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Abstract

In this paper we study approximations to 3D Navier-Stokes (NS) equation driven by space-
time white noise by paracontrolled distribution proposed in [GIP13]. A solution theory for
this equation has been developed recently in [ZZ14] based on regularity structure theory and
paracontrolled distribution. In order to make the approximating equation converge to 3D NS
equation driven by space-time white noise, we should subtract some drift terms in approxi-
mating equations. These drift terms, which come from renormalizations in the solution theory,
converge to the solution multiplied by some constant depending on approximations.
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1 Introduction

In this paper, we study approximations to 3D Navier-Stokes equation driven by space-time white
noise: Recall that the Navier-Stokes equations describe the time evolution of an incompressible
fluid and are given by

du =(vAu — P(u - Vu))dt + PdW

1.1
u(0) =ug, divu =0 (L)

where u(z,t) € R? denotes the value of the velocity field at time ¢ and position x, P denotes
the Leray projection, and W is an external force field acting on the fluid. We will consider the
case when x € T3, the three-dimensional torus. Our mathematical model for the driving force
W is a cylindrical Wiener process on L?*(T?; R?).
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In one dimensional case, approximations to general stochastic partial differential equations
driven by space-time white noise have been very well studied (see [Gy98, Gy99, DG01, HMW14]
and the reference therein). Now in this paper we consider the approximations to 3D NS equation
driven by space-time white noise.

Random Navier-Stokes equations have been studied in many articles (see e.g. [FG95], [H-
MO6], [Del3], [DD02], [RZZ14] and the reference therein). For two dimensional case: existence
and uniqueness of the solutions have been obtained if the noisy forcing term is white in time
and colored (or white) in space. For three dimensional case, existence of Markov solutions for
stochastic 3D Navier-Stokes equations driven by trace-class noise has been obtained in [FRO8],
[DDO03].

The difficulty in treating (1.1) lies in the lack of spatial regularity of its solution and the
nonlinear term cannot be well defined in the classical sense if driven by space-time white
noise. Local existence and uniqueness of the solutions to (1.1) has been established recently in
[Z714] based on the regularity structure theory introduced by Martin Hairer in [Hail4] and the
paracontrolled distribution proposed by Gubinelli, Imkeller and Perkowski in [GIP13].

In the theory of regularity structures, the right objects, e.g. regularity structure that could
possibly take the place of Taylor polynomials can be constructed. The regularity can also
be endowed with a model, which is a concrete way of associating every distribution to the
abstract regularity structure. Multiplication, differentiation, the living space of the solutions,
and the convolution with singular kernel can be defined on this regularity structure and then
the equation has been lifted on the regularity structure. On this regularity structure, the
fixed point argument can be applied to obtain local existence and uniqueness of the solutions.
Furthermore, we can go back to the real world with the help of another central tool of the
theory the reconstruction operator R. If W is a smooth process, Ru coincides with the classic
solution of the equation.

The theory of paracontrolled distribution combines the idea of Gubinelli’s controlled rough
path [Gub04] and Bony’s paraproduct [Bon84], which is defined by the following: Let A;f be
the jth Littlewood-Paley block of a distribution f, define

7T<<f7g):ﬂ->(g7f): Z Z AZfAJg7 7T0(f79>: Z AzfAJg

G>—1i<j—1 li—j]<1

Formally fg = n-(f,9) + mo(f,9) + 7~ (f,g). Observing that if f is regular 7-(f, g) behaves
like g and is the only term in the Bony’s paraproduct not raising the regularities, the authors
in [GIP13] consider paracontrolled ansatz of the type

u=m(u,g) + 1,

where m_(u/, g) represents the ”bad-term” in the solution, g is some distribution we can handle
and v is regular enough to define the multiplication required. Then to make sense of the
product of uf we only need to define gf.

It is natural to try to use these two methods to prove the approximation result. A typical
example of approximations to (1.1) is that if u. solves

3
du. =(vA.u. — P Di(u.ul))dt + PdW, (1.2)

J=1



where
F(zy,..,mp+e,...,x3) — 2F(x) + F(xy,...,2; — €, ..., T3)
A.F(z) = E >

=1

and P P

DiF(x) = (1, zj + &, ...,9332 (1, ey T,y e, ng)’
then we want to prove that u. converges to v as € | 0. In this paper we use the paracontrolled
distribution method to prove the result.

To make sense of (1.1) we need to do renormalizations for some ill-defined term and by
some cancelations due to symmetry these renormalized terms disappear in (1.1). However, we
have to modify the equation (1.2) by subtracting some drift terms from renormalizations (see
(1.3) below), since there is no cancelations for the approximation equations. If not, the limiting
process @ = lim._,o u. turns out not to be a solution of (1.1). Instead it solves a similar equation
with an additional drift term. This extra term depends on the specific choice of approximations
and it can be calculated explicitly. This situation is similar to the case in [HM12, HMW14],
where they consider the one dimensional Burgers-like equations by using rough path theory
(see also [HW13]).

One motivation for this paper is to illustrate how to obtain concrete approximation results
by using the paracontrolled distribution method. This is particularly interesting for the KPZ
equation [KPZ86]

Oth = 02h + M(9,h)* — 00 + &,

where ¢ denotes space-time white noise and oo denotes an infinite constant that needs to be
subtracted in order to make sense of the diverging term (9,h)* (see [Hail3]). This equation
is an important model for surface growth and it is related to the KPZ universality class (see
e.g. [Corll] and the references therein). The present article illustrate how one can obtain
approximation results for 3D Navier-Stokes equation driven by space-time white noise, which
has similar singularity as the KPZ equation. The approximation result for KPZ equation will
be studied in our future work.

The first difficulty we encounter is that Schauder estimate for A. defined above, which is
essential for the proof, does not hold any more. Here we have to modify the operator such that
the approximated heat semigroup e'®¢ only involve the projection onto a finite-dimensional
subspace (see Example 1.1 (i)), which is natural in the context of numerical approximations.
However this will cause another problem. In general we need some differentiability for the
corresponding Fourier multiplier (see Mihlin multiplier theorem) to prove this result. In one
dimensional case we can overcome this difficulty by applying Marcinkiewicz multiplier theorem
to control the bounded variation norm of multiplier (see [HMW14]). But in three dimensional
case, the Marcinkievicz multiplier theorem also needs some differentiability for the correspond-
ing Fourier multiplier and cannot be used here. However, under our assumptions we can view
the Fourier multiplier as a smooth function multiply some LP Fourier multiplier, p > 1, and
prove the Schauder estimate.

The second difficulty lies in how to prove the commutator estimate for the approximated
heat semigroup e'®¢ since the original proof based on Taylor expansion, which requires some
differentiability for the corresponding Fourier multiplier. Here we prove the commutator es-
timate for a special case (see Lemmas 3.5 and 3.6). This can be used in the case that we



approximate W by only keeping finite dimensional Fourier modes which is also natural in the
context of numerical approximations.

Framework and main result

For € > 0 we consider the following approximating stochastic PDEs given by

3 3
dufﬂo :(Aaufﬂo _ 5 E PlOZDj(ugﬂufa] + § (C’Eﬂﬂlﬂ + Cfﬂ,Zlv] + 057],7«177' + CE’]’“’Z)UE’“))dt

ij=1 i1=1
3
1 Z PO H_dW?
=1

u(0) =Pug,
(1.3)
for i = 1,2,3. Here as (1.1) W is a cylindrical Wiener process on L?(T3;R?), P is the Leray
projection. The operators A, D5, H. are given by their action in Fourier space

Aov(k) = —[k[*f (k)i (k),
Deo(k) = K g(eh)o(k),
H.W (k) = h(ek)W (k).
Throughout the paper we assume that there exists some Ly > 0 such that

fla) = f(x), if |2'] < Lo, [2°| < Lo, |2°] < Lo
00 otherwise,

where f:R?® = [0,00) is even satisfying f(0) = 1 and for |z'| < 3L, |2?| < 3Lo, |23 < 3Ly,
|Dif(2)| S Iw\'ﬁ + C for |k| <5, f(x) > ¢; > 0. Moreover we assume that

oIt _ e—bm

M= T

for some a,b > 0, a+b > 0 and h(z) is a bounded even function and is continuously differentiable
on {|-| < Lo} for some Ly < Lg/2 satistying h(0) = 1, and supph C {z : |z| < Lo/2}.
As mentioned before here we should subtract some drift term in (1.2) and for 4,4, j = 1,2, 3,

h(€]€2)2
(a +b)|ka|*f(eka)?

3
o 1 ) . .
CoMI(t) ==(2m)" Y Y (1 — e R (cog(agk) — cos(beky)) <
c 12,13=1 ko €Z3\{0}
Piil (k?g)piQi?’(kig)pjig(kQ)
3
A= 90)~3 in b2 h(:c)2 Piin () P23 () PIEs (1)
—A = Z (2m) (cosax' — cosbx )8(a+b)\xl4f(a:)2 (x) (x)P7 (z)dz,

R3

ig,d3=1



as € — 0 and

h(é‘fk’g)Q

C=hind(t) Z Z _2lk2l2tf(€k2))(COS(agkél) — cos(bekit))

12,13=1 ko €Z3\{0}

Piiz(k2)15i2i3(kQ)Pji3(k2)

8(a + b)|ka|* f (ek2)?

3
B ) ) h,(x)Q A a A
N 3 1 1 ) 21 i

—A = . Ei3:1(27r) /RS (cosaz' — cosbx )S(a " b)|:c]4f(x)2p (x) P (x) P7* (z)dz,

as ¢ — 0. Here P (k) = 0, — ’j:“'? for k € R*\{0}. Note that A, A; are indeed well-defined
by assumptions and depend on the specific choice of approximation. Before we proceed, we
list some of the most common examples of discretizations that do fit our framework which is

similar to examples in [HM12].

Example 1.1 i)Finite difference discretization. In this case we take

B > F(zy,..x+e,...,x3) — 2F(x) + F(xy,...,2; — €, ..., T3)
o Z 22 :
=1
We also approximate A, and W by only keeping finite Fourier modes. This corresponds to the
choice
~ 4 T To 9 xg)

flx) = z ’2(51n2§+s1n27+s1 5 )

ii) Galerkin discretization. In this case, we approximate A and W by only keeping finite
dimensional Fourier modes. This corresponds to the choice

fl@) =1, h(x) = Lje<ro2)-

h(z) = L{je|<Lo/2}-

Remark 1.2 Note that
F(xy,....z; +ag,...,x3) — F(xy,...,z; — be, ..., x3)

DiF(x) = (a+b)e

for some a,b > 0,a + b > 0.

The main result of this paper is the following theorem:

Theorem 1.3 Let z € (1/2,1/2 4 6y) with 0 < §y < 1/2 and uy € C™*. Let (u,7) be the
unique maximal solution of the following equation

3
du' = Au' + ) PUAW" — o me Z (uw?))dt u(0) = up, (14)

11=1 i1=1

and let for € € (0,1) the function u® be the unique maximal solution to (1.3). If the initial
data satisfies uy — 1o — 0 in C™* then there exists a sequence of random time 77, such that
lim;_,., 77, = 7 and

sup |[u® —u| -, — 0 in probability, ase — 0.
tE[O,TL]



Remark 1.4 i) For the definition of C™* and norm || - ||, see Section 2.
ii) Indeed by a modification we can prove that there exists r > 0 and a sequence of random
time 7. satisfying lim. .o 7. = 7 such that
P(sup |lu® —ul|_, >€") =0, ase — 0.
te[0,7<]
This gives the convergence rate. We suspect this to be the true rate of convergence and we
omit it here for simpicity.

Structure of the paper This paper is organized as follows. In Section 2, we recall some
basic notions and results in paracontrolled distribution method. In Section 3 we first prove
some estimates for the approximated operators. Then we construct solutions to (1.3) and (1.4)
and prove uniform bounds by a similar argument as [ZZ14]. Finally at the end of this section we
give the proof of our main result. In Section 4 convergence of terms involving the renormalized
terms is proved.

2 Besov spaces and paraproduct

In the following we recall the definitions and some properties of Besov spaces and paraproducts.
For a general introduction to these theories we refer to [BCD11, GIP13]. First we introduce
the following notations. The space of real valued infinitely differentiable functions of compact
support is denoted by D(R?) or D. The space of Schwartz functions is denoted by S(R9). Its
dual, the space of tempered distributions is denoted by S’'(R?). If u is a vector of n tempered
distributions on R? then we write v € S'(R% R"). The Fourier transform and the inverse
Fourier transform are denoted by Fu and F~lu.

Let x, 8 € D be nonnegative radial functions on R?, such that

i. the support of x is contained in a ball and the support of 8 is contained in an annulus;

i x(2) +22,500(2772) = 1 for all z € R%.

iii. supp(x)Nsupp(8(277-)) = @ for j > 1 and supp(A(2~*))Nsupp(A(277-)) = @ for [i—j| > 1.

We call such (y,#) dyadic partition of unity, and for the existence of dyadic partitions of
unity see [BCD11, Proposition 2.10]. The Littlewood-Paley blocks are now defined as

A ju=F Y (xFu) Aju=F 0277 )Fu).

For a € R, the Holder-Besov space C* is given by C* = B
we define

R? R™), where for p, ¢ € [1, o0]

Seroa
00,00

n
By (RYR™) = {u= (u',..,u") € SRLR) : flullpg, = D (D (214" 1r)1)"/* < o0},
i=1 j>—1
with the usual interpretation as [° norm in case ¢ = co. We write || - ||, instead of || - [[po, _ in
the following for simplicity.

We point out that everything above and everything that follows can be applied to distribu-
tions on the torus (see [S85, SW71]). More precisely, let S'(T¢) be the space of distributions
on T¢. Therefore, Besov spaces on the torus with general indices p, q € [1, cc] are defined as

By (T4 R") = {u € 8' (T R") : [Jullzg, = D (Y A0l ora))")? < 00}

i=1 j>-1



We will need the following Besov embedding theorem on the torus (c.f. [GIP13, Lemma 41]):

Lemma 2.1 Let 1 <p <py<ooand 1< ¢q < ¢ <00, and let « € R. Then BY _(T?) is

P1,91
continuously embedded in Bo A/P1=1/p2) ()

Now we recall the following paraproduct introduced by Bony (see [Bon81]). In general, the
product fg of two distributions f € C%, g € C? is well defined if and only if a4 3 > 0. In terms
of Littlewood-Paley blocks, the product fg can be formally decomposed as

fo=>Y_> ANfAjg=n(f g)+7o(f.9)+7m(f.9),

j>—1i>—1

with
7T<(fvg):7r>(g7f): Z Z AZfA]g7 71-O(fag): Z AzfA]g

G>—1i<j—1 li—j|<1

We also use the notation for 7 > 0

Sif =Y Aif.

i<j—1

We will use without comment that || - ||, < |- || for a < 8, that || - ||z S || - || for @ > 0, and
that || |la < - ||z for a < 0. We will also use that ||S;ul|z~ < 277 ul|, for a < 0,5 > 0 and
u € C%, where || - ||, denotes the norm in C*, o € R.

The basic result about these bilinear operations is given by the following estimates:

Lemma 2.2 (Paraproduct estimates, [Bon 81, GIP13, Lemma 2]|) For any 5 € R we have

lm<(f, Dlls S I flle=llglls f € L%, g €C”,

and for o < 0 furthermore

Im<(f,llars S I fllallglls  fecgec”.

For a + 3 > 0 we have

Imo(f, Dllars S Ifllallalls  f €C%geCP.

The following basic commutator lemma is important for our use:

Lemma 2.3 ([GIP13, Lemma 5]) Assume that o € (0,1) and /3,y € R are such that a+g-+vy >
0 and # 4 v < 0. Then for smooth f, g, h, the trilinear operator

C(fvgvh> = 7T0(7T<(fa g)v h) - f7T()(Q7 h)

allows for the bound
1C(f, g P)lapery S I llallgllsliBll-

Thus, C' can be uniquely extended to a bounded trilinear operator from C® x C? x C” to Co+5+7.

7



Now we recall the following commutator estimate from [ZZ14, Lemma 3.4, Lemma 3.6].

Lemma 2.4 Let u € C® for some o« < 1 and v € C? for some 3 € R. Then for every
k,l=1,2,3 we have
[P 7 (u,v) — 7 (u, P) [lavg S Nlullallolls,

where P is the Leray projection.

Lemma 2.5 Let u € C* for some o € R. Then we have for every k,l =1,2,3

1P ullo < flulla,

~

where P is the Leray projection.

Now we recall the following estimate for heat semigroup P, := e!®.

Lemma 2.6 ([GIP13, Lemma 47]) Let u € C* for some o € R. Then for every § > 0

1Ptllass S 072 ulla.

Lemma 2.7 ([CC13, Lemma A.1]) Let u € C* for some o < 1 and v € C? for some 3 € R.
Then for 6 > a+

a+B—94
[ Pre(u, v) = me(u, Bo)lls ST [lulallv]ls.

Lemma 2.8 ([CC13, Lemma 2.5]) Let u € C**° for some « € R,§ > 0. Then for every ¢ > 0

“(Pt - I)u”a S té/z”uHa-i-&-

3 Proof of the main result

3.1 Estimates for the approximated operators

In the following without loss of generality we assume suppf(277-) C {£: 2771 < |€] < 27F1}. As
we mentioned in introduction, in general we need some differentiability for the corresponding
Fourier multiplier (see Mihlin multiplier theorem) to prove this result. In one dimensional
case we can overcome this difficulty by applying Marcinkiewicz multiplier theorem to control
the bounded variation norm of multiplier (see [HMW14]). But in three dimensional case,
the Marcinkievicz multiplier theorem also needs some differentiability for the corresponding
Fourier multiplier and cannot be used here. However, under our assumptions we can view the
Fourier multiplier as a smooth function multiply some LP Fourier multiplier, p > 1, and prove
the Schauder estimate. Now we introduce the following notations and operators from [Tri78,
Section 2.11.2]. Let

q. = {||x;] < 2%, for j =1,2,3}, k=0,1,2, ...

and
Qo= qo, Qr=qr— qr—1, k=0,1,2, ...



The characteristic function x, of Q) is a multiplier on LP,1 < p < oc.

First we have the following equivalent norm, which makes the estimates of the approximated
operators much easier:

Lemma 3.1 Let 1 < p < oo, s € R |{F x.Fu}
equivalent norm of B; ..

15 (Le) = sup; 2°|| F 7y Full e is an

Proof A homogeneity argument shows that there exists a constant C' independent of j such
that for 7 > 0
17~ Fullee < Cllullzs,

and .
||.7:_1«9(2_J-).7-'u||Lp < C|u||ze-

Then we have for j > 0

j+2
24| FOQ27 ) Full e <2° Y IF0Q7 ) xeFull e S |{F T xFu}

k=j—1

I5.(LP)s

and for j = —1,

IF =X Fulle < [|IF xx0Fulle S I{F X Fu}

15, (LP);
on the other hand, for 7 > 1

J+1
PNF D Fulle 20 3 IF g0 Fullee S llulls...

k=j—1

and for 7 =0,
IF " xoFullze < [IF xo(x + 0)Fulles < |ulls; ..

Thus the result follows. O

Lemma 3.2 Let u € C® for some o € R. Then for every 6 > 0,k > 0,t > 0

sup || Pfullats—n St |ulla
€€(0,1)

Proof Without loss of generality we suppose that Ly > 1. First we consider the operator on
R3. For N € Nand 27 VL, <e < 27M*!1[;,0 < j < N,p > 1, we obtain
IF =X F Prullee = F~ ¢ Fulle
<|F e o (277 ) Fulle + [|F x50 02 (277 ) Full e + | F x50 03(277 ) Ful| o
Here

o (§) = e HEFI(E0)

and . ‘ .
(01(277) 4+ ¢2(277) + ¢3(279) x5 = x5



with ¢; smooth and suppg; C {1 < €| < 3,[¢'] < 2,1 # i}. Moreover, we have for 0 < j < N
X;(€)¢1(277€)9%(€) = x;()i(277€) P ()L jet<e1 Lo u=1.2,3)

with @°(¢) = e "7 which implies that

IF X070 (277 ) Fulle S IF 7 °0i(277 ) FF - xgFull e < [IF 16701277 ) || |7~ X Ful| e,

where we used that 1{e<.-17,,=1,23) is an LP-multiplier. By calculation on R3 we get that for
0>0

IF7H87 0277 )l = IF7H(S°(2)d0) o S (X = A)*(SF(27) i) le

. . . 1 .

< S0 MDD (@) sl S Y 2= < (29V)

~ su i ~ . . 5~ 9
0<]kl<4 e PV

which yields that for 0 < j < N

IF = FPeullee S (27VE) 7 I1F g Ful .

~

Here in the second inequality we used ¢; has compact support and infecsuppe, f(e276) > ¢ >0

and | Dy f(€)] < I’EU% + C for any multiindices k satisfying |k| < 4 to deduce that for every

020D (§) S e
For 7 > N we have that
IF= X F Prulle = 0.

For j = 0 by the estimate above and the Mihlin multiplier theorem we obtain
IF = X0 Full e = |F ' FF o Full e S IF~ XoFul 1o

Since all the constants above are independent of ¢, we have on R?

sup || Pull s S )

lu||ga .
€€(0,1) Pes

By the theory in [SW71] we know that the above calculations also hold on T?. Thus on T? we
have for p large enough by Lemma 2.1

2ull g, <0 |ull.

p,00 ~Y

sup || Py ullars—n S sup [|Pfullgass St

~J
€€(0,1) e€(0,1

O
Lemma 3.3 Let u € C**" for some o € R,0 < 1 < 1. Then for every 6 > 0,k > 0,e € (0,1)

I(FF = P)ullass—n S €2 |[ullats.

Proof Without loss of generality we assume that Lo > 1. First we consider the operator
Pf— P, = F1(¢f — ¢)F on R? with

ey Je(6) for |&| < 1/2,
78 = { ¢*(€) otherwise.

10



Here
©° (&) = e HEFFED) o(€) = e7tF,

For N € Nand L2 <e <2 ¥*L,,0 < j < N,p> 1 we obtain that

IF= X F(Pf = Pullee = [F (87 — @) Full o
<NF X3 = )1 (277 ) Fulle + [ F~x(8° = 9)d2(277) Full o + [|F 7 x5 (@° — 9)03(277 ) Ful 1o,
where ' . '

(@1(27) + d2(27) + ¢3(277))x; = x5, 7>0
with ¢; smooth and supp¢; C {i < €] < %, 1€l < %,l # i}. Moreover, we have for 0 < j <
N,i=1,2,3, that
X (£)di (2776 (€) = x;(§)di (277G (€)1 et <1 Lo=1.23}
with @°(¢) = e t1"7E0)  which implies that
IF x5 (97 = @)di(277 ) Ful| o

SIFTHE = 9)i(277 ) FF T xFull o + [ F 01101521 Lo, tor some 1y0i (277 ) FF ' x; Ful| o

SIFHE = )i 277 ) | F~ g Fulloe + Lion | F os(27 ) FF ~ xw Ful| o

SIF @ = )0 27 ) [ | F ' xg Fulloe + 1i=ne2V 2NV | F~ xw Full o
Here in the last inequality we used |e2™| > 1. By calculation we get that

IF7HE" = )27 ) lor = [IF 1S — @) (@7 )iller (L = A)*((&° = 0)(2)i(-) | e

: , : nin o
S Y 12D — Do) (2 |eesupponllie S Y 2J|k|% S PPV
0<IkI<4 oime PV

Here in the third inequality we used infeequppe, f(£27€) > ¢ > 0 and | Dy f(€)] < ‘5“% + C for
any multiindices k satisfying |k| < 4 to deduce that for every 6 > 0,0 <n < 1 |Dr(g*—¢)(§)| <
KU(:LL%' Now we deduce that for 0 < 7 < N

IF G F (P = Poulle < 722V 7| F~xgFull o

~Y

For j > N we have that
|F G F(Pf — Poullre = | F xgeFullre < 220V ™| F "y Full e,

~Y

where we used [27| > 1.
For 7 = 0 we obtain that

IF " x0(®° — ) Ful|r»
=|F & — ©)(p1 + b2 + ¢3)XoFF'xoFul| e
SIFHE — ) (91 + d2 + ¢3) FF "xoFul| Lo

3

Y CNFHE = 0)ill o | F xoFull e
=1

SV | F o Ful| 1o,

11



where Xo = Xo — 1{j¢i|<1/2,i=1,2,3} and in the last inequality we used similar argument as the case
0<j<N.

By the theory in [SW71] we know that the above calculations also hold on T?. Since on T?
operator Pf — P, only depends on the value of ¢° — ¢ on Z* which equals to ¢° — ¢ on Z* we
obtain that on T2 for p > 1 large enough

1P = Pullassn S 1P = Pullggss S & Pllull gotn S " ullags,
O

The next result concerns time regularity of the approximated heat semigroup. We want to
emphasize that Py is not strongly continuous at 0. However, under our assumptions P, has
nice time continuity properties for ¢ > 0.

Lemma 3.4 Let u € C®*° for some o € R,§ > 0. Then for every x > 0,e € (0,1),t > s >0

17 = Pulla—n S (= 5)"2[luflass:

~

Proof Without loss of generality we assume that Lo > 1. First we consider the operator
Pf — Pt = F (g — ¢5)F on R? with

i(E) for |€;[ < 1/2,
ile) = { @5 (&) otherwise.

Here

Gi(€) = eI () = e
For N € Nand 27VLy <e <2 V[, 0 < j < N we obtain that

|F=" X F(Pf = P)ulle = [|F~"x5(5; — @5)Fulle

<|F x5 — 92)61 (277 ) Full o + [ F~x (9 — @5)02(277 ) Fulloo + [|F " x; (05 — #5)¢s(277 ) Ful| -
where

(01(277:) + d2(277) + 03(277))xy = x5
with ¢; smooth and suppg; C {7 < |¢| < 3,[¢'] < 2,1 # i}. Moreover, we have that for
0<j<N

X;(€):(2778)@; (&) = x5 (€)9i(277€) 7 (€)1 {jetj<e110,0=1,2,3

with @£ (&) = e "7 which implies that

IF X585 — @2) i (277 ) Ful s
5”]:_1(95? - @i)¢i(2_]‘)f~7:_1XjfU|’LP
<[|FH@F — @) (277 )| |F~ xg Full o

By calculation we get that
IF=H2F = 29)0i( 277 )l = IF 712 — @27 )illn S (1 = A)* (85 — G027 )di()) e

il (D, e 52 (93 ik (= 9)°/227° 6/20,6
S (D5 — D) P el § 3 2METTED < ¢ gt
0<|k|<4 0<\k|<4
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Here in the third inequality we used infecquppo, f(£27€) > ¢ > 0, [1—e~ (=IO | < (1—g)3/2|¢)0
and |Dyf(&)| < \&I‘% + C for for any multiindices k satisfying |k| < 4 to deduce that for any

>0 |Dp(@E —5)(€)] < % For j > N we have that

175G F (Pf = P )ull e = 0.
For j = 0 we obtain that

IF = xo (5 — @5)Fullo
<N FHeor — ) Lqje<1/2,i=1,23 X0 F F~ XoFull o + | F (35 — @) (01 + d2 + d3)XoFF~ XoFul v
SIF " (or = )Xo FFxoFulle 4+ | FH(EE — @2) (01 + b + ¢3) FF~ xoFull e

3

St = )N F o Fuller + Y IFHE = E)dill sl F xoFullo
i=1

S(t =921 F xoFull o,

where Xo = Xxo—1{jei|<1/2,i=1,2,3y and Xo is smooth with suppxo C {[¢] < 1} and 1jjeij<1/2,i=1,2,3 X0 =
Lijeij<1/2,i=1,2,3)- Here in the second inequality we used 1{jeij<i/2i=12,3) is an LP multiplier and
in the last inequality we used similar argument as the case 0 < 7 < N.

By the theory in [SW71] we know that the above calculations also hold on T2. Since on T3
the operator Pf — P¢ only depends on the value of ¢f — ¢ on Z3, which equals to @5 — @ on
73, we obtain that on T? for p large enough by Lemma 2.1

(P = PS)ulla-n S I(B = P)ullg, S (=) |ull gass S (¢ = 8)*||ullass.

p,00 ~Y

0

The following two lemmas state the commutator estimate for the approximated semigroup
in a particular case, which can be used in the case that we approximate W by only keeping
finite dimensional Fourier modes.

Lemma 3.5 Let u € C* for some a < 1 and v € C? for some 8 € R satisfying suppFv C
{&€:1¢] < Lo/(2¢)}. Then for § > a+

a+pB—48
[1Prme(u,v) = me(u, Pro)lls St [Jullal[v]s-

Proof Since suppFuv C {£ : [£| < Lo/(2¢)}, by the definition of A; we have A;v # 0 only for
J < [logy(Lo/¢)], which implies that

[logs(Lo/¢)]
Piro(u,v) — m(u, Pfv) = Z (P (Sj_1uljv) — Sj_quPfAjv).

=1

We also have that the Fourier transform of Pf(S;_julj;v) — S; juPfAjv has its support in a
suitable annulus 2/ A. Let ¢ € D(R?) with support in an annulus A be such that ¢» =1 on A.

13



Thus we obtain that for j < [log,y(Lo/e)] supp(FS;—1uljv) C {|£'| < Lo/e} and supp(FA;v) C
{|€"] < Lo/e}, which imply that
1 (277 )" ) (D), Sjau] Ajvllp = [I[((277)&°) (D), Sj1u]Ajv] e
S Y e F @RI 107S rull = | Aol e,

neNd |n|=1

where in the last inequality we used the same argument as the proof of [CC13, Lemma A.1].
Here

o (&) = €—t|€\2f(e£)’ 7 (€) = €—t|§|2f(6§)’
(¥(279)*)(D)u = F (277 )¢ Fu), [(¥(277-)p) (D), S;—1u] denotes the commutator.
Now we have that

2" F (277 )% | e

<2 F @) (27 )G + IIF (27797

—27 | FH (@ () (20) 11 + IF ()97 (2)) s

2L+ |- PPF I @OFE Do + [+ ] PPEF @002
=29 F (1= AP e + [ F (1 = APD(2)
<2[(1 = AP @)@l + (1= APEOPE ()1

. = u2— 2jup t u2 2jp
<9—Jj Jjy\lml2 = J Iml
0<|m|<4 |m|<5

<2*jt*u2*2ju’
where in the fourth inequality we used | D™ (€)| < |€|7™lt=#(€|=2#, u > 0 for any multiindices
m satisfying |m| < 5. Hence we get that

a+B—46
2

[ (277)9" (D), Sj-au]Ajvl e S t727 27@H027 D || |v

Hﬂ?
which yields the result by the same argument as in the proof of [CC13, Lemma A.1]. O

Lemma 3.6 Let u € C* for some a < 1 and v € C? for some 3 € R satisfying suppFv C
{I€] < Lo/(2¢)}. Then for § > a+ 5,k >0

1(Pf = P)me(u,v) = me(u, (PF = PJ0)lls—n S €5 [fuflalv]]s.
Proof Since suppFuv C {£ : [£| < Lo/(2¢)}, by the definition of A; we have A;v # 0 only for
J < [logy(Lo/¢)], which implies that

[logy (Lo /)]
(Pf = P)me(u,v) = me(u, (PF = P)v) = Y ((Ff = P)(Sj-1udjv) — S;u(F; — P)Av).

j=—1

We also have the Fourier transform of (P; — P)(S;_1uljv) — S;_1u(P; — P;)Ajv has its support
in a suitable annulus 2/ A. Let ¢ € D(R3) with support in an annulus A be such that ¢ = 1
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on A. Thus we obtain that for j < [logy(Lo/e)] supp(FSj_1ud;v) C {|¢] < Lo/e} and
supp(FA;v) C {|€| < Lo/e}, which imply that

110277 (& = @))(D), Sj—ruAjv]l = = [[((277)(FF — ©))(D), Sj—1u] Aol o
< D " F@E )@ — o) 1078 1ull i | A,

neENd |n|=1

where in the last inequality we used the same argument as the proof of [CC13, Lemma A.1].
Here

(€)= eTIIICO, - GF(6) = e TR, p(g) =
(V(277)*)(D)yu = F (277 )¢ Fu), [((277-)p) (D), S;—1u] denotes the commutator.
Now we have that
2" F (277 ) (97 — @)
<2TNF @) (27 ) (6 = @)l + |1 F (270" — )]s
=277 | FH ") — @) (7)) ls + [ F ()09 = 2)(27))] |1
S2T(1+ |- PRF WO — @)@ e + 11+ ] - PRF GO — 9)(2)
oI F (1= AP@ O — D@Dl + IF (1= APGEIF — 9)@) i
S27(1 = AP0 ()" = @) (@) + 111 = AP ((-)0"(9° = ) (27))]| 1

K™ u2 2jputiK S t u2 2jputik

<9—J g\im &Y T4 T ] Im

0<|m|<4 |m|<5
—J oKp—po—=2jputjK
S277eMTH2 ,

where in the fourth inequality we used |D™ (g — ©)(&)] < e[&|7Imt=#|¢|F=2, 1, k > 0 for any
multiindices m satisfying |m| < 5. Thus we get that

|27 )6 (D), Sjru] Agoll e S 7t 2 tatBDg=desh | o

Hﬁv
which implies the result by the same argument as in the proof of [CC13, Lemma A.1]. 0
The following two lemmas concern estimates for the operator .

Lemma 3.7 Let u € C*™! for some o € R. Then for every x > 0

sup || Djulla—x S lluflat1-
€€(0,1)

Proof TFirst we consider the operator on R3. For j > —1,p > 1 we have
|F=0(277 ) FDful| o = | F10(277€)& g(€") Fu(é) | v

It is easy to get that |g(z)| < C, |¢'(z)| < C/|z|, which by the Mihlin multiplier theorem implies
that g is an LP(R') multiplier, hence an LP(R?) multiplier. Therefore we have

1F=10(277€)€" g(e€") Fu(§) e S NIF0(277E)E Ful€) e = [|IF (2770277 )& Ful€) | s
SIF RO N lF 02 ) Fulle S 2N F 10277 ) Full,

~Y
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where 1 is smooth with the support of ¢ contained in an annulus and 6 = 6. Moreover,
we obtain similar estimate for j = —1. By the theory in [SW71] we know that the above
calculations also hold on T3. Thus on T? we deduce that for p large enough

sup || Djulla— S sup [[Diullsg . S llullpgs S llullata:

~
D,00 ~Y

c€(0,1) €€(0,1)

Lemma 3.8 Let u € C*"'*7 for some o € R,n > 0. Then for every x > 0
(D7 = Di)ulla—r < €"l[ullat1+-

Proof First we consider the operator on R3. Suppose that 27V < e < 27V*1 N € N then for
0<j5< N,p>1we have

— —7 e — —j in2d 8&1’ -1
1726027 (D; - Dol = |17 029l P L Fu(e) o
Let M(z) = %. It is easy to get that |M(z)| < C,|M'(x)| < C/|x|, which by Mihlin multi-
plier theorem implies that M is an LP(R') multiplier, hence an LP(R?) multiplier. Therefore
IF~10(277€)e(€")* M (e€) Fu(®) o < IF 10277 €)e(€")* Fu(€)l| 1o
=[F (270277 E)e(¢) Ful@)lle S IIF 0 (277€)e(€) || F 1027 ) Ful s
S| FL9(279) Ful| s,
where 1) is smooth with the support of ¢ contained in an annulus and %6 = 6 and we used
€2) < 1 in the last inequality.
For j > N we have
|F~0(277)F (D5 — Di)ull s
<|F'0277)FDjul| e + || F 10277 ) FDyul| 0
S| FO2T ) Full e
<" || F10(279 ) Ful| 1o,
where in the second inequality we used a similar estimate as Lemma 3.7 and €27 > 1 in the last

inequality. Similarly, we obtain the desired estimate for j = —1. By the theory in [SW71] we
know that the above calculations also hold on T3. Thus on T? for p large enough.

I(D; = DiJulla—n S 1(DF = Di)ullsg.,, S €llull ggraen S e”llullatain:

p,00 Y

O

3.2 Construction of solutions to 3D NS equation driven by space-
time white noise and approximating equations

In this subsection we give an outline of the construction of local solutions to (1.1) and (1.3). The
construction given here differs slightly from the construction presented in [ZZ14] (see Remark
3.11 in the following).
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Construction of solutions to 3D NS equation driven by space-time white noise:
Now we write (1.1) in the form of (1.4) with uy € C~*, where z € (1/2,1/24 dp) with 0 < §p <

1/2. As in [ZZ14] we give the definition of the solution of (1.4) as limit of solutions @ to the
following equation:

3
dl_be’i _ Aas,idt + Z PiiledWE,h o Z Pzzl Z EZIUEJ))dt7 (31)

11=1 ’Ll 1 =1

u®(0) = Pug € C~.

Now we split (3.1) into the following four equations:

3
duy’ = Auy'dt + ) P H.AW,

i1=1

3 3
—e,1 —e,0 1 it 51 ,
duy* = Aty dt—§ E P™( EIDJ( Yo as?))dt  a5(0) =0,

i1=1 j=
. 18 3 :
duy' = Aug' — 3 > O PEO Diurt ouy? +ust ous?))  u5(0) =0,
i1=1 j=1
and
1 [ LI . . . ,

_5z Pt ZPnl i1 0)) . 5/O H&—s|: Z P”le(ﬂi’“ <>(I_I§’J +I_LZJ) +( €,i1 —i—u“l)oui’]

i1=1

i1,j=1
g ouy! +uy" (ay +uy?) +ay! (g +ayt) + (" + gt (ag? + ag’)) |ds.

(3.2)
Here for 7,5 = 1,2, 3,

t 3
a5t = / > PUP_ H.AW",

T 4=1
ol = ai'u! — C5Y,
5 o uy = ut oy’ = g,

£J . g EJ —£,ij £,ij
Uiy <>u2 = Ug — Py ()_02 )

ai’i oy’ =ag’ o ai’i = o (ay’, a0 + moo(ay’, uy") + ws (g, u),

Yous? = ay! ot = wo (w5, 0T + moo(uy?, u) + ws (0, ush),
o0 (Us”, uy") == mo(ug”, uy") — o1 (t) — O,
and

oo (05", 157) = ol ),
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with C§ is defined in section 4.2, C% and @5 are defined in Section 4.4 and C5 and 5 are defined
in Section 4.6 and ¢} converges to some @; with respect to the norm ||| = supyeo 7 t*[(t)]
for every p > 0 and ¢ = 1, 2. Define

dK* = (AK*' +u7')dt  K5'(0) = 0.

In [Z7Z14] we proved that for every 6 > 0

Cyw(T) := sup ( ZH% [-1/2-6/2 + Z a5 o a3 | 1-s/2 + Z 15" o @57 || -1 /2-s72
te[0,T] = ij—1 ij—1
3 .
+ Z 15" o 57 || -5 + Z oo (@5, @) |l-s + D llmoo(P™ DK™, ai™)]| -
7] 1 7] 1 Zyilyjmjl:]-

b IO RS ) <
4,81,5,J1=1
with “ N | ) o |
Too(P" DK %) = mo (P D K= up™),
Moo (P DK 077) = mo (P D K=, 7).

In the following we will fix 6 > 0 small enough such that
1 1

Moreover by Lemmas 2.5 and 2.6 we easily deduce that for ¢+ =1, 2, 3,

sup ZIIU - 5+Z||u ‘ll1j2-5) < Civ,

te[0,T] =4

and
IE= ()55 < ¢ sup 157 ()| -1 /2072 S /4 Cpr. (3-3)
s€|0,t
For every € > 0 by a similar argument as [ZZ14] we obtain solutions of equation (3.2): More
precisely, for each ¢ € (0, 1) there exists uj satisfying equation (3.2) respectively before 7¢ > 0
such that a5 € C((0,7¢);CY/?27%) with respect to the norm SUPyefo7) t g |4 (t)]1/2-5, for
0 <3k < 1/2 — z+ 6y and satisfies
1/2—-8p+2+k

sup ¢ [Jag(t)[l1/2-, = 00
tel0,7]

Indeed, by (3.2) and Lemma 2.2 and Lemmas 2.5, 2.6 one has the following estimates

1/2—6Q+z+n _

15 () 1/2-50)%,

1/2—6p+2+Kk _ _ 1/246g—2—3kK
sup 52T (01 jasy S Celuolls, 5, 5, 75)+T 55 (sup ¢
t€[0,T] t€[0,T]

where C.(||ug||—., ui, u5, u5) are constants depending on £ and we used z < 1/2 + dp — 3k.
1, Uz, U3
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In the following we will fix

) 1 50 ¥4 1—250—3(5 1—2—40
O</€<§/\(6+§—§)/\ - A 5 .

Now consider the paracontrolled ansatz for i = 1,2, 3,

-il:——ZP“l(ZD R 4 T R 4 e RO )

i1=1

with a%i(t) € C1/2+5 for some §/2 < B < (2420 —1/2) A (1/2 =26 = 3k) A (5 — g — 0 —
K)A(2—2z—22 —4k) and t € (0,7¢) (which can be done for fix € > 0 since the noise term is
smooth and we note that

1/2+B+z+ﬁ 1/2469—3Kk—2 1/2=6g+2+k

@z (D)ll1/248 S Cellluoll -z, ui, a5, uz) + 2 (Sl[logls = [[ai(s)lhy2-50)?)-
se|0,

By paracontrolled ansatz and Lemmas 2.2, 2.5, 2.6 we obtain the following estimate: for ¢ =
1,2, 3,

155" | j2—5-n S Z 5™ + ay" [l 2-s S[UI; 1557 =125 + @5 [[1/245- (3.4)

i1,j=1 telo,

Then @¢ = @ + 45 + u§ + u5 solves (3.1) if and only if u* solves the following equation:

1 [t 5. . . o , o .
P (Y P - (0) - = / Py > PUD;(u5" o 5”4+ a5 (a7 + 037 + a5 (65" + a5™)

=1 i1,5=1
+ (g™ g™ (g7 + ) + s (A" " ) 4 moe (s i) + moo (™ 1)
+ 7T>(“37] + U4Ja uy “) + 7o 0(U3J7 uy “) + mo,0(Uy” 7“? “))ds

__/ Pt s Z PZZID]1(7T<( €,i1 +ail1 ul,]l)_|_ﬂ. ( €,J1 +u4]1 7611)>d8

i1,J1=1

3
1 171 —£,1 —8 i1 ,71 —£,71 —€,J1 17€,01
iy (ZDﬁ[m(u R 4 (a0 o))

i1—1 ji=1

t
=P, ZP”l a7 (0)) + / P, ¢7%ids + FF

i1=1 0
B (3.5)
where F=" denotes the last two terms.
Estimates for ¢
Lemma 3.9 For ¢%* defined above, the following estimate holds:
1655 | -1—25-20 S (14 (C3p)*) (L + @726 + @511 /2-50) + [lagl3, (3.6)
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Proof By a similar argument as [ZZ14] we obtain that for § < §y < 1/2 — 36/2

3
oo (@ a57) s S > {IIUE“ + a5 1 jo-s O 8771 -1 /252
i1,j1=1
15+ T 120 0 (P Dy R, 59| s + 1854 s 57 -1/ a72

+ 185" + 45" 12— 1m0, (P Dy K9, u57) || s |

and

) Pl

s (5™ + 5™, ul’J)II 25-r S (1G5 125 + 115" 125 ) 1557 | -1/2-5/2

SUag -5 + Z 1652 + 65" (|1 j2-80 Cl + 1155 |1 /21)]11857 | =1/2-5/2;

10=1

where in the last inequality we used (3.4).
Hence by (3.5) we get that

H Qge’u’i ||7172672n
3

SZ[W”%WJHWA?MMM+M
i1,71=1

+ ||U Zl||1/2 6||U1h|| 1/2-5/2 + || U3

5 A s, + |5 + 13

87,1

+U421||1/2 60”“1] [ 1/2— 6/20

+ Z 5™ + ™ [l 2-s0 |00 (P Dy K57 w3) | -5

.]»7’2 1

3
+ 3 5" 4+ a3 la-sollmo o (P2 Dy K= a0 s + 0557 |1y 857 || 210572
Jyiz=1
S+ (G A+ a2 + 18511 2-50) + 173115,
which implies (3.6).
Estimate for F*

We now turn to F<:

I1Fll2e0

€ 0 I [ PP 6) ) — 550+ 5 0 56l
11,71=1

b [ PP, 0 5 0,55 )

i1,j1=1

t
P D, (@57 (8) + T (1), / P ds)l|1 s
0
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b0 [ PP ) ) (657 0+ 0,7 )

i1,J1=1

b0 [ PP, e )+ 0,55 )

i1,j1=1

t
= PURD,r @O + a0, [ P ds) e
0
=0+ 1o+ I35+ I4.
Now we only estimate [; and Iy and for I3, I, we have similar results. By Lemma 2.7 we have

1 60+,8+ +3

I, < tam

|5 + g1 /2- 50Cv (3.7)

where by the condition on 5 we have 411 — w > (. For [} Lemmas 2.2, 2.6 yield

05 [ P v sl + 0 ~ (6) — T,
and we note that by Lemma 2.8 that for ¢ > s > 0
[5(2) + a3 (t) — uz(s) — ug(s)lles2
SI(Pije = Pop2)(Prje + Poy2)(uo — a1 (0)) /2 + | /OS(Pt—r — P )GE(r)dr |2 + || /t Py GE(r)dr || o/
e ) e e R e (< B By
0
=9 NP

S(t _ S)bo —(2+2K+2bo) /2HU ai(())H—z + (t . 8)b/2/ (8 i T)_(3/2+5/2+2R+b)/2||G€<T)||—3/2—6/2—m/2d7’
0

3/245/24+2x

t 1
(0= ([ (=) TG 0] )

where /2 + +2k <2by <2—2—2k, 0/2+ B +25 <b<1/2—2k—6/2, 3(6/2+ B+ 2k) <
by <[1—(6+z+k)|AL(1/2—0/2—2k) and
3

€ i1 —€,01 €81 o €7 —€,01 —€,J —€,J —&,01 —€,01 —€,]
G = E PUD (a7 ouy” 4 ay™ o ui? +ai™ o (uy? 4+ uy?) + (" +ayt) o ay
i1,7=1

P ouy g (a + ) 0 ) + (0 + 1)+ )

Moreover, by a similar argument as (3.6) one has the following estimate

1G¥|| s /2=6/2-nj2 S (14 (Ci)*) (L + (@ |1 j215 + a1 /2-s5,) + [lag]l3-
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Thus we obtain that

t
L 5C5 ( / (£ — )71 T g (R0 2y (0)]]
0
t S
+/ (t_8)71,6/2+26+2 +b/2/ (S_r>7(3/2+6/2+2n+b)/2Hés(r)"_3/2_6/2_5/2drd8
0 0
t K ¢ /2+5/2+2H
o [l ) GO gt )
0 s
t
S N e LUl
0

t
+/ (t—r) 3_ 5+B+4n/ (1—[) 1— w+b/2l—(3/2+6/2+2f€+b)/2dl||G€(,r.)||73/275/271{/2d,’ﬂ

- 5/2+/3+2n _ 5/2+ﬂ+2~ _3/2448/242k
+ (/ (t _ S) 1— +b1d bl / / t_ 1— +b1 (t _ 7,,) 2(1—b7)

e i Rmdsdr)“l)

8/24B+= +ﬁ+z

t
K _ = 3_ 6+/3+4n
SOt~ - IIuo—Ui(O)I\z+C(C§v)/O (t—r)"s (a1 j2rs + NU5l1j2-s0 + @513 dr

t 3/248/242x 1
~e ~e - - s e AR 1=b,
+C(Cw)+0(t70w)[/ (t =) = (afyors + luilljo—s + [1ill5) =Frdr]
0

(3.8)
Combining (3.7) and (3.8) we deduce that

1F¥|1 /245

_§/24B+=

9%k _ = = t 3 6+B+4n
St IIUO—U§(0)||—ZC§V+C(C§V)/ (t—r)"1 (1712 + 1511 25 + 15 ]15)dr
0

. . t 3/248/242x e 1—b;
+C(Cyy) +C(t, Cy) | i (¢ — )" 20w ((|@H] 1o + ([ yes, + 512) T dr]

1 5o+ﬂ+ +3

+ii ||u3—|—u4||1/2 600

(3.9)
A similar argument also imply that

17115
t
~Ne ,Ll_z_rK_38 —e e 1+26+m
SCwti™272 4HUo—u1(0)HZ+C(CW)/O(t—r) (1712 + 151125 + 15 ]15)dr

t
e e 1 26-&-2&
+C(CW)+C(t,CW)(/O (¢ =) 2 (o + 18512 + TSI dr)

e |ag + a5 C s

(3.10)
where we use |u5(t) 4+ u5(t) — (u5(s) + u3(s))||-1/2+436/2+x to control the corresponding I; of
1]l

Construction of the solution
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Lemma 3.10 There exists some Ty > 0 (independent of ¢) with Ty < 7° for € € (0,1) such
that
bkl — Stz4K | _ =
S[IOJI;}(I“H s+t @ (B)]s) S C(To, G, lluoll-2)- (3.11)
te(0,70

Proof By paracontrolled ansatz Lemma 2.2 and (3.3) one then has

3
oy S DTN+ a5 s, O 4 07

[t 1/2—80 5
i1,j=1
which shows that for ¢ small enough (only depending on C5)
175 /280 SICH)> + 1771125, (3.12)
Similarly, we have for ¢ small enough (only depending on C%,)
15 ls S(Ci)? + [[a=5. (3.13)

Now first we assume that sup, C5, < co and in this case we can choose ¢ not depending on &.
Then (3.6) and (3.9) yield that for § + 2z + k < 1

NG (1) 1248
t
Slluo = a5 (0)|-+(1 + Ciy) + 77" C(Ciy) /0 (t — ) ¥/707 0732 O PR (L 4 (|0 1245

§/24B+=

+ @l j2-s + 15lI3)ds + 7+ (t 2 lug — a5 (0)]|--Cy

_3_ +B+4k

t
+C(C§v)/0 (t =7 (1@l + 1301 72-s, + 1T3]5)dr

_3/2+46/2+2k

t 1
+C(Ciy) +C(t. Ciy) | / (t =) ([0 o + 185 jos, + [55]3) T dr]
0

1-b1

So+B+r+s

L ||u§+ui||1/2_aocsv),

(3.14)
where we used the condition on f to deduce —3/4 —§ — 3/2 —3k/2 > —1, 1/%% <{§+zand
0+2z+kKk— 5/%# — 2k > 0. Hence by (3.12) (3.13) for ¢ small enough we have

TG () ||y
t
SHUO _ ﬂi(O)H—z(l + C{i{/) + t5+Z+HC(C§V)/ (t _ S)—3/4—6—5/2—3#6/28—(5-&-24—&)Sd-‘rz—&—ff(||a€7ﬁ||1/2+6
0
+ [[a¥]13)ds + C(Cyy)

t
+C(Civ)t6+z+”/ (t =) a7 OOy g (|05 dr
0

z+kK t 3/246/242k  (d+2+k) 1
[y R R e g 4 ) P
0

(3.15)
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A similar argument as (3.15) and using (3.13), (3.10) one also has that for ¢ small enough and
0<brh<l—2z-40

5+z+m

to= @)l

Slluo = a5 (0)]| -

t
(05[/)/ (t . S)—1/2—36/2—258—(5—%2-{-5)Sé-&-z—f—n(||ﬂa,ﬁ||1/2+ﬁ
0
. y (3.16)
+ [[a™*][5)ds + C(Cy)

t
n C(CW) 6+z+n / (t - T)_1+2<;+2nT_(5+z+n)T5+z+n(||ae,ﬁH1/2+ﬂ + ”ﬁi”g)dr
0

Combining (3.15, 3.16) we get that by Bihari’s inequality there exists some Tj (independent of
g) such that

_ S+z+k | _ —
sup (7@ 1 jors + 17 ([a7F(2)]5) S C(To, Oy, lluoll—2),

te[0,To)

which combining with (3.6) implies that

sup #7971 _a50x S C(To, Gy o ). (3.17)
tE[O,T()]
Hence by (3.5) (3.12), (3.17) we have that
1/2—6g+2+kK e = e
sup 5 a0 1oy S (C)? + Juoll e + C(To, Oy, gl 2),

te[0,To]

which implies that 7° > Tj. Here we used z > 1/2 4 6/2 and the following estimate
11123

—z+00—98/2—K

t
< g — @ (0)]|Cly + C(C5) / (t—r)

3/2+5- 342

(|| tt||1/2+B + |51 /2-s + lagl3)dr

3/2+5+2n 59

(a1 246 + 151125 + 1T5115)d )

t
+cwm+cmom</@—m
0
1.8, ¢ —E ~NE
+ 14 4”“3"’“4”%—6001/1/7

which can be proved by a similar argument as (3.10), where one can [|ug(t) + a5(t) — (u3(s) +
u3(s)) || —sp+8/24x and z + 3k + 35 < 1 to control ||F*=||1/2—s,- O

Moreover by paracontrolled ansatz and (3.3) we also obtain

lag" - <t Z 5™ + ay ™ |-Gy + a5,

11=1

which combining with (3.5) implies that for ¢ small enough (only depending on C%,), t € [0, Tp]
and 1 —2—40 — 5k >0

a5 ()ll-- SC(Chy) + [la™* (1) -
~e —e ' —H2048K=2 (54 z+4k) O+ztn|| 160
SC(Cw) +[[Puo = w5 (0) |- + [ (E=s)" = s s 7| -1 -25-2nds
0
+IE @] -

~E 1.8 _¢ ~E
SC(l[uoll-= To, Oy ) + 174 |[a4 (t)]|--Cry-
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Here in the last inequality we used

|F=(0)]]—
t

<C(Ciy) / (t— ) s sup 5T ||+ s + a5 + (0] - Cie
0

s€[0,t]

Hence for Ty small enough (only depending on C§;) one has the following bounds

sup |[a;"(t)]|- SC(lluoll-2, To, Ciy). (3.18)
t€[0,T0)
Similar arguments show that for every a > 0 there exists a sufficiently small Ty > 0 such that
the map (ug, U5, 4§ 01U, U5 0Us, U5 U, To.0(U5, U5 ), T, (PDKE, u5)) — wj is Lipschitz continuous
on the set
max{Jugll -, Ciy} < .

Here we consider uj with respect to the norm of

sup ||ag (t)]]---
t€[0,Tp)

Thus we obtain that uj restricted to [0, 7] depends in a locally Lipschitz continuous way on
the data (ug, a5, aj o af, U5 © U, U5 © U5, o0 (U5, U5), To.o(PDK®, U5)).

In [ZZ14, Section 4] we proved that there exists some > 0 and @; € C([0,T];C~1/27%/2),
iy € C([0,T):C°), a5 € C([0,T]; Cz~%) such that for every p > 0

EHﬁi - ﬂ1||Ié<([()711];(3—1/2—6/2) 5 em,
El|us — ﬂ2“%([0,711;@—5) Sem”
Elju; — ﬂ3Hg([0,T];c1/275) S e,

Then for e, =27% — 0 and € > 0
ZP a3 —U1||C(0T]c 1/2-5/2) > €) < Z k7/5< 0, (3.19)
k=1 k=1

which by Borel-Cantelli lemma implies that @*" — @} — 01in C([0,T];C~Y/?79/2) as., as k — 0.
The results for other terms are similar. Thus we obtain that sup,, _o- ren Cyi < o0 as., Tp
independent of €, 4 := limg_,o 43" on [0, Tp], u = @y + U + U + Uy as solution of (1.4) on [0, Tp)
and
sup ||a* —u|-, = 0 a.s..
t€[0,To)

Now we want to extend the solution to the maximal solution such that

sup |[uf|-. = oco.
telo,7)
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A similar argument as above implies that there exists some T7(C(Tp)) (for simplicity we assume
Ty < Tp) such that for every t* € [0, Ty]
§+z+n

sup  [(t = )T 1 jags + (E— 1)
te[t* t*+T1]

1@ (®)lls] < C(Th, Ciy, C(To), lu(t)l|-2)-

Here the only difference is that K satisfies the following equation
dK®" = (AK®" +a}")dt  K*'(t*) = 0,
and by a similar argument as [ZZ14] we obtain that there exists some 7 > 0 such that for every

p>1

E sup ||mo( PD/ P_ uids,ui(:)) — mo PD/ P _ uyds, (- ))||g([07T];C_5) < e’y

relo,:]

which implies that similar convergence also holds for mo(PD K¢, u5) in this case. Here we omit
superscript for simplicity.
Thus for t* =Ty — TI(CT(TO)) we obtain the following estimate

1 (t)]15)

6+z+n

Sup (@ g+t
tG[T07T0+q; ]

sup (8 — )@ 12 + (E 1)
tE[T07T0+%]

SC(Th, Gy, C(To), [luoll-2),

S+z+k
2

AN

15 (t)lls)

where we used (3.18) in the last inequality. Hence by a similar argument as above we obtain
the solution u = limg_,o, u%* on [0, Ty + %] Now by iterating the above arguments we obtain
that there exist the explosion time 7 > 0 and the maximal solution u = limg_,o, @** on [0, T)
such that

sup [lu()]- = o0
tel0,7)
Moreover for L > 0 define 7, := inf{t : [Ju(t)[|.. > L} A L and then 77 increasing to 7 and
= inf{t: C§,(t) > L}. By (3.11) and similar argument as above we have

S+z+k

sup (L@ yai g+t @ (0)]s) S C(L, L), (3.20)

tE[O,’TL/\ﬁil]

which combining with (3.12), (3.13) imply that for L, L; >0

6+z+m

sup (T ag ()] 1p-s0 + 2

te(0,7 /\ﬁle]

lu5@)lls) S C(L, L), (3.21)
sup  [|u° —ul|—. =7 0.
tel0,7LAp5 ]

In particular, for a subsequence ¢, = 2% — 0,k € N we have

sup || —ul|—, =0 a.s..
tE[O,TL}
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Remark 3.11  The construction here is slightly different from [ZZ14] as we consider the mild
form of u4 here. The advantage of this approach is that it can also be used to obtain the
solution of (1.3).

Construction of solutions to approximating equation: Now we also split the equation
(1.3) into the following four equations:

3
dui’ = AuS'dt + Y PH.AW,

i1=1

dus’ = Augldt——zpmzm S o u))dt u5(0) =0,

i1=1

duy' = Aug'dt — = ZP”l X:D8 Soud? +uy™ ous?))dt  ug(0) =0,

11 1
and
3 t 3
A . 1 . . .
ui’z(t) :Pta(z Pzzl 511 . ui,u(o)) . 5/ Pta—s|: Z Pzles( £,11 (ug,j _I_ui,j) +( €01 +ui“)<>u§’]
i1=1 0 i1,j=1

+ug™ ouy” +uy™ (us? +up?) +ug? (ugt +ud™) 4+ (ug” +ug™) (w4 up?)) | ds.
(3.22)
Here for 7,57 = 1,2, 3,

t 3
ujt = / > PUP; H.AW™,

=1
€,0 €, e, €, €,1]
ui o ul! = uitu — C5Y,
£, g4 &1 €4 . &4 €7 5“17] €,1,01,] £,11
uy? ouy" = uyt ouy? = uytug +E (C +C (t)uy™,
11=1
£,0 £J . &4 €] €,1] e
uy" o uy? = uy uy” — M (t) — Gy,

u;z © U?j = U?j © U:E’,Z = T< (nga uy’ ) + 70,o(u§’i7 Uij) + > (uy : Uy’ ')7

ui’i o ui’j = ui’j o ui’i =Te (ui’i, uij) + Wovo(ui’i, uij) + 7> (ug g uy '),

3
moe(u5’ u?) o= mo(uz”, ui?) — i () — CFF + Y (O (1) + O (1))us™,

i1=1

and
3

7700(%; auf]) — WO(UZZ,Ul ) Z(Ca’i’il’j(t)—i—CN'g’i’il’j(t))( €11 + in)’

i1=1

with Cf is defined in Section 4.2, C*, C’g are given in introduction and Section 4.3, C] and ¢
are defined in Section 4.4 and C5 and ¢5 are defined in Section 4.6 and ¢; converges to some ¢;
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with respect to ||| = sup,j 11 t°|0(t)] for every p > 0 and i = 1,2. Define K* be the solution
to the following equation:

dK*' = (AKS +ui')dt  K*'(0) =0.

For every € > 0 by a similar argument as the case for 4° we obtain solutions of equation (3.22):
More precisely, for each € € (0,1) there exists u§ satisfying equation (3.22) respectively before

. / z+kK
Tg > 0 such that u§ € C((0,T5); C/27%) with respect to the norm sup,c (g 1y e |ua(t)l1/2-5
for 0 < 3k < 1/2 — z + Jy and satisfies

1/2—6p+z+k
sup £ s (1) |12 = 00.
t€(0,7T¢]

Now by a similar argument as the case for u* we can also consider the paracontrolled ansatz
fori=1,2,3,

ui,i _ _ = Z Pul Z 7T<(U§ i1 + ui,h’ K&j) + 7T<(U§’j 4 uiuj) Kf,il)]) + uff’ﬁﬂ

211

with a5 () € CY/?*5 for 3 as in Section 3.2 and t € (0, 7¢).
Then uf = u§ + u§ + u§ + ug solves (1.3) if and only if u* solves the following equation:

3

£80) =P P )~ L [P S PR o i )
11=1 i1,j=1
+up? (U5 +ui™) + (g ) (g u?) s (g™ e ug) + mo e (up” ur?)

+ oo (uy", 1 u3y? ) + 7r>(u3’J + u4’J, i”) + 7r07<>(u3’3, ui”) + o0 (uy? ,u‘i zl))ds

1 [t L .
— 5 [ P 3 PRDRrE® ) 4 e s ) ds
0

1 j—l

*3 ZP"I ZD me (U5 g KO) + e (uf + g, K]
11 1
::Pts(z P”lugﬂl - U?Z(O)) + / Pt&fs(be’ﬂﬂds + FEJ?
i1=1 0

(3.23)
where F© represents the last two terms. A similar argument as the above proof and Lemmas 3.2
3.4 3.5 and 3.7 yield similar estimates as (3.6) (3.9) (3.10) and (3.11) (3.18) for ¢ € (0,1). Here
the only difference lies in the estimate of m(ug, u5). This is similar as the following (3.28) and
we omit it here. Moreover define 75 := inf{t : ||u°(t)||-, > L} and pj := inf{t : C5,(t) > L},
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where for T' > 0,

Cy(T) := sup (ZH% [-1/2-62 + Z lui o ui?|| 152 + Z [us o ug? || -1 /2572

t€[0,T] ig—1 ij—1

+ Z luz" o u5? |5 + Z 70,6 (w5, ui)l|-s
7.7 1 ,] 1

+ Z H?TQQ(P”I Dst,J’ ui’]l)HﬂS + Z H7TO,<>(P“1 D;Ks’“ : Ui’h)Ha> ’
i,01,7,J1=1 4,81,5,01=1

with
WOO(PZ“ DgKa,j ua,]l) = 71_0(]3221 D§K87j u&]l) _ Cgﬂﬂzlv]ly]’

Y

(Pm DeKa 21 731) — (Pm DEKE ,i1 u17]1) o é§7i7j7j1,i1

where (%, ég‘ are given in Section 4.6. In Section 4 we will prove that for i j, il,jl =1,2,3 and
every ¢ > 0 small enough, ﬂil —ui. — 0in C([0,T];C~272) and @ <>u —u oy ) 0 in
C([0,T];C71%), ' o uy? — ui’ o uy? — 0in CO([0,T];C7% 5/2), uy" o Uy — uy <>u2’j — 0
in C([0,T];C~?), mo0(ag", a57) — 7r0,<>(u3 Jus?) — 0in C([0,T);C~ ) and WOQ(P’“D K5 ’“)
WO,O(PiileKavj,ui’jl) — 0, Moo PP D K& 457 ) —m 00(P DS K™ 1) — 0in C([0, T] ),
as € — 0. By a similar argument as above we obtaln that for €€ (0 1)

sup (£ U 12 + “(®)ls) S C(L, Ly), (3.24)
tel0,7i Apg, ]
and -
sup (" ui (B[l 25 + 17 |ui(t)lls) S C(L, L), (3.25)

te[o, 7§ /\pELl}

3.3 Estimate for u* — ¢ and the proof of Theorem 1.3
First by Lemmas 2.5, 3.3, 3.7, 3.8 for 2k < 0 one has that

3 3
sup Y [luy" — 33"l S ePCh + sup Y ait o ar’ —uit o ui? || -igpe,
te[0,T] ;5 te[0,T] ij—1
3 3
sup ZHug = 5" llye-s S + sup D @t o @ — ui 0w |ajo-p2
te(0,7] ;.= te[OT]w 1

and

1= () = K= (t)][3—g S /% sup [[ui"(s)l|-1/0-s/2 + 1" sup_[[ui"(s) = a7 (s)[|-1/2-5/2- (3.26)

s€[0,4] s€[0,1]
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Paracontrolled ansatz and Lemmas 2.2, 2.5, 2.6, 3.2, 3.7 and 3.8 also imply the following
estimate:

3
s’ — a3 jos-n S Y (Jus™ +ug™ — 85" — 5" l1j2-5 sup [[u7?]|-1/2-6/2
Pt t€[0,T7

+ a5 + ai" 1je-s, sup (15721 /22
te[0,T)

15" + G5 jamse sup [[uf? — @57 ajamspe) + U — @124
te[0,7
- ) - (3.27)
To deal with ||uj" — a3"||1/2—s,, we first consider [¢=#" — ¢=H||_1_o5_o, and ||F= — F*|1 244
Estimate of ||¢=% — ¢™b7||_1_gs5_2s
First we prove the following estimate.

Lemma 3.12 Let u € C%"! for « € R. Then for every 0 < 8y < 1,5 > 0 and a,b > 0 with
a+ b > 0 we have

lu(- + aeny) —u(- = ben)lari-—so—n S € uflatr;
where for j = 1,2, 3, ; € R? and the j-th component equals to 1 and others are zero.

Proof By a similar argument as in the proof of Lemma 3.7 we have

IF=10277 ) F (u(- + aeny) — ul- = beny))llze < 27| F 0277 ) Full e,

~Y

and
[F~10(277 ) F(ul- + asn;) — (- — beny)) || o

SIFH0Q277 ) F (ul- + asny) e + 1F 10277 ) F(ul- — ben)) 2o
< F0277 ) Ful| .
Thus on T? for p large enough one has that

lu(-+aen;)—u(-—benj)llasr-so-r < llu(-+aen;)—u(-—benj)|l yos1-s0 S e ull pgs < €™ lluflasr-

b,

0

Now we prove the following estimate for ||¢=F" — ¢*%|| 1 o5 .

Lemma 3.13 For 1/2 —3§/2 — 6y — 7k/2 > 0 one has the following estimate:

|55 — 5HE| 1 _g5_a,
S(6Cs, +e"2(Cqy + Cp + D) (L + (C5)* + (Ci)) (L + 1T 11246 + 1|81 /250 + ull1/2—50)
+[lug = a5l (1 + Cfp + (C5)?) + Nlus — aqlls(luills + |a5lls) + /2|ag)3

+ Ciy|Just — ﬂg’ﬁ||1/2+5,
(3.28)
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where

0CYy = sup ( ZH% — 0" 1252 + Z [ui” o uf? — ui o a7 || sy
te[0,7] i=1

1,j=1
3 . . . . 3 . . . .

+ > et ouy? —att o uy || ajpspn + Y st o us? — a5t o w57

i,j=1 i,j=1
+ 3 lImoo(us’ ui?) = moo(a5', ui)| s+ Y Imoo (P DSK™, ui)

1,j=1 i,i1,5,51=1

. 3
_ 7T0,<>(P“1 Dst,]’ ai:]l)“_a + Z ||7T (qu DaKe 21 Jl) (Pzle Ka z1 Jl) || 6)
iyilnjmjl:l

Proof First we consider mg,(u3", u5”) — moo(a3",@57): by the paracontrolled ansatz one has
fori,j =1,2,3,

Uy ’Ul )_700(% 7u1d)

0.0(U3
3
LT i ) i j j i —€,% —&,1
= — 5| mo.( Z Pz (ug™ + ™, D5 K ui?) = moo( Y Ploc(us™ + 5™, Dy, K1), u vﬂ)}

3 inj1=1 i1,j1=1
i 3 ' 3 . ‘
— 5 |l > Pia(ush ug?, D5 KO uY) — moo( > Plwo(ug”t +ug?, Dy, KM, 1’])]
L i1,j1=1 i1,j1=1
1 - 3 3
— 5| Do mPU (D5, (ug" 4 ") K ui) Z mo(Pimo (D (@57 + a5™), K*7), @ ﬁ
-i1,51=1 i1,j1=1
1] < . A
=5 | D2 mo(PImc (D5 (57 4 i) K i) = D mo( PR (D (7 + ), K1), @ >]
~i1=1 i1,51=1

+ (mo(u™™, ui?) — mo (@™, ay?)) + Uf + 5.

(3.29)
Here
1< .
Y=g 3 m(P(re (D5 (6" "), K aemy) — KO (), )
i1,J1=1
1< .
-3 mo(P™ (e ((u5™ 4+ ug™) (- = bemy,) — (u5™ +ug™), D5, Ko), u5?))
i1,j1=1
=11+ Lo
and

3
€ 1 11 € €, €% &1 &
Y= 5 D (mo(PU (D5 (™ + ™), K5+ aey,) — K50 ()), )
21,J1=1

+ mo (P (o (ug” 4 ug™ ) (- — beny,) — (ug™ + ug™), D;Ka’il), ui?)).
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For 1] we have

ILalle S D Nusll—ros2ll DS, (u5™ + g™ )l —1/2—s0—wl | K (- + agnjy) — K () ll1sps2ntar2
i1,J1=1

S sl 1ja—sg2llu + il 2—s08™ 1K ||3/2-s,

(3.30)
where By = (1/2 —36/2 — 6o — 3k),1/2 — 35/2 — 6y > 3k > 0 and we used Lemma 3.12 in the
last inequality. Moreover

L2l -5

< N (Imo(Pormac((u§™ + u5™)(- — beng,) — (u§™ +ug™), D5 K591), u5)

11,j1=1

= mo(me((ug™ +uy™) (- = beng,) — (u5™ +ug™), P D5 K5, ui) |

+ o (e ((us™ +ug™) (- = bemyy) — (ug™ +ug™), P D; KE’“) ui?)

= (g™ +ug™)(- = beny,) = (u™ +ud™))mo(P D5 K5 ui? )

(™ +ud™) (- = bemy) — (5" + ug"))mo,o (P D5 K5 ui?) | -5 (3.31)
+ H( S ™) = ben) = (05" + ug") sz C%(8)])

S Z 1(u5 + i) (- = bemj) — (u§ + ui)llssyz2e (105, K57 1 j2-5 -l [l <1252

11,J1=1

+ 700 (P D5, K ui?) || 5 + C)

3
S N + uillyzso (1K= l3j2sllui ] -1/2-52 + D w0 (P D5 K5 ui)|| s + C),
i1,J1=1

where we used Lemmas 2.3, 2.4 in the second inequality and Lemma 3.12 in the last inequality.
The estimate for )5 can be obtained similarly.

The desired estimate for the third term, the forth term and the fifth term on the right hand
side of (3.29) are easily obtained by Lemmas 2.2 3.7 3.8 and (3.26). We only need to consider
the first term in the right hand side of (3.29) and the desired estimates for the second term

follows similarly:
Too (P e (ug™ +ui™, D5 K*7%),u ) — moo (P (ay"™ + 5™, Dy, K&9Y), @57)
=m0 (P 7 (us SR, D K”l) ) —7r0(7r<(u‘§“ +uf™, mea le) =)
— (mo(P™mo(ag™ + 13", Dy, K&, 1@57) — mo(me(ay"™ +a3™, P D, K1), 457))
+ mo(me (ug™ +us™, P“lDE K u ) — (ug" +uy™)m (P”lDE Ko o)
(W0(7T<(U3 + j” PZ”D NG ART ’J) (u3“ —i—u“l) (me‘ Ko ))
+ (u5" + ug™)moo (P D5 KoM ui?) — (u5™ + a3y )mo o (P D, K51 —E’J)
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Lemmas 3.7, 3.8 and Lemmas 2.3, 2.4 imply for § < dy < 1/2 — 30/2 — k that

1700 (P me(us™ + ug™, D5 K=9), u5?) — o0 (P e (ug™ 4 ug™, Dy, K57, 477)[| -5
Sllus™ +ug™ — (a5™ + Ui“)”l/%éoHKg’”H3/276HU?]'H71/276/2

5™ 4 a5 2o 1057 | - 1j2-s/2 (€ 2N |35 + | K9 — K= |l3/55)

+ a5 + 0" 1o 1K [l3/2-s Ui — 4571212072

+ [lug™ +ug™ 1o 60||7To,<>(P”1D5 K u5?) — o o (P Dy, K57 177) ||

5™ g™ = a5 = a5 a6 (PFD; K 5.

(3.32)
Hence by (3.26) (3.30-3.32) we obtain for i, j = 1,2, 3, that

H7T0,<>(U4 7“1’]) - 70,0(1_‘2’7;7 a?j)H—é
3

S Z [||U6Z1 +uy™ — (a5 + g Ij2-s, sup ||U§’j1||71/2f6/2||ui’j||71/2f6/2
i1,j1=1 t€[0,T]

+las™ + @y 1/250\|u§=j\|1/25/2(&/2;}3% 437 )| -1/2-5/2 + Sup [ui? = a3 “1j2-572)
€10, €10,
+ 5™ + @™ 1y o Sup 157 | -1 j2-s/allui? = @57 (|1 /257
€
+ 5" + i o 50||7To,<>(P”1DE K9 uf?) = mo o (P Dy K59 77| -
+Jug™ +ug™ — a5 — 43" 1 ja-s Im0.0 (P Dy K59 43| s

+ g™ i e aOIIWOO(P’“DE K5 ui7) = moo (P Dy K50, a7 ) || -5
+lus” +ug? = a5 = a5 |ya-s o0 (P Dy K 77) | -
+ [Jusht — &b H1/2+BHU1]H —1/2-5/2 T Hﬂg’ﬁ’iHl/%BHUi’j - ﬂi’jH—1/2—5/2
+ e (lus™ +ui" flia- (sOHUHH /2572l K57 325 + [|mo.0 (P D5, K5 i) | sl|us” + 1 125
+ |70 (P D5, K= i) | sllus™ + ug™ [ jo-so + Cllus™ + 1™ [l1/0-5)]
<S[0Cs, +2(Cy + Cip + DI+ (Ci)? + (i) + 18l gy + 18545+ 5l
Tl = s 5, [(C5)” + Ol + [0 — ], iy
(3.33)
Here we also used Lemma 2.2 to obtain the estimates for the third and the fourth terms on the

right hand side of (3.29). Now we turn to the term s (u§" + uj™, uS’) — ms (a5™ + a5™, @57)
for i1,7 = 1,2,3: Lemma 3.2 yields the following estimate

s (u5™ + ug™ ui?) = s (@5 + ag" a5 | a5

(||UEZI 1||1/2 5+ ||U4 - ’il||1/2767n)||Ui’j||71/276/2+ |5 + w1 j2—s—rl|u] — UTl|-1/2-5/2
5(”“3’“ B+ 3 (G 5 — 5 — 5 ey sup 7 yresr
i,j1=1 te[0,7]
185 + 05 sy sup 5™ = B | apo s + €205+ 5% sy D (5 | mso)
te[0,7) t€[0,T]
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+ [Justi — ot ||1/2+5) ui? (|21 jomsyo + 185" + T3 |1 /2—5—s S[l(l)% ut? — a3 || 1 /052
te|0,

SOCy +e2(Cy + Ci)l(1+ (C)? + (C3)*) (1 + @l s, + 18715 + lludllLs,)
+lug = @il (Civ)® + [lu™ — a1 4 Ciyr,
(3.34

)
where in the last inequality we used (3.4) and (3.27). Combining (3.33), (3.34), (3.5) and (3.23)
we deduce that for By > §

|65 — 5|1 _as—2
3

S 2 [Huu a5 o a5 |-s + luf™ -
i17j17j 1
+ (llas" |- 5+||u5”+u4“!|a+||u“1+u4“|! Muz” +ui” — (a5” +a3”)|s

o (S 05) — o (85, ) ]

57 + ’LL4’]1 H1/2 do

+e*/? Z {HUE“O%’”II 5+ 1700 (5™, 457 ) | s + lla5™ | —sl|u5™ + a3 ||1/2-60 + |5 + w513
i1,j1=1
3

a5 ao-sll @i | -1pa-s2 + D 185" + G5 1751557 | -1 /2-5/2Ci
Jj2=1

- Z a5 + 5™ |1 /2-s | T0.0 (P2 Dy, K57 157 s

Jriz=1

3

+ > 5"+ a7 1ja-so 1Moo (P2 Dy K= 57 ) || s + (1559 || 124 611077 | -1 /272
jriz=1

+[6C5, + (i + Cy + D1+ (CF)* + (Ci)) (1 + [Tl s_g, + 17 146 + [luills_s,)
+ug — ailhyo-5[(Ch)* + O] + [[u — @] 1, 4Oy

SOCiy + &2y + Ciy + D)+ (Cip)* + (Ci) ) U+ (18|21 + 15117250 + 1511250
+{lug — @illya-s(1+ Gy + (Cip)?) + llug — @qlls(lluslls + llaglls) + 2 |agll3
+ Cipllu® — a1 245,

where we used % —0—09>0. OJ

Estimate of F¢ — F¢
Now we consider F€ — F*=:

||F6 — F¥|l1)245

€ 0 I [ PP Dm0 0) 0 (5) — 05°0) 050, )

i1,J1=1

/ P, P" Dy me (3™ (s) +ay™ () — (a5™ (1) + a5 (1)), 77" (5))ds| 12+
0
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b3 [ BP0 ) 0,5 (s

i1,J1=1

¢
—/ Pt_sPi“Djlﬂ<(ﬂ§’”(t) + " (t), uih(s))ds
0

. t
_ piin De e (ug I uiﬂl’/ Pf u Jlds) + PZ“D]17T<( b+ 17481117/ Pt—sﬂ?ﬂds)nl/%-ﬁ
0 0

+ Z II/ PE PUD5 me(uz” (s) + ui” (s) — (u5” () + ui” (8)), ui™ (s))ds

i1,j1=1

/0 P P Dy m (57 (s) + @57 () — (G570 (1) + 757 (1)), 5 (5))ds |11 5

Fy / PE PP DS (15 (1) 5 (1), 05 () ds

11,j1=1

¢
/ P, P D o (ay” (t) + a3 (t), a5 (s))ds
0

t t
- PRDSm s 4 i, [ PE )+ PRD,m (s i, [P ds) e
0 0
=L+ 1+ I3+ 1.

It is sufficient to estimate I, I5 and the desired estimate for I3 and I can be obtained similarly.

Since by the assumption on h we know that suppFuj C {£ : |£| < Lo/2¢}, which by Lemmas
3.5-3.8 deduce that for % > [+ % +d+ K

I, <t l m Ca K/2||76 | € Ce —£ | —€ 5CE

2 X (lus + uy — a5 — i1 /25, Oy + €775 + g ll1/2-60C + |45 + @i [l1/2-5,0Cy)-
(3.35)

For I one has the following estimate

I < / N2t ) i (5) syl (E) +50) — w(5) — () + / (1 g
a5 ()11 p2-a2ll 5 () + w5 (8) — w5 (s) — wi(s) — (@(1) + T (1) — T (5) — T (5))l|wyadls
+ / (6= ) s ) — 05|l ) + T(E) — T(5) — ) s
Moreover Lemmas 3.2, 3.3 and 3.4 imply that for t > s > 0
5 () + w5 () — w5(s) — w5 (5) 12
s t
<IP? = P2)(Pug — u(0) a2 + | / (P = P2 )G (r)drllpz + | / Pi ,GE(r)dr|ly2

S(t . S)bos (z+2K+2bo) /2Hu . ul( )Hfz + (lf . S)b/Z/ (8 . 7,)7(3/2+6/2+2/{+b)/2”G5<T)”73/276/275/26”
0

t
([ 1P, GE )
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<(t _ 8>b05 (Z+2/i+2b0 /2

~Y

g — w5 (0)]|—= + (¢ — 5)*2 / (5 — 1)~ /OB G ()| 3 252 jodlr
0

t 3/248/242x
= 6= G )

3/2-8/2—r/2

and

[z () +ui(t) — uz(s) — ui(s) — (uz(t) +ai(t) — uz(s) — wi(s))lle/2
SIE = P = (P = Po)(Pug — w5 (0) sz + [[(F = Po) (Pug — ui(0) = Pug + u7(0)) /2

+ / (e = PG 0) = (Pree = Pe)GEldrlga+ 1 [ (PELGE(0) = PG )l

— )20 BERHIE) A (RsTERIR) g — ui(0)] - + (P = Po)(Pug — ui(0) = Pug + 5(0)) /2

+1 / (P = PL)GE(r) = (Pier — Py ) GE(r)]dr |2 + | / (PG (r) = P G2 (r))dr|| s 2

S(t — s)P0s™ G202 (2 juf — uf (0)]] - + [|ug — uo — u5(0) +uf (0)]|--)
+ (t )b/2/ (S )—(3/2+6/2+25+b)/2<8n/2HG&(T)||_3/2_6/2_H/2 + ||G€(T) . GS(T)H_3/2_5/2_,{)dT
([ 1P G 0) = PG
St —s)s™ ”2“%0)/2( ”/QHUS —ui(0)|[-2 + [[ug — wo — ui(0) + ui(0)[|--)

+ (t _ S)b/Z/ (S _ T)—(3/2+6/2+2f<+b)/2<€n/2HGE(T)||73/275/27K/2 + ||GE(,,,,) . GE(T)||73/275/27K)CZT
0

3/2+46/2+42k

t 1
+ (t — S)bl(/ (t—r)" 2050 (2| GE(r) || —sj2—s/2—ns2 + |GE(1) — GZ(r)|| _sj2—s5/2—r) o1 dr) 01,

where §/24 +2k < 2by <2 —2z—2K,6/24+ +2k <b<1/2—-2k—06/2, 2(6/2+ B+ 2r) <
by <[1—=(6+2+2K)]A3(1/2—0/2— 2k) and

E P’L’Ll D€ 5 7/1 o u;ﬂ + u;ﬂl o uia] _|_ ui)ll o (/U/g:] + U‘ZJ) + ( £ 'Ll + ui 7/1) o /u/i’]
i1,j=1
€01 €,j €,41(, €, €,J €,i1 €,11 €11 €,i1 €,J €,J
+uy™ o ug? + uy" (ug +uy”?) + uy ( ™) 4 (ug™ +uy™) (uz” +uy?)]
Thus we obtain that

t
L S(°Cyy + 6C%)) [ / (t — 5) 71T 0 20 2|l — 05 (0)]| s+ [Jug — 75 (0)] )
0

t s
+ / (t =) / (5 — 1) "R GE(r)|| /552172
0 0

= ¢ §/24 642k t _3/248/242k
O s [y [ e
0 s

3/248/2+#/2

G m)dr)l-blds}
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+ Ci( / (1 ) L 2 3 (0) — (0 — (0]
0
X /t(t _ 3)’1’6/%#%/2 /S(S _ 7,)7(3/2+5/2+2ﬁ+b)/2HG5<7,,) _ C_T’E(T)H,g/g,g/z,ﬂdsdr
0 0
b [ s [y o) - G0
0 s
S(E2Cy +6C) { / 1 o)1 2 I 2 — a8 (0)] s+ o — i (O)])

¢ 1
+/ (t—7)" 3_StBtin / (1-0)" — SBELARR /21— (3/2+48/2+2k4) /2 g
0 0

(IG= ()l =s/2-s/2-n/2 + [|G= ()l =25 /2r2)r

T L e e (R ([ LT AP
0 0
GOyl
O [ (1 0 I 15(0) ~ (a0~ T
0

. /t(t - r)*%*w%% /1(1 B l>71*W+b/2l’(3/2+5/2+2”+b)/2dlHGe(r) _ 66(7’)’\—3/2—5/2—nd7’

0 0
( / (- s)_l_wﬂnds)bl( / t / T TR, Lo

0 0 0

[G5(r) = GE()| s a_ndlsdr) ™).

(3.36)
Hence (3.35) and (3.36) yield that

[F=(t) — F=(t)ll1/215
< %_50-4-5-20—&-&-% . e e ¢ ce K2 SCEN i + uE
St [[Juz + ug — a3 — ugll1/2-5,Chy + (€ w 00w )3 + ugl1/2-s0)

5/2+B+=
5 —2K

(€ a0 [ (I — w5 () + lluo — a5 (0) )

! 3_ 5+6+4n e
T / (= ) (1G5 (1) s asonso | GE(P)| ot /2nyo)dr

t IEEL T 52 T = N b,
+ ( i (t—r) 20720 (|G| 55 as/2—nje T NG (M 50570 2)dT)

3 5+5+4r€

t
“28|Jug — u(0) — (up — T (0))]_.Clyr + Ci / (t—r)

_§/24B+=
: IG(r) = GE(r) -7l
¢ 3/245/242n

([ 6= ) = G ) Cir

(3.37)
and by a similar argument as (3.6), (3.28) we deduce that

Gl —s/2-5/2-r/2 S (14 (Cip)*) (1 + 61124 + il /2-60) + Il
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and
IG*(r) = G=(r)l|-3/2-5/2-x

S(6C +e2(Cy + Oy + D)1+ (Ci)? + (C3)) (1 + [0 1126 + a5l j2-5 + uillizz—s0)
g — il o (1 + Oy + (Cip)?) + Nl — wills (i lls + llagls) + /2113
+ Cipllu™® = @124

A similar argument as (3.37) deduce that

|FE(t) = FE@)ll
ST (s (0) + us () — B5(0) — BOIChr + (£/2Chy + 6CH) [75() + 5 (1))

+ ("0, + 6C5,) [ T8 ((fug — w5 (0)]|—s + [luo — @5 (0)]|-)

t
14254k s e
+ / (t—r)" 2 (|G (N)ll=3/2-5/2-r/2 + 1 G" (1) || =5/2-5/2—r/2)dr
0

t
+( / (t =) (|GE )| a2 + GE() | —3/2-5/-2) )

1+25+n

g 45(0) — 0 = 5O s+ [ (=) R0 = GO s

t
1+2(5+21€ c E
T / (t— 1) 2G5 () — GH(r)|—syas/2ndlr,

(3.38)
where the only difference is that we use |lus(t) + wa(t) — us(s) — w4(s)||-1/2+435/24+ to control
152 = F=|ls.

Estimate of uj" — 5"
By paracontrolled ansatz and Lemma 3.2 we get that

3
g = a5 hje-s S D (M us™ +ug™ = a5" = a5 125, Ciy
i1,j=1
{15+ ay™ o 1K = K[/
e g™+ ay ya-so [K5 |laj2-5) + [[u™ = @105,

which by (3.26) shows that for ¢ small enough (only depending on Cf,)

Jug” — 5" |1 j2-s0 SOCT(Chy + Cop + [T |1j2-50) + €™ 2Ci (Ciy + 1051250

; . 3.39
+ ||ua,ﬂ7z _ a87ﬁ72||1/2760~ ( )

Similarly, one has for ¢ small enough (only depending on C%,)

i — @5 lls SSCT (Chy + Gy + llails) + €2 C (G + Il ls) + [lu™™ — a5 (3.40)

38



Then by (3.20), (3.21), (3.24) (3.25), (3.28) and (3.37) we get that for § + z + k < 1, ¢ small
enough and ¢t < 7, A7; A pg, Apg, with L, Ly, Ly, L3 >0
S () — @ (1) /246
S(e2(Ciy + 1) + 0C3) (1 Pug — w5 (0| + [[Puo — w5 (0)]|-)
+ (G + DI[Pug — ui(0) = (Pug — w7 (0))]] -

t
+ t6+z+n/ (t . S)—3/4—5—6/2—3:-;/28—(6+z+n)85+z+n(€n/2||¢e,tt||_1_25_% + ||¢e,tt . §Z5€’ﬁ||_1_25_2,§)d8
0

1 So+B+Atd

+ Ot g — |y, + (€2 (Chy + Gy +1) + 6C3)C(Chyr, Gy, 15|, lluoll )

t
+cxca”éa{/<t—rrw
0

+B+4n _
(lug — willrj2—so + [lug — wgllsClluglls + [laglls)

3/2+46/242k

t
+ Hug’ﬁ—Tf’ﬁlll/m)dr+C(C€v,C€v)(/0 (t =) 2 |G (r) = G(r )Illgb/é 5/2—nlr) "
S(™2(La + 1) + 005 ) (llug — w5 (O + lluo — 5 (0)|-2) + (L2 + 1)||ug — uf(0) — (uo — @5(0))]|-

t
4R Ly, L) [ (8 5) IS 0 B 58— g

0
[ — @l ([ l5 + [|a#5))ds
+/3+ +3
+ L2t4 . z t6+z+nHuati E’ﬁHl/ngg + (EH/Q(LQ + L3 + 1) + (SCI‘?V)C(L, Ll, LQ, Lg)

3 6+B+4H

t
+ﬁww0@%gq/@_m>4 (I = @ s + 0 — @5 (a5 + 2]5))dr
0

3/245/2+2k

t
0O, L) ([ (0= o) T =
0

_ _ 1 1-b
+ luF = @ ([Ju s + |l ls)] o dr)

(3.41)
where we used the condition on f to deduce —3/4 —§ — 3/2 —3k/2 > —1, UH# <0+ zand
d+2z+kK— % — 2k > 0. Hence for Ty small enough and Ty < 71, A 77, A p7, A p7, there
exists some 6 > 0 such that

sup 77wt (t) — (1) |14

te[0,11]

S (L + 1) + 6C5 ) ([|uf — w5 (0)| = + [lug — @5 (0)]|--)
+ (Lo + 1) Jug — @5(0) = (uo — @5 (0)) || = + ("/*(La + L + 1) + 6C5,)C(L, L, Lo, L)
+TOC(L, Ly, Ly, Ls)( sup 755 |ust — 04|y gy s + sup 2 [Just — a5%5),

t€[0,T1] t€[0,71]
(3.42)
By a similar argument as (3.42) (3.16) and using (3.28) (3.38)-(3.40) we also obtain that for
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0<br<1l—2—46

sup #555 e e) — a0

SE(Ly + 1) + 005 ) ([[ug — ui (0)]|-- + [luo — @5 (0)]| )
+ (Ly + 1| Pug — u5(0) = (Pug — @5 (0)) || + (£"*(La + L3 + 1) + 6Cyyy)C(L, Ly, Ly, Ls)
+TOC(L, Ly, Ly, Ls)( sup 745wt — a5y gy s+ sup £ 2 [ut — o)),

tel0,1y] tel0,11]
(3.43)
Combining (3.42,3.43) we deduce that for 77 small enough and Ty < 71, A 75, A pZ, A pZ,

sup (177 Jutd — |y g+ uSH(E) — @ (1))
te[0,11] (3.44)

S(LQ + 1)||U8 — U/OH_Z + (65/2([/2 + L3 + ].) + 50‘5;[/)0(117 Ll, LQ, Lg),
which by (3.28) (3.39), (3.40) implies that

sup t6+z+n||¢s,ﬁ - QEE’ﬁH—l—Qé—%@
t€[0,14] (3.45)
<CO(L, Ly, Ly, Ls) ||u§ — uol| > + (£"/*(Lay + Ly + 1) + 6C5,)C(L, Ly, Ly, Ls).

Moreover by paracontrolled ansatz and Lemmas 3.7, 3.8 one also has that

(5+z+n

3
3" (8) = a3 " Ol -- S Y O lus™ + g™ — 5™ —ay|-.Cy
i1,j=1
+las" + @ | K5 — K530
e 2ag" a5 (s a-s) + T — a
which combining with Lemmas 2.6, 3.2, 3.3, (3.17), (3.25), (3.44), (3.45) implies that for T}
small enough, Ty < 7, A5, A p7, Apg, and t € [0,T1]
3" (1) — @ ()| = S(O0C +e**)CO(L, Ly, La, La) + [[u™'(t) — (1) -
S(6C5, + ) C(L, Ly, Ly, Ls) + €™?|| Pug — u5 (0)]|
+[Pug — ui(0) = (Pug — ui(0))]|--

t
" / (t =) TR R (2 G5 () |y
0
167 = 6| -r25ae)ds + || FE — F7 -
1 0, ¢4 —&,i
SOCH + & 4 lug — woll-)C(L, L, L, Ln) + Lots ™4 [[u" (£) — a5" (1) .

Here in the last inequality we used
172 (t) = F=(t)]| -

¢ 3/24+6/2—z+k l<: z
S(e? 4+ 6C5,) (C(Ciy) / (t—s)"" 7 s E ds s%g]s EEE g+ wglls + 1 g+ ug - Cfy)
0 sE
t
+C(C5, C5)) / (t— s) 2 g s sup sTE Jug + uf — (@5 + )5
0 s€[0,¢]

+ 44§+ g — (@5 + 55) |- Cy).
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Hence we obtain that for T} small enough and Ty < 71, A 77, A pZ, A pE,

o (1) — @5 (1)]| . S(6Cs + ™% + |[ug — || _-)C(L, Ly, Ly, Ly).
€(0,77

We can extend the time to 7, A 77, A p7, A pZ, as we did in Subsection 3.2. By a similar
argument as (3.19) and results in Section 4 we get that 6C5, —* 0 as € — 0. Since

sup |a(t) — u(®)]|-- =0,

tE[O,TL/\ﬁi3]
we obtain that if ||uf — ug||—. — 0,

sup |us(t) — u(t)||—. -0, =0
te[0,7LATE NPT, AP

Proof of Theorem 1.3 It is sufficient to show that for every e >0, L > 0

lim P( sup ||u® —ul|-, >¢€) =0.

0 ielo)
We have the following estimates:

P( sup |[u® —ull-, >¢)
tE[O,TL}
<P( sup |u® —ul||l—. > €) + P(1. A pL, Apr, > 71,) + Pl > pZ,) + Pl > pr,)-
tE[O,TL/\Tzl/\pELQ/\ﬁ‘zB]

The first term goes to zero by above proof. Also for L; > L + ¢

P(ruApi, AP, >5) S P( swpluf . > o),
te[0,7LATE AT, AP ]

which goes to zero by above proof. The last two terms go to zero uniformly over € € (0,1) as
Loy, L3 go to co. Thus the result follows. [

4 Convergence of renormalisation terms

In the following we use notation X, X to represent u;,#; in the calculation respectively and
2 3
f(k) = (2m)72 [ f(x)e*dx for k € Z3. To simplify the arguments below, we assume that

W (0) = 0 and restrict ourselves to the flow of Jps u(x)dz = 0. Then
X0 = / Y PRPE HAWP = > X['(k)e
=1 kez3\{0}

is a centered Gaussian process with covariance function given by

| 3 PRl (2
Sei S g B e e

i1=1

P ()P (b),
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and X,(0) = 0, where e;(z) = (2r)3/2ew* z € T® and P (k) = 6;, — k‘k’“‘; for k € Z3\{0}.

Moreover, X;* = ffoo 2?1:1 PP HAW™ = 37 s oy X:"'(k)ey, is a centered Gaussian
process with covariance function given by

ES LYy e —| k|2t s|h ck B .
BIXE () X5 ()] = Lssrco S G
i1=1
and )?t(O) = 0. We also have for t < s
oesi e WP=Op(ek)? .
BIXE (1) X5 (K)] = Tiw 02 T ) P ),

and for t > s

A o—IkI2(t=s)f (k) )
B[X7" (k) X5 (k)] = mk/:oz TR )h(if) P (k)PP (k).

i1=1

In thls sectlon we will prove that for 7,1y, j, jo = 1 2, 3 uiz — 5" — 0in C([0,T];C 1/2 5/2)
o ug? —u1 oui]—>01n0([OT]Cl‘s), Youy! —ait 0wy’ — 0in C([0,T];C 9,
ugl ouy’ —uy" ouy” — 0in C([0,T];C70), WOO(ugi,ui ) — 7r0<>(u3l,u1 ) — 01in C([0, T] -9,
Too(P™ DEKST u5??) —mo o (P D; K9, 177) — 0in C([0, T;C~°) and mo o (P DKM uf??) —
Too(P™ D; K0 057%) — 0 in C([0,T);C7%), as e — 0.
Now we introduce the following notations: ki , = Z?:l k;. To obtain the results we first
recall the following two lemmas from [ZZ14] for our later use:

Lemma 4.1 ([ZZ14, Lemma 3.10]) Let 0 < I,m < d,l +m — d > 0. Then we have

> e S T
|k1|l|k2|m ~ |k|l+m—d
kl,kQEZd\{O},kl-i-kQ:k

Lemma 4.2 ([Z2Z14, Lemma 3.11]) For any 0 <n < 1, i,7,l = 1,2,3 we have

’e*\kaQ(H)kizpjl(k12) _ €*|7€2\2(t*5)képﬂ<k2)‘ < ey 7]t — 5|72

Here PY(z) = 6;; — £822,

|=[?

By a similar argument as the proof of Lemma 4.2 we have the following result.

Lemma 4.3 Forany 0 <7 <1,1,j,01=1,2,3 we have for |ekl,| < 3L, |eki| < 3Lg
le ~[k12|?(t=5)f (ki) i, (5k§2)}5j’(k:12) — 6—\k2|2(t—s)f(sk2)k;‘g(6k;)pjl(kQ)| < k||t — 5|7 M/2,

Here P¥(z) = 0;; — -t

|=[?
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4.1 Convergence for uj — uj

In this subsection we consider the convergence of uj — uj.
For t; < t5 we have

E|A[(ui"(t2) — a7 (t2)) — (ui"(tr) — a7 ()]

1 4 —[kI2f(ek)lta—t1]  9p—|k[2f(ek)[tz—t1]
<57 002k h(ek)2| g — — o + 5
- k|2 f(ek)  |k[>(f(ek) + 1) k|2 f(ek) k[2(f(ek) + 1)
1 9~ kI [t2—t] e kP ta—t] (4.1)
+ o+ —
k]2 [kP(f(ek) + 1) |k
( kD> k[Pt — ] (2n+1) /2
<Ze (29k)h T A P ) < ena@nt D |, — ¢y [1/2,

Here n > 0 is small enough and in the second inequality we used |f(ek) — 1| < ¢lk]|, for
ek'| < Lo, i = 1,2,3, and |f(£)| > ¢; > 0. Then by Gaussian hypercontractivity we have for

p > 1 that . . . .
ENJA[(ur"(t2) = u3*(t2)) — (ui*(t) — a7 (0))]l|7s

N E(|A[(ui"(t2) — a7 (t2)) — (ui"(t1) — @y (1)) (@) [*)P 2 da
<€pn/22q(2n+1)p/2’t2 _ t1|np/47
which implies that for e small enough
E[|[(ui"(t2) — 7" (t2)) — (ui"(t1) — ﬂi’i(tl))ll’;ﬁ/zfﬁ]

<5p77/2|t2 _ t1|77p/4,

Then by Lemma 2.1 we obtain that for every § > 0,p > 1, u5"—a" — 0in LP(Q; C([0, T]; C~1/279/2))
as € — 0.

4.2 Convergence for v ouj’ — @ o’

In this subsectlon we con81der the convergence of u5" ouS”. Recall that uS* ous? = ui'us’ —C5¥
and 7" o @57 = a'as’ — C5Y.
Take
(Ek)? = ns o n
Ce = (2m)7° Z TG il Fa 2 PP R)
=1
and

et = S e

i1=1
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For t; < tq

E|A[(ui" 0 U?j (t2) — uy" 0 077 (1)) — (uy" o ui? (1) — a0 4y (1))

1 4
S22 O ek ek e R e o) TP TRk + Dk 1)
6*(\’61|2f(€k1)+\k2|2f(€k2))(t2*t1) 9~ ([k1[?+k2|?)(t2—t1) 1
20k [kl f (k1) f (k) * K1 [Pk 2(f (k1) + 1) (f (ek2) + 1) " 2|k |?|k2|?
9e— (k112 f(ekr)+|ka|* f(ek2)) (t2—t1) e~ (k1P +|k2[?) (t2—t1)
i B[P (1+ f(ek))(L+ fleka)) 20k [?[kof?
e(ka| + [k2]))*" (t2 — t)" (k> + [Ka|*")

S22 ok A

2n 2n
<e(ty — t1)"/2 Z Z 9(2—%)2M

2(% |2
Pyt [ [ e
<e(ty — tl)n/22(2n+2)q.
Here n > 0 is small enough and in the last inequality we used Lemma 4.1. T hen by Gaussian

hypercontractivity and Lemma 2.1 we obtain that for every § > 0,p > 1, u7"ouj’ —a7"ou;’ — 0
in LP(Q; C([0, T];C 1)),

4.3 Convergence for uj ¢ u5 — uj © U5

In this subsection we focus on uSug and prove that u* ou” — @ ot5” — 0 in C([0,T];C~/279)
for i,5 = 1,2,3. Recall that for 7,7 = 1,2, 3,

<>U2 :uijugz—i_ZuEZl OE”Lle )—Fés’i’il’j(t)),

i1=1

and

—€,j —€,8
<>u2 = u;" Uy .

Now we have the following identity: for ¢t € [0,7T], 4,5 = 1,2,3
ﬂijui (t) —ui’u5’ (t)

CUR D VI SR R Rl VRIS SR SO RIS

i1,i2=1 k€Z3\{0} k123=k
t A . N L A
‘/ ek - K80 () K () K2 (k) ds P (hva) | e
0

3 t ) . —f(€k2)|k2\2(t—5)h( k )2
E § —f(eki2)|k12|? (t—s) Li2\Liz Xl (L € ER2 d
|:/ e g({;‘ 12) 124} s ( 1) 2’]€2|2f(€]€2) S

i1,i2,i3=1 ky kocz3\{0} -0
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t A —ka? hick . . .
_/ 6—|k12\2(t—s)2k2122X§,7,1 (kl)e 2‘]{2’2(5 2) ds :|P111 (klz)Pzzz;;(k,z)Pﬂg(k,Q)ekl
0

e—f(ek)k1*( h(gkl)

3 t
e—f(€k12)|k12|2(t—s) 6]{;2'2 kig Xs,ig k_ ds
Z Z [/0 g(ekB) kX" (ka) IR f(skl)

11,82,93=1 k1,ko€Z3\{0}

t A eIk Pt=s)p (ke . oy .

_/ e*lku\Q(tfs)Zng?zz(k2) 2|k; |2( 1) ds }Plll(km)PllZS(kl)Pﬂs(]ﬁ)ekQ
0 1

=I'+ 2+ 1.

Term in the first chaos: First we consider I — 37 _| X7 C=%1:(t) and we have

11=1
]1;2 . ZX:’Zlca’i’il’j(t) _ ]152 o ]tQ + It2 . ZXta,uCa,z,zl,] (t) + ZX:,zlc_«a,z,zl,] (t),
i1=1 11=1 11=1
where
5 oein DP9 fekin) N e 2
= Xe (k iz (t=) (ka2 iz g () h(cks)?d
t Z Z |: t (1)ek1/0 € 129(8 12) 2|/{Z2|2f(8k2> (5 2) s

11,12,93=1 k1,ko €Z3\ {0}

. t P LR
— X (ky e, / e Mial =)y pin © S h(ek:g)st] P (ko) P (ko) P (ky),
0 2

and as introduction

_ h(€k2> .. ~L A .
€,8,81 j 2\k2| (t—s)f( z—:kg)klz k,ZQ Pml ko) P28 (ko) PI%3 (ko) d
c* ( 2 >2|k2|2f(€/{32) ( 2) ( 2) ( 2) S

ig,i3=1 k2€Z3\{O}

—2|ko|2(t—s) f(cka) — cos(bek?2 h(eks)?
T SIS / | cos(acks) = cos(beby ) i e ek

12,i3=1 ko €Z3\ {0}
P“‘l(k; )P’QZ?’(/{:Q)P”S(kg)d

N “tf(e i is h(eky)?
a+ b Z Z — 2kt f( k2))(COS(5ak‘22) o cos(gbk2 ))W

12,03=1 ko eZ3\{0}
piil (/{5 )P”“ (/f )Pns (]{2)

<27T> — cos(bx*? M st 1213 J%3
%WbZme><b%Wﬁww<wmw

as e — 0, and

_ h(€]€2)2 ~ L
€,1,11 2|k2 (t—s), 1,92 311 391 7 .
Cevivi(f) = (2m)" § Y / T Pt (k) P12 (k) P () ds = 0.

12,i3=1 ko eZ3\ {0}
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By a straightforward calculation we obtain that for n > € > 0 small enough

E[lA, (172 — D)
2
<E{ Z / Ze (279K )er, (a2 — ™) (t — s)(XEM (ky) — X7 (kr))ds ]
11,12,23=1

Z Z 0(2 k1 )en, @i (t — s)(X3 (ky) — X7 (ky) — XO0 (k) + X0 (ky))ds

11,12,23=1 0

21

7Ef|k12|2(t78)75f|k2|2(t75)

2
(&
SR {W( [ S bl el T s
k1 k‘2
en t e~ k12| (t—s)—[ka|?(t—s) 2
— k t—s)"4d
+ |y [2-2 (/0 ;| 12] ’]{32|2 ( s) 3) }

<gNyn—e)/29q(1+2n)

Here

e~ ka2|?(t—s)f(ck2) h(skg)
k2|2 f (eks)

aif”m(t —s) = Z e“kl?P(t_s)f(gk”)kﬁg(sk‘g) pin (hz)pi?i?’ (kz)pm(/@),

k2

—lk2P(t=5) py (ko )2 . a o
aifl%%(t o s) _ Z —|k12]2(t—s) k‘ge |k |2 (5 2) Pul(k12)Pz213(k2)P]ZB<k2)7
2

ko

and in the second inequality we used that for n > 0 small enough

|~ k2P (t=s)f (ehnz) _o—lkual?(t=9)| < o=IkalPer (=) (U A\ (£ —5) 7| f (ko) — 1|7 | k12| ?7) < e F12Pert=9) gk o172,
(4.2)

and 4
l9(ek3) — 1| S lekra|"?, (4.3)

which imply that
e—‘klg |25f (t—s)—|k2|2(_:f (t—s)

a2 ’

(a2 — ag =) (t— )| S " ([kua|"? + [ka| ) |Fera
ko

where ¢y = ¢y A 1. In the second inequality we also used that for n > 0 small enough

E|(X5 (ky) — X5 (k) (XS5 (B) — X775 ()
(

<Ly (BI(X30 (k) — X772 (k) )2 (BN (k) — X7 (k)22
h(ehs)” ka2 ek sy 172 (ERD)? IR 2 (k) (-5) 172
1 — e WalPrern=s)yy1/2 _EM) (g k(R (-
N FEEn ) erer )
(gkl) 2 2 2
SR o e - s
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and by the estimates in Section 4.1

>

E((X3 (k) — X7 (kr)) — (X5 (ky) — X5 (k) (X2 (k) — X7 (k) — (XS (RY) —
Sy (BI(XE0 (k) — X5 (k) — (X2 (ky) — X7 (k1)) [2)?

(B (k) — X (k) — (X5 (k) — X7 (k) [2) Y2
<h(8k1)
™~k ]?

where in the last inequality we used (4.1). Moreover, we obtain that

”‘m

5”|k1|2”|t _ s|’7/4|t _ §|77/4’

3 3
BI|A,(I2 = 30 X Csiind (1) + 37 X Coiini(1) 2
i1=1 7;1 1

t —\k2| f(eka)

5k1 5/@ —q
NZ 201 |2 f (ck k1) { Z Z/ |k’22f€k2

11,i2,i3=1 ko

<€_|k12|2(t_5)f(€k12)k‘gg(ak?z)pm (/{;12) _ e—|k2|2f(6k2)(t—8)k?g(gk;z)pih (k2)> piQis(k2)pji3(k2)

—[k2[2(t—5) L L L L 2
e ‘k ‘2 (e—k12|2(t—5)zk12)2pm(k12) _ e—lkz2(t—5)zk;2p111<k2))131223 (kQ)P]”’(kQ)dS]
2
—k2|?(

ek |" - —s), iz pii
+ZQ QkIQ |1L1|12 l Z Z/ |k‘2|2 ( el )Zkép 1(k12)

11,i2,i3=1 ko

2
e—k2l2<t—8>zk;2ﬁiil(k2)> ﬁizia(kg)ﬁm(k;g)ds} =L + L},

(4.4)
where we used

"k |

BIX7™ (ky) — X7 (k1)? < R

Now we consider
E, = ef\kh|2(tfs)f(sk12)kgg(gkzl'gz)piil (k12) N 67|k2‘2f(5k2)(t—s)kégg(gkéz)piil <k2) .
By Lemma 4.3 we have that if [ekl,| < Lg and |eki| < Lo for i = 1,2, 3, then for 0 <n < 1
Bel S k" (t =)~ 0772,

which combining with the condition on h, Lemma 4.2, (4.2) and (4.3) we obtain that for n—e > 0
small enough

k)

1 t 0 ~ a2 ()
LIS |k1’29(2 %1)(2/0 (£ = 8) " D21 |7 A (= 5)"V2(eV2 kg2 4 £1/2 |y |7/ 26 12l = 9025
kl k2

—|k2|?(t—s)cy 2
e
——ds
| ko | )

</ 2yn=a/4 Z (2 k) < /24(n=€)/49a(1+n)

|7€1!2”7 ~

(4.5)
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By Lemma 4.2 we have for n —e > 0

2| < 5n|k1| —q |k2| (=) n —(1-m)/2 2 <« _nm—enq(1+3n)
k1

which is the desired estimate.
Similarly, we obtain that

3

El|A(I = ) XpRComza(n)) ] < enregat o,
iz=1
where
St e AR 2 g (e) kh(%)k Pt (k) P (ky) P (k) s
i1,i3=1 k>€Z3\{0} (ka2 f(eks)
—(2m)~ Z / cos(az’ )—Cos(b$’2)) Mz P“l( )Pl (1) P (1) d,
R? 8(a + b)[x[*f(x)?

11,83=1

Term in the third chaos: Now we focus on the bounds for I}. We obtain the following

inequalities:

E|A LT
3

'S Z Z 29<2 Z HZ 1|/€|2f Ek‘

t1,%2=14},i4=1 k

(el 00 e g ek ~ ef'kw'“t*@zki%)ﬁ“ (k1z) P (k)

+ Z Z 26(2 Z HZ 1|k |2f 5k

t192=141,i,=1 k

—|k12|2(t s) (€k12)k12 (6]6?2) _ —|k12| (t—s) /CZQ)

dsds

—|k12\ (t—s) (Eklg)kiég(gk%) _€—|k12|2(t—s)zk§22)

(el - eban) g el e-"f23'2<t-§>zk;%>ﬁm<k12>ﬁ“’1<k23> dsds

+Z ZZ@ 279k)>2

i1,i2= 1’L ’L—]_ k kio3=k

—|k12]?(t— S)kh —[k12[?(t—5 kQPm(le)Pul(kl?)

E'[(z X2 () K2 (ko) K (k) — < X2 (k) K (h) K (k) )

~

(- RE(k) X2 (ko) X (s) + — : XE(k1) X2 () X5 (ks) 2)]|dsds
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—\k12| (t—s klg —|kag |2 (t— s)klz P“1<k312)Pul(k'12)

+§:§:Zﬁ 279k)>2

i1,02=14],i,=1 k k123=k

E\c K5 () X7 (k) K2 (k) £ — X'z(kl)ff (ko) K3 (ks) )

(- K2 (k) X2 (ko) X5 (k) : — = X2(ks) X2 (ko) X7 (1) o) |dsd

=J + P+ TP+ T
where we omit superscript of X¢ in J3, J* for simplicity. By (4.2) (4.3) we have for n > 0 small

enough
1 t"]’k12‘77€77
1 < —q el =
Jt NZH lf Z Hz llk ’2 |k12’2 2n
k ki23=k
then
< 0(27%)
X0 Y i
123
<t77€772q(1+i’>77)7
and

t77577
2 < —q
J; NZQ(Q k) ka et 12 |2 o |2 [ oo | L3772 g | = 501/2
—

k
SOWLERLIDY ) Y )
TS i Rt a2 Rs 2 R[22 7 o R P ol 2 a7

<£_;7175772q(1+377)7

where we used Lemma 4.1 in the last inequality. Since

( X§<k1>X§<kz)Xf<k3) P~ f(é(h))@(@) £(ks) )|
S(E| = X2 (k) X2 (ko) X (Rs) =+ X2 (k) X2 (ko) X7 (Rs) - [2)12
(B : X2 (k) X2 (ko) X5 (k) = — 2 X (ko) X2 (ko) X () < |2)Y/2
- 1 (4.6)
~ 8|k’1|2|k2|2|k3‘2f(5k1)f(5k2)f(5k3)
2 1

N |k1P|ké|2\k3|2(1'+(f(€kh))(1'*.f(gké))(1-+(f(€kh))-+-8|k1P|k2P|k3P
< (elka]) + (elka|)" + (el s[)"
~ |Fer [2[ o |2 [Fes |2 ’

we have

3 (elk1)" + (glkal)" + (elk3])"
TP 07%) Y I 1|k|2

2-2
k123=k |k12| n
e men
5 027 % + ) § 7571(‘5772q(1+317)7
g ( )/ﬁ;k (|k3|2|/€12|3_3’7 e |21 Feyo 320
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where we used Lemma 4.1 in the second inequality. By a similar argument as (4.6) and Hélder’s
inequality we have

_ 1|y |7+ k| + | k3]
JE<N 027k
t N; ( >k12§k ’kl’2‘/{2|2’/€3’2|k12’17”’]€32‘1777

B Lo R 1 YRS [ (R [ R )
<13 02 0k p 112
1202 T BRI 2, T PRPTR TR

k123=k k123=k

<5ntn2q(1+3n)7

where we used Lemma 4.1 in the last inequality. By a similar calculation as above we also
obtain that there exist 1, €,y > 0 small enough such that

El|A(u5" o ui? (t) = uy" o ui? (o) — 3" o @y (1) + @5 0 a7 (12))[%] S €7[ty — tof 1200479,
which by Gaussian hypercontractivity and Lemma 2.1 implies that for ¢y > 0 small enough and
p>1

E[l[(uy" o ui? (t) — uy" o u (o) — 5" o @y (1) + @5" 0 @57 (£2)) [p-1/ae/ocg-a)
SE[[(ug" o ui? () — uy" 0wy (t2) — 5" 0y (th) + " 0 4y (2)) 17120
p,p
<5m/2|t1 _ tz]pn/Q-

Thus for every i,j = 1,2, 3, we choose p large enough and deduce that for every 6 > 0,p > 1,
uy' o uy? — a5t ou;? — 0in LP(Q; C([0,T),C~1/279/2)) .

4.4 Convergence for my(ug”, ui”) — mo(ug", u;”°)

Now we treat mo(u3;°, u7”°) and the estimates for mo(u3™ —u3;®, u7”®) can be obtained similarly,

where (9, — AJug) = —13°7 | P Zj.lzl Dz (u5™ o ui”"). We have the following identity:

7
. . . . 1 o
%0 ,,&,J0 —£,00 —€,J0\ __ 1 5 6
7T0(“31 ) Up )_WO(U31 ") = 1 § L= -15),
=1
where

]tl :(271')_9/2 Z Z Z Z 9(2_1k123)9(2—j]€4)/ dS|:e—|k123|2(t—5)f(61€123)/ :Xg,iz(k,l)

keZ3\{0} |i—j|<1 k1234a=k i1,i2,i3,j1=1 0 0

X (k) X0 (k) KPP (k) : € PRy g ki g (ehly) — e P09 [ X
0

X5 () XS (Jog) X790 (Ky) e‘k12|2(s_”)dazk§§zk{§3} P2 (1) PO (g e,
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3 . .
Itz :(27()_9/2 Z Z Z Z 9(2_ik123)9(2_jk1)|:/ d86—|k123| (t—S)f(ak:ms)/ :Xi’ls(lﬁ)

kez3\{0} |i—j|<1 kaz=k k1 i1,i2,i3,j1=1 0 0

_‘kl|2(t—0') Ekl h( k’ ) ‘ t
€ c 2 2
kB q(eki ) kI kL eIkl (s—o) f(eki2) g 5 _/ dse~ k123 (t—9)

2|k1[2f (ek1) 159(ek) kb9 (chizs)

0
s ~ ~ |]€1‘ h k )
e L T

0 1

Xﬁ’jl(k?:a) :

3
D P (kg ) PR (k) P2 () P (o) e,

i4=1

3 ; .
[t?’ 2(27r)_9/2 Z Z Z Z 9(2—%123)9(2—jk1){/0 d86_|k123|2(t_5)f(5k123)/0 :X?iz(]@)

keZ3\{0} |i—7|<1 kaz=k,k1 i1,i2,i3,j1=1

—|k1|2(t—0) f(ek1) h( k ) ‘ t
e e 2 2
ki3 g (ki3 kL, g(ekiL, e kizP(s=0)f(ekiz) g / Jse-lasl?(—)

2| k1|2 f(eky) 139(ckib) 1539 (ek153) _ 0

s 2~ ~ |]€1‘ h k )
/ X5 (k) X3 (K3) ‘ ol |2(8 )* ik Bk] e k2] (s“’)da}
0 1

Xsa’jl(k?:a) :

3

Zpi?’“(kl)pjo“(lﬂ)piliQ(kflz)pioil(k123)€k>

i4=1

3 ; .
[;1 :(27r)_9/2 Z Z Z Z 9(2_%123)9(2_%3)[/0 d86—|k123|2(t—5)f(5k123)/0 : X5 (k)

keZ3\{0} |i—j|<1 ki2=k,k3 i1,i2,i3,51=1

—|k3l2(t—8)f(6k3)h( ks)? , . t
e ER3 —\k12|2(s—cr)f(sk12)d i3 i3\ 771 1 / —|k123|2(t—s)
e ok g(ekiy)kibsg(ekiss) — | dse
2| ks 2 f (cks) 19(ckis) 1239(€k133) ;

s . A —lksP(t=5) b, (2 ez )2 ) o
/ XS (k) XS (k) - = 2/k |2(6 o) -t (S“’)dazkgzkﬁ:%}
0 3

X2 (ky) -

ZP]”‘* ki3) P10 (ki3) P12 (Ky0) P (K3 ) ey,

ta=1

3 ; .
IEECZ D DD U D 9(2—%1)9(2—%4){ /0 dse~ k1l (t=5)F (k) /0 L X2 (k)

k€Z3\{0} |i—j|<1 k1a=k k2 i1,i2,i3,j1=1

6*\k2|2(sfa) f(eka) h(€k2> ) ' ] . '
—|k12] (S—U)f(ekm)d ki3 JRERY %3 L
e g 9 19
2|ko|? f (cks) 159(eki3) k1 g(eky')

¢ 2 Soa A —|k2\2(8—0)h L 2 , ' '
—/ dse*““l (ts)/ :X;:,lz(kl)Xf,JO(k4) : € 2|k- |2<€ 2) e*|k12\ (sg)dalkg”{;{l}
0 2

Xt&jo (]{54) :

Z PlBM P]114 L )piu’z(ku)pioh (kl)eka

ta=1
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17 = 2m( Z / PE_ Pt D5 X520 (5)ds, X{P),

11,12,J1=1

3 t s
F=en™ ™ >3 > Y > 9(2—%1)9(2—%4){ /0 dse” kPP (t=5)f (k1) /0 - X208 (Jy)

keZ3\{0} |i—j|<1 k1a=k,k2 11,i2,i3,j1=1
_ 2(g—
e |k2|?(s—0) f(ek2) h(€k2>

Xa’jo L) - e \k12|2(s—a)f(sk12)d0ki3 Ekis kjl €k:j1
t ( 4) 2|l{32|2f(8k32) 129( 12) 1 g( 1 )

! —|k1]2(t—s ° e €, €—|k2|2(s—0)h<€k2)2 — 2(s—0 i 1

— /0 dse~ k1l (=) / X (k) X7 (ky) - o e~ Ik2l( )dmkgzk{}

Z PZQM P]124 L )piu’z(km)pioh (k.l)ek’

i4=1

I8 = 27 Z / Pp PO DS XSRCH2 (5)ds, X770,

11,02,J1=1

- —i —J t so|k2l?(t=5)f (k) ’ h(cki)*h(cks)?
Y Z 0(27k,)0(2 kQ){/d k flek /4]k1|2|k2|2f(5k1)f(5k2)

[i—j|<1 k1,k2 i1,i2,i3,j1=1 0 0

e—|k12|2(5—0)f(6k12)—|k1\Z(S—U)f(akl)—llm|2(t—0)f(6k2)dag(5ki3é)k%kglg(gkgl)

t s 2 2
— / dse Rl (t=2) / hlek) hichs) elk122(so>|k1|2(so>|k2|2(to>dazki‘°’2zkél}
0 0

4|k |? | K|
3 A A A A .. A .. A .. A .. A .. A .. A .
Z (Plgu(k'l)P]lM(kl)PwZE’(kfg)P]025<kf2) + P”M(k‘l)Ph“ (kl)pmm(k?)pmm (k’Q))PZm(k‘lz)Pm“ (k’z)
i4,i5=1

First we consider I/: by simple calculations we have

3
-6 Z Z Z 0(2—ik2>0(2—jk2)Pi1i2 (le)PiOil (kg)
[i—j|<1 k1Ko i1,12,i3,51=1
& ® > rS al a A A N
Z (Pi3i4(k1)Pj1i4(k1)Pi2i5 (k2)Pjoi5 (/fg) + Pi2i4<k1)Pj1i4 (kl)Pi3i5 (kQ)PjOiS (k2))
14,i5=1
[ h(eky)?h(eks)?

Alky |2 f (eka) [ko|* f (ko) ([k1[2 f (k1) + kol f (ko) + [ki2| f (ek12))
1 — e~ 2lk2l*f(ek2)t
2|kl f (ck2)

h(€k1)2h(€k2)2 i i 1 — e_2|k2‘2t
o 2(% |2 2 2 stk (———
Afky [2[R2 (1R ]2 + K2l + |K12]?) 2|k, |

kg (ekiy) k) g(cky)

¢
_/ dse—Qlkz\2(t—8)f(€k2)6—(\k12|2f(5k12)+|k1\Qf(€k1)+|k2\2f(€k2))5)
0

t
_ / e 2ol (=) = (hral i +lkal)sy |
0
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Let
CHo (1)

3
=m0 > > D 02 k)02 T ko) kg (ki) KD g (kD) PR (hg) PO (ky)

li—7|<1 k1,k2 11,i2,i3,51=1

h(eky)?h(eks)? 1 — e 2k2l*tf(ck2)
Alk1 |2 f (ko) |a|? f (ko) ([k1 |2 f (k1) + [kal2 f(eka) + k12| f(eki2))  2|k2|? f(ek2)
3
Z (Pi3i4(k1)Pj1i4(k;l)pi2i5(kz)pjois(kz) + pizu(kl)pjlu(kl)pmis(kQ)pjoi5(k2)>’
14,05=1
and
Cio(t)

3
i U h(eky )2 h(cks)?
=(27m)7" 0(27 " k9)0(27 7 ko )rk3 0kl P2 (kyo) P (K
( ) |i—JZ|SIkIZk2i1,i2§J11 ( 2> ( 2) e ( 12) ( 2)4|k1|2|k2|2(|k1|2 + |k2|2 + |k12|2)
3

1 — 672|k2‘2t

2|k |2 (ﬁ)i3i4(kl)pjﬂlx(kl)pi2i5(k2)pjoi5(k2) + pi2i4(k1)pj1i4(k1>pi3i5(k2>pjoi5(k2)) — 00,
2

14,i5=1

as € — 0. Define
€,10J0 —&,i0j0 .__ 77 €,50J0 ~E,10J0
et — ot =1 = O™ = O™,

where ¢°, ¢° correspond to u®, u® respectively. Then for every p > 0,7 > 0 we deduce that
S kisks' g(ekip)g (ks
7 IRl F (k) ka2 [ (ko) ([Ra[f (eh) + [kal* f(eha) + |Rrz|* f(ehkiz))
ki3kd!
Rz P (|1 [? + |Ra > + [Fr2[?)

€,10,70 —g,i

|9011 - 80110j0| 5

t
/ o~ kol (26— F (ko) +In [P (k) 1o s f(k2)) g _
0

t
/ kol @t—s) il Pslhaals) g
0

SENY = < P2,
S 2 e S

Here r > 0 is small enough such that 2p > r > 0. Similarly, we can also find similar
Clas ¢l2, Pla, Chy for ug — uz and satisfy similar estimates as ¢f; and ¢f;. Now define CF =
Ch + Chy, 91 = ¢11 + @iy, O = Cfy + Oy, ¢1 = @11 + @1, where we omit superscript for

simplicity.
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Terms in the second chaos: We come to I? and have the following calculations:

E|A I[P

> > > > > 02 kios)0(2 7k )0(27 Kpsa) 027 k)0 (27K:)?

kez3\{0} |i j|<1 \i'—j’|<1 kag=Fk,k1,kaq i1,i2,i3,51=1 4} ;i i} ji=1

s)f(ekiz 1 —|k123|%(t—s 1
{H? 1|k|2f 51{: / / d5d3| ~lhuzal (o) (ekzs kasg( ki53) — e IFzs (2 )@kizs)

( —|kasa|? f(eka3a)(t—5 k§34g( k;§4) _€—|k234| (t_§)1k3%4)} /5 /s do_da_e_‘k;l|2f(ak1)(t—a)—\k;4|2f(ak4)(t—6)

(6—(\k12| (s—0)f (ek12)+|k24|?(5-7)) f (ek24)) |k24k‘12| + e~ (k12| (s=0) f(ek12)+|k3a|*(5-5) f (cksa) )|k:34k:12|)

1 , o
+ dsdse—Ikzs?(t=9) . | o= lk2sa2(t=5) . / / dods
|k2|2f(5k2)|k3|2f(5k3)/0 /o [Fazs| [z -

kiR t—0) k(o) |k f(eka)(t-8) o~ lkal2(t-0)

k1|2 f (k1) |1 [2 |Ka|? f (eka) |Ka|?
(e —(|k12|2(s—0) f(ek12)+|k2a|? (5—5)) f (ekas)) \koakiio| + € (k12| (s—0) f(ek12)+|k34|?(5—5)) f (eksa) )|k34k12|)

+H4 1|k| / / dsdse*\klzsl (t—s |]€12 ’67\k234\ (t—3 |/€234’/ / dadaef‘kl (t—0)—|ka|2(t—5)

( —|k12‘ S o)f(aklg k,23 ( k/ﬂigg) _ |k‘12| S— U)k,z?,)

|
(e R0 g ek — ae PR (e OO R g ) — e )

|/{Z | |/€ ‘2/ / d3d56*|k123\ (t—s) ’k12 |e*|k234| (t— S)|/€234|/ / dodse™ k1|2 (t—0)—|ka|2 (t—5)
1 4

k12l (s=o)Hkaa*(5-0) |/<724k12|E‘( X2 (ky) X2 (ks) : — : X (ko) X (ky) )

/\4-

(: Xe (k) X2(ks) : — = X& (ko) X2 (ks) : >‘+e-<"m' (5= ks PG00 | g oy |

E'(;Xg(kz)f(;(kg):—:)?i(kzﬁ?i(kg):)(:)?é(ks) X (ko) : =+ X5 (ha) X5 (ko) >m

> > > 02 hias)0(2 7 k)0(2  ksa) (27 Kea) (27 k)

keZ3\{0} |i—7|<1,]i" —5|<1 kaz=k,k1,ka
t1(|ek1s|"?|ekasa|™? + |ek1o|?|ekoa|"? + (|eko|? + |eks|V?)? + |eky |2 |eky|??)
(Ko |2 (K3 2[R 2 (|1 | + [Fros|) 1 ka|? ([Ra] + [Kaza ) (|Ka] + [Foa|) (|| + [Fr2])
t7(|ekizs |2 ekaza|"? + |ekio| V2 |ekaa |V + (|eka|V? + |eks|"2)? + |eky|7?|cka|V?)
(Ko |?[Ks [ 2 (|1 | + [Fros|) 1 ka|? ([Ra] + [Kasa ) (|Ka] + [Fsal) (|1 | + [F12])

) ¥ tn t"
<N 2*(177776)z 2—(1—71—6)@ f(2- k)2
=P (Z 2 R T e e e

kez3\{0} * qzi qs? ka3=k
. y t"
2—(1—37]/2—5)1 2—(1—37]/2—6)’L (2~ 2 < gnthq(3n+26)’
> 2 2 Y R ) <
q<i q<i’ kos=k

o4



where 7,¢ > 0 are small enough. Here we used (4.2) (4.3) and the following in the second
inequality

B X2 (ko) X2 (ks) : — : X (ko) X (ky) : |2

1 2 1
< - +
Alko|?|ks|? f (ko) f(eks)  [ko|?|ks?(f(eka) + 1)(f(eks) +1)  4]ka|?[ks|? (4.7)
<(\<‘5’<?2|"/2 + |eks|1/?)?
~ | Ko 2| K3 |? ’

and we used Lemma 4.1 in the last inequality and q < i follows from |k| < |kjo3| + |k1] S 2°
and ¢ < i is similar. For I} we have a similar estimate.

Now we deal with I} — I} + I} + 457 _ ug™ Coioindo(t) — 4377 a5™ Cioivdo(t) with

3 t
CORIDIND MDD DI LR o1} AR R IR

kezZ3\{0} |i—j|<1 k12=k,k3 i1,i2,i3,j1=1

. . t *\kslz(t*S)f(Eks)h( k3)? .
7 7 — 2(¢— € ER3
k?fég(€k)132)d0'/o dse™ Pzl (1=e) (ohizs) 2(ks 2 f (cks) k1539(ekiss)

o A , t —lkslP(t=5)(cka)2
_/ XS () X5 (ky) - elklzz(ta)zkgda/ dsef\km\?(tﬂ)e (cks) klbs
0

2|ks|?
Z PJ124 pJ014(k3)Pi0i1 (k123)pi1i2(k712)6k7

and
o . t —2\k3|2(t—8)f(5k3)h k3)?
JOILEEY ]o _ sz 2 jkB)/ dSe — ; (5 3)
ZP““ P (k) g ey P (k)
i4=1
27T —2|k3|2(t s)f(eks) h(Ekg
dS lel4 PJOM k k,h k,h onzl k
ZZ/ NS Z )PP (k) g o) P ()
3 J1= 4=
cos(az?') — cos(bx?))h(z)? 4. L L
2 PJ114 P]014 PlQ’Ll d O
) hzmzl/ 8|x!4f 2)2(a + b) (z) (z) (z)dz, €—0,

where in the second equality we used that 6(27%)0(277-) = 0 if | — j| > 1, and

o , £ —2lks|2(t—s) 2
Cs,zo,ujo Z ZZ _Zk’g 2 Jk?g)/ dse h(ekg)
0

2
li—j|<1 ks j1=1 4|k3|

Z Phu PJOM(kg)zk‘]le“(k: )

ig4=1

=0.
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Let

3

ks (131 (k) y (o g2 o
, _ —|k 2(t—s)f(ek € ER3 1017
Ck5213 ks(t - 5) - § :e s " (=) (ehrzs) |/{:3|2f(6k3) /{5{239( k{123)P0 1(k123)

=1
and

—|k3|?(t— h( k )2 o
7 _ s € ER3 ini
Ck1j213ak3 (t=s) Ze e | K3 |? 1k P (k123).

11=1

Since by (4.2) and (4.3) fort > s> o

el g iy — e afo oyl — e Ehin ) gy + ¢ ey

Skl A (t = 5)1 2 koo IFr2l =) |y
Slek|"(t — 5)1/4|k12|3/26_|’“2|2(8—0)5f

Y

we obtain that for € > 0,7 > 0 small enough,
E|A (1 = I)?
2. > > 0(27k)20(2  kas)0(2 ks )0(2 " kr2a)0(277 kia)

kezZ3\{0} |i—j|<1, \i’—j’|<1 k12=k,ks k4
7.71 7.]]. ’-]l 7-71 _ 3
[ / ds/ ds Z k123,/€3 k1237ks)(t S)(Ck1247k4 Ck124,k4)<t 3)

]17]1713713—1
[/Os do /Os d&|(ei|k12|2(5*0)f(€k12) _ e*lklz\Qf(Eklz)(t*U))(€*|k12|2f(€k12)(§*5) _ e*\k12|2f(€k12)(t*5))’|k12|2

1 /t /t 2 2 _ 1
S do d6_6—|k12\ f(Eklz)(t—0)6—|k12\ f(ek12)(t—5) L 2
PP TR
ds ds ckf;s,k?) (t — 3)5271]214,1@4 (t —3)
J1,g1=1

[/O da/o d5|(e—lklz|2(S—0)f(€k12)g<€k11'32)ki?,2 _ e—|k12|2(8—0)lki32 _ €—|k12\Qf(eklz)(t—ff)g@kll'sz)ki?é

+ €_|k12|2(t—o)ki32@) <6_|k12|2(§—6)f (ek12) ( klg)k _|k12|2(§_6)zk11-32 B 6_|k12\Qf(eklz)(t—(?)g(gkzl'%)kg
+ €_|k12| (t—& k?12l)| 1 + / dO'/ da.|(6—\1912\Zf(eklz)(t—g)g(gk%) _ 6_|k12|2(t_‘7)2)
| Koy |?[Foo |2 _
_ 2 . ; 1
(6 |k12]? f(ek12)(t )g(€k13,2> _ \k12| )||k’12| W
+/ da/ (e 6_‘k12|2(5_”))(e‘|k12| (t=2) _ @—|’“122(5—"))H/€12’2w]u
C R
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2. DD BETRHR TR k)P k)02 )

keZ3\{0} |i—7|<1,]i' —5'|<1 k12=k k3, k4
t2((|ekas| "> + |eks|"?) (|ekroa ™ + |eka|"?) + |ekia]" + |ek1]" + |eka|")
|K1o| [ [?[Ka || 3| 2| ka2 (|Fr2s|? + |Fs|?)3/47¢ (| k12a]® + |ka|?)3/4

- 1
Sgﬁt% ( 2—(z+z )(1/2—3e—n/2) 0(2
22 2 2 MR e P

fISi QSi’ k  kio=k
ki "+ k2| 4 |Ki2|"
92— (i+4")(1/2—3¢) 9 | 1
2.0 DIPILe: PITEINE
gt q<i! k kis=k
<€nt262q(66+7}) )

Here we used (4.2) (4.3) and (4.7) in the second inequality and we used Lemma 4.1 in the
last inequality. Moreover, by similar argument as (4.4) and (4.5) we obtain for 7,e > 0 small
enough

|A I4+4Zu621 Cslolljo 42—811 062021]0))|2]

i1=1 111

h(cky)?h(eks)? { /t e~ Ikl (=) f(eka) b (e fg)?
0277k
”Z Z LRI \k12|2 Z 2, 2027k |ks|* f (eks)

i1,J1=1 |i—5|<1 k3 0

(02 _Zk‘m) iz =) Eha) g2y (k] ) PO (Krgg) — 0(27 keg)e P ERa) BTt g (1) Pio (ky))ds

—|k3]*( h(cks
CX Y Swery [

li—j|<1li1,51=1 k3

2
(0(2 ygy)e o1zl =) it Pivin (o) 921y )eMhal*(t=9) If’iOil(/fs))dS}

lekia|" + |ekr|" + |5k2]’7 [ /t e ksl (t=s)f(eka) b (e fog)?
+ 6(2~ Ik
Z Z |1 |2 k2|?|Fo12]? Z Z ) |ks|?f(eks)

k kio=k li—j|<1 ks 0

2
(0(2 Krgg)e™ sl 0k, POt (Ryg5) — (27 hg)e 1Rl =)t P"“’l(/@,))ds}

h(eky)?h(eks)? /t e ksl (t=5)¢s y (g )2 >
9 27k kqiol“"
S2 Z PRI [ 2 20Tk Tl i kg M2

li—j|<1 ks 0

1

2
(t — 3)*%2") A(t— S)*%(gn‘k123|ne*5f\k123\2(tfs) + 5’7|k3\")d5}

|5k12|n =+ |5k1|n + |5k2|n { /t €f|k3\2( s) f(eks) h(ekg)
+ 9 277k
Z Z |1 |?| k2| | K12|? Z Z ) |ks|? f (eks)

k kio=k li—j|<1 ks 0

2
|k12|77(t — S>_12nd8:|
<ehe2?n,

Here in the first inequality we used (4.7) and in the second inequality we used (4.2) (4.3) and
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by a similar argument as Lemmas 4.2 and 4.3 we obtain similar estimate for the corresponding

terms.
.. 4 €,i0 €40 . £,J0 —€,i0 —€,00  =€,J0
Similarly, we have for I} of mo(u3™ — u3y®, ui”?) — mo(u3™ — a3y, u3™)

E[|A, 14+4ZW1 YOOI 2] S eneoian,

Ji=1
where

€_2|k3|2(t_5)f(6k3)h(ek?’)Q

Gpivavo (21 02 )02 k) [ d
t T4 Z ZZ (27ks)0( 3)/0 § ks 2f (eks)

[i—j|<1 ks i1=1

> P (k) P (k) K] g (k5 ) P (k)

T4

e~ 2kslPE=9)f k) y (g)2 L . o
Pll 4 k PJ014 k k]l Skh onzl k
%?;/ T Tl 3 P PR ) o P ()

i4=1

cos(az?) — cos(bx?)A()? 21i,  \ Bioia .y piois
Sem Yy / 8!x|4f EECE I

i1=114=1

Now we consider I? — I? + I? — I? with

3 t A ,
=0 >y > > > 9(2—%1)9(2—%4){ / L X2 () XE0 () - e a0 (o)
0

kezZ3\{0} |i—j|<1 k1a=k k2 i1,i2,i3,j1=1

kel (s=0)f(ek2) (g )2
2|ka|? f (k)

)6,‘k2|2(5,0)h(6k2)2
2| ko |?

s tA, B
Hg(eh)ds [ de ot @mw@—/:xw%mﬁwmw
0 0

€—|k1\2(t—5)lkj{ld$ /S da€—|k12|2(3—0 Zl{ig} ﬁ)ilm Z Plsm Pj1l4 k )pioh (k1)6k7
0

ig4=1

and

3 t A ,
=0 Y > > > 9(2—%1)9(2—%4){ / L RO (k) R (ky) : IRl (eh)
0

k€z3\{0} |i—j|<1 k1a=k k2 i1,i2,i3,j1=1

- ~ s ) —|k2|?(s—0) f(ek2) Vh(ks)?
ki g(eki* dS/ doe™ k2| (a=0)f(ck2) £ 2 k’”’ kls / XHQ k1 ijo ky) :
1 g( 1 ) 0 2|]€2|2f<5k32) ( ( ) ( 4)
, . s ) —|k2*(s=0) py (ke 1. 5.
e BP9, ot g / doe— kel (=) € T |2(€ 2)’ zkg]P“’?(kz)ZP%“(kz)PW(kQ)Pm“(kl)ek
0 2 ia=1
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3 t
=@2m) ™2 Y Y > Y 027k k) / L X (g ) XE (Joy) e A 9) (o)
0

kezZ3\{0} |i—j|<1 k1a=k,k2 i1,i2,i3,51=1

—|k2|?(s—0 k 2
ki g(ek]")ds / " dre—thal ek € DT h(ehy)

i el fleks) 2 9ER)

f)ilw Z Pl314 PJlM k )pioil (kl)ek

4=1

27T —3/2 Z Z Z Z 9 —Zkl 2 jk4 / XEZQ X ]()(k) e—\k1|2(t—s)f(£k1)

keZ3\{0} |i—j|<1 k1a=k i1,i2,51=1
k{lg(éTk{l)Cg’“’w’]l Plozl (/ﬁ)ekds.
Let

—|k2|?(s—0) f(ek2) h(gk ) L
A& ef|k12| s—c)f(ek12) € 2 k3 (ki3 ) Piiz (L
Faa ko (8 § : ka2 (2ks) 129( %) (k12)

19,i3=1

and

3 [k (s=0) (2 kg )
7 —|k12[2(s—0) € (ek2)® in pivi
di (s —0)= > el TNE kst P2 (kag).

12,i3=1

Since by Holder’s inequality we obtain that for n > 0 small enough

B X0 (o) X770 () = = X% () X0 () 2)(: X2 ()X () = 2 X5 () X7 (K 2
1— e—|k1|2|s—a|f(ak1))1/2 (1 — e—lk’ll"’lg—c‘rlf(ek’l))l/?
[ 2K (k) LARLASICHY

a7 | o
—’lek/Hk‘4Hk’4| |S — g|77/2|5 — 0|77/2’

STk =t Ly, + 1k1:k;11k4:k’1)(
S (kg =ty Lrg=ry, + Lay=pt, L=,
and by (4.7)

E(: X2 (k) X5 (ka) : — 1 K22 (k) X590 (ka) 0 — 1 X502 (k) X990 (ky) : + 1 X2 (k) X990 (ky) )
(- R (k)X () - =« Re(R) X0 (K) - — « XE2 (KX () -+« X9 (k) X9 (K]) )

(2Mkr [P 4 €2 k4] *) A (|5 — U|”|/<?1|2”)> 12
Koy |?|Foa |2

S (k= ey, + 1k1_k§11k4_k'1)(

(21K} [27 + 27K *7) A (|5 — o7 127\ 2
FAREAE

ek |2 (k|2 + [kal 2) K712 (1K ]2 + [K5]2)

<(1p, s 14 g Ty =r Liy=r/
N( k1=FK} k4—k4+ k1=k} k4_k1) |k1‘|k/1||k4||k4|

s — o]?4)s — o],
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it follows that for n,e > 0 small enough

E|A(I7 = IP)P
3

> > > > 02702 k)02 T ka)0(27 kY )O(2 7 KY)

keZAN{0} [i—j|<1,|i" —5/|<1 k1a=k,k}| ,=kka, k), i1,i; j1,7, =1

/ds/ ds/ da/ da{ (e kPl R i g k]t ) Pio™ (Ry) — eIkt Ploin (k)|

—|k:’ f(ek)) /{5]1 (6]6]1) igi (k’,) —|k/| (t— S)ijlploﬁ(k;’)‘
(Lermig i+ i i) o AL 1725 — 121, (5 — )iy 1 (5 — )
klzkll k4=k‘£l klzka k4:k£ |k‘1||k‘/||k4||kj/| S o S o k12,ko S g ]{3’12,]6/2 S g
/| LA
|| (t=s) o —[F4 [ (t=5) ||k (1 1 r+1 i1 |1—
+e” R [[B  (Ly =g L=y, + Liy=iy s )\k1Hk’Hk4Hk4\
|5 — |25 = &|"2((df, oy (5 = 0) = i (5 — )iy, 4, (5 — ) — iy 4 (5 — )]
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where in the second inequality we used (4.2) and (4.3) and in the last inequality we used Lemma
4.1 and g <4 follows from |k| < |ky| + |ka| < 2
Moreover, it follows that for 7, e > 0 small enough

E[| A1} = 1))

Z Z Z Z 0(279%)%0(2 ' k1)0(2 k)02 k)02~ k)
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izt bty T L ’“”( 0 0'1“ ! ZGALAA

e Ikal?es(s—0) -z _
/ / \k’2|2 [((s=0)” [E1[27) A (5 — 0) 72 (ko™ + 677|l€12|n€_|k12‘2(5_’7)cf))]

e —|k5|%ep(s—0)

W[((S —o0)”

/ / |]€1||/€,| —&ylk1|?(t—s)—cy|k|? |€/€1|77+|5]{;4|T)+|€k1|n/2|6k/|77/2/ /
EAEAILA

(a-— 2n)

K" A ((s — U)_%(€"|ké|77 + 5”|k’12|"6_‘k G ))}dsdsdada

e~ Ik2[*(s—0) _1ae —|kb|2(5-5)
i Mallls ol 'W’k [Pls ~ ol lasdsdods )
1
et 0(27k) 2" 4+
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where we used (4.7) in the first inequality and a similar argument as (4.4) (4.5) in the second
inequality and in the last inequality we used Lemma 4.1 and ¢ < i follows from |k| < |k|+|ks] <
21,
Terms in the fouth chaos: Now for I! we have the following calculations:
E[| A1)
3

> > > > 0(279%)%0(2 k123)0(2 7 kg )0(277 K3 )0(277 k)

keZ3\{0} |i—j|<1,|i' —5'|<1 k1aga=k, k| g, =k i1,i2,i3,51,1] ,5,1%,51 =1
(Lkey = o=kt ks = ka=k, + Ly =k ko =kl ks =kl ka=k!, T Ly =k) ko=kl ka=k) a=hty T Loy =k ko =/ ks =k ka=k}

Ly =k ko=, ks=kka =k, T Lkr =k ho—k) ka=k/ ks=k] T Lii=k ko=k) k=K, ka=kY,)
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t t .
{/0 ds/o d§|e—\kmsP(t—s)f(skm)kﬁgg(gkﬁg) _6—\k123|2(t—s)zk{123||€—|k’123|2(t s)f(ekios k123g(5k1]213)

oWl -9) g |/8/5 1
128 1|2 f(ekr) kol f(eko) k|2 f(eks) |ka|? f (eka)

— (k12| (s—0) f(ek12)+|k|5 |2 f(ek]5) (5—5) dad0|k12k’

12|

1
ds/ d5e— k123 (t=s) k]l — [k g5]?(t—5) / /
/ | 123| ki 2f 6k1)|/€2| f(eko)|ks|?f (eks)|ka|?f (eky)
| —|k12]2(s—0) f(ek12) k;l4 ( kl‘l) — _|’€12\ (s—0o k‘“l| |6_|k12| (s-0)f Ek,m)k (5k12) —€ R U)k11242|

1{14 =i3,i)=i5} + 1{24 =ig,i) =i )dO’dO’

/ ds/ dgeIF2sl*(t— s)|]€31 |€—|k123| (t— s)|k,31 |/ / — k12| (s— U)|/€ ole” K|, |2(5—5) |k) .|
(&] :

X5 (k) X% () K37 (hs) X770 () = — 2 X5 () X35 (k) X3 (hs) X7 () : 2)1/2
(B« X5 (k) X5 () X2 (k) X0 (R) = — - XS (k) X () X7 (k) X7 (KY) « )2 dode
=E +E}+ E? + E}/ + E} + E{ + E].

Here E! means the term corresponding to each characteristic function. Since

Bl X2 (k) X2 (o) X7 () X7 (hy) 1 — 1 X272 (g ) X0 (hg) X9 (heg) X770 (k) - |

1 1
<
< 16Ky |2 (k|2 k3|2 |ka|2 f (k1) f(eka) f (eks3) f (eka) - 16Ky |2 [ k2|2 K3 |? s |?
- 2 (4.8)
(k1 [?| K2 2[R ka|* (f (k1) + 1) (f (ek2) + 1)(f(eks) + 1)(f (eka) + 1)|
Z?:l leki|"
k2K |ks || kal?

for €, > 0 small enough we have

Etl <e" Z Z Z 0(279Kk)20(2 " k123)0(277 k4 )0(27" k1232>92(2—j ke )t
|k1 2|2 || ks || kel k12| [k12s] 220

keZ3\{0} [i—j|<1,]¢' —5'|<1 k1234=k

([k12s|" + [ka|” + Z |K|)

, , y y ten
Z Z Z 9 2k123)9(27]k4)9(zil k123)9<27j k4) ( |/€4|2|k’ ’4—317—6
123

keZ3\{0} [i—7|<1,]i" —5'|<1 k1234=k
then
_|_
|27 kyg3 |4 — 21

Z 22—(2—317—6)1’9 /{:) |k:| <€n2q(3n+6)tn

keZ3\{0} qSi

where we used (4.2), (4.3) in the first inequality, Lemma 4.1 in the second inequality and
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k| < |ki23| + k4] < 20 in the third inequality. Moreover, we have for ¢, > 0 small enough

R Y Y 3 HE I k)02 k)I2 k)02 k)t
[ [2Ka 2] 2 ka2 ko [Kpa ovas | 2= Rasa [ =

keZ3\{0} |i—7|<1,]i' —5'|<1 k1234=k

4
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i=1

<Y ¥ 0(279k)24m2 -9~ ([ Kygg| | kasal)"/? + (|Faal[kaa)" + iy [kl")
Koy |12 Koo |2 s | 2| K | 1427 oy | | Roa || Fros | =7 Kgsa |21

kEZ3\{O} k1234=k

0(27 k)22~ a(2—4n)
e Z {( Z | Koy |12 kg |2 | Kes |2 kg |12 Koy |2| K f]2*3n)1/2
kez3\{0} - ki234=k 1 2 3 4 12 123
(27 9k)?n2-a(2—4n)
(> e

Ky |12 Koo |2 Kes |2 | g |27 Kog |2 Kaga| 230

k1234=k
o Z 6(279k)?¢n2—a(2—4n) "
or |20 oo | 2| ey |2 o |20 oy |2 oo | 220
k123a=k
( Z (27 9k)?n2-a(2—4n) e
p R [ e 2 e 2[Ry [ 420 [Rega |27 [ Reggal 227

0(2-9k)2¢n2-9(2—4n) Z?— ||
+( Z =1 )1/2

kia3a=k Koy |12 Koo |2 s |2 K | 127 | oy | 2] K3 ] 220

( Z g(g—qk)2tn2—q(2—4n) 2;1 | K| )1/2

Koy |12 Koo |2 s |2 K| 120 | gg [ 2] g |22

k1234=k
(2—4n)q < 99(3n+e)n n
Z 2 ‘k|1+7]e’\-’2 the’,
keZ3\{0}

where we used Lemma 4.1 in the fourth inequality. By a similar argument we can also obtain
the same bounds for E?, E}, E? ES, EY, which implies that for 7, e > 0 small enough

E[|A TP < 206mtagnen,

By a similar calculation as above we also get that for 7, e,y > 0 small enough

3
D Bl (moo(us™, ui®) () — moe(us™, ui”) (ta) — moo (a5, @7 (1)

10,j0=1
+ 700 (5", u7™) (t2)) )
eVt — o] 727,

which by Gaussian hypercontractivity and Lemma 2.1 implies that for 7o, jo = 1,2,3, and 6 > 0
small enough, p > 1

€50 , &:J0

Too(ug™, us7) — moo (5", a57) — 0 in LP(S; C([0,T],C7°)).
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4.5 Convergence of 7o(P""? D5 K*/°, u = — (P2 Dy, K&, 457) and o (P
€,J J
D]ngmvul 1) _WO(lengJOKEQ’UI 1)
In this subsection for iy, is, jo, j1 = 1,2, 3, we consider 7o (P"%2 D;, K=90  u5” ) —mo (P12 Dy K=70 a57).

Similar results for mo(P%"2D;, K=" u”l) — mo(P2 D, K™ u'3 1) can be deduced . We have
the following identity:

(PuzzDe K& ]0 €J1) WO(PiliQDjOKE’jO, ﬂi’jl> — ]1 + ]27

where
ORI N e e J‘kg)[ / kP gk )R+ X290 (k) X7 (ko) + ds
keZ3\{0} |i—j|<1 ki2=k 0
- /t e~ (=9l o . f(gﬁj()(kl))ﬁ(f’jl(@) : ds] e P2 (ky),
0
and

' ' h(eky)?
(2 Zk 0277k / eiQ(t*S)f(Ekl)Wl\Q k]o plo_MERL) ¢

li—j|<1 k1

t

o h(ek )

_ —2(t=s)|k1|? pdo A=) pmz PJO]2 P]l]z k

/Oe s | P )Y (k).

J2=1

It is easy to get that the second term in the right hand side of the above equality equals zero

and

L _ B h(é‘/ﬁ)
I, =S 12:0100 — E : § :9 Zk 2 iy / 2(t—s) f(ek1)|k1|? 8]-{3]0 k]o ds
s R T ey
A 3 A A
Pi1i2<k1) § :PjOjQ(kl)lejQ(kl).
Jo=1

Here we have

3
E C§7i1,i27j1,j0 — 952,01
Jo=1

Moreover, we have

E|A T
> > > 027202 k)02 k)0 (27 K )O(2 7 K))

keZ3\{0} [i—j|<1,|i —j/|<1 k1o=k,K|,=k
/ t / t jem IRl g (ki) — eI P B - X570 (k) X7 (ko) 2 XE (R XT (R) : |
0 0
e~ (=R o g (o 0) _ o= (=)l kﬂo‘deSJr// ~(=s) Ml (=K |
B|(: X590 (k) X0 (ky) + — + X590 (k) X0 (hy) ) (: XS (K XM (K« — + Xo7 (K)XE7 (KY) +)|dsds
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6 o 1 1
S0 DL 0TI k) (i + e (5Kl + kel”2)
k

q<i ki2=k

<5nt62q(2e+n)7

where we used (4.2), (4.3) and (4.7) in the second inequality and in the last inequality we used
Lemma 4.1. By a similar calculation we also get that for €, > 0 small enough

E[|Ag(mo0(P2 D5 K72, w7 (ty) — mo o P D5 K%, w7 (ty)
— To,0(P2 Dy K572, 77" (t1) 4 mo (P2 Dy K592 a7 ) (t5))]?)
<ty — 152|772q(6+377)7

which by Gaussian hypercontractivity and Lemma 2.1 implies that for iy, is, jo, 71 = 1,2, 3 such
o0 (P D5 K57, ui”) — moo (P2 D K92 u7”) — 0 in C([0,T],C7%).
By a similar argument we also obtain that for iy, s, jo, 71 = 1, 2,3 such that
mo(P12 D5 K& ug?t) — O3 90912 — g (P2 Dy K92, ai7) — 0 in LP(Q;C([0,T),C7%)),

where
C«&il ,J0,J1,82
3

3 t 2
:(27)*32 Z / e2|k22(tS)f(EkQ)k%Og(gk%‘J)%P“w(kz)Png(kQ)P]”B(kQ)dS,
is=1 kyez?\{0} ' © 217/ (&R

3
§ :é§7i17j07j1:i2 _ QOE’il’jO’jl

io=1

€, €] &, -€,]
4.6 Convergence of u, uy’ — Uy U,

In this subsection for 4, j = 1,2, 3, we deal with u5"u3” and prove that uy’ ous? —uy" o uy” — 0

in LP(Q; C([0,T];C%)). Recall that for i,j = 1,2,3

0T =g — 5 t) - G5

o = a5 - 75 e) - G5
We have the following identities:

ug'uy! — ay'uy’ = L'+ L2+ L,
where
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R D I Sl B R EE)
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0 0
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and

) h(ghk)? h(eky)2e~ (R f(ek)+kal? f(ek2))ls—s]

3 _ —6 —|k12|? f(ek12) (t—s+t—3) B
Ly =(2m) Z Z {/ / W Pl f (ehen) | (eea) dsds

11,12,71,J2=1 k1,k2
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By a easy computation we obtain that
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_/ €2k12|2(f8)(k1|2+k2|2+k12|2)8d5>1_
0
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1 1
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3
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where 5, @5 corresponds to u°, u° respectively. Then for p > 0 we have

— ki ki g(cky)g(—ekl}) (s
12 f(eky) kol 2 f (eho) ([K1]2 f(ek1) + K2l f(eka) + [k12|? f(ek12)) " 2]k12|? f (eki12)

|5 —

¢
+/ 6—2|k’12|2f(€k12)(t—8)—(\k1|2f(8k1)+\k2|2f(€k2)+\k12|2f(8k12))8d5)

1 e—2|k12|2t

+ ki2kj2
;;@ 2Rt o B T oo Thal?) 2o

t
+/ ¢=2kial2 =)~k Pk P+ kral)s g

<P Z En(‘kl‘n + ‘k2|n + |k12|n) < t_p€n7
P LY b Lt [l e
where 2p > 7 > 0. Then 3 — @5 converges to 0 with respect to [|p|| = sup,¢jo 1) t?|¢(t)] for any

p > 0.
Terms in the second chaos: Now we come to L?: it is sufficient to consider [} and the

desired estimates for other terms can be obtained similarly. For € > 0 small enough we have
the following inequalities
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3 t t
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. . . . e 2 2 _ . (&
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where in the first inequality we used (4.7). Now in the following we only estimate the first term
on the right hand side of the inequality and the second term can be estimated similarly:
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where in the last two inequalities we used Lemma 4.1.
Terms in the fourth chaos:
Now we consider L}: For ¢, > 0 small enough we have the following calculations:
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where we used (4.8) in the first inequality and Lemma 4.1 in the last inequality. By a similar
calculation we also get that for €,7 > 0 small enough
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which by Gaussian hypercontractivity and Lemma 2.1 implies that for 7,5 = 1,2,3 and every

0>0
ustous? — ' oy — 0 in LP(Q; C([0,T],C7%)).
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