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ABSTRACT. The paper is devoted to the study of fractal properties of subsets of the set of
non-normal numbers with respect to Rényi f-expansions generated by continuous increasing
piecewise linear functions defined on [0, +00). All such expansions are expansions for real num-
bers generated by infinite linear IFS f = {fo, f1,..., fn,...} with the following list of ratios

Qoo = (90,q1s -y Gry ---)-

We prove the superfractality of the set of (Qo-essentially non-normal numbers, i.e. real
numbers having no asymptotic frequencies of any digits from the alphabet A = {0,1,...,n,...},
for any infinite stochastic vector D, independently of the finiteness resp. infiniteness of its
entropy and independently of the faithfulness resp. non-faithfulness of the family of cylinders
generated by these expansions.
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1. INTRODUCTION

The notions of self-similar sets and self-similar measures are by now quite well known. They
can be defined in a standard way by lists of similarity ratios (qo,q1, ..., gn—1) and probabilities
(Po, D1y -y Pn—1) (see, e.g., [8, 9, 10]). Properties of such sets and measures are well investigated
under the open set condition (see, e.g., [9]). On the other hand natural generalizations to the
case of infinite (even linear) IFS (iterated function system) lead to a series of new phenomena.
Let us mention only two interesting aspects related to the infinite IFS. The first one is naturally
related to the possible divergence of the entropy of the stochastic vector of similarity ratios

Qoo = (05 1y -y Gy ---)-



2 S. ALBEVERIO, YU. KONDRATIEV, R. NIKIFOROV, G. TORBIN

The second and rather unexpected aspect is related to the faithfulness (non-faithfulness) of
the system of cylindrical sets from the coding space generated by infinite IFS ([3, 19]). To explain
this phenomenon let us recall that a family ® of coverings is said to be a fine covering system
of the unit interval if for an arbitrary set E C [0,1), and for each number ¢ > 0 there exists
an at most countable e-covering {E;} of E (E; € ®, |Ej| < ¢). Let a be a positive number.
The a-dimensional Hausdorff measure of a bounded subset E with respect to a given family of
subsets @ is defined by

HY(E,®) =1 inf EH“ =1 XE,P
(E2) = limy | ol | 2 | = Ly ma (. ),
where the infimum is taken over all at most countable e-coverings {E;} of E, E; € ®. We remark
that, generally speaking, H*(FE, ®) depends on the family ®. The family of all bounded sets, the
family of all open sets and the family of all closed sets all give rise to the same a-dimensional
Hausdorff measure (see, e.g., [8]), which will be denoted by H “(E).

Definition 1. The nonnegative number
dimgy(E,®) = inf{a: HYE,®) =0} (1)
is called the Hausdorff dimension of the set F with respect to the family of subsets ®.

Definition 2. A fine covering system ® is said to be faithful if for any subset E C [0, 1] one has
dimy(E, ®) = dimy(F).

In [3] it has been shown that even for the simplest case of infinite IFS, leading to the classical
Liiroth expansion, the family of corresponding cylinders is non-faithful for the determination of
the Hausdorff dimension of subsets from the unit interval.

Let Qoo = (G0, 41, -+, qn, ---) be an infinite stochastic vector with strictly positive coordinates.
Let us consider the infinite iterated functions system (IFS) generated by the following countable
set of similitudes

Folx)=qo-z,Fi(v) =q¢i-x+ (qo+ ...+ ¢i—1), VieN, z¢€l0,1),
(see, e.g., [8, 10] for details about IFS). It is clear that [0,1) is invariant w.r.t. this IFS, and
it generates a cylindrical expansion for real numbers from [0,1). Indeed, for any real number
x € [0,1) there exists a unique sequence w = w(x) = (w1, w2, ..., Wy, ...) € {0,1,2,...}° such that

2= () Fu 0 Fuyo...0F, (0,1) = A%y (2)

WIW...Wn..."
n=1

The expression z = A% ,wr, € N{J{0} is said to be the Q-expansion of z € [0, 1).

wfz)x)wg(a:)wn(x)
In the sequel, we will use the notation A, (4). 4, (z)... instead of Afffa)mwn(x)m whenever no
confusion can arise. Every point x € [0,1) has a unique Q) -expansion.

The above expansion is actually the f-expansion (see, e.g., |7, 22| for details), which is gen-
erated by the following strictly increasing continuous function f defined on [0,+00) such that
f(0) = 0 and f increases linearly on each interval [n,n + 1] with f(n + 1) — f(n) = gn,Vn €
{0,1,2,..}.
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This expansion can also be explained in the following geometric way (see [20]). Given a
Qoo-matrix we consecutively perform decompositions of the interval [0, 1).

Step 1. We decompose [0,1) (from the left to the right) into the union of intervals A, ,
i1 €4{0,1,2,...} (without common points) of length |A;, | = i, ,

[071) = Ej Ail'

11=0

Each interval A;, is called a 1-rank interval.
Step k > 2. We decompose (from the left to the right) each (k — 1)-interval A;;, 4, _, into
the union of k-rank intervals A;;, 4, (without common points)

o
Aijig.ip 4 = U Nirio.ips

i=0
whose lengths
k
Aiyisi| = @iy - i i = | [ @i, (3)
=1
are related as follows S
| Aivig.ip_10| + | Divigeip o] o [ Dy i | o =qoraqu gy e

For any sequence of indices {iy}, i, € {0,1,2...}, there corresponds the sequence of non-trivial
embedded intervals

AD A, DDA S

i1ig i1ig...ig
such that |A; .| = 0, &k — oo, due to (3). Therefore, there exists a unique point 2 € [0,1)
belonging to all intervals Az, Agiigs ooy Dijio. gy -

Conversely, for any point z € [0,1) there exists a unique sequence of embedded intervals

Ajy D Ajiy Do D Ajjiy.ip O ... containing z, i.e.,

2 =) Aivinir = [ | Dy (@)is(@).in(@) = D (2)ia ). (@)... (4)
k=1 k=1
In the sequel, ® = ®(Q~) will be the family of all possible cylinders of the Q-partition of
the interval [0,1), i.e.,

O={E:E=Au. 0, €Ny i=12.,n; n € N}. (5)

In [3] it has been shown that the fine covering system generated by the Q-expansion is not
necessarily faithful. In particular, if there exist a positive integer mg > 1 and real numbers A

and B such that
A

then the fine covering system generated by the ()-expansion is non-faithful.
In this paper we develop techniques and study fractal properties of subsets of non-normal
numbers w.r.t. the ()oo-expansions even for the case where the stochastic vector Q) has infinite

S qi S 7VZ € Na (6)

entropy and the corresponding family ®(Q) is non-faithful.
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2. FRACTAL PROPERTIES OF THE SET OF QOO—QUASINORMAL NUMBERS

Let N;j(z,n) be the number of digits «i» among the first n digits of the Qs-expansion of x.

exists, then its value VZQ‘X’ (z) is said to be the asymptotic

Definition 3. If the limit lim Ni(z.n)

frequency of the digit «i» in the Qo -expansion of x.

By the law of large numbers, for Lebesgue almost all real numbers from the unit interval the

following equalities hold

v3=(x) = ¢;, VieNp.

(2
Definition 4. A real number x is said to be Qu-normal, if
VZ-QOO () =q, VieN.
It is clear that the set N(Qs) of Qoo-normal numbers is of full Lebesgue measure, and,

therefore, it is a set of full Hausdorff dimension.

Definition 5. The set
. . Ni(z,n) —
W(Qx) = {a: Vi e No,nlgrolo — ex1sts} ﬂN(QOO) (7)
is said to be the set of (Jso-quasinormal numbers.

Theorem 1. The set of Qoo-quasinormal numbers is of full Hausdorff dimension, i.e.,
dlmH(W(Qoo)) =1

Proof. Let Qoo = (q0q1 92 --- gj --.) be a given stochastic vector.

Let My, = {x: ViQ“’(x) =L Vi<k I/Z-Q“’(x) =0,Vi > k}, where s, = Zf:o k.-

Thus My C W(Qoo)-

Let us consider the random variable £ which is defined by & = A51§2,_5jn_, where the random
variables {; are given by

Glol 2] | k|k+t1]k+2]...
olafel el o [ 0 [..

The above random variable £ is known to be a random variable with independent identically
distributed @Q-digits (|24, P. 152]), where @ is given by

k
Q: (q()vqla"'vqkal_ZQi)
1=0

p:<%,m,...,%,o>.
Sk Sk Sk

So, we may apply Theorem 6 from [11], which states that the Hausdorff dimension of the
distribution of any random variable £ with independent identically distributed -digits can be
calculated as follow:

and P is given by

k . .
AT
h Sk Sk
. 1=0

> Elng
i=0
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The set Mj, is the spectrum of the measure . Hence,
4q0 i (% i
(Sk lnqo+...5k lnqk) (Sk 1n5k+---5k lnsk>

dimpg (My) > dimpy pe = =
Llngo+...+ &

1
%(QO+---+Qk) s ln s

C DOhg+...+Z T golngot...grlng

It is clear that sy — 1 and sy In s — 0 as k — oo. Therefore, dimy (M}) tends to 1 as k — oo.
It easy to check that (Jp—; M C W(Qx)-
By properties of the Hausdorff dimension, we have

dimH <U Mk> = SupdimH(Mk)
k=1 k
and
dimyg (W (Qoo)) > supdimy (M) = 1,
k
which proves the theorem. O

Remark 1. The above proof is valid for the case where the stochastic vector (), has a finite
(o]

entropy as well as for the case where — > ¢;Ing; = +00, i.e. Qx has infinite entropy.
i=0

3. FRACTAL PROPERTIES OF THE SET OF QOO—PARTIALLY NON-NORMAL NUMBERS

Definition 6. The set
N;(x,
D(Qu) = { lim 2e(&: )

n—+00 n

does not exist for at least one i € No} (8)

is said to be the set of (Qso-non-normal numbers.
It is clear that the set of (Jso-non-normal numbers is of zero Lebesgue measure.

Definition 7. The set
P(Qu) = {aj : e NU{0}: VZQ"" (z) does not exist, 35 € NU{0} : I/ono () e:vists}

is said to be the set of Qo-partially non-normal numbers.

Theorem 2. The set P(Qs) of Qoo-partially non-normal numbers is of full Hausdorff dimen-
510M.

Proof. To prove that the set P(Q) is of full Hausdorff dimension it is enough to show that for
any € > 0 there exists a subset P(g) C P(Q) such that dimg P(e) > 1 —e.
Let Qoo = (9091 G2 - .- gj -..) be a given stochastic vector. Let us consider the following set

Ps’k - {l‘: = Aagn(x)agl)(a:)...ag?(x)OlocSm(:E)ozéQ)(x)...aﬁ)(r)OOll

()
m m m 5 e 0, 1 ceey k - 1 —
ag )(z)aé )(x)...agm)s(x) 00...011...1 .. & { }}

om—1 om—1
= {z: o= Aa, (@)as (). (@)...)
a; €{0,1,...,k—1}ifj € My, a; =0ifj € My, o; = 1ifj € My},
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where m € N and

M* :UMlna
m
M ={rpm+1,rm+2,...,rm+2"strym = (s +1)(2™ - 2),
MO:UM(;”,
m

M = {rp +2"s + 1,7y +2Ms +2,. .., 7y +2Ms +2M7 1)
My =M,
m
M = {rp, +2"s + 2™ 1 1y +2Ms + 2 42,y 4+ 2Ms 4 27
Actually, the set Pjj belongs to the family of Cantor-like sets C[Qoo,{V;}], where V; =

{0,1,...,k—1}iff j € M,; V; = {0} iff j € My; and V; = {1} iff j € M;. It is clear that for any

x € Py the limits lim No@m) =iy M@ 45 pot exist and vi(z) =0, Vi > k. So,

Pik C P(Qs), Vs k€N 9)

Let v = ]:;j qi, h(k) = — Ijg % In %, and let us prove that the Hausdorff dimension of the set
P i is not less then
- 2sh(k)
~ 2sh(k) —2sInvy, — Inqoqr
Let {n;} be a sequence of independent random variables with the following distributions:
if © € My, then n; takes values 0,1, ..., k—1 with probabilities qg, q7, . . ., ¢;_;, where q;-“ = vikqj;
if © € My, then n; takes the value 0 with probability 1;
if ¢ € My, then 1n; takes the value 1 with probability 1.
Let ¢ be the probability distribution of the corresponding random variable & = A, .. 0.
with independent Q) o-digits.

dim g (Ps,k)

Let us determine the Hausdorff dimension of the measure p¢. To this end we introduce an
auxiliary random variable ¢ with independent Q-digits (see, e.g., [5] for details) connected with
the above ()o-expansion and defined as follows. If

Qoo = (q05 q1;--+y9k—1, 9k, 9k+1, )7
then

0o
Q= (90, g1, Gh—1,r),  With g =Y g,
i.e., this Q)-expansion is generated by the following k£ + 1 similit:l_dkes
Fo(x)=qo -2, Fi(x)=q -2+ qo, ., Fr_1(2) = qu1 -2+ (g0 + ---qr—2),
Fi(z) =@k @+ (g0 + - + qr—1)-
Then the random variable ¢ is defined by
b= AP (10)

mmnz...n;...7
where the random variables 1, 73, ... are the same as above. From the construction of the random
variables £ and 7 it follows that they have the same probability distribution p = pe = gy, which
is uniformly distributed on the set A .
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Fine fractal properties of random variables with independent Q*-digits were studied in [5]. In
particular, an explicit formula for the determination of the Hausdorff dimension for probability
measures with independent QQ*-digits was presented there.

Since any random variable with independent Q-digits belongs to the family of random variables
with independent Q*-digits (in such a case all columns of the matrix Q* are the same), we may
apply Theorem 1 from [5]. This theorem states that if infq;; = ¢ > 0, then the Hausdorff

0.

dimension of the random variable with independent @*-digits is equal to

. Hy
lim —,
n—oo n

where
n s—1
Hy =Y hj, hj==> pijlnp,
j=1 =0
and
n s—1
Bn:ij, bj:_zpij'
j=1 i=0

In our case s =k+1, ¢;; = ¢;,i € {0,1,....,k—1}, and ¢y =¢q, VjeN.

The probabilities p;; give us the distributions of the above random variables 7;, i.e.,

if j € M,, then n; takes the values 0,1,2,...,k — 1,k with probabilities po; = q3,p1; =
qis - Pk—1)j = q_1,Pkj = 0, respectively, where ¢; = %qj;

if 7 € My, then 7; takes the value 0 with probability po; = 1;

if j € My, then n; takes the value 1 with probability pi; = 1.

k-1 k—1
So, if j € M., then hj = h(k) = — 20 Lni, b= gjo 2 Ing;;
if j € My, then h; = 0,b; = —1Inqp;
if 7 € My, then hj =0, bj =—Ingq.
It is also clear that b; = h; +1n # for j € M,.
Therefore,

dimo 1 — lim Hy 2sh(k)
= nio B, 2sh(k) —2sln~y, —Ingqoqr

Since the set Ay is the support of the measure p¢, we get

2sh(k)
2sh(k) —2sIny, — Inqogr

dimpy Py > dimpg p =

For a given £ we can choose ko(e) € N and sg(e) € N such that Yk > ko(e), Vs > so(e) the
following inequality holds:

2sh(k)

= >
2sh(k) — 2slny, —Ingoqr 1 — 1:(21; _ 1212%%

1—e.

Set k = ko(e) + 1, s = so(e) + 1. Then P C P(Qs) and dimpy(Psy) > 1 — €, which proves
the theorem. m
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4. FRACTAL PROPERTIES OF THE SET OF QOO—ESSENTIALLY NON-NORMAL NUMBERS

Definition 8. The set
N;(x, k : )
L(Qx) = {a: : lim ﬁdoes not exist, Vi € N()} (11)

k—o0 k

is said to be the set of QQoo-essentially non-normal numbers.

Theorem 3. Let Q be a stochastic vector such that

> lnzq-

j
E 5 < oo (12)
=0

Then the set L(Qso) of Quo-essentially non-normal numbers is of full Hausdorff dimension.
Proof. Let s and [ > 2 be fixed positive integers. Let us consider the following set:

Ts, I = {LE txe (07 1)7 T = AOOQJO[LQ <. (] 25 0010127101272 e 052’228

~
first group second group

ok—1 ok—2 21 20 )

A /S
0...01...1...(k;—2)(k—2)(k‘—1)ak71ak72...ak72ks...

k-th group

where ay, ; € {0,1,...,1 —1},Vk € N}.

Let us denote by Fix(j) the set of numbers of positions of the fixed digit «j» in the Q-

expansion of x € Ty ;. Let us describe the set Fix(j) more precisely.

The fixed digit «j» firstly appears in the (j + 1)-th group. The fixed digit «j» appears 2F~!

times in the (j + k)-th group.
The quantity of all positions before the (j + k)-th group is equal to
(28 =14+ 2M) + (22 =1+ 2%) + ...+ (2T 1 420tk =
=2 4224 Uty 2 22 TP k1) =
= (@) (2T —2)s — (j+h)+1=
=2k —2)(s+1)— (j+ k) +1.
The (5 + k)-th group starts with
2Jtk=1 " zeros
21th=2 " digits «1» inall: 28297142772 4 42l 41) =
: = 2 (27 — 1) digits.
2k digits «j — 1».
Therefore,
(2TF —)(s+1)— (j+k)+ 14252 —1) +4,where i € {1,2,3,...,2" 1}
are numbers of the position of the fixed number «j» in the (k + j)-th group. Then for any
j€{0,1,2,...} =Ny we get
Fix(j)) = {n:n=@" -2 (s+1)—(G+k) +2°2 -1)+1+1,
ie{l1,2,....,2"} ke N}
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Let
Fix = | J Fix(j); Flex = N\ Fix.
§=0
Then the set T ; can be defined by
Ts,l = {$ : T = Aal(:p)ag(x).‘.ak(x)...;

ag(x) = j for all k € Fix(j), j € No;

a(z) € {0,1,...,1 — 1} for all k € Flex}.
The proof can be naturally splitted into a sequence of lemmas. Lemma 1 shows that T ; C

L(Qc)-

Lemma 1. For any s € N and for any |l € N, | > 2 the set T, ; consists of real numbers having
no frequencies of any Qoo-digit.

Proof. Let us show that for any x € T ; the limit khm # does not exist.
—00

Let m} (0) + 1 be the number of the position at which the k-th group is started, i.e.,
mi(0) =
(14+28)4+(2+1+4s)+...+ (2" 24+ 4214219 =
= (' —142s)+ (22 —1+2%) +.. (2’“1 142k 1s) =
2F—2)—(k—1)+s(2F —2) = ( —2)(s+1)—k+1.
Let mf(0) = m/,(0) + 2~~1.
No(z,m},(0)) = (1 +2+...282) + 79(x, m},(0)) = 2""1 — 1 + 79(x, m},(0)),

where 7o(x, m,(0)) is the number of zeros among first mj (0) digits.

No(z,m}(0)) =2 - 2" — 1 4 79(x, m},(0)).

Now.mi(0) _ 2!~ 1 mmf(0) _ 3+ =5
my,(0) 2 =2)(s+1)—k+1 (1—2)(s+1)— 521
No(z, my(0)) _ 25 — 1 + 79(m},(0)) I U0k
mi(0) (2F—2)(s+ 1) +2F 1 -k +1 (1_f)(3+1)+2 LT
If z € Ts; and the limit lim TO(:C’T?Z;“(O)) does not exist, then the limit klgr;o W also

(

does not, and consequently the hmlt hm %k) does not exist.

k—o00
If the limit lim W = a(x) exists, then
k—o0

No(z, m}(0)) R t+a(2) _ 2a(x) + 1

m;.(0) s+1 2s+2

but
No(z, m(0)) 1+a(x) 2a(x)+2 - 2a(x) + 1
m/!(0) s+1+1 " 25+3 25 + 2

Therefore, for any x € T ; the digit «0» does not have a frequency in the Q) «-expansion of x.
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In the same manner we can see that for any x € T ; and for any digit «i» the limit klim w
— 00

does not exist. O

Lemma 2.

dimH(Ts, l) = dirnH(Ts7 ls (I)),

Proof. 1t is clear that HX(Ts, ;) < HX(Ts, 1, ).

Let us show that H*(T ;) > HX(Ts, 1, P).

Let E; = [a;j,b;] be an arbitrary closed interval from some covering of the set T ;.

Write Ij = TS’ 1N Ej.

There exist cylinders containing the set I;. Let AZn...ak denote the cylinder of the minimal
length among all cylinders containing the set I;.

Then (k + 1) € Flex. Otherwise the cylinder Aél,,,ak should not be the smallest cylinder
containing the set I;. For example, I; C Ag‘lmaka(kJrl) - A]&l,,_ak.

Let ¢; = inf I;, dj = sup I;.

Let

a1 o _lJ aq...opt”

Since ¢; is the infimum of I}, we have that ¢; € A/
Since T ;N A/

..ot

follows that d; € Aal ar (1)’
Hence A]mmakl C [¢j, d;]. Therefore

aq...ap0"

=0,¥i>1and T, ;N A? # 0 and d; is the supremum of I, it

ag...ag(l—1)

|(ij )| > |Aa1 ak1| =4q1- |Azx1.l.ak|‘

So, |AL, | < (d —¢j) < (b — aj).

Thus for any closed 1nterval E; we can cover the set Ty ; N Ej by one cylinder of length not
larger then q%]Ej|.

Therefore, for any € > 0, any a € (0,1] and any e-covering of T, ; we get

HZ(Ts,1, @ <*Z\E .

Hence,

1
H2(T;, 1, @) < S HXT5,0)
a1
for any e > 0 and any « € (0, 1].
By letting € approach 0 we can prove that

HY(T, ;) < HY(Ty, 1, ®) < —H(T, )

)

1
qt

for any « € (0, 1].
So, dimg (T, 1, ®) = dimpy (T, ;). -
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Lemma 3. The Hausdorff dimension of the set T ; is not less then

-1
> ¢ilng —s/Ing
i=0

dimpg (Ts, ;) > l ,

1-m-+ﬂhm§f@iihn
= q; 1M g; — o (27—2) dk

where s;=qo+q1+ ...+ q_1.

Proof. Let us construct the singularly continuous probability measure such that the set T ; will
be the spectrum of the constructed measure.
Let &(1) be a random variable with independent Q.o-digits & () defined by

E(1) = De,)ea (1) tx (D).
where & (1) are defined by probability distributions:

ermmﬁﬁmné“”‘ J__ jeNy:
| i =1
GO o | 1
ok =L |py=2

where s;=qo+q1 + ...+ q_1-

Let pe(y be the above defined probability distribution of the corresponding random variable
&(1) with independent Qo-digits.

The set T ; is the spectrum of the measure pe ().

So,

IR

If k € Flex, then
‘ Pu-1k =

q1

1 >
51

dimH(Ts, l) > dimg He (1) -
o0 § pik In® pig 00 § pik In® gx
By Theorem 3.1 from [15], if 37 =*—5—— < oo and ) =*—3—— < o0, then
k=1 k=1

dimpy (pey, (Qo)) = HIL—H; by +bys+...4+b,

o 2
oo 2 PikIn® pik
In our case ) “=—m——
k=1

< 00, because

0 if k € Fix,

0 M
2

> pirln’pp =11 _

P iz(] Z—:ln g—; =c(l), ifk € Flex.

oo > PikIn® gk
Let us show that ) =*—m— < 00.

k=1
Since
o0 In®gj, if k € Fix(j),
} : 2
i=0 ' Z > % Inq; = co(l), if k € Flex,

1=0

o0 2
it is sufficient to prove the convergence of the series ) ( > m;“) .

1
=0 \i€Fix(j)
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Let us denote by m(j) the minimal element of the set Fix(j).

m(j) =@t —2(s+1) = (G+1)+2(27 — 1) +2 > s2/.

Then
00 2 00 o0 2
In“ g; In? q] In? qj In* g;
> <2 X Z <y e
j=0 \i€Fix(j) =0 \i=m(j) =0 j=0

oo 2 o 2
By assumption, Y, lnzqu < 0. Therefore, > > lni—f] < +o00.
=0 7=0 \i€Fix(j)

Hence,

. . hi+ho+...+hy,
d o) = 1 -
imr (pe), @) o bt byt ..+ by

j—1 i -1
%1y &
Z 2%s Z wIn
= lim =
j—>oo] 1

ZQ’“SZq’lnqﬂL 2(2] #—1)Ing

, -1
(27 —-2)sy LIn%
= lim 0" - =
j=oo =1 =t
(27 -2)s3 LIng+ 3 (27F —1)Ing
i k=0

=0

, -1 -1
(27 — 2)8% (Z g lng; —Ins; Z qz->
= lim =0 : = -
joo - =t
(2 -2)5 > glng + > (2% —1)Ing
i=0 k=0
-1

Y gilngi —s/1ns
i=0

-1

Z gilng; — s;lns;
=0

T R ‘
Z%]qi Ing; + hm Z (Q;J 21 In gy,
1=

j—1
So, lim ) (2( \lnqk] < l1m Z “nq’“‘ = Z |1nq’“‘ < 00, because Z qj < 0. O
J=0 k=0 =0

o
Let Ts = |J T, ;. taking into account lemma 2 and the definition of the Hausdorff dimension
1=3
of a measure, we get

diHlH(T57 l) = CHHIH(T'S7 1y Q)) > dimH(ug(l), Q))
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Then
dimg (Ts) = supdimpg(Ts ;) >
l
-1 )
¢ilngi — silns Y. gilng
> sup i=0 _ i=0
= -1 = 0 =
qilng; + 3% Y S > gilng + 5 Y St
i=0 k=0 =0 k=0
Finally,
dimpy(L(Qoo)) > supdimy (Ts) = 1.
S
O
x 2
Remark 2. From the proof of the latter theorem it is clear that the assumption 1n2qu < 00
j=0

was necessary for using Theorem 3.1 from [15]. It is natural to ask whether this condition is just
a technical one and whether it is possible ( by using other techniques) to show that the Hausdorff
dimension of the set T ; is close to 1 for large enough s and /. Unfortunately this is not the case.

2
In*q;
27

[e.e]
Let us show that one can choose a stochastic vector Q, such that > 00, and for any

fixed s € N and any fixed | € N the Hausdorff dimension of the set T]& 1 equals to zero.
Let for a fixed s € N and a fixed [ € N, the elements of the stochastic vector Qo be defined
by
A
4 = Wa

o0
where % = Z m
=0
From the construction of the set T ; it follows that this set can be covered by [25.12%s. 2t ts
cylinders of rank m, where m is the order number of the position of the last fixed digit in the
k-th group.
It is obvious, that

The length of each cylinders of the covering is not larger than

12s . 1225 oo l2k_1s — l(2k—2)s < ls~2k"

A
(l2ks)k'

Therefore, for any positive o the a-volume of the latter covering of the set T ; does not exceed

52t A ‘o Ao 152" B A“
@k ) T (52 T (152 ek
which tends to zero as k tends to infinity.
SO7 dimH(TS’ 1y (I)) =0.

ok_—1  ok-1_1 2
do g e Qo Qr—1 < Q-1 =

the value

For the completeness of the metric and topological classification of real numbers via the as-
ymptotic behavior of their digits in Qo —expansion, we mention the following result.

Theorem 4 ([3]). The set L(Qso) of Qoo-essentially non-normal numbers is of the second Baire
category.
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Remark 3. The latter theorem shows that ()o-essentially non-normal numbers are generic from

the topological point of view.

Summarizing, we have

Lebesgue measure | Hausdorff dimension | Baire category
N(Qw) 1 1 first
W(Qoo) 0 1 first
P(Q) 0 1 first
L(Qx)* 0 1 second

o
* — in the case where )

In? q;
27

< +00.
Jj=0

Some open problems.
1) We strongly believe that the set of Qx-essentially non-normal numbers is of full Hausdorff
dimension for any choice of the stochastic matrix (), but up to now this conjecture is still open.

2) The superfractality of the set of essentially non-normal numbers has been proven for a series
of different expansions for real numbers (see, e.g., |2, 1, 16, 17, 18, 21]). So, it is naturally to ask
whether there exist expansions f such that:

2.1. the corresponding set L(f) of f-essentially non-normal numbers is not of full Hausdorff
dimension;

2.1. the whole set D(f) of f-non-normal numbers is not of full Hausdorff dimension?
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