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Abstract

We consider a Fisher—-KPP-type equation, where both diffusion and
nonlinear part are nonlocal, with anisotropic probability kernels. Under
minimal conditions on the coefficients, we prove existence, uniqueness,
and uniform space-time boundedness of the positive solution. We inves-
tigate existence, uniqueness, and asymptotic behavior of monotone trav-
eling waves for the equation. We also describe the existence and main
properties of the front of propagation.
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1 Introduction

We will deal with the following nonlinear nonlocal evolution equation

Ju _ _
a(z,t) =T (a® xu)(z,t) — mu(x,t) — s u(x, t)(a” *u)(z,t) (L.1)

with a bounded initial condition u(z,0) = ug(z), z € R% d > 1. Constants
m, »% are assumed to be positive, and (a® * u)(x,t) mean the convolutions

(in z) between u and nonnegative integrable probability kernels a*(z); namely,

ai*u X = aim— u aix r = 1.
(@ st = [ @e—pupidy [ cHa@de=

The equation (1.1) first appeared, probably, in [27] (a ‘crabgrass model’),
for »tat = »~"a~, and later in [8] (a model of spatial ecology), for different
kernels. The meaning of u(x,t) is the (approximate) value of the local density
of a system in a point 2 € R? at a moment of time ¢ > 0. A short review
for the history of derivation of (1.1) see in Section 6 below. This equation
was considered as a spatial (nonhomogeneous) version of the classical logistic
(Verhulst) equation

du _

o = G mmjult) = (u(®))?, (1.2)
corresponding to u(z,t) = u(t), v € R%. Of course, in the original logistic model
one needs to assume that »T > m; then (1.2) has two stationary solutions:

unstable u = 0 and stable u = 2=". For s+ < m, (1.2) has the unique
stationary stable solution u = 0.

The equation (1.1) can be rewritten as follows:

ou _
a(z,t) = (Lg+u)(z,t) + Fu,a™ xu)(x,t), (1.3)

where, for a bounded function v on R¢, the operator

(Lo v)(z) = 5 / a* (2 — y)[oly) — v(z)] dy (1.4)

Rd

describes the so-called nonlocal diffusion, see e.g. [4] and references below, and
F is a bilinear mapping on bounded functions, given by

F(vy,v2)(x) = 3 vi(z) (0 — va(z)), 0= —0. (1.5)



For the known results about (1.3), one can refer to [33,34,41] in the general
case; to [62,76,81] in the case § > 0, i.e. T > m, see also details below; and
to [72,73] for »t = m.

The equation (1.3) may be addressed to a doubly nonlocal Fisher-KPP equa-
tion. Recall that the classical Fisher-KPP (Kolmogorov—Petrovski-Piskunov)
equation in R? goes back to [40,49] and has the form

0

o (@) = Aula, ) + £ (vl 1), (1.6)
see the seminal paper [6]. Here A is the Laplace operator on R?, and f is
a nonlinear monostable function on R: namely, let § > 0, cf. (1.5), then we

assume that f(0) = f(8) =0, f/(0) > 0, f'() < 0; for example,
f(s)=3sx"s(0—5s), s>0. (1.7)

The Fisher-KPP equation may be informally obtained from (1.3) under two
scaling procedures. Namely, let

L@+ <oc. [ at@mdy=0. 1<i<d,

and consider the scaling (for small £ > 0)
at(z) — al (z) == e %t (e a), z € RY, w2 (1.8)

Then, we will get

(L)) = [ at@loley+2) = vle)]dy

1

=3 /Rd at (y) (V' (2)y,y) ga dy + 0(€) = alv(x) + o(¢),

where (-, -)ga is the scalar product on R?, and a = % [o. a™t (y)y3 dy.
As a result, we will get the following nonlocal Fisher—-KPP equation

Ou = aAu+ F(u,a” *u). (1.9)
ot
For the theory of such equations with different mappings F' ‘similar’ to (1.5),
see e.g. [1,3,5,7,21,31,32,43-45, 58] and some details below.
On the other hand, the scaling

—d ) (1.10)

a” —a;(x) =¢e “a(e
yields F(v,a_ *v) — f(v), ¢ = 0, where f is given by (1.7). Hence one gets

from (1.3) the another nonlocal Fisher-KPP equation

%‘ = Locu+ f(u). (1.11)

For a general monostable f as above, this equation was considered in e.g. [2,10,
14-17,19,20, 42,48, 54,66, 70, 80], see also some details below.



Combination of the both considered scalings produces hence the classical
Fisher-KPP equation (1.6), with f given by (1.7), from the equation (1.3). It
should be stressed, however, that we do not state that solutions to (1.3) converge
to solutions to (1.9), (1.11), or (1.6). Up to our knowledge, a convergence of
solutions to (1.9) or (1.11) to the solutions to (1.6) was not considered rigorously
in the literature as well.

Of course, there are a lot of generalisations for the equations (1.3), (1.9),
(1.11): the monostable-type function f may depend on time and space variables
(e.g. nonlocal reaction-diffusion equation in a periodic media), the mapping F
may include a convolution in time or just a time-delay, and many others. For
some recent generalisations, see e.g. [5,18,24,46,48,54,55,61,65,67—70,74,79,83].

Let us formulate the main problems traditionally addressed to the equations
above.

(P1) Existence and uniqueness of solutions in Banach spaces of functions on
R? e.g. in L®(R?), Cyy(R?) (the space of uniformly continuous functions
with sup-norm), or L(R%).

(P2) Uniform in time bounds for the norms of the solutions in the Banach
spaces.

(P3) Existence and stability of stationary solutions.

(P4) Existence, uniqueness and properties of the traveling waves: solutions
of the special form u(z,t) = ¥(x - £ — ct), where ¢ is a function on R
called the profile of the wave, ¢ belongs to the unit sphere S¢~! in R
x-& = (x,8)pa, and ¢ € R describes the speed of the wave. Depending on
the class of functions ¥ the question may be referred to decaying waves,
bounded waves etc.

(P5) Existence and time-behavior of the front of propagation, i.e. a set I'; =
R4\ (6,U0}), such that for any x; € 4}, the values of u(z,t) will converge
(as t — o0) to the upper stationary solution (6 in the notations above),
whereas, for any y; € 0}, the values of u(y:,t) will converge to the low
stationary solution (i.e. to 0).

We present now an overview of our results concerning the problems (P1)—
(P5) for the equation (1.1)/(1.3), and compare them with the existing results
in the literature, including some information about ‘partially local’ equations
(1.9) and (1.11).

Problem (P1) We will study (1.1) in the spaces C\;(RY) and L>(R%).
To get an answer on the problem (P1), one does not need any further assump-
tions on parameters m, »* > 0 and probability kernels 0 < a® € L'(R9) (see
Theorem 2.2 and Remark 2.3). We use standard fixed point arguments, which
take into account, however, the negative sign before ¢~ in (1.1). The solution
hence may be constructed on a time-interval [r,7 + A7], whereas the A7 de-
pends on the supremum of the solution at 7. Since the values at the moment
7 + A7 might be bigger, the next time-interval appears, in general, shorter.
The mentioned usage of the negative sign allows us to show that, however, the
series of the time-intervals diverges, and thus one can construct solution on an
arbitrary big time-interval.



Problem (P2) In spite of the possible growth of the solution’s space-
supremum in time, we show (Theorem 2.7) that the solution in C,;(R?) remains
uniformly bounded in time on [0,00) under very weak assumptions: one needs
only that a~ would be separated from zero in a neighbourhood of the origin and
that a™ would have a regular behavior at infinity, e.g. a*(z) < p(|z|), where |- |
denotes the Euclidean norm in R? and p € L'(R) monotonically decays at +oo.
This result is an analog of [45, Theorem 1.2] for the equation (1.9) (the latter
used, however, the advantages of the powerful PDE technique for the linear
part, that is absent in the our case).

The rest of our results requires additional hypotheses. For the shortness,
some of them are presented here in a more strict form than we really need
(compare them with the real assumptions (A1l)—-(A9) within the paper); and
surely, a particular result requires a part of the assumptions only.

(H1) 0 < a* € LY(RY) N L®(RY), and > m, ie. § = 2=" > 0.

bl

(H2) the function

+

Jo:=3xTa" —0x"a” =xTat — (37 —m)a
is almost everywhere (a.e., in the sequel) non-negative and it is separated
from 0 a.e. in a neighbourhood of the origin.

(H3) There exists A > 0, such that / at (z)eMN* dz < oo.
R

Let us compare these hypotheses with existing in the literature. First, we
are working in the multi-dimensional settings, cf. [33,34,62]. We show (Proposi-
tion 4.4) how the problem (P4) may be reduced to a one-dimensional equation,
whose kernels, however, will depend on a direction ¢ € S¢~!. Regarding to this,
it should be emphasised, that we do not assume that a™ is symmetric; we deal
with the so-called anisotropic settings, cf. [2,17,70] for the equation (1.11).

The hypothesis (H3) is called the Mollison condition, see [56,57|. In particu-
lar, it holds if a* exponentially decays as || — oco. The equation (1.11), under
the Mollison condition (H3), was considered in [2,10,17,20]. The corresponding
results in [76,81] about our equation (1.1) required, however, symmetric and
quickly decaying a™; the latter meant that (H3) must hold for all A > 0. Note
that [76] dealt with a system of equations for a multi-type epidemic model,
which is reduced in the one-type case to (1.1) with »Tat = »~a~. It is worth
noting also that we do not need a continuity of a™ as well.

The most restrictive, in some sense, hypothesis is (H2). It implies the com-
parison principle for the equation (1.1), cf. Theorem 3.1, Proposition 3.4. In par-
ticular, the latter states that the solution will be inside the strip 0 < u(z,t) < 6,
for all ¢ > 0, provided that the initial condition u(x,0) was inside this strip. On
the other hand, we show that (H2) is, in some sense, a necessary condition to
have a comparison principle at all; see the discussion at end of Subsection 3.1.

Problem (P3) In Subsection 3.1, we show also that u = 6 is a uniformly
and asymptotically stable solution, whereas v = 0 is an unstable one. The

absence of non-constant stationary solutions is shown in Proposition 5.12, see
also Problem (P5) below.



The maximum principle is considered in Subsection 3.2, cf. Theorem 3.8.
In particular, we prove that the solution to (1.1) is strictly positive, even for
a compactly supported initial condition ug(z) := u(x,0), and lies strictly less
than 6, for any ug #Z 6 (Proposition 3.7, Corollary 3.9).

It is worth noting that the luck of the comparison principle for the equation
(1.9) leads to a non-trivial behavior: if s~ is big enough, then the upper sta-
tionary solution u = 6 may not be stable, moreover, a stationary inhomogeneous
solution may exist, see [5,43], and also [7,58]; for the further results about (1.9)
without the comparison principle technique, see e.g. [3,45]. Note also that the
hypothesis (H2) is not preserved in course of the scaling (1.8), which, recall,
produces (1.9) from (1.3): indeed, the inequality e~ 2~%a™(e~tz) > 0 a~(z)
can not hold for a.a. € R? and any € > 0 simultaneously, as this would mean
that a™ is ‘localised’ arbitrary close to the origin. This is a possible reason why
the comparison principle which we show for (1.1) loses for (1.9). However, if,
additionally, ¢~ depends on € as in the second scaling (1.10), the inequality in
(H2) becomes possible, provided that e =2 > 6, thus the comparison principle
for the classical Fisher-KPP equation (1.6) may be informally derived from our
results.

Problem (P4) We study monotonically non-increasing traveling waves
only (i.e. the profile ¢ is a non-increasing function on R). To ensure the
existence of the traveling wave solution to (1.1) in a direction ¢ € S9! the
Mollison condition (H3) can be relaxed as follows:

(H3¢) There exists A > 0, such that ag(X) := / at(z)er ¢ dr < oo.
Rd

Namely, we prove that there exists a minimal traveling wave speed ¢, (£) € R,
such that, for any ¢ > ¢.(§), there exists a traveling wave in the direction &
with the speed ¢; and, for any ¢ < ¢,(&), such a traveling wave does not exist
(Theorem 4.9). We use here an abstract result from [80] and apply it to (1.1)
similarly to how it was done in [80] for (1.11). This allow us to prove the
existence of such finite ¢, (§) without an assumption about a quick decaying of
a’ in the direction &; i.e. that we do not need that (H3¢) holds, for all A > 0,
in contrast to [76,81]. It is worth noting that the hypothesis (H2) evidently
holds under the assumptions from [76], where »™ = »~, a™ = a~, as well as
it holds under the assumptions from [81], where one of the considered cases
may be rewritten in the form %u = Jp*xu—mu+ (0 —u)sx (a~ *u), which is
equivalent to (1.1).

A specific feature of the equation (1.1) is that any monotonic traveling wave
with a non-zero speed ¢ > c,(£) has a smooth profile 1. € C*(R), whereas, for
the travelling wave with the zero speed (which does exist, if only c.(§) < 0),
one can only prove that its profile vy € C(R) (Proposition 4.11), in contrast to
the equation (1.11), cf. [17]. This allow us to consider the equation for traveling
waves point-wise:

e (s) + =t (at ) (s) —map(s) — = (s)(a” ) (s) =0, se€R, (1.12)

where kernels G* are obtained by the integration of a* over the orthogonal
complement {¢}1, see (4.6) below. Moreover, in Corollary 4.12, we show that
1 is a strictly decaying function.

We study properties of the solutions to (1.12) using a bilateral-type Laplace
transform: (£¢)(z) = [z ¥(s)e**ds, Rez > 0. To do this, we prove that any



solution (1.12) has a positive abscissa Ag(¢)) of this Laplace transform, i.e. that
(L)(N\) < oo, for some A > 0 (Proposition 4.13). Moreover, in Theorem 4.22,
we prove, in particular, that \o(1) is finite and bounded by A\g(@™); note that
the latter abscissa will be infinite in the case of quickly decaying kernel a™, i.e.
when (H3¢) holds, for any A > 0. We also find in Theorem 4.22 the explicit
formula for ¢, (&):
. xtag(N) —m

() = /{I;% -\
where a¢ is defined in (H3¢); and we show that the abscissas Ao(%.) of the
traveling waves profiles are strictly decreasing in ¢ > ¢, ().

Thus, for ‘exponentially decaying’ a™ (i.e. when there exists a finite supre-
mum of A’s for which (H3,) does hold), it is possible the situation, when the
abscissa A = Ag(¥c, (¢)) of the travelling wave with the minimal possible speed
coincides with A\g(a™). This case is traditionally more difficult for an analysis of
profiles’ properties, cf. e.g. [2, Theorem 3, Remark 8|. We consider this special
case in details and describe it in terms of the function a™ and the parameters
m, »*, cf. Definition 4.19, Theorem 4.22.

The variety of possible situations demonstrates the following natural exam-
ple, cf. Example 4.21. Let

by = 2 S0 a0 1.13

a’(m)_m7 q=0, p>0, ( )

where a is a normalising constant. Then, for any ¢ € S?!, the abscissa

Xo(at) = p is finite. We show that the strict inequality A\. < p always hold,

for ¢ € [0,2]. Next, there exist critical values p, > 0 and m. € (0, "), such

that, for ¢ > 2, one has A\, < p if p > ps or if g € (0, uy) and m € (M, 3¢7).

Respectively, for ¢ > 2, p € (0,u.), and m € (0,m.], we show the equality
Ax = p, see Theorem 4.22.

To study the uniqueness of traveling waves, we find also the exact asymptotic
at oo of the profiles of traveling waves with non-zero speeds. Namely, we show
in Proposition 4.24, that, for a profile ¢ corresponding to the speed ¢ # 0,

P(t) ~ De Wt c> e (€),  P(t) ~Dte W c=c,(€), (L.14)

as t — oo. Here D > 0 is a constant which may be chosen equal to 1 by a shift
of ¢ (see Remark 4.31). To get (1.14), one needs an additional assumption in
the critical case for the speed ¢ = ¢.(§); for example, in terms of the function
(1.13), this assumption does not hold for the case ¢ € (2,3], u € (0, pts), m = M,
only (Remark 4.26).

The asymptotic (1.14) was known for the equation (1.11), cf. e.g. [2,12,17].
In the two latter references, there was used a version of the Ikehara theorem
which belongs to Delange [23]. However, we have met here with the following
problem.

Both the classical Ikehara theorem (see e.g. [78]) and the Ikeraha—Delange
theorem [23] (see also [28]) dealt with functions growing on infinity to oo.
In [12,17], the corresponding results were postulated for functions (decreasing or
increasing) which tend to 0 (on oo or —oo, respectively). We did not find any ar-
guments why we could apply or how one could modify the proofs of Ikehara-type
theorems for such functions without proper additional assumptions. The nat-
ural assumption under which it can be realized is that the decreasing function



¥(s) (a traveling wave in our context) must become an increasing one, being
multiplied on an exponent e”?, for a big enough v > 0.

Under such assumption the Ikehara-type theorems might hold true, how-
ever, one needs more to cover the aforementioned case A\, = p. In this case, the
Laplace transform of &1 is not analytic at its abscissa, that was a requirement
for the mentioned theorems. Therefore, we used an another modification of the
Tkehara theorem, the so-called Tkehara—Ingham theorem [71]. Under assump-
tions that a constant v as above exists, we prove in Proposition 4.27 a version
of the Tkehara—Ingham theorem for such decreasing functions. Next, using the
ideas from [82], we show that, for any solution to (1.12) with ¢ # 0, such a v
does exist.

Note also that the technique from [2]| did not require the usage of Tkehara-
type theorem, however, even for the local nonlinearity like in (1.11) it did not
work in the critical case above.

The asymptotic (1.14) allows us to prove the uniqueness of the profiles for
a traveling wave with a non-zero speed (Theorem 4.32). We follow there the
technique proposed in [12].

Problem (P5) The question of the front of propagation for the equations
(1.9), (1.11) was studied less intensively. For our equation (1.3), one can re-
fer to [62] (»%Tat = %~ a~, see also below) and [76] (»*Tat = %7a™, d = 1,
quickly decaying kernels). Note that the generalization in [83] does not cover the
equation (1.3). One of the traditional way for the study of the front of propaga-
tion for integro-differential equations is the usage of the abstract Weinberger’s
results from [75] (which are going back to that for the Fisher-KPP equation
(1.6) from [6]). The information we obtained for the traveling waves allow us
to describe in more details the behavior of u(zt,t) ‘out of front’; here u is the
solution to (1.3). Namely, in Theorem 5.9, we prove that, for a proper compact
convex set Yq, the function u(tx,t) decays exponentially in time, uniformly in
x € R?\ 0, for any open & D Y1, provided that the initial condition decays in
space quicker than any exponent (in particular, we do not require a compactly
supported initial condition).

To describe the behavior of u(tx,t), for € Y1, we start with an adaption
of the results from [75] to our case. However, that abstract technique required
that the initial condition should be separated from 0 on a set which can not be
described explicitly (only existence of such a set was shown, cf. Lemma 5.13 and
Proposition 5.17 below). To avoid this restriction, we find, in Proposition 5.18,
an explicit sub-solution to (1.3), and, moreover, we prove, in Proposition 5.19,
that this sub-solution indeed becomes a minorant for the solution, after a finite
time. This arguments allow us to show that u(tz,t) converges to 6 uniformly in
x € €, for any compact € C T1 (Theorem 5.10, Corollary 5.11). In notations of
Problem (P5), it means informally that T'; ~ t97;.

As a consequence, we prove that, under additional technical assumptions,
there are not other non-negative time-stationary solutions to (1.3) except con-
stant solutions 0 and 6 (Proposition 5.12).

The Mollison condition (H3;) is crucial: we show in Theorem 5.20 and Corol-
lary 5.21 that the absence of a A and a ¢ € S4~! which ensure (H3;) leads to
an infinite speed of propagation (i.e. the compact set T; above may be chosen
arbitrary big) and hence to the absence of traveling waves at all. The corre-
sponding result for (1.11) was received in [42] and it is goes back to [56,57]



mentioned above. The results of [62] cover Theorems 5.9, 5.10, and 5.20, for
the equation (1.3) with »Ta™ = 5~ a~; however, a lot of details of the proofs
(which used completely another technique) were omitted.

To summarize, the structure of the paper is the following. In Section 2, we
study Problems (P1) and (P2); Section 3 is devoted to comparison and maxi-
mum principles, and, partially, to Problem (P3). Traveling waves, Problem (P4),
are considered in Section 4. The long-time behavior, i.e. Problem (P5), and the
rest of Problem (P3) are the topics of Section 5. In Section 6, we present some
historical comments about the derivation of the equation (1.3).

2 [Existence, uniqueness, and boundedness

Let u = u(x,t) describe the local density of a system at the point € R, d > 1,
at the moment of time ¢ € I, where I is either a finite interval [0, 7], for some
T > 0, or the whole Ry := [0,00). The time evolution of u is given by the
following initial value problem

O 1) = st (0" ), 1) — (e, 1)
— s u(z, t)(a” *u)(x,t), reRY tel)\ {0}, (2.1)
u(z,0) = ug(z), z € RY,

which we will study in the class of bounded in z nonnegative functions.
Here m > 0, & > 0 are constants, and functions 0 < a* € L'(RY) are
probability densities:

a® = a =1. .
|ty = [ oy =1 (2.2

Here and below, for a function u = u(y,t), which is bounded in y € R?, and a
function (a kernel) a € L*(R?), we denote

(axu)(x,t) = /Rd a(z — y)u(y, t)dy. (2.3)

We assume that ug is a bounded function on R¢. For technical reasons, we
will consider two Banach spaces of bounded real-valued functions on R¢: the
space Cyp(R?) of bounded uniformly continuous functions on R? with sup-norm
and the space L>(R?) of essentially bounded (with respect to the Lebesgue
measure) functions on R? with esssup-norm. We will also use notations Cj(R?)
and Co(R?) for the space of bounded continuous functions and the space of
continuous functions with compact supports, correspondingly.

Let E be either Cyp(RY) or L>(R?). Consider the equation (2.1) in FEj; in
particular, v must be continuously differentiable in ¢, for ¢ > 0, in the sense of
the norm in E. Moreover, we consider u as an element from the space Cp(I — E)
of continuous bounded functions on I (including 0) with values in E and with
the following norm

lullc, 15y = sup u(-, t)]e-
tel

Such solution is said to be a classical solution to (2.1); in particular, u will
continuously (in the sense of the norm in F) depend on the initial condition wy.



We will often use the space Cy,(I — E) in the case when I = [T1, T3], 11 > 0,
as well. For simplicity of notations, we denote

XTl,Tg = Cb([Tl,TQ] — Cub(Rd)), Tg > T1 > 0,

and the corresponding norm will be denoted by |||, 7, We set also Xp := Xy r,
|-l =1+ llo,r, and .
Xy = Cb(RJr — Cub(R ))

with the corresponding norm ||-||o. The upper index ‘+’ will denote the cone
of nonnegative functions in the corresponding space, namely,

XﬁJr::{uEXHuzO},

where f is one of the sub-indexes above. Finally, the corresponding sets of
functions with values in L>°(R%) will be denoted by tilde above, e.g.

Xr = Cy([0,T] — L= (RY)),
Xt = {ue Xr | u(-,t) >0, te0,T], aaxc R%}.

We will also omit the sub-index for the norm || - ||z in E when it is clear
whether we are working with sup- or esssup-norm.
We start with a simple lemma.

Lemma 2.1. Let a € L'(R?), f € L>®(R?). Then a * f € Cyup(R?). Moreover,
ifveCy(I - E), I CR,, then a*v € Cyp(I — Cyup(RY)).

Proof. The convolution is a bounded function, as
l@x )@ <|flelali@s, acL'(RY,fekE. (2.4)

Next, let a,, € Co(R?), n € N, be such that ||a — an||z1rae) = 0, n — oo. For
any n > 1, the proof of that a, * f € Cyu(R?) is straightforward. Next, by
(2.4), lla* f —ap * f|] = 0, n — co. Hence a * u is a uniform limit of uniformly
continuous functions that fulfilled the proof of the first statement. The second
statement is followed from the first one and the inequality (2.4). O

The following theorem yields existence and uniqueness of a solution to (2.1)
on a finite time-intervals [0, 7).

Theorem 2.2. Let ug € Cyp(R?) and ug(z) > 0, x € R%. Then, for any T >0,
there exists a unique nonnegative solution u to the equation (2.1) in Cub(Rd),
such that v € Xp.

Proof. Let T > 0 be arbitrary. Take any 0 < v € Xp. For any 7 € [0,7),
consider the following linear equation in the space C,;(R?) on the interval [r, T):

%(x,t) = —mu(z,t) — » u(z,t)(a” *v)(x,t)

o + 2 (at xv) (1), t e (r,T], (2.5)
u(z, ) = ur(z),

where 0 < u; € C’ub(Rd), s > 0, are some functions, and ug is the same as
n (2.1). By Lemma 2.1, in the right hand side (r.h.s. in the sequel) of (2.5),
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there is a time-dependent linear bounded operator (acting in w) in the space
Cup(R?) whose coefficients are continuous on [7,7]. Therefore, there exists a
unique solution to (2.5) in Cyp(R?) on [7,T], given by u = ®,v with

(P,v)(x,t) := (Bv)(z, 7, t)u () —|—/ (Bv)(z, s,t)2t (a™ *v)(z,s)ds, (2.6)
for z € RY, t € [1,T], where we set

t
(Bv)(z, s,t) := exp (—/ (m+ s (a” xv)(z,p)) dp)7 (2.7)
for x € R4, t,s € [r,T]. Note that, in particular, (®,v)(-,t),(Bv)(-,s,t) €
Cup(R?). Clearly, (®,v)(x,t) > 0 and, for any Y € (7,77,
[27v( D)l < llurll + 27 (C = Dlfvllrr,  tE[r ], (2.8)

where we used (2.4). Therefore, &, maps X:,'T into itself, T € (7, T].
Let now 0 <7 <Y < T, and take any v, w € XTJ’FT. By (2.6), one has, for
any v € R4, t € [1, 7],

[(®70)(2,t) — (Brw)(z,t)| < Jy + Ja, (2.9)
where
Jy = |(Bv)(x,7, t) — (Bw)(x, T, t)‘ur(aﬂ),

Jg = %+/ [(Bv)(z,s,t)(a® *v)(z,s) — (Bw)(z,s,t)(a” *w)(z,s)|ds.

Since |[e=% — 7| < |a — b], for any constants a,b > 0, one has, by (2.7), (2.4),
J1 < (T = 7)|lurl|v — wlr . (2.10)
Next, for any constants a,b,p,q > 0,

lpe™® —qe™"| < e |p—q| + qmax{e™* e "}|a —b],

therefore, by (2.7), (2.4),
Jo < %+/ (Bv)(z,s,t)(a™ * v —wl|)(z,s)ds
+ 2t / max{(Bv)(z, s,t), (Bw)(z, s, t) } (a x w)(z, s)

t
X%_/ (= *|v—w|)(z,r)drds
t

< (Y= 7)o —wlrr + 275wl - wllr,r/ et — 5) ds

T

< %+(1 + 2w
me

ﬂr)(T —7)||lv—w

7T (211)

asre " <e 1, r>0.
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For any T, > T} > 0, we define
XTt’TZ(r) = {v IS XIJ‘E,T2 ‘ ol < r}, r > 0.

Take any p > |lu-||. By (2.8), (2.9), (2.10), (2.11), one has, for any v,w €
X:,_T(r): > 07

+ 0
)T =)o = wllrx,

Therefore, ®.- will be a contraction mapping on the set Xf’ v (r) if only

A

(%*,u + 3t + r) (T—7)<1 and p+x"r(Y—71)<r (2.12)

me

Take any « € (0,1) and set

_ st o™ ant
C:=x + , ri=p+ —,
« «
T=7+_—+— =

Cr T+Cu+a%+'

Then, the second inequality in (2.12) evidently holds (and it is just an equality),
and the first one may be rewritten as follow

™ axt\ «a
C + 7) - < 17
( poro me C /Cr
or, equivalently,
+,,— 5t
aCp+a2Z =2 % < Cp. (2.14)

To fulfil (2.14), one should choose « € (0, 1) such that

a? C?ume
< . 2.15
1—a = (set)2s~ (2.15)
Since function f(«) = % is strictly increasing on [0,1) and f(0) = 0, one can

always choose « € (0,1) that satisfies (2.15).

As a result, choosing p = u(7) > |lur|| (to include the case u, = 0) and «
that satisfies (2.15), one gets that ®, will be a contraction on the set X (1)
with T and r given by (2.13); the latter set naturally formes a complete metric
space. Therefore, there exists a unique u € Xj,r (r) such that ®,;u = wu. This u
will be a solution to (2.1) on [7, Y].

To fulfil the proof of the statement, one can do the following. Set 7 := 0,
choose any p1 > |lug|| and fix an « that satisfies (2.15) with g = p3. One gets
a solution u to (2.1) on [0, T1] with 11 = 52—, ullx, < + %

Tterating this scheme, take sequentially, for each n € N, 7:=T1,,, uy () :=
u(z,Y,), z € RY,

asxt
Hnt1 i= pn + —5— 2 [ur, |-

12



Since fin4+1 > fin, the same a as before will satisfy (2.15) with g = p,41 as well.

Then, one gets a solution u to (2.1) on [T, T, 1] with initial condition u~,,
where

Topr =Ty b

n+1 n C’,Ufn+1 + ast )

and
asxt
Hu”Tan+1 < Pyt T = [n+2-

As a result, we will have a solution u to (2.1) on intervals [0, 4], [Y1, To], ...,

Y., Thi1], n € N, where pp11 = p1 + n%, and, thus,

a
Cpy + (n+ aset’

Tn+1 = Tn + (216)
By Lemma 2.1, the r.h.s. of (2.1), will be continuous on each of constructed

time-intervals, therefore, one has that u is continuously differentiable on (0, T, 1]
and solves (2.1) there. By (2.16),

1
T n§+ c — —
1= - 0o, N 00
n—+ = CM1+]OZ%+ ) B

therefore, one has a solution to (2.1) on any [0,7], T' > 0.

To prove uniqueness, suppose that v € Xr is a solution to (2.1) on [0,7],
with v(z,0) = up(x), x € R%. Choose 1 > ||v||r > |luol|. Since {j, }nen above
is an increasing sequence, v will belong to each of sets X;rn,m“ (tnt1), n >0,
Ty := 0, considered above. And, being solution to (2.1) on each [Y,, Tpi1],
v will be a fixed point for @ . By the uniqueness of such point, v coincides
with « on each [T, T)4+1] and, thus, on the whole [0, T7. O

Remark 2.3. The statement of Theorem 2.2 holds true for solutions in L (RY)
with w € Xr: the proof will be mainly identical. See also [33, Theorem 4.1].

Consider the following quantity

§:="—— cR. (2.17)

Theorem 2.2 has a simple corollary:

Corollary 2.4. Let to > 0 be such that the solution u; to (2.1) is a constant
in space at the moment of time to, namely, u, () = ug, > 0, € R Then
this solution will be a constant in space for all further moments of time, more
precisely,

Uy

w(z,t) = u(t) = 0 >0, zeRYt>t, 2.18
(2,7) *) Uty go(t) + exp(—0x~t) — 0 ( )
where . (0 )
—exp(—0xt
go(t) = 0 D 0F0 sy,
»t, 0 =0,

In particular, uw(t) — max{0, 6}, t — oo.
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Proof. First of all, we note that in the proof of Theorem 2.2 we proved that the
problem (2.1) has a unique solution. Next, straightforward calculations show
that (2.18) solves (2.1) for 7 = ty, that implies the first statement. The last
statement is also straightforward then. O

Remark 2.5. Note that (2.18) solves the classical logistic equation, cf. (1.2):

%u(t) = u(t)(0 —u(t)), t>to, u(to) = ug, > 0. (2.19)

By Lemma 2.1, the mapping ATv = sxtat x v defines a linear operator
on C,,(R?), which is evidently bounded: by (2.4) and AT1 = »*, one has
[|AT|| = »T. Then a solution u to (2.1) satisfies the following equation

t
u(x,t) = e_tme“ﬁuo(m) - / e_(t_s)me(t_s)A+%_u(x, s)(a” xu)(x,s)ds.
0

Therefore, w(z,t) > 0 implies u(z,t) < e ™4 ug(z), z € R, ¢ > 0; and
hence, by Theorem 2.2, 0 < ug € Cyp(R?) yields

lu(- )] < e =™ fug|l, ¢ >0. (2.20)

In particular, for m > 3t the solution u(z,t) to (2.1) exponentially quickly
in ¢ tends to 0, uniformly in 2 € R

We proceed now to show that, in fact, the solution to (2.1) is uniformly
bounded in time on the whole R, provided that the kernel a~ does not degen-
erate in a neighborhood of the origin and a™ has an integrable decay at co.

Let 14 be the indicator function of a measurable set A C R%. Recall that
the sequence f, € L (RY) is said to be convergent to f € L (R?) locally
uniformly if M5 f, — Lo f in L°(R?), n — oo, for any compact A C R?. We

denote this convergence by f, Joc, f- We will use the same notation to say

that, for some 7" > 0 and v,,v € L (R? x [0,T]), one has Mlyv, — Tv in

loc
L>(R? x [0, T1]), for any compact A C R9.
We start with a simple statement useful for the sequel.

Lemma 2.6. Let a € L*(RY), {f,, f} € L=¥(RY), ||full < C, for some C > 0,

loc

and f, = f. Thena*fnb:Ca*f,

Proof. Let {am} C Co(R?) be such that |lam — al|z1ge) = 0, m — oo, and
denote A, := supp a,,. Note that, there exists D > 0, such that [am || ;1 (re) <
D, m € N. Next, for any compact A C R?,

[T (@) (am * (fn = f))(@)] < /Rd La, ) Ua@)|am @) fulz —y) — f(z —y)|dy
< llamllLr@ay | La,, (fo = F) = 0,n — o0,
for some compact A,, C R?. Next,

[Walas (fo = I < Walam * (fo = )+ [Tal(@ = am) * (fo = )]
<A, (fa = DI+ C +[fDlle = amll L1 ey,

and the second term may be arbitrary small by a choice of m. O
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The next theorem is an adaptation of [45, Theorem 1.2].

Below, | - | = | - |ge denotes the Euclidean norm in R%, B,(z) is a ball in
R? with the center at z € R? and the radius r > 0; and b, is a volume of this
ball. Consider also, for any z € Z%, ¢ > 0, a hypercube in R? with the center at
2¢qz € R? and the side 2¢:

H,(z) := {y e R | 2259 —q < wi < 2ziq+q,i=1,...,d}.
Theorem 2.7. Suppose that there exists ro > 0 such that

a:= inf a (z)>0. (2.21)

|z|<ro

Suppose also that, for some q € (0, 2%],

af = sup a’(z) < o0 (2.22)
2€74d x€Hq(z)

(e.g. let, for some e > 0, A > 0, one has a*(z) < Hl;ﬁ, for a.a. x € R?),
Then, the solution u > 0 to (2.1), with 0 < ug € Cyup(RY), belongs to X .

Proof. If m > 3% then the statement is trivially followed from (2.20). Suppose
that m < »* and rewrite (2.1) in the form

%u(w,t) = (Lo+u)(z,t) + 3 u(wz,t) (0 — (a~ *u)(z, 1)), (2.23)

+ _

where § = 2 "~ 0 and the operator L.+ acts in  and is given by (1.4).

»
It is easily seen that Hy(z) C Bqﬂ(qu), 2z € Z% q > 0. Take any ¢ < 2%
such that (2.22) holds, and set 7 = ¢v/d < 2. Define

v(z,t) == (Ip, (o) *xu)(z,t) = /B ( )u(y,t) dy. (2.24)

By Lemma 2.1, Theorem 2.2, (2.20), 0 < v € Xp, T > 0, and
oD < bre® =™ ugl], ¢ > 0.

Note that, by (1.4),

+

La+v = CL+ * IIBT.(O) * U — %+HB,.(O) * U = IIBT.(O) * (La+u).

Therefore,

gv(x,t) — (Lg+v)(z,1) :(HBT(O) * gu) (x,t) — (HBT(O) * (La+u))(a?,t)

ot ot
=" /B ( )u (y,0) (0 — (a= *u) (y,t))dy.  (2.25)
By (2.24), one has [|v(-,0)|| < by|jugl|- Set

6
M > max{br lluoll E}' (2.26)
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First, we will prove that
[o(- ) <M, t>0. (2.27)

On the contrary, suppose that there exists ¢’ > 0 such that ||v(-, )| > M.
By (2.24) and Lemma 2.1, ||v(+,t)]|| is continuous in ¢. Next, since ||v(-,0)| < M,
there exists to > 0 such that ||v(-,tg)|| = M and |jv(-,t)|| < M, for all t € [0, o).

Consider the sequence {z,} C R? such that v(x,,to) — M, n — oco. Define
the following functions:

Un(2,t) = u(x +2p,t), va(z,t) = v(T +20,t) = (1, (0) * Un)(,1),

for € R% t > 0. Take any T > 0. Evidently, u € Cy,(R? x [0,T]), then, for
any £ > 0, there exists § > 0 such that, for any z,y € R, ¢ s € [0,T], with
|z —y|ra+|t—s| < 8, one has |u, (z,t)—u,(y, $)| = [u(z+zn, t) —u(y+z,,s)| < €.
And, by (2.20),

%+7m
D)) < Jlu(, 1)) < et Tluoll, neNtelo,T]. (2.28)

Hence {u,} is a uniformly bounded and uniformly equicontinuous sequence of
functions on R? x [0,7]. Thus, by a version of the Arzela-Ascoli Theorem,
see e.g. [29, Appendix C.8], there exists a subsequence {uy, } and a continuous

. 1 .
function us, on RY x [0,T] such that wu,, =5 Uoo. Moreover, one can easily
loc

show that us, € Cup(R? x [0,7]). By (2.28) and Lemma 2.6, v, == vs =
1L, (0) * Uoo, MOTEOVET, Vo € Cyp(R? x [0,77).

It is easily seen that both parts of (2.25) belong to Xr. Hence one can
integrate (2.25) on [0,¢] C [0, 7], namely,

v(z,t) = v(x,0) —|—/0 (Lg+v)(z, s) ds

+ " /0 /T(w) u(y, s) (9 — (a” *u) (y, s)) dyds. (2.29)

Substitute x + z,, instead of z into (2.29) and use twice the integration by
substitution in the second integral, then one gets the same equality (2.29), but
for vy, , un, instead of v, u, respectively. Next, by Lemma 2.6 and the dominated
convergence arguments, one can pass to the limit in k£ in the obtained equality.
As a result, one get (2.29) for ve, Us instead of v and u, respectively. Next,
since Cyp(R? x [0,T]) C Xr, the integrands with respect to s in the left hand
side (Lh.s. in the sequel) of the modified equation (2.29) (with wee,veo € X1)
will belong to X7 as well. As a result, v, will be differentiable in ¢ in the sense
of the norm in Cy,(R?). Finally, after differentiation, one get (2.25) back, but
for vao, Uso, namely,

9]
a/UOO(;I;, t) — (La-%—voo)(x? t)

. / oo (98) (0 — (a™ % uoe) () dy.  (2.30)
B, (x)

Going back to the definition of z,,, one can see that

Voo (0, tg) = kli_}rg@ Un,, (0,t0) = kli_g)lo (X, to) = M, (2.31)
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whereas, for any x € R%, t € [0,0), Voo (7,t) = klim v(x + Xp,,,t) < M. There-
—00
fore, %vm(o,to) >0 and, by (1.4), (La+v0)(0,t0) < 0. Then, by (2.30),

/ Uss (Y, t0) (0 — (@™ * uss) (y,t0)) dy > 0. (2.32)
B (0)

Next, the function us (-, tp), by the construction above, is nonnegative. It can
not be identically equal to 0 on B,(0), since otherwise, by (2.24), vo(0,%9) =
0 that contradicts (2.31). Hence by (2.32), the function 6 — (a™ * uo)(-, o)
cannot be strictly negative on B,.(0). Thus, there exists yo € B,(0) such that
0 > (a™ *uso) (Yo, to). Since 2r < rg, one has that  inf )a_(x) > q, cf. (2.21).

z€B2,(0
Therefore, one can continue:

6> (0™ % une) (g0, o) > / 0™ (y)use (9o — . o) dy
B27‘(O)

v
Q
T
Y
e
<
3
<
(=)
|
=
~
=
N~—
<
N
Il
Q
S
v
<
<
<
8
—
=
~
(==}
S—
QU
<

> a/ Uoo (Y, t0) dy = e (0,t0) = M,
B,(0)

that contradicts (2.26). Therefore, our assumption was wrong, and (2.27) holds.
We proceed now to show that ||u(-,t)| is uniformly bounded in time. By
(2.24), (2.27), (2.22), one has, for r = ¢\/d,

at xu)(x,t) = at(y)u(xz —y,t)d
(a* 5 u)(z,1) Z/HM (y)ulz — y,t) dy

z€Z4

IA

sup a*(y)/ u(x —y,t) dy
274 yEHq(Z) Br(2q2)

sup a+(y)/ u(y,t)dy < Maj . (2.33)
sezd YEH(2) B (z—2qz)

Therefore, by (2.1), (2.33), using the same arguments as for the proof of (2.20)
one gets that

¢
0 < u(z,t) < e ™ug(x) +/O 6*(“5)7"%+Ma;r ds

»tMal
— o—mt q 1— —mt
() + 2 — e
wt Ma} p
< max{7q7 ||u0||}7 zeRY >0, (2.34)
m
that fulfills the proof. O

Remark 2.8. It should be stressed that we essentially used the uniform conti-
nuity of the solution to prove Theorem 2.7.

Under conditions of Theorem 2.7, the solution u will be uniformly continuous
on R? x R, , namely, the following simple proposition holds true.
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Proposition 2.9. Let u be a solution to (2.1) with uy € Cyp(R?), and suppose
that there exists C > 0, such that

u(z,t)| <C, zeR? t>0.
Then u € Cyup(R? x Ry). Moreover, ||u(-,t)|| € Cup(Ry).

Proof. Being solution to (2.1), u satisfies the integral equation
t
u(x,t) = ug(x) Jr/ (3 (at *u)(z,s) — » u(z,s)(a” *u)(z,s) —mu(z,s)) ds.
0

Hence for any z,y € R?, 0 < 7 < t, one has

t
lu(z,t) — uly, 7)] < / (2TC + 267 C? + 2mC)ds

T

=20 + 3 C+m)C(t — 1),

that fulfils the proof of the first statement. Then, the second one follows from
the inequality |[[u(-, )] — u( 7)|I] < Ju(-t) = u(-,7)]. O

3 Around the comparison principle

We will discuss below the comparison and maximum principles. Being standard
tools for the study of parabolic and elliptic PDE, they are hold true for (1.11),
however, do not hold, in general, for (1.9), see e.g. [45] and the references therein.

3.1 Comparison principle

Let T > 0 be fixed. Define the sets X and /’\?% of functions from Xr, respec-
tively, X7, which are continuously differentiable on (0,7] in the sense of the
norm in Cy,(R?), respectively, in L>°(R%). Here and below we consider the
left derivative at ¢t = T only. For any u from X} one can define the following
function

(Fu)(z,t) := %(x,t) — st (at xu)(x,t)

+ mu(z,t) + s u(x,t)(a” xu)(z,t) (3.1)
for all t € (0, 7] and all € R?. Moreover, for any u € 2?%, one can consider the
function %(-,t) € L=(R%), for all ¢ € (0,T]. Then, one can also define (3.1),
which will considered a.e. in x € R? now.

Theorem 3.1. Let there exist ¢ > 0, such that
stat(z) > ex a (z), a.a zeRL (3.2)

Let T € (0,00) be fized and functions ui,us € X} be such that, for any (z,t) €
R% x (0,71,

(Fup)(z,t) < (Fug)(x,t), (3.3)
ui(x,t) >0, 0 < wg(z,t) < ui(x,0) < ug(z,0). (3.4)

Then uy(x,t) < ug(w,t), for all (z,t) € RY x [0,T]. In particular, u; < c.
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Proof. Define the following function
f(z,t) == (Fuo)(x,t) — (Fui)(z,t) >0, zeR:te(0,7), (3.5)
cf. (3.3). We set
K =m+ s ||lui|r, (3.6)
and consider a linear mapping
F(t,w) = Kw —mw + »"(a* *w)
— s w(a” *uy) — x ug(a” xw) + XU (3.7)
for w € Xr. By (3.4), (3.5), (3.6), (3.2), (2.4), w > 0 implies

F(t,w) = Kw—mw+ (xtat —cx"a™) xw
+ (e —up)(a™ xw) — s w(a™ *uy) + et f

> Kw—mw+ (7 a™ —cxma™) xw— » ||Jug||rw + X f > 0. (3.8)
Define also the function
v(z,t) = S (ug(x,t) — uy (1)), xR tel0,T)].

Clearly, v € X}, and it is straightforward to check that

F(t,v(s,t)) = %v(m,t), (3.9

for all x € R?, ¢ € (0,T]. Therefore, v solves the following integral equation in
Cup(RY):

v(z,t) = v(x,0) —|—/0 F(s,v(z,s))ds, (x,t) € R¥x(0,T],

(3.10)
0(2,0) = us(,0) — w1 (x,0), reRY,
where v(z,0) > 0, by (3.4).
Consider also another integral equation in Cy,(R?):
0(z,t) = (¥0)(x,t) (3.11)

where

(Tw)(x,t) :=v(x,0) —|—/0 max{F(s,w(z,s)),0}ds, w € Xr. (3.12)

It is easily seen that w € X;f yields dw € X;f. Next, for any T < T and for
any wi,ws € X;, one gets from (3.7), (3.12), that

[Wwy — Wwsl| 7 < T(K +m+ 5T + 5 ua|lz + e3¢ )|Jwz — w7
= qrT||wy — w1 7, (3.13)

where we used the elementary inequality [max{a,0} — max{b,0}| < |a — b,
a,b € R. Therefore, for T < (qr)~!, ¥ is a contraction on X;. Thus, there
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exists a unique solution to (3.11) on [0, T] In the same way, the solution can be
extended on [T, 277, [2T,3T], ..., and therefore, on the whole [0, T]. By (3.11),
(3.12),

o(x,t) > v(x,0) >0, (3.14)
hence, by (3.8), (3.12),

(x,t) = v(x,0) +/O F(s,9(z,s))ds =: E(0)(x,t). (3.15)

Since v € Xp, (3.15) implies that o is a solution to (3.10) as well. The same
estimate as in (3.13) shows that = is a contraction on X, for small enough T.
Thus & = v on R? x [0, 7], and one continue this consideration as before on
the whole [0,7]. Then, by (3.14), v(z,t) > 0 on R? x [0, 7], that yields the
statement. O

Remark 3.2. The previous theorem holds true in 22% Here and below, for the
L*>-case, one can assume that (3.2), (3.3), (3.4) hold almost everywhere in x
only.

From the proof of Theorem 3.1, one can see that we used the fact that uq, us
belong to X} to ensure that (3.9) implies (3.10) only. For technical reasons we
will need to extend the result of Theorem 3.1 for a wider class of functions.
Naturally, to get (3.10) from (3.9), it is enough to assume absolute continuity
of v(z,t) in ¢, for a fixed . Consider the corresponding statement.

For any T € (0, 00|, define the set %7 of all functions u : R? x R — R, such
that, for all t € [0,7), u(-,t) € Cup(R?), and, for all z € R?, the function f(x,t)
is absolutely continuous in ¢ on [0,7). Then, for any u € Zr, one can define
the function (3.1), for all z € R? and a.a. t € [0, 7).

Proposition 3.3. The statement of Theorem 3.1 remains true, if we assume
that ui,us € D7 and, for any x € R?, the inequality (3.3) holds for a.a. t €
(0,T) only.

Proof. One can literally repeat the proof of Theorem 3.1; for any = € R?, the
function (3.5) and the mapping (3.7) will be defined for a.a. t € (0,7) now
(and it will not be a mapping on X7, of course). Similarly, (3.8) and (3.9) hold,
for all # and a.a. t. However, for any € R?, one gets that (3.10) holds still
for all ¢t € [0,T]. Hence, the rest of the proof remains the same, stress that
F(t)v ¢ Xr, whereas E(v) € Xp, cf. (3.15). O

The standard way to use Theorem 3.1 is to take u; and us which solve
(2.1), thus, Fu; = Fug = 0, and (3.3) holds. Then Theorem 3.1 gives a
comparison between these solutions provided that there exists a comparison
between the initial conditions. However, to do this, one needs to know a priori
that ug(xz,t) < ¢. For example, one can demand that ¢ is not smaller than the
constant in the r.h.s. of (2.34). Another possibility is to compare the solution
to (2.1) with the solution to its homogeneous version (2.19) (with ¢y = 0).

Namely, let (3.2) hold, 0 < v < ¢, and, cf. (2.18),
v
t = >0
vt v) vgy(t) + exp(—0sx—t) —

1 —exp(—ys»t)

lim
y—0 Yy

ge(t) : > 0.
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It is easily seen that, for < 0, ¥ (t,v) decreases monotonically to 0 on ¢t €
[0,00): exponentially fast, for 6 < 0, and linearly fast, for § = 0. In particular,
P(t,v) <v<e t>0. As a result,

e if 7 <m and 0 < uy € Cyup(RY) be such that |lug|| < ¢, then |ju(-,t)|| <
¥ (¢, ||uoll). In particular, u converges to 0 uniformly in space as t — co.

Next, for # > 0, the function (t) increases monotonically to 6 on [0, c0)
if v < 0, it decreases monotonically to 6 of v > 0, and, clearly, ¥(t) = 6,
if v = 6. Therefore, if (3.2) holds with ¢ > 0 and 6 < |lug|| < ¢ then (¢, |Jugl]) <
[luo|l < ¢, and therefore, |lu(-,t)|| < (¢, [luoll) 4 6, t — co. Set also iﬂgldf up(x) =:
B > 0, then one can apply the comparison principle to the functions uq = (¢, 5)
and us = u. (Note that ¢(¢,0) =0.) As a result,

o if 2t > m and 0 < uy € Cup(R?) be such that § < |lug| < ¢, then
b(t, 8) < ula,t) < (t |luol), # € R, ¢ > 0, where § = inf ug(z) > 0. In

R
particular, if 8 > 0 then u converges to 6 exponentially fast as t — oo and

uniformly in space.

If (3.2) holds with ¢ > 6 whereas |Jug|| < 6, then one can consider ug = 6
(that is a solution to (2.1)). Therefore, ||u(-,t)|| < 8 = 1 (t,6). And the same
low estimate holds. Of course, for this case it is enough to have (3.2) with ¢ = 6
only. The latter case constitutes the basic assumptions for the most part of our
further results. Let us formulate the corresponding statement as a proposition.

Proposition 3.4. Suppose that the following assumptions hold:

xt >m, (A1)

wxtat(z) > (7 —m)a (z), a.a. xcRL (A2)

Let 0 < ug € Cup(RY) be an initial condition to (2.1) and u € Xr be the
corresponding solutions on any [0,T], T > 0. Suppose that 0 < ug(z) < 6,
r € R Then u € Xy, with |Jullo < 6.

Let vg € Cup(R?) be another initial condition to (2.1) such that ug(z) <
vo(z) <0, x € RY; and v € Xy be the corresponding solution. Then

u(z,t) <wv(x,t), xcRYt>0.

If, additionally, B := inf wug(z) > 0, then
zER?

po d
<u(z,t) <0, xR t>0. 3.16
B+ 0 Besp(— ) = 0= (31

In particular,
-5 _

llu(-t) — 0] < 3 exp(—0x7t), ¢>0.
Proof. The first two parts were proved above; note that s~ = »T —m. The
last one is followed from the definition of the function 1 above and the estimate
for the difference between low and upper bounds in (3.16). O
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Remark 3.5. The same result may be formulated for X7 and Xs. All inequalities
will hold true almost everywhere only.

We did not consider all possible relations between ¢, 8 > 0, and ||ug||. In
particular, the previous-type considerations will not cover the case when (3.2)
holds with ¢ < 6. In such a case, the solution to (2.19) (with t; = 0) can not
be considered as a function us in Theorem 3.1 since that solution tends to 6 as
t — oo, hence, (3.4) will not hold. This situation remains open.

Another case, which is not covered by the comparison method is when 6 > 0,
ie. (A1) holds, and ||ug|| > ¢. However, it may be analyzed using stability
arguments in the case when ¢ > 6, the latter naturally implies (A2). Under
assumptions (A1), (A2), we set, cf. (3.19) below,

Jo(x) := sTat(z) — (37 —m)a () >0, z€R% (3.17)

Next, denote the r.h.s. of (2.1) by G(u). Recall, that G(6) = 0, hence, u* = 0 is
a stationary solution to (2.1). Another stationary solution is u, = 0. Consider
the stability property of these solutions. To do this, find the linear operator
G'(u) on Cyup(R?): for v € Cyup(RY),

G (u)v = %G(u + sv)

s=0
=t (aT xv) —mv — 3 v(a” *u) — 3 ula” *v). (3.18)

Therefore, by (3.17),

G'(O)v =" (at *v) —mv— s 0v—3 0(a” xv)=Jg*xv— st

v.
By (3.17), [ga Jo(x) dz = m, thus, the spectrum o(A) of the operator Av :=

Jo * v on Cyp(R?) is a subset of {z € C | |2] < m}. Therefore,
o(G'0)=0(A-»")C{z€C||z+»"|<m} C{z€C|Rez <0},

by (Al). Hence, by e.g. [22, Chapter VII|, v* = 0 is uniformly and asymptot-
ically stable solution, in the sense of Lyapunov, i.e., for any € > 0 there exists
§ > 0 such that, for any solution u € Cyp(R?) to (2.1) and for all ¢; > 0, the
inequality [Ju(-,t1) — 6]| < 0 implies that, for any ¢ > t1, ||u(-,t) — 0] < &; and,
for some dp > 0, the inequality |Ju(-,t1) — 0| < do yields tlggo ||u(-,t) =8| = 0.
In particular, it works if 6 < |lug|| < 6 + do. Moreover, it is possible to show
that u* = 6 is a globally asymptotically (exponentially) stable solution to (2.1),
that means, in particular, that ||ug|| > 6 may be arbitrary; we expect to discuss
this in a forthcoming paper.

Note also, that, by (3.18), G'(0)v = s (at % v) — mwv. Then, the operator
G’(0) has an eigenvalue »T —m > 0 whose corresponding eigenfunctions will
be constants on R?. Therefore o(G’(0)) has points in the right half-plane and
since G”(0) exists, one has, again by [22, Chapter VII], that u, = 0 is unstable,
i.e. there exists a solution u such that iﬂgdf |u(z,t)| > e, for some £ > 0, for all

x € R% and for all ¢t > tg = to(e). It is worth noting that, u, = 6 is a locally
stable solution, see Subsection 3.3 below.

The natural question arises whether it is possible to characterize some prop-
erties of the solution to (2.1) without comparison between a™ and a™ like (3.2).
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For a particular answer, one can refer to [33, Theorem 4.3], namely, there was
proved that if (3.2) holds on a set Q C R? of positive Lebesgue measure, and if
Jo(eTat(x) — cxxma™ (x)) dx < m, then |lug|| < 6 implies |[u(-,t)|| <6, ¢ > 0.

On the other hand, let the condition (A2) (that is, recall, (3.2) with ¢ = 0)
fail in some ball B,.(yo) only, 7 > 0, yo € R%, ie. Jy(x) <0, for a.a. = € B,(yo),
where Jy is given by (3.17). Take any y € B, (yo) with Z < |y — yo| < %, then
Yo ¢ Bz (y) whereas B (y) C By(yo). Take ug € C’ub(Ré‘l) such that ug(z) =0,
z € R\ B:(y), and ug(z) < 0, x € Bz (y). Since [y, Jo(z) dz = m, one has

O (10, 0) = —mf 4 2 (a* =)y, 6) — >+~ O™ »u)(y,0)
= (o » ) (40 0) — m8 = (Jy » (g — 6)) )

= / Jo(yo — x)(uo(x) — 0) dz > 0,
Bz (y)

Therefore, u(yo,t) > u(yo,0) = 0, for small enough ¢ > 0, and hence, the state-
ment of Proposition 3.4 does not hold in this case. The similar counterexample
may be considered if (3.2) fails, for ¢ > 6. Note that the case ¢ < 6 is again
unclear.

3.2 Maximum principle

The maximum principle is a ‘standard analogue’ of the comparison principle,
see e.g. [15].

We will give sufficient conditions that solutions to (2.1) will never reach at
positive times the stationary values 6 and 0, provided that the corresponding
initial conditions were not these constants.

Through the rest of the paper we will suppose that (A1), (A2) hold and
6 > 0 is given by (2.17). Under these assumptions, for any ¢ € (0, 6], one can
generalize the function (3.17) as follows

Jo(x) 1 = xTat(z) — g a” (2),
(@) () = 5 (@) d o0
> xtat(z) — 0 a” (z) >0, x € R%
since 03~ = »T —m and (A2) holds.
Definition 3.6. For 6 > 0, given by (2.17), consider the following sets
U9 = {f € Cub(Rd) | 0< f(x) < 9, LS Rd}7 (320)
Lo :={f € L®R%) |0 < f(z) <90, for a.a. x € R} (3.21)
We introduce also the following assumption:
there exists p,d > 0 such that a™*(z) > p, for a.a. x € Bs(0). (A3)

Prove that then the solutions to (2.1) (or, equivalently, (2.23)) are strictly
positive; this is quite common feature of linear parabolic equations, however, in
general, it may fail for nonlinear ones.
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Proposition 3.7. Let (Al), (
be the initial condition to (2.1
Then

A2), (A3) hold. Let ug € Uy, ug # 0, ug Z 0,
), and u € X be the corresponding solution.

u(z,t) > inf u(y,s) >0, zeRt>0.
yeR?
s>0
Proof. By Theorem 2.2 and Proposition 3.4, 0 < u(x,t) < 6, x € RY ¢ > 0.
Then, by (2.23),

0

a—?(w,t) — (Losu)(z,t) > 0. (3.22)
Prove that, under (3.22), u cannot attain its infimum on R? x (0, 00) without
being a constant. Indeed, suppose that, for some zy € R%, to > 0,

u(zo,to) < u(z,t), = e€RLt>0. (3.23)
Then, clearly,
ou
— ty) = .24
En (zo,to) =0, (3.24)

and (3.22) yields (Lg+u)(zg,to) < 0. On the other hand, (3.23) and (1.4) imply
(Lg+u)(xo,to) > 0. Therefore,

/ a*(zo — y)(uly, to) — u(zo,t0)) dy = 0. (3.25)
R4
Then, by (A3), for all y € Bs(xg),

u(y, to) = u(wo, to). (3.26)

By the same arguments, for an arbitrary x; € dBs(x0), we obtain (3.26), for all
y € Bs(x1). Hence, (3.26) holds on Baos(xg), and so on. As a result, (3.26) holds,
for all y € R?, thus u(-, %) is a constant. Then, considering (2.1) at (0, o), and
taking into account (3.24), one gets u(xg,to)(0 — u(zo, to)) = 0 with u(z,tg) =
u(xo,to), © € R% cf. (2.19). By (3.23), u(xo,t0) = 0 > sup,cpa osou(y, s)
implies v = @, that contradicts ug # 6. Hence u(z,ty) = u(zo,tp) = 0, x € R%.
Then, by (2.18), u(z,t) = 0, z € R, t > t;. And now one can consider the
reverse time in (2.1) starting from ¢ = to. Namely, we set w(z,t) := u(z,tg —t),
t € [0,t], z € R, Then w(x,0) = v(tg) =0, z € RY, and

0

a—l:(%t) =muw(z,t) — s (at xw)(z,t) + 2w, t)(a” *w)(z,t). (3.27)
The equation (3.27) has a unique classical solution in C,,(R%) on [0, ¢]. Indeed,
if wy,wy € Xy, both solve (3.27), then the difference wy — w; is a solution to
the following linear equation

oh
o7 (@) = mh(z,t) = (@« h)(z,1) (3.28)

+ 2 h(x,t)(a” xwa)(x, t)x" wi(x,t)(a” * h)(z,t),
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with h(z,0) = 0, # € R The r.hs. of (3.28), for any wi,ws € Ay, is a
bounded linear operator on C,;(R?), therefore, there exists a unique solution
to (3.28), hence, h = 0. As a result, w; = ws. Since w = 0 satisfies (3.27) with
the initial condition above, one has u(x,ty —t) = 0, t € [0,o], * € R Hence,
u(-,t) = 0, for all ¢ > 0, that contradicts ug # 0. Thus, the initial assumption
was wrong, and (3.23) can not hold. O

In contrast to the case of the infimum, the solution to (2.1) may attain its
supremum but not the value §. One can prove this under a modified version of
(A3): suppose that, cf. (3.19),

there exists p,d > 0, such that

Jo(z) = sTa™(z) — (57 —m)a"(z) > p, for a.a. z € Bs(0). (Ad)

As a matter of fact, under (A4), a much stronger statement than unattainability
of 6 does hold.

Theorem 3.8. Let (Al), (A2), (A4) hold. Let ui,us € Xoo be two solutions to
(2.1), such that uy(z,t) < ug(w,t) <0, x € R4, ¢t > 0. Then either ui(z,t) =
us(z,t), x € R, t >0 or ui(w,t) < ug(x,t), € RL t > 0.

Proof. Let uy(x,t) < ug(z,t), x € R ¢t > 0, and suppose that there exist
to > 0, 29 € RY, such that uy(wo,t0) = ua(wg,to). Define w := us — u; € Xoo.
Then w(z,t) > 0 and w(xg,tg) = 0, hence %w(axo,to) = 0. Since both u; and
ug solve (2.1), one easily gets that w satisfies the following linear equation

%w(w,t) = (Jop*xw)(z,t) + 3¢ (0 —ui(z,t))(a” xw)(x,t)

—w(z, t)(m+ (a” *u2)(z,t)); (3.29)
or, at the point (zq, %), we will have
0= (Jp *w)(wo,to) + 3¢~ (0 — u1 (0, t0))(a” xw)(xo, o). (3.30)

Since the both summands in (3.30) are nonnegative, one has (Jp*w)(xo,to) = 0.
Then, by (A4), we have that w(z,t9) = 0, for all x € Bs(xp). Using the same
arguments as in the proof of Proposition 3.7, one gets that w(z,ty) = 0, x € R%.
Then, by Corollary 2.4, w(z,t) = 0, x € R% t > ty. Finally, one can reverse
the time in the linear equation (3.29) (cf. the proof of Proposition 3.7), and the
uniqueness arguments imply that w = 0, i.e. ui(z,t) = us(z,t), x € R4, t > 0.
The statement is proved. O

By choosing us = 6 in the Theorem 3.8, we immediately get the following

Corollary 3.9. Let (Al), (A2), (A4) hold. Let ug € Uy, ug # 0, be the initial
condition to (2.1), and u € Xy be the corresponding solution. Then u(x,t) < 6,
z€RL > 0.

3.3 Local stability

We will prove now that any solution to (2.1) is locally stable in a certain sense,
provided that (3.2) holds. This stability is very ‘weak’, for example, u, = 0,
being unstable solution (see Subsection 3.1 above), will be still locally stable.
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Theorem 3.10. Let (Al), (A2) hold. Let T > 0 be fized. Consider a sequence
of functions u, € Xp which are solutions to 2.1 with uniformly bounded initial
conditions: un(-,0) € Up, n € N. Let u € Xr be a solution to (2.1) with

loc

initial condition u(-,0) such that u,(-,0) LN u(-,0). Then up(-,t) == u(-, 1),
uniformly in t € [0, T.

Proof. Tt is easily seen that u(-,0) € Uy. By Proposition 3.4, u, (-, t), u(-, t) € Up,
n € N, for any ¢t > 0. We define, for any n € N, the following functions on R%:

Up (z,0) := max {u,(z,0),u(z,0)}, u,,(2,0) := min {u,(z,0),u(z,0)}.

Then, clearly, 0 < u,,(z,0) < u(z,0) < U,(7,0) < 0, x € R, n € N. Hence
the corresponding solutions %y, (z,t), u, (z,t) to (2.1) belongs to Uy as well. By
Theorem 3.4, one has

w,(z,t) < u(e,t) <Tn(z,t), zeR%te(0,T].

In the same way, one gets u,,(z,t) < uy,(x,t) < U, (z,t) on R?x[0, T]. Therefore,

it is enough to prove that %, and w,, converge locally uniformly to w.
loc

Prove that W, = u. For any n € N, the function h,(-,t) = u,(-,t) —
u(-,t) € Uy, t > 0, satisfies the equation %hn = A,h, with h,o(z) =
hp(2,0) = Uy, (z,0) — u(x,0) >0, € RY, where, for any 0 < h € X,

Aph = —mh+ %" (aT xh) — %" h(a™ *Uy,) — 3 u(a” *h).

For any u, and u, A, is a bounded linear operator on C,;(R%), therefore,
ho(2,t) = (e!4nhy, 0)(x), 2 € R, ¢ € [0,T]. Since u > 0, one has that, for any
0 < heXr, (Ayh)(z,t) < (AR)(,t), x € R, t € [0,T], where a bounded linear
operator A is given on Cy,(R?) by

Ah =t (at * h) — s u(a” *h).
A

Next, the series expansions for e!4» and e*4 converge in the topology of norms of
operator on the space Cyp(R?). Then, for any n € N, and for z € R?, ¢t € [0,T],

(oo} Tm
h(,) = ("4 h0) (@) < (€4 hno) (@) = Y — A" o, (3.31)
m=0

and, moreover, for any € > 0 one can find M = M(e) € N, such that we get
from (3.31) that

, M N .

n(z,t) <Y A"y o(2) +20, xR EE0,T). (3.32)
m=0

as hno € Up, n € N. Finally, the assumptions of the statement yield that

B0 £ 0. Then, by (3.31) and Lemma 2.6, h,(z,t) 2% 0 uniformly in

t € [0,7]. Hence, T, ¢y uniformly on [0,7]. The convergence wu,, Ly

may be proved by an analogy. O

Remark 3.11. An analogous statement holds in the space Xy, T > 0.
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In the case of measurable bounded functions, cf. Remark 3.11, we will need
also a weaker form of the local stability above.

Proposition 3.12. Let (A1), (A2) hold. Let T > 0 be fixed. Consider a
sequence of functions u, € Xr which are solutions to 2.1 with uniformly bounded
initial conditions: u,(-,0) € Lg, n € N. Let u € Xp be a solution to 2.1 with
initial condition u(-,0) such that u,(z,0) — u(z,0), for a.a. = € R, Then
U (z,t) = u(z,t), for a.a. x € R, uniformly in t € [0,T).

Proof. The proof will be fully analogous to that for Theorem 3.10 until the
inequality (3.32), in which M = M (e, z) now. The rest of the proof is the same,
taking into account that an analogue of Lemma 2.6 with both convergences
almost everywhere holds true by the dominated convergence theorem. O

3.4 Further toolkits

In the sequel, it will be sometimes useful to consider the solution to (2.1) as a
nonlinear transformation of the initial condition.

Definition 3.13. For a fixed T > 0, define the mapping Q7 on L (R?) :=
{f e L®RY) | f >0 a.e.}, as follows

(QTf)(x) = U(I7T)a HARS Rda (333)
where u(z,t) is the solution to (2.1) with the initial condition u(x,0) = f(x).

Let us collect several properties of Q7 needed below.

Proposition 3.14. Let (A1), (A2) hold. The mapping Q = Qr : LY (R?) —
LY (RY) satisfies the following properties

(Ql) @: Lo — Lo, Q: Ug — U,
(Q2) let T, : L (RY) — LL(RY), y € RY, be a translation operator, given by
(Tyf)(z) = f(x —y), «eR% (3.34)
then
(QT,f)(z) = (T,Qf)(x), =z,y€eR, (3.35)
(Q3) Q0 =0, Q8 =6, and Qr > r, for any constant r € (0,6),
(Q4) if f(z) < g(x), for a.a. x € R, then (Qf)(x) < (Qg)(x), for a.a. x € R%;

(Q5) if fr == f, then (Qf,)(x) = (Qf)(z), for a.a. = € RY.

Proof. The property (Q1) follows from Remark 3.5 and Proposition 3.4. To
prove (Q2) we note that, by (2.3), T, (a® x u) = a* % (T,u), and then, by (2.7),
B(T,v) = T,(Bv), therefore, by (2.6), if 7 = 0 and u, = T}, f, then ®, T, = T, D,
where @ is given by (2.6) with f in place of u, only. As a result, ®*T, = T, ®"
hence

Qe(T,f) = lim @IT,f = lm T, f = T,(Qx f);

27



and one can continue the same considerations on the next time-interval. The
property (Q3) is a straightforward consequence of Corollary 2.4; indeed, (2.18)
implies, for ag :=exp(—0s~T) € (0,1),

or r(@ —r)(1—ar)

QTT_T:T(l—aT)—i—OaT _r:r(l—aT)—i—GaT >0

The property (Q4) holds also by Remark 3.5 and Proposition 3.4 The property
(Q5) is a weaker version of Remark 3.11 and Proposition 3.12. O

Let S?~! denotes a unit sphere in R? centered at the origin:
St ={z eR?| |z| = 1}; (3.36)
in particular, S° = {-1,1}.

Definition 3.15. A function f € L°°(R%) is said to be increasing (decreasing,
constant) along the vector & € 471 if, for a.a. # € RY, the function f(z +s£) =
(T—se f)(x) is increasing (decreasing, constant) in s € R, respectively.

Proposition 3.16. Let (A1), (A2) hold. Letug € Ly be the initial condition for
the equation (2.1) which is increasing (decreasing, constant) along a vector £ €
S4=1: and u(-,t) € Lg, t > 0, be the corresponding solution (cf. Proposition 3./
and Remark 8.5). Then, for anyt > 0, u(-,t) is increasing (decreasing, constant,
respectively) along the §.

Proof. Let uy be decreasing along a ¢ € S9!, Take any s; < s, and consider
two initial conditions to (2.1): ul(z) = uo(x + 5:£) = (T-s,eu0)(x), i = 1,2.
Since ug is decreasing, u}(z) > u2(x), z € R% Then, by Proposition 3.14,

T s,eQrug = QiT—s,cup = Quuy > Quug = QT s,eu0 = T—s,¢Qruo,

that proves the statement. The cases of a decreasing u( can be considered in the
same way. The constant function along a vector is decreasing and decreasing
simultaneously. O

For the sequel, we need also to show that any solution to (2.1) is bounded
from below by a solution to the corresponding equation with ‘truncated’ ker-
nels a*. Namely, suppose that the conditions (A1), (A2) hold. Consider a
family of Borel sets {Agr | R > 0}, such that Agr * R% R — co. Define, for
any R > 0, the following kernels:

at(z) = La,(v)at(z), z€RY, (3.37)
and the corresponding ‘truncated’ equation, cf. (2.1),

ow +

—(z,t) = " (a}, * w)(z,t) — mw(z,t)
ot
— s w(z,t)(ag * w)(x,t), reRY >0, (3.38)
w(z,0) = wo(x), r € RL
We set
AL = /A a*(x)dx /1, R — oo, (3.39)
R
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by (2.2). Then the non-zero constant solution to (3.38) is equal to
+A4T —
Op=2E"" g R, (3.40)
nw AR
however, the convergence 0 to 6 is, in general, not monotonic. Clearly, by (A1),
fr > 0 if only

A} > % € (0,1). (3.41)

Proposition 3.17. Let (Al), (A2) hold, and R > 0 be such that (3.41) holds,
cf. (3.39). Let wy € Cup(R?) be such that 0 < wo(x) < Or, © € R%. Then there
exists the unique solution w € X5 to (3.38), such that

0 <w(z,t)<6g, =zcRI t>0. (3.42)

Let ug € Up and u € Xy be the corresponding solution to (2.1). If wo(z) <
ug(x),r € RY, then

w(z,t) <u(z,t), =R t>0. (3.43)
Proof. Denote A% :=R?\ Ap. We have
wt Ay —mAp — 5t AL +m (1= Af) — (et —m)(1 - AR)

0— 0= =
R w A x Ap

1 —
= o Ag s (sta®(z) — (37 —m)a™ (x)) dz > 0,

by (A2). Therefore,

0<flr <0. (344)
Clearly, (A2) and (3.44) yield
stag(z) > Oz ap(x), =eR (3.45)

Thus one can apply Proposition 3.4 to the equation (3.38) using trivial equalities
af(r) = Afak(x), where the kernels a5 (z) = (A%5) 'a%(x) are normalized, cf.
(2.2); and the inequality (3.45) is the corresponding analog of (A2), according
to (3.40). This proves the existence and uniqueness of the solution to (3.38) and
the bound (3.42).

Next, for F given by (3.1), one gets from (3.37) and (3.38), that the solution
w to (3.38) satisfies the following equality

(Fw)(wt) = —s* / o (yyw(z -y, ) dy

c
R

+ x w(z,t) /AC a” (y)w(x —y,t)dy. (3.46)
By (3.42), (3.44), (A2), one gets from (3.46) that
(Fuat) < = [ at@ule-pdy+ 20 [ o @u-p0dy
Ag AR
< 0= (Fu)(z, 1),

where u is the solution to (2.1). Therefore, we may apply Theorem 3.1 to get
the statement. O
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Remark 3.18. The statements of Proposition 3.17 remains true for the functions
from L>°(R%) (the inequalities will hold a.e. only).

4 Traveling waves

Traveling waves were studied intensively for the original Fisher—KPP equation
(1.6), see, e.g., [6]; for locally nonlinear equation with nonlocal diffusion (1.11),
see, e.g., [17,80]; and for nonlocal nonlinear equation with local diffusion (1.9),
see, e.g., [3,7,45,58].

Through this section we will mainly work in L*°-setting, see Remarks 2.3,
3.2, 3.5, 3.11 above. Recall that we will always assume that (A1) and (A2) hold,
and 6 > 0 is given by (2.17).

4.1 Existence and properties of traveling waves

Definition 4.1. Let My(R) denote the set of all decreasing and right-continuous
functions f : R — [0, 6].

Remark 4.2. There is a natural embedding of My(R) into L>(R). According
to this, for a function f € L*°(R), the inclusion f € My(R) means that there
exists g € Mp(R), such that f = g a.s. on R.

Definition 4.3. Let XL := X,,NC"((0,00) — L= (R%)). A function u € XL is
said to be a traveling wave solution to the equation (2.1) with a speed ¢ € R and
in a direction & € S?~! if and only if (iff, in the sequel) there exists a function
1 € My(R), such that

(—00) P(+00) =0

=0 (4.1)
u(z,t) =Yz -&—ct), t>0, aa zcR

Here and below S9! is defined by (3.36) and = -y = (x,y)« is the scalar
product in R?. The function 1 is said to be the profile for the traveling wave,
whereas c is its speed.

We will use some ideas and results from [80].
With necessity, to have a traveling wave solution to (2.1) one should assume
that

ug(z) = P(z - §), (4.2)

for some & € S971 9) € Mg(R). In such a case, the solution will have a special
form as well.

Proposition 4.4. Let £ € S971, ¢ € My(R), and an initial condition to (2.1)
be given by ug(x) = Y(x - €), a.a. v € RY; let also u € )E';g be the corresponding
solution. Then there exist a function ¢ : R x Ry — [0,0], such that ¢(-,t) €
My(R), for any t > 0, and

u(z,t) = p(x - £,t), t>0, a.a z R (4.3)
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Moreover, there exist functions a* (depending on &) on R with 0 < a* €
LY(R), [ a*(s)ds =1, such that ¢ is a solution to the following one-dimensional
version of (2.1):

00 (501) = 52 5 0)(5,1) — m(5,1)
— (s, t)(@ xp)(s,t), t>0, aa sER, (4.4)
@(s,0) = ¢(s), a.a. s € R.

Proof. Choose any 1 € S% ! which is orthogonal to the &. Then the initial
condition ug is constant along 7, indeed, for any s € R,

ug(z + sn) = Y((x + sn) - &) = p(x - €) = up(z), a.a. ze R

Then, by Proposition 3.16, for any fixed ¢ > 0, the solution wu(-,t) is constant
along 7 as well. Next, for any 7 € R, there exists € R? such that z - & = 7;
and, clearly, if y - £ = 7 then y = x + sn, for some s € R and some 7 as above.
Therefore, if we just set, for a.a. x € RY, ¢(r,t) := u(z,t), t > 0, this definition
will be correct a.e. in 7 € R; and it will give (4.3). Next, for a.a. fixed z € R%,
ug(x + s€) = Y(x - £+ s) is decreasing in s, therefore, ug is decreasing along the
&, and by Proposition 3.16, u(-,t), t > 0, will be decreasing along the £ as well.
The latter means that, for any s; < sa, we have, by (4.3),

¢($ £+ Slat) = ’U,(:L' + 51£7t) Z u(x+52§,t) = QZS(IE ! § + SQat)a

and one can choose in the previous any x which is orthogonal to £ to prove that
¢ is decreasing in the first coordinate.

To prove the second statement, for d > 2, choose any {n1, 72, ..., 741} C
591 which form a complement of § € S% 1! to an orthonormal basis in R
Then, for a.a. z € R?, with 2 = zj;i Tin; + s&, Ti,...,74—1,5 € R, we have
(using an analogous expansion of y inside the integral below an taking into
account that any linear transformation of orthonormal bases preserves volumes)

ai*ux = Cl:t u\xr —
(@ 5w = [ @@= y.0dy

d—1 d—1
= /Rd at <Z Tin; + 5'5) U<Z(Tj —7i)m; + (s — s')f,t) dry ...dth_,ds
j=1

j=1

d—1
= /]R</]Rdl ai (; Tj/nj + S/é-) dT{ . dT(Ii1>u((S _ 3/)£,t) dS/, (45)

where we used again Proposition 3.16 to show that u is constant along the vector
n= Z?;ll(ﬂ'j — 7;)n; which is orthogonal to the &.
Therefore, one can set

I / at(mm + . A Ta a1 FsE)dry .. drg_1, d>2,
a*(s) = ¢ Jra-1

(4.6)
a*(s€), d=1.

It is easily seen that a* = dzt does not depend on the choice of 71, ...,74-1,
which constitute a basis in the space He := {z € R? | 2 - £ = 0} = {¢}*. Note
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that, clearly,

/Rai(s) ds = /}Rd a*(y) dy = 1. (4.7)

Next, by (4.3), u((s — s')¢,t) = ¢(s — ', t), therefore, (4.5) may be rewritten as

(a* s u)(z,t) = / a*(s") (s — &', ) ds' =: (aF * ¢)(s,1),
R

where s = x - £&. The rest of the proof is obvious now. O

Remark 4.5. By Proposition 4.4, the solution u has always the form (4.3) pro-
vided that (4.2) holds, for some ¢ € Mg(R) and some & € S%~1. As a matter of
fact, to prove the existence of traveling waves we will need to show that there
exist functions ¥ € My(R) such that

@(s,t) = (s — ct). (4.8)

According to the second statement of Proposition 4.4, it means that the one-
dimensional version (4.4) of the initial equation (2.1) should have a traveling
wave solution with the profile ¢ and the speed c given by (4.8). If such solution
is found and if the initial condition to (2.1) is given by (4.2), then (4.1) holds.

Remark 4.6. One can realize all previous considerations for increasing traveling
wave, increasing solution along a vector £ etc. Indeed, it is easily seen that
the function a(x,t) = u(—=z,t) with the initial condition @g(z) = uo(—zx) is a
solution to the equation (2.1) with a* replaced by a*(z) = a®(—z); note that
(a* xu)(—x,t) = (a* * ) (z, t).

Remark 4.7. Tt is a straightforward application of (3.35), that if ¢ € My(R),
¢ € R gets (4.1) then, for any s € R, (- + s) is a traveling wave to (2.1) with
the same c.

We will need also the following simple statement.

Proposition 4.8. Let (A1), (A2) hold and & € S~ be fized. Define, for an
arbitrary T > 0, the mapping Qr - LE[R) — LE(R) as follows: Qri(s) =
¢(s,T), s € R, where ¢ : R x Ry — [0,0] solves (4.4) with ¢ € LT (R). Then
such Qr is well-defined, satisfies all properties of Proposition 3.14 (withd =1),
and, moreover, Qr(Mg(R)) C My(R).

Proof. Consider one-dimensional equation (4.4), where a* are given by (4.6).
The latter equality together with (A2) imply that

stat(s) > (5" —m)a(s), aa.scR. (4.9)

Therefore, all previous results (e.g. Theorem 2.2) hold true for the solution
to (4.4) as well. In particular, all statements of Proposition 3.14 hold true,
for Q = Qr, d = 1. Moreover, by the proof of Theorem 2.2 (in the L*°-case,
cf. Remark 2.3), since the mappings B and ®., cf. (2.7), (2.6), map the set
M, (R) into itself, we have that Q7 has this property as well, cf. Remark 4.2. [
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Now we are going to prove the existence of the traveling wave solution to
(2.1). Denote, for any A > 0, £ € S971,

ag(A) == /Rd at (x)e’ € dx € [0, 00]. (4.10)

For a given ¢ € S9!, consider the following assumption on a™:
there exists p = p(§) > 0 such that as(p) < oo. (A5)

Theorem 4.9. Let (A1) and (A2) hold and & € S?~! be fized. Suppose also
that (A5) holds. Then there exists c.(£) € R such that

1) for any ¢ > c.(§), there exists a traveling wave solution, in the sense of
Definition 4.8, with a profile ) € My(R) and the speed c,

2) for any ¢ < c.(&), such a traveling wave does not exist.

Proof. Let p > 0 be such that (A5) holds. Then, by (4.6),

/ d+(3)6#5d5 = / / ai(Tﬂh + ...+ Tg—1Nd—1 + Sf)e’us dry...drg_1ds
R R JRd-1
= ag(p) < oo. (4.11)

Clearly, the integral equality in (4.11) holds true for any A € R as well, with
ag(A) € [0, 00].
Let p > 0 be such that (A5) holds. Define a function from My(R) by

©(s) :=Omin{e "% 1}. (4.12)

Let us prove that there exists ¢ € R such that ¢(s,t) := ¢(s — ct) is a super-
solution to (4.4), i.e.

Fp(s,t) >0, seR,t>0, (4.13)
where F is given by (3.1) (in the case d = 1). We have

(Fo)(s,t) = —c'(s — ct) — T (aT x ) (s — ct) + mp(s — ct)
+x p(s—ct)(a *¢)(s—ct),
hence the sufficient condition for (4.13) will be
Te(8) = ¢! (s) + 37 (@ x p)(s) —mep(s) — =~ p(s)(a” *p)(s) <0, (4.14)
for s € R. By (4.12), (4.9), for s < 0, we have
Te(s) = st (@t xp)(s)—mb—s0(a" *p)(s) < ((>"a—»"0a")x0)(s)—mb = 0.

Next, by (4.12),

(@ =)o) < [ (et dr = e acln),

therefore, for s > 0, we have

Te(s) < —pche™° 4+ Oe M ag(u) — mbeH*;

33



and to get (4.14) it is enough to demand that s " ag (1) —m—pc < 0, in particular,

_ Hrag(p) —m
c= p . (4.15)

As a result, for ¢(s,t) = ¢(s — ct) with ¢ given by (4.15), we have
Fo>0=F(Qup), (4.16)

as Qu is a solution to (4.4). Then, by (A2) and the inequality ¢ < 6, one can
apply Proposition 3.3 and get that

Qio(s') < o(t,s') = p(s' —ct), aa. s €R,

where ¢ is given by (4.15); note that, by (4.12), for any s € R, the function

¢(s,t) is absolutely continuous in ¢. In particular, for t = 1, s’ = s + ¢, we will
have

Qio(s+c¢) < p(s), aa. secR. (4.17)

And now one can apply [80, Theorem 5| which states that, if there exists a
flow of abstract mappings Q:, each of them maps My (R) into itself and has
properties (Q1)—(Q5) of Proposition 3.14, and if, for some t (e.g. t = 1), for
some ¢ € R, and for some ¢ € My(R), the inequality (4.17) holds, then there
exists 1) € My(R) such that, for any ¢ > 0,

(Qtw)(s +ct) =19(s), aa. seR, (4.18)

that yields the solution to (4.4) in the form (4.8), and hence, by Remark 4.5,
we will get the existence of a solution to (2.1) in the form (4.1). It is worth
noting that in [80] the results were obtained for increasing functions bounded
by 1 whereas we are working with decreasing functions bounded by 6, however,
the corresponding statements may be proved literally in the same way as in [80],
see also Remark 4.6.

Next, by [80, Theorem 6], there exists ¢, = ¢.(§) € (—o0, 00| such that, for
any ¢ > c., there exists ¢ = 1p. € My(R) such that (4.18) holds, and for any
¢ < ¢4 such a v does not exist. Since for ¢ given by (4.15) such 9 exists, we
have that ¢, < ¢ < oo, moreover, one can take any p in (4.15) for that (A5)
holds. Therefore,

-+ _
e < inf 20 —m

4.1
A>0 A (4.19)

The statement is proved. [

Remark 4.10. It can be seen from the proof above that we didn’t use the special
form (4.12) of the function ¢ after the inequality (4.16). Therefore, if a function
©1 € Mg(R) is such that the function ¢(s,t) := @1(s —ct), s € R, t > 0,
is a super-solution to (4.4), for some ¢ € R, i.e. if (4.13) holds, then there
exists a traveling wave solution to (4.4), and hence to (2.1), with some profile
1 € My(R) and the same speed c.

Next two statements describe the properties of a traveling wave solution.
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Proposition 4.11. Let ¢ € My(R) and ¢ € R be such that there exists a
solution u € XL to the equation (2.1) such that (4.1) holds, for some & € S~ 1.
Then ¢ € CYH(R — [0,6]), for ¢ # 0, and 1 € C(R — [0,0]), otherwise.

Proof. The condition (4.1) implies (4.2) for the ¢ € S9!, Then, by Propo-
sition 4.4, there exists ¢ given by (4.3) which solves (4.4); moreover, by Re-
mark 4.5, (4.8) holds.

Let ¢ # 0. Is well-known that any monotone function is differentiable almost
everywhere. Prove first that ¢ is differentiable everywhere on R. Fix any
sp € R. It follows directly from Proposition 4.4, that ¢ € C*((0,00) — L*(R)).
Therefore, for any ¢ty > 0 and for any ¢ > 0, there exists § = §(tg,&) > 0 such
that, for all ¢ € R with |ct| < ¢ and tg + ¢ > 0, the following inequalities hold,
for a.a. s € R,

B - b
a(f(s ) — e < ¢(s,to+ti P(s,to) < 57?(8 fo) + e, (4.20)
g(f(s ty) — & < %‘f(s,to +1) < %(s,to) b (4.21)

Set, for the simplicity of notations, zg = sg + ctg. Take any 0 < h < 1 with
2h < min{4,|c|to}. Since 1 is a decreasing function, one has, for almost all
s € (w0, zo + h?),

Plso+h) —P(so) _ (s —cto+h— h?) — (s — cto)
h - h

s to + ) — (s to) B2 — h < (a¢

B h2=h ch ot

C

(s,t0) ¢e> L um

by (4.20) with t = hz*h; note that then |ct| = h —h?> < h < §, and to+t >0
(the latter holds, for ¢ < 0, because of ty +t > ¢y then; and, for ¢ > 0, it is
equivalent to ctg > —ct = h — h?, that follows from h < ctg). Stress, that, in
(4.22), one needs to choose —¢, for ¢ > 0, and +e¢, for ¢ < 0, according to the
left and right inequalities in (4.20), correspondingly.

Similarly, for almost all s € (so + ctg — h?, so + ctg), one has

Y(so+h) —(s0)  Y(s—clo+h+ h?) — (s — cto)
h - h
O(s,to = ) — §(s,to) B2+ B <a¢

_h2+h —ch ot

C

(5,t0) + )h“, (4.23)

—C

where we take again the upper sign, for ¢ > 0, and the lower sign, for ¢ < 0;
note also that h + h? < 2h < §. Next, one needs to ‘shift’ values of s in (4.23)
to get them the same as in (4.22). To do this note that, by (4.8),

2
qﬁ(s +h% tg + h—) = ¢(s,t), a.a. sc R (4.24)
c

As a result,

2

h? h
L+ 2 _ o/ o 2
(a *¢)(s+h,to+—c) /Ra (S)QS(S S+h,to+c>ds

= (aF * ¢)(s,t0), a.a. scRL

(4.25)
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Then, by (4.4), (4.24), (4.25), one gets

2
% (s +h% to + h—) = % (s,t0), a.a. scR (4.26)
c

Therefore, by (4.26), one gets from (4.23) that, for almost all s € (zg, 2o + h?),
cf. (4.22),

Y(so +h) — (o) 9¢ h? h+1
0 Z<&5<S’to+c)i€> e

and, since |g’ < 4, one can apply the right and left inequalities in (4.21), for
c> 0 and ¢ < 0, correspondingly, to continue the estimate

9 h1
> (i(s,t@i%) = (4.27)

Combining (4.22) and (4.27), we obtain

esssup %(Sato) 49 h+1 < Y(so +h) —¥(so)
s€(zo,x0+h?) ot —C h

h—1
< esssup %(s, to) Fe . (4.28)
s€(xo,x0+h?) ot c

For fixed sg € R, ty > 0 and for xg = sg + ctp, the function

0
f(h):= esssup ﬁ(s,to), he(0,1)
s€(wo,mo+h2) O

is bounded, as |f(h)| < H%‘f(-,to)ﬂm < 00, and monotone; hence there exists
f= hlirg f(Rh). As a result, for small enough h, (4.28) yields
-0+

(f:t?é‘)i—fg ¢(50+h)*¢(50) S(f;g);l‘ng

—c h c

oy —f

and, therefore, there exists a—(so—k) = ——. In the same way, one can prove
s c
-f
result, ¢ is differentiable (and hence continuous) on the whole R.
Next, for any s1, s2, h € R, we have

0
that there exists a—w(so—) = , and, therefore, v is differentiable at sg. As a
s

Y(s1+h) —(s1) sz +h) —(s2)
h h

_ L[ o(s1+cto,to — ) — d(s1 + cto, to)
] ”

C

¢(s1 + cto, to + 222 — &) — ¢(s1 + cto, to + 2522) |

C C
Y

ol
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and if we pass h to 0, we get

110 o .
W' (s1) = ¢/ (s2)] = |c‘8t¢(81 + cto, to) — 5(25(31 + clo, to + o c 82)‘
1119 9 §1 — 82
< | =Z (- _9.. ' .
= e 570 10) 8t¢( ot )H (4.29)

And now, by the continuity of %cﬁ(-, t) in t in the sence of the norm in L>(R),
we have that, for any e > 0, there exists ¢ > 0 such that |s; — s2| < ¢d implies
that, by (4.29),
1
¥/ (51) — ' (s2)] < R

As a result, ¥/(s) is uniformly continuous on R and hence continuous.

Finally, consider the case ¢ = 0. Then (4.8) implies that ¢(s,?) must be
constant in time, i.e. ¢(s,t) = ¢(s), for a.a. s € R. Thus one can rewrite (4.4)
as follows

w (@ ) (s) —map(s) — s (s)(a” x)(s) =0, (4.30)
or, equivalently,

@t x)(s)
() = m+ (@~ *)(s) (4.31)

Since ¢ € L*°(R), then, by Lemma 2.1, the r.h.s. of (4.31) is a continuous in s
function, and hence ¢ € C(R). O

Corollary 4.12. In conditions and notations of Proposition 4.11, v is a strictly
decaying function, for any speed c.

Proof. Let ¢ € R be the speed of a traveling wave with a profile ¥ € My(R) in
a direction ¢ € S9!, By Proposition 4.11, ¢ € C(R). Suppose that 1 is not
strictly decaying, then there exists dop > 0 and sg € R, such that ¥(s) = ¥(sp),
for all |s — so| < &y. Take any 0 € (0, %‘3), and consider the function ¥°(s) :=
Y(s + 6). Clearly, ¢¥°(s) < ¥(s), s € R. By Remark 4.7, ¥ is a profile for a
traveling wave with the same speed c. Therefore, one has two solutions to (2.1):

)
u(z,t) =Yz - € —ct) and u’(x,t) = (2 - & — ct) and hence u(z,t) < u’(x,t),
z € R% t > 0. By the maximum principle, see Theorem 3.8, either u = u?,
that contradicts 6 > 0 or u(z,t) < u’(x,t), x € R% t > 0. The latter, however,
contradicts the equality u(z,t) = u’(x,t), which holds e.g. if z - & — ct = so.

Hence 1 is a strictly decaying function. O

As a result, if p € Mp(R) and ¢ € R are such that there exists a solution
u € XL to the equation (2.1) such that (4.1) holds, for some ¢ € S%!, then
¢ given by (4.8) solves (4.4) where @t are given by (4.6) and depend on the
£ € S% 1. Next, by Proposition 4.11, for any ¢ # 0, one can differentiate
Y(s —ct) in t > 0. Thus we get

e’ (s) + s (at * ) (s) — map(s) — s p(s)(@™ xP)(s) =0, seR; (4.32)

recall that, by Lemma 2.1, the Lh.s. of (4.32) is indeed defined point-wise. For
¢ =0, one has (4.30), i.e. (4.32) holds in this case as well.
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Under assumptions (Al) and (A2), define the following function, cf. (3.19),
Jo(s) = »tat(s) —vx—a " (s), seR,ve(0,6]. (4.33)

Then, by (4.9), § §
Ju(s) = Jo(s) 20, seR,ve(0,0).

Proposition 4.13. Let (A1) and (A2) hold. Then, in the conditions and no-
tations of Proposition 4.11, there exists = p(c,a™, 37,0) > 0 such that

/1/}(8)6“3 ds < 0.
R

Proof. At first, we prove that ¢ € LY(Ry). Let v € (0,0) and J,(s) >0, s € R
be given by (4.33). Since [ J,(s)ds = »" — w3~ > m, one can choose Ry > 0,
such that

Ro
/ Jo(s)ds = m. (4.34)

—Ro

We rewrite (4.32) as follows

' (s) + (Jy x¥)(s) + 3¢~ (v — 7,/1(5))([17 x1)(s) —mi(s) =0, seR. (4.35)

Fix arbitrary ro > 0, such that

P(ro) < v. (4.36)

Let r > ro + Ro. Integrate (4.35) over [rg,r|; one gets

c(ip(r) —(ro)) + A+ B =0, (4.37)

A= /J*Q/) ds—m/w

Bi= s [ (0= v« 0)s)ds.

where

By (4.33), (4.34), one has

A>/r/ (s — Pydrds —m | w(s)ds

To

0 ro—T r—r
+ /ORO Jo(T) ( TTT P(s)ds — /T:()T P(s) ds) dr: (4.38)
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and since © is a decreasing function and r — Ry > 7o, we have from (4.38), that

Ry . 0
A (i) =0 = Ro) [ Ir) e+ @i+ o) = vloo)) [ (<r)a() e
> —0 /O (=7)Jy(T) dT =: —0Jy R, - (4.39)
—Ro
Next, (4.36) and monotonicity of ¢ imply
B> (v —(ro) /T(a* + )(s) ds. (4.40)

Then, by (4.37), (4.39), (4.40), (4.36), one gets

0< 5 (0= (o) [ @ +0)()ds < 0T, + el lro) — b(0)

To

= 0Jy Ry +c(ro) <00, 1 — 00,

therefore, a~ 1 € L*(R,). Finally, (4.7) implies that there exist a measurable
bounded set A C R, with m(A) := [, ds € (0,00), and a constant y > 0, such
that a=(7) > p, for a.a. 7 € A. Let § = inf A € R. Then, for any s € R, one
has

@ w0)(s) > [ @ (il =) dr > s = HmA).

Therefore ¢ € L'(R).

For any N € N, we define pn(s) := I (_o,n)(5) —l—e_’\(s_N)]l[N’oo)(s), where
A > 0. By the proved above, ¢,a* x 1 € L'(Ry) N L>(R) hence, by (4.32),
e € LY(Ry) N L>=(R). Therefore, all terms of (4.32) being multiplied on
e*pn(s) are integrable over R. After this integration, (4.32) will be read as
follows

L+ 1+ 13 =0, (441)

where (recall that 576 — 3t = —m)

/1/1 s)eon (s

I = / (@ * 9)(s) — B(5)) e on (s) ds,
I3 =5~ /Rw(s) (60— (a = w)(s))e)‘sgoN(s) ds

Ill

We estimate now [y, I, I3 from below.
We start with Is. One can write

/(d x1h)(s)e™pn (s ds—// (s — T)(T)e M pn(s) drds
= [ [ar @ ont+ 9 dseruirar

> /R ( /_ e ds)goN(T—&—R)e’\Tw(T) dr, (4.42)
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for any R > 0, as ¢ is nonincreasing. By (4.7), one can choose R > 0 such that

R _
/ d+(7)d7'>1—%T0.

— 00
By continuity arguments, there exists v > 0 such that, for any 0 < A < v,
R _
0
/ at(r)er dr > <1 — %—)e)‘R. (4.43)
o 4

Therefore, combining (4.42) and (4.43), we get
P
Is > / (1 — —)e/\chN(T + R)e (1) dr — / U(s)eMpn(s) ds
R 4 R

- /R<1 - %)@N(T)ehwﬁ - R)dr — /Rw(s)e)‘sgp]\,(s) ds

> —”TW /R b(s)e o (s) ds, (4.44)

as Y(r — R) > ¢(7), T € R, R > 0.

Now we estimate I3. By (4.1), it is easily seeNC that the function (&~ *1))(s)
decreases monotonically to 0 as s — co. Suppose additionally that R > 0 above
is such that

(@ *)(s) < g s> R.
Then, one gets
9] R
Bz g [ e ds+ [ w6 @« 0)(e) ex () ds

9 o0
> /R B(s)eMon (s) ds,
as 1 >0, py >0, (a” x)(s) < 4.

It remains to estimate I3 (in the case ¢ # 0). Since liril P(s)eMpn(s) =0,
S§— 00

we have from the inntegration by parts formula, that

L= / $(5) o (5) + @y (5))e™ ds.

For ¢ > 0, one can use that ¢/y(s) <0, s € R, and hence

L > —c)\/]Rw(s)goN(s)e/\s ds.

For ¢ < 0, we use that, by the definition of ¢n, Apn(s) + ¢y(s) =0, s > N;
therefore,

N
I = —c/\/ Y(s)ds > 0. (4.45)
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Therefore, combining (4.44)—(4.45), we get from (4.41), that

0> —)\E/Rw(s)gmv(s)e)‘s ds — %Tw/ﬂ§¢(s)eAS¢N(s) ds

-9 [
—/ U(s)eMpn(s) ds,
R
where ¢ = max{c, 0}.
The latter inequality can be easily rewritten as

(%—9—/\ / Y(s)e cpN()ds<<——|—)\c/ Y(s gpN())‘éds

R
< (%TO + Ac)@/ eMds =: I g < o0, (4.46)

—00

for any 0 < A < v.
Take now p < min{y,"T_ce}, for ¢ > 0, and p < v, otherwise. Then, by
(4.46), for any N > R, one get

%0 -1 o N
oo > (— - [LE) I, r> / P(s)e'pn(s)ds > / Y(s)e! ds,
4 R R
thus,

R o
/Rw(s)e“s ds:/_ooi/)(s)e“s ds—i—/R P(s)et® ds

R _
%0 -1
< ns _ =
_9/_006 ds—l—ImR(—4 ,uc) < 00,
that gets the statement. O
4.2 Speed and profile of a traveling wave
Through this subsection we will suppose, additionally to (A1) and (A2), that
at € L=(RY). (A6)

Clearly, (A2) and (A6) imply a~ € L>=(R?).

Remark 4.14. All further statements remain true if we change (A6) on the
condition &t € L (R), where @™ is given by (4.6); evidently, the latter condition
is, for d > 2, weaker than (AG6).

Let £ € S9! be fixed and (A5) hold. Assume also that

/ |z - &lat () do < oo. (A7)

Under assumption (A7), we define

me = /Rd x-€at(x)dz. (4.47)
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Suppose also, that the following modification of (A3) holds:

there exist r =r(€) >0, p=p(§) >0, § = §(§) > 0, such that

a®(z) > p, for a.a. x € Bs(rf). (48)

For an f € L>°(R), let £f be a bilateral-type Laplace transform of f, cf. [78,
Chapter VIJ:

(LH)(z) = /Rf(s)ezs ds, Rez>0. (4.48)

We collect several results about £ in the following lemma.
Lemma 4.15. Let f € L>(R).

(L1) There ewxists Ao(f) € [0,00] such that the integral (4.48)converges in the
strip {0 < Rez < Ao(f)} (provided that Xo(f) > 0) and diverges in the
half plane {Rez > A\o(f)} (provided that Ao(f) < o0).

(L2) Let Ao(f) > 0. Then (£f)(2) is analytic in {0 < Rez < Ao(f)}, and, for
any n € N,

PAENE) = [ 56 ds, 0< Rez < (1),

(L3) Let f > 0 a.e. and 0 < Xo(f) < oo. Then (£f)(2) has a singularity at
z = Xo(f). In particular, £f has not an analytic extension to a strip
0 < Rez < v, withv > Xo(f).

(L4) Let f':= 4L f € L®(R), f(o0) =0, and Ao(f') > 0. Then Xo(f) > Ao(f)
and, for any 0 < Rez < Ao(f'),

(£F)(2) = —=(£f)(2). (4.49)

(L5) Let g € L®(R) N LYR) and Xo(f) > 0, Ao(g) > 0. Then \o(f x g) >
min{Ao(f), Mo(g9)} and, for any 0 < Rez < min{Ao(f), Ao(9)},

(E(f*9)(2) = (L) (2)(L9)(2) (4.50)

(L6) Let 0 < f € LY(R) N L®°(R) and Xo(f) > 0. Then Jim (£)(0) =
[ f(s)ds

(L7) Let f > 0, A(f) € (0,00) and A = [ f(s)ePsds < oo. Then

lim (e =4

(L8) Let f >0 be decreasing on R, and let M\o(f) > 0. Then, for any 0 < A <
>\0(f>:

el
f(s) < ﬁ(ﬂf)(/\)e_)‘s, seR. (4.51)
Moreover, for any 0 < g € L=(R) N LY(R), \o(g) > 0,
Xo(f(g* f)) = Xo(f) +min{Ao(g), Ao(f)}. (4.52)
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Proof. We can rewrite £ = £+ + £, where
(£5f)(2) = f(s)e**ds, Rez >0,
Ry

Ry = [0,00), R_ = (00,0]. Let £ denote the classical (unilateral) Laplace
transform:
(LA)(z) = (s)e *°ds,
Ry
and [y(f) be its abscissa of convergence (see details, e.g., in [78, Chapter II]).
Then, clearly, (£¥f)(z) = (Lf)(=2), (£7f)(2) = (Lf7)(2), where f~(s) =
f(=s), s € R. As a result, A\o(f) = —lo(f)-

It is easily seen that, for f € L>®(R), lp(f~) < 0, in particular,the function
(£7 f)(#) is analytic on Rez > 0.

Therefore, the properties (L.1)—(L3) are direct consequences of [78, Theorems
I1.1, I1.5a, IL1.5b], respectively. The property (L4) may be easily derived from [78,
Theorem I1.2.3a, I1.2.3b], taking into account that f(oco) = 0. The property (L5)
one gets by a straightforward computation, cf. [78, Theorem VI.16a]; note that
f*geL=R).

Next, Ao(f) > 0 implies lo(f) < 0, therefore, £ f can be analytically contin-
ued to 0. If [(f~) < 0, then £ f can be analytically continued to 0 as well, and
(L6) will be evident. Otherwise, if [(f~) = 0 then (L6) follows from [78, Theo-
rem V.1]|. Similar arguments prove (L7).

To prove (L8) for decreasing nonnegative f, note that, for any 0 < A < A\o(f),

£(s) /31 A dr < /Sl F()E dr < (£)(N), s €R,

that implies (4.51). Next, by (L5), Ao(g* f) > 0, and conditions on g yield that
g * f > 0 is decreasing as well. Therefore, by (4.51), for any 0 < A < Ao(g * f),

(79 = M) < /Rf(s)(g* f)(s)eRe= ds
et

<
“er—1

(£(g* 1)) / f(s)e™ e Re= ds < oo,

provided that Rez < Ao(f) + A < Ao(f) + Ao(g* f). As aresult, Ao(f(g*[f)) >
Xo(f) + Ao(g * f) that, by (L5), implies (4.52). O

Fix any ¢ € S471. Then, by (4.11), one has that A\o(a*) > 0. Consider, cf.
(4.15), (4.19), the following complex-valued function

Ge(z) == %*(Ea:)(z) — m’ Rez >0, (4.53)

which is well-defined on 0 < Rez < A\g(at). Note that, by (4.11),

(LaT)(N) = ae(N),  Ge(N) = M 0< A< N(ah),
and hence, by (4.19),
ea(6) < inf Ge(N), (4.54)
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where ¢, (€) is the minimal speed of traveling waves, cf. Theorem 4.9. We will
show below that in fact there exists equality in (4.54), and hence in (4.19).
We start with the following notations to simplify the further statements.

Definition 4.16. Let m > 0, »= > 0, 0 < a~ € L'(R?) be fixed, and (A1)
holds. For an arbitrary ¢ € S4=1, denote by U the subset of functions 0 < at €
L' (R9) such that (A2) and (A5)—(A8) hold.

For at € U, denote also the interval I C (0, 00) by

(0, 00), if A\o(at) = oo,
Ie == ¢ (0,M(a™)), if Ag(a™) < oo and (L£aT)(Ao(a")) = o0
(0, xo(a™)], if A(a*) <oo and (Lat)(Ao(a™)) < oc.

Proposition 4.17. Let £ € S9! be fivzed and a* € Ug. Then there exists
Av = A (§) € I such that

. . . _ +
)1\1;% Ge(N) = gngjr; Ge(N) = Ge(Ay) > s me. (4.55)

Moreover, G¢ is strictly decreasing on (0, \] and G¢ is strictly increasing on
Ie \ (0, Ay] (the latter interval may be empty).

Proof. First of all, by (4.6), the condition (A7) implies, cf. (4.11),
me = / sat(s)ds € R. (4.56)
R
Next, to simplify notations, we set A\g := Ao(a@™) € (0, 00]. Denote also

Fg()\) = %+Cl,g(>\) —m = )\GE(A), AE Ig. (457)

By (L2), for any A € (0, A\g),
af(A) = / s*a™(s)er ds > 0, (4.58)
R

therefore, a’g()\) is increasing on (0, Ag); in particular, by (4.56), we have, for
any A € (0, A\g),

/]Rscf“(s)e/\s ds = ag(\) > a;(0) = /]de"’(s) ds = mg. (4.59)

Next, by (L6), F¢(0+) = »T —m > 0, hence,

Ge(0+) = oc. (4.60)
Finally, for A € (0, \g), we have
Ge(N) = A2 (AFLN) = Fe(N) = ATHFL(N) = Ge(V)), (4.61)
G{(A) = AHEF(A) = 2GE(N). (4.62)

We will distinguish two cases.
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Case 1. There exists p € (0, \g) with G¢(u) = 0. Then, by (4.62), (4.58),
G{(p) = ' F (n) = ' af () > 0.

Hence any stationary point of G¢ is with necessity a point of local minimum,
therefore, G¢ has at most one such a point, thus it will be a global minimum.
Moreover, by (4.61), (4.59), G'(1) = 0 implies

Ge() = Filn) = =t ae(n) > " me. (4.63)

Therefore, in the Case 1, one can choose A, = p (which is unique then) to fulfill
the statement.

Find when the Case 1 is possible.

1. Let A\g = co. Note that (A8) implies that there exist ¢’ > 0, p’ > 0, such
that a*(s) > p/, for a.a. s € [r,r + ¢’]. Indeed, fix, for the case d > 2, a
basis 71, . ..,n4—1 of He = {£}*, cf. definition of (4.6), then

4] ]
Bs(re) > {(r + o)+ mum -+ mmas [ o] < <l < 2

Therefore, by (4.6) and (A8),

/

d—1
25) =P, S€[T7T+§/]7 5/ =

a*(s) > P(ﬁ

Hence if \y = oo, then

=

1 1 1 :
Xag(/\) > X/’r‘ at(s)e ds > p’;(e)‘(rﬂs ) — M) — o0,  (4.64)
as A — 0o. Then, in such a case, G¢(c0) = co. Therefore, by (4.60), there

exists a zero of G’f.

2. Let A9 < oo and ag(A\g) = oo. Then, again, (4.60) implies the existence of
a zero of G on (0, Ao).

3. Let A\g < 0o and ag(Ao) < oo. By (4.57), (4.61),

: 2 _ — +
)\13&)\ Ge(\) = —Fe(0+) (%" —m) <0.

Therefore, the function G} has a zero on (0,A) if and only if takes a
positive value at some point from (0, Ag).

Now, one can formulate and consider the opposite to the Case 1.
Case 2. Let Mg < 00, ag(Ag) < 00, and

Ge(A) <0, Xe(0,X). (4.65)
Therefore,
iGN = inf Ge(N) = lim Ge(N)=Ge(h). (460
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by (L7). Hence we have the first equality in (4.55), by setting A, := Ag. To prove
the second inequality in (4.55), note that, by (4.61), the inequality (4.65) is
equivalent to F¢(A) < Ge(A), A € (0, Ag). Therefore, by (4.66), (4.57), (4.59),

. . Ao
Ge(No) = inf Ge(\)>  inf  Fl(\) >sTa, (=) > s mg,
S re (22 20) ¢ re (22 20) ¢ §< 2 ) ¢

where we used again that, by (4.58), a; and hence F{ are increasing on (0, Ao).
The statement is fully proved now. O

The second case in the proof of Proposition 4.17 requires additional analysis.
Let &£ € S9! be fixed and at € Ug, Ao := Ag(a™). By (L2), one can define the
following function

te(N) = %+/(1 —As)at(s)eM ds € R, A €0, Ag). (4.67)
R
Note that

/ |s|at (s)er® ds < oo, (4.68)
and fR+ sat(s)er* ds € (0,00] is well-defined. Then, in the case \g < oo and
ae(Ao) < 00, one can continue t¢ at Ao, namely,

te(No) 1= 2" /R(l — Xos)at(s)er* ds € [—o0, 2T). (4.69)

To prove the latter inclusion, i.e. that t¢(\g) < »7, consider the function
fo(s) == (1 — Xgs)er®, s € R. Then, fj(s) = —Ase® and thus fo(s) <

fo(0) = 1, s # 0. Moreover, the function go(s) = fo(—s) — fo(s), s > 0 is
such that gf(s) = As(e*® —e=20%) > 0, s > 0. As a result, for any § > 0,

fo(=8) > fo(d), and

/fo s)ds < fo(—0) at(s) ds+/ at(s)ds < / at(s)ds=1.
R\[-4.9] [-5,6] R

Proposition 4.18. Let £ € S9! be fived and a* € Us. Suppose also that
Ao = Ao(a™) < 0o and ag(Xg) < oco. Then (4.65) holds iff

te(Xo) € (0,7), (4.70)
m < te(Ao). (4.71)

Proof. Define the function, cf. (4.57),
He(A) := MF{(A) = Fe(N), A€ (0, ). (4.72)

By (4.61), the condition (4.65) holds iff H¢ is negative on (0,\g). By (4.72),
(4.58), one has H((A) = AF¢'(A) >0, A € (0, \o) and, therefore, He is (strictly)
increasing on (0, Ag). By Proposition 4.17, G%, and hence Hg, are negative on a
right-neighborhood of 0. As a result, He(A) < 0 on (0, Ao) iff

lim He(\) <0. (4.73)

A—=Ao—
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On the other hand, by (4.57), (4.67), one can rewrite He(\) as follows:
Hg()\) = —’tg(/\) +m, M€ (0, /\0) (474)

By the monotone convergence theorem,

lim (As — 1)at(s)e* ds = / (Nos — D)at(s)er® ds € (—1, 00).
A—=Ao— R+ R+

Therefore, by (4.68), (4.74), te(Ao) € R iff He(No) = )\li&n He(M\) € R. Next,
—A0—

clearly, He¢(M\o) € (m — 3, 0] holds true iff both (4.71) and (4.70) hold.

As a result, (4.65) is equivalent to (4.73) and the latter, by (4.68), implies
that t¢(\o) € R and hence H¢(Aog) € (m — »1,0]. Vice versa, (4.70) yields
te(Mo) € R that together with (4.71) give that H¢(X\g) < 0, ie. that (4.65)
holds. O

According to the above, it is natural to consider two subclasses of functions
from Uy, cf. Definition 4.16.

Definition 4.19. Let £ € S% ! be fixed. We denote by Ve the class of all
kernels a™ € Ug such that one of the following assumptions does hold:

1. Ao = Ao(a™t) = oc;
2. Ao < 00 and ag(Ag) = 00;
3. Ao < 00, ag(Ag) < ooand tg(Ag) € [—00,0], where t¢(Xo) is given by (4.69).

Correspondingly, we denote by We the class of all kernels a™ € U such that
Ao < 00, ag(Ag) < oo, and t¢(Ag) € (0, »T). Clearly, Us = Ve UW.

As aresult, combining the proofs and statements of Propositions 4.17 and 4.18,
one immediately gets the following corollary.

Corollary 4.20. Let £ € S! be fived, a* € Ug, and X, be the same as in the
Proposition 4.17. Then A, < \g := Ao(a™t) iff either a™ € Ve or at € We with
m > te(Ag). Moreover, in the both cases, G'(A.) = 0. Correspondingly, Ay = Ao
iff at € We with m < t¢(Xg). Moreover, in this case,

. / _m-= t&(/\O) <
Jim G0 = T <0 (4.75)

Example 4.21. To demonstrate the cases of Definition 4.19 on an example,
consider the following family of functions

- ae” " R.p>0.qg>0 0 4.76
a(s).—w7 sel;p=20,q 20, pu>0, ( )

where o > 0 is a normalising constant to get (4.7). Clearly, the case p € [0,1)
implies Ag(@™) = 0, that is impossible under assumption (A5). Next, p > 1
leads to Ag(@") = oo, in particular, the corresponding a™ € Ve. Let now p =1,
then A\o(a™) = p. The case ¢ € [0,1] gives ag(\g) = oo, i.e. at € Ve as well.

47



In the case ¢ € (1,2], we will have that a¢(\g) < co, however, [, sa™ (s)et ds =
00, L.e. te(p) = —oo, and again at € Ve. Let ¢ > 2; then, by (4.67),

1—pus 1—ps
{ = = T2 o248 s+ / d
e(p) = a/_ 1 |s|qe s+ x"a e S

1— us mxtal 1 1

+ _

> a/ 1+s’1d8_ ( = ]>0
R, q sin % sin ¥

if only p < 2COS§; then we have a®™ € We. On the other hand, using the
inequality te™* < e~!, ¢t > 0, one gets

1 “2ms 41—
te(u) = %+a/ (Lfps)e™ ™+ 1= ps o (4.77)
Ry 14 54
1
S%J’_a/ 1+2e+1ust:7T%+a<1-—|—ilre_ -26/;7T><03
Ry 1+ s9 2eq sin sin <+
if only p > 1+—e46 cos %; then we have a™ € Ve. Since

d
@((1 + ps)e 41— ps) = —se (1 +2spu) —s <0, s>0,u>0,

we have from (4.77), that tz(u) is strictly decreasing and continuous in 4, there-
fore, there exist a critical value p1, € (2cos T (4+e 1) cos g), such that, for all
W pe, T € Ve, whereas, for p € (0, p1y), at € We.

Now we are ready to prove the main statement of this subsection.
Theorem 4.22. Let £ € S9! be fired and at € Ug. Let c.(€) be the minimal
traveling wave speed according to Theorem 4.9, and let, for any ¢ > c.(§), the
function ¥ = Y. € My(R) be a traveling wave profile corresponding to the

speed c. Let A\, € I¢ be the same as in the Proposition 4.17. Denote, as usual,
)\(] = )\()((l+).

1. The following relations hold

sxtag(N) —m  xTag(A) —m

(&) = r)]\f1>118 5y = X > sctme, (4.78)
(£4) (Mo (1)) = oo (4.80)

and the mapping (0, A\s] 2 Ao (¥) = ¢ € [ex(€),00) is a (strictly) monoton-
ically decreasing bijection, given by

o= ¥ ae(o() —m (4.81)

Ao (%)

In particular, Xo(Ye, (¢)) = Ax-
2. Fora™ € Ve and for a™ € We with m > t¢(Xg) we have A, < \g and there

exists another representation for the minimal speed than (4.81), namely,

ci(§) = / z-Eat ()Mt da

R (4.82)

=" / sat(s)e* ds > »Tme.
R
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Moreover, for all X € (0, \],

te(N) > m, (4.83)

and the equality holds for A\ = A, only.

3. Forat € We with m < tg()\o), one has Ay = \g. Moreover, the inequality
(4.83) also holds as well as, for all X € (0, \.],

c> 3" / sat (s)e ds, (4.84)
R

whereas the equalities in (4.83) and (4.84) hold true now for m = t¢(Xo),
A=A, c=c(§) only.

Proof. By Theorem 4.9, for any ¢ > c.(£) there exists a profile ¥p € My(R),
cf. Remark 4.7, which define a traveling wave solution (4.1) to (2.1) in the
direction £. Then, by (4.32), we get

—c'(s) = st (at * 1) (s) — map(s) — s (s)(a” *)(s), s€ER. (4.85)

Step 1. By Proposition 4.13, we have that A\g(¢)) > 0. Note also that the
condition (A2) implies (4.9), therefore, Ag(@~) > Ag(a™) > 0. Take any z € C
with

0 <Rez <min{Ag(a@"),\o(¥)} < Ao(¥) < Ao(v(a™ xv)), (4.86)

where the later inequality holds by (4.52). As a result, by (L5), (L8), being mul-
tiplied on e** the L.h.s. of (4.85) will be integrable (in s) over R. Hence, for any z
which satisfies (4.86), (£¢')(z) converges. By (L4), it yields Ao(v)) > Ao(¢') >

min{Ao(a "), Ao(¥) }-
Therefore, by (4.49), (4.50), we get from (4.85)

cz(L)(2) = =" (La")(2)(LY)(2)
—m(&Y)(2) — 2 (LW (a™ x¥)))(2), (4.87)

if only
0 <Rez <min{Xg(a™), Ao(¢¥)}. (4.88)

Since ¥ # 0, we have that (£¢)(z) # 0, therefore, one can rewrite (4.87) as
follows

(2 +9)(2)
(S0

if (4.88) holds. By (4.86), both nominator and denominator in the r.h.s. of
(4.89) are analytic on 0 < Rez < Ag(¢), therefore. Suppose that Ag(¢)) >
Ao(at), then (4.89) holds on 0 < Rez < Ag(a™), however, the r.h.s. of (4.89)
would be analytic at z = \g(a'), whereas, by (L3), the Lh.s. of (4.89) has a
singularity at this point. As a result,

(4.89)

Ao(@") = Xo(), (4.90)
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for any traveling wave profile v € My(R). Thus one gets that (4.89) holds true
on 0 <Rez < Ao(¥).
Prove that

Ao() < o0. (4.91)

Since 0 < ¢ < 0 yields 0 < a= ¢ < 6, one gets from (4.89) that, for any
0< A< Ao(¥),

6> Ge(N) — fg _ ”+(2a+)A(A) mkay (4.92)

If Ao(@™) < oo then (4.91) holds by (4.90). Suppose that A\g(@T) = co. By
(4.64), the r.h.s. of (4.92) tends to co as A — oo, thus the latter inequality
cannot hold for all A > 0; and, as a result, (4.91) does hold.

Step 2. Recall that (4.54) holds. Suppose that ¢ > c¢.(§) is such that,
of. (4.55),

> = 1 = ]
c > Ge(A) /\061{103\*] Ge(N) )\:)réfl£ Ge(N). (4.93)

Then, by Proposition 4.17, the equation G¢(\) = ¢, A € I¢, has one or two
solutions. Let A, be the unique solution in the first case or the smaller of the
solutions in the second one. Since G¢ is decreasing on (0, A.], we have A, < A,.
Since the nominator in the r.h.s. of (4.89) is positive, we immediately get from
(4.89) that

(£4)(Ae) = oo, (4.94)
therefore, A. > Ao(). On the other hand, one can rewrite (4.89) as follows

2 (LW =) (2)
2(Ge(z) —c)

(£)(2) = (4.95)
By (4.89), Ge(z) # ¢, forall 0 < Rez < Ao(¢) < Ae < A < Ng(@™). As aresult,
by (4.86), (L1), and (L3), A\. = Ao(¢)), that together with (4.94) proves (4.79)
and (4.80), for waves whose speeds satisfy (4.93). By (4.11), we immediately
get, for such speeds, (4.81) as well. Moreover, (4.81) defines a strictly monotone
function (0, A] 3 Ao(¥)) — ¢ € [Ge(Ay), 00).

Next, by (4.67), (L2), (4.57), (4.61), we have that, for any A € I,

te(N) = eTac(N) — s AL () = m + Fe(A) — AFL(N) = m — A2 GL()).  (4.96)

Recall that, by Proposition 4.17, the function G¢ is strictly decreasing on (0, A.).
Then (4.96) implies that ts(A\) > m, A € (0,A,). On the other hand, by the
second equality in (4.61), the inequality G¢(A) <0, A € (0, A,), yields G¢(A) >
F{(N), for such A. Let ¢ > G¢(A). By (4.81), (4.57), we have then ¢ > »Ta;(}),
for all A € [Ao(¥)), Ax). By (4.58), Fé is increasing, hence, by (L2), the strict
inequality in (4.84) does hold, for A € (0, \,).

Let again ¢ > Gg¢(A.). Let either at € Ve or at € We with m > te()\o).
Then, by Corollary 4.20, A\, < A(a") and G'(A.) = 0. By (4.61), the latter

50



equality and (4.96) give t¢(\y) = m, that fulfills the proof of (4.83), for such a™
and m. Moreover, by (4.63),

Ge(\) = T ap (M) =+ /R sat(s)eM* ds. (4.97)
Let at € We with 0 < m < t¢(Xg), then A, = Ag(a™). It means that te(A\.) = m
if m = t¢(Ao) only, otherwise, ts(A\.) > m. Next, we get from (4.93), (4.61)
(4.75),

¢>Ge(M) > lim F{(A\) =" / sat(s)e* ds, (4.98)
A=Ay — R

where the latter equality may be easily verified if we rewrite, for A € (0, \,),

F{(\) = %"’/ sat(s)e ds + %+/ sat(s)eM ds, (4.99)
R Ry

and apply the dominated convergence theorem to the first integral and the

monotone convergence theorem for the second one. On the other hand, (4.75)

implies that the second inequality in (4.98) will be strict iff m < t¢(Ao), whereas,
for c = Ge(Ay) = info Ge(N) and m = t¢(No), we will get all equalities in (4.98).
>

Step 8. Let now ¢ > c¢,(€) and suppose that Ag(a@™) > Ag(v)). Prove that
(4.93) does hold. On the contrary, suppose that the ¢ is such that

L(6) < inf  Ge(A) = inf Ge(N). 4.100

celf) Se< nf  Ge() = inf Ge()) (4.100)

Again, by (4.89), Ge(z) # ¢, for all 0 < Rez < Ao(¢), and (4.95) holds, for

such z. Since we supposed that \g(a™) > Ao(¢)), one gets from (4.86), that
both nominator and denominator of the r.h.s. of (4.95) are analytic on

{0<Rez<v}2{0<Rez < N(¥)},

where v = min{Ag(@"), Ao (¥(a¢~ * %)) }. On the other hand, (L3) implies that
£1 has a singularity at z = Ao(). Since £(1(a™ *v)))(Ao(¥)) > 0, the equality
(4.95) would be possible if only Ge¢(Ao(¥)) = ¢, that contradicts (4.100).

Step 4. By (4.90), it remains to prove that, for ¢ > ¢.(£), (4.93) does holds,
in the case when we have A\g(@™) = Ag(7)). Again on the contrary, suppose that
(4.100) holds. For 0 < Rez < Ag(%)), we can rewrite (4.87) as follows

2(89)(2)(Ge(2) =€) = 2~ (L(v(a” * ) (2). (4.101)

In the notations of the proof of Lemma 4.15, the functions £ ¢ and £~ a*
are analytic on Rez > 0. Moreover, (£*9)()\) and (£*ta™)(\) are increasing
on 0 < XA < X(at) = Ao(¢). Then, cf. (4.99), by the monotone convergence
theorem, we will get from (4.101) and (4.86), that

/ P(s)e®)® ds < oo, / &+(s)e’\°(‘v’+)s ds < oo. (4.102)
R R

We are going to apply now Proposition 3.17, in the case d = 1, to the
equation (4.4), where the initial condition ¢ is a wave profile with the speed ¢
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Wthh satisfies (4.100). Namely, we set Ap := (—o0,R) /' R, R — 00, and let
aR, A be given by (3.37), (3.39) respectively with d = 1 and a™ replaced by a™.
Conmder a strictly monotonic sequence {R,, | n € N}, such that 0 < R,, — o0,
n — oo and

< m
AL > — (4.103)

cf. (3.41). Let 0,, := O, be given by (3.40) with A% replaced by Ai Then, by
(3.44), 0, < 0, n € N. Fix an arbitrary n € N Consider the “truncated’
equation (3.38) with d = 1, aR replaced by aan and the initial condition
wo(s) := min{y(s), 0, } € Cup(R). By Proposition 3.17, there exists the unique
solution w(™ (s,t) of the latter equation. Moreover, if we denote the correspond-

ing nonlinear mapping, cf. Definition 3.13 and Proposition 4.8, by an), we will
have from (3.42) and (3.43) that

(@ wo)(s) < b, s E€R,E>0, (4.104)
and
(@ wo)(s) < ¢(s,1), (4.105)

where ¢ solves (4.4). By (4.8), we get from (4.105) that (an)wo)(s—kc) < (s),
s € R. The latter inequality together with (4.104) imply

(Qwo) (s + ¢) < wo(s). (4.106)

Then, by the same arguments as in the proof of Theorem 4.9, cf. (4.17), we ob-
tain from [80, Theorem 5| that there exists a traveling wave 1, for the equation
(3.38) (with d = 1 and aF, replaced by aﬁn), whose speed will be exactly ¢ (and
¢ satisfies (4.100)).

Now we are going to get a contradiction, by proving that

)I\I;fo Ge(\) = nhﬂn;(} ;\I;%G ()\) (4.107)

where Gén) is given by (4.53) with a* replaced by a; := =at R, - The sequence of

functions Gé") is point-wise monotone in n and it converges to G¢ point-wise,
for 0 < A < Ag(@™); note we may include A\o(a™) here, according to (4.102).
Moreover, Gén)()\) < Ge(N), 0 <X < Xg(a™). As a result, for any n € N,

() (y(n)y _ M\ < ; _
G (A) }\r;fo G (M) < }\r;fo Ge(N) = Ge(A). (4.108)
Hence if we suppose that (4.107) does not hold, then

inf Ge(\) — lim inf GV ()) > 0.

A>0 n—00 A>0

Therefore, there exist § > 0 and N € N, such that

)y _ p @™y < s _ S
Ge (A7) )I\I;%Gg (x\)_)l\l;%Gg()\) d=Ge(A\)—90, n>N. (4.109)
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Clearly, (3.37) with Ar, = (—oo, R,,) implies that A\g(&;) = oo, hence Gén)
is analytic on Rez > 0. One can repeat all considerations of the first three
steps of this proof for the equation (3.38). Let o (&) be the corresponding
minimal traveling wave speed, according to Theorem 4.9. Then the correspond-
ing inequality (4.91) will show that the abscissa of an arbitrary traveling wave to

(3.38) is less than A\o(d;) = co. As a result, the inequality ™) € < /{I;% Gén)()\),
cf. (4.100), is impossible, and hence, by the Step 3,
c>c’(§) = /{r;fOGf (A =G (NY), (4.110)

where A" is the unique zero of the function %Gén)(/\). Let tén) be given on
(0,00) by (4.67) with a* replaced by a,. Then

d Ry
até")(A) = fmﬁ/ at(s)s?eMds <0, A>0. (4.111)

By (4.83), the unique point of intersection of the strictly decreasing function
Y= té")()\) and the horizontal line y = m is exactly the point (A", 0).
Prove that there exist A; > 0, such that )\i") > A1, n > N, and there exists

N; > N, such that tén)()\) < tém)()\), n >m > Ni, A > A1. Recall that (4.103)
holds; we have

)\Gén)()\) =t /R(zj;(s)(em —1)ds+xtAf, —m

0
> st / at(s)(eM —1)ds + %+A;1 —m,

and the inequality 1 —e™ < s, s > 0 implies that

‘/0 at(s)(e* —1)ds

— 00

0
g)\/ dj(s)\s\dsSA/&+(5)|s|ds<oo,
R

— 00

by (A7). As a result, if we set

-1
AL = (%*/121 —m) <%+ / at(s)|s|ds + |G§()\*)|) >0,
R
then, for any A € (0, A1), we have

AGLI(N) 2 ot A, —m = et [ @l (9)lslds = MlGe(A)] 2 AGE (M),
R

ie. Gé") (A) > Ge(M) = )i\n% Ge¢(N). Then, for any n > N, (4.109) implies that
>

)\Ekn), being the minimum point for Gén), does not belong to the interval (0, \;).

Next, let N1 > N be such that R, > -, for all n > Ny. Then, for any A > Xy,
and for any n > m > Ny, we have R, > R,, and

R,
() = () = st /R (1—As)at(s)e* ds

RTL
< %+/ (1 —As)at(s)e* ds < 0.
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As a result, the sequence {)\SK”) | n > N1} C [A1,00) is monotonically de-
creasing (cf. (4.111)). We set

9= lim A™ > A, (4.112)

n—oo

Next, for any n,m € N, n > m > Ny,
GAM) > G AM) > G (M), (4.113)

where we used that Gén) is increasing in n and A&m) is the minimum point of

Gém). Therefore, the sequence {Gé")()\fkn))} is increasing and, by (4.109), is
bounded. Then, there exists

lim GYY(AM) =1 g < Ge(M\) 0. (4.114)
Fix m > Nj in (4.113) and pass n to infinity; then, by the continuity of Gg"),

; (m) _ (m) (m) ¢y (m)
gz )\1_1>I1191+ Gg A) = Gg (W) > Gg (A", (4.115)

in particular, ¥ > 0, as Gém)(OJr) = 00. Next, if we pass m to oo in (4.115), we
will get from (4.114)

lim G{™(9) = g < Ge(A) — 6 < Ge(\.). (4.116)

m—0o0

If 0 <9 < X\g(a") then

lim G (9) = Ge(9) > Ge(\),

m—r 00

that contradicts (4.116). If ¥ > Ag(a™), then lim Gém)(ﬁ) = oo (recall again
m oo

that £7(at)(\) is analytic and £ (a7)()) is monotone in \), that contradicts
(4.116) as well.

The contradiction we obtained shows that (4.107) does hold. Then, for the
chosen ¢ > ¢.(§) which satisfies (4.100), one can find n big enough to ensure
that, cf. (4.110),

inf (n) \) = >(kw) .
¢ < inf G~ (A) = e (6)
However, as it was shown above, for this n there exists a profile ¥, of a traveling
wave to the ‘truncated’ equation (3.38) (with, recall, d =1 and aﬁ replaced by

aﬁn). The latter contradicts the statement of Theorem 4.9 applied to this
(n)

equation, as ¢, (£) has to be a minimal possible speed for such waves.
Therefore, the strict inequality in (4.100) is impossible, hence, we have equal-

ity in (4.54). As aresult, (4.11) implies (4.78), and (4.97) may be read as (4.82).

The rest of the statement is evident now. O

Remark 4.23. Clearly, the assumption a(—z) = o™ (z), z € R?, implies m¢ = 0,
for any £ € S?71. As a result, all speeds of traveling waves in any directions are
positive, by (4.78).
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4.3 Uniqueness of traveling waves

In this subsection we will prove the uniqueness (up to shifts) of a profile ¢ for
a traveling wave with given speed ¢ > ¢.(£), ¢ # 0. We will use the almost
traditional now approach, namely, we find an a priori asymptotic for (),
t — oo, cf., e.g., [2,12] and the references therein.

We start with the so-called characteristic function of the equation (2.1).
Namely, for a given ¢ € S9! and for any c € [c.(£),00), we set

e o(2) =3 (Lat)(2) —m — zc = 2G¢(2) — 2c, Rez € I¢. (4.117)

Proposition 4.24. In conditions and notations of Theorem 4.22, let a traveling
wave profile ¢ correspond to a speed c. For the case a™ € We with m = t¢(\o),
we will assume, additionally, that

/ s2at(s)et* ds < oo, (4.118)
R

Then the function be . is analytic on {0 < Rez < Ao(¢0)}. Moreover, for any
B € (0, (v)), the function be . is continuous and does not equal to 0 on the
closed strip {8 < Rez < Ao()}, except the root at z = A\ (v)), whose multiplicity
j may be 1 or 2 only.

Proof. By (4.89) and the arguments around, he .(2) = 2(Ge(z) — ¢) is analytic
on {0 < Rez < Ao(¥)} C I¢ and does not equal to 0 there. Then, by (4.81)
and Proposition 4.17, the smallest positive root of the function he .(A) on R is
exactly Ao(¢0). Prove that if zg := Ao(¢)) + 98 is a root of e, then § = 0.
Indeed, be (20) = 0 yields

Pl / at ()% cos Bs ds = m + eo (1)),
R
that together with (4.81) leads to
P / a*(s)e* )3 (cos Bs — 1) ds = 0,
R

and thus g = 0.

Regarding multiplicity of the root z = A\y(¢), we note that, by Proposi-
tion 4.17 and Corollary 4.20, there exist two possibilities. If a* € V¢ or a™ € We
with m > t¢(Ag) then A\o(¢0) < Av < Ao(a™) and, therefore, G¢ is analytic at
z = Ao(¥). By the second equality in (4.117), the multiplicity j of this root for
Be.c is the same as for the function G¢(z) —c. By Proposition 4.17, G¢ is strictly
decreasing on (0, \,) and, therefore, j =1 for ¢ > ¢,(§). By Corollary 4.20, for
¢ = ci(§), we have G¢(Mo(¢¥)) = GE(A«) = 0 and, since b .(Ao) > 0, one gets
j=2.

Let now a® € We with m < t¢(\g). Then, we recall, A\, = \g := A\g(a™) <
00, G¢(Ag) < oo and (4.75) hold. For ¢ > ¢,(§), the arguments are the same
as before, and they yield j = 1. Let ¢ = ¢,(§). Then bh¢ .(No) = 0, and, for all
z € C, Rez € (0, ), one has

Be,c(Ao — 2) = bee(Xo — 2) = bee(Xo) = %+/ at(r)(ePomT — eMT)dr + cz
R

:z(—%JF/Eﬁ(T)e)‘OT/ e *° dsd7’+c>. (4.119)
R 0
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Let z = a+ Bi, a € (0,\p). Then ‘e’\DTe’ZS| = M7~ Next, for 7 > 0,
s € [0,7], we have e*07=* < X7 whereas, for 7 < 0, s € [r,0], one has
eroTmas — gho(T=s)o(Ro—a)s < 1 Aga result, eAUTe_Z‘ﬂ < gromax{7,0} Then,
using that a™ € W implies [ a*(r)et max{7.0} /s < oo, one can apply the
dominated convergence theorem to the double integral in (4.119); we get then

c Ao —
lim w = 3" / d+(7)e)‘°TTdT +c. (4.120)
T f R

According to the statement 3 of Theorem 4.22, for m < t¢(\o), the r.h.s. of
(4.120) is positive, i.e. j =1 in such a case. Let now m = t¢(\g), then the r.h.s.
of (4.120) is equal to 0. It is easily seen that one can rewrite then (4.119) as
follows

hﬁ,c()\o — Z) _ %+/ d+(7_)e)\07- /T(l _e—zs)deT
R

z

0
:z%+/d+(7')e)‘” / e dtdsdr. (4.121)
R o Jo

Similarly to the above, for Rez € (0, \g), one has that [e*o™—2¢| < eromax{r.0},
Then, by (4.118) and the dominated convergence theorem, we get from (4.121)

that \ N
lim beelto = 2) -z at(ryer r2dr € (0,00).
Rez—0+ 22 2 R
Im z—0
Thus j = 2 in such a case. The statement is fully proved now. O

Remark 4.25. Combining results of Theorem 4.22 and Proposition 4.24, we
immediately get that, for the case j = 2, the minimal traveling wave speed
c(§) always satisfies (4.82).

Remark 4.26. If a™ is given by (4.76), then, cf. Example 4.21, the case a™ € W,
m = te(Ao) together with (4.118) requires p =1, 1 < pui, ¢ > 3.

We consider now the following Ikehara—Delange type Tauberian theorem,
cf. [23,47,71].
For any u > g8 >0, T > 0, we set

Kg o= {z eC | B<Rez<pu, Imz| < T}.
Let, for any D C C, A(D) be the class of all analytic functions on D.

Proposition 4.27. Let 1 > 3 > 0 be fived. Let ¢ € C*(Ry — R,) be a
non-increasing function such that, for some a > 0, the function p(t)e(t+@t js
non-decreasing, and the integral

/e“gp’(t)dt, 0<Rez<pu (4.122)
0

converges. Suppose also that there exist a constant j € {1,2} and complez-
valued functions H,F : {0 < Rez < u} — C, such that H € A0 < Rez < p),
FeAO<Rez< pu)NC(0 < Rez < pu), and, for any T > 0,

lim (logo)*™ sup |F(u—20—ir)—F(un—o0—ir)| =0, (4.123)
o0+ TE[-T,T]

56



and also that the following representation holds

/GZtSD(t)dt = <ZF_(ZM))J +H(z), 0<Rez<p. (4.124)
0

Then ¢ has the following asymptotic
ot) ~ F(p)e 971t — +oo0. (4.125)
The proof of Proposition 4.27 is based on the following Tenenbaum’s result.

Lemma 4.28 (“Effective” Ikehara—Ingham Theorem, cf. [71, Theorem 7.5.11]).
Let a(t) be a non-decreasing function such that, for some fixed a > 0, the
following integral converges:

/e_tha(t), Rez > a. (4.126)
0

Let also there exist constants D > 0 and j > 0, such that for the functions

1T D
G(z) == /e_(‘”'z)tda(t) ——, Rez>0, (4.127)
a—+z 2J
0

T
n(o,T) =071 /‘G(20 +ir) = G(o +ir)|dr, T >0,
Gy

one has that

Jlirgl+ n(o,T) =0, T >0. (4.128)
Then
at) = {D + O(p(t))} eI > 1, (4.129)
I'(j)
where
plt) = g(ﬁﬂ){:r—l ot T) + (Tt)_j}. (4.130)

Proof of Proposition 4.27. We first express [~ eMo(t)dt in the form (4.126).
By the assumption, the function a(t) := e*+®%p(t) is non-decreasing. For any
0 < Rez < pu, one has

/e*(“JrZ)tda(t) = (u+a) [ " o(t)dt + / ey (1) dt
0 0

= (n+a)

0\8 0\8

()it + p(0) — (u 2) [ (e
0

— o(0) + (a+ 2) / =Dt dt, (4.131)
0
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where integrals converge for 0 < Rez < p, by (4.122) and [78, Theorem II.2.3a).
Therefore, by (4.124) and (4.131), we get

S
/7(a+z)td ( 7Z)+K(,2)’ O<RGZ<,U,
0

0
where K(z) := H(p— 2z) + #, 0 <Rez < p.
a+z
Let now G be given by (4.127) with «(t) as above and D := F'(u). Check

the condition (4.128); one can assume, clearly, that 0 < ¢ < 20 < u. Since
K € A(0 < Rez < ), one easily gets that

lim ¢/~* /|G(20—|—i7’)—G(0—|—ir)|dT
o—0+

T
o [|Fp—20—it) - F(p)  F(p—o—ir)— F(p)
~ o0+ 1 / ‘ (20 +iT)d B (o +ir) dr

% — Flu—o—i
lim o9 1/‘ (p—20 —it) — (u o ZT)‘dT
(o +ir)d

1 1
lim o Flu—20 — F ‘ - |a
+a£g+0 /| (p =20 —ir) (1) (20 +i7)7 (0 +iT)d T
= g, i)+ g, Bil) (152
One has
ot 1
A;(0)< sup |F(p—20—ir)— F(p—o—ir 0']_/ ————dT,
()= s [ )= Flu—o—in|e™ [
and since
VT? 24T
o o 2log Y T Do
07_1/ e ‘de:O‘]_l/ 1 —dT = T g
o+iT %
-T -7 (0% +72)2 2 arctan —, 7 =2,
o

we get, by (4.123), that lim A;(o) = 0.
o—0+

Next, since F' € C(Kg,,), there exists C; > 0 such that |F(z)| < Cy,
z € Kg 7. Therefore,

B. < gi™1 Flp—20—it)—F i '
(o) <o Sgp ’ (1 o —iT) (M)‘ / ‘(20 +ir)i (o +ir) ar
ITI<Ve |T\<\F
) 1
o0 i1 _ 4.1
+20ie / ‘(20+i7)3 (o +i7) ‘dT (13

Vo<|TI<T
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Note that, for any a < b,

b

b b K
o
ir= / V(202 — 72)2 4 90272 ar= /hl(x)dx;

/

a

1 1
204191 o+t

b 2
B V902 + 4712 dr — 1
T=e (202 — 72)2 + 90272 = o

b
1 1
— d h d
/ ‘ (20 +it)2 (0 +iT)? 2(x)dz,
a

a

where

1 () V9 + 4z2
—_— z) = — .
VA + 522 + 2% 2 4 4 522 4+ 24

Now, one can estimate terms in (4.133) separately. We have

i1 / ’(zaiw)j G +1i7)j ’dT - / hy(z)de < /th(x)dx < 0.

Irl<ve |z| <2

hi(x) :=

Next, since F' is uniformly continuous on Kp, v, we have that, for any ¢ >
0 there exists 6 > 0 such that f(u,0,7) = |F(u — 20 —it) — F(u)| < ¢,
if only 402 + 72 < 6. Therefore, if 0 > 0 is such that 402 + o < § then
sup|,|<./z f (1, 0, 7) < € hence

sup |F(u—20 —ir)— F(u)| -0, o—0+.
ITI<Vo

Finally,

T
o/t / ‘ L — ! ‘:2/hl(x)da:—>0 o — 0+
(20 +i1)7 (04 iT) / ’ ’

NS 7z

as [p hj(x)de < oo. As a result, (4.133) gives Bj(0) — 0, as 0 — 0+. Com-
bining this with A;(c) — 0, one gets (4.128) from (4.132); and we can apply
Lemma 4.28. Namely, by (4.129), there exist C' > 0 and to > 1, such that

Detti =t < p(t)e It < (D4 Cp(t)y et ™Y, ¢ > t.
as I'(j) =1, for j € {1,2}. By (4.128), (4.130) p(t) — 0 as t — oco. Therefore,
(t)er Tt o DIl o0,
that is equivalent to (4.125) and finishes the proof. O

To apply Proposition 4.27 to our settings, we will need the following state-
ment, which is an adaptation of [82, Lemma 3.2, Proposition 3.7].

Proposition 4.29. In conditions and notations of Theorem 4.22, let a traveling
wave profile ¥ correspond to a speed ¢ # 0. Then there exists v > 0, such that
P(t)e’t is a monotonically increasing function.

59



Proof. We start from the case ¢ > 0. Since 9(t) > 0, t € R, it is sufficient to
prove that

> -y, teR. (4.134)

2wt
Fix any p > — > 0. Then, clearly,
c

) (@ ) ) +m < x O+m=xt <ecp,
and we will get from (4.85), that
0> c)/(s) + s (at x9)(s) — curp(s), s€R. (4.135)
Multiply both parts of (4.135) on e #¢ > 0 and set
w(s) :=(s)e ™ >0, seR.
Then w'(s) = ¢'(s)e * — pw(s) and one can rewrite (4.135) as follows
0> cw'(s) + »F(at xy)(s)e

=cw'(s) + " / at(tw(s —1)e "7dr, s€R. (4.136)
R
Integrate (4.136) over s € [t,t + 1]; one gets
t+1
0>c(w(t+1)— )+ / / (s —T)e Mdrds. (4.137)

Since w(t) is a monotonically decreasing function, we have

t+1
/ / (s —T)e " drds > / at(Mw(t+1—71)e Hdr

R

> / at(w(t+1—7)e " dr > w(t—1) /OO at(r)e *dr. (4.138)

+
Set C'(p) := %7 o at(s)e#*ds > 0. Then (4.137) and (4.138) yield

w(t) — C(ww(t —1) > w(t+1) >0, teR. (4.139)

Now we integrate (4.136) over s € [t — 1,¢]. Similarly to above, one gets

0> c(w(t) —w(t—1)) + st / / w(s — 7)e *drds
t—1

> c(w(t) — w(t — 1)) + /R (T)w(t — T)e P dr. (4.140)
y (4.139) and (4.140), we have
1 w(t—1) £ it w(t—T)e_W .
o = e 21 [0 e (.141)
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On the other hand, (4.85) implies that

V) X @) T / it D g peR (4142)
R

w(t)

1
Finally, (4.141) and (4.142) yield (4.134) with v = G
o

Y(t) e Wt) o«

Let now ¢ < 0. For any v € R, one has

W'(s) = e (Y(s)e”) —wi(s), sER.
Hence, by (4.32), (A2),

0=ce " (y(s)e””) = cvip(s) + xT(a" *9)(s) = x“¥(s)(a” xv)(s) — ma(s)
> co"((s)e”) — eri(s) +x* (@ #)(s) — X~ 0(a~ »)(s) — mis(s)
> ce " (P(s)e”) — evp(s) — map(s), s€ER.

) m
As a result, choosing v > — one gets
—c

—ce V" (P(s)e”?) > (—cv —m)(s) >0, seR,
i.e. ¥(s)e® is an increasing function. O

Now, we can apply Proposition 4.27 to find the asymptotic of the profile of
a traveling wave.

Proposition 4.30. In conditions and notations of Proposition 4.24, for ¢ # 0,
there exists D = D; > 0, such that

Y(t) ~ De MW= o, (4.143)

Proof. We set p:= Ap(¢)) and

z) = a~ * z Z) = hE’C(Z)
f(2) (EW@™ =) gi(2) = 5
0 (4.144)
e 6zt 2) = f(Z)
H(z) == Zo W(t)etdt, F(2): oL

By (4.86) and Lemma 4.15, we have that f, H € A(0 < Rez < p); in particular,
for any T'> 0, 8 > 0,

fi= sup |f(2)| < oc. (4.145)

2€Kp u,1

By Proposition 4.24, the function g; is continuous and does not equal to 0 on
the strip {0 < Re z < pu}, in particular, for any T > 0, 8 > 0,

gj = zell(l,lfuj lg(2)| > 0. (4.146)

Therefore, F' € A(0 < Rez < u)NC(0 < Rez < ). As aresult, one can rewrite
(4.95) in the form (4.124), with ¢ = ¢ and with F, H as in (4.144).
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Taking into account Proposition 4.29, to apply Proposition 4.27 it is enough
to prove that (4.123) holds. Assume that 0 < 20 < p.
Let j = 2. Clearly, F € C(0 < Rez < p) implies that F is uniformly
continuous on Kg , 7. Then, for any ¢ > 0 there exists § > 0 such that, for any
€ [-T,T], the inequality

lo|=|(p—20—it)—(u—0c—it)| <6

implies
|F(p—20 —it) — F(p— o —i7)| < &,
and hence (4.123) holds (with j = 2).
Let now j = 1. In the case when F' € A(Kg,, 1), we have, evidently, that
F’ is bounded on Kg , 7, and one can apply a mean-value-type theorem for
complex-valued functions, see e.g. [30], to get that F is a Lipschitz function on
Kg 7. Therefore, for some K > 0,

|F(pp— 20 —it) — F(p— o —i1)| < K|o|,

for all 7 € [-T,T], that yields (4.123) (with j = 1). By Proposition 4.17 and
Corollary 4.20, the inclusion F' € A(Kpg , ) always holds for ¢ > c,; whereas,
for ¢ = ¢, it does hold iff either a™ € Ve or at € We with m > t¢(\g). Moreover,
the case at € We with m = t¢(\g) and ¢ = ¢, implies, by Proposition 4.24,
j = 2 and hence it was considered above.

Therefore, it remains to prove (4.123) for the case a™ € We with m < t¢()o),
¢ = ¢, (then j = 1). Denote, for simplicity,

21 :=p—0 —IiT, 29 := p— 20 — iT. (4.147)

Then, by (4.144), (4.145), (4.146), one has

< |12 GO [ S S
RS e st Fres Ry
< (o)~ e+ Bln(a) —m) (148)

Note that, if 0 < ¢ € L>°(R) N L(R) be such that A\g(¢) > u then
1(£6)(22) — (£6)(21)] < / B(s)eH |27 — e~o9)ds
R
o) 0
< J/ qﬁ(s)e(“"’)ssds + a/ ¢(5)€(M*2U)5|8| ds = O(0), (4.149)
0 —o0

as ¢ — 0+, where we used that sup,_,e*~27)%|s| < o0, 0 < 20 < p, and that
(L2) holds. Applying (4.149) to ¢ = (a~ * ) < 0%a~ € L'(R) N L*°(R), one
gets

sup |f(22) — f(z1)|=0(0), o—0+.
Te[-T,T]

Therefore, by (4.148), it remains to show that

lim logo sup |g1(z1) —g1(22)| = 0. 4.150
Jim 1o supJgi(z1) — (=) (4.150)
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Recall that, in the considered case ¢ = c,, one has h¢ () = 0. Therefore, by
(4.117), (4.144), (4.147), we have

bee(21) = hee()  beelz2) — hg,c(u)‘

‘91(21) —g1(z2)| =

21— K 20 — W
xH(Lat)(z) — 2F(LaT)(p) =" (LaT)(z2) — " (LaT)(p) ‘
21— M 22 — K
1— (—o—iT)s 1— (—20—1iT)s

< st / at(s)ets € - — € - ds

R o+ir 20 +ir
— %+/CVL+(S)6HS / (6(70'71'7')15 _6(72071'7'))5) dtl ds

R 0
< %*/ (er(s)e’“/ et 7672Ut| dt ds

0 0

0 0
+ %+/ d+(s)e“s/ le™" — 7?7 dt ds (4.151)

and since, for ¢ > 0, |e=¢ — 6_20t‘ < ot; and, for s <t <0,

’€_Ut _ e—20t‘ _ e—20t|eot _ 1| < 6_2080|t|,

one can continue (4.151)

1 > 1 0
< §U%+ / at(s)et*s* ds + §a%+/ at(s)er=27)352 s,
0

— 00

Since p > 20, one has sup e(#=27)%52 < oo, therefore, by (4.118), one gets
s<0

sup |g1(z1) — g1(22)| < const - o,
TE[-T,T)

that proves (4.150). The statement is fully proved now. O

Remark 4.31. By (4.125) and (4.144), one has that the constant D = D; in
(4.143) is given by

. et s o G
D = D(w) = (S(é(@ v))(u) lim 7.

where = Ag(¢0). Note that, by Proposition 4.24, the limit above is finite and
does not depend on . Next, by Remark 4.7, for any ¢ € R, 9,(s) := ¥ (s + q),
s € R is a traveling wave with the same speed, and hence, by Theorem 4.22,
Ao(1q) = Ao(). Moreover,

(S(wq@f * U’q)))(ﬂ) = / Y(s+q) / a” (t)Y(s —t+q)dtet®ds
R R
— e (2(a * 6))) (1),

Thus, for a traveling wave profile 1) one can always choose a ¢ € R such that,
for the shifted profile 14, the corresponding D = D(3,) will be equal to 1.

Finally, we are ready to prove the uniqueness result.
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Theorem 4.32. Let & € S be fived and a™ € Ug. Suppose, additionally, that
(A4) holds. Let c.(£) be the minimal traveling wave speed according to Theo-
rem 4.9. For the case a™ € We with m = t¢(X\o), we will assume, additionally,
that (4.118) holds. Then, for any ¢ > c., such that ¢ # 0, there exists a unique,
up to a shift, traveling wave profile ¢ for (2.1).

Proof. We will follow the sliding technique from [17]. Let 1,2 € CY(R) N
My(R) are traveling wave profiles with a speed ¢ > ¢, ¢ # 0, cf. Propo-
sition 4.11. By Proposition 4.30 and Remark 4.31, we may assume, with-
out lost of generality, that (4.143) holds for both t; and w9 with D = 1.
By the proof of Proposition 4.24, the corresponding j € {1,2} depends on a*,
2%, m only, and does not depend on the choice of 1, ¥5. By Theorem 4.22,
>\0(1/)1) = )\0(7/}2) =X € (0,00)

Step 1. Prove that, for any 7 > 0, there exists T'= T'(7) > 0, such that
Y7(s) :=1(s —7) > a(s), s>T. (4.152)
Indeed, take an arbitrary 7 > 0. Then (4.143) with D =1 yields
vi(s) e a(s)

lim : = - .
s—oo (5 — 7-);7167)\6(577) s—o0 gi—lg=Aes

Then, for any € > 0, there exists 71 = T1(g) > 7, such that, for any s > 77,

Y1 (s) P (s)

(s — r)i—le—Acls—m) 1> —¢, prip vl S

As aresult, for s > Ty > 1,

P1(s) —ha(s) > (1 —e)(s — T)j—le—*c(s—f) ~- (1 _|_€)Sj—1e—kcs

_ i—1 i1
— g le e ((1 - f)] A —1-((1- Z)] T 4 1)>
S S

| j-1
> gilemAes ((1 —2) Tl + 1)) >0 (4.153)
1

if only

T\J—-1
1 —) AT 1
( ) °

ereT +1

0<e< =:g(1,T1). (4.154)

For j = 1, the nominator in the r.h.s. of (5.64) is positive. For j = 2,
consider f(t) := (1—4)e*! =1, > 0. Then f'(t) = T%e)‘ct()\CTl —Xt—1) >0,
if only T > ¢ + -, that implies f(t) > f(0) =0, t > 0.

As a result, choose ¢ = ¢(7) > 0 with € < g(T,T + )\%), then, without loss
of generality, suppose that T4 = Ti(e) = Ti(r) > 7 + A% > 7. Therefore,
0<e<g(rT+ )\%) < g(7,T1), that fulfills (4.154), and hence (4.153) yields
(4.152), with any T' > T7.

Step 2. Prove that there exists v > 0, such that, cf. (4.152),

W(s) = tals), seR. (4.155)
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Let 7 > 0 be arbitrary and 7' = T(r) be as above. Choose any ¢ € (0, %).

By (4.7), (4.1), and the dominated convergence theorem,

lim (&~ *x2)(s) = lim a~ (T)2(s —T)dr =0 > 0. (4.156)

§——00 s——o0 Jp
Then, one can choose T = T5(d) > T, such that, for all s < —T5,

Pi(s) > 60—, (4.157)
(@™ x1a)(s) > 4. (4.158)

Note also that (4.152) holds, for all s > Ty > T, as well. Clearly, for any v > 7,
Vi(s) =vi(s —v) Z¢i(s = 7) > a(s), s>Ts.

Next, lim ¢} (T2) = 6 > 2(—T%) implies that there exists v; = v1(Tz) =
| Zde el
v1(6) > 7, such that, for all v > vy,

Y (s) 2 1 (T2) > Pa(=T2) Z ¢a(s), s € [T, T3]
Let such a v > 1 be chosen and fixed. As a result,
Yi(s) = a(s), s> Ty, (4.159)
and, by (4.157),
V7 (8)+ >0 >s(s), s<-—Ts. (4.160)
For the v > 14 chosen above, define
0o (8) =YY (s) — a(s), seR. (4.161)

To prove (4.155), it is enough to show that ¢, (s) > 0, s € R.
On the contrary, suppose that ¢, takes negative values. By (4.159), (4.160),

wu(s) > =0, s< —Ty; wu(s) >0, s>—T. (4.162)

Since lim ¢,(s) = 0and ¢, € C*(R), our assumption implies that there exists
S——00

so < —1T5, such that

pv(s0) = min g, (s) € [=6,0). (4.163)

s€
We set also
Oy 1= —(pl,(S()) = ¢2(SO) — ¢1V(80) € (O, (5] (4164)
Next, both ¢{ and 95 solve (4.32). Let Jg be given by (4.33). Then, recall,
Jg Jo(s) ds = m. Denote, cf. (1.4), Loy := Jg x ¢ — mep. Then one can rewrite
(4.32), cf. (4.35),

et (s) + (Low)(s) + 5 (0 — 9(s))(a™ * ¥)(s) = 0.
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Writing the latter equation for ¢f and s and subtracting the results, one gets

cgl,(s) + (Logy)(s) + 2~ A(s) = 0,

v_ - (4.165)
A(s) = (0 =97 (s)) (@ * ¢7)(s) = (6 = Pa(s))(a” *1ha)(s)-
Consider (4.165) at the point sg. By (4.163),
¢, (s0) =0,  (Lowy)(s0) > 0. (4.166)

Next, (4.164) yields

A(so) = (0 — ¥7(s0)) (@™ *¥7)(s0) + (6= — (0 — P7(s0)) (@™ *1b2)(s0)
= (0 —¥1(s0)) (@™ * ¢u)(50) + dx(a™ * 12)(s0)
= (0 — ¢ (50)) (@™ * (pr 4 6.))(s0) + 0. ((@~ % 12)(s0) — (0 — ¥ (50)))
>0, (4.167)

because of (4.163), (4.157), and (4.158). The strict inequality in (4.167) together
with (4.166) contradict to (4.165). Therefore, (4.155) holds, for any v > 1.

Step 3. Prove that, cf. (4.155),
¥, :=inf{ > 0| ¥V (s) > ¥a(s),s € R} = 0. (4.168)

On the contrary, suppose that ¥, > 0. Let ¢, := ¢y, be given by (4.161).
By the continuity of the profiles, ¢, > 0.

First, assume that . (sg) = 0, for some sg € R, i.e. @, attains its minimum
at sg. Then (4.166) holds with ¥ replaced by 9., and, moreover, cf. (4.165),

Also) = (0 = %7 (s0))(a™ * ps)(s0) > 0.

Therefore, (4.165) implies

(Logs)(s0) = 0. (4.169)

By the same arguments as in the proof of Proposition 4.17, one can show that
(A4) implies that the function Jy also satisfies (A4), for d = 1, and with some
another constants. Then, arguing in the same way as in the proof of Proposi-
tion 3.7 (with d = 1 and a™ replaced by .Jp), one gets that (4.169) implies that
©x 18 a constant, and thus ¢, =0, i.e. wf* = 1o. The latter contradicts (4.152).
Therefore, @.(s) > 0, i.e. ¥V*(s) > ta(s), s € R. By (4.152) and (4.156),
o
there exists T5 = T5(9,) > 0, such that ¢, (s) > 12(s), s > T5, and also, for
any s < —T5, (4.158) holds and (4.160) holds with ¥ replaced by % (for some
fixed 6 € (0,%)). We set

a:=inf (V% (s) — 1ha(s)) > 0.

te[-T5.13)
9 9 L
For any € € (0, %), ¥*~° > ¢,? , therefore,

YU () > ha(s), s> T,

and also (4.160) holds with ¢ replaced by 9. — ¢, for s < —T5. Since the family
{w?*_e | £ € (0,%)} is monotone in ¢, and lin})w?*_s(t) =P (t), t € R, we
e—
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have, by Dini’s theorem, that the latter convergence is uniform on [—T3, T3].
As a result, there exists e = (o) € (O7 %*)7 such that
Py (s) =y 75 (s) = a(s), s € [~T5,Ts).

Then, the same arguments as in the Step 2 prove that 1/)19*_5(5) > 1)9(s), for all

s € R, that contradicts the definition (4.168) of ¥,.
As a result, 9, = 0, and by the continuity of profiles, 11 > 5. By the same
arguments, 1o > 1)1, that fulfills the statement. O

5 Long-time behavior of the solution

5.1 Long-time behavior along a direction

We will follow the abstract scheme proposed in [75]. Note that all statements
there were considered in the space Cy(R?), however, it can be checked straight-
forward that they remain true in the space Cyp,(R?). We will assume that (A1)
and (A2) hold. Recall that 6, Uy, Ly are given by (2.17), (3.20), and (3.21),
respectively.

Consider the set Ny of all nonincreasing functions ¢ € C(R), such that
»(s) =0, s >0, and

p(—o0) ;= lim ¢(s) € (0,0).

S§——00

It is easily seen that Ny C Uy.
For arbitrary s € R, ¢ € R, £ € S9!, define the following mapping Vj ¢
L>(R) — L (RY)

(Veeef)(@) = flz-E+5s+¢), zeR™ (5.1)

Fix an arbitrary ¢ € Ny. For T'> 0, c € R, € € Sdil, consider the mapping
Ry et L®(R) — L>®(R), given by

(Rr.cef)(s) = max{p(s), (Qr(Vsce))(0)}, sER, (5.2)

where Qr is given by (3.33), cf. Proposition 3.14. Consider now the following
sequence of functions

fnJrl(S) = (RT,C,ffn)(S)ﬂ fO(S) = (p(S), s € RJ’L e NU {0} (53)

By Proposition 3.14 and [75, Lemma 5.1], ¢ € Uy implies f,, € Uy and f,41(s) >
fn(s), s € R, n € N; hence one can define the following limit

fTvQE(s) = nlggo fn(s)7 seR. (54)

Also, by [75, Lemma 5.1], for fixed ¢ € S9~1 T > 0, n € N, the functions
fn(s) and fr.¢(s) are nonincreasing in s and in ¢; moreover, fr . ¢(s) is a lower
semicontinuous function of s, ¢, &, as a result, this function is continuous from
the right in s and in c. Note also, that 0 < fr.¢ < 6. Then, for any c, &, one
can define the limiting value

Jreg(00) = lm free(s).
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Next, for any T > 0, £ € S?~!, we define

cr(§) = sup{c| freeg(oo) =0} € RU{—o00, 00},

where, as usual, sup ) := —oco. By [75, Propositions 5.1, 5.2], one has
0, c<cp(f),
c,6\Q0) = 5.5
f1.e(0) {0, ¢ > (6), (5.5)

cf. also [75, Lemma 5.5]; moreover, ¢i(§) is a lower semicontinuous function
of . It is crucial that, by [75, Lemma 5.4], neither fr . ¢(c0) nor ¢(§) depends
on the choice of ¢ € Ny. Note that the monotonicity of fr.¢(s) in s and (5.5)
imply that, for ¢ < ¢%(§), frce(s) =6, s €R.

Proposition 5.1. Let £ € S9! and suppose that (A1), (A2), and (A5) hold.
Let ¢, (&) be as in Theorem 4.9. Then

(&) = Teu(€), T > 0. (5.6)

Proof. Take any ¢ > 0 with ¢T' > ¢k(&). Then, by (5.5), fr.cre Z 6. By (5.2),
(5.3), one has

fot1(s) 2 (Qr(Vsere f2))(0), s €R. (5.7)

Since f,,(s) is nonincreasing in s, one gets, by (5.1), that, for a fixed z € R?,
the function (Vs .7 fn)(z) is also nonincreasing in s. Next, by (5.1), (5.4) and
Propositions 3.12,

(Qr(Vs,eref)) (@) = (Qr(Vserefrere)) (@), aa € R (5.8)
Note that, by (5.1) and Proposition 4.4,

(Qr(Vserefrere))(@) = o(z-&T), (5.9)

where ¢(7,t), 7 € R, t € Ry solves (4.4) with ¢¥(7) = frere(t + s+ T)
(note that s is a parameter now, cf. (4.4)). On the other hand, the evident
equality (Vs.crefrere)(@ +78) = frere(x-§+ 717+ s+cT'), 7 € R shows
that the function Vi cr¢frer,e is a decreasing function on R? along the ¢ €
S4=1 cf. Definition 3.15, as fr.ere is a decreasing function on R. Then, by
Proposition 3.16 and (5.9), the function R? > z +— ¢(x-¢,T) € [0, 6] is decreasing
along the £ as well, ie. ¢(x- £+ 7,T) =p((x + 7€) - ,T) < d(x-&,T), 7 > 0.
As a result, the function ¢(s,T’) is monotone (almost everywhere) in s. Since
fr.er,¢(s) was continuous from the right in s, one gets from (5.7), (5.8), that

fr.ere(s) > (Qrfrere)(s+ ),

where Qr is given as in Proposition 4.8. Since frere # 0, one has that,
by [80, Theorem 5] (cf. the proof of Theorem 4.9), there exists a traveling
wave profile with speed ¢. By Theorem 4.9, we have that ¢ > ¢,.(£), and hence
cp(&) = Tea ().

Take now any ¢ > ¢.(£) and consider, by Theorem 4.9, a traveling wave in
a direction ¢ € %71, with a profile ¢ € My(R) and a speed c. Then, by (5.1)
and (4.1),

(Qr(Vs,ere¥)(@) =¢((z-§ = cT) + s +cT) =¢(x-§ +5).
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Choose ¢ € Ny such that p(s) < 9(s), s € R (recall that all constructions are
independent on the choice of ). Then, one gets from (5.2), that (Rrcr¢)(s) =
(s), s € R. Then, by (5.3) and (5.4), frere(s) = ¢¥(s), s € R, and thus (5.5)
implies ¢T' > ¢(§); as a result, Tc,(§) > i (§), that fulfills the statement. [J

We describe now how the solution to (2.1) behaves, for big times, along a
direction ¢ € S~ We start with a result about an exponential decaying along
such a direction. It is worth noting that we do not need to assume either (A1)
or (A2) to prove Proposition 5.2 below.

For any £ € S%~! and A > 0, consider the following set of bounded functions
on R%:

Exe®?) :={f € LR | |fllre := eSSESRgPU(ﬂC)

M < oo} (5.10)

Evidently, for f € L (R?),

esssup |f(z)][e’¢ < oo if and only if esssup | f(x)]|e** ¢ < oo,

zERd @20
therefore,

Eve(RY) C By e(RY), A>N>0,6e 80

Proposition 5.2. Let ¢ € S and A\ > 0 be fized and suppose that (A5) holds
with 1 = X. Let 0 < ug € Ey¢(R?) and let u = u(z,t) be a solution to (2.1).
Then

lu(, O)llxe < lluollree™, >0, (5.11)
where
p=pE A= %+/ at(z)er de —m e R. (5.12)
Rd

Proof. First, we note that, for any a € L*(R?),
(0 f)(@)e¢] < /R la(z = y)[e*m | fy)le € dy

< [Ifllxe /Rd la(y)|e* dy. (5.13)

We will follow the notations from the proof of Theorem 2.2, cf. Remark 2.3.
Let p is given by (5.12) and suppose that, for some 7 € [0,7T), |lu-|re <
[lwollr,e €P7. Take any v € X:T(r) with T, r given by (2.13), (2.15), such that

[o(,t)Ixe < lluollrg e, t e [r, 7. (5.14)
Then, by (2.6), (2.7), one gets, for any ¢ € [r, Y],

0 < (®0)(x,t)er™s
t
< e My (2)eE 4 / e ) 3t (0t w 0)(x, 8)e N ds

-
t
< JJuollae €™ + ||ug)|a e %“'/ at (y)evE dy/ e~ m(t=5) gps g
R -
t
= [[uollr.e ™ P + ug|lne (p+ m)efmt/ elrtms ds
T

= [luollx.¢ €™,
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where we used (5.13) and (5.14). Therefore, [|(®-v)(-,t)|xe < |luollre e, t €
[7,Y]. As a result,

I(@70)( )llxe < lluollxge™, neN, telrT].

Then ||u(-,t)||x¢ satisfies the same inequality on [7, Y]; and, by the proof of
Theorem 2.2, we have the statement. O

Remark 5.3. Tt follows from (L1) and the considerations thereafter, that the
statement of Proposition 5.2 remains true if (A5) holds for some p > A, provided
that we assume, additionally, (A6).

Define now the following set
Tre={zeR|z-£< (9}, £esHT>0. (5.15)
Clearly, the set T7 ¢ is convex and closed. Moreover, by (5.6),
Tre=TY:1, (5.16)

Here and below, for any measurable A C R?, we define tA := {tz | z € A} C R4,
We are going to explain now how a solution u(z,t) to (2.1) behaves outside of
the set tY1 ¢ = Tie, t > 0.

Theorem 5.4. Let £ € S4 ! anda™ € Ug; i.e. all conditions of Definition 4.16
hold. Let A\ = M\i(§) € I¢ be the same as in the Proposition 4.17. Suppose that
up € Ex, ¢(RY) N Ly and let u € Xy, be the corresponding solution to (2.1). Let
O¢ C RY be an open set, such that T1¢ C O¢ and § := dist (Tl’g,Rd \ O¢) > 0.
Then the following estimate holds

esssupu(x,t) < [Jug|lx, ce %, > 0. (5.17)

r¢tO¢
Proof. Let p. := p(&, \s) be given by (5.12). By (5.11), (5.10), one has

0 <u(z,t) < ||lug

rocexpi{pit — A€}, aa xeRY (5.18)

Next, by (5.15) and Proposition 5.1, for any ¢ > 0 and for all z € R\ t&¢, one
has z - £ > tci(€) +td = tc.(€) +td. Then, by (4.81),

f kel 7 > * Ok *
zértlﬁ&()\ - &) > theci(§) +ENS

= t(%+/ a*(x)eA*“"'g dx — m) + tA 0 = tpy + A0
Rd

Therefore, (5.18) implies the statement. O

Remark 5.5. The assumption uy € Ex, ¢(R?) is close, in some sense, to the
weakest possible assumption on an initial condition ug € Ly for the equation
(2.1) to have

lim esssup u(z,t) =0, (5.19)
t—o0 ¢t0,
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for an arbitrary open set 0¢ D Y ¢, where T ¢ is defined by (5.15). Indeed,
take any A, A with 0 < A\ < A < Ay = A(€). By Theorem 4.22, there
exists a traveling wave solution to (2.1) with a profile 1); € My(R) such that
Ao(11) = A1. By Proposition 4.30 (with j = 1 as A\; < A.) we have that
P1(t) ~ De=t t — oo. It is easily seen that one can choose a function
v € My(R) N C(R) such that there exist p > 0, T' > 0, such that p(t) > (1),
t € R and p(t) = pe ™, t > T. Take now ug(z) = p(z - ), € RY. We have
ug € By ¢(RY)\ Ey, ¢(RY). Then, by Proposition 4.4, the corresponding solution
has the form u(z, t) = ¢(x-£,t). By Proposition 3.4 applied to the equation (4.4),
o(s,t) > P1(s —crt), s € R, £ > 0, where ¢1 = G¢(M1) > ¢.(§), cf. (4.53) and
(4.81). Take c € (cx(€),c1) and consider an open set O¢ := {x € R? | z- £ < c},
then Y1 C O C{x € R?|x-£ <1} =: Ay, One has

sup u(@,t) > sup Bz -£,1)
r¢tOe r€tA\tO;

> sup  Yi(s —ert) = Ya(et —et) > 1(0),
ct<s<cit
as ¢ < ¢1 and 1 is decreasing. As a result, (5.19) does not hold.

On the other hand, if ¥, € My(R) is a profile with the minimal speed
c«(€) # 0 and if j = 2, cf. Proposition 4.24, then ug(x) := . (z - £) does not
belong to the space Ek*,g(Rd), however, the arguments above do not contradict
(5.19) anymore. In the next remark, we consider this case in more details.

Remark 5.6. In connection with the previous remark, it is worth noting also that
one can easily generalize Theorem 5.4 in the following way. Let ug € Ey ¢(R?)N
Ly, for some A € (0, \,], and let u € X5 be the corresponding solution to (2.1).
Consider the set Ace := {z € R? | z- & < ¢}, where ¢ = A7 (3T ag(A) — m)
cf. (4.81). Then, for any open set B.¢ D A. ¢ with &, := dist (A, ¢, R\ B.¢) > 0,
one gets

esssup u(z,t) < [lug|xce” " (5.20)
w¢tBC,§

Therefore, if ug(z) = W.(x - §), where ¢, is as in Remark 5.5 above, then,
evidently, ug € Ey¢(R?), for any A € (0,A,). Then, for any open O D Tq¢
with § := dist (T1,¢,R?\ O¢) > 0 one can choose, for any € € (0,1), ¢; =
¢+ (&) + de. By Theorem 4.22, there exists a unique A\ = A;(e) € (0, \«) such
that ¢; = )\1_1(%+a5()\1) — m) Then ug € E)\hg(Rd) and Achg C ﬁg, i.e. ﬁg
may be considered as a set B, ¢, cf. above. As a result, (5.20) gives (5.17), with
the constant ||ug||x,,e < [luollx, e, and with A.d replaced by A1d(1 —¢). Note
that, clearly, [[uollx, ¢ / luollx..e; M 7 Ax, € = 0.

5.2 Global long-time behavior

We are going to consider now the global long-time behavior along all possible
directions ¢ € S9! simultaneously. Define, cf. (5.15),

Tr={zeRz - £< (), £€ ST, T>o. (5.21)
By (5.15), (5.6), (5.16),

Yr = ﬂ Tre= ﬂ TY1e=TY,, T>0. (5.22)
§€Sd71 Eesd—l
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Clearly, the set Tp, T > 0 is convex and closed. To have an analog of Theo-
rem 5.4 for the set T, one needs to have at € U, for all £ € S4=1 ¢f. Defini-
tion 4.16.

Since fz-ggo at(z)erCdr € [0,1], € € S471, X > 0, we have the following
observation. If, for some ¢ € S%~!, there exist u* > 0, such that, cf. (4.10),
are(pF) < oo, i.e. if (A5) holds for both € and —¢, then, for g = min{u*, =},

/ at(z)e! € dr = / at(z)et* s dr + / at(z)e " de
R4 2-£>0 ©-£<0

< / a"‘(;zc)e’ﬁ””'5 dx +/ at(z)e =78 dr < oo (5.23)
z-£20 z-(=£)>0

Let now {e; | 1 < i < d} be an orthonormal basis in R%. Let (A5) holds
for 2d directions {#+e; | 1 < i < d} € S9! and let p; = min{u(e;), p(—e;)},
1<i<d,cf (5.23). Set p= Fmin{y; | 1 <i < d}. Then, by the triangle and
Jensen’s inequalities and (5.23), one has

d
1
+ ;A|x|d </ + Tl el )d
/Rda (x)e x < Rda (;U)exp(ig_l duz\x ez|) x

d
1
hl + pilz-eil
< ;:1 p /Rd a™(x)e dx < o0o.

As a result, the assumption that (A5) holds, for all £ € S971, is equivalent to
the following one

there exists p1q > 0, such that / at (z)er do < oco. (A9)
R

Clearly, (A9) implies
/ |z|a™ (z) dz < oo, (5.24)
Rd

and thus (A7) holds, for any ¢ € S9!, Then, one can define the (global) first
moment vector of a™, cf. (4.47),

m:= / za™ (z)dr € RY. (5.25)
]Rd
The most ‘anisotropic’ assumption is (A8). We will assume, for simplicity, that
(A3) holds; then (A8) holds with 7(¢) = 0, for all £ € S4-1.

Proposition 5.7. Let (A1), (A2), (A3), (A6), (A9) hold. Then, for anyT > 0,
Taxtm € R? is an interior point of Yp, and Y1 is a bounded set.

Proof. By (5.22), it is enough to prove the statement, for T = 1. By (4.47), for
d
any orthonormal basis {e; | 1 <i < d} C S9!, m= > m,,. As it was shown

i=1
above, the assumptions of the statement imply that Theorem 4.22 holds, for
any ¢ € S?1. Therefore, by (4.78) and Proposition 5.1,

(»tm) - &= 3" /Rd z-&at(z)dr = s me < e(§) = cf(€), (5.26)
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for all ¢ € S?71; thus »Tm € Y. Since the inequality in (5.26) is strict, the
point s»Tm is an interior point of Y.

Next, by Proposition 5.1, € YT; implies that, for any fixed £ € S91,
z-€ <c(§) and x - (=€) < ¢ (=€), e,

() Sx-E<e(é), zeT,EesTh (5.27)
Then (5.27) implies
- & < max{les(€)]. e (©)I}, wEXrEe 5T

in particular, for an orthonormal basis {e; | 1 <4 < d} of R?, one gets

d d
2| <> Jr-ei] <> max{|e(es)], |es(—ei)|} =t R <00, x€ T,
i=1 i=1

that fulfills the statement. ]

Remark 5.8. Tt is worth noting that, by (4.78), (4.47), the following inequality
holds, cf. (5.27),
(€) + cu(=€) > T (mg +m_g) = 0.

For any T > 0, consider the set M(T') of all subsets from R? of the following
form:

Mr = Mre ke, ex =iz €R |2 & < (&) +e, i=1,...,K}, (5.28)

for some e >0, K €N, &,...,6x € §471.
We are ready now to prove a result about the long-time behavior at infinity
in space.

Theorem 5.9. Let the conditions (Al), (A2), (A3), (A6), (A9) hold. Let
ug € Ly be such that

of := sup ‘ .
fuo] := sup esssup ug (x)eM*! < 0o (5.29)
A>0 zeRd

and let u € X be the corresponding solution to (2.1). Then, for any open set
O D Y1, there exists v =v(0) > 0, such that

esssup u(z,t) < fuole™"*, > 0.
z¢to

Proof. By Proposition 5.7, the set T; is bounded and nonempty. Then, by [75,
Lemma 7.2|, there exists e > 0, K € N, &;,...,x € S9! and a set M € M(1)
of the form (5.28), with T' = 1, such that

T ,CMcCO. (5.30)
Choose now

ﬁ&:{xeRd}x.gim;(gz—H%}DTL&, 1<i<K.
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Then, by (5.30),

K K
T, = ﬂ TLECﬂTL&Cﬂﬁ&CMCﬁ,
cegd-1 i=1 i=1

and, therefore,
K
R\ 0 C [ R\ O,). (5.31)
i=1

By (5.10), the assumption (5.29) implies,

Ax-€
— )
lluollae < max{esssup|uo(x)|e esssup|u0(:n)|}
©-£>0 ©-£<0

< max{esssup|uo(x)|e’\‘f”|,esssup|u0(a:)|} < esssup|ug(z)]eM < Jugl,
z-£>0 z-£<0 reRd

for any A > 0, ¢ € S971. Denote
Vi = A (€)dist (T1e,, RY\ Gp,) = )\*(fi)%, 1<i<K.

Then, by Theorem 5.4 and (5.31), one gets, for any ¢ > 0,

—uit —ut
esssup u(z, t) < 1r_<niag)§(izssupu(x,t) < luollx, ). < fuole™",

Igtﬁ tﬁ&,;
with v :=min{y; | 1 <i < K}. O

Our second main result about the long-time behavior states that the solution
u € Xy uniformly converges to 6 inside the set tY; = Y;. The proof of this
result is quite technical. For the convenience of the reader, we present here the
statement of Theorem 5.10 only, and explain the proof in the next subsection.
For a closed set A C RY, we denote by int(A) the interior of A.

Theorem 5.10. Let the conditions (Al), (A2), (A4), (A6), (A9) hold. Let
ug € Uy, ug Z0, and u € X be the corresponding solution to (2.1). Then, for
any compact set € C int(Yy),

li i =0. .32

A sl e =9 (532
Corollary 5.11. Let the conditions (Al), (A2), (A4), (A6), (A9) hold. Let
ug € Lg be such that there exist xo € R, n >0, r > 0, with uy > 1, for a.a.
x € B.(x9). Let u € Xy be the corresponding solution to (2.1). Then, for any
compact set € C int(11),

lim essinf u(x,t) = 6.

t—oo zEtE
Proof. The assumption on ug implies that there exists a function vy € Uy C Ly,
vg # 0, such that ug(z) > vo(x), for a.a. € R Then, by Remark 3.5,
u(z,t) > v(z,t), for a.a. = € R and for all t > 0, where v € X, is the
corresponding to vy solution to (2.1). By Proposition 3.4, v € X, and one has
(5.32) for v, with the same Y1, cf. (Q1). The statement follows then from the
evident inequality

min v(z,t) = essinf v(x,t) < essinf u(z,t) < 6. O
TELE TELE TELE
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As an important application of Theorem 5.10, we will prove that there are
not stationary solutions u > 0 to (2.1) (i.e. solutions with Zu = 0), except
u =0 and u = 0, provided that the origin belongs to int(Yy).

Proposition 5.12. Let the conditions (A1), (A2), (A4), (A6), (A9), and (2.21)
hold. Let the origin belongs to int(Yy). Then there exist only two non-negative
stationary solutions to (2.1) in L>(RY), namely, u =0 and u = 6.

Proof. Since %u =0, one gets from (2.1) that

st (a™ xu)(x)

m+ s (a” xu)(x)

u(z) = , T eR (5.33)
Then, by Lemma 2.1, one easily gets that u € Cyp(R?).

Denote M := |lu|]| = sup u(x). We are going to prove now that M < . On
zER4
the contrary, suppose that M > 6. One can rewrite (5.33) as follows:

mu(z) + » (o™ *u)(z)(u(z) — ) = (Jp xu)(z) < Mm, (5.34)

where Jy > 0 is given by (3.19) and hence [, Jo(x) dx = m.

Choose a sequence x, € R? n € N, such that u(z,) — M, n — oo.
Substitute z, to the inequality (5.34) and pass n — oo. Since M > 6§ and
u > 0, one gets then that (¢~ * u)(z,) — 0, n — oo. Passing to a subsequence
of {z,,} and keeping the same notation, for simplicity, one gets that

1
(a” xu)(z,) < — > 1.

For all n > TO_M, set 7, 1= n"24 < r(; then the inequality (2.21) holds, for
any = € B, (0), and hence

> (a” xu)(zn) > a(lp, (o) *u)(zn) > aVa(rn) xeénir(lx )u(x)7 (5.35)

S|

where V;(R) is a volume of a sphere with the radius R > 0 in R? Since
V(rn) = r3Vy(1) = n=2V4(1), we have from (5.35), that, for any n > ry 2,
there exists y,, € By, (2y), such that

1
ulom) < SRV

Thus u(y,) — 0, n — oco. Recall that u(z,) - M > 0, n — oo, however,
[T — yn| < rp = n_ﬁ, that may be arbitrary small. This contradicts the fact
that u € Cyp(RY).

As a result, 0 < u(x) < 0 = M, v € R% Let u # 0. By Theorem 5.10,
for any compact set ¥ C int(Y1), greli%u(x) — 0, t = o0, as u(z,t) = u(x)
now. Since 0 € int(Y1), the latter convergence is obviously possible for v = 6
only. O
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5.3 Proof of Theorem 5.10

We will do as follows. At first, in Proposition 5.17, we apply results of [75] for
discrete time, to prove (5.32) for continuous time, provided that ug is separated
from 0 on a big enough set. Next, in Proposition 5.18, we show that there exists
a proper subsolution to (2.1), which will reach (as we explain thereafter) any
needed level after a finite time. Finally, we properly use in Proposition 5.19 the
results of [11], to prove that the solution to (2.1) will dominate the subsolution
after a finite time.

We start with the following Weinberger’s result (rephrased in our settings).
Note that (A4) implies (A3), hence, under conditions of Theorem 5.10, we have
by Proposition 5.7, that Y # 0, T > 0.

Lemma 5.13 (cf. [75, Theorem 6.2]). Let (A1), (A2), (A4), (A6), (A9) hold.
Let ug € Ug and T > 0 be arbitrary, and Qr be given by (3.33). Define

Unt1(2) := (Qruy)(z), n>0. (5.36)

Then, for any compact set €p C int(Yr) and for any o € (0,0), one can choose
a radius ro = r5(QT,6r), such that

uo(x) >0, € B, (0), (5.37)
implies

lim min u,(z) = 0. (5.38)

n—o00 xeENGr

Remark 5.14. By the proof of [75, Theorem 6.2], the radius r,(Qr, ér) is not
defined uniquely. In the sequel, r,(Q7,%r) means just a radius which fulfills
the assertion of Lemma 5.13 for the chosen Q7 and %7, rather than a function
of Q7 and %r.

Remark 5.15. It is worth noting, that, by (3.33) and the uniqueness of the
solution to (2.1), the iteration (5.36) is just given by

up(z) = u(z,nT), = ecRYneNU{0}. (5.39)
Therefore, (5.38) with T' = 1 yields (5.32), for N 3 ¢ — oo, namely,

lim min u(z,n) =6, (5.40)

n—00 zeEnE
provided that (5.37) holds with r, = r;(Q1,%), € C int(YT1).

Lemma 5.16. Let the conditions of Theorem 5.10 hold. Fiz a o € (0,0) and a
compact set € C int(Y1). Let ug € Up be such that up(x) > o, x € B,_(g,,%)(0).
Then, for any k € N,

lim min u(a:, %) =0. (5.41)

n—ooxELE

Proof. Since € C int(Y1), one can choose a compact set € C int(T1) such that

% C int(%). (5.42)
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By (5.39) and Lemma 5.13 (with 7" = 1), the assumption ug(z) > o, © €
B, (.%)(0) implies (5.40). Fix k € N, take p = ; then choose and fix the
radius 7, (Qp,p‘é). By (5.40), there exists an N = N(k) € N, such that

u(z,N) >0, x€NF,
BTa(Qp,p%Z)(O) C N%.

Apply now Lemma 5.13, with ug(z) = u(z, N), r € R4 T = p, and
Cr =€, = p€ C pint(Ty) = int(Y),
as, by (5.22), pY1 = T,. We will get then

lim min u(z, N +np) = 6. (5.43)

N—=0 zcnpé€

By (5.42), there exists M € N such that one has
N .
(——l—p)%Cp(f, n> M. (5.44)
n

Therefore, by (5.44), one gets, for n > M,

min_u(z, N +np) < min  u(z, N +np)

TENPE JJETL(%-H))%
1
= min u(x, (Nk + n)f) <. (5.45)
z€(Nk+n)+€ k
By (5.43) and (5.45), one gets the statement. O

Now, one can prove Theorem 5.10, under assumption on the initial condition.

Proposition 5.17. Let the conditions of Theorem 5.10 hold. Fiz o o € (0,6)
and a compact set € C int(Y1). Let ug € Uy be such that ug(z) > o, x €
B, (0,,4)(0), and u € X be the corresponding solution to (2.1). Then

lim min u(z,t) = 6. (5.46)

t—oo xELE

Proof. Suppose (5.46) were false. Then, there exist ¢ > 0 and a sequence
tny — 00, such that minge ¢ u(z,tn) <0 —e, n € N. Since ty% is a compact
set and u(-,t) € Uy, t > 0, there exists zy € ty%, such that

U((ﬂN,tN) <f—¢, neN (547)

Next, by Proposition 2.9, there exists a § = §(¢) > 0 such that, for all 2/, 2" € R?
and for all ¢/, > 0, with |’ — 2”| 4+ |t' — t"| < 4, one has

lu(a’, ') — u(@”, )| < % (5.48)

Since ¢ is a compact, p(%) := sup||z|| < co. Choose k € N, such that 1 <
TEE

ﬁ(%). By (5.41), there exists M (k) € N, such that, for all n > M(k),

n 3 n
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Choose N > Ny big enough to ensure ty > @ Then, there exists n > M(k),
such that ty € [%, "TH) Hence
n 1 )
ty — — - < —. 5.50
e k’<k<l+p(<€) (5.50)

Then, for the chosen N, there exists yy € €, such that xn = tyyn. Set t’ = ty,
t" =%, 2’ =xn =tyyn, and 2" = Zyn. Then, by (5.50),

¢ ="+ o = a"| = |t = T| (1 + lyn]) <.

Therefore, one can apply (5.48). Combining this with (5.47), one gets

(” ”) (" ”) (tnyn En) Fu(zn,tn) < - +0—e=0— <
ul=yn,— ) =ul~yn, — ) —u u(z - —e=0—--
BN T pIN T NYN,IN N>UN 5 9’
that contradicts (5.49), as Zyn € £ . Hence the statement is proved. O

Next two statements will allow us to get rid the restriction on ug in Propo-
sition 5.17.

Proposition 5.18. Let (A1), (A2), and (A4) hold; assume also that (5.24)
holds, and m is given by (5.25). Then there exists ag > 0, such that, for all a €
(0, ), there exists qo = qo() € (0,0), such that there exists T = T(«,qo) > 0,
such that, for all q € (0,qo), the function

|z — tm|?

w(z, t) —qexp< >, reRLE>ST, (5.51)

at

is a subsolution to (2.1) ont > T; i.e. Fw(x,t) <0, z € RY, t > T, where F
is given by (3.1).

Proof. Let Jg, ¢ € (0,0) be given by (3.19), and consider the function (5.51).
Since w(zx,t) < g, we have from (3.1),that

2 2
(Fw)(z,t) = w(z, t) <|at|2 — |n;|) — (a™ *w)(z,t)
+ s w(z, t)(a” xw)(x,t) + mw(z,t)

< w(w,t) <|(ft|2 - |n;|) — (Jy *w)(z, t) + mw(z,t). (5.52)

Since, for any g € (0,6) and for any ¢ € (0,qo), Jy(z) > Jy (x), z € RY, one
gets from (5.52), that, to have Fw < 0, it is enough to claim that, for all z € R9,

l _ |m®

m |z — tm|? |z —y — tm|?
L N miLulnh By A it Bl W)
at? a = exp( at ) /Rd a0 (9) exp( at 4

By changing x onto z+tm and a simplification, one gets an equivalent inequality

2 ) . 2
m 2l 2eem / Jao (Y) eXp<2xy> exr><—|y|) dy =:I(t). (5.53)
R at at

m +
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One can rewrite I(t) = Io(t) + I (t) + I~ (t), where
)= [ Tewe i 0= [ e ¥ (- 1)y
z-y>0
_ _lwl? 2z-y
I~(t) = / Jgo (y)e™ ot (e at — l)dy.
z-y<0

Using that e* — 1 > s, forall s e R, and e®* — 1 > s+ %, for all s > 0, one gets
the following estimates

2 — 2 w2
U 7/ Jao(W)e = (a"y)d“ﬂ/ Joo(W)e™ or (- y)*dy
At Jpy>0 a“t 2y>0
and
- 2 _?
I (t) > a/ Jqo(y)e at (.’E . y)dy
z-y<0
Therefore,
2 lul?
> — . _7
I(t) 2 1o (t) + at (l‘ /]Rd JQO (y)e ydy)
2 _lwi? )
T ooe Joo(y)e™ ot (z-y)*dy. (5.54)

By the dominated convergence theorem,
Iy(t) / / Jgo (@) dx = 37 —qoe™ >m, t— oo, (5.55)
Rd

for any qo € (0,0). Set also

0t = [ Jule S gy,

By (5.24) and (A2), one has [, a™ (z)|z|dz < co and hence o, Jq,(2)|z| dz <
00. Then, by the dominated convergence theorem,

L) 7 /R o )ydy = 1) € RE, £ — o0, (5.56)

Since 0 < J, () < »tat(z), 2 € RY, we have, by (5.25) and the dominated
convergence theorem, that m(gg) — m, go — 0.

For any € > 0 with m + 2¢ < 2™, one can choose qg = qo(e) € (0,8), such
that

)t >t — g >m+2e, |m— plao)| < % (5.57)

By (5.55), (5.56), there exists T7 = T (e, qo) > 0, such that, for all @ > 0 and
t > 0 with at > Ty, one has, cf. (5.57),

wt > I(t) >mte, L) — ulgo)] < g (5.58)
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Let T > % be chosen later. The function

lyl2

L(t) = / T @)y

is also increasing in ¢ > 0. Clearly, from (5.57) and (5.58), one has |I; (t)—m| < .
Therefore, by (5.54) and (5.58), one gets, for t > T > %,

2 2 2
2e 2 2

Next, by (A2), (A4), and (3.19), Jg (y) > p, for a.a. y € Bs(0). For an
arbitrary = € R, consider the set

1 .
B, ={yert| o5 L <l
27 |aflyl

Then

ly|2

L(T) > Ljaf? / lyl2e™ 4 dy. (5.60)
4 B,

The set B, is a cone inside the ball Bs(0), with the apex at the origin, the
height which lies along z, and the apex angle 27/3. Since the function inside
the integral in the r.h.s. of (5.60) is radially symmetric, the integral does not
depend on z. Fix an arbitrary Z € R¢ and denote

Ar) = Ars) = [ e

lyl*dy =: Bs, T—o00. (5.61)
Bz

Then, by (5.59) and (5.60), one has, for ¢t > T,

2 2 pA(aT), 5
I(t)>m+s—&|x|+&x-m+ 90212 |lz|*. (5.62)
By (5.62), to prove (5.53), it is enough to show that
2% . pAT), o _ P .
- = > t>T R
at‘m|+ 20212 =1 — at?’ > TERY
or, equivalently, for 2a < pA(aT),
pA(aT -2« |x|
aT — 2a
e 2 S0 563)
pA(QT) —2c = 7~

To get (5.63), we proceed as follows. For a given p > 0, 6 > 0 which provide
(A4), we set ag := 1pBs, cf. (5.61). Then, for any o € (0, ), there exists
Ty = Te(a) > 0, such that

2a < pA(aTy) < pBs.
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Choose now ¢ = ¢(«) > 0, such that m + 2e < »™ and
1 1
€< §(pA(aT2) —2a) < §(pA(aT) —2a), T>T,. (5.64)

For the chosen ¢, find qo = go(a) € (0,6) which ensures (5.57). Then, find
Ty = Ti(«, qo) > 0 which gives (5.58); and, finally, take T = T'(«, q) > T3 such
that oT > T;. As a result, for ¢ > T, one has at > oT > T, thus (5.58) holds,
whereas (5.64) yields (5.63). The latter inequality gives (5.53), and hence, for
all ¢ € (0,qp), Fw < 0, for w given by (5.51). The statement is proved. O

Proposition 5.19. Let (Al), (A2), and (A4) hold. Then, there exists t1 > 0,
such that, for any t > t; and for any T > 0, there exists ¢ = q1(t,7) > 0,
such that the following holds. If ug € Ly is sugh that there exist n > 0, r > 0,
zo € R with ug(z) > n, v € B.(z¢) and u € Xy is the corresponding solution
o (2.1), then
|le—a 12

u(z,t) > qre” =, zeR% (5.65)

Proof. At first, we note that (5.65) may be rewritten as follows:

2

_le

/|
qgie 7

< (@ + 20, t0) = T-0gQtou0 () = Q1o T2, u0(2),
cf. (3.33), (3.34), (3.35), and one has
T souo(x) =uo(x +x0) =1, |(x+20) — 20| = || <71

Therefore, it is enough to prove the statement for xy = 0.
Consider now arbitrary functions b,vy € C°°(R%), such that

supp b = Bs(0), 0<b(xz)=0b(x]) <p, xe€Bs0

)

);
supp vo = B,(0), 0 <wo(z) <m, x € B,(0);
30 <p <min{r,1},0<v <n, such that vo(z) > v, x € B,(0).
Set (b) := [54 b(z) dz > 0. Define two bounded operators in the space L*>°(R%),

cf. (1.4): Bu=bxu, Lyu = Bu — (b)u. One can rewrite (2.1) as follows

%u(m, t) = (Jg xu)(x,t) — mu(x,t) + 37 (0 — u(z,t))(a” *u)(x,t)

= (b * U)(:L’,ﬁ) - mu(x7t) + f(x7t)7
where, for any x € R%, t > 0,
flz,t) == ((Jp — b) *u)(x,t) + 27 (0 —u(x,t))(a” *u)(x,t).
>

By (A4) and the choice of b, Jy(x) b(z), * € R In particular, m =
Jga Jo(x)dz > (b), and f(z,t) > 0, x € R% ¢ > 0. Next, for any ¢ > 0,
I )lee < 0(m — (b)) + 37 6? < co. Since b > 0 and Bu = b * u defines
a bounded operator on L>(R?), one has that e'Z f(x,s) > 0, for all t,s > 0,
z € R By the same argument, ug(z) > nlp o)(z) > vo(z) > 0 implies
(etPug)(x) > (e*Bug) (). Therefore,

u(z,t) = e "™ (ePug) () + /t e =M (=B £y (1 s)ds
0

> et (etByg)(z) > e~ (MDY (ethoyo)(z), o € R (5.66)
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We are going to apply now the results of [11]. To do this, set 3 := (b)~1.
Then

(e v0)() = (P PM)ug) () = v(a, (D)D), (5.67)

where v solves the differential equation %v = [BLy. Since fRd Bb(z)dx = 1,

then, by [13, Theorem 2.1, Lemma 2.2],
v(z,t) = e vg(z) + (w x vo)(z, 1), (5.68)

where w(z,t) is a smooth function. Moreover, by [11, Proposition 5.1], for any
w € (0,6) there exist ¢; = ¢1(w) > 0 and ¢3 = ca(w) € R, such that

w(z,t) > h(z,t), =R t>0,
1 (5.69)
h(z,t) = cltexp(ft — —|z|log|z| + (logt — c2) [MD
w w
Here [a] means the entire part of an o € R, and 0log0 := 1, log0 := —o0.
Set t; = e > 0. Since [a] > a — 1, a € R, one has, for t > t;,
||

1
h(z,t) > c1e® exp(—t - ;|a:| log |z| + (logt — 02)3) > cag(x,t),

where c3 = c1e®? > 0 and
1
g(x,t) := eXp(—t — —|x|log |33|)7 zeRLE> .
w

Since vg > vl g, (o), one gets from (5.68) and (5.69), that

v(z,t) > ve g (o) (x) + 1/03/ g(y,t)dy (5.70)
By ()
Set V, := pr(o) dx. For any fixed t > t1, since g(-,t) € C(By(x)), there exists
Y, ¥* € Bp(x), such that g(y,t) attains its minimal and maximal values on
B, (z) at these points, respectively. Since B,(x) is a convex set, one gets that,
for any v € [0,1], y :=vy* + (1 — ¥)y« € Bp(x). Then

Vug(yo,t) < /B ( )g(yw,t) dy < Vpg(y1,t).

Therefore, by the intermediate value theorem there exists, ¢, = y(z,t) € By(z),
t > t;, x € R%, such that fB (w)g(y,t) dy = V,9(g,t). Hence one gets from
P

(5.66), (5.67), (5.70), that

_ 1. .
u(x,t) > c4e*(m*<b>)tg(yt, (b)t) =4 exp(fmt - ;|yt| log |yt|), (5.71)

for g+ = g(x,t) € By(x), t > t1; here ¢qy = czvV, > 0.
As a result, to get the statement, it is enough to show that, for any ¢ > ¢;

and for any 7 > 0, there exists ¢; = ¢1(¢,7) > 0, such that the r.h.s. of (5.71)

z|2
is estimated from below by qle_%, i.e. that

1 2
mt + ;|yjt| log |9:] — logca < % —logqi, xe€RY (5.72)
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Note that §; € By(z) implies || < p + |z|, € R

Let p + |z| < 1. Then log|g:] < 0, and the Lh.s. of (5.72) is majorized
by mt — logcy. Therefore, to get (5.72), it is enough to have ¢; < cqe™™,
regardless of 7.

Let now |z| +p > 1. Recall that we chose p < 1. The function slogs is

increasing on s > 1. Hence to get (5.72), we claim
(|z] + 1) log(|z] + 1) < Z|z|? — wmt + wlog ey — wlog qr. (5.73)
T

Consider now the function f(s) = as* — (s +1)log(s +1), s > 0, a = £ > 0.
Then f(0) =0, f'(s) =2as—log(s+1)—1, f(0) = =1, f"(s) = 2a7$. Since
1"(s) /2a >0, s — oo, there exists sg > 0, such that f”(s) > 0, for all s > s,
i.e. f'(s) increases on s > sg. Since f'(s) — oo, s — 00, there exists s1 > s,
such that f’(s) > 0, for all s > sy, i.e. f is increasing on s > s;. Finally, for

any t > t1, one can choose ¢; = ¢1(¢,7) > 0 small enough, to get

min _f(s) — wmt + wlogey —wloggy >0
s€[0,s1]

and too fulfill (5.73), for all z € R%. The statement is proved. O
Now, we are ready to prove the main Theorem 5.10.

Proof of Theorem 5.10. For ug = 60, the statement is trivial. Hence let ug # 0,
ug Z 0. Next, recall that, (A4) implies (A3) and (A9) implies (5.24). Therefore,
one may use the statements of Propositions 5.7, 5.18, 5.19.

According to Proposition 5.18, choose any a € (0,a) and take the cor-
responding ¢o = go(a) € (0,0) and T = T(a,qp) > 0. Choose then arbi-
trary to > T. Let m be given by (5.25). Set zy = tom € R% By Proposi-
tion 3.7, there exist n = n(t2) > 0 and r = r(t2) > 0, such that u(z,t3) > 7,
|xt—x0| = |z—tom| < r. Apply now Proposition 5.19, with ug(x) = u(x, t2); let ¢4
be the moment of time stated there. Take, for the a chosen above, 7 = aty > 0.
Take any t3 > max{t1,t2} and the corresponding ¢; = ¢1(t3,7) > 0. We will
get then, by (5.65), that

2
m) z € RY. (5.74)

u(z,ts +t2) > q1 exp(— >
2

Of course, one can assume that ¢; < qo (otherwise, we just pass to a weaker
inequality in (5.74)).
We are going to apply now Theorem 3.1, with ¢ = 6 and, for ¢t > 0,

_ 2
|z — (t+ t2)m| ) >0,
Oé(t —|—t2) -

ug(z,t) = u(z,t + t3 + t2) € [0, 6].

up(w,t) = q1 exp(—

By (5.74), ui(z,0) < ua(x,0), z € R Since u solve (2.1), Fup = 0. Next, by
Proposition 5.18, if we set ¢ = q1, we will have Fuy; < 0, as t +1to > to > T.
Therefore, by Theorem 3.1,

|z — (t + to)m|?

u(m,t+t3+t2)2q1exp(— i+ o)
2

), t>0,zeRY,
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or, equivalently,

[/

u(x+ (t+to)m,t +1t3+1t2) > qrex (—7
(x+ (t+12) 3+ 12) > qrexp ottt 1)

), t>0, z €RY,

Let now . C int(Y;) be a compact set. Choose any o € (0, ¢;) and consider
a radius r, = r5(Q1, %) which fulfills Proposition 5.17, cf. Remark 5.14. Then
|z| < r, implies that there exists t4 = t4(0, ") > 0, such that, for all ¢t > ¢4,

2P 2

exp| ———— ) > g ex (—70)>U.
¢ p( a(t+t2))_q1 Sl sy

Then, one can apply Proposition 5.17 with ug(x) = u(x+ (t4+t2)m, t4+t3+1t2),
r € R%; by (5.46), we have

lim min u(a: + (tQ + t4)m, t+1to +t3+ t4) =40. (575)
t—oo xet X

Let, finally, ¥ C int(Y7) be an arbitrary compact set from the statement
of Theorem 5.10. It is well-known, that the distance between a compact and
a closed set is positive; in particular, one can consider the compact ¢ and the
closure of R%\ T;. Therefore, there exists a compact set .# C int(Yy), such
that € C int(%). Let dp > 0 be the distance between € and the closure of
R9\ #". One has then that (5.75) does hold with t4 = t4(o, #) > 0.

By (5.75), for any & > 0, there exists t5 > 0 such that, for all t > to +t3 +
ty +ts =:tg > 0 and for all y € 7,

u((t—ta —t3 —t)y+ (o +ta)m,t) >0 —¢ (5.76)
Without loss of generality we can assume that 5 is big enough to ensure

(ta +t3 +t4) mea%( |z + (t2 + ta)|m| < dots. (5.77)

Then, for any x € ¥ and for any t > tg, the vector

_tr— (t2 +tg)m

T, t) =
y(.1) t—ty—t3 — 14
is such that

’(tz +it5+ta)x — (t2 + t4)m’
t—ty —t3 —ta

ly(z,t) — x| = < do,

where we used (5.77). Therefore, y(z,t) € J, for all x € € and t > ¢4, and
hence (5.76) applied for any such y(x,t) yields u(tz,t) > 0 —¢, x € €, t > tg,
that fulfills the proof. O

5.4 Fast propagation for slow decaying dispersal kernels

All result above about traveling waves and long-time behavior of the solutions
were obtained under exponential integrability assumptions, cf. (A5) or (A9).
In [42], it was proved, for the equation (1.11) on R with local nonlinear term, that
the case with a™ which does not satisfy such conditions leads to ‘accelerating’
solutions, i.e. in this case the equality like (5.32) holds for arbitrary big compact
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¢ c R%. The aim of this Subsection is to show an analogous result for the
equation (2.1). The detailed analysis of the propagation for the slow decaying
a™ will be done in a forthcoming paper.

We will prove an analog of the first statement in [42, Theorem 1].

Theorem 5.20. Let the conditions (Al), (A2), (A4), (A6), and (5.24) hold.
Suppose also there exists a function 0 < b € LY(Ry) N L*®(Ry), such that
at(x) > b(|z]), for a.a. x € R, and that, cf. (A9), for any X\ > 0 and for any
g€ s,

/ b(|z])e* *Eda = oc. (5.78)
Rd

Let ug € Ly be such that there exist xg € R%, >0, r > 0, with ug > 7, for a.a.
x € By(xg). Let u € X be the corresponding solution to (2.1). Then, for any
compact set # C R?,
lim essinf u(z,t) = 6. (5.79)
t—oo xet X
Proof. By the same arguments as in the proof of Corollary 5.11, there exists
vy € Uy, vo Z 0, such that ug(z) > vo(z), for a.a. x € R, and u(x,t) > v(z,t),
for a.a. x € R% and for all ¢ > 0, where v € X is the corresponding to vg
solution to (2.1), moreover, v € Xu.

Let § € (0,0) be chosen and fixed. We are going to apply now Proposi-
tion 3.17 to (3.37)-(3.39) with Ag := Br(0) / R% R — oco. Consider an
increasing sequence {R,, | n € N}, such that

(i) 6 < Ry, = 00, m — 00, where ¢ is the same as in (A4);

(i) A, > 2. neN,cf (3.41);

(iii) 6 < O, <0, cf. (3.40), (3.44).

Let wy € Cup(RY), wy # 0 be such that 0 < wy(z) < vo(x), € R? and
lwo|l < 6. Let, for any n € N, w(™ € X, be the corresponding solution to the
equation (3.38) with R replaced by R,. Then, by (3.43), w(™ (z,t) < v(z,t),
for all z € R%, t > 0, n € N. As a result,

w(”)(aj,t) <v(z,t) <6, aa zecRY t>0 neN (5.80)

For an arbitrary ¢ € S¢~1, consider the corresponding d;%n, cf. (4.6). Clearly,
)\o(dgn) = 00, i.e. aEn € Ve, n € N, cf. Definition 4.19. Let aén)()\), n € N,

A > 0 be defined by (4.10), with a™ replaced by agn. Finally, let e (€) be the
corresponding minimal traveling wave’s speed for the equation (3.38) (with R
replaced by R,). Prove that

lim  inf (€)= 0. (5.81)

n—oo ggsdfl

By (4.78), it is enough to show that, cf. (5.24), for any

C > %+/ a’(v)|z|dz, (5.82)
Rd
there exists N = N(C) € N, such that, for all A > 0,
1 n _
X(;ﬁa( ‘N =m)>C, eSS n>N. (5.83)
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Denote E£i ={r e R?| +z-¢£ > 0}; ie. EgUEg = R? Then, by (ii) above,

7ol () —m = st

» a;n (z)(er™¢ — 1)dx + %+A'En —m
d

+

Y

V1

5

aEn (z)(e ¢ = 1)dx + %+AE1 —m,
¢

as fag a}n (z)(e*¢ —1)dx > 0. By the inequality 1 —e™* < s, s > 0, one has
that

/: agn (a:)(e’\“”'5 — 1)dzx

<A\
¢

aEn(x)|m SEldx < )\/ a™t(z)|z|dz.

R4

Ze

Hence, cf. (ii), (5.24), and (5.82), if we set

wt AL —m

- > 07
2C

then, for any A € (0, A1) and for any & € S9!,

)\1 =

wt AL —m
%+aén)()\) —m> %t AL —m— )\1%+/ at(z)|z|dz > + > CA,
Rd

ie. (5.83) holds.

On the other hand, (A4) and the condition (i) imply that, for any n € N,
the assumption (A8) holds with a™ replaced by a}w where r = 0 and p,d are

the same as in (A4), and thus are independent on n. Hence, by (4.64),

1

1 ,
Sl (0) 2 5 (- 1) 5 o,

for all n € N, and here p’,d’ are independent on n and on £. Therefore, there
exists Ay > 0, such that, for all A > Ay, £ € 971 n € N, (5.83) holds.
Let, finally, A € [A1, A2]. Since a‘l’;m are compactly supported, one has

d

Fo 0 = [ af, @0y [ af @0 (58
=¢ S
The inequality se™® < %, s > 0 implies
+ Ax-£ 1 + 1
ag (z)(z-§)e " dr| < - | &, (z)dx < - (5.85)
= =
Since
/ b(|z))er*Sde < e* < oo, A >0,
z-£<1
one has, by (5.78), that
/ bl)er €z = 0o, A > 0. (5.86)
z-£>1
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Then, by (5.84), (5.85), (5.86), for all A > Aq,

d 1
a g a;ﬂ (‘,E)e/\a:'gdx > /E§+ a}@n (QIJ) (;[; . g)ekx.fdx _ g
1
> / af (z)e* ™ Cdy — =
zE€>1 e

1
> / b(|x|)llBRn(0)(ac)e>‘“”'5dac — - =00, N — 00,
z-£>1 e

and the latter integral, evidently, does not depend on £ € S?~!. Therefore, there
exists Ny = Ni(\1) € N, such that, for all n > N; and for all £ € S9!, the
function aén)()\) is increasing on [A1, A2]. As a result, for A\ € [A1, Ao], n > Ny,
£e st

1

(Fa™ () —m) > N (>Fal™ (A1) —m)

> =

S
2+

V

(%+/ b(lz)) g, (o) () “Edr — m) — 00, N — 00,
R4 ’

and, again, the latter expression does not depend on & € S9!, thus the conver-
gence is uniform in £. Therefore, one gets (5.83), for a big enough N > N; and
all A € [\, Ng], € € S9-L.

As a result, we have (5.81). Take an arbitrary compact .# € R?. Choose
n € N big enough to ensure that

max r-£< min c .
zeEX £eSd—1 f gesd-1 * (é)

As a result, & € int(Tgn)), where Tgn) is defined according to (5.21), but for

the kernels aﬁ . Then (5.32), with € = ¢, yields mglg w™ (x,t) =6, t — occ.
" TE

Hence the inequality (5.80) fulfills the statement. O

Corollary 5.21. Let conditions of Theorem 5.20 hold. Then there does not exist
a travelling wave solution, in the sense of Definition 4.3, to the equation (2.1).

Proof. Suppose that, for some ¢ € S971, ¢ € R, and ¢ € My(R), (4.1) holds.
Then ug(x) = 9 (x-£) satisfies the assumptions of Theorem 5.20. Take a compact

set # C R, such that ¢; := max y -& > ¢. Then (5.79) implies
ye

t—o00 zet X

= tliglo Y(t(er —¢)) =0,

0 = lim essinf¢(x- & —ct) = tlim essgréfw(t(y € — c))
—0o0 ye

where we used that v is decreasing. One gets a contradiction which proves the
statement. O
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6 Historical comments

The solution u = u(z,t) to (1.1) describes approximately a density (at the
moment of time ¢ and at the position x of the space Rd) for a particle system
evolving in the continuum. In course of the evolution, particles might reproduce
themselves, die, and compete (say, for resources). Namely, a particle located
at a point y € R? may produce a ‘child’ at a point z € R? with the intensity
»T and according to the dispersion kernel a™(z — y). Next, any particle may
die with the constant intensity m. And additionally, a particle located at x
may die according to the competition with the rest of particles; the intensity of
the death because of a competitive particle located at y is equal to s~ and the
distribution of the competition is described by a™ (z — ¥).

This model was originally proposed in mathematical ecology, see (8], and
subsequent papers [9,25,53,59]; for further biological references see e.g. [60] and
the recent review [63]. Rigorous mathematical constructions were done in [34],
see also [36,38]. The mathematical approach was realized using the theory of
Markov statistical dynamics on the so-called configuration spaces expressed in
terms of evolution of time-dependent correlation functions of the system, see

e.g. [39,50,51].
The particle density of such a system can not be described by a single evo-
lution equation in a closed form (except the case s~ = 0, which is out of our

considerations, see for it [52]). Namely, the evolutional equation for the density
includes time-dependent correlations between pairs of particles, whereas the evo-
lutional equation for that pair correlations includes correlations between triples
of particles, and so on. This situation is quite common in statistical physics,
see e.g. [39] and the references therein; in particular, cf. BBGKY-hierarchy for
the Hamiltonian dynamics [26].

On the other hand, for purposes of applications, one needs to find though
approximate numeric values of the density. To do this, the so-called moment
closure procedure, which goes back at least to [77], was realized in [8,9,25,53].
The idea was to rewrite higher order correlations as (nonlinear) combinations of
low-order ones that yields a closed system of (nonlinear) evolutional equations.
Unfortunately, this procedure had not any rigorous mathematical background
and may be considered informally only. Another problem was that different
‘closings’ gave different answers (even numerically). On the contrary, in [59],
a mesoscopic-type scaling, cf. [64], for the considered model was proposed. It was
realized there (heuristically) for the case of homogeneous in space initial density,
that gave the homogeneous version (1.2) of (1.1), for u = u(¢).

The nonhomogeneous equation (1.1) was rigorously derived in [36,37] from
the dynamics of infinite particle systems described above, using the so-called
Vlasov scaling technique for continuous particle systems developed in [35]. The
infiniteness of the systems reflected in the fact that solutions to (1.1) should be
bounded but, in general, non integrable on the whole R%. The derivation was
realized for all times, however, under conditions m > s and Ca™ (z) > a*t(z),
z € R%, with some C' > 0; and under the assumption that the functions a® are
symmetric: a*(—z) = a®(z). In the recent paper [33], the condition on m was
dropped, however, the equation (1.1) was derived on a finite time-interval only.
A rigorous derivation of (1.1) from an infinite particle system under the opposite
assumption at(z) > Ca~(z), z € RY, which is crucial for the present paper (see,
in particular, the discussion in Subsection 3.1), is still an open problem. Note

88



also that the same question for finite systems, that leads to an integrable in
space function u, should not require any comparison between kernels a* and
a”, cf. [41].

The relations between the particle density of the considered system and the

solutions to (1.2) and (1.1) were studied in [59] and [60], correspondingly.
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