CONVERGENT NUMERICAL APPROXIMATION OF THE
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ABSTRACT. We study the stochastic total variation flow (STVF) equation with linear
multiplicative noise. By considering a limit of a sequence of regularized stochastic gradi-
ent flows with respect to a regularization parameter € we obtain the existence of a unique
variational solution of the STVF equation which satisfies a stochastic variational inequal-
ity. Furthermore, we propose a fully discrete implicit numerical scheme for the regularized
gradient flow equation and show that the numerical solution converges to the solution of
the unregularized STVF equation. We perform numerical experiments to demonstrate the
practicability of the numerical approximation.

1. INTRODUCTION

We study numerical approximation of the stochastic total variation flow (STVF)

X
dX = div (\E—XO dt — AM(X —g)dt + X dW, in (0,7) x O,
(1) X=0 on (0,7) x 00,
X(O) =X n 07

where O C R%, d > 1 is a bounded, convex domain with a piecewise C?-smooth boundary
00, and X > 0, T > 0 are constants. We assume that zy, ¢ € L? and consider a one
dimensional real-valued Wiener process W, for simplicity; generalization for a sufficiently
regular trace-class noise is straightforward.

Equation (1) can be interpreted as a stochastically perturbed gradient flow of the pe-
nalized total variation energy functional

(2) Ta(u) ::/\Vu]dx+%/|u—g|2dx.
o o

The minimization of above functional, so-called ROF-method, is a prototypical approach
for image denoising, cf. [13]; in this context the function g represents a given noisy image
and \ serves as a penalization parameter. Further applications of the functional include,
for instance, elastoplasticity and the modeling of damage and fracture, for more details see
for instance [4] and the references therein.

The use of stochastically perturbed gradient flows has proven useful in image processing.
Stochastic numerical methods for models with nonconvex energy functionals are able to

avoid local energy minima and thus achieve faster convergence and /or more accurate results
1
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than their deterministic counterparts; see [10] which applies stochastic level-set method in
image segmentation, and [14] which uses stochastic gradient flow of a modified (non-convex)
total variation energy functional for binary tomography.

Due to the singular character of total variation flow (1), it is convenient to perform
numerical simulations using a regularized problem

XE
dX° = div v dt — AN(X°—g)dt + X°dW  in (0,T) x O,
|VX?|2 4 €2
3) X°=0 on (0,T) x 9O,
XE(O) =29 in O,

with a regularization parameter ¢ > 0. In the deterministic setting (W = 0) equation (3)
corresponds to the gradient flow of the regularized energy functional

(4) Tea(u) ::/\/\Vu\2+52d:c+%/!u—g\zdx.

o o
It is well-known that the minimizers of the above regularized energy functional converge
to the minimizers of (2) for ¢ — 0, cf. 7] and the references therein.

Due to the singular character of the diffusion term in (1) the classical variational ap-
proach for the analysis of stochastic partial differential equations (SPDEs), see e.g. [11],
[12], is not applicable to this problem. To study well-posedeness of singular gradient flow
problems it is convenient to apply the solution framework developed in [3] which charac-
terizes the solutions of (1) as stochastic variational inequalities (SVIs). In this paper, we
show the well posedness of variational solutions using the practically relevant regulariza-
tion procedure (3) which, in the regularization limit, yields a SVI solution in the sense of
3]

Convergence of numerical approximation of (3) in the deterministic setting (W = 0)
has been shown in [7]. Analogically to the deterministic setting we construct a numer-
ical approximation of (1) via a full discretization of the regularized problem (3). The
deterministic variational inequality framework used in the the numerical analysis of |7] is
not directly transferable to the stochastic setting. Instead, we show the convergence of
the proposed numerical approximation of (3) to the SVI solution of (1) via an additional
regularization step on the discrete level. The convergence analysis of the discrete approx-
imation is inspired by the analytical approach of [8] where the SVI solution concept was
applied to the stochastic p-Laplace equation. As far as we are aware, the present work is
the first to show convergence of implementable numerical approximation for singular sto-
chastic gradient flows in the framework of stochastic variational inequalities. Throughout
the paper, we will refer to the solutions which satisfy a stochastic variational inequality as
SVI solutions, and to the classical SPDE solutions as variational solutions.

The paper is organized as follows. In Section 2 we introduce the notation and state
some auxiliary results. The existence of a unique SVI solution of the regularized stochastic
TV flow (3) and its convergence towards a unique SVI solution of (1) for € — 0 is shown
in Section 3. In Section 4 we introduce numerical approximation of (3) and show the
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convergence of the proposed numerical approximation to the SVI solution of (1). Numerical
experiments are presented in Section 5.

2. NOTATION AND PRELIMINARIES

Throughout the paper we denote by C' a generic positive constant that may change from
line to line. For 1 < p < oo, we denote by (LP, | - ||») the standard spaces of p-th order
integrable functions on O, and use ||-|| := ||-||p2 and (-, ) := (-, -)2 for the L% inner product.
For k € N we denote the usual Sobolev space on O as (H*, || - ||g»), and (Hg, || - [l ) stands
for the H' space with zero trace on 0O with its dual space (H™',| - ||g-1). Furthermore,
we set (-, +) 1= (-, )g-1xmy, where (-, -)g-1,qy is the duality pairing between Hj and H~'.
The functional (4) with A = 0 will be denoted as J. := J.o. We say that a function
X e LY x (0,T);L?) is Fe-progressively measurable if X 1oy is F; ® B([0, t])-measurable
for all t € [0, 7.

For the convenience of the reader we state some basic definitions below.

Definition 2.1. Let H be a real Banach space, A : D(A) — H a linear operator and p(A)
its resolvent set. For a real number £ € p(A) we define the resolvent Re : H — H of A as

Re(z) == (I — €A) 'z
Furthermore we define the Yosida approximation of A as

1
Tg(x) = AR& = g([ - Rg)l’

Definition 2.2. The mapping P, : L? — V,, C IL? which satisfies
(w — Ppw,vy) =0 Yo, € V,.
defines the L2-orthogonal projection onto V,,.

Definition 2.3. A function u € L'(O) is called a function of bounded variation, if its total
variation

(5) /|Vu|da: := sup —/udivvdzv; v e CE(O,RY), |vige <14,
0 0

is finite. The space of functions of bounded variations is denoted by BV (Q).
For u € BV(O) we denote

/\/ |Vul? 4+ €2 dx := sup / ( —udivv +e/1— |V(x)]2> dz; v € C°(O,RY), |[v]~ <1
o o
The following proposition plays an important role in the analysis below; the proposition

holds for convex domains with piecewise smooth boundary, which includes the case of
practically relevant polygonal domains, cf. |3, Proposition 8.2 and Remark 8.1].
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Proposition 2.1. Let O C R, d > 1 be a bounded domain with a piecewise C?-smooth
and convexr boundary. Let g : [0,00) — [0,00) be a continuous and conver function of at
most quadratic growth such that g(0) = 0, then it holds

©) [ o as < [ g9yar. vy e i

3. WELL POSEDNESS OF STVF

In this section we show existence and uniques of the SVI solution of (1) (see below for
a precise definition) via a two-level regularization procedure. To be able to treat problems
with L2-regular data, i.e., zog € L*(Q, Fo;L?), g € L? we consider a H}-approximating
sequence {10 },en C L2(Q, Fo; HY) s.t. 2l — o in L2(§, Fo; IL?) for n — oo and {¢" }nen C
H} s.t. g" — g in L2 for n — oo. We introduce a regularization of (3) as

£,0
dX:e0 =§AXE0 dt + div VAL dt
\VIVXE 2 + &2
(7) — MXE0 — g™ dt + X0 dW (t) in (0,7) x O,
X29(0) =ap in O,

where ¢ > 0 is an additional regularization parameter.
We define the operator A% : H} — H~! as

(8) <A€’5U,U>H71XH(1) = /(5VUVU+ vu

VIV + e
@

Vu+ ANu—g¢g")vdr Yu,v € H(l),

and note that (7) is equivalent to
(9) dX20 + AOXE0 At = X=0 dW (1),
X:22(0) = ap.
The operator A% is coercive, demicontinuos and satisfies (cf. [12, Remark 4.1.1])
(10) (A (u) —AE’5(U),U—U>H_1xHé > 0V(u—v)|*+ Mu—o]*, Vu,v € Hy,
(11) A @)l < @A g™ Dl + 1), Vu € Hp.

The following monotonicity property, which follows from the convexity of the function
V|- |2 + €2, will be used frequently in the subsequent arguments

VX _ VY V(X - )
VIVXEt+e JVYEte

VX VY
@ (e ) (o)
> J(X) = (V) + T(Y) - J(X) =
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The existence and uniqueness of a variational solution of (7) is established in the next
lemma; we note that the result only requires L?-regularity of data.

Lemma 3.1. For any ,6 > 0 and zj € L*(Q, Fo; HY), g" € HY there exists a unique
variational solution X5° € L*(Q;C([0,T);L?)) of (7). Furthermore, there exists a C' =
C(T) > 0 such that the following estimate holds

E | sup [ X5°(t)]*

< C(E [[|a]17] + llg"1%)-
te[0,7

Proof of Lemma 38.1. On noting the properties (10)-(11) of the operator A% for ,d > 0
the classical theory, cf. [12], implies that for any given data xf € L*(Q, Fo; H}), g" € H}
there exists a unique variational solution X2° € L2(2; C([0,T];1L?)) of (7) which satisfies
the stability estimate. O

In next step, we show a priori estimate for the solution of (7) in stronger norms; the
estimate requires H}-regularity of the data.

Lemma 3.2. Let 2§} € L*(Q, Fo; HY), g" € HY. There exists a constant C = C(T) such
that for any e, § > 0 the corresponding variational solution X=° of (7) satisfies

(13)  E | sup [[VXZ(#)]?

t€[0,T]

t
+oE | [1axzras| <o (& [lagly] + 1ol

Proof of Lemma 3.2. Let {e;}°, be an orthonormal basis of eigenfunctions of the Dirich-
let Laplacian —A on L? and V,, := span{eq,...,e,}. Let P, : L? — V,, be the L
orthogonal projection onto V,,.

For fixed ¢, §, n the Galerkin approximation ijfn € V,, of X29 satisfies

5 5 | VXES,
dX20 =0AXZD, dt + P,div ’ dt
V[V X2 + €2
(14) ~ MG, = P dt 4+ X525, AW (1),

X;lfn(()) =P, z0.

By standard arguments, cf. [12, Theorem 5.2.6], there exists a X2 € L*(Q; C([0, T]; L?))
such that X0 — X0 in L*(Q x (0,7);L?) for m — oo. We use It6’s formula for
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IVXE2,(t)]]* to obtain

1 (3 g,
SIVA O =3 VP - /HAX5 (s)* ds

t VXs,é
—/ div m(5) AXﬁj‘;l(s) ds
VIVXE )+ e

(15) i\ / ((X22.(s) — g"), AXZS (5)) ds

_ / (AXED (5), X520, (5) AW (s)) ds

/ X228, (3)112 ds.

Let T¢ be the Yosida-approximation and R the resolvent of the Dirichlet Laplacian —A
on L?, respectively; see Definition 2.1. By the convexity, cf. (12), we get

VX0 (s)
[V X5 (8)]2 + €2

—AXfL’,fn(s), div

VXE,& s
= tim (750 (5). div——
£—o0 \/‘VXZ’,%(S)P +€2
1 VXED (s
= lim — Xizfn(g) — RngL’,fn(s),div n,m( )
£—o0 & \/‘VXfL’,in(S)‘Q 42
1 VX0 (s
= lim - | VRXS (s) — VX0 (s), nim (8)
£—o0 5 > ,

VIVX )P+ &

< lim % (J(VRXZ0, () — T(VXED (s)))

£—o0

<0,



NUMERICAL APPROXIMATION OF THE STOCHASTIC TV FLOW 7

where we used Proposition 2.1 in the last step above. The Burkholder-Davis-Gundy in-
equaltiy for p = 1 implies that

T 3
<CE ( / ||vxz:;;<s>||4ds)]
0

sup / IVX28 ()] dW (s)

t€[0,T i
— T %
(16) <CE | sup [[VXE5,(1)] ( / Hvxms)n?ds)
| te[0,7] ’ 0 ’
1 £,0 2 4 .0 2
<L | swp (Vx| £ CE| [ VX (s)2as| .
t€[0,7] ’ 0 '

After taking supremum over ¢ and expectation in (15), using (16) along with the Tonelli
and Gronwall lemmas we obtain

T
E| sup VX)) +6 / JAXES ()] ds

te[0,T] 0

< C(E [|lgIEy] + 912

Hence, from the sequence {X59 }nen we can extract a subsequence (not relabeled), s.t
for m — oo

Xg;fn — X% in L3(Q; L*((0,T); H?)
Xo0, = X2 in LP( L((0,T); Hy)).

By lower-semicontinuity of the norms, we get

T
E | sup L[VXO) +6 / |AXZ ()P ds| < CE [Ia5l2y] + 11972

te(o, T}

O

We define the SVI solution of (3) and (1) analogically to |3, Definition 3.1] as a stochastic
variational inequality.

Definition 3.1. Let 0 < T < oo, € € [0,1] and xy € L*(Q, Fo;L?) and g € L2 Then
a Fi-progressively measurable map X° € L*(Q;C([0,T];1L%)) N L*(; LY ((0,T); BV (0)))
(denoted by X € L*(Q; C([0,T);1L?)) N L3(Q; LY((0,T); BV(0O))) fore =0) is called a SVI
solution of (3) (or (1) ife =0) if X°(0) = zy (X (0) = o), and for each (F;)-progressively
measurable process G € L*(Q x (0,T),1L?) and for each (F;)-adapted 1.>-valued process
Z € L*(Q2 x (0,T); H}) with P-a.s. continuous sample paths which satisfy the equation

(17) dZ(t) = —G(t) dt + Z(t) AW (t), t € [0, ],
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it holds for € € (0,1] that

521X - 2] + 2| [ ' Ta(X5(5)) s
(19 < 3E [l — 2O)] +E| [ Za(z(60) 0
[ [ 16 - zeras) vE [ [ (6 - 260,60 ]

and analogically for ¢ = 0 it holds that

Lel1x @ - 27 + E [ / " (X)) ds}
SE [l = 20)17) +£] [ 2206 0
[/ 1X (s) ||2d8}+E[/0 (X(s) — Z(s),G) ds}.

In the next theorem we show the existence and uniqueness of a SVI solution to (3) for
€ > 0 in the sense of the Definition 3.1.

(19)

IN

Theorem 3.1. Let 0 < T < oo and xg € L*(Q, Fo;L?), g € L2 For each € € (0,1] there
erists a unique SVI solution X of (3). Moreover, any two SVI solutions X§, X5 with
T =2, g = g* and xo = 22, g = ¢* satisfy

(20) E [ X7(t) = X50)%] < C(E [lleg — 5lI*] + llg" = o*I7) .

for all t € [0, 7).

Proof of Theorem 3.1.

We show that for fixed ¢ > 0 the sequence {X5°}s, of variational solutions of (7) is a
Cauchy-sequence w.r.t. § for any fixed n € N, and then show that it is a Cauchy-sequence
w.r.t. n for 6 = 0.
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We denote by X2, X% the solutions of (7) for § = 6y, 6 = 65 and 29 = a7’ €

ny ?
L2(Q, Fo; HY), zo = 2% € L2(Q Fo; H}), respectively, where z(', x3? belong to the H}-
approximating sequence of zo € L*(§2, Fo; L?). By Ito’s formula it follows that

HXE OEP 0]

1 t
= Sl — g+ /0 (BLAXED (5) — BAXED(s), X0 (5) — Xa(s)) ds

/ ' VX (s) VX5 (s)

5 ) ) - Xif) | d
VIVXEE@R 2 IV R+

—A/nxﬂl Xz (s) n®+/nv& X2 (s)|P AW (s)

+/wmﬁ> X252 (s) 2 ds.
0
We note that

(01AX (s) — 0AX 2 (), X0M (s) — X2 (s))
- (51VXZ’151(8) — 52VXZ’252(5), VXfL’fl(s) — VXfZ’Q‘SQ(s))
< C(61+ &) ([|[VXI ()P + VX2 (5)]17).

Hence by using the convexity (12), Lemma 3.2, the Burkholder-Davis-Gundy inequality
for p = 1, the Tonelli and Gronwall lemmas we obtain

E | sup [X57(0) ~ X52(0)]2| < CE [Jla — o321
te[0,7
(21) + O (B [l 13 B 18212, ] 9712, ) 01 + 82).

ny — N2 _—

Inequality (21) implies for z3' = x3? = 2 that

E | sup [[ X5 () — Xo (1)

te[0,7

<0 (B [Ig1y]  712,) 61+ 62)
Hence for any fixed n, ¢ there exists a {F;}-adapted process X2 € L*(Q, C([0,T];L?)), s.t

(22) lim E

6=0 tefo,T]

sup [ X7°(¢) —Xi(t)\lzl — 0.
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For fixed ny, ny, € we get from (21) using (22) by the lower-semicontinuity of norms that

(23) E

sup|| o (1) — X0 II”

< liminf E
te[o 54)0

. 1 X50(t) — XZ’f\P]

tel0,T
1
< SE [llog* — o3|

Since xy*, x5? — o for ny,ny — 0o we deduce from (23) that for any fixed ¢ there exists
an {F;}-adapted process X € L*(Q; C([0,T);1L?)) such that

(24) lim E

n—oo

sup || X*(¢) — Xi(t)||2] — 0.

t€[0,T]

In the next step, we show that the limiting process X¢ is a SVI solution of (3). We
subtract the process

dZ(t) = —G(t)dt + Z(t) dW (1),
with Z(t) = 2, from (7) and obtain
d(X°(t) — Z()) = (A X(t) + G(1)) dt + (X2°(t) — Z(t)) AW (2).
The It6 formula implies
E [ X°0) — Z2(t)]7]
@) X -l - B | [ a0, X256 - 2z as]

+E [/Ot (G(s), X2°(s) — Z(s)) ds} +E [/Ot 1 X°(s) — Z(s)]? ds] :

We rewrite the second term on the right-hand side in above inequality as

| [ 100, X006 - 209) |

0

— [ [ 89X, VO 6) - 26|

' VX5°(s) :,
+E / — ,V(XS(s) = Z(s)) | ds
\/\VXN (s)]? 4 €2

LE| /0 X (s) — g7 XE0(s) — Z()) ds} |
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The convexity of J. along with the Cauchy-Schwarz and Young’s inequalities imply that

E /0t< VXS w(xei(s) - Z(s) ds

>&| / T s Lz(Z(s))ds}
€,0 n||2 A n2
+E i HX (8) =g"II° = 5l2(s) = g"|" ds | .
By combining two inequalities above with (25) we get

SEIXE0) — 20 + B | [ X3 0)ds + 1630 - "1

2
+ 2 [ [1exzen ds}

E [||X;°(0) — U J-(Z ds+—||Z() g"||2ds}
" EU Iv2( >H>ds]+E[/ (600, X°(5) ~ 209)) |

0

+EU X5 (s) — Z(s)]? ds].

The lower-semicontinuity of J. in BV (Q) with respect to convergence in L', cf. [1], and
(22), (24) and the strong convergence ¢g" — ¢ in L? imply that for § — 0 and n — oo the
limiting process X¢ € L*(Q; C([0,T];1L?) satisfies (18).
To conclude that X is a SVI solution of (3) it remains to show that X¢ € L*(Q; L' ((0,T); BV (0))).
Setting G = 0 in (17) (which implies Z = 0 by (17)) yields

(26)

l\DI»—t

sElxer) +& | [ TA(X5(s)) s

1 t t
(27) < SE [llzol’] +E U T (0) ds] +E V HXE(S)Hst} :
0 0
On noting that (cf. Definition 2.3 or [7, proof of Theorem 1.3])

T (X5) ZI0(X5),
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and J.,(0) = €|O| + 3]|g|%, we deduce from (27) that

SEL @]+ [ B0 e
< %E [llzo]2] + E Uote(|0| + %||g||2> ds} +E Uot ||X€(s)||2ds} .

Hence, by the Tonelli and Gronwall lemmas it follows that
1 € 2 ' €
SENXOR]+E| [ 7 )as
(28) < Crexp(T) (E [llzol*] + O] + Allgl?) -

Hence X¢ € L*(Q;C([0,T];1L?)) N L*(Q; L*((0,T); BV(0))) is a SVI solution of (3) for

e € (0,1].
In the next step we show the uniqueness of the SVI solution. Let X{, X5 be two SVI
solutions to (3) for a fixed ¢ € (0,1] with initial values 7y = z,22 and g = ¢', ¢?

respectively. Let {20 }nen C L2(Q, Fo; HY) be a sequence, s.t. 2™ — 22 in L*(, Fo; L2)
and {g>"},en C HY be a sequence, s.t. g5 — ¢2 in L2 for n — oo and let {X57 }nen g0
be a sequence of variational solutions of (7) (for fixed ¢ > 0) with zo = 22", g = ¢>™
We note that the first part of the proof implies that X350 — X5 in L*(9; C([0,7];1L?) for
§—0,n—o00. Weset Z=X5° G = A5’5(X§:z) in (18) and observe that

2,n

3 (1) - X327+ | [ Zaxitenas]
< JE[le' — ") + B | [ Zax5ien o
(29) +E|s Ot <VX15(5) . vxg;;i(s),vxg;g(s))) ds]

VX5n(s)
VIV ()2 + 2

t
| [ (X9 - X509, X500 - 27
0

ds

+E / VX{(s) — VX352 (s)
0

t
2| [ x50 —X5,72<s>||2ds]

=14+ 1T+ 11T+ 1V +V 4+ VI
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The term 111 is estimated using Young’s inequality as

t
1T = 0E [ / (VXf(s) — VX5(s), vx;;;i@))) ds]
0
t
< CE {/0 03[ X5 (s) = Xgn(s)|” + 53||AX§,’2(8))H2618} -

By the convexity (12) we estimate

t VXE’(S
=g | [ Vit - v, —a
0

VIVXSE(s)2 + 2

r rt
<E|[ VIR T2 - IO+ 2]
L/ 0

ds

Next, we obtain
t
V= | [ (X506 - X520 X500 - 27)
0
A t 154 n g n
<2k [ i) = e - e - o szs] |

After substituting I71-V into (29) we arrive at

1 € &, >\ IS5
L [Ix5) - X550 +§E[/ IX(s g||2ds]
1 g,
< 3B [l w38 [ [ 1x520 - o170
+0E[ JREE X;;:i<s>||2+5%‘||AX§;S<8>>||2ds]
A ! e 2n 2 85 2112
(30) 2E| [ 1560 - i g ||X2n 8) — "2 ds

+E[ [ i) - x50l

The convergences (22), (24) imply the convergence X350 — X3 in L2(Q; C([0, T]; L)) for
d — 0, n — oco. We note that for § — 0 the fourth term on the right-hand side of (30)
vanishes due to Lemma 3.2. Hence, by taking the limits for § — 0, n — oo in (30), using
the strong convergence ¢>" — ¢2 in .2 for n — oo , the lower-semicontinuity of norms and
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(22), (24) we obtain
E[IX7() - X5(0I] < CE [Ja} - a3]]
# 58 | [ X506 = 217 4 15 (0) — 9P~ IXE) - '~ 1X5(6) — o7 Pl
vE| [ 1xi9) - X5(0)l 0

t
<0 (&l - ) + B | [ 16506) - X501 as] + 1 - 217
for all t € [0, T]. After applying the Tonelli and Gronwall lemmas we obtain (20). O

Our second main theorem establishes existence and uniqueness of a SVI solution to (1) in
the sense of Definition 3.1. The solution is obtained as a limit of solutions of the regularized
gradient flow (3) for ¢ — 0.

Theorem 3.2. Let 0 < T < oo and zy € L*(Q, Fy;1L?), g € L? be fized. Let {X}.-0 be
the SVI solutions of (3) for e € (0,1]. Then X¢ converges to the unique SVI variational
solution X of (1) in L*(Q; C([0,T];1L?)) for e — 0, i.e., there holds

(31) EimE | sup | X(t) — X ()| = 0.

=20 g0
Furthermore, the following estimate holds
(32)  E[IX(0) - Xl < C (E[le—a2I?] + g — ¢*l?) forall ¢ € [0,7],

where X1 and X, are SVI solutions of (1) with xo = x}, g = ¢g* and o = 2%, g = ¢°,
respectively.

Proof of Theorem 3.2.

We consider L*-approximating sequences {z }nen C L*(Q, Fo; Hj) and {g"}nen C Hy of
the initial condition zy € L*(Q, Fo;1L?) and g € L2, respectively. For n € N, § > 0 we
denote by X:1° X=29 the variational solutions of (7) with &€ = &1, € = &y, respectively. By
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[t6’s formula the difference satisfies

1 € £9
SIXE() = X (o))
t
==0 [ IV(X(s) = X;2°(s))]* ds
0
t

X51,5 ng,é
(33) - / VXIS VXS gxed(s) — x2(s)) | ds
AN Y2 BT

t t
- / 1(X219(s) — X229 (s)[|* ds + / | X205 (s) — X229(s)|2 AW ()
0 0

t
[ 1) - X s
0

We estimate the second term on the right-hand side of (33) using the convexity (12)

VXS V()
Jvxasop e Jivxeser 4

V(X (s) = X320(s))

817(5
- [ gxga(e) - xes)

VxS + 2

39 4| NS gxma(s) - xi(s)

VX o +

> [VIVX3R 4 -\ |VXE 4 o
@]

+ [V« = Ivxip 4 e
o
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Next, we observe that

z/(VWX%W+f%—¢WXﬂW+f@d$
]
T 7 3) (o )

dz
\/|VX51’5|2 +el+ \/|VX§§,1’5|2 + 3

@
_/ VXS + et — VX — €3
5 JIVX 24 IV x4 o3

dz

€1+ &2)(e1 — €2)

_/ (
5\ IVXR 4 e 4\ [VXEP o+ o3

dx

€1 €9

+
X 4ed 3|VXE 4 e

dz S 0(81 +€2).

< /|51—€2|
5 VIV

Using the inequality above, we get

ViR - ivxi s dan s [ 19X 42— 19X 4 s
@] @

> | [V et -\ loxi T+ S
(@]

~| [ VIoxE 4 I XE 4 o
@
> —C(e1 + €2).
Substituting (34) along with the last inequality into (33) yields
1
SIPG (@) = X2 (1) <Cler + &)
t
(39) + [ - X aw )
0

t
+/Hﬁ”@—X?%N%&
0
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After using the Burkholder-Davis-Gundy inequality for p = 1, the Tonelli and Gronwall
lemmas we obtain that

(36) E | sup [|X5V(t) — X22°(¢)|)?

te[0,7]

< C(eg + e9).

We take the limit for § — 0 in (36) for fixed n and &1, €5, and obtain using (22) by the
lower-semicontinuity of norms that

E | sup || X:'(t) — X:2(t )H2 <liminfE | sup HXle’é(t) — Xff"s(t)H2
te[0,T] 60 te[0,7)
(37) <C(e1 +e2).

Hence, by (24) and the lower-semicontinuity of norms, after taking the limit n — oo in
(37) for fixed ey, 5 we get

(38) E | sup [[X7(t) — X=(0)]”

te[0,7

<liminf E

n—o0

sup [|X7H(t) — Xff(t)!lzl

te[0,7
SC((‘?l + 62).

The above inequality implies that {X“}.. is a Cauchy Sequence in €. Consequently there
exists a unique {F; }-adapted process X € L*(Q; C([0,T];1L?)) with X (0) = z, such that

(39) lim E
=0 fyep0,1)

sup [|X°(t) - X<t>||2] —0.

This concludes the proof of (31).
Next, we show that the limiting process X is the SVI solution of (1), i.e., we show that
(19) holds. We note that (28) implies that

(40) sup E U (X )ds} <c

e€(0,1]

Hence using (39), (40) we get by Fatou’s lemma and |2, Prop. 10.1.1] that

impes | [ aovonal =2 [exonal.

By Theorem 3.1 we know that X¢ satisfies (18) for any ¢ € (0,1]. By taking the limit
for e — 0 in (18), using the above inequality and (39) it follows that X satisfies (19).
Finally, inequality (32) follows after taking the limit for ¢ — 0 in (39), by (20) and the
lower semicontinuity of norms. [
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4. NUMERICAL APPROXIMATION

We will construct numerical scheme for the STVF equation (1) via a time-implicit full
discretization of the regularized STVF equation (3). We fix N € N and define the time-
step 7 := T/N, set t; :== it for i = 0,..., N and denote the discrete Wiener increments
as AW = W (t;) — W(t;_1). For the spatial discretization we employ a spectral Galerkin
Scheme: for a fixed m we consider a finite-dimensional subspace V,,, C H} which consists of
the first m eigenfunctions of the Dirichlet Laplacian and set set zi' := P, z0, g™ 1= Ppng,
where P,, is the L2-projection onto V,,.

We note that the convergence analysis below directly covers the case of H2-conforming
finite element based spatial discretization, i.e., V,, may be replaced by a finite element
space V;, C H2NH} and P,, by the corresponding orthogonal L?-projection Py, : L2 — Vy;
this includes, for instance, the C'(O)-conforming Argyris element, cf. |5].

The fully discrete approximation of (3) is defined as follows: fix N;m € N set X? =
2l € V,, and determine X’ € V,,, i = 1,..., N as the solution of

i _ (i1 VX!
(41) (Xs7vh) = (Xa ,Uh) -7 (W,Vz}h>

—TA (X; - gm,vh) + (X;"l,vh) AW Yo, € V,,.

Remark 4.1. Throughout this section, to simplify the notation, whenever we take the limit
w.r.t. to the time-step T we implicitly assume that the limit is simultaneously taken with

respect to the spatial discretization parameter m, i.e., we will denote by lir% = %im
T— 7—0,m—00

Nevertheless we stress, that due to the implicit time-discretization in (41) there is no explicit
coupling between the time-step T and the spatial discretization m.

To show convergence of the solution of the numerical scheme (41) we need to consider
a fully discrete approximation of the corresponding regularized problem (7). Given xy €
L*(Q, Fo;1L%), g € L? and n € N we choose z := P,zg € V,,, g" := P,g € V,, in
(7). Since V,, C H} the sequences {z{},en C L*(Q, Fo; HY), {gn}nen € Hy constitute
H}-approximating sequences of zq € L*(Q, Fy;IL?), g € L2, respectively. To simplify
the notation, we assume without the loss of generality that m > n, which implies that
Py = xf and Ppg" = g". The numerical approximation of (7) for fixed n € N is then
defined as follows: fix m, N € N, m > n set X'5 = xf and determine X!; € V,,,
1=1,..., N as the solution of

: : , VX!
(X;,(S,n? Uh) = (X;}}n’ Uh) - 7—(5 (VX;,(s,'rN VUh) - T - eon ) VUh
\/‘VX;,(s,n 2 + g2
(42) —TA (Xei,é,n - 9" Uh) + (Xé:;}w Uh) AW Yo, € V,,.

The next lemma, cf. [15, Lemma IL.1.4] is used to show P-a.s. existence of discrete
solutions { X/}, {X!;,}¥, of numerical schemes (41), (42), respectively.
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Lemma 4.1. Let h : R™ — R™ be continuous. If there is R > 0 such that h(v)v > 0
whenever ||v||gm = R then there exist v satisfying ||v]|jgm < R and h(v) = 0.

In order to show {7}/ -measurability of the random variables {X!}}¥,, {X!; }Y, we
make use of the following lemma, cf. [9, 6].

Lemma 4.2. Let (S,%) be a measure space. Let f : S x R™ — R™ be a function that
is Y-measurable in its first argument for every x € R™, that is continuous in its second
arqgument for every a € S and moreover such that for every o € S the equation f(a,x) =0
has an unique solution x = g(«). Then g : S — R™ is X-measurable.

Below we show the existence, uniqueness and measurability of numerical solutions of
(41), (42). We state the result for the scheme (42) only, since the proof also holds for 6 = 0
(i.e. for (41)) without any modifications.

Lemma 4.3. Let zy € L*(Q, Fy;1L?), g € L? and let m,n, N € N be fized. The for any
0 >0,e>0,1=1,...,N, there exist F;,-measurable P-a.s. unique random variables

X! 5, € Vi which solves (42).
Proof of Lemma 4.3. Assume that the V,,-valued random variables X2 . ... ,X;;;n

satisfy (42) and that X’; is JF -measurable for k = 1,...,i — 1. We show that there
is a J3, measurable random variable X! ; , that satisfies (41). Let {¢¢}72, be the basis of
V. We identify every v € V,, with a vector v € R™ with v = Z’le vppe and define a
norm on R™ as [|0||gm := [|v|m. For an arbitrary w € Q we represent X,, € V,, as a vector

X, € R™ and define a function h : 2 x R™ — R™ component-wise for £ =1,...,m as
VX,

,V
Voo aemreiid
+T>\(Xw - gn’ ()OZ) - (Xi_l (w)u @f)AZW(W)

£,0,n

We show, that for each w € € there exists an X, such that h(w, X,,) = 0. We note the
following inequality

hw, Xy)e = (X — X250, (w), e) + 76(V Xy, Viog) + 7(

e,6,n

VX,

,V
VIVX,|?+e?
+7AMXe — 9", Xo) — (X;;S,ln<w)7 Xo) AW (w)

VX,

, VX,
VIVXE + e )

— (X (W), Xo) AW + 7AIX, | = 7A(g", Xo)

g,0,n

2| X || (X | = 1 X5 @) = X @) AW (w)] = [lg"]]) -

€,0,n £,0,n

h(w, Xo) - Xo =(Xo = XI5, (W), X) + 70l AX[|* + 7

g,0,n

Xo)

|| X = (X5 (w), Xo) + 7

£,0,n

On choosing || X,,|| = R,, large enough, the existence of X! ;, (w) € V,, for each w € Q then
follows by Lemma 4.1, since h(w,-) is continuous by the demicontinuity of the operator
A% which follows from hemicontinuity and and monotonicty of A%° for § > 0, € > 0, see

[12, Remark 4.1.1]. The F; -measurabilty follows by Lemma 4.2 for unique X!

g,o,n"
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Hence, it remains to show that X!; is P-a.s. unique. Assume there are two different

solution X1, X, s.t. h(w, X1(w)) = 0 = h(w, Xo(w)) for w € Q. Then by the convexity
(12) we observe that

0 :(h(w,yl(w)) — h(w,yg(w))) . (Xl(w) — 72(&)))
=L+ 7N X1(w) = Xo(w)[* + 73] V(X1 — Xa)(w)|?

VXiw)  VXh(w) o )
T(\/\VXl Prer VX)) + e VX (w) = Vo ))

>(1+7A) [ X1 (w) = Xo(w)[|* + 78]V (X1 — Xa)(w)]*-
Hence X; = X, P-as. ]

In the next lemma we state the stability properties of the numerical solution of the
scheme (42) which are discrete analogues of estimates in Lemma 3.1 and Lemma 3.2.

Lemma 4.4. Let zq € L*(Q, Fo; L?) and g € L? be given. Then there exists a constant
C = C(E|||xo|lLz], [|gllLz) > 0 such that for any m > n € N, 7 > 0 the solution of scheme
(42) satisfies

1
Sup E [H 6n||2} + ZE

N

DX, = X
k=1

N

D IVXE IR + ZII sall”| <
k=1

and a constant C, = C(E[||zg ||z ], (9" lmz) > 0 such that for any m € N, 7> 0

(43) +70E

7

(44)

Z”V Eom Xfmlz)HQ + T0E

Z ||A 56n||2

n (42), use the identity 2(a — b)a = a® — 0* +

< C.

i=1,...,

Proof of Lemma 4.4. We set v, = X!

s6n
(a—0b)? and get fori=1,..., N
1 i 1 i i i VXéén i
§‘|X€,5,n||2+ §||X€,5 X66171‘|2+T5HVX5,6,11||2+T 7 7VX€,5,n
VIVXLG P+
(45) = —“XEMHZ —TA (H 55n”2 ( Xédn)) (Xé 51an§5n) AW,

We take expected value in (45) and on noting the properties of Wiener increments I [A;W] =
0, E[|A;W?] = 7 and the independence of A;W and X! we estimate the stochastic term
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as

E (X2 Xisn) AW] =E [(X550, Xl — X)) AW + E [(XZ0, X550 AW ]

£,0,n? €,0,n? €,0,n g,0,n’“*redmn

Lrie i i— i—
<E | ZI1XZ50 = Xognll” + IXELIPIAWE| + B [[IX5 ] E[AY]
1 % i— i—
:ZE |:HX€,5,TL - Xa,&,ln”ﬂ + TE |:HXE,5,1H||2:| :
We neglect the positive term

VX;,é,n
VIVXLG P+ 22

) VX;,é,n >0 )

and get from (45) that

£,0,n £,0,n

1 . 1 4 . , A .
SE (15, 7] + 4 (X 0 — XEGLIP] 4+ 6B [I9 X 5, ] + 2B [I1XE 5,07

1 ) .
<SE [IX5I7) + 7E [I X557 + mllg™|*

e,0,n e,6,n

We sum up the above inequality for £ = 1,...,7 and obtain

1 i 0 1 : k k—12 : ko2 TA : ko2

§E |:HXE,67TLH } +ZE Z HXE,(S,n - Xe,z?,n” + 0E Z HVXE,(S,nH + 7E Z HX5,5,nH
k=1 k=1 k=1

1
(46) SQEUmmF}+TE +TA||g"]]*.

1
> IXEI
k=1

By the discrete Gronwall lemma it follows from (46) that

sup E [[IX25,P) < exp(2) (E [la0]) +27A]g]).

i=1,...,

We substitute the above estimate into the right-hand side of (46) to conclude (43). To
show the estimate (44) we set v, = AX!;  in (42) use integration by parts and proceed

analogically to the first part of the proof. We note that by Proposition 2.1, as in the proof
of Lemma 3.2, it holds that

(47) 7 | div S AX, | >0
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Hence we may neglect the positive term and get that

SE VX sall’] + E ZHV ton — Xegn)I?| + 7OE ZHA Eonll”
1 n
va XEs,l?| < S [192517] + E ZHVXMP FTA|Vg?
and obtain (44) after an application of the discrete Gronwall lemma. O

We define piecewise constant time-interpolants of the fully discrete solution {X?; 1V,
of (42) for t € [0, 7] as

(48) XMty = X5, it e (it
and
(49) XM = XL i te it

We note that (42) can be reformulated as

—¢€,0,n 0+(t) P —¢€,0,n
()(7_7 7 (t),?]h> + / A X ( )dS,Uh
0

04 (t) —ebm
(50) = (Xg&n,vh) + (/ XTf’ (s) dW(s),vh> for t € [0, T,
0

where 6,.(0) :=0 and 0,.(t) :=t; if t € (t;_1,].
Estimate (43) yields the bounds

(51) up B[IX )] < ¢ up B[ (0)] < 0
U IV (s )H?ds] <c

Furthermore, (51) and (11) imply

(52) SE U A= X0" (512 ds} <c.

The estimates in (51) imply for fixed n € N, £, § > 0 the existence of a subsequence, still de-
noted by {X-""}o0, and a Y € L2(Qx(0,T); L3)NL2(Qx (0, T); H)NL®((0, T); L2(; L2),
s.t., for 7 — 0

XM Y in L2(Q x (0,T);L2),

(53) X Sy in L3(Q x (0,T); HY),

XM Y in Lo((0,T); L2(Q; L2).
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In addition, there exists a v € L?(Q:L?) such that X- " (T) — v in L3(Q;L?) as 7 — 0

and the estimate (52) implies the existence of a a*? € L?(Q x (0,T); H™), s.t.,
(54) AX a*® in L*(Q x (0,T);H™Y) for 7 — 0.

56n

The estimates in (51) also implies for fixed n € N, e, § > 0 the existence of a subsequence,
still denoted by {X-""},-0, and a Y~ € L2(Q x (0, T); L?), s.t

€,0,n

(55) X7 =Y~ in L*(Q x (0,T);L*) for 7 — 0.

T

Finally, the inequality (46) implies

T—00

lim E [/ 5 (5) = K0P = Jim 7

ZH £,0,n _Xfé’}szl

(56) < lim Ct

T—00

=0.

which shows that the weak limits of ¥ and Y~ coincide.

The following result shows that the limit Y = X2, i.e., that the numerical solution of
scheme (42) converges to the unique variational solution of (7) for 7 — 0. Owing to the
properties (10), (11) the convergence proof follows standard arguments for the convergence
of numerical approximations of monotone equations, see for instance [9], |6], and is therefore

, )
omitted. We note that the convergence of the whole sequence {X_""},-, follows by the
uniqueness of the variational solution.

Lemma 4.5. Let xy € L*(Q, Fo;1L?) and g € L? be given, let ¢,6,X > 0, n € N be
fized. Further, let X2° be the unique variational solution of (7) for xf = Puxo, g" = Png

—€,0,n sén

and X, X be the respective time-interpolant (48), (49) of the numerical solution

—£,0,n

{Xlsntici of (42) Then X yaf’ converge to X0 for T — 0 in the sense that the weak

limits from (53), (54) satisfy Y = X0, a°° = A0Y = A X0 and v =Y (T) = X=4(T).
In addition it holds for almost all (w t) € Qx (0,7) that

Y(t) =Y(0) + /t AY (s)ds + /tY(s) dW(s),

and there is an L2-valued continuous modification of Y (denoted again as'Y ) such that for
all t € [0,T]

657) SIVOIF =3IV OIF + [ 4V (9. () + 5] (5) P
-l-/o (Y(s),Y(s))dW(s).

The strong monotonicity property (10) of the operator A% implies strong convergence
of the numerical approximation in L?(Q x (0,T);1L?).
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Lemma 4.6. Let xy € L*(Q, Fo;1L?) and g € L? be given, let €,0,\A > 0, n € N be fized.
Further, let X0 be the variational solution of (7) for xo 77 zo, 9" = Png and 7?5’” be

the time-interpolant (48) of the numerical solution {X! 5, X, of (42). Then the following
convergence holds true

. ed z—: on
(58) lim X5 — %2 x0.my12) = 0-
Proof of Lemma 4.6. The proof follows along the lines of [9], [6]. We sketch the main

steps of the proof for the convenience of the reader.
.6 .
We note that X" satisfies (cf. proof of Lemma 4.4)

TR | IX(T)1] <E [lg)?] - / " IR ()] as
(59) ) { /0 ' e (AT (s), Xi’é’n(s»ds}
] [ e R [ el

T

6+ () —€,0,n ~€,0,n —€,0,n
where R, (t) = E /t 2ASTE" (5), X" (s)) — X" (s )H?ds].

We reformulate the third term on the right-hand side in (59) as

B[ [ X . X ) o

T

—E { /0 ' e (APTK M (5) — AFOX (), X2 (s) — X5(s)) ds}

n

P [ X0, X6 = X)) + AR (0, X )

We substitute the equality above into (59) and obtain for x > 1 that

T

T [IXE D] 428 | [ AR ) - AN ), T 6) - X)) |
< E[||l=3]] - 2E [ / e (A XE(5), X0 (5) — X0 (s)) + (AZ X" (s >,Xz’5<s>>ds]

T
4 5/ | R,(5)| ds.
0

T
We observe that / e "*|R;(s)| ds — 0 for 7. Hence, by the lower-semicontinuity of norms
0

using the convergence properties from Lemma 4.5 and the monotonicity property (10) we
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get for 7 — 0 that
T =-€,0,n
T IXE D] + 2t E | [ X ) - X Pas]
T—> 0

(60) + 25 lim E [ /0 ' eV (X2 (s) — X20(s)) |2 ds}

T—0

T
<E[)] - 2E [ | e xi . x40 ds] .
0
It is not difficult to see that (57) for Y = X2 implies
T
61) o TE[IXS(T)Y] = E [[l«5]7] - 2E [ | ettt xi) ds}
0
T T
—m/ e [| X5 (s)|?] ds + E [/ 6“3HX2’6(5)||2d5] .
0 0

We subtract the equality (61) from (60) and obtain for k > 1

T—00

T
Alim E {/ e"“HYi’&’n(s) - XfL’é(s)Hst] <0.
0

Hence, we conclude that 7?5’” — X2%in L2(Q; L2((0,T);1L2). O

Remark 4.2. It is obvious from the proof of Lemma 4.6 that the strong convergence in
L*(Q x (0,T);1L?) remains valid for X = 0 due to (10) by the Poincaré inequality.

Next lemma guarantees the convergence of the numerical solution of scheme (42) to the
numerical solution of scheme (41) for § — 0.

Lemma 4.7. Let xy € L*(Q, Fo;1L?) and g € IL? be given. Then for each n € N there exists
a constant C' = C(T) > 0, C,, = C(E[[|zg|lem]. 9" le) > 0 such that for any N € N,
>0, m>néeN,ee(0,1] the following estimate holds for the difference of numerical
solutions of (41) and (42):

max B [|X] ~ Xig,l) < C(Cud + B [0 — 517] + Alg™ — 6" [1).

i=1,...,

We note that the n-dependent constant C,, in the estimate above is due to the a priori
estimate (44), for H-regular data xo, g it holds that C, = C(E[[|zollm], gllm) by the
stability of the IL? projection in HJ.
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Proof of Lemma 4.7. We define Z! .= X! — X!

e,on”

From (41) and (42) we get

(ZLvn) = (2 on) — 70 (AX 5,0, 0n)

£,0,n?

< VX; ) VXé,é,n
- T T 57 Uh -7 - ) vvh
VIVXIE +e \/|VX;,§7,1|2+52
—TA (Z;,vh) —7A (g™ — g",vp)
(2 o) A
We set v, = Z! and obtain

(2L —Zz71 7)) =— 716 (AX]

Lom L)
VX! VX5
VIVXPE e \/yvxgyé,nv + &2
—TAZP =T (9" — 9", Z2)
(2 7 AW

V7

We note that
(2~ 2, 257 = SN2 + 120~ 52— 2P
2 2 2
and by the Cauchy-Schwarz and Young’s inequalities
7)< jaxt,, I+ 2z,
c 2\ son 2 ¢

70 (AXi

€,0,n)
m n 7 T)\ m n TA
A" = 9% 2) < 9" = 9"+

- 1z

From the convexity (12) it follows that

VX! VX:sn

VIVXI? + ¢ \/\VX;‘M\? + g2

Hence, we obtain that

V(X=X | <o.

e,0,n

i L. i—
(62) IIZE||2+§HZE—ZE HP?

762

i i A n i—1 i
HZs 1H2 + KHAXE,(?JJP + 7“9 -9 H2 + (Zs 17 Zg) AzW

1
2

<

N| —
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We estimate the last term on the right-hand side above as
(25N Z) AW = (254, 2 = Z5Y) AW + || 25 )P AW
1 % i— 1 i— i—
< SlZi =27 + G2 IPIAW P + 12 AW,
and substitute the above identity into (62)

Lo i Lo i i Lo i 70° i A n Lo i i
SIZI2 + 512 = 27 <N ZE P+ T AKX P+ Tl — g7 4 17— 2P

1 . )
+ §HZ§71HQIA1'W!2 + | 25 )PAW .
Next, we sum up the above inequality up to ¢ < N and obtain

LIz <h 12+ ST JAx + S 2 v + 3 2 P
2 5 =9 € 2\ €,0 2 5 5

k=1 k=1 k=1

T,
+ 7”9 —g"|*

After taking expectation in the above and using the independence properties of Wiener
increments and the estimate (44) we arrive at

7
D lIIAXE?
k=1
i—1

X
D E[IZEF] + - llg™ — "I
k=0

1 . 1 762
ZENZHPT <2122 + —/—F
E(1ZP) <120 + 2o

T ! _
+ 5B (IZ7]

T

<G+ SE |12 +

[\]

with €, = C([|2§||my, [|" ||z ). Finally, the Discrete Gronwall lemma yields fori =1,..., N
that

(63) E [1Z:1°] < exp(T)(Cnd + SE [llg’ — Pual*] + - llg™ — ¢"I1)-

which concludes the proof . [

We define piecewise constant time-interpolant of the fully discrete solution {X}X of
(41) for t € [0,T) as
(64) X_(t)=X! if te (tiy,t).
We are now ready to state the second main result of this paper which is the convergence

of the fully discrete numerical approximation (41) to the unique SVI solution of the total
variation flow (1) (cf. Definition 3.1).

Theorem 4.1. Let X be the SVI solution of (1) and let X be the time-interpolant (64)
of the numerical solution of the scheme (41). Then the following convergence holds true

(65) lim lim [| X — X172 0.122) = 0-

e—07—0
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Proof of Theorem 4.1. For zy € L*(2, Fy; L?) and g € L? we define the H}-approximating
sequences {xf }neny C HY, 28 — z9 € L*(Q, Fo; L?), {g" ey CHY, n €N, g" — g € L? via
the L2-projection onto V,, C Hi. We consider the solutions X, X5° of (3), (7), respec-
tively, and denote by X¢ the SVI solution of (3) for zy = z{}, g = ¢". Furthermore, we
recall that the interpolant 7?6’” of the numerical solution of (42) was defined in (48).

We split the numerical error as

I1X = X sanomnsy <IX = X Baanioman + I1X° = Xalxaeomis

—£,0,n

(66) + |1 X5, — XZ’(SH%%Qx(o,T);M) + X0 - X, H%%QX(O,T);L?)

£,0,1n

+[IX7 - Yj”%%m(om);w)
= I+ I1I+1IT+1V+V.
By Theorem 3.1 it follows that

. T N2 o
ll_{% I'= ll_{% 1 X = X5[ 2 x0.my2) = O-

To estimate the second term we consider the solutions X¢ of (3) with zy = xj and g = ¢".
From (20) we deduce that

Jim [T = lim [[X* - Xill2@xom)nz) = 0.

We use (22) to estimate the third term as

lim I7] = lim [| X7 — X2 2oz = 0-

The fourth term is estimated by Lemma 4.6

—€,0,n

lim JV' = lim 1X5° = X7 12 o 0.y2) = O-

For the last term we use Lemma 4.7

. . . . . . —e€,0,n —€
lim limsuplimsup V' = lim limsuplimsup || X" — XT||2L2(QX(O 2y = 0.
n=o0 550 m—00 n—=oo  §40 m—00 r

Finally, we consecutively take 7 — 0 (m — o0), § — 0, n — oo and £ — 0 in (66) and use
the above convergence of I — V' to obtain (65). O

We conclude this section by showing unconditional stability of scheme (41), i.e., we
show that the numerical solution satisfies a discrete energy law which is an analogue of the
energy estimate (27).

Lemma 4.8. Let xg,g € L? and T > 0. Then there exist a constant C = C(T) such that
the solutions of scheme (41) for € € (0, 1] satisfy for any m, N € N

N TA
S () + X - g

k=1

1 -
S ok [1X)%] + 7E

(67) <€ (58 [lsolP] + 7101+ 11" ) -
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Proof of Lemma 4.8. We set v, = X! in (41) and obtain
VX!
VIVXi? +e?’

L srie i—1 yri
(68) = §HX5 1H2 + (Xs 17X5)A’L'W

1 . 1 . 4 : . .
S+ SIIXE = X 47 ( vxz) FTACXE = g7, X))

Using the the convexity of 7. along with the identity
(XL XDAW = (XL XD = XTHAW + [ XTHPAW,
we get from (68) that

SIXEP + S1XE = X2 4 (X0 + X2 = g™
2 2 2
TA 1. . 1., .. .
(69) <(0) + - g™ + SIXTP + 51X - X
1 ) .
S IXEPIAWP + X PAW.

After taking the expectation and summing up over 7 in (69), and noting that J.(0) = ¢|O|
we obtain

_E[|IX!?] + 7E

: DY
Z Je(X2) + §||X§ - 9m||2]

k=1

1
<3 E [lwoll) + (<101 + Jlgl?) + TE

Z HX’“HQ]

Hence (67) follows after an application of the discrete Gronwall lemma. O

5. NUMERICAL EXPERIMENTS

We perform numerical experiments using a variant of the spectral scheme (41) on the
unit square @ = (0,1)?. For convenience we employ spatial discretization based on the H-
conforming finite element method; for a given regular triangulation 7, of O with mesh size
h = maxge7, {diam(K)} we consider the associated space of piecewise linear continuous
functions V,, = {v, € C°(0); vn|x € PYK) VK € T} C H}, for more detail see, e.g., [5],
[7], [4]. The fully discrete finite element scheme for i = 1,..., N then reads as

7 _ i—1 VX;
(X€’ Uh) o (XE ’Uh) -7 (W7 VUh)
(70) —TA (XL = g, on) + p (o (XHAW vy) Yoy € Vi,
X? =y,

where gp,, 9 € V, are suitable approximations of g, zo (e.g., orthogonal projections
onto V},), respectively, and p > 0 is a constant. The multiplicative space-time noise
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o (X)) A;W™" is constructed as follows. The term W" is taken to be a Vj,-valued space-
time noise of the form

AW (x ZW )A;B,  VYzeD,

where By, £ = 1,...,L are independent scalar-valued Wiener processes and {p,}l, is
the standard ’nodal’ finite element basis of V. In the simulations below we employ three
practically relevant choices of o: a tracking-type noise o(X) = 01(X) = | X —gs/, a gradient
type noise o(X) = 09(X) = |[VX]| and the additive noise 0(X) = 03 = 1; in the first case
the noise is small when the solution is close to the 'noisy image’ g, in the gradient noise
case the noise is localized along the edges of the image.

We note that the fully discrete finite element scheme (70) satisfies a corresponding coun-
terpart of the discrete energy law (67) for o = 0,09, 03; the proof is analogical to the
proof of Lemma 4.8.

In all experiments we set T = 0.05, A = 200, 79 = 2} = 0. If not mentioned otherwise
we use the time step 7 = 107>, the mesh size h = 275 and set e = h = 27% u = 1. We
define g € V;, as a piecewise linear interpolation of the characteristic function of a circle
with radius 0.25 on the finite element mesh, see Figure 1 (left), and set g, = g + &, € V),

with &,(z) = VZW ), x € O where &, £ = 1,..., L are realizations of independent

=1
U(—1, 1)-distributed random variables. If not indicated otherwise we use v = 0.1; the

corresponding realization of &, is displayed in Figure 1 (right).

VL" {. }f@

- D& -
e @3‘ \'ﬁi“ FE w

}i
s

FIGURE 1. The function g (left) and the noise &, (right).

" ‘L‘m 3

We choose ¢ = h = 275 1 = 1, 0 = 0, as parameters for the ’baseline’ experiment;
the individual parameters are then varied in order to demonstrate their influence on the
evolution. The time-evolution of the discrete energy functional J. y(X?),i=1,...,N for a
typical realization of the space-time noise W" is displayed in Figure 2; in the legend of the
graph we state parameters which differ from the parameters of the baseline experiment,
e.g., the legend "sigmas, mu = 0.125" corresponds to the parameters o = o9, u = 0.125
and the remaining parameters are left unchanged, i.e., ¢ = h = 275, For all considered
parameter setups, except for the case of noisier image v = 0.2, the evolution remained close
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to the discrete energy of the deterministic problem (i.e., (70) with g = 0). The energy
decreases over time until the solution is close to the (discrete) minimum of 7 ,; to highlight
the differences we display a zoom at the graphs. We observe that in the early stages
(not displayed) the energy of stochastic evolutions with sufficiently small noise typically
remained below the energy of the deterministic problems and the situation reversed as the
solution approached the stationary state.

= oyt A

008

FIGURE 2. Evolution of the discrete energy: ¢ = 0y, h = 27° ¢ = h, 2
p=1,2(left); o = 01,09,03, 0 =01, h=2"5e=2h, 0 =0,e =h=2
and v = 0.2 (middle and right).

In Figure 3 we display the solution at the final time computed with ¢ = o0y, ¢ = h
for h = 27°,27%, respectively, and o = 0o, ¢ = h = 275; graphically the results of the
remaining simulations did not significantly differ from the first case. The displayed results
may indicate that the noise oy yields worse results than the noise o and oy; however, for
sufficiently small value of p the results would remain close to the deterministic simulation
as well. We have magnified noise intensity p to highlight the differences to the other noise
types (i.e., the noise is concentrated along the edges of the image). We note that the
gradient type noise oo might be a preferred choice for practical computations, cf. [14].

“hvsusm “hvsusm “hvszssm
I I
| ,

FIGURE 3. From let to right: the solution for o = oy with ¢ = h = 277,
oc=o0, withe=h=25%and 0 =0, with e =275,

I
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