
- / BN, o)t + / BN, )t
0 0
(318) ::Kl,n - sz - KS,n + K4,n-

Below we treat K;, separately, 1 <1 < 4.
For K ,, by equation (3.7),

1 . 1
Slen®l3 = W on, ) + 5llgl3, 0<t<T.

Then, multiplying both sides by h(t) and integrating over [0, 7] we get
T

319) 5 [ hOlel = [ Ot + 5lalf [ nie

Similarly, we infer from the equation (3.15) that

1 /7 T 1 T
B20) 5 [ hOle O = [ o0+ 5ol [ he
Moreover, by (3.12),
(3.21) onh? = p.h2, weakly in L*(0,T;H),
which implies that

T T
(3.22) liminf [ h(t)lln(t)][3dt > / h(t) [l ()13,
Thus, we obtain from (3.19)-(3.22) that

T

(3.23) lim inf K, > / B8 (0, 02 ) a0, .

Moreover, in order to pass to the limit in K5 ,, we note that, by (3.13),

(Nungona ¢)Ht — (777 w)Htv vt € (07 T]
12



Taking into account (3.10), we have for any ¢t € (0,7],

(N0, V)3, | <IN 0l 200,790 11| L2 0,75m0)
<C(T, p)(IIN2gll3 + lgll7) 10| 20,0:) < 00

Then, the dominated convergence theorem yields

n—0o0

(3.24) lim Ky, — /0 ) )t

Now, we treat the term K3,. We expand
(325) (N, )3, = (Novh, 0n)at, + ((Bun, Q2 DU), 0n)a, — 40°(| BI* (1, 0n)2t,
By (3.12),
(326) nh_g.lo(NQwa (;On)Ht - (N2¢7 90*)'7‘-[157 1}1_{{.10(7% @n)?—lt = (wv @*)’Ht

3.25), we claim that

Concerning the second term on the right-hand side of

(3.27) ((Bun, Q2 DY), gn)ri, = ((Bua, Q2 DY), 2)r,
In order to prove (3.27), we note that

—((Buy — Bue, QYD) ), + / /H (B, (9n(5) — 02(5)) Q5 Dip(s))dvds.

For the first term on the right-hand side of (3.28), Fubini’s theorem yields

(Buy — Buy, QX DV, 0. // (Buy, — Bu, ou(5)Q2 Dib(s))dvds

= [ (B Bu., [ )@ Dot

But the latter term converges to zero, since B € L(L*(H; H,v)) and thus Bu, — Bu,
as n — oo weakly-star in L>°(H; H,v) and since for all ¢ € [0,77,

/ot #+(5)Q2 Dy(s)ds € L' (H; H,v).

Now, let us treat the second term on the right-hand side of (3.28). If (H2) holds, then
it follows that Bu, — Bu, in L*(H; H,v) as n — 00, hence the second term in (3.28)

obviously converges to zero as n — oo.
Now assume that (H3) holds and set V := W12(H, v). We claim that

(3.29) ©On — 0y, strongly in L*(0,T;H).

Actually, from equation (1.3) it follows that %€= is bounded in L?(0,7;H), and by (3.9),
{¢n} is also bounded in L?(0,T; V). Since by Hypothes1s (H3), V is compactly embedded
in H, by virtue of the Aubin—Lions compactness theorem (see e.g. [2, Theorem 1.2]) we
obtain (3.29), as claimed.
Hence, the second term on the right-hand side of (3.28) also converges if (H3) holds.
Thus, we obtain (3.27), as claimed. (Note that, Hypothesis (H2) or (H3) are only used

here. When (H3) holds one may take B = Id.)
13



This along with (3.25) and (3.26) yields

lim (N4, @0 ), =(Nath, 92 )m, + ((Buw, Q2 DY), 0. )30, — 49| BIP (4, 0 ),

(3.30) =N, 0. ),

Taking into account that

sup [N, on)a,| < Csup [l@ullz20.1m0) < 00,
te[0,T] >1

we may apply the dominated convergence theorem to obtain

T
n—oo 0
Finally, arguing as in the proof of (3.31) we have
T
(3.32) fim Ki = [ BN 0,0t
n—oo 0

Thus, combing together (3.18), (3.23), (3.24), (3.31) and (3.32) we conclude that for
any positive functions h € L>(0,T) and any ¢ € M,
T
(333) T 2
0
Now, consider the Hilbert space L?(0,T; D(N,)), where D(N5) is equipped with the
graph norm given by N'“. Then, if ) € L?(0,T; D(Ny)) such that
T
/0 (0, f0) iy dt =0, Vf € L®(0,T), v € FC;(H),

since FCZ(H) is dense in D(Ny), it follows that ¢ = 0, i.e., M is dense in L*(0,T; D(Ny)).
Hence, for every ¢ € L*(0,T; D(Ns)), there exist v, € M, such that ¢, — ¥ in
L*(0,T; D(N,)) as n — oo. Then, we have

(0 =N, 00 =), = lim (g = Ny, o = P,
and for all ¢t € [0, T,
(1 = N, 0 = Yu)aa| <Ille2o, 0 (@l 20,7200 + sup [¥nllL2(0,7:20))

+ sup IN 1| L2 0,7520) (|04l L2(0,7590) + sup nllz20,770))

Hence, (3.33) extends to all ¢ € L*(0,T; D(N,)) and, if ¢, € L*(0,T; D(N3)), we may
particularly take ¢ := ¢.(t) — ef(t)v, where € € (0,1), f € L>(0,T) and v € FCZ(H).
Dividing by ¢ and then letting ¢ to 0, we arrive at

T
(3.34) 0> /0 h(t)(n — N @, fv)y,dt.

Therefore, since h, f € L>°(0,T) and v € FCZ(H) are arbitrary, we obtain (3.16), if
Px € L2(07 Ta D(NQ))

To show that ¢, € L*(0,T; D(N,)), we first note that because of (3.12) we only have
to prove that

(3.35) sup [N nl|20.7:) < 00

14



Indeed, then there exists a subsequence of ¢,, n € N, along which N",, n € N,
converges weakly in L?(0,T;H). Hence, taking into account (3.12) we can select a sub-

sequence ¢,,, | € N, such that the following two Cesaro-mean convergence strongly in
L*(0,T;H) (by the Banach-Saks Theorem),

N
1 .
(3.36) N lz_;cpm — @, in L*(0,T;H), as N — oo,
and
| XN
(3.37) NU(N Z ©n,), N €N, converges in L*(0,T;H),
=1

so ¢, € L*(0,T; D(N,)) by completeness.
But we have by (3.8), (3.9), (3.13) and since sup,,> ||tn|| o (#;5,0) < p, that

sup || Nawn || £2(0,1,2) < 00
n>1

Hence, it follows by (3.9) and (3.8) again that (3.35) holds.
Therefore, the proof of Theorem 2.5 is complete. U

3.2. Symmetric case. Throughout this subsection, we assume the self-adjointness of
the Kolmogorov operator Ny and the closability of the operator Q%D. Precisely, we
assume that Nj = Ny on H := L*(H,v), and the operator Q2D with domain FC}(H) is
closable from L*(H,v) to L*(H; H,v).

A nice feature in the symmetric case is that the Kolmogorov operators are variational
from V to V'. This enables us to analyze the Kolmogorov equation (1.3) and the backward
equation (2.8) in the variational setting.

We first extend the integration by parts formula (2.6) in the symmetric case.

Lemma 3.1. Consider the symmetric case. Assume (H1) and that (Q%D,}"CI}(H)) is
closable from L*(H,v) to L*(H; H,v). Then,

_ 1 1 1
33%) [ oNapdv =5 [ (@D @DV, g €V = W)

where Ny is the continuous extension of the operator
(3.39) FCHH) D prs Nyp €V
with respect to the V-norm on FCE(H).

Proof. Since Nj = N, using (3.1) and polarization we see that (3.38) is valid for
all p,v € FCZ(H). Note that, by (3.38), the map (3.39) is linear and continuous with

respect to the V-norm on FCZ(H). Hence, since FCZ(H) is dense in V, the map (3.39)
can be extended uniquely by continuity to V and (3.38) follows by continuity. O

Below we still denote Ny by N, in the symmetric case for simplicity.

In order to obtain the global well-posedness for the Kolmogorov equation (1.3), we use
—(4p?||BII*+1)t

pi=e © to rewrite (1.3) as follows
do ~
3.40 — =N
2(0) =g,

where N is as in (3.8), i.e., N = N — (4p?|| B> + 1).
15



Similarly, for p(t) := e~ 4*IBI>+Dip(T — ¢ we have from (2.8) that

dﬁ e~ 211 3|2
3.41 P _ Nrus g —URIBIP 1)
(3.41) 2 =N D+e :
p(0) =0,

where N := N, + G* — (4p%|| B||2 + 1) with G* as in (2.8).
The properties of operators N* and N*“ are collected in the result below.

Proposition 3.2. Under the conditions of Lemma 3.1, we have

(3.42) sup ([N "¢y + [Nplv) < C(T, p)|l¢lly, Y €V,

UEUL g

for some C(T,p) >0, and for any p € V,
u ~’lL 1
(3.43) v, N0 +v (0, N o) < =S [l¢ll-
Proof. Let us first consider the operator N*. By (3.38), for any ¢, ¢ € V,

b N = — / (Q4 Dy, Q4 Dy + / (Bu, Qb Dpyiidy
H H

2
(3.4 ~ 42181 [ v
which along with Holder’s inequality implies immediately that for some C' > 0
(3.45) IN“ellv < Cllelly

Moreover, by Cauchy’s inequality and ab < a? + b*, we have
1 1 1
[ (Bu.QiDgyen] < plBI [ 1Q2Dgluleldy < Jllell + 47 IBI ol
H H

Plugging this into (3.44) with ¢ replacing 1) we obtain

" 1
(3.46) v(e, Np)w < —ZHSO“%»
Concerning the operator N “ we first see that
(3.47) Sup |G Pllvr < llullzo s Bl
u ad

Actually, by Holder’s inequality,

o, G| = /H (Bu, Qb Dpbdv

< / (Bu, Q4 D) i) ( / [2dv)t
H H
<l gz | Bl

which yields (3.47), as claimed.
Then, arguing as above and using (2.6) and (3.47) we have that, for some C' > 0, for
any ¢ € V,

(3.48) Vel < Cllellv,
and
- 1
(3.9) oo W) < = el
Thus, putting together the estimates above we obtain (3.42) and (3.43). O
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As a consequence of Proposition 3.2 and a classical result due to J.L. Lions (see [20]
or [2, Theorem 4.10]), we obtain that there exist unique solutions ¢ and p to (3.40) and
(3.41), respectively, and so do the equations (1.3) and (2.8).

Theorem 3.3. Under the condition of Lemma 3.1. Let u € U,q. Then, we have

(i) For any objective function g € L*(H,v), there exists a unique solution ©“ to the
Kolmogorov equation (1.3) such that o* € C([0,T}; H) N L*(0,T;V), L% € L*(0,T;V"),
and

d U
(3.50) L4

dt
where % is taken in the strong topology of V', or equivalently in 2'(0,T;V").

(17) There ezists a unique solution p* to the backward equation (2.8) such that p* €
C([0,T); H) N L*(0,T;V), Lp» € L2(0,T; V'), and
dp*
dt

The following result contains the uniform estimates and the continuity dependence on
controllers of the solutions to Kolmogorov equations.

(£) = Nag"(t) + (Q? Bu, D")(1), ae. t € (0,T), "(0) =g,

(3.51) (t) = —Nap“(t) — G'p“(t) — 1, a.e. t € (0,T), p*(T) = 0.

Theorem 3.4. Consider the situations as in Lemma 3.1. We have
(1) For any two solutions @i, @y to (1.3) corresponding to the initial data g, and g,
respectively, we have

(3.52) le1 = e2lleqoria + ler — e2llzzorv) < Clo, T)llgr — gallne
where C(p,T) is independent of u € Uyq. In particular, one has
T
1 u
359 s [+ s [ [ @D v < C(nT) < oc.
u€Uyq u€laq JO H

(i1) For any u,u € Uyq and X € [0,1], set v :=u —u. Then, as A — 0,

T
l U v u
(3.54) l" ™ = " leqo,rm +/ / Q2 D(p" A — o) |}dvdt — 0.
0 H

Proof. (i) The estimate (3.52) follows from (1.3) and similar arguments as in the
proof of (2.7).

(17) We replace ¢ by ¢, :=e
%gp)\ = Nty + Ae*(4p2IIBIIZ+1)t<BU’ Q%D¢u+/\v>,
with ©,(0) = 0. This, via (3.43), yields that

1d

1 42 2 1 wt A
3ol < = Jlloall 4 2 [ (B, QLD ouds
H

—(4P2\\B||2+1)t(¢“+/\” — ) in (1.3) to obtain

1 1 U+Av 1
< - 1ol + 20l Blleall [ 1Q3D ).
H

Thus, in view of the uniform boundedness (3.53), we obtain for some positive constant
C'(T, p) independent of A,

T
HSO)\H%([O,T];’H) +/ / |Q%D30/\ﬁ{dth < C/<T7 p))\Z — 07 as A — 07
o Ju
which implies (3.54), thereby finishing the proof. O
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Proof of Theorem 2.7. Let u,, us, ©,, ©s and n be as in the proof of Theorem 2.5.
Using (3.42) and (3.53) we obtain that along a subsequence {n},
Up — Uy, weak — star in L(H;v),
©n = px, weak — star in L=(0,T;H),
weakly in L*(0,T; V),
N, —n, weakly in L*(0,T;V").
Then, using similar arguments as in the proof of Theorem 2.7 we can pass to the limits
in the dual pair y, (-, )y instead of the inner product (-, -)y,, where V, := L*(0,;V) and

V, is the dual space of V.
Hence, similarly to (3.33), we have that

T
(3.55) 0> /0 h(t)v(n = N, o — P)y,dt

for any positive functions h € L>(0,7) and any ¥ € M, where M is defined as in the
proof of Theorem 2.5. Then, since M is dense in L?(0,T;V) we can extend (3.55) to all
b e L20,T; V).

Hence, taking ¢ = ¢, —efv, f € L>=(0,T), v € FC?(H), similarly to (3.34) we obtain

T
(3.56) 0> / h(t)v;(n — N pu, fv)y,dt
0

for any f € L>(0,T) and any v € FCZ(H), which suffices to yield that n = N ,,
dt X v-a.e., thereby yielding that w, is an optimal controller for Problem (P*). Therefore,
the proof is complete. O

+Av

Proof of Theorem 2.8. For any u € Uy, let v := u — u, and ™ be the solution

to (1.3) related to u, + Av, A € (0,1).

We infer from (1.3) and (2.8) that
d 1 u v u v
(@ = 0w p) = A(Bv, Q2 D™ ), p.) — /H(so T — )y,

where (-, -) denotes the inner product in H. This yields that for any A € (0,1),

/ / QDQOU*—H\U p*dl/dt / / Us+Av dydt > O

where the last inequality is due to the optimality of wu,.
Therefore, taking A — 0 and using (3.54), Fubini’s theorem we obtain that

T
/ (B(u — u*),/ Q%Dgo*p*dﬂdu >0, Yu € Uy,
H 0
which yields (2.9), thereby finishing the proof. O

4. OPTIMAL CONTROL OF STOCHASTIC EQUATIONS

4.1. General case. In this subsection, we first prove Theorem 2.12 under Hypothesis
(H1). Then, we prove the first assertion (i) of Theorem 2.13. At last, we show that
Hypothesis (H1)" can be implied by the m-dissipativity of Kolmogorov operators, i.e.,
Hypothesis (H1)-(ii7), by applying the theory of generalized Dirichlet forms.
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Proof of Theorem 2.12. (Existence) By Hypothesis (H1)’, there exists a conser-
vative Markov process M = (Q, . F, (%:)i>0, (X (£))t>0, (Ps)zen,) such that X(0) = z,
P-a.s., the sample paths t — (X (t),e;) are continuous for every i > 1, and for v-a.e.
r e H,

(4.1) p(X (1) — / Noo(X (s))ds

is an (.%;)-martingale under P, for all p € FCZ(H). Its transition semigroup P;, t > 0, is
given by €2t > ( (see Remark 2.1 (7i4)), where N, denotes the corresponding generator.

Let {e;} € D(A) be the orthonormal basis of H such that Qe; = ¢;e; with ¢; = 0 for
i€ Jandgq > 0fori ¢ J, where J is a set of finitely many indices. Set X;(t) := (X (t), e;),
bi(X(t)) := (A(X(t)),e;) and (Bu); = (Bu,e;), i > 1.

For every i ¢ J, we set

(4.2) Bi(t) = g 2 (Xi(t) — /0 (X (s))ds), 1> 0.

By Definition 2.9, the sample paths ¢ — (;(t) are continuous for every ¢ > 1 under P, for
v-a.e. v € H.
Now, using standard regularization arguments we infer from (4.1) that

(4.3) Xi(t) :xi—i-/t bi(X(s))ds, t€[0,T), i€,

while 3;, i ¢ J, are independent (#;)-Brownian motions with 3;(0) = ¢, 2x; under P,,
x € H. (See, e.g., the proof of [16, Corollary 1.10]. Note that, unlike in [16], the definition
of f; in (4.2) above is independent of z.) Then, set

_epo/ (Bu):(X (s))dBi(s ——Z/\Bu s))|%ds),

where t € [0,T]. Since sup,cy|Bu(z)|g < p||B|l, {M*“(t)} is an (.%;)-martingale under
P, satisfying EM*“(T) = 1. Hence, we have a new probability measure

Q" := M™“(T) - P,.

Then, Girsanov’s theorem yields that
_ ¢
B0 = A0~ [ (Bun(X(s)ds. te0.7), i¢ )
0

~ 1
are independent (%;)-Brownian motions with 5;(0) = ¢, *x; under Q¥. Taking into
account (4.2) we obtain that

(44)  Xi(t) = / bi(X(5)) + 4 (Bu)i(X (s))ds + ¢2 Bilt), ¢ € [0,T), i ¢ J.

This together with (4.3) yields that X (0) = z, Q%a.s.. It also implies, via It6’s formula,
that under QY, for any ¢ € FCZ(H),

(4.5) p(X(1)) - / Nog(X(s)) + (Bu(X(s)), Q* Dp(X (5)))ds

is an (.#;)-martingale.
Hence, M* = (Q,.7, (Z)i>0, (X(1))t>0, (Q¥)1en,) satisfies the property (ii) of Defini-
tion 2.9.
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It is also clear that M* satisfies the property (i) of Definition 2.9, since P;* is bounded
on L*(H,v).

Moreover, we also have the Markov property for (X(¢)) under QY i.e., for any 0 <
s, T < 00,

(4.6) Eq, (f(X(t +5))[F5) = Eqy, (F(X(1))), Vf e By(H).
To this end, we first see that for any F' € B,(H),

Ep, (FM*(T)|7)
Ep, (M*(T)|.7)
Then, since (M"(t)) is an (-%;)-martingale under P,, we have

Eo, (f(X(t+5))|7) = (M"(s) ' Ep, (f(X(t + ) M"(t + 5)|.7,)

t+s
:EPx(f(X<t+8))eXp(Z/ (Bu)i(X(r))dB;(r) — —Z/ |(Bu)y(X (r))|*dr)|Z),
i¢J VS i¢J
which along with the Markov property of (X (¢)) under P, yields that

Eq, (f(X(t+ 8))|Fs) = By, (f(X([0)M*(1)) = Eq, (f(X(1))),

where the last step is due to the martingale property of (M*(t)) under Ep, . Thus, we
obtain (4.6), as claimed.

Therefore, we conclude that M* is a solution to the martingale problem for (1.1) in the
sense of Definition 2.9.

(Uniqueness) We adapt the arguments as in the proof of [15, Theorem 8.3]. Let
M = (,. 7, (F)i>0, (X'(t))t>0, (P.)zen,) be another solution to the martingale prob-
lem of (1.1), with (P/)" and (V)" being the corresponding semigroup and generator,
respectively. Similarly, let (P/*) and N& be the semigroup and generator corresponding
to M.

We shall prove that for v-a.e. x € H,

(4.7) (P) f(z) = B f(x), t>0,VfeCy(H).

For this purpose, we note that the property (7i) in Definition 2.9 implies that under
P, := fHo P.v(dx), p(X'(t)) — fot N¥o(X'(s))ds is a martingale for any ¢ € FC?(H). Tt
follows that, for any g € L*(H,v),

/H 9() (P pla) — () / (PY) N p(x)ds)v(dz)

Eq, (F|.%s) = <s<T.

=E, (9(X"(0))((X'(t)) — ¢(X'(0)) — /Ot Ng'p(X'(s))ds)) = 0,

which implies that for any ¢ € FC?(H),

t
(PMYo - o - / (PYYNigds =0, in L*(H, ).
0

Hence, ¢ € D((NS)') and (N3) ¢ = N¥e.

Taking into account FCZ(H) is a core of N, we obtain that D(N}) C D((N)') and
(N)' = N¥ on D(N,). But, by Theorem 2.4, N} is m-dissipative on L*(H,v). Thus, we
obtain (N3)" = N&, which implies (4.7) and finishes the proof. O
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Proof of Theorem 2.13 (7). For any u € U,q, let X™ solve the martingale problem
for (1.1) and P/ be the corresponding transition semigroup, i.e., P/ f(x) = Ep, f(X“(t)),
f € L*H,v).

Then, for any g € D(N,), since FCZ(H) is dense in L*(H,v), we infer from Remark
2.11 (4i) that for any t > 0, Ptg =eN2 g v-a.e. x € H. This ylelds that

4.8 EP v(dz)dt = P“gdudt N2 gdudt.
( ) z t

Thus, taklng into account {e'2 g} solves equatlon (1.3) in the space L*(H,v), we infer

that the optimal controllers to Problem (P*) are also optimal to Problem (P).
Actually, let u, be an optimal controller to Problem (P*). Suppose that w, is not an
optimal controller to Problem (P), then there exists u € U,y such that

/ /]E]P’z dl’ dt</ \/]E]pz Xu* (dx)dt,

which along with (4.8) yields that, if I, denotes the minimum of objective functionals in

Problem (P*),
T - T
I, g/ / etz gdvdt </ / etN2 gdvdt = I,
0o JH 0o JH

thereby yielding a contradiction.
Therefore, the proof is complete. O

To end this subsection, we show that the well-posedness of martingale problems can
be implied by the m-dissipativity of Kolmogorov operators in certain situations.

Theorem 4.1. Assume (H1). Assume additionally that TrQ < oo and [, |A(z)|3v(dz) <
0o. Then, (H1)" holds, namely, the martingale problem is well posed for (1.1) when u = 0.

In order to prove Theorem 4.1, we construct a nice Markov process using the framework
of [5], which extends the generalized Dirichlet form in [22] to L” spaces, p > 1.

We first see that, by (H1) (i), since L*(H,v) C L'(H,v), (No, FCZ(H)) is also
essentially m-dissipative in L'(H,v).

Then, we denote by (Ni, D(NV;)) and G\ := (A — N;)~* the closure of (No, FC2(H))
in L'(H,v) and the corresponding resolvent, respectively, A > 0. We say that f is a
1-excessive function if f > 0 and /\Gglﬁ/\ f < fforall A >0.

Lemma 4.2. Consider the situations as in Theorem 4.1. Then,

(i) For any x € H,

(49) 2l < G (affy + TrQ +2|A@) | le|r) = g(x).
(ii) The function g2 is 1-excessive.

Proof. (i) Define the projection operator P, by P,x := > " (z,e;)e;, v € H. Usmg

similar regularization procedure as in the proof of [3, Lemma 5.5], we see that |P,z|% €
D(Nl), and

(1= N)|Pozlfy = [Pally = Y a0 — 2 (Alx), Poz) .

Since Tr@Q < oo and [, |A(x)|} + |z|}v(dz) < oo, we obtain

1Pyzl2, < GV (|Poal? + TrQ + 2|A(@)| | Poz|y) € L'(H, v),
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which implies (4.9) by passing to the limit.
12) By the resolvent equation we have AGH g < g. Then, using Jensen’s inequality
1+A
we obtain

1 1 A W 1 A 1) N1 _ 1
AGi92 < A—H((/\+ DG9)? = W(AGH-/\Q)Q < g2,
which finishes the proof. Il

Proof of Theorem 4.1. The proof is based on [5, Theorem 1.1]. We first see that
the condition (I7) of [5, Theorem 1.1] is satisfied with A = FCZ(H).

Moreover, F, := {x € H, |z|y < n} is weakly compact in H, n > 1, and

Ri(Ip:) < l/ g%dl/ — 0, asn — oo,
nJu
where Ry is defined as in [5], Ir. denotes the characteristic function of the complement
set of F,, and g is the l-excessive function as in Lemma 4.2. Then, using [5, Remark 2.2]
(with fo =1, V3 = Ggl), f = 1) we have that {F),},>1 is a v-nest of weakly compact sets,
and so the condition (I) of [5, Theorem 1.1] is also satisfied.

Thus, by virtue of [5, Theorem 1.1], we obtain a v-standard right process M =
(Q, . Z,(F)i>0, (X(1))1>0, (Pz)zen) in the state space H with cadlag sample path in the
weak topology of H. (Note that, the life time of (X(¢)) is infinite since N;1 = 0.)

To show that in our case the paths t — (X (¢),¢e;), ¢ > 1, are continuous we adapt a
method developed in [15, Section 6]. So, let {¢,,n € N} be a countable subset of FCf(H)
separating the points of H. Then, by exactly the same arguments as in the proof of [15,
Theorem 6.3] one obtains that for all n € N, s < ¢,

/ on(X(8)) — on(X(8))|dy < Cult — 5)}

where C),, € (0,00). Since we already know that X (¢), t > 0, is weakly cadlag P,-a.s. for
v-a.e. x € H, this together with the proof of Kolmogorov’s continuity criterion implies
that

(4.10) P,(Ag) =1,
and so
(4.11) P.(Ao) =1, forv—a.e. x,

where Ag = jen Ag) with

A,(j) ::{w € Q:3Ing € N,Vn > ng, Vs, t € D, N0,1],|s—t] <27
|on (X (1)) = @u(X ()] < 27°},
D, :={k2",k e NU{0}}, D:=[] D,

neN

This yields that for v — a.e. x, under P, the paths t — ¢, (X (¢)) are continuous for all
n > 1, and so are the paths t — (X (t), e;) by density, ¢ > 1.

Therefore, we conclude that M solves the martingale problem of (1.1) in the sense of
Definition 2.9.

The uniqueness can be proved by using similar arguments as in the proof of Theorem

2.12. The proof is complete. U
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4.2. Symmetric case. In this case, the nice feature is that the associated Dirichlet forms
are coercive closed forms. This enables us to apply the general framework of Dirichlet
forms as in [21] to obtain that, the corresponding semigroup is even holomorphic and
Hypothesis (H1)" also holds, i.e., the martingale problem is well posed for (1.1) when
u=0.

Below we fix A > 4p?||B||%. For any u € U,q, we define the bilinear map & : FCZ(H) x
FCE(H) — R as follows

& 0) 1= 5 | (@HDp.QHDu)dy — (Bu.QEDe). ) + Mp,)

for any ¢,1 € FC?(H), where (-,-) is the inner product in H := L?(H,v). Under the
closability assumption of (QzD, FCL(H)), we can extend (£, FC2(H)) to the closed
form (€%, V), where V := W12(H, v).

Lemma 4.3. Assume (H1). Assume that Ny is symmetric and (QzD, FCL(H)) is clos-
able from L*(H,v) to L*(H; H,v). Then, (EX,V) is a coercive closed form.

Proof. We need only to check that (£},V) satisfies the weak sector condition, namely,
for some K > 0,

u u 150 1
(4.12) Tl ) S KEX (0, 0)2E1 (W, 0)2, Vo, €V
For this purpose, it suffices to prove that for some ¢ > 0
(4.13) EX(p,9) = cllellyy, Ve e V.

In order to prove (4.13), since A > 4p?|| B||?, using Cauchy’s inequality we get
1 1
((Bu, @2 D), )| <pl|BI[[|Q> Do ll 2z |0l

1, 1
SZHQQD()O”%Q(H;H,V) +4p? | BIP[lll3,

which implies that

u 1 1
EX(¢,0) 2 71Q> Delltaqainy + (A= 407 [ BIP) o3,

thereby yielding (4.13) with ¢ = min{7, (A — 2p*||B||*)} > 0, as claimed. O

Now, by virtue of [21, I. Proposition 2.16], we have the one-to-one correspondence
between (€},V) and the generator (LY, D(LY)), where LY is the unique element in H
such that (—LYp, ) = E¥(p, ) for all v € V and ¢ € D(LY) = {p € V¥ —
E¥(p, 1)) is continuous w.r.t. (-,-)z on V}. Since L% and N¥ — X coincides on FC2(H),
it follows that LY = Ny — X and D(LY) = D(N3).

The following result states that the corresponding semigroup is holomorphic, which
enables one to solve equation (1.1) in the space H and also the optimal control problems
even for the objective functions in the space H.

Corollary 4.4. Consider the situations as in Lemma 4.3. Let (e"N2) be the semigroup
corresponding to (N¥, D(N)). Then, for allt > 0 and for any g € H, we have ™2 g €
D(Nsy). In particular, e™2 g is the unique solution to (1.3).

Proof. By virtue of I. Corollary 2.21 and I. Theorem 2.20 of [21], we have that L}
generates a holomorphic semigroup (e/*3) on some sector in C such that for all ¢ > 0 and
g € H, Mg e D(LY) and so €2 g € D(Ns), due to e'x = N2 e and D(LY) = D(N>).
This yields that e/ g solves (1.1) in the space H. Moreover, the uniqueness of solutions
to (1.3) follows from the monotonicity of Nj. Therefore, the proof is complete. 4

Below we show that (H1)" can be implied from (H1) in the symmetric case.
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Theorem 4.5. Consider the situations as in Lemma 4.3. Then, (H1)" holds, namely,
the martingale problem is well posed for (1.1) when u = 0.

Proof. We construct the Markov process by using the framework of Dirichlet forms
in [21]. First we see that, when u =0, A =0,

(. 0)= EXe ) = 5 > [ Dupdsdv, o, € FCYH).
k=1

Since @ is bounded on H, sup,~; ¢; < oo. Then, taking into account FCZ(H) C V is
dense and separates points of 7, and using similar arguments as in the proof of [21, IV.
Proposition 4.2] we have the quasi-regularity of (£,V).

Hence, by virtue of [21, IV. Theorem 3.5], we obtain a v-tight special standard process
M associated with (£,V) hence also with (Ny, D(Ny)), and its life time ¢ = oo since
N21 == 0

Since the semigroup e, t > 0, is bounded on H, the first property (i) of Definition
2.9 holds.

Moreover, since (£,V) has the local property (see [21, V. Definition 1.1]), [21, V.
Theorem 1.5] yields that the sample path of M is continuous. In view of [5, Proposition
1.4] and Remark 2.10 (i), we also infer that the property (i) in Definition 2.9 is satisfied
for M.

Thus, M solves the martingale problem for (1.1) when u = 0.

The uniqueness of solutions to martingale problem can be proved similarly as in The-
orem 2.12. Therefore, the proof is complete. U

Proof of Theorem 2.13 (ii) For any u € U,q, let X" solve the martingale problem
for (1.1). Similarly to (4.8), for any g € H we have

T T
(4.14) / /prg(X“(t))dydt:/ /etN;ngdt.
o Ju o Ju

Moreover, since by Corollary 4.4 ™2 g € D(N,), t > 0, we have

d u u
%em? g=NyeNeg te(0,7T], in H.

Let ¢" be the variational solution to (1.1) as in Theorem 3.3. Then, since D(Ns) C V,
using Lemma 3.1 and arguing as in the proof of (2.7) we get

1d

5 le™ g — @ Ol =v (€29 — "(8), N3 (€™ g — " (£))w < Clle™ g — " (D)3,

(4.15)

which, via Gronwall’s inequality, yields ||e/2 g — ¢*(¢)||3, = 0 for any ¢ € [0, 7] and so,
(4.16) eNig = U(t), v—ae. x, tel0T)

This along with (4.14) yields

(4.17) /O ' /H B, g(X"(t))dvdt = /O ' /H S () dvdt.

Therefore, the optimal controllers to Problem (P*) are also optimal to Problem (P).

The proof is complete. U
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5. APPLICATIONS

5.1. Singular dissipative stochastic equations. We consider the singular dissipative
stochastic equation as in [15]

dX(t) = AX ()dt + F(X()dt + Q2 Bu(X (£))dt + QzdW (1), t € (0,T),

(5.1) X(0)==z€ H.
Here, A : (D(A)) C H — H is m-dissipative linear operator and F : D(F) ¢ H — H is
an m-dissipative singular valued operator, i.e., (F(x) — F(y),x —y) < 0, Vz,y € D(F),
and Range(! — F) := ,cpr(x — F(z)) = H. The operators B and @ are as in (1.1),
with the orthonormal basis {e;} C D(g), defined by Qe; = qie;, ¢; > 0,1 > 1.

Let A be defined by (1.2). We have

(A(x), Dp(x)) = (z, ADp(2)) + (F(2), Dio(x)), Yy € FCF(H),

and D(A) = D(F).

Let us recall the functional framework in [15]. Let £5(H) be the linear span of all (real

parts of) functions of the form ¢ = ¢") h € D(A).
In addition, we shall assume that

(A1) () There exists w > 0 such that
(Az,z) < —wl|z[%, Ve H.

(i7) @Q is bounded, self-adjoint and positive definite, Q™' € L(H) and Tr@ < 00,
where

@a: ::/ et‘ZQetg:cdt, r e H.
0

(A2) There exists a Borel probability measure v on H such that
(i) Jpeey(l2li + [F (2 )!?ﬂr [l | F ()| (dr) <
(ii) For all ¢ € £5(H) we have Nyp € L*(H,v) and

/ Nop(z =0.
(1ii) v(D(F)) = 1.

We see that Assumption (A2) implies Hypothesis (H1) (i) and (¢3). It also follows from
[15, Theorem 2.3] that, under Assumptions (A1) and (A2), (No, E5(H)) is essentially m-
dissipative in L?(H, 1/), and so is (Ny, FC?(H)). Thus Hypothesis (H1) is satisfied.

Moreover, [15, Theorem 7.4] yields that the martingale problem is well posed for (1.1)
in the case u = 0, which yields (H1)'.

Thus, both Hypotheses (H1) and (H1)" are fulfilled.

As regards the closability of D we have

Proposition 5.1. Assume (A1) and (A2). Then, D is closable from L*(H,v) to L*>(H; H, v).

Proof. Let {€;},>1 be an orthonorm basis of H such that @’ék = Qulr, @ >0, k> 1,
and set zy, := (x,€x), Dpp := (Dyp,€), x € H.

Let p be the Gaussian measure with mean zero and covariance operator @ We have
the integration by parts formula,

1
(5.2) /Dkwdu: —/ @Dkwdm:/ Trptdp, Yo,v € FCy(H).
H H qr Ju
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Moreover, for the infinitesimal invariant measure v, it is known that v = p- pu with p% €
—Wl’l H,
WY2(H, 1) (see [15, page 292]). Note that p € FCZ(H) ( M), Di(pp) = Drpp+ pDrp
for any ¢ € FC2(H), Dp = 2p2D(p2) in L'(H; H,v), and so Dyp/p € L*(H,v).
Now, we take any (¢,) C FCZ(H) such that

(5.3) ¢on — 0, in L*(H,v), Dppn, — g, in L*(H,v).
We shall prove that
(5.4) g(x) =0, v—ae. z.

For this purpose, for any ¢ € FCZ(H) we set 1., := (1 + e|zi|?) ', ¢ > 0. Note
that, by (5.3),

(5.5) / Ve gpdp = lim / Ve k- Dipnpdp
H n—oo H

= lim [ Dy(tecxpnp)dp — li_>rn / (Dt kp + Ve 1 Dip)dp
H nmee g

n—o0

Since ¥ € FCZ(H) and Dyp/p € L*(H,v), using (5.3) we see that the last limit on the
right hand side above equals to zero. Regarding the remaining limit, we take a sequence
pm € FCZ(H), m > 1, such that p,, — p in WY (H, 1). Then, using the integration by
parts formula (5.2) we have

/ Dy (e ppnp)dp = lim / Di(teronpm)dis

1 ..
=— — lim mkws,kgpnpmdu
Qk m—0o0 H
1
= — = xk¢€,k@npdu7 as m — o9,
dk JH

where in the last step we used the fact that sup,cp |2x¢:x(z)| < C: < co. Hence, using
again (5.3) and the boundedness of sup, .y |zxt). k()| we get

. 1 .
lim [ Dp(Yeppnp)dp = —= lim | 243 ponpdp = 0.
H

Thus, combing back to (5.5) we obtain

[ eagpdn =0,
H

Taking the limit ¢ — 0 yields that, for any ¢ € FCZ(H),

/ Ygpdp = 0,
H

which yields (5.4) and finishes the proof. O
The compact embedding of W'?(H,v) to L*(H,v) also holds in certain situations.
Following [16] we assume additionally that
(A3) (1) [y7(1+ t_o‘)||etg\/@||%{sdt < oo for some « > 0, where || - ||zs denotes the
norm on the space of all Hilbert-Schmidt operators on H, and Q™2 € L(H).
(ii) (1+w — A, D(A)) satisfies the weak sector condition, i.e., for some K > 0,
for any =,y € D(ﬁ),

(14+w—A)z,y) < K((1+w— Az, )
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(iii) There exists a sequence of A-invariant finite dimensional subspace H, C
D(A) such that U | H,, is dense in H.

It follows from [16, Theorem 1.6] that the Harnack inequality holds for the v-version tran-
sition semigroup p} corresponding to (5.1) when v = 0. In particular, by [16, Corollary
1.9], p} has a density with respect to v and is even hyperbounded, i.e., [|p} || L2 (z,0)— 14 (r12) <
oo for some t > 0.
Thus, by virtue of [19, Theorem 1.2], we obtain the compactness of p; and also the
compact embedding of W?(H,v) into L?*(H,v). Hence, Hypothesis (H3) is satisfied.
Now, we conclude from Theorem 2.13 in Section 2 that

Theorem 5.2. Consider the controlled stochastic singular differential equation (5.1).
Assume Hypotheses (A1) and (A2). Assume additionally (H2) or (A3). Then, for any

g € D(N,), there exists an optimal control u, for the optimal control problem below
T
Min{/ /]Epwg(X“(t))y(dx)dt; U € Uy, Py o (X*)! solves
0o JH

the martingale problem for (5.1) for v —a.e. x € H}.

In particular, under Hypotheses (Al), (A2) and (A3), we can take B = 1.
As a specific example of (5.1), we consider the controlled gradient system

(5.6) dX = AXdt + 0U (X)dt + Bu(X) + dW (t),
X(0) =z € H.

Here, we take Q = Id, ,21/7 B are the operators as in (5.1) satisfying additionally that Al
is of trace class. and QU denotes the subdifferential of a convex and lower semicontinuous
function U : H — (—00, 00, satisfying that {U < oo} is open, u({U < oco}) > 0 and

p:=2"e?"" e L'(H, p),
A1 and

where p is the Gaussian measure of mean zero and covariance operator —%
Z = [, e V@ p(dz).

We know from [15, Section 9.1] that Assumptions (A1) and (A2) are fulfilled and, in
particular, the Kolmogorov operator N, is symmetric.

Therefore, by virtue of Theorem 2.13, for more general objective functions g € L*(H, v)
we have the existence as well as first-order necessary condition (2.9) of the feedback control

problem (P) for the gradient system (5.6).

5.2. Stochastic reaction-diffusion equation. Consider the controlled stochastic reaction-
diffusion equation below as in [9]

(5.7) dX =AXdt — p(X)dt + C2 Bu(X)dt + CzdW,
X(0) =z € H,

where H = L*(0), O = [0, 1], A is the realization of the Laplace operator with Dirichlet
boundary condition, i.e., D(A) = H*(O) N H}(O), B is a bounded operator on H, and
W is a cylindrical Wiener process on H, W (t) = > 77, exf(t) is a cylindrical Wiener
process on a stochastic basis (2, .#, (%#:)i>0, P), where e are the eigenbasis of —A, such
that —Aek = )\kek, )\k Z O, k Z 1.
Concerning p and C' we assume that
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(B)  (¢) pis a polynomial of degree d > 1, its derivative p'(§) > 0, V€ € R.
(i) C = (~8) 7, 7 > —4.

In this case, we have A(r) = Az — p(x) and D(A) = {z € L*(0O)}.

When u = 0, it is known (see Theorem 4.8 of [9]) that, for each € H, there exists a
unique generalized solution X (-, x) to (5.7).

Moreover, by [9, Theorem 4.16]), the transition semigroup P; : By(H) — B, (H ) defined
by (Pp)(x) = Ep(X(t,x)), * € H, ¢ € Cy(H), has a unique invariant measure v
satisfying that

(5.9 lim Prota) = [ (o))
and (see [9, Proposition 4.20])
5:9) | leliuopida) < o0

Furthermore, from [9, Section 4.6] we have that P, can be uniquely extended to a Cy-
semigroup of contractions on L?*(H;v). By Theorem 4.23 of [9], the infinitesimal generator
N, of P is the closure in L?(H, v) of the operator

(510)  (Nop)(a) i= 5 Trl(~A) T DPe](a) + (. AD) — (p(x), Dig),

where x € H, ¢ € Ep(H) with Ea(H) defined similarly as £7(H) in the previous subsec-
tion.

Now, let us check the Hypothesis (H1). We first infer from (5.9) that Hypothesis (H1)
(7) is satisfied. Since for any p € FCZ(H), t >0, z € H,

/H Prp(y)v(dy) = lim Py(Prp) () = lim Pyyp(x) = /H e(y)v(dy),
we have
611) [ Nuplwwldy) = G| Polowldn)la =0, ¥ € FCi(H),

which implies (H1) (i7). Moreover, the results of [9, Section 4.6] presented above show
that (No, Ea(H)) is essentially m-dissipative, and so is (Nop, FCZ(H)), thereby yielding
(H1) (iii). Hence, Hypothesis (H1) is fulfilled.

Concerning Hypothesis (H1)" we have

Proposition 5.3. Assume (B). Then, Hypothesis (H1)" is satisfied, i.e., the martingale
problem for (5.7) is well posed in the case u = 0.

Proof. Set H := L?*(O0). We have v(H) = 1. For each x € H, by Theorem 4.8 of [9],
there exists a unique (.%;)-adapted process X (-, ), such that X (t,z) € H for all t > 0,
X € C([0,T]; L*(Q; H)), E|| X (¢, :E)||L2d < Crpr(1 + ||2]34,) for any m > 1, and X
solves (5.7) in the mild sense, i.e., for each t 10,17,

t
(5.12) X(t,x) = ez + / UTIAE(X (s,2))ds + Wa(t), P—a.s.,
0

where F(X(s,z)) = —p(X(s,x)),

0 t

Wa(t) = [ e"™I%(=A)"2dIW(s) =) / eUIA(—A) 2 endf(s), t >0,
k=10
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and {ey} is the eigenbasis of —A, i.e., —Aep = Mgeg, k& > 1. Moreover, X is a Feller
process (see [9, Proposition 4.9]).

Note that, by the integrabilities of X above, we have that P-a.s. F(X(¢t,z)) € H and
t— fot F(X(s,x))ds is continuous in H. Taking into account the continuity of Wx in H
implied by [9, Proposition 4.3], we can take a P-version of the process X (still denoted
by X), such that X € C([0,7T]; H), P-a.s., and X satisfies (5.12) for all ¢ € [0, 7] outside
a common P-null set. Below we consider this P-version process X.

Next, let xy := (z,e), © € H, k > 1. We claim that P-a.s. for each £ > 1 and for all
t €10,7],

t t By
(5.13)  Xy(t,x) = e My, —|—/ e M=) (F(X (s, x)))rds +/ e ME=DN 2 a8 (s).
0 0
For this purpose, we first infer from (5.12) that P-a.s. for each k > 1

(5.14)  Xp(t,z) = e Moy + </t HAR(X (s, 1))ds, ex) + (Wa(t), ex), t € [0,T].

Since e*=)AF(X (-, 7)) is Bochner integrable on H and y + (y,e;) is a linear bounded
operator on H, we get

( /0 IAP(X (5. 2))ds, ex) — /0 (D F(X (5,2)), ex)ds

(5.15) = /t e M=) (F(X (s, 2)))rds
Moreover, since :
(5.16) BY I 8- T (o) el < o
=1
using Fubini’s theorem fco exchange the integration with sum we get
(3 [ et ay ey o)) =3 [0 e o))

=1 =1

(5.17) = /0 t e M=) 24, (s).

Thus, plugging (5.15) and (5.17) into (5.14) we obtain (5.13), as claimed.
Hence, we infer from (5.13) that P-a.s.

(5.18) AXi(t, ) = —NXu(t, 2)dt + (F(X(t,2)))pdt + N, * dBi(t)

with X(0,2) = wj. Since for each ¢ € FCZ(H), there exists ¢ € CZ(R") such that
o(x) = ¢((z,e1), - ,(x,e,)) for some n € N, using Itd’s formula we obtain that, if
X" = (X17"' ’ n)7

n

dp(X(t,x)) = Z(—)\ka + (F(X(t,x)))k)Opd( X" (t, x))dt

k=1

+ % N A O (X"(tx))dt+ N F0d(X "t ) dBe(2)
k=1 k=1

=Nop(X (t,2))dt + 3 A, 20k(X" (1, 2))dBi(0),
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This yields that (X (¢, x)) — fg Nop(X (s,z))ds is an (F;)-martingale under P, so the
property (i7) in Definition 2.9 is fulfilled.

Therefore, let Q := C([0,T]; H), T = o(FX02) x € H) and Ty = a(ftx("x),x € H),
0 <t <T, where FX0® and ﬁtx("m) denote the image o-algebras under X (-, x) of .#
and %, respectively. Set 7 (w) = w(t) and P, := Po X(-,2)", we Q, 0<t < T,
z € H. Then, (Q, Z, (%)tzoa (74) >0, (ﬁx)weﬁ) solves the martingale problem for (5.7).
Taking into account Remark 2.10 (i7) we finish the proof of Proposition 5.3. O

In the case where v = 0, Hypothesis (H3) holds in certain situations. Actually, [9,
Theorem 4.26] yields that D is closable from L?*(H,v) to L*(H; H,v), and it also follows
from [9, Theorem 4.34] that the invariant measure v has the density p = Z—Z with respect to

the Gaussian measure p with mean zero and covariance operator —%Ail. If, in addition,
for some ¢ € (0,1),

(5.19) / |Dlog p|3<dv < oo,
H

then, by [9, Theorem 4.35], W12(H,v) is compactly embedded into L?*(H,v), and so
Hypothesis (H3) is satisfied.
In conclusion, we have from Theorem 2.13 that

Theorem 5.4. Consider the controlled stochastic reaction-diffusion equation (5.7). As-
sume (B). Assume also (H2) or (H3). Then, for any g € D(N), there exists an optimal
control u, for the optimal control problem below

T
Min{/ /]Epwg(X“(t))y(dx)dt; U € Upg, Ppo(X") " solves
o JH

the martingale problem for (5.7) for v —a.e. x € H}.

In particular, in the case where v = 0 and that Assumption (B) and (5.19) hold, we can
take B = Id.

5.3. Stochastic porous media equations. In this subsection, we are concerned with
the optimal control problems for stochastic porous media equations. Precisely, we con-
sider the controlled stochastic low diffusion equation as in [3]

(5.20) dX (1) = A(Y(X (£)))dt + Q2 Bu(X (t))dt + Q=dW (t),
X(0) =€ H.

Here H = H~'(0©), which is the dual space of H}(O) equipped with the inner product
(z,y) == [L,((=A)"'z)()y(€)dE, O € RY is a bounded open set with Dirichlet boundary
conditions for the Laplacian A, B and @) are asin (1.1), and V¥ is a dissipative nonlinearity.

In this case, A(x) = A(¥(z)) and D(A) = {z € L*(0),¥(z) € H}(O)}.

Following [3], we assume

(C1) There exist g, € [0,00), k € N, such that for the eigenbasis {e;} of A in H,

Qek = (g€, k € N.
(C2) 3 supeep lex(€) P < ox.
(C3) ¥ € CY(R), ¥(0) = 0, and there exist r € (1,00) and kg, 1, C1 > 0 such that

Kols|™t < W/(s) < kyls|"M + Oy, Vs €R.

It is known ([3, Proposition 3.1]) that, under Assumption (C3), A is m-dissipative on

H.
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The corresponding Kolmogorov operator is formally given by

Nop(z Z%akk@ (e, ex) + (AU (2), Dp(x)), =€ H, p € FCJ(H).
k’ 1

Asin [3], let M be the set of infinitesimally excessive measures v, which are infinitesimally
invariant measures for Ny satisfying (H1) (i),

(5.21) / / V(W (2))(6)2dew(dr) <

and for some A, € (0, 00)

(5.22) / Nop(z )<\ / wv(dr), Yo € FCE(H) with ¢ >0, v — a.e..

We see that (H1) (i) is satisfied for each v € M. Actually, by Poincaré’s inequality
and (5.21),

/ 10 ()]0 (d) < C / V0 ()220 (dz) < o0

which along with Assumption (C'3) above yields that

(5.23) /|x| (dx) /||x|| dx)<01+/ 19 (@) 2 0 (da)) <

Moreover, by (5.21),

(5.24) /H A ()1 (d) = /H V(@) |20y (dz) < 00

Hence, Hypothesis (H1) (i) follows.

Moreover, under Assumptions (C'1)-(C3), it follows from [3, Theorem 4.1] that (Ny, CZ(H))
is essentially m-dissipative on L*(H,v) for each v € M, which implies (H1) (i7i), and so
Hypothesis (H1) holds.

Furthermore, if in addition > 2, [3, Theorems 5.1] yields that the martingale problem
for (5.20) has a solution in the case u = 0. Then, taking into account Remark 2.10 (i)
on uniqueness we infer that Hypothesis (H1) holds.

Therefore, in view of Theorems 2.5 and 2.13, we obtain

Theorem 5.5. Consider the controlled stochastic low diffusion equation (5.20). Assume
Hypotheses (C1), (C2) and (C3). Assume additionally (H2). Then, for any g € D(Ns),
there exists an optimal control u, for the optimal control problem (P*).

Moreover, if in addition r > 2, we have the optimal controllers for the problem below

T
Min{/ /prg(X“(t))y(dx)dt; u € Upg, Ppo(X") ! solves
o Ju
the martingale problem for (5.20) for v —a.e. x € H}.
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