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Abstract

In this thesis the following three related problems are considered.

1. We consider the following quasi-linear parabolic system of backward partial

differential equations
O+ L)yu+ f(-,,u,Vuo) =0on [0,T] x R*  up = ¢,

where L is a possibly degenerate second order differential operator with merely mea-
surable coefficients. We solve this system in the framework of generalized Dirichlet
forms and employ the stochastic calculus associated to the Markov process with
generator L to obtain a probabilistic representation of the solution u by solving the
corresponding backward stochastic differential equation. The solution satisfies the
corresponding mild equation which is equivalent to being a generalized solution of
the PDE. A further main result is the generalization of the martingale representation
theorem using the stochastic calculus associated to the generalized Dirichlet form
given by L. The nonlinear term f satisfies a monotonicity condition with respect to

u and a Lipschitz condition with respect to Vu.

2. We consider the following quasi-linear parabolic system of backward partial
differential equations on a Banach space F

(0, + L)u+ f(-,-,u, AY*Vu) =0 on [0,T] x E, ur = ¢,

where L is a possibly degenerate second order differential operator with merely
measurable coefficients. The results in 1 can be concluded in this case.

3. We study the 2D stochastic quasi-geostrophic equation in T? for general
parameter o € (0,1) and multiplicative noise. We prove it is uniquely ergodic
provided the noise is non-degenerate for oo > % In this case, the convergence to the
(unique) invariant measure is exponentially fast. In the general case, we prove the
existence of Markov selections.
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Chapter 0O

Introduction

This thesis is devoted to stochastic differential equations (SDE) and backward
stochastic differential equations (BSDE) on Hilbert spaces. In the mid 1940s Ito6
introduced the stochastic integral and stochastic integral equations. Since then,
motivated by the demand from modern applications (e.g. physics, chemistry, biol-
ogy and control theory), the theory of SDE has been well developed.

Roughly speaking, the solution of a stochastic differential equation is an adapted
process X satisfying

dXt = b(t, Xt)dt + U(t, Xt)th, XO = 5,

where W is a Brownian motion. This is similar to the Cauchy problem of an ordinary
differential equation. However, if we consider the terminal value problem for this
stochastic equation and just take the time reversal of the solution of the SDE as a
solution, the main problem lies in the adaptedness of the solution, which is essential
to the definition of stochastic integral with respect to Brownian motion. This does
not happen in the deterministic case. To solve this problem, Pardoux and Peng
in [PP90] introduced the solution of a BSDE, which consists of a pair of adapted
processes (Y, Z) satisfying

_d}/; — f(t7}/t7 Zt>dt - thWta YT - g?

where ¢ is the terminal condition. Since this type of equation appears in numerous
problems in finance, the subject has become increasingly important and popular.

The existence and uniqueness of the solution of the BSDE with Lipschitz coef-
ficients has been obtained by Pardoux and Peng in [PP90]. Later on, there have
been a series of papers (c.f. [Pa99], [BDHPS03|, [FT02], [BCO8] and the references
therein) extending their results for more general coefficients and more general state
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spaces. Important results concerning the link between those BSDEs and PDEs are
also stated in Pardoux and Peng ([PP92]) (see below). The first aim of this thesis
is to generalize their results in the framework of generalized Dirichlet forms.

BSDE and generalized Dirichlet forms: finite dimensional
case

In Chapter 2 we consider the following quasi-linear parabolic system of backward

partial differential equations
O+ Lyu+ f(-,,u,Vuo) =0on [0,T] x R*  up = ¢, (1.1)

where L is a second order linear differential operator and f is monotone in u and
Lipschitz in Vu and o is the diffusion coefficient for the process associated with
L. If L has sufficiently regular coefficients there is a well-known theory to obtain a
probabilistic representation of the solutions to (1.1), using corresponding backward
stochastic differential equations (BSDE) and also to solve BSDE with the help of
(1.1), originally due to E. Pardoux and S. Peng ([PP92]). The main aim of this
chapter is to implement this approach for a very general class of linear operators L,
which are possibly degenerate, have merely measurable cofficients and are in general
non-symmetric. Solving (1.1) for such general L is the first main task of this chapter
(see Theorem 2.2.8). The second main contribution is to prove the martingale repre-
sentation theorem (Theorem 2.3.8) for the underlying reference diffusions generated
by such general operators L.

If f and the coefficients of the second-order differential operator L are sufficiently
smooth, the PDE has a classical solution u. Consider Y;"* = u(t, X;"), 2" =
Vuo(t, X;") where X;" s < t < T, is the diffusion process with infinitesimal
generator L which starts from z at time s and o is the diffusion coefficient of X.
Then, using Itd’s formula one checks that (Y, Z;")s<i<7 solves the BSDEs

T T
ver— oG+ [ sy - [ Zeas. 0
t t

Conversely, by standard methods one can prove that (1.2) has a unique solution
(Y7, Z0" ) s<e<r and then u(s,x) := Y " is a solution to PDE (1.1). If f and the
coefficients of L are Lipschitz continuous then a series of papers (e.g. [BPS05],
[Pa99] and the reference therein) prove that the above relation between PDE (1.1)
and BSDE (1.2) remains true, if one considers viscosity solutions to PDE (1.1). In
both these approaches, since the coefficients are Lipschitz continuous, the Markov
process X with infinitesimal operator L is a diffusion process which satisfies an SDE
and so one may use its associated stochastic calculus.
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In [BPS05] Bally, Pardoux and Stoica consider a semi-elliptic symmetric second-
order differential operator L ( which is written in divergence form ) with measurable
coefficients. They prove that the above system of PDE has a unique solution u in
some functional space. Then using the theory of symmetric Dirichlet forms and its
associated stochastic calculus, they prove that the solution Y** of the BSDE yields
a precised version of the solution u so that, moreover, one has Y;”* = u(t, X;_,), P*-
a.s. In [S09], the analytic part of [BPS05] has been generalized to a non-symmetric
case with L satisfying the weak sector condition. Here the weak sector condition

(1 = L)u,v) < K((1 = L)u,u)"?((1 = L)v,v)"?, for u,v € D(L),

for some constant K > 0, i.e. the non-symmetric part of the operator L can be
dominated by the symmetric part. In [LO1], A.Lejay considers the generator L =
%szzl a%i(aija%j) +37, bi(x) 5o for bounded a,b. In [ZR11], T.S. Zhang and
Q.K.Ran (see also [Z]) consider L of a more general form, but a = (a;;) is required
to be uniformly elliptic and b € LP for p > d. Anyway, since L satisfies the weak
sector condition in these cases, it generates a sectorial ( i.e. a small perturbation of
a symmetric) Dirichlet form, so the theory of Dirichlet forms from [MR92] can be
applied in [LO1], [Z], [ZR11].

n [St2] Stannat extends the known framework of Dirichlet forms to the class
of generalized Dirichlet forms. By this we can analyze differential operators where
the second order part may be degenerate and at the same time the first order part
may be unbounded satisfying no global LP-condition for p > d. The motivation for
the first chapter is to extend the results in [BPS05] to the case, where L generates
a generalized Dirichlet form so that we can allow the coefficients of L to be more
general.

In Chapter 2, we consider PDE (1.1) for a non-symmetric second order differen-

tial operator L, which is associated to the bilinear form

E(u,v) Z/ 8SCZ aaxvg< )m(da:)+/c(x)u(m)v(m)m(dm)
S ) (1.3)

+ ; / ;aij@)(bj(x) + Bj(x))g;iv(x)m(dx) Yu,v € CP(RY).

where C5°(R?) denotes the space of infinitely differentiable functions with compact
support. We stress that (a;;) is not necessarily assumed to be (locally) strictly
positive definite, but may be degenerate in general. When b = 0, the bilinear form
& satisfies the weak sector condition. For the perturbation term given by b we need
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bo € L2(R% R m), where 00* = a and ¢* is the transpose of the matrix of o. That
implies that we do not have the weak sector condition for the bilinear form. We
use the theory of generalized Dirichlet forms and its associated stochastic calculus
( cf [St1, St2, Trl, Tr2]) to generalize the results in [BPS05]. Here m is a finite
measure or Lebesgue measure on R?. If D is a bounded open domain, we choose m
as 1p(z)dz. Then in certain cases the solution of PDE (1.1) satisfies the Neumann
boundary condition. If we replace C§°(R?) by C5°(D), the solution of PDE (1.1)
satisfies the Dirichlet boundary condition.

In the analytic part of Chapter 2, we do not need £ to be a generalized Dirichlet
form. We start from a semigroup (P;) satisfying conditions (A1)-(A4), specified in
Section 2.1 below. Such a semigroup can, however, be constructed from a generalized
Dirichlet form. It can also be constructed by other methods (see e.g. [DR02]). Under
conditions (A1)-(A4), the coefficients of L may be quite singular and only very broad
assumptions on a and b are needed (see the examples in Sections 2.3 and 2.4).

Chapter 2 is organized as follows. In Sections 2.1 and 2.2, we use functional
analytical methods to solve PDE (1.1) (see Theorems 2.2.8 and 2.2.11) in the sense
of Definition 2.1.5, i.e. there are sequences {u"} which are strong solutions with
data (¢", f™) such that

[u" —ully = 0, 6" — ¢ll2 — 0, lim f* = f in L}([0.7]; L.

Here || - ||7 := (sup,<r || - I3+ fOT Egil(~)dt)1/2, where £% is the summand in the left
hand side of (1.3) with b = 0. The above definition for the solution is equivalent to
that of the following mild equation in L2-sense

T
u(t,z) = Pr_yp(x) +/ P+ f(s, -, us, Dyus)(x)ds,

(see Proposition 2.1.9). If we use the definition of weak solution to define our
solution as in [BPS05], uniqueness of the solution cannot be obtained since only
|bo| € L*(R%; m). Furthermore, the function f in PDE (1.1) need not to be Lipschitz
continuous with respect to the third variable; monotonicity suffices. And p which
appears in the monotonicity conditions (see condition (H2) in Section 2.2.2 below)
can depend on t. f is, however, assumed to be Lipschitz continuous with respect to
the last variable. We emphasize that the first order term of L cannot be incorporated
into f without the condition that b is bounded. Hence we are forced to take it as
part of L and hence have to consider a diffusion process X in (1.2) which is generated
by an operator L associated with a (in general non-sectorial) generalized Dirichlet
form. We also emphasize that under our conditions, PDE (1.1) cannot be tackled
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by standard monotonicity methods (see e.g. [Bal0]) because of the lack of a suitable
Gelfand triple V C H C V* with V being a reflexive Banach space.

In Section 2.3, we extend the stochastic calculus of generalized Dirichlet forms in
order to generalize the martingale representation theorem. In order to treat BSDE,
we show in Theorem 2.3.8 that there exists a set of null capacity N outside of
which the following representation result holds : for every bounded F,,-measurable
random variable &, there exists a predictable process (¢, ..., ¢y) : [0,00) x Q — R4,
such that for each probability measure v, supported by R\ N, one has

d oo
=R LY. [ e P s
i=0 70

where M?®,i =1, ...,d are the coordinate martingales associated with the process X.
As a result, one can choose the exceptional set A/ such that if the process X starts
from a point of N¢, it remains always in this set. As a consequence we deduce the
existence of solutions for the BSDE using the existence for PDE (1.1) in the usual

way, however, only under P™, because of our general coefficients of L (c.f. Theorem
2.3.12).

In Section 2.4, we employ the martingale representation to deduce existence and
uniqueness for the solutions of BSDE (1.2). As a consequence, in Theorem 2.4.7,
the existence and uniqueness of solutions for PDE (1.1), not covered by our analytic
results in Section 2.2, is obtained by u(s,z) = Y, where Y;® is the solution of the

BSDE. Moreover we have, Y = u(t, X;_,), P*-a.s., v € RAN. Further examples

are given in Section 2.5.

BSDE and generalized Dirichlet form: infinite dimensional
case

In Chapter 3, we consider the following quasi-linear parabolic system of backward
partial differential equations on a (real) Banach space E

(0 + L)u+ f(-,-,u, AY*Vu) =0 on [0,T] x E, ur = ¢, (1.4)

where L is a second order differential operator with measurable coefficients, Vu is
the H-gradient of u and (H, (-, ) i) is a separable real Hilbert space such that H C F
densely and continuously. A is a symmetric, positive-definite and bounded operator
on H. This equation is also called nonlinear Kolmogorov equation on an infinite
dimensional space. In fact, in this chapter we study systems of PDE of type (1.4),
i.e. u takes values in R for some fixed [ € N. For simplicity, in this introductory

section we explain our results in the case [ = 1.
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Various concepts of solution are known for (linear and) nonlinear parabolic equa-
tions in infinite dimensions. In Chapter 3 we will consider solutions in the sense of
Definition 3.1.4, i.e. there is a sequence {u"} of strong solutions with data (¢", f™)
such that

|u™ — ullr — 0,]|¢" — ¢|la — 0 and lim f" = fin L*([0,T7]; L?).
n—oo

We will prove the above definition for solution is equivalent to being a solution of
the following mild equation in L? sense

u(t,z) = Pr_yd(x) + /T Po_of (s, -, us, AYV?Vu,) (z)ds, (1.5)

(see Proposition 3.1.7). This formula is meaningful provided w is even only once
differentiable with respect to x. Thus, the solutions we consider are in a sense

intermediate between classical and viscosity solutions.

The notion of viscosity solution, developed by many authors, in particular M.
Crandall and P. L. Lions and their collaborators, is not discussed here. Gen-
erally speaking, the class of equations that can be treated by this method (c.f.
[L88,1.89,1.92] ) is much more general than those considered in this paper: it in-
cludes fully nonlinear operators. However, none of these results are applicable to
our situation because the coefficients of the operator L are only measurable in our

case.

In [FT02], mild solutions of the above PDE (1.4) have been considered, and
a probabilistic technique, based on backward stochastic differential equations, has
been used to prove the existence and uniqueness for the mild solution. Furthermore,
their results has been extended in [BCO8] and [M11]. All these results need some
regular conditions for the coefficients of L and f to make sure that the process X
has regular dependence on parameters, which are not required for our results. In
Chapter 3, we will prove the existence and uniqueness of a solution u of (1.4) for a
general non-symmetric operator L by methods from functional analysis (Theorem
3.2.8). In fact Chapter 3 is an extension of Chapter 2 to the infinite dimensional
case. Though Chapter 2 serves as guideline, serious obstacles appear at various

places if F is infinite dimensional, which we overcome in this work.

The connection between backward stochastic equations and nonlinear partial
differential equations was proved for the finite dimensional case e.g. in [BPS05],
[PP92] ( see also the references therein). A further motivation of Chapter 3 is to
give a probabilistic interpretation for the solutions of the above PDE’s, i.e. in this
infinite dimensional case.
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If E is a Hilbert space, which equals to H, f and the coefficients of the second-
order differential operator L are sufficiently regular, then PDE (1.4) has a classical
solution and one may construct the pair of processes Y!* := u(s, X1*), Zb" =
AYV2Tu(s, X57) where X4* t < s < T, is the diffusion process with infinitesimal
operator L which starts from z at time ¢ and A is the diffusion coefficient for X.
Then, using Itd’s formula one checks that (Y%, Z5%), o<1 solves the BSDE

T T
vie o)+ [ g Xy zd - [ W, (1)

where W, is a cylindrical Wiener process in H. Conversely, for regular coefficients by
standard methods one can prove that (1.6) has a unique solution (Y;*, Z,"")s<i<r
and then u(s,z) := Y»" is a solution to PDE (1.4). If f and the coefficients of
L are Lipschitz continuous then in [FT02] the authors prove that the probabilis-
tic interpretation above remains true, if one considers mild solutions to PDE (1.4).
There are many papers that study forward-backward systems in infinite dimension
(cf [FT02], [FHO7] and the references therein). In these approaches, since the coef-
ficients are Lipschitz continuous, the Markov process X with infinitesimal operator
L is a diffusion process which satisfies an SDE and so one can use its associated

stochastic calculus to conclude the results.

In Chapter 3, we consider PDE (1.4) for a non-symmetric second order differen-

tial operator L in infinite dimensions, which is associated to the bilinear form
E(u,v) = /(A(Z)Vu(z),Vv(z))Hdu(z)—l—/(A(z)b(z),Vu(z)>Hv(z)du(z),u,U € FCy°,

where FCg° will be defined in Section 3.1. Here we only need |AY2b|; € L*(E; p).
That is to say, in general the above bilinear form £ does not satisfy any weak sector
condition. We use the theory of generalized Dirichlet forms and the associated
stochastic calculus( cf. [St1, St2, Trl, Tr2]) to generalize the results in [BPS05].

In the analytic part of Chapter 3, we don’t need £ to be a generalized Dirichlet
form. We start from a semigroup (F;) satisfying conditions (A1)-(A3), specified in
Section 3.1 below. Such a semigroup can e.g. be constructed from a generalized
Dirichlet form. It can also be constructed by other methods (see e.g. [DR02]).
Under conditions (A1)-(A3), the coefficients of L may be quite singular and only
very broad assumptions on A and b are needed.

Chapter 3 is organized as follows. In Sections 3.1 and 3.2, we use functional an-
alytical methods to solve PDE (1.4) (see Theorem 3.2.8) in the sense of Definition
3.1.4 or equivalently in the sense of (1.5). Here the function f need not to be Lip-
schitz continuous with respect to y; monotonicity suffices. And p which appears in
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the monotonicity conditions (see condition (H2) in Section 3.2.2 below) can depend
on t. f is, however, assumed to be Lipschitz continuous with respect to the last
variable. We emphasize that the first order term with coefficient Ab of L cannot
be incorporated into f unless it is bounded. Hence we are forced to take it as a
part of L and hence we have to consider a diffusion process X which is generated
by an operator L which is the generator of a (in general non-sectorial) generalized
Dirichlet form. We also emphasize that under our conditions PDE (1.4) cannot be
tackled by standard monotonicity methods (see e.g. [Bal0]) because of lack of a
suitable Gelfand triple V C ‘H C V* with V being a reflexive Banach space.

In Section 3.3, we assume that £ is a generalized Dirichlet form and is associated
with a strong Markov process X = (Q, Fu, Fi, Xy, P?). Such a process can be
constructed if £ is quasi-regular. We extend the stochastic calculus for the Markov
process in order to generalize the martingale representation theorem. More precisely,
in order to treat BSDE’s, in Theorem 3.3.3 we show that there is a set N of null
capacity outside of which the following representation theorem holds : for every
bounded F,.-measurable random variable &, there exists a predictable process ¢ :
[0,00) x Q — H, such that for each probability measure v, supported by E\ N, one
has

e—E(ER)+ Y [ oMl P
i=0 70

where M?,i € N are the coordinate martingales associated with the process X. In
fact, one may choose the exceptional set N such that if the process X starts from
a point of N¢, it remains always in N¢. As a consequence we deduce the existence
of solutions for the BSDE using the existence of solutions for PDE (1.4) in the
usual way, however, only under P*, because of our very general coefficients of L (c.f.
Theorem 3.3.7).

In Section 3.4, we employ the above results to deduce existence and uniqueness
for the solutions of the BSDE under P* for x € N¢. As a consequence, in Theorem
3.4.4 one finds a version of the solution to PDE (1.4) which satisfies the mild equation
pointwise, i.e. for the solution Y* of the BSDE, we have Y;* = u(t, X;_;), P*-a.s. In
particular, Y} is P*-a.s. equal to u(t, z).

In Section 3.5, we give some examples of the operator L satisfying our general
conditions (A1)-(A5). In Section 3.6, we consider an application of our results to a
control problem. An admissible control (¢, w) is a progressively measurable process
with respect to the filtration (F;);>0 and takes values in some metric space K. Given
a measurable function ¢ : [0,7] x E x K — H and a admissible control , we define
Nf = [ c(Xs,0,).dM, T? = exp(N? — 2(N?),), and P%* = T°.P*. The aim is to
choose a control process 6, within a set of admissible controls, to minimize a cost



Chapter 0. Introduction 9

functional of the form:
T
J?(x) = E**[p(Xr) + / h(s, X, 0,)ds),
0

where ¢ and h are measurable functions and E%* means taking expectation under
P%*_ There is a vast literature on such control problems in infinite dimensions if
X is a solution of an SDE on a Hilbert space (c.f. [FT02] [G96] and the reference
therein). In our case, the process X is generated by a linear operator L with merely
measurable coefficients as above and X does not need to satisfy an SDE. As the
coefficients of L are very general, X doesnot have regular dependence on parameters,
which is essential in [FT02]. Moreover, we also donot need that ¢ and h are Gateaux
differentiable with respect to x. By the results in Sections 3 and 5, we directly
provide a mild solution of the Hamilton-Jacobi-Bellman equation.

Ergodicity of the stochastic quasi-geostrophic equation

Up to the early 1960s, most works on SDE has been confined to ordinary dif-
ferential equation. Later on, a large number of models were found that could be
described by partial differential equations with random parameters, such as the co-
efficients or the forcing term. As a result, the study of SDE in infinite dimensional
space has begun to attract a lot of attention of many researchers. In this thesis,
we are concerned with the long time behavior of the stochastic quasi-geostrophic

equation, which is an interesting SDE in infinite dimensional space.

In Chapter 4, we study the long time behavior of the stochastic partial differen-
tial equation by proving the uniqueness of invariant measures and strong asymptotic
stability, i.e. the law of the process converges to the invariant measure in total varia-
tion norm. In order to have uniqueness of the invariant measure, the Markov process
should satisfy some irreducibility property, together with some regularity. Here we
prove the strong Feller property and the irreducibility of the associated Markov
process. Then the classical results in the ergodic theory of Markov processes, as de-
veloped by Doob, Khas’minskii and others, can be applied to obtain the uniqueness

of invariant measures as well as the strong asymptotic stability ( see e.g. [DZ96]).

Consider the following 2D stochastic quasi-geostrophic equation in the periodic
domain T? = R?/(27Z)*:

06(t,€)
ot

= —u(t,§) - VO, &) — (=L)"0(L, &) + (G(O)n)(t, €), (1.7)

with initial condition

0(0,¢) = 0o(8), (1.2)
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where 0(t,£) is a real-valued function of £ € T? and t > 0, 0 < a < 1,k > 0 are
real numbers. u is determined by 6 through a stream function v via the following

relations:

u = (ul,UQ) = (_RQG, R10) (19)

Here R; is the j-th periodic Riesz transform and 7(t,€) is a Gaussian random

field, white noise in time, subject to the restrictions imposed below. The case o = 1

2
is called the critical case, the case a > % sub-critical and the case a < % super-

critical.

This equation is an important model in geophysical fluid dynamics. The case
a = 1/2 exhibits similar features (singularities) as the 3D Navier-Stokes equations
and can therefore serve as a model case for the latter. In the deterministic case this
equation has been intensively investigated because of both its mathematical impor-
tance and its background in geophysical fluid dynamics, (see for instance [CV06],
[Re95], [CW99], [Ju03], [Ju04], [KNVO07] and the references therein). In the deter-
ministic case, the global existence of weak solutions has been obtained in [Re95] and
one most remarkable result by [CV06] proves the existence of a classical solution for
a = 1/2 and the other by [KNVO07] proves solutions for a = 1/2 with periodic C*

data remain C* for all the time.

In Chapter 4 we study the 2D stochastic quasi-geostrophic equation in T? for
general parameter a € (0, 1) and multiplicative noise. First using an abstract result
for obtaining Markov selections from [GRZ09], we prove the existence of an a.s.
Markov family for general parameter o € (0,1) (see Theorem 4.2.5).

Then we prove the ergodicity of the solution in the subcritical case, provided that
the noise is non-degenerate and regular (see Theorem 4.3.10). The proof follows
from employing the weak-strong uniqueness principle in [FRO8] (Theorem 4.3.4)
and as usual first establishing the strong Feller property (Theorem 4.3.3). Though

1

one would expect to get ergodicity for o > 3, surprisingly it turns out that one
2

needs o > 3. As the dynamics exists only in the martingale sense and standard
tools of stochastic analysis are not available, the computations are made for an
approximating cutoff dynamics, which is equal to the original dynamics on a small
random time interval. As the noise is non-degenerate, we can use the Bismut-
Elworthy-Li formula to prove the strong Feller property. Since in our case o < 1,
it is more difficult to use the H*norm to control the nonlinear term even though
the equation is on T2. To prove the weak-strong uniqueness principle we need some
regularity for the trajectories of the noise. Therefore, we need conditions on G so
that it is enough regularizing. However, in order to apply the Bismut-Elworthy-Li
formula, we also need G~! to be regularizing enough. As a result, o > 2/3 is required

(see Remark 4.3.2 below). It seems difficult to use the Kolmogorov equation method
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as in [DD03], [DO06] or a coupling approach as in [O08] in our situation (see Remark
4.3.2 below).

In order to prove the exponential convergence, we need to show decay of the
solution’s LP-norm for suitable p. To prove it, we have to improve the crucial
positivity lemma from [Re95] ( see Lemma 4.4.1 below).

Chapter 4 is organized as follows. For the general case the existence of Markov
selections is obtained in Section 4.2. In Section 4.3, we prove the ergodicity of the
solution for o > 2/3 provided the noise is non-degenerate. The exponential conver-
gence to the (unique) invariant measure is shown in Section 4.4 (Theorem 4.4.5). We
also consider the ergodicity of the equation driven by the mildly degenerate noise
following the idea of [EHO1] in Section 4.5 (Theorem 4.5.17).






Chapter 1

Preliminaries

In this chapter, we collect some results about the generalized Dirichlet form and the
associated stochastic calculus for the following chapters. We omit all proofs and refer
the reader to [St2, Tr1, Tr2] for details. In the first part, we recall the definitions of
a generalized Dirichlet form and a quasi-regular generalized Dirichlet form. In the
second part, we collect some useful results about the stochastic calculus associated
with the generalized Dirichlet form, such as the Fukushima decomposition.

1.1 Some basic concepts for Generalized Dirichlet

forms

Let us recall the definition of a generalized Dirichlet form from [St2]. Let E be a
Hausdorff topological space and assume that its Borel o-algebra B(FE) is generated
by the set C'(E) of all continuous functions on E. Let m be a o-finite measure on
(E,B(E)) such that H := L*(E,m) is a separable (real) Hilbert space. Let (A4, V)
be a coercive closed form on H in the sense of [MR92], i.e. V is a dense linear
subspace of H, A : V x V — R is a positive definite bilinear map, V is a Hilbert
space with inner product A;(u,v) := 2 (A(u,v) + A(v,u)) + (u,v)y, and A satisfies
the weak sector condition

|Ay (u,v)| < KAy (u,u)? Ay (v, 0) Y2,

u,v € V, with sector constant K. We will always denote the corresponding norm
by || - [|y. Identifying H with its dual H’ we obtain that V — H = H' — V' densely
and continuously.

Let (A, D(A,H)) be a linear operator on H satisfying the following assumptions:
(i) (A, D(A,H)) generates a Cy-semigroup of contractions (Uy)i>o on H.
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(ii) V is A-admissible, i.e. (U;);> can be restricted to a Cp-semigroup on V.

Let (A, F) with corresponding norm ||-|| = be the closure of A : D(A,H)NY — V'
as an operator from V to V' and (A, f") be its dual operator.
Let
£(u,v) = A(u,v)—(/}u,v) ifue]:,veVA
A(u,v) — (Av,u) ifueV,veF,

where (-,-) denotes the dualization between V' and V and (-,-) coincides with the
inner product (-,-)g in H when restricted to H x V. Define &,(u,v) = E(u,v) +
a(u,v)y for a > 0. We call € the bilinear form associated with (A4, V) and (A, D(A, H)).

Definition 1.1  The bilinear form & associated with (A, V) and (A, D(A,H)) is
called a generalized Dirichlet form, if

weF=u"ANleVand E(u,u—ut A1) >0.

We also recall the definition of semi-Dirichlet form from [MOR95]. For the
closed coercive form (A, V) is called a semi-Dirichlet form if u € V, v A1 €V and
Alu+ut ANlu—ut A1) >0.

Suppose the adjoint semigroup (ﬁt)tzg of (Ui)i>o can also be restricted to a Cy-
semigroup on V. Let (A, D(A,H)) denote the generator of (U)o on H, A(u, v) :=
A(v,u),u,v € V and let the coform € be defined as the bilinear form associated
with (A, V) and (A, D(A, H)).

In [St2, Section 1.3], they construct the resolvent (G, )a>0 such that for all & > 0,
E(Guf,v) = (f,v)u,Vf € H,v € V. The resolvent (G,)a>o is called the resolvent
associated with €. Let (Ga)a>0 be the adjoint of (Gg)a=0 in H. (Ga)a>0 is called
the coresolvent associated with €. By [St2, Proposition 3.6] (G,)a>0 is a strongly

continuous contraction resolvent on H.

For the generalized Dirichlet form, we also have the concept of the quasi-regular
generalized Dirichlet form. By this we can construct a strong Markov process asso-
ciated with it. This will be used in the probabilistic part of this chapter (see Section
2.3). We recall the definition of the quasi-regular generalized Dirichlet form here.

For this reason we introduce some useful notations.

An element of u of H is called 1-excessive (resp. 1l-coexcessive) if G ziiu < u
(resp. BGaeiu < u) for all > 0. Let P (resp. P) denote the l-excessive (resp.
1-coexcessive) elements of V.

Definition 1.2 (i) An increasing sequence of closed subset (Fy)g>; is called an
E-nest, if for every function u € PN F, upe — 0 in H and weakly in V, where
Upe = €y.1,, is the 1-reduced function defined in [St2, Definition I11.1.8].

k
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(ii) A subset N C FE is called £-exceptional if there is an E-nest (Fj)r>1 such
that N C melE\Fk.

(iii) A property of points in E holds £-quasi-everywhere(€ — g.e.) if the property
holds outside some E-exceptional set.

(iv) A function f defined up to some E-exceptional set N C E is called £-quasi-
continuous (€-q.c.) if there exists an E-nest (Fj)x>1, such that Ug>1 Fy C E\N and
f|F, is continuous for all k.

Definition 1.3  The generalized Dirichlet form & is called quasi-regular if:
(i) There exists an E-nest consisting of compact sets.

(ii) There exists a dense subset of F whose elements have £-quasi-continuous

m-versions.

(iii) There exist u, € F,n € N, having £-quasi-continuous m-versions u,,n € N,
and an £-exceptional set N C E such that {u,|n € N} separates the points of E'\ N.

1.2 Stochastic calculus associated with General-

ized Dirichlet forms

In this section we assume that an m-tight special standard process ([MR92, IV
Definition 1.13]) X = (Q, Fu, Ft, Xy, P?) is properly associated in the resolvent sense
with the quasi-regular generalized Dirichlet form &, i.e. R,f := E* fooo e~ f(Xy)dt
is an £-quasi-continuous m-version of G, f, where G, a > 0 is the resolvent of £ and
f € By(R%) N L3R m). The coform & introduced in Section 1.1 is a generalized
Dirichlet form with the associated resolvent (é’a)a>0 and there exists an m-tight
special standard process properly associated in the resolvent sense with £. In this

section we will obtain the results under this assumption.

Now we recall [Tr2, Theorem 1.9], which give a description of the £-exceptional
set and will be used for the proof of the martingale representation theorem. }5@1 o
denotes the set of all 1-coexcessive elements in )V which are dominated by elements
of GibH*, where GibH™* := {G1h|h € bHT}. Pr denotes the set of all the &-q.e.
m-versions of 1-excessive elements in VV which are dominated by elements of F.

By [Tr2, Theorem 1.4], we obtain for 4 € ﬁ’éle+, there exists a unique o-finite

and positive measure p, on (F,B(E)) charging no £-exceptional set such that for

all f € Pr — Pr,
/ Fipsg = lm &(f. aCisrit).
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Define
Soo 1= {Hgllh € Pgpp+ and pg(E) < oot

Then we have the following results from [Tr2, Theorem 1.9].
Theorem 1.4 For B € B(E), B is E-exceptional if and only if v(B) = 0, Vv € Sy.

Definition 1.5 A positive measure p on (F, B(E)) is said to be of finite 1-order
co-energy integral if there exists U1/~L €V, such that

/ Grindyt = £4(Grh, U,
E

for all h € H and for all £-q.c. m-versions éﬁl of G1h. The measures of finite

1-order co-energy integral are denoted by So.
By [Tr2, Section 1.3], Spo C So.

Now we introduce the spaces which will be relevant for our further investigations.

Definition 1.6 A family (A;):>o of extended real valued functions on € is called
an additive functional of X if:

(i) As(+) is Fr-measurable for all ¢ > 0.

(ii) There exists a defining set A € F,, and an E-exceptional set N C E, such that
P*[A] =1 for all z € E\N,60,(A) C A for all t > 0 and for each w € A, t — A;(w) is
right continuous on [0, c0) and has left limits on (0, ((w)), Ao(w) = 0, |As(w)| < o0
for t < ((w), Ax(w) = A¢(w) for t > ((w) and Ay 5(w) = As(w)+ Ag(Gw) for s, t > 0.

Define

M = {M|M is a finite additive functional, E*[M?] < oo, E*[M;] = 0
for € — gq.e.z € E and all t > 0}.

M € M is called a martingale additive functional(MAF). Furthermore, define
M ={M € M|e(M) < oo}

Here e(M) = 3lim, o a2E™[[;° e=**M2dt]. The elements of M are called mar-
tingale additive functional’s (MAF) of finite energy. Let M € M. There exists
an E-exceptional set N, such that (M, Fi, P.)i>o is a square integrable martin-
gale for all z € F\N. Moreover, there exists a unique (up to equivalence) posi-
tive continuous additive functional (M), called the sharp bracket of M, such that
(M2 — (M), F;, P.)i>0 is a martingale for all z € E\N. By [Trl, Theorem 2.10] M
is a real Hilbert space with inner product e. It now follows that one half of the total

mass of the Revuz measure i, associated to the sharp bracket of M € M is equal
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to the energy of M, i.e.

For M,L € M let

1
(M, L)y = §(<M + L)y = (M)¢ = (L))
Then the finite signed measure pu,, ) defined by iy 1y = %(MMJFL) — Hory — Iqy)
is the Revuz measure related to (M, L). We also define

e(M,L) = = lim o*E™] / e M, L,dt).
0

1
5 a—00
Define the following space:

N, :={N|N is a finite continuous additive functional, e(N) = 0, E*[|N;|] < oo
for € — q.e.z € E and all t > 0}.

Now we recall the well-known Fukushima decomposition in the framework of

generalized Dirichlet forms.

Theorem 1.7  ([Trl, Theorem 4.5)) If G, is sub-Markovian and strongly contin-
wous on V, then for u € F, there exists a unique M™ € M and a unique N e N,
such that

w(X) —u(Xo) = M + N,

Furthermore, by [Tr2, Lemma 2.12], we obtain that for f € B,(R%) and M € M,
there exists a unique element denoted by f - M € M such that for all L € M

1
§/fdM<M,L> =e(f-M,L).






Chapter 2

BSDE and generalized Dirichlet
form: finite dimensional case

In this chapter we establish that the relation between PDE (1.1) and BSDE (1.2)
mentioned in introduction holds under the condition that the operator L is associ-
ated with a generalized Dirichlet form. In Section 2.1 we give some basic assumptions
on the operator L and prove some basic relations for linear equation. In Section 2.2,
we use analytic methods to solve PDE (1.1). In Section 2.3, we prove the martingale
representation theorem for the process associated with the operator L. By this we
obtain the existence and uniqueness of solution of BSDE (1.2) in Section 2.4. The
relation between PDE and BSDE is also established in this section. Further exten-
sions and examples are given in Section 2.5. The main results of this chapter have
already been submitted for publication, see [Zhu a].

2.1 Preliminaries

Let 0 : R? — R? ® R* be a measurable map. Then there exists a measurable map
7 : R? — R* ® R? such that

oT =10, To =0"T", oTO =0,
where o* is the transpose of the matrix of o(see e.g. [BPS05, Lemma A.1]). Then
a = 00" = (a;;)1<ij<a takes values in the space of symmetric non-negative definite
matrices. Let also b : RY — RY be measurable. Assume that the basic measure
m(dzx) for the generalized Dirichlet form, to be defined below, is a finite measure or
Lebesgue measure on R,

Denote the Euclidean norm and the scalar product in R? by |- |, (-,-) respec-



20 Chapter 2. BSDE and generalized Dirichlet form: finite dimensional case

tively, while on the space of matrices R? ® R¥ we use the trace scalar product
and its associated norm, i.e., for z = (2;;) € R?@ R*| (21, 29) = trace(z12}), |z| =
(L, Z;{:1 7z2)'/2. Let L?, L*(R% R*) denote L2(R?, m), L?(R?, m; R) respectively.
(-,+) denotes the L2-inner product. For 1 < p < oo, || - ||, denotes the usual norm in
LP(R;m). If W is a function space, we use bW to denote the bounded function in
w.

Furthermore, let a;;, Z] 1 @ijbj, ZJ Laib; € LL (R% m)and ¢ € L}
We introduce the bilinear form

£(u,v) Z / W ;:J( ym(dz) + / o(@)ulz)o(z)

i,7=1

+;/;aw(x)(bj(a:)+B](x))§; v(x)m(dr) Yu,v € C°(RY).

(R4, RT;m).

loc

Consider the following conditions:

(A1) The bilinear form
a d ou , . Ov o d
ENu,v) = Z aw(x)%(x)%(x)m(dx) Vu,v € Cg°(RY),
ij=1
is closable on L%(R%,m).
Define &¢(+,-) := &%-,+) + (+,+). The closure of C§°(R?) with respect to &£

is denoted by F®. Then (€% F*) is a well-defined symmetric Dirichlet form on
L2(R, m).

For the bilinear form

gab u U L= Z/a” 8371 aa;( )m(dl’)—f—/C(fL’)U([L‘)U(IL‘)

+Z Zaw< )I;( )g;v(@m(dm),

we consider the following conditions:

(A2) There exists a constant c; > 0 such that 5(‘}2’5(-, ) = E90(- )+ cy(-, -) is a semi-
"aj)

Dirichlet form (see Section 1.1) with domain F := C{°(R%) “*""  and there exist
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constants ¢y, c3 > 0 such that for u € C§°(R?)

(2.1.1) &Y u,u) < Egg(u,u),
and
(2.1.2) /chdm < cggf;il(u,u),

where £90(u, v) 1= £ (u,v) + £ (v, u).

By (2.1.1) we have that F© C F° and that for v € F (2.1.1) and (2.1.2) are
satisfied.

(A3) |bo| € L*(R% m) and there exists a > 0 such that

(2.1.3) /(ba, (Va2)o)dm > —alfull2, u e Co(RY.

(A4) There exists a positivity preserving Cop-semigroup P; on L'(R%m) such that
for any t € [0,T],3Cr > 0
1P flloo < C7|| flloo-

Then for 0 < ¢t < T, P, extends to a semigroup on LP(R%; m) for all p € [1, c0) by the
Riesz-Thorin Interpolation Theorem (denoted by P, for simplicity) which is strongly
continuous on LP(R%; m). We denote its L*-generator by (L, D(L)) and assume that
bD(L) C bF and for any u € bF' there exists uniformly bounded w,, € D(L) such
that gfﬁl(un —u) — 0 and that it is associated with the bilinear form in the sense
that £(u,v) = —(Lu,v) for u,v € bD(L).

We emphasize that in contrast to previous work P, in (A4) is no longer analytic
on L?(R% m). By (A4) there exist constants My, ¢y such that

(2.1.4) IPifll2 < Moe®"|| f|l2, Vf € L*(R% m).

To obtain a semigroup P, satisfying the above conditions, we can use generalized
Dirichlet forms (Definition 1.1).

Remark 2.1.1 (i) Some general criteria imposing conditions on a in order that
£ to be closable are e.g. given in [FOT94, Section 3.1] and [MR92, Chap II, Section
2].

(ii) There are examples considered in [MR92, Chap. II, Subsection 2d] satisfying
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(A2). Assume the Sobolev inequality
lully < C(E%(u,w) + ul3)'?, Yu € C5°(RY),

is satisfied, where % + 1 =1 and | - ||, denotes the usual norm in L. If lbo| €
LYRYm) + L=(R%m) and ¢ € LY2(R%m) + L®°(R%m), then (A2) is satisfied
(see [MOR95] ). In [ZR11] they consider the bilinear form Q(u,v) = £%(u,v) +
[{di(x), Vu(z))u(x)dm, where d; € LY(R?),q > d. In their case, the result for the
existence of the solution of the nonlinear PDE can be obtained by [PR07, Theorem
4.2.4] since the nonlinear part is Lipschitz in v and Vu. In our case, we have more
general conditions on b and f, so that we cannot find a suitable Gelfand triple
V C H C V* with V being a reflexive Banach space and use monotonicity methods
as in [PRO7].

(iii) We can construct a semigroup P, satisfying (A4) by the theory of generalized
Dirichlet forms. More precisely, suppose there exists a constant ¢ > 0 such that
E:(-,-) :==E&(+,-) +¢(+,+) is a generalized Dirichlet form with domain F x V in one of
the following three senses:

(a)(E. B(E).m) = (B, B(E),m)

(€0 F) = (AV),

—{t 0)—(Ema) () = S5 [ S gy () o)) for w0 € Ca(RY;
(b)(E, B(E),m) = (RY, B(R?), m),

A=0and V = L*(R4, m),

—(Au,v) = E(u,v) for u,v € CF(RY) and C5°(R?) C D(L);

(c¢) & = A, A =0 (In this case (&,V) is a sectorial Dirichlet form in the sense
of [MR92]).

Then there exists a sub-Markovian Cy-semigroup of contractions Pf associated
with the generalized Dirichlet form &:. Define P; := e®P¢. If it is a Cp-semigroup
on L' then it satisfies (A4). Then we have

D(L) C F CF.

(iv) The semigroup can be also constructed by other methods. (see e.g. [DR02],
[BDR09)).

(v) By (A3) we have that & is positivity preserving i.e.
E(u,u™) >0 Vu € D(L),

which can be obtained by the same arguments as [St2, Proposition 4.4].
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(vi) The condition that for any u € bF there exists uniformly bounded u,, € D(L)

such that ESQil(un —u) — 0 is satisfied if C§°(RY) € D(L). It can also be satisfied
in the case of (iii) by the theory of generalized Dirichlet form.

(vii) All the conditions are satisfied by the bilinear form considered in [DR02],
[LO1], [St1, Section 1 (a)] and the following example which is considered in [St2].

Example 2.1.2  Let b; € L?*(R% dz), 1 <i < d. Consider the bilinear form

d d
E(u,v) := Z/ Ou @da: — Z/b%vdmu v € C°(RY)
’ ii=1 R4 (‘9@ 613]' i1 18@- T 0

Assume there exist constants ¢, L > 0 such that

/<b, Vuydz < 2ful for all u € C(RY), u > 0,

d ou
2
-3 /bia—%dxhihj < Lifull1|R[%,

i,j=1
for all u € C3°(RY),u > 0,h € RY,

(or equivalently, b is quasi-monotone, i.e.
(b(x) = b(y),z —y) < Llz — y|*, Yo,y € RY,)

and for some continuous, monotone increasing function f : [0,00) — [1,00) with

OOO % = oo we have that

[b(2)] < f(lz]), = € R".

Then in [St2, Subsection I1.2] it is proved that there exists a generalized Dirichlet
form in L?(R?) extending £. We denote the semigroup associated with &, by Pf.
If we define P, := e Pf, then it is the semigroup associated with £. By the compu-
tation in [St2, Subsection 11.2], P, is sub-Markovian. So it satisfies the conditions
(A1)-(A4).

Further examples are presented in Section 2.3 (see Examples 2.3.2 and 2.3.3) and
Sections 2.4, 2.5.

Then we use the same notations E, Cr, || - ||z associated with £ob as in [BPS05]:
Cr = CY([0,T]; L?) N L*([0, T]; F'), which turns out to be the appropriate space of
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test functions, i.e.

T
Cr={p:[0,T] x R* = R|yp, € F for almost each t,/ E(p,)dt < o0,
0
t — ¢, is differentiable in L?and t — ;¢p, is L? — continuous on [0, T}

Here and below we set €%(u) for £%P(u,u). We also set Cluyy = C'([a,b]; L?) N
L*([a,b]; F). For ¢ € Cr, we define

T ~
HMT:@mw%@+/‘ﬁﬂ%MW@
t<T 0

F is the completion of Cp with respect to || - |7. By [BPS05], F' = C([0,T]; L*) N
L2(0,T; F). Define the space F* w.r.t. £ analogous to F. Then we have F' C I,
We also introduce the following space

Wh2([0,T); L*(RY)) = {u € L*([0,T}; L*); du € L*([0, T; L*)},

where Oyu is the derivative of u in the weak sense (see e.g. [Bal0]).

2.1.1 Linear Equations

Consider the linear equation

(O + L)u+ f=0, 0<t<T,

2.1.5
219 urlz) = 8(z), xR

where f € LY([0,T]; L?), ¢ € L.

As in [BPS05] we set D, := (Vy)o for any ¢ € C°(RY), define Vo = {D, ¢ :
¢ € C(RY)}, and let V be the closure of V; in L*(R% R*). Then we have the
following results:

Proposition 2.1.3  Assume (A1)-(A3) hold. Then:

(i) For every u € F“ there is a unique element of V| which we denote by D,u,
such that

ENu) = /(Dau(x),Dgu(a:»m(dx).

(i) Furthermore, if u € F*, then there exists a measurable function ¢ : [0, 7] x
R? — R? such that |¢po| € L?((0,T) x R?) and D,u; = ¢,0 for almost all t € [0, 7.

(iti)Let u”,u € F* be such that v — w in L((0,T) x R?) and (Dyu™),, is Cauchy
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in L2([0,T] x R% R¥). Then Dyu™ — Dyu in L2((0,T) x R4 RY) ie. D, is closed
as an operator from F* into L2((0,T) x RY).

Proof See [BPS05, Proposition 2.3]. O

For u € F,v € bF, we define
E(u,v) == Sa’i’(u,v) + /(ba,DUu)vm(d:c).

Notation We denote by Vu the set of all measurable functions ¢ : RY — R% such
that ¢o = D,u as elements of L?(R¢, R¥).

2.1.2 Solution of the Linear Equation

We recall the following standard notions.

Definition 2.1.4  (strong solutions) A function v € F N L'((0,T); D(L)) is called
a strong solution of equation (2.1.5) with data ¢, f, if t — u; = wu(t,-) is L*-
differentiable on [0, T, ;u; € L*((0,T); L?) and the equalities in (2.1.5) hold m-a.e..

Definition 2.1.5 (generalized solutions) A function u € F is called a generalized
solution of equation (2.1.5), if there are sequences {u"} which are strong solutions
with data (¢", f™) such that

"~ ully = 0. 6"~ 6llo = 0, Fim f" = f in L}([0.T}: L),

Proposition 2.1.6  Assume (A3)-(A4) hold.
(i) Let f € C*([0,T]; LP) for p € [1,00). Then

T
w0, / P i fuds € CN(0,T); LP),
t

and

T
Owwy = —Pp_ fr +/ P10, fsds.
¢

(ii) Assume that ¢ € D(L), f € C([0,T]; L?) and for each t € [0,T], f; € D(L).
Define

T
Ut = PT—t¢ + / Ps—tfsd3~
t

Then u is a strong solution of (2.1.5) and, moreover, u € C'([0,T7]; L?).
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Proof By the same arguments as in the proof of [BPS05, Proposition 2.6] the results
follow. 0

Remark 2.1.7 Compared to [BPS05, Proposition 2.6, in (ii) we add the as-
sumption ¢ € D(L) and f; € D(L), t € [0,T], as we cannot deduce P,¢ € D(L) for
¢ € L?, since (P;) might not be analytic.

Proposition 2.1.8 Suppose (A4) holds. If u is a strong solution for (2.1.5), it is
a mild solution for (2.1.5) i.e.

T
Uy = PT7t¢ + / PS,thdS.
t

~

Proof For fixed t, ¢ € D(L)

T T
(urs Pr_sp) — (s, ) = / (—Luy — fo, Py sip)ds + / (g, LB, _1p)ds,
t t

where L, P, denote the adjoints on L*(R?,m) of L, P, respectively. As u is a strong
solution, we can deduce that

T
(ut, ) = (Pr_so +/ Py, fsds, ).

Since D(L) is dense in L2, the result follows. O

Proposition 2.1.9  Suppose that conditions (A1)-(A4) hold, f € L'([0,T]; L?)
and ¢ € L?. Then equation (2.1.5) has a unique generalized solution u € F and

T
(216) Ut = PT,t(b + / Psftfsds.
t

The solution satisfies the three relations:
(2.1.7)

T T T
fulg+2 [ euds <2 [ (fuwdds+ o3 +2a [ Julfds,  0<<T,
t t t

T
(2.1.8) lullz < Mz(llgll3 + (/0 I fell2dt)?).
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(2.19) | :
/t (e Byipy) + €™, 0,) + / (b0, D) pycdim) dt = / (For 00+ (6 o) — (g, 21,

for any ¢ € bCr,to € [0,7]. My is a constant depending on 7. (2.1.9) can be
extended easily for ¢ € bW'2([0,T]; L) N L*([0,T]; F).

Moreover, if u € F is bounded and satisfies (2.1.9) for any ¢ € bCy with bounded
f, @, then u is a generalized solution given by (2.1.6).

Proof [Existence] Define u by (2.1.6). First assume that ¢, f are bounded and
satisfy the conditions of Proposition 2.1.6 (ii). Then, since u is bounded and by
Proposition 2.1.6 we know that u is a strong solution of (2.1.5), hence it obviously
satisfies (2.1.9). Furthermore, v € C'([0,T]; L?). Hence, actually v € bCr and
consequently, for ¢ € [0, T

T A T
/ ((us,atus)—l—é'“’b(us,us)—l—/(ba, D,ug)usdm)ds = / (fs, us)ds+ (¢, ur)—(ug, uy).
t ¢

By (2.1.3) we have [(bo, Dyus)usdm > —a||usl|3. Hence

T T T
3 + 2 / £ (u,)ds < 2 / (Fovus)ds + |62 + 20 / lus2ds, 0<t<T.
t t t

As
T T T
/t (fous)ds — / (fos Pros) + (fo. / Profodr))ds
T T T
< / 1 ollal| Pr_sbllads + / 1 fullel / Pre o fodr|ods
T T T
<Moe™ (|92 / 1 fullads + / (£l / 1+ lladr)ds),
and
T T
/t \|us||§ds§Mm<H¢II%+(/O 1 filladt)?),
we get

T T
el + / £ (u)ds < Mr_(|l6]12 + ( / 1filladt)?).

Hence, it follows that

T
(2.1.10) lullz < Mz(llgll3 + (/0 I fell2dt)?).
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Here Mr_; can change from line to line and is independent of f, . Now we will prove
the result for general data ¢ and f. Let (f"),en be a sequence of bounded function
in C1([0,T7]; L?) such that f; € D(L) for a.e. t € [0,T] and fOT I f7 = fillodt — O
(This sequence can be obtained since {awg(z);on € C§°[0,T],9 € bD(L)} is dense
in L'([0,T]; L?)). Take bounded functions (¢"),eny C D(L) such that ¢" — ¢ in L.
Let u" denote the solution given by (2.1.6) with f = f" ¢ = ¢".

By linearity, u™ — u™ is associated with (¢" — ¢, f™ — f™). Since by (2.1.10)

T
" — w2 < Mp(l6" — 67+ ( / 17— Frlladt)?),

we deduce that (u"),ey is a Cauchy sequence in F. Hence u = lim, o0 ™ in || - |1
is the generalized solution of (2.1.5) and we have

T
Ut = PT—t¢ + / PS,thdS.
t

Next we prove (2.1.7)(2.1.8) (2.1.9) for u. We have (2.1.9) for u™ with f", ¢" and
Y e bCT, ie.

T R T
/0 (2, Drp ) +ED o)+ / (bo, Dol Yoy dim) dt = / (7 @)+ (6", o) — (s o).

Since we have

N

T 7 1
( / £ (o))}

T
4 [ eat D o
0

—0, as n — oo,

| / [ v, Datu = wypdm] < el / [ bofdman’ / [ 102t = wi)dmat
= llgllol / [ bofdman’ / & (uf — ug)dt)

— 0, as n — oo,

T T
[ et = il <K ([ enhur = wpa

[N

VI

we deduce that

T R T
/ (e, Do) + €% (g, ) + / (bo Doy dt = / (Fos )+ (6 1) — (0, 20),
0 0
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for any ¢ € bCrp.

The relations (2.1.7), (2.1.8) hold for the approximating functions:

T T T
ul+2 [ erinas <2 (s +|o" 20 [ utlids, 0<e<T,
t t t
and
T
|2 < Ma(6"|2 + ( / 17 ladt)?).
0

Since ||u}||lr — ||ue]|7, n — oo, we conclude

lim 5‘”’ (uy)dt = / S“b (u)d

n—oo 0

It is easy to see that lim,,_,. j; nout)ds = j; (fs,us)ds. Then by passing to the
limit in the above relations, (2.1.7) and (2.1.8) hold for w.

[Uniqueness] Let v € F' be another generalized solution of (2.1.5) and (v"),en,
(g?)n)neN, (f™)nen be the corresponding approximating sequences in the definition of

generalized solutions. By Proposition 2.1.8

T
sup [laf — o2 < Mr(l¢" — "1 + ( / 1= Frlladt)?).

te[0,7T
Letting n — oo, this implies u = v.

For the last result we note that Vtq € [0,T], ¢ € bCr

(2.1.11) A :
/t (ot Do)+ (g, )+ / (b0, Dye) pydm) dt = / (For )+ (6, o) (g 01,

For ¢ > %, define

1 1 1
n B n " 0 B
Uy =N U’t—sdsa ft =n ft—sd57 gb =n uT—SdS‘
0 0 0

Let us check that each v also fulfills (2.1.11) with f™, ¢". We set ¢} = ¢, for
0 <s+r <T. Then for fixed ¢, € (0,T], and n > %,

T .
[ (o) + et + [ 0o, Daypdmyde
to

1 T .
:n/ / (ug—s, Oppy) + 5a’b(ut_3, ;) + /(ba, Douy_)p,dmdtds
0 to
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—n/ / (ug, Oppy) +€“b(ut,g0t) /(ba,Dgut)gofdmdtds
X to
—n/[/ (o 5t + (u, 5.) — (s 25yl
0 to—s

:n/i[/T(ftS, @ )dt + (ur—s, o1) — (Wo—s, Py, )]ds

0 to

T
:/ (f'spo)dt + (8", 1) — (ulys ©4)-

to
For the mild solution v associated with f, ¢, the above relation also holds with v"
replacing u". Hence we have

/‘WU—Wﬁ@%)+W%W—Uﬁwﬁ+/@mDAu—wm%Wmﬁ

to

== ((u =), #4,)-

Since (u —v)} € bCi1 7y the above equation holds with (u—v)} as a test function,

ie forn> 2Lt
to

l[(wwﬂ%WMu—WD+5“Ku—w$w—vﬁ)+/@mDAu—w%w—vﬁmmﬁ
= (=) ().

So we have

T A T
= o l3+2 [ &=t oot <20 [ = o) B
t t

0

By Gronwall’s lemma it follows that

1w = v)j [I5 = 0.

Letting n — oo, we have [Jug, — vy, ||2 = 0. Then letting tg — 0, we have ||ug—uvo|| = 0.
Then u; = Pr_;¢ + ft 1 fsds is a generalized solution for (2.1.5). O

2.1.3 Basic Relations for the Linear Equation
In this section we assume that (A1)-(A4) hold.

Lemma 2.1.10 If u is a bounded generalized solution of equation (2.1.5) with
some function ¢ > 0, ¢ € L?> N L>®, then u* satisfies the following relation for
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0<t1 <ty <T
to
i 2 < 2 / (Fou)ds + [l I3

t1

Proof Choose the approximation sequence u™ for u as in the existence proof of
Proposition 2.1.9. Denote its related data by f", ¢" .

We have the following equations:

T
lim sup ||uy —ull2 =0, lim W (uf — uy)dt = 0,

T
lim / 17— filladt =0, lim [[¢" — ]2 =o.
n—oo 0 n—oo

Suppose that the following holds

t2

(f () )ds + [ (ug,) 13,

(2.1.12) )12 < 2 /

t1
where 0 < t; <ty <T. Since ||u"||y are uniformly bounded, we obtain

t2

i [ s = [ ? o )ds.

n—oo Ju t
By passing n to the limit in equation (2.1.12) we get for 0 <t; <ty < T,

to
o1 <2 [ (s +

t1

Therefore, the problem is reduced to the case that u belongs to bCr ; in the
remainder we assume u € bCr . (2.1.9), written with u* € bWH2([0,T]; L*) N
L3([0,T]; F) as test function, takes the form

to to . to
/ (ug, Op(uyh))dt + / EY (uy, u))dt + / /(ba, D, ug)u;t dmdt
(2.1.13) h h h

:/ Q(ft7ut+)d75+ (s, ;) = (a1,

t1

By [Bal0, Theorem 1.19] we obtain

to 1
[t duu e = Sl 1 = 1)

t1
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Then

to N to
it 113 + 2/ EW (ug, u; )dt + 2/ /<ba, D, ug)u;t dmdt
(2.1.14) g b

t2
- / (o)t + |12

t1

Next we prove for u € bF

(2.1.15) E(u,ut) > 0.

By Remark 2.1.1 (v), we have the above relation for u € D(L). For u € bF,
by (A4) we can choose a uniformly bounded sequence {u,} C D(L) such that
EX (un —u) — 0. Then we have

|/(ba,Dgu>u+dm - /(ba,Dgun>u:dm|
<] /(ba, Dy, — Dyu)utdm| + | /(ba, Dyu)(u, —u™)dm)|

g]\/[(/ | Dy, — Dgu\2dm)% + | /(ba, Dyu)(ut —u™)dm)|
—0.
By (A2) and [MOR95] €48 (ut) < AK2E%4(u), sup, £ (u}) < 4K%sup, £ (u,) <
oo, we also have
€%t () ™) — €% (u, )
<IEZE (i — 0, () ) + EL 1, () — )|
+ (e + D)(un — u, (un) V) + (e2 + D] (u, (un) ™ = u")]
<K (ES (i — u)H(E () ) + €5 1, () — )
+ (2 + ([ (wn) M2llun — ulla + (c2 + DI (un)™ — u2]|ull2)

—0.

As a result, we obtain (2.1.15) for u € bF. Then the assertion follows. O

To extend the class of solutions we are working with to allow f € L'(dt x dm),
we need the following proposition. It is a modified version of the above lemma.

Lemma 2.1.11 Let u € bF and f € L'(dt x dm) satisfying the weak relation
(2.1.9) with test functions in bCr and some function ¢ > 0, ¢ € L> N L>. Then u™
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satisfies the following relation with 0 <t <ty < T

to
o1 <2 [ (s +

t1

Proof First note that we can prove analogously to the proof of Lemma 2.1.10 that
for each u € bCr satisfying the weak relation (2.1.9) with data (¢, f) over the interval
[t1, 1], where ¢ < t; <ty < T for € > 0, the following holds

to
WLM<2/(ﬂwﬁﬁ+th

t1

For u € I we take approximating functions u™ and (¢", f™) as in the last part of
the proof of Proposition 2.1.9 . Then we have that u" satisfies the weak relation
(2.1.9) for the data ¢", f™ with test functions in bCr over the interval [e, 5] and
%SgthST. Note

nhm / I f* = fell1dt = 0.

Then we obtain

() *1lz < 2/2(ff,(U?)+)dt+ (g, ) 113,

t1

where ¢ < t; <ty < T for ¢ > 0. The convergence of all terms, which does not
depend on f, follows by the same arguments as the proof of Lemma 2.1.10. Since u

is bounded, it is easy to see that u" is uniformly bounded. Then we have

to
hm |/ dS—/ (fsau:)d$|
to
<M lim/ 177 = fullds + lim/ (Fur (uPYF — u)ds
=0.

Finally, we obtain

to
Mﬂb<2/(ﬁmhﬁ+W@ﬁ,

t1

where ¢ < t; <ty < T for € > 0. Letting ¢ — 0, the assertion follows. O

The next proposition is a modification of [BPS05, Proposition 2.9]. It represents

a version of the maximum principle.

Proposition 2.1.12 Let u € bF and f € L!(dt x dm), f > 0, satisfying the weak
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relation (2.1.9) with test functions in bCr and some function ¢ > 0, ¢ € L* N L.
Then u > 0 and it is represented by the following relation:

T
uy = Pr_¢ + / Py, fsds.
¢

Here we use P is a Cy-semigroup on L*(R%;m) to make P, ;f, meaningful.

Proof Let (f™)nen be a sequence of bounded functions such that
0<fr <<y lim =
n—0o0

Since f™ is bounded, we have f* € L'([0,T]; L?). Define

T
uy = Pr_4¢ +/ P, flds.
t

Then by Proposition 2.1.9, u" € Fis a unique generalized solution for the data
(¢, f"). Clearly 0 < u" < u"*! for n € N. Define y := v" —u and f := f* — f.
Then f < 0 and y satisfies the weak relation (2.1.9) for the data (0, f). Therefore
by Lemma 2.1.11, we have for ¢; € [0, 7]

T
It |2 < 2 / (Fury)ds < 0.

t1

We conclude that ||y;'||3 = 0. Therefore, u > u™ > 0 for n € N. Set v := lim,,_,o, u”.
By (2.1.7) we have

T T T
il +2 [ ebunds <2 [ (s ands + 613 +2a [ ucls
t t t

which implies that

T T T
g2 + 2 / 45 ds < 20 / / (7l dmds + 1|6]12 + 2a / 2 3ds.
t t t

By Gronwall’s lemma, we have sup,, sup,c(o ) [|[uf[|3 <const. We obtain lim,, o [|uf—

v¢||3 =0 and

n—o0

T
lim |/ /(f;‘u;Z — fsvs)dmds| = 0.
t

By [MR92, Lemma 2.12] we obtain

T N T . T N
/ Eféil(vs)ds < / lim inf 5?2’31(u?)ds < lim inf/ Ef;il(u?)ds.
¢ ¢ ¢

n—o0 n—oo
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Finally, for t € [0,T] we get
T T
Hthg + 2/ 8“’b(vs)ds < lim Hu?H% + liminf/ Sa’b(ug)ds

T T
< lim (2/ (f2,ud)ds + |63) + lim Za/ [ uf||3ds
t o t

n—oo

T T
) / (fovva)ds + ]2 + 20 / v |3ds.
t t

Since the right hand side of this inequality is finite and ¢ — v; is L-continuous, it
follows that v € F.

Now we show that v satisfies the weak relation (2.1.9) for the data (¢, f). As

" (t) := ||u} — vt||2 is continuous and decreasing, we conclude by Dini’s theorem

lim sup [ju} —vll2 =0,
=0 +¢[0,T)

and therefore .

lim |uf — vy]|3 = 0.
n—oo 0

Furthermore, there exists K € R, and a subsequence (ny)gen such that

|/ ob (u)ds| <K Wk €N

in particular

g K
/ |Dyu™|*dmds < — Vk € N.
0

&1
We obtain .
i [ e eas = [ e s,
and

T T
lim / /(ba, Dyul*)p dmds :/ /(ba,ngS>g08dmds,
k—oo [ 0

which implies (2.1.9) for v associated to (¢, f). Clearly u — v satisfies (2.1.9) with
data (0,0) for ¢ € bCy. By Proposition 2.1.9 we have u — v = 0. Since

T
v = Pr_4¢ + / P, fods,
t
the assertion follows. O

Corollary 2.1.13  Letu € bF and f € L'(dtxdm) satisfy the weak relation (2.1.9)
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with test functions in bCr and some function ¢ € L*NL>®. Let g € L'(dt x dm) be a
bounded function such that f < g. Then wu is represented by the following relation:

T
uy = Pr_¢ + / Py, fsds.
¢

Proof Define f*:= (fV (—n)) Ag,n € N. Then (f"),en is a sequence of bounded
9

functions such that f™* | f and f™ < g then by the same arguments as the proof of
Proposition 2.1.12, the assertion follows. O

The following proposition is a modification of [BPS05, Proposition 2.10] . Tt is
essential for the analytic treatment of the non-linear equation (1.1) which is done in
the next section.

Proposition 2.1.14  Let u = (u!,...,u!) be a vector valued function where each
component is a generalized solution of the linear equation (2.1.5) associated to cer-
tain data f?, ¢’, which are bounded and satisfy the conditions in Proposition 2.1.6
(ii) for i = 1,...,1. Denote by ¢, f the vectors ¢ = (¢',...,¢"), f = (f', ..., f') and
by Dyu the matrix whose rows consist of the row vectors D,u’. Then the following
relations hold m-almost everywhere

T 1 T
(2.1.16)  |u,|* + 2/ Po_(|Dyus|* + §c|us|2)ds = Pr_|¢|* + 2/ P._(us, f,)ds.
t t

T
(2.1.17) ul < Proilol + [ P, £)ds.
t

Here we write # = x/|z|, for x € R, 2 # 0 and & = 0, if 2 = 0.
Proof By Proposition 2.1.6 (ii) we have u € bCr.

First we assume [ = 1. If we can check that u? satisfies (2.1.9) with data
(2uf — 2|Dyul? — cu?, ¢*) for ¢ € bCr, then (2.1.16) will follow by Corollary 2.1.13.

We have the following relations:

T T
| a)de=2 [ uoiup)dt + () - (o)
0 0

EY(uf, p,) = 28" (up, wpy) — (2Dowi|* + cuf, y),

and
/(ba,Dg(Uf)Xotdm = 2/<bU’DoUt>Ut¢tdm‘



2.1. Preliminaries 37

For the second relation we use (2.1.2). Since u is a generalized solution of (2.1.5),

we obtain
T T
/(%@@MMM—WmW%JHmeM—/(ﬁm%ﬂt
0 0

T T
= —/ EV (uy, upp,)dt —/ /(ba,DUut)utgotdmdt.
0 0

By the above relations we have
(2.1.18)

T T .
/X@@Wﬁ+%w@4@wﬁa/w“wwgﬁﬂwﬂmmmmwt
0 0
T T
ﬂ/XMmWﬁ—/@mw#+M$wMt
0 0

Hence, by Corollary 2.1.13 (2.1.16) holds in the case [ = 1. To deduce this relation
in the case [ > 1, it suffices to add the relations corresponding to the components
|u|?,i = 1,...,1. For (2.1.17), define for ¢ > 0, h.(t) := \/t + & — /€ for t > 0. Then
by integration by parts we have

£ (he(|ul?), ) =€ (Jul?, RL(Jul?) ) — (W (Ju|?)| Dy (ul?)[, )
+ (clhe(luf®) — [ulRL(ul?)), @),

and

AUMWW%%WzA(WRM%%WWWﬁ—WﬁwwNWW)
T (ol g (fuoP)) + (he(ur ), o) — (he(ul2). o).

If we choose phl(|u|?) as test function in (2.1.18), we obtain
T
/0 (Jel?, Bu (P (Jue*)))dt + (Juol?, woh(luol*)) — (Jur |, orhi(lur|*))
T ~
4 [ @ P onul) + [ o Dallu))ob (o)t
0
T
0

T
Zé/<mwm%%wm%ﬁ—/ﬂMDwﬁ+dw?%%Wﬁ»ﬁ
0
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By the above relations we have

/0 (heluel?), Bupy)dt — (e((ur ). 07) + (heluof?). 20)
" / (E P (hal[ue?). 01) + / (b0, Do (e (e ) pydm) dt

:/0 — (P (lue ) [ Do (Jue| )%, 00) + (elhe([ul®) = [ul*h([ul*)), @)dt
+2/0 ((ftvut>hla(|ut|2)?90t)dt_/0 (B (el *) (21 Doua]* + clun?, ) dt.

As
| Dy (|ul®)[* = 4(u, Dou(Dyu)*u),

we deduce

2(f, uph(Jul*) = 2hL(Jul*)| Doul* — B (Jul*)| Dy (Jul*)[?
_{fru) = [Douf* | Jul*(@ Dow(Dou)"d)

(Jul? +£)3 (Jul? +£)2
__ fu) elDou’ + [ul(|Douf® — (i, Dou(Dou)*i))
(Jul? +¢)> (Jul? +£)2
{f,u)
T (luP e

By Proposition 2.1.14 and since c(h.(|us|?) — 2|us]?hL(|us|?)) < 0, we deduce

T
he(lug)?) < Pr_ih(|6]*) + / Ps-tm—fg);ds-

Letting ¢ — 0 the results follow. ([l

The next corollary is a version of the above proposition for general data, where
we use P, is a Cy-semigroup on L.

Corollary 2.1.15 Let u = (u',...,u') be a vector-valued function, where each
component is a generalized solution of the linear equation (2.1.5) associated to cer-
tain data f* € L'([0,T];L?),¢" € L? for i = 1,...,I. Denote by ¢, f the vectors
b= (¢ ....0), f = (f' ..., f") and by D,u the matrix whose rows consist of the
row vectors Dyu’. Then the following relations hold m-almost everywhere

T 1 T
(2.1.19)  |u > + 2/ Po_(|Dyul?® + Ec\us\Q)ds = Pr_|o]* + 2/ Py_(ug, fs)ds.
t t
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T
(2.1.20) || st|¢|+/ Py_i(iis, fs)ds
t

Proof Analogously to the proof of Proposition 2.1.14 it is enough to verify (2.1.19)
for [ = 1. For ¢ € L?, f € L'([0,T], L?), take ¢,, f,, as in the proof of Proposition
2.1.9, then we have

(a). Unyt = Pr_10, + ft st fn.sds is a generalized solution ,
(b)- Tt ;7 | fs = follads = 0,

(¢). limyos [, — @2 =0,

(d). limy, o0 ||y, — ullr = 0.

By Proposition 2.1.14 we have
(2.1.21)

T T
1
‘un,t’2+2/ Psft(’Da'un,s|2+§C|un,s‘2)ds = PTt’¢n|2+2/ psft<un,svfn,s>ds
t t

By (b) and (d) we obtain

T
H / Po((ttmes fs) — (11, £2))ds]s
T
C/ (Hun78”2an,s — fsll2 + HfSH2Hun,s — Us||2)ds
t

T
SO( sup ||un,s”2/ H.fns f5||2d$+ SUP ||uns USH/ ||fs”2d$
t

s€[0,T7] s€[0,T

—0, as n — oo.

Here we used that P, is a Cp-semigroup on L'(R% m). By (d) we conclude that

T
/ 11Dt o2 — [ Dyus ?1ds
! T T T
<(( / | Dyt 3s)E + ( / ||Dgus||§ds>%></ |Dottns — Dous||2ds)
tT 1 Tt . t
—(( / £ty )ds)* + ( / £2(u,)ds))( / £ty — u,)ds)

—0, as n — oo,

NI
NI
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and that

T

/ lewnsl? — leusPlluds

t

4 1/2 2 1 T 1/2 2 1 T 1/2 1/2 2 1
s((/ leM 2 2ds)F + </ ||c/us||2ds>z></ M2ty — M2y Bds)

t
<M(( / 5?211 unsds /53211 uy)ds)? /8?;’“ uns—us)ds)%
—0, as n — oo,

where we used (2.1.1) and (2.1.2) in the second inequality. Thus, we obtain

T T
lim/ Pst(|Dgun7S|2)ds:/ Py_| Dous|*ds,
t t

n—oo

and
T

T
lim Ps_t(|cun,s|2)ds:/ P,_4|cu,|*ds.
t

n—oo t

Passing to the limit n — oo in equation (2.1.21) (2.1.19) follows. (2.1.20) also follows
by using the same method. ([l

Lemma 2.1.16 If f,g € L'([0,T]; L?) and ¢ € L?, then:

T 1 T T
(2.1.22) / P, (fsPr_s¢p)ds < QPT_t¢2 + / / P, (fsPr_sfr)drds, m — a.e.
t t s

Proof Define
T
b= Pro, v o= / Py fuds.
t

By (2.1.19) we deduce
r 1
hi + 2/ P._(|Dyhs|* + §c|h3\2)ds = Pr_,¢%,
t

T 1 T T
vf + 2/ Ps_,5(|DO.vS|2 + §c|vs|2)ds = 2/ Ps_t(fs/ P._sf.dr)ds
t t S

and

T 1 T
hyve + 2/ P, ({Dyhs, Dyvs) + §chsvs)ds = / P, y(fsPr_s¢)ds
t t
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So, we obtain

T T
1
/ Psft(fsPTfs(é)dS :htvt —+ 2/ Ps,t(<Dgh/5, DO-'US> -+ §Chsvs)d5
t t

T
1 1
<3+ 0f) [ P(IDb P+ D 4 S+ Selhf)ds
t

| — N

T T
]DTft(é2 + / / Psft(fsprfsfr)drds-
t s

2.2 The Non-linear Equation

In this section, we solve the non-linear equation (2.2.1). In the case of non-linear
equations, we are going to consider systems of equations, with the unknown functions
and their first-order derivatives mixed in the non-linear term of the equation. The
non-linear term is a given measurable function f : [0,7] x R x R x R @ R¥ — R/,

[ € N. We are going to treat the following system of equations.
(2.2.1) O+ L)u+ f(-,-,u,Dyu) =0 up = ¢.
Here ¢ € L*(R?, dm; R!).

Definition 2.2.1 (Generalized solutions of the nonlinear equation) A generalized
solution of equation (2.2.1) is a system u = (u', 4?2, ...,u!) of [ clements in F' with
the property that fi(-,- u, Dyu) belongs to L*([0,T]; L?) and there are sequences
{u,} which are strong solutions of (2.2.1) with data (¢,,, f,) such that

|lun—u|lr = 0, ||¢,— |2 = 0, and lim f,(-, -, u,, Douy,) = f(+, -, u, Dyu) in Ll([O,T];LQ).
n—oo

Definition 2.2.2  (Mild equation) A mild solution of equation (2.2.1) is a system

u = (u',u?,...,u') of | elements in F', which has the property that each function

f(, -, u, Dyu) belongs to L*([0,T]; L*(m)) and such that for every i € {1,...,1},

(2.2.2) u'(t,z) = Pr_,¢"(v) + /T Py 1 f'(s, ", ts, Dyus)(x)ds,m — a.e..

Lemma 2.2.3 u is a generalized solution of the nonlinear equation (2.2.1) if and
only if it solves the mild equation (2.2.2).
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Proof The assertion follows by Proposition 2.1.9. U

We will use the following notations:

l
Il3 =D " ll¢'l3. ¢ € L*(RLRY,
=1

l l

5(u72}) = Zg(ui’vi),ga@%v) = Zga(ui’vi>’u7v S Flv

i=1 i=1

!
£ (u,v) = ZE“’b(ui,vi),u,v e F',

i=1

T 7 A
Julfy = sup ol + [ €cfs(un)dt,u e B
t<T 0

2.2.1 The Case of Lipschitz Conditions

In this subsection we consider a measurable function f : [0, T]xRIxR' xR'QR* — R
such that

(223> ‘f(t,l',y, Z) - f(t,as,y’, Z/)’ < O(‘y - y/| + |Z - Z/|)7

with t,z,y,y/, 2, 2" arbitrary and C' is a constant independent of ¢, z. Set fO(t,z) :=
f(t,x,0,0).

Proposition 2.2.4  Suppose that the conditions (A1)-(A4) hold and that f sat-
isfies condition (2.2.3), f° € L2([0,T] x R, dt x dm;R!) and ¢ € L?*(R% RY). Then
the equation (2.2.1) admits a unique generalized solution u € F' and it satisfies the
following estimate

T 1+QC+C.—2+2 +
lull3 < e TP D 612 | 12 oryre)-

Proof 1If u € F', then by relation (2.2.3) we have

|f(7 -,U,DUU,M < ’f(u ',U,DUU) - f(7 7070)’ + |f(7 7070)’
< C(Jul + [Dyul) + | f].

As f0 e L2([0,T] x R, dt x dm;R!) and |Dyu| is an element of L2([0, T] x R%), we
get f(7 ',U,DUU) € L2<[0,T] X Rd,Rl)
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Now we define the operator A : Ft— by
(Au); := Pr_4¢' + / Py f'(s, -, us, Dyug)ds, i=1,..,1
t

Then Proposition 2.1.9 implies that Au e [ In the following we write f;s =
fi(s,+, us, Dyus). Since (Au)i — ft s—t(fi s — fis)ds is the mild solution
with data (f! — fi,0), by the same arguments as in the proof of Proposition 2.1.9

we have
T ) ) T
1] Peosl i = Lol < M [ = sy
t
<0 =) [ s Sl

T
<Mr(T =) [ (s = vl + Do, = Do B)ds
t

< Mr(T = t)Ju = vl 7,

where My can change from line to line. Here |lullir,z) = (Supiepr, ) llwell3 +
T ESQZl(ut)dt)%, where 0 < T, < T, < T. Fix T; sufficiently small such that

7 := Mp(T —T1) < 1. Then we have :
[Au — AUH[QTl,T] < v[Ju— U||[2T1,T}

Then there exists a unique u; € F[TI,T] such that Au; = wu; where F[Ta,Tb] =
C(|T,, Ty]; L*) N L*((T,, Ty); F) for T, € [0,T) and Ty, € [T,, T).

We define the operator A! : F! — F' by

T
(Alu)! = Pry_quf g, +/ P f'(s, -, us, Dyug)ds, 1=1,..,1L
t
Then by the same method as above, we get
A" — AN 3y < Mr(Th = 8)|lu — [z,

Now we choose T, < T} such that Mr(T; —t) < 1. We obtain that there exists a
unique uy € ﬁ[Tz,Tl] such that Alus = us. If we define u := uy L )+ u2lim, 1), then
for T2 S t S T1

T
Pr_,¢' +/ Po_if'(s, -, us, Dyuy)ds
t
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T T '
= Pr_ &' + / Po_if'(s, -, us, Dyug)ds + / P f' (s, urs, Dyuy s )ds
t Ty

= PT—tQSl + / Ps—tfz(57 5 Us, Daus)ds + PTl—t(uzl,Tl - PT—T1¢Z)
t

. Tl . . .

- PT—tﬁbl + / Ps_th(S, 5 Ug, Daus)ds + PTl—tU’ZLTl - PT—tQSZ
t

= Ugy-

Ift> Tl,
T
(Au); = Pr_¢" + / Py f'(s, -, u1s, Douy s)ds
t
= ui,t?
Therefore, we can construct a solution over the interval [T, T|. Clearly there exists

n € N such that T' < n(T — T7). Hence, the construction is done after n steps.

In order to obtain the estimate in the statement, we write

T
| / (faes u)ds]

T T
< [ 158 Malls +.¢ [ s+ [ 1ol s
t t
<1/T|\f0|\2d tEios 02)/ o |2ds + S / £(u,)
S S . o S s
=92 ), Mel2 2 20 ] 2
By relation (2.1.7) of Proposition 2.1.9 it follows that
T T T
full+2 [ & ua)ds <2 [ (Fuwru)ds+ 1018 + 20 [ fuslBds
t t t
T Cz T
<3+ [ 172NBds + 1420+ & 20+ [ s
t 1 t
T .
+/ EY(ug)ds.
t
Now by Gronwall’s lemma the desired estimate follows.

[Uniqueness| Let u; and uy be two solutions of equation (2.2.1). By using (2.1.7)
for the difference u; — uy we get

T ~
lans — g3 + 2 / %5y — up.)ds
t

T T
§2/ (f(s, u1s, Dor 5) — f(s,+,Uss, Dotias), U5 — Ugs)ds + 204/ |1, — ug,s|/5ds
t t
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T T
§2/ C(|Dyuy s — Dyuss|, |urs — uasl)ds + (2a + C) / l|lug,s — Ug,sH%dS
t t

2 T T .
<(—+c+20+0) / |11, — ugs|[5ds + / EW (uy s — ugs)ds.
t t

&1

By Gronwall’s lemma it follows that
[ure = uaell3 = 0,

hence u; = us. O

2.2.2 The Case of Monotonicity Conditions

Let f: [0, T|xRIxR! x R'@R* — R! be a measurable function and ¢ € L?(R¢, m;R!)
be the final condition of (2.2.1). We impose the following conditions:

(H1) (Lipschitz condition in z) There exists a fixed constant C' > 0 such that for
t,x,y, z, 2 arbitrary

|f(t,9§',y, Z) - f(t7$7yvzl)| S C1|Z - Z/|'

(H2) (Monotonicity condition in y) For x,y,y’, z arbitrary, there exists a function
p, € LY([0,T]; R) such that

<y - yla f(twrava) - f(t,m‘,y’,z)} S /Lt’y - y/‘Z.

We set oy 1= fot eds.
(H3) (Continuity condition in y) For t,z and z fixed, the map

y— f(t,r,y,2)

1S continuous.

We need the following notations:
fo(t’ x) = f(t7 x? 07 0)7 f/(t7 x? y) = f(t7 m? y7 0) - f(t7 m? 07 0)7

ot x) = sup |f'(t,z, )|

ly|<r

(H4) For each r > 0, " € L'([0,T); L?).
(H5) [[9lloc < 00, [|f%lloc < 00, [8] € L2, ] € L([0, T]; L?).

If m(R?) < oo the last two conditions in (H5) are ensured by the boundedness
of ¢ and f°. The conditions (H1), (H4), and (H5) imply that if u € bF | then
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|f(u, Dyu)| € L*([0,T]; L?). Tt seems impossible to apply general monotonicity
methods to the map V 3 u — f(t,-,u(-), Dyu) € V' because of lack of a suitable
reflexive Banach space V such that V C H C V'. Therefore, also here we proceed
developing a hands-on approach to prove existence and uniqueness of solutions for
equation (2.2.1) as done in [BPS05].

Lemma 2.2.5 In (H2) without loss of generality we can assume that p, = 0.

Proof Let us make the change u; = exp(ay)u; and

¢* =explar)p,  fi(y,2) = exp(ay) frlexp(—ar)y, exp(—ay)z) — 1y,

for the data. Next we will prove that u is a generalized solution associated to the
data (¢, f) if and only if u* is a solution associated to the data (¢*, f*). Hence we

can write

T
U,t - PT—thi(x) + / Ps—t.fi(sa ) us> Daus)($)ds>
t

equivalently as

ui’* = eXp<Oét>PTft¢i(l') + eXp(th) /t Psftfi(sﬂ " Us, Daus)(w)ds
7)Pr 19 (z) + (exp(ay) — exp(oaT))PTftﬁ(:I:)

/ exp(a) — exp(03)) Pa f1(5, s, Dytiy) (1)

/ exp(,) Pa o (5, 4y, Doty (w)ds
—Pr 6" (o) + / Py (explas) £ (s, - us, Dytis)())ds

/ sexp(ag)Pr_ tgb ds—/ / g exp(ag) By f* (, L up, Dywy)dsdl
—Pr ¢ (z) + / P (exp(a) fi(s, - explas)u, exp(a) Do) (2)ds

/ poexplen) Proa) + [ e exp(@) a1 -, Dyl
—Pr 6 (o) + / P (s, -ty Dyt (@)ds.

Next we prove f* satisfies (H1)-(H5). It is obvious that (H1), (H3)-(H5) are satisfied.
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Let us prove that f* satisfies (H2) with p, = 0. We have

(=o' f(t,zy,2) = f(t, 2,9, 2))
=(y — v, 1y — 1Y)
+ (exp(ow))*(exp(—ay)y — exp(—aw)y, f(t, z, exp(—a)y, exp(—a)z))
— (exp(ou))*(exp(—ay)y — exp(—aw )y, f(t, x, exp(—on)y’, exp(—ov)z))
<~y =y + m(exp(ar))?| exp(—ar)y — exp(—ar)y'|”
=0.

Thus, by making the transformation f — f*, we can assume that p, = 0. O

Lemma 2.2.6 Suppose that conditions (A1)-(A4), (H1) and the following weaker
form of condition (H2) (with x, = 0) hold:

(H2") (y, f'(t,x,y)) <0 for all ¢, z,y.

If u is a generalized solution of (2.2.1), then there exists a constant K depending on
C, ., T, o such that

T
(2.2.4) lull3 < K(I613 + / T

Proof Since u is a solution of (2.2.1), by Proposition 2.1.9 we have

T T T
Jul+2 [ E¥u)ds <2 [ (foulds -+ url+ 20 [ s
t ¢ ¢
Conditions (H1) and (H2") yield

(fs(us, Dyus), ug)

fs(us, Dous) — fo(us, 0)|ug] + <f;(us),u5) + |f50||u5|

(fs(us, Dous) = fs(us, 0) + folus) + £, us)
| fs
(ClDous| + |£])]usl.

<
<
Hence, it follows that

T T T
o3 + 2 / £ (u,)ds <2 / /(C|Daus|+|f§|)|usldmds+||uT||§+2a / sl 2ds
t t t

T N 02 T T
g/ £ (uy)ds + (C—+1+2a+02)/ ||us||§d8+/ 1£S15ds
t 1 t t

+ [lur|l3.
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Then Gronwall’s lemma yields

T
lul2 < K (6|2 + / 1£013de).

O

By a modification of the arguments in [BPS05, Lemma 3.3] we obtain the fol-
lowing estimates.

Lemma 2.2.7 Suppose that conditions (Al)-(A4), (H1) and (H2’) hold. If u is
a generalized solution of (2.2.1), there exists a constant K, which depends on C, i
and T, such that

(2.2.5) [ullos < K ([[@lloc + 1£llo0)-
Proof By Corollary 2.1.15 we have
T T
(2-2-6) ’Ut|2 + 2/ Ps—t(|Dau|2) < PT—1€|925|2 + 2/ Ps—t<us’ fs<u57 Daus)>d8'
t t
Following the same arguments as the proof of Lemma 2.2.6 we deduce
(fs(us, Dous), us) < (CDous| + ’f£’)|u8|
By Corollary 2.1.15 (2.1.20) we obtain
T
< Pl + [ Preu(CIDau] + |52
Then we have
T
/ Ps—t<fs(usa Daus)u us>d8
tT T
< [ PedlPrdel + [ PeC1Dsu |+ 1 £2)dr)(CIDsu + 1121
t s
So, by (2.2.6) and Lemma 2.1.16 we obtain
T
|lug|® + 2/ P, _(|Dous|*)ds
t

T T
SPT_t|¢|2+2(/t Ps—t[(PT_s|¢|+/ P,—s(C|Douy| + 1 £71)dr)(C| Dous| + |£7])]ds)
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T T T T
<3Pr_i|¢|* + 202/ / Py_(|Dotts| Pr_s| Dyu,|)drds + 2/ / P (| f2)P—s| f2))drds
. . t S t S
2 / / Pos[Po(Cl Dty + |2 (CDytss| + £ ]drds.
t S
Since
T T
/ / Po P o(Cl Doty + |2)(ClDytss| + | [0])]drds
t S
1 T 4 01\2 0 2
§§ [Psft<C|DUUS‘ + ‘fs D ] + Psft[(PrfS<C|Daur| + |fr ’)) ]drds
t S
T T 1
<[ [ COPIDal + P+ SR CID + 12 ds
t S

T T
§202(T—t)/ Ps_t\DUus|2ds+2(T—t)/ P, | f°|%ds,
t t

and by Schwartz’s inequality one has

T T
/ / Py (1Dotta] Po o Dy )drds
t s

T T]_ T T]_
< / / S (Peci| Dy ydrds + / / (Pl Do P)rds
t S t s
T

S(T—t>/ Psft‘Dous|2d87

t

we conclude

T
|lug|® + 2/ Py (| Dyus|*)ds
t
T T
<3Pr_|¢|* +6C*HT — 1) / P,_;|Dyug|*ds + 6(T —t) / P, | f°|2ds.
t t

So we can deduce by iteration the estimate over the interval [0, 7] and obtain

T
wl? < sup sup K(Priol® + (T — 1) / Pyl f02ds)
t

t€[0,T] zeR4

< sup K([[0%]loo + T2 /°1%)
t€[0,T]

<K2(lloll% + 1°1%),
which implies (2.2.5). O

By the same methods as in [BPS05, Theorem 3.2], we obtain the following results.
As the method is similar as in the proof of [BPS05, Theorem 3.2], we will give the
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proof in the Appendix A.

Theorem 2.2.8 Suppose that m(dz) is a finite measure and that conditions (A1)-
(A4), (H1)-(H5) hold. Then there exists a unique generalized solution of equation
(2.2.1) and it satisfies the following estimates for some K; and K, independent of

u, ¢, f .
Julfs < Kol + 1521340
0

lullso < Ka([[@lloc + I17]loc)-

The following lemma is essential to the case that m(dx) = dz.

Lemma 2.2.9  Assume conditions (A1)-(A4),(H1)-(H5) hold. If u € F'is bounded
and for ¢ € bCr satisfies

T T
/0 €ty 00) + (ur, D)t = / (fultr, Do), )t + (ur, 1) — (0, ).

Then we have
T T T

||ut||§—|—2/ Ea’b(us)ds < 2/ (fs(us,Dgus),us)ds—i—ngSHg—i—Qoz/ ||u8||§ds, 0<t<T.
¢ ¢ ¢

Proof Define uf = # tt_Jrhh usds. Choose ¢, = u?, then we have for t, € [0, 7]

T 1 1 T
[l v = e )t = [ (Bl Do) e )G )
to to

That is to say,

1 T 1 to T
— (wg, Ugap,)dt — —/ (ut,ut+h)dt+/ & (ug, ul)dt
(2 2 7) 2h T—h 2h to—h to
2. -
:/ (fe(ug, Dotty), ul)dt + (up, ul) — (uy,, ui’o)
to
Letting h — 0 in (2.2.7), the assertion follows . O

For the case m(dx) = dx, we will use a weight function of the form 7(z) =
exp[—pf(z)], with € C*(R?) being a fixed function such that 0 < §(z) < |z|, and
O(x) = |z| if || > 1, and p € RT. If one chooses p > 0, then clearly one has
m(RY) < co. We denote the generalized Dirichlet form, function spaces and the
generator associated with p > 0 by &7, Fe, C%., L, respectively. In the case p = 0,
we drop p in the notation, i.e. £ = £°. And for the case p = 0, we need the following
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condition.

(A2’) (Sobolev inequality) For p =0, o is a bounded measurable field in R¢ and
ull, < CE(u,u)'?, Yu € C(RY),

where é + 2 =1 and [ - ||, denotes the usual norm in L9. And lbo| € LY(RY; dx) +
L®(R%: dx), ¢ € LY?(R% dx) + L>(R?; dx).

If (A2’), (A3) are satisfied, for u,v € bF, we have

EP(u,v) = /(Dgu, D,v)dm + /cuvdm—l— /((ba + bo, Dyu)vdm.
If p = 0, we additionally have
5“’5(u,u) < C&'(u,u),

and that F' = F'*. We consider the following condition,which is a technical condition
for our proof:

(H6). £%(u) < co,u € L? = u € F.

The Sobolev inequality and (H6) are satisfied if a is uniformly elliptic. By [S09,
Lemma 4.20] we have:

Lemma 2.2.10 Assume conditions (A2’), (A3) and (H6) hold. Let p > 0. Then
it holds

E(u, p) = E(u, pexp(—bp)) + (Mpu, ),
for uw € F,,p € bF,, where M,u = p(D,0, D,u,).

Theorem 2.2.11  Suppose that m(dz) = dz and that the conditions (A1),(A2’),(A3),
(A4) (H1)-(H5), (H6) hold. Then there exists a unique generalized solution of equa-
tion (2.2.1) and it satisfies the following estimates with constants K; and K3 inde-
pendent of u, ¢, f

T
lul2 < Ku(16]3 + / 170 13de).

lullso < Ka([[@lloc + I1/°lloc)-
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Proof Set for p > 0

k d

foltoay.z) = [ty 2) +py Y oi(x)dib(x)alz),

=1 i=1
and consider

(2.2.8) (0y+ L,)u+ f*(u, Dyu) =0, ur = ¢.
The associated weak equation has the form V¢ € bC/

(2.2.9)

T T
/ EP (ur, ) + (ur, Opipy) pldl = / (ff (ue, Dgur), 1) pdt + (ur, o1), — (U0, Po)p-

0 0
As f? satisfies conditions (H1)-(H5), we have a generalized solution u” of (2.2.8).

Fix p > 0 and take f,, € C$°(RY) such that f,(z) = 1 for z € B,(0), f,(z) =0
for x € BS,(0), O, fn(x) are uniformly bounded and 0, f,(z) — 0 as n — oo. If
@ € bCr, then pf, exp(fp) € bCH. As

T
/ E2(uf, g1 o exp(80)) + (uf, Dyipyfo)
0
T
- / (2t Dotll), Fugn)dt + (e Fuipr) — (Wl Fuo):

by Lemma 2.2.10 we have
(2.2.10)

T T
/0 E(ul oo L) +(ul Dupy [t = / (ool D), Fusp )t + (e Fripg) — (s Fuspo).

If u € F satisfies (2.2.10) for fixed p with test function ¢ € bCp, then u satisfies
(2.2.9) for p > p, with test functions ¢ where ¢ € bCl.

Now fix p; > 0. Then there exists a solution u”1 of (2.2.8) associated to p;. We
conclude that u”t satisfies the weak equation (2.2.9) for all p > p; with ¢ € bC%.
Then by Lemma 2.2.9 and the same arguments as the uniqueness proof of Theorem

2.2.8 we have u”t = u” for all p > p;.

Finally, we deduce that a solution u” of (2.2.8) associated to p is a solution of
(2.2.8) for all p > 0. Then by Theorem 2.2.8, we have

T
1|12, < K (6l + / TR
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Letting p — 0, by Fatou’s Lemma, we obtain
Pl2 — 1 P12
o1, = tim 13,
T
. 2 2
< tim Ki(lolR, + [ 1213,
p—0 0
T
2 2
=Kol + [ 17205
0

and
[0”]| 0o < Ka(|9llos + 11 /°]lso)-

By (H6), we have u? € L*((0,T),F). For u? € F* for p > 0, we obtain for any
hy, — 0,
[, — ufllzp = 0.

Then there exists a subsequence such that uj,, — u] for m,-almost every x.
Tk

Hence, uf hy, uf for dz-almost every x. Then by the same arguments as the

proof of Lemma 2.2.9, we have

t+h
12, — 1?2, <21 / 2, £0),ds| + | / 45 () ds| + o / 12|12, ds]
t
<M / | fllayds + M / £0  (uh)ds.
t t

Letting p — 0, we get

18~ < 2 [ s v [ ek

Hence we have u},, ~— uf in L*(R?, dz). Since this reason holds for every sequence
"k

h, — 0, we have u? € C([0,T], L?), hence u? € F. By the above arguments, we
deduce that

T _ _ T ~
/0 g(uf; Sotfn)+(utp; 8t§0tfn)dt = /0 (ft(ut D ut) fngpt)dt—i_(uTﬂ anOT) (u87 anPO)'

Letting n — oo, we conclude that

T T i
/ (i, o)) + (uf, Oupy)dt = / (o, Do), o)t + (i o7) — (s 20)-
0 0

Since f,(u?, Dyu?) € L'(]0,T]; L?), we can choose (f™)nen € C5°([0, T] xR%) such
that fo £ — fi(u?, Dyu?)||l2dt — 0. Let v™ be the generalized solution associated
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with (f™, ¢). Then v™ is bounded. For

T
v i= Pr_p(x) + / Py f(s, - ul, Dyuf)(2)ds,
t

we have ||[v™ — v|]|7 — 0. On the other hand, by Lemma 2.2.9 we have

T 7 ~
e — o2 + 2 / 9w — o7)ds
t
T B ~ B T ~
<2 / (fu(ul, Do) — f7 0l — o7)ds + 2a / o — 7 [12ds
t t
T ~ ~ T ~
<oM / 1o, Do) — f7ads + 2a / lu? — o7 |3ds.
t t

By Gronwall’s lemma we obtain [[v" — u?||;z — 0, as n — oo. Therefore, we have
uf = vy. That is to say u” is a mild solution of (2.2.1). O

2.3 Martingale representation for the processes

The Brownian motion has the martingale representation property: any martingale
with respect to the filtration generated by the Brownian motion can be expressed
as an [t integral against the Brownian motion. In classic case, this property is
essential to the existence of the solution of a BSDE.

The martingale representation property of a family of martingales has been stud-
ied in a huge of literature. Several general results have been obtained, for example,
Jacod and Yor [JY77] have discovered the equivalence between the martingale rep-
resentation property and the extremal property of martingale measures. However,
when applied to specific situation, further work and hard estimates are often re-
quired. Recently, a lot of work (see e.g. [BPS05], [QY10], [Zh]) extend the martin-
gale representation property to Markov processes associated with Dirichlet forms. In
this section, we extend the martingale representation theorem under the framework

of generalized Dirichlet forms.

2.3.1 Representation under P”

In order to obtain the results for the probabilistic part, we need £ to be a quasi-
regular generalized Dirichlet form (Definition 1.3) in the sense of Remark 2.1.1 (iii)
with ¢g,¢ = 0 and ¢ = 0. The Markov process X = (Q, Foo, Fi, Xi, P*) with shift
operator (0;):>o is properly associated in the resolvent sense with &, i.e. R,f :=
E* fooo e f(X;)dt is an E-quasi-continuous m-version of G, f, where G,,a > 0
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is the resolvent of £ and f € By(R?) N L?*(R%m). The coform £ introduced in
Section 1.1 is a generalized Dirichlet form with the associated resolvent (Ga)a>0 and
there exists an m-tight special standard process properly associated in the resolvent
sense with £. We always assume that (F; )0 is the (universally completed) natural

filtration of X;. From now on, we obtain all the results under the above assumption.

For the concepts related to additive functionals that we used in this section, we

refer to Section 1.2. We consider the following conditions:

(A5) X is a continuous conservative Hunt process in the state space R? U {9}.
G, is strongly continuous on ¥ and £ is quasi-regular. C§°(R?) C F and for u € F,
there exists a sequence {u,} C C°(RY) such that &(u, — u, u, — u) — 0,n — 0.
Fy, :={z € R, |z| <k} is an E-nest (Definition 1.2).

Remark 2.3.1 The last two conditions in (A5) are satisfied if C5°(R?) is dense
in F. It is easy to verify the condition (A5), if £ satisfies the weak sector condition.
The following two examples satisfy (A5) and they don’t satisfy the weak sector
condition.

Example 2.3.2 Consider b = (b) : R — R be a Borel-measurable vector field.
Let us define
Lu = Au+ (b, Vu,), Vu € Cp°(RY).

Assume that

lim (b(x),x) = —o0,
|z|—o0

and that there exist Cy,Cy, m € [0,00) such that

b(x)| < Cy + Colz|™ r € RY.

Then by [BR95, Theorem 5.3], there exists a probability measure p on R? such
that
/ Ludp =0 Yu e C°(RY)
R4

and
be L*(p).

By [BR95, Theorem 3.1] we have du is absolutely continuous w.r.t. dx and the
density admits a representation ¢?, where ¢ € H?(R? dx). The closure of

1
E%u,v) = 3 /(Vu,Vv)d,u; u,v € Cg°(RY),
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on L?(R%, ) is a Dirichlet form. Denote b° := 2V /¢ and 8 := b—b°. Then we have
B € L*(R% R4, 11). Then by [St1, Proposition 1.10 and Proposition 2.4] (L, C§°(R?))
is L'-unique. Then by the proof of [St1, Proposition 2.4] for u € bF there exists a
sequence {u,} C C°(R?) such that &(u, — u,u, —u) — 0,n — oo.

Consider the bilinear form
1 1
E(u,v) = 3 /(Vu, Vu)du — /<§B,Vu>vd,u u,v € C°(RY).

Then by the computation in [Tr2, Section 4d] we have that conditions (Al)-(A5)
hold for the bilinear form £.

Example 2.3.3 Consider d > 2, A = (a"”) a Borel-measurable mapping on R?
with values in the non-negative symmetric matrices on R?, and let b = (b%) : R — R¢
be a Borel-measurable vector field. Consider the operator

Layh = 0;(a0;1) + b0, vy € C°(RY),

where we use the standard summation rule for repeated indices. By H'?(R?, dz) we
denote the standard Sobolev space of functions on R? whose first order derivatives
are in LP(R%, dz). Assume that for p > d

(Cl)a¥ € H-P(RY, dx), (a*) is uniformly strictly elliptic in RY.

loc
(C2)bi € LP (R?, dz).

Here by Hllo’f (RY,dx) we denote the class of all functions f on R? such that
fx € HY"(R? dx) for all y € C°(R?). And L (R? dx) denotes the class of all
functions f on R such that fx € LP(R?) for all y € C5°(R%). Assume that there
exists V € C?(R?) (”Lyapunov function”) such that

lim V(x) = 400, lim Ly,V(x) = —o0.

|z| =00 |z| =00

Examples of V' can be found in [BRS00]| and the reference therein.

Then by [BRS00, Theorem 2.2] there exists a probability measure x4 on R? such
that

/ Laybdp =0 Yy € C(RY).
R‘i

Then by [BRS00, Theorem 2.1] we have dpu is absolutely continuous w.r.t. dz
and that the density admits a representation 2, where ¢?> € H} P(R? dz). The

loc

closure of .
E%u,v) = 3 /(Vua, Vo)du; u,v € C°(RY),
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on L?(R% 1) is a Dirichlet form.

If in addition, there is a positive Borel function 6 on [0, co) such that lim,_,, 6(t) =

+00 and

LayV(x) < ¢ — coB(|bA™2])[pbA~2|?

outside some ball, then by [BKR06, Theorem 2.6] b € L*(R%R? ). Set 00 =
(b9, ...,89), where bY := 22?:1 a’d;0/p,i = 1,..,dand B := b —b’. By [BKROG,
Theorem 2.6] 8 € L2(R% R?, ). Then by [St1, Proposition 1.10 and Proposition 2.4]
(L,Cs(RY)) is L'-unique. Then by the proof of [St1, Proposition 2.4] for u € bF
there exists a sequence {u, } C C5°(R?) such that &(u, — u,u, —u) = 0,n — co.

Counsider the bilinear form
1 1
E(u,v) = 3 /(Vua, Vu)dp — /(55, Vuyvdp u,v € C5°(R?).

Then by the computation in [Tr2, Section 4d] we have that conditions (A1)-(A5)
hold for the bilinear form £.

For an initial distribution p € P(R?), here P(R?) denotes all the probabilities
on R?, we prove the Fukushima reprensentation property mentioned in [QY10] holds
for X, i.e. there is an algebra K (R?) C B,(R%) which generates the Borel o-algebra
B(R?) and is invariant under R, for a > 0, and there are finitely many continuous
martingales M1, ..., M? over (Q, F*, FI', P*) such that for any potential u = Rf,
where @ > 0 and f € K(RY), the martingale part M of the semimartingale
u(X;) — u(Xy) has the martingale representation in terms of (M?!,..., M?), that is,
there are predictable processes Fi, ..., Fy on (Q, F* Ft') such that

d t
MM :Z/ FidMJ  P'—a.s.
j=1"0

Let us first calculate the energy measure related to (M) u € C3°(RY). By [Tr2,
(23)], for bounded g € L'(R%,m), we have

/évgd,u(M[u])

= lim a(U, 1, Ghy)

~ bm Lim B (ot gl 1 E Tt ()t
=l Jim B (0O + T B[ 100+ )

t
= lim lim a(u<M[u]>,6_(7+a)t/ P,G,gds)
0

a—00 t—00
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+ lim a(y + oz)(/oOo 6_(7+a)tEé,yg,m<(U(Xt) —u(Xo) — N;")?)dt)

a—00

=l Gy a)( [ e E L ((0(X) ~ u(Xo) )

a—0o0

= lim 2a(u — aGau,uG,g) — a(u? G g — aGG.g)

a—0o0
:2(—LU, UG’Yg> - (_Lu 7G'Yg)
=28 (u, uGg) — E(u?, Gy9)

:25“’B(u,ué’ﬂ,g) — 5“’8(u2, GL9) + 2/<ba, DyuyuGgm(dz) — /(ba, D,u?)Ggm(dz)
=2£"(u,uGg) — E*(u*, Gyg)
—9 / (D, Dy (uChg)ydm — / (Do, Dy (Cg)ydm
:2/<Dau,DUu)évgdm.
Thus, by [Tr2, Theorem 2.5] we obtain
oty = 2(Dou, Dyu) - dm.

So, for u,v € C°(R?), for q.e. x under P?,

t
(2.3.1) (MM, :2/ (Dyu, Dyv)(X,)ds.
0

Then by (Ab5) and [Trl, Theorem 4.4], we deduce (2.3.1) for every u,v € F.

By (A5) F, = {x € R%, |z| <k}, k € Nis an E-nest. By [Tr2, Theorem 3.6], for
u;(xz) = x;, we have the Fukushima decomposition for Al := u;(X) — u;(X,), and
let M € MZOC>(Fk)k€N be the associated local martingale additive functional. Here
Mloc7( Fu)ren Means that there exists (M k)keN C M such that for any k

Mt M vt<0_FF

where ope = inf{t > 0| X; € Fi}.

We define the stochastic integral f - M® e M for f € LA(R% ppreny) as in
FOT94, p243], and for L € M we have
[ , p243],

where f - (M® L), = fo d(MD L),

Theorem 2.3.4  Suppose (A5) holds. Let u € C}(RY), where C}(R?) denotes
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the continuous function with compact support and continuous first order derivative.
Then for q.e. x under P*,

d
Ml — Zu"” M@
i=1

Proof By [Tr2, Theorem 3.6] we obtain that for q.e.  under P*, for ¢t > 0

d
~ 3w, - MDY, Z/ oy (X )it (X,)d(MD, M),
=1

i,7=1
_22/ oy (Xt (X,)A(M @, MO,
i,7=1
+Z/ux ), (X )d(M D MO
2,7=1
=0.
Then the assertion follows. ]

Then by [Tr2, Lemma 2.4, Lemma 1.18], we have for q.e. x under P*,

(2.3.2) (M M t_z/ Zal

=1

Lemma 2.3.5 Suppose (A5) holds. Let C; be a uniformly dense subset of C(IR%).
Here Cy(R?) denotes the continuous function with compact support. Then the family
{f-MW: feC,ue CPRY} of stochastic integrals is dense in (M, e).

Proof Suppose that an MAF M € M is e-orthogonal to the above family, namely,
Ix fdppg ey = 0,Vf € Cru € Ce(RY). This identity extends to all u € F by
[Tr1, (13)] and (A5). Hence,

(M, M"Yy =0  VueF.

In particular, this holds for u = Gag,a > 0,Vg € Cy(R?Y). By [FOT94, Theorem
A.3.20] we deduce that M = 0. O

Theorem 2.3.6 Suppose (A5) holds. Then the space M can be represented by
stochastic integrals based on M® = M=l 1 <i < d:

(2.3.3) M = {Zf MO ZZ/ (f:f;0! m(dx) < oo},

i,j=1 [=1
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and
o3 fir M) = Z Z / (fif;0t0h) () m(dx).

Proof The space of the right hand side of (2.3.3) is dense in (M, €), since it contains

the set
d

{f - MM = "(fuy,) - MY f € Co(RY),u € CHR)},

=1

which is dense in (./\/l, e) by Lemma 2.3.5. Hence, it is enough to show that the right
hand side of (2.3.3) is closed in (M, e).

Suppose that lim,, ., e(M, — M) = 0, where

d

M, = fo“ M® Z/%f“"” F™dm < 0o, M € M.

i,j=1

w) = [ 1" = fyofam,

we deduce that f"o converges in L?(R%,R¥;m) to some function h € L*(R4, R¥;m)
Let f = hr, where 7 is the matrix that we have introduced at the beginning of
Section 2.1 and M' = 320 fi- M@ then

Set f" = (f7, ..., f1). Since

which converges to zero as n — oo. Therefore, we have M = M’ and

ZZ/ (fif;00") (2)m(dz) < .

1,9=1 =1
0
As a consequence, X satisfies Fukushima representation theorem mentioned be-

fore. To prove main results in this section we need the following lemma which is
proved by Meyer in [M67] (see also [QY10, Lemma 2.2]).

Lemma 2.3.7 Let K(RY) C By(R%) be an algebra, which generates the Borel
o-algebra B(RY), and Cy be all { = &, --- &, n € N, §; = [T e " f;(X;)dt, where
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a; € Qf, fj € K(RY),j =1,...,n. Then the completion of the o-algebra generated
by CQ is JT"OO

Moreover, by an analogous method to the proof of [QY 10, Theorem 3.1] we have
the martingale representation theorem for X.

Theorem 2.3.8 Suppose (A5) holds. Then there exists some E-exceptional set
N such that the following representation result holds: For every bounded F.-
measurable random variable £, there exists an predictable process (¢, ..., 04) :
[0,00) x Q — R% such that for each probability measure v, supported by R¢\ N,

one has .
=B (ER)+ Y [ s P,
i=0 /0

and
v > 2 1 V2
B [ o0 ) Pds < 3B
0

If another predictable process ¢’ = (¢}, ..., @) satisfies the same relations under a
certain measure P”, then one has ¢;0(X;) = ¢,0(X;),dt x dP” — a.s..

Proof Suppose that N is some fixed exceptional set. By K we denote the class of
bounded random variables for which the statement holds outside this set. First we
prove that if (¢,,) C K is a uniformly bounded increasing sequence and £ = lim,, o, §,,
then & € K.

Indeed, since ¢ and &, are bounded, E*|§, —&|? — 0. Denoting by ¢ the process
which represents £", we obtain

E* /Oo (&% — ¢7)o(Xs)|*ds < E*(&, = &,)* = 0, as n,p — oo.
0

Now we want to pass to the limit with ¢" pointwise, so that the limit be pre-
dictable. In order to obtain a sequence of representable variables that converges
rapidly enough under all measures P,z € N¢, we are going to construct them as
follows. For each | = 0,1, ... set ny(x) = inf{n|E"(§ —&,)* < 5},& = &,,()- The
process which represents £ is simply obtained by the formula gy = ¢"X0 With
this sequence we may pass to the limit and define ¢, = limsup,_, ., gBi,a(Xs) (where
limsup is taken on each coordinate) and ¢, = 1,7(Xs) where 7 is the matrix that
we have introduced in the beginning of Section 2.1. Then we obatin

Em/ ‘(G_bls — ¢,)0(X,)[Pds — 0, as [ — oo.
0

By this we obtain & € K.
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Let K(R?) C By(RY) be a countable set which is closed under multiplication,
generates the Borel o-algebra B(R?) and R,(K(R?)) C K(R?) for each o € Q.
Such K (R?) can be constructed as follows. Choose Ny C B,(RY) to be a count-
able set which generates the Borel o-algebra B(R?). For [ > 1 define Ny =
{91---9%, Rafgr.--gr, f,9: € Nijyk € NU {0}, € QT} and K(RY) := U, N;.

Let Co be all § = & ---&,, neN, & = [Fe o f;(X,)dt, where a; € QT,
fi € K(RY),j =1,...,n. By Lemma 2.3.7 the completion of the o-algebra generated
by Cy is F . By the first part of our proof a monotone class argument reduces the

proof to the representation of a random variable in Cy.

Let € € Cy. By Markov property of the process X, we obtain the following result
(see e.g. [QY10, Theorem 3.1])

N, = E*(§|F) = ZZZ”,

where the sum is a finite one, and for each m, Z™ = Z; has the following form

Zt = %U(Xt%

. . . : . k'
(the superscript m will be dropped if no confusion may arise), where V; = [[._,;

fg e Pisg;(X,)ds and u(z) = Rg 4. 48,(hi(Rg,+. 48, ho-..(Rg, h)...) for B; € QF, g5, h; €
K(R%). We have u € K(RY). Hence, by the Fukushima decomposition and the
Fukushima representation we obtain

d t
(23.4) (X)) —u(Xo) = M + 4 =" / GldMO) + AM pr_ s
for some predictable processes G?. Then by It6’s formula, we obtain
t t d t ' '
Zy = Zo+ / w(X,)dV, + / V,dAM + Z/ V,-GIdMY)  P* —a.s..
0 0 i=1
Hence the martingale part of Z; is 2?21 f; V, - GidMY) . We deduce that

d
N, = 2; /Ot S vreGridMm  PT—as..

As a result, the representation holds for £ € Cy. As (2.3.4) holds for every x outside
a set of zero capacity. Then we take the exceptional set N in the assertion to be
the union of all these exceptional sets corresponding to u € K (R?). O
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One may represent separately the positive and the negative parts and then we

have the following corollary.

Corollary 2.3.9  Suppose (A5) holds. Let N be the set obtained in the preceding
theorem. Then for any F,-measurable nonnegative random variable ¢ > 0 there
exists a predictable process ¢ = (¢4, ..., ¢4) : [0,00) x 2 — R? such that the following
holds

d o0
=B R+ [ s Proas,
i=0 /0

and - 1
B [ loo(xXopds < 3B
0

for each point x € N¢ such that E*¢ < oo.

If another predictable process ¢’ = (¢, ..., ¢;) satisfies the same relations under
a certain measure P?, then one has ¢,0(X;) = ¢,0(X}),dt x dP* — a.s.
2.3.2 Representation under P
In the following, we use the notation fotw(s, Xs).dM, := Zle fot Y, (s, XS)dMS(i).

Lemma 2.3.10  Suppose (A1)-(A5) hold. If u € D(L) and ¢ € Vu, then

(X)) — u(Xy) = /0 W(X.).dM, + /O Lu(X)ds  P™—as.

Proof The assertion follows by the Fukushima decomposition, (2.3.1), (2.3.2) and
Theorem 2.3.6. O

The aim of the rest of this section is to extend this representation to time de-
pendent function wu(t, ).

Lemma 2.3.11  Suppose (A1)-(A5) hold. Let u : [0,7] x R? — R be such that
(i) Vs,us € D(L) and s — Lu, is continuous in L.
(i) w € CY([0,T7]; L?).
Then clearly u € Cp. Moreover, for any ¢ € Vu and any s,¢ > 0 such that
s+t < T, the following relation holds P™-a.s.

t t
u(s +t, Xy) —u(s, Xo) = / (s +r, X,).dM, + / (0s + L)u(s + r, X, )dr.
0 0

Proof We prove the above relation with s = 0, the general case being similar. Let
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0=ty <t <..<t,=1Dbe a partition of the interval [0, ¢] and write

u(t’ Xt) - u<0’ XO) = (u(tn-i—lv th+1) - u(tn’ th))

bS]
—

i
o

Then, on account of the preceding lemma, each term of the sum is expressed as

u( n+1, th+1) - (thtn)
=u(tny1, th+1) — U(tny1, Xp,) + ultngr, Xo,) — ultn, Xy,)

tn+1 tnt1 tnt1
/ ot (X,) dMS—I—/ Lutn+1(XS)ds+/ Osus( Xy, )ds,
tn tn

where " = (7T Lyt € Vg, ., and the last integral is obtained by using
the Leibnitz-Newton formula for the L2-valued function s — wu,. Below we esti-
mate in L? the differences between each term in the last expression and the similar

terms corresponding to the formula we have to prove. Here we use mP, < m i.e.
[ P.fdm < [ fdm for f € B*. This holds since P, is sub-Markovian. Then we have

tn41 tni1
E™( PN (X).dM — (s, X,).dM,)?

:Em/ UKL = (s, X))o (X)Pds

tn+1
g/ Euy, ., — us)ds.
tn

Since s — Luyg is continuous in L?, it follows that s — w, is continuous w.r.t. &{-
norm. Hence the difference appearing in the last integral £¢(u, , —us) is uniformly

small, provided the partition is fine enough. From this one deduces that

p— tnt1 t
Z/ ¢”+1(XS).dMS—>/ W(s + 7, X,).dM,.
0 “ tn 0

The next difference is estimated by using Minkowski’s inequality

(Em(Z/tnﬂ(Luth - Lu8>(XS)dS)2)1/2

p—1

IN

tn+1
/ (E™(Luu, ., — Lug)*(X,))"2ds
tn

'—‘O

tn+1
<3 [ It - L
tn

n=

bS] 3

[en]
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so that it is similarly expressed as in integral of a uniformly small quantity.

For the last difference we write

(B Z/tf“ (Ou(Xe,) — Do (X)ds))

1 tna1

Z/ (E™ (04, (X,) — Dyus(X,))2) 2
n=0

-

L thrl
/ (E™(05us(X0,)? + Poy, (05us)2(Xy,) — 205us(Xy, ) (Poy, D5u) (X, ) 2ds
0

5 / T B (Oaus(Xe,) — (o Do) (X))
+ (Psftn(asu8) (Xt,) = ((Po—i, Osus) (X, ))2)))1/2d5

b~ ! tn+1
/ / (Osus = Pyy, Ostis)? + Py, (D) — (Pyy,, O5u,)*dm)) 2 ds.

n=0

From the hypotheses it follows that this will tend also to zero if the partition is fine
enough. Hence the assertions follow. O

Theorem 2.3.12  Suppose (A1)-(A5) hold. Let f € L*([0,7]; L?) and ¢ € L*(R?)
and define

T
up = Pr_1¢ + / Py i fsds.
t

Then for each 1) € Vu and for each s € [0, T], the following relation holds P™-a.s.

u(s +t, Xy) —u(s, Xo) = /tw(s +r X,).dM, — /t f(s+r, X,)dr.
0 0

In particular, if u is a generalized solution of PDE (2.2.1), for each t € [s,T] the
following BSDE holds P™-a.s.

T—s

T
u(t, Xi—s) = ¢(XT_S)+/ fr, Xo—s,u(r, X, —s), Dou(r, X,_s))dr— Y(s+r, X,).dM,.

t—s

Proof Assume first that ¢ and f satisfy the conditions in Proposition 2.1.6 (ii).

Then we have u satisfies the conditions in Lemma 2.3.11. Then by Lemma 2.3.11,
the assertion follows. For the general case we choose u" associated (f",¢") as in



66 Chapter 2. BSDE and generalized Dirichlet form: finite dimensional case

Proposition 2.1.9. Then we obtain that if n — oo, ||[u™ — u||z — 0. For ™ we have

(2.3.5) u"(s+t,Xy) —u"(s, Xo) = /t YY" (s+r, X,).dM, — /t f(s+r X,)dr.
0 0

As .
o /0 (67 (5 + . X,) — 0P(s + 1, X, ).dM, |
<pm /t W™ (s + 1, X,) — 075+ 1, X))o (X,) Pdr
0
< /t ENugy, — Ugyy )dr,
0
letting n — oo in (2.3.5) we obtain the assertion. O

2.4 BSDE’s and Generalized Solutions

The set N obtained in Theorem 2.3.8 will be fixed throughout this section. By
Theorem 2.3.8 we can solve BSDE’s under all measures P*, x € N°¢, at the same
time. We will treat systems of [ equations, [ € N, associated to R!-valued functions
f:00,7T] x 2 x R x RE @ RF +— R!. These functions are assumed to depend on
the past in general and it turns out that a good theory is developed assuming that
they are predictable. This means that we consider the map (s,w) — f(s,w,,+) as
a predictable process with respect to the canonical filtration of our process (F).

Lemma 2.4.1 Suppose (A5) holds. Let £ be an Fr-measurable random variable
and f:[0,7] x Q — R an (F;):>o-predictable process. Let A be the set of all points
x € N°¢ for which the following integrability condition holds

T
B (j¢] + / 1F(5,w)[ds)? < oo.

Then there exists a pair (Y}, Z;)o<t<r of predictable processes Y : [0,T)xQ +— R, Z :
[0,7) x Q — R% such that under all measures P*, x € A, they have the following
properties:

(i) Y is continuous,

i1) Z satisfy the integrability condition
(i) y g y
T
/ | Zo(X,)|Pdt < o0, P* —a.s.,
0

(iii) The local martingale fot Zs.dMy, obtained by integrating Z against the coordi-
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nate martingales, is a uniformly integrable martingale,

(iv) they satisfy the equation
T T
Y;—f—l—/ f(s,w)ds—/ Zs.dM, P*—as,0<t<T.
t t

If another pair (Y}, Z}) of predictable processes satisfies the above conditions (i),(ii), (iii),(iv),
under a certain measure P” with the initial distribution v supported by A, then one
has Y. =Y/ P —a.s. and Z,0(X,) = Z]o(X,),dt X P¥ — a.s..

Proof The representation of the positive and negative parts of the random variable
£+ fOT fsds give us the predictable process Z such that

§+/0Tfsd8=EX°(§+/OTdes)+/OTZS.dMS.

Then we get the process Y by the formula

T t t
v, = B¢ / fuds) + / Z..dM, - / fuds.
0 0 0
O

Definition 2.4.2 Let ¢ be an Rl-valued, Fr-measurable, random variable and
f 00,7 x O x R x Rl @ R — R! a measurable R'-valued function such that
(s,w) — f(s,w,-,-) as a process is predictable. Let p > 1 and v be a probability
measure supported by N such that EV[{[P < co. We say that a pair (Y}, Z;)o<i<r
of predictable processes Y : [0,T) x Q — R, Z:[0,T) x Q — R' ® R is a solution
of the BSDE (2.4.1) in LP(P") with data (¢, f) provided that Y is continuous under
P¥ and satisfies both the integrability conditions

T
/ |f(t, -, Y, Zyo(Xy))|dt < oo, PY —a.s.,
0
T
B / | Zyo(X)[2dt)"? < oo,
0
and the following equation, with 0 <t < T,

T T
(2.4.1) Yi=£¢64 / f(s,w,Ys, Zo(Xs))ds — / Zs.dMs,, P’ —a.s..
t t

Let f:[0,7] x Q x Rl x Rl @ R* — R! be a measurable R'-valued function such
that (s,w) — f(s,w,-, ) is predictable and satisfies the following conditions:
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(Q1) (Lipschitz condition in z) There exists a constant C' > 0 such that for all
t? w? y? Z? Z/

[f(tw,y,2) — ft,w,y,2)] < Clz = 7).
(22) (Monotonicity condition in y) There exists a function u, € L'([0,T],R) such
that for all w,y,v/, 2,

<y - y,7 f(t7w7 Y, Z) - f(tawa 3/7 Z)> < :U’t‘y - yI’27
and oy 1= f(f fyds < oo.

(Q3) (Continuity condition in y) For t,w and z fixed, the map

y—= f(t,w,y, 2),

1s continuous.
We need the following notation
fo(ta O.)) = f(ta w, 07 0)7 f/(t7 W, y) = f(ta w,vy, 0) - f(t> W, 07 0)7
Fr(tw) = sup | f'(t,w,y)|.
ly|<r

Let ¢ be an Rl-valued, Fr-measurable, random variable and, for each p > 0 denote
by A, the set of all points € N for which the following integrability conditions
hold,

T
(2.4.2) Ex/ fdt < oo, ¥r>0,
0

E(JeP + ( / 125, w)|ds)?) < oo.

Denote by A, the set of points z € N for which (2.4.2) holds and with the property
that [¢], | f°] € L (P7).

Proposition 2.4.3 Under the conditions (A5), (21), (€22), (223), there exists a
pair (Y;, Zi)o<i<7 of predictable processes Y : [0,T) x Q — R, Z : [0,T) x Q
R! @ R? that forms a solution of the BSDE (2.4.1) in LP(P®) with data (¢, f) for
each point z € A,. Moreover, the following estimate holds with some constant K
that depends only on C, px and T,

T T
Be(sup WiP+([ 1 Zo(X0)Pdr) < KE(EP+([1PGwlisy). e a,

t€[0,T]
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If z € Ay, then sup,eop [Yi| € L(P).

If (Y/,Z]) is another solution in LP(P¥), for some point x € A,, then one has
Y, =Y/ and Zio(X;) = Zjo(Xy),dt x P* — a.s..

The proof is based on more or less standard methods. Therefore, we include it
not here, but in the appendix below.

We shall now look at the connection between the solutions of BSDE’s introduced
in this section and PDE’s studied in Section 2.2. In order to do this we have to
consider BSDE’s over time intervals like [s, 7], with 0 < s < T'. Since the present
approach is based on the theory of Markov processes, which is a time homogeneous
theory, we have to discuss solutions over the interval [s, T|, while the process and

the coordinate martingales are indexed by a parameter in the interval [0, 7 — s].

Let us give a formal definition for the natural notion of solution over a time
interval [s,T]. Let & be an Fr_s,-measurable, Rl-valued, random variable and f :
(5, 7] x Q@ x R x R' @ R* — R! an Rl-valued, measurable map such that (f(s +
l,w, -, ))icp,r—s is predictable with respect to (F7)icp,r—s- Let v be a probability
measure supported by N¢ such that E”|(|P < co. We say a pair (Y3, Z¢)s<i<r of
processes Y : [s,T] x Q — R, Z : [5,T] x Q — R ® R? is a solution in LP(P") of
the BSDE (2.4.3) over the interval [s,T] with data (£, f), provided that they have
the property that reindexed as (Yiyi, Zs41)icp,r—s these processes are (Fi)icjo,r—s-
predictable, Y is continuous and together they satisfy the integrability conditions

T
/ |f<t7 '7Y;57 ZtO(Xt—S))|dt < 00, PY —a.s..

T
B( / | Zuo (X, o)|2dt)"? < oo,

and the following equation under P”,

T T—s
(243) Y,=¢ +/ f(r, Y., Z.o(X,_s))dr — / Zg1.dM;, s<t<T.
t t—s
The next result gives a probabilistic interpretation of Theorem 2.2.8. Let us assume
that f:[0,7T] x R? x R' x R'@ R¥ — R' is the measurable function appearing in the
basic equation (2.2.1). Let ¢ : R? — R! be measurable and for each p > 1, denote
by A, the set of points (s,z) € [0,T) x N¢ with the following properties

T
(2.4.4) E/ 7t X_)dt < oo,  ¥r>0.
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B (|6 (Xr_) + ( / Ot X, |ds)?) < oo

Set A = Ups14,, A, = {z € N° (s,z) € Ay}, and Ay = Ups1A,s, 8 € [0,T). By
the same arguments as in [BPS05, Theorem 5.4], we have the following results. In
particular, we can reconstruct solutions to PDE (2.2.1) using Proposition 2.4.3.

Theorem 2.4.4  Assume that (A5) holds and f satisfies conditions (H1),(H2),(H3).
Then there exist nearly Borel measurable functions (u,),u: A — Ry : A - R'®
R, such that, for each s € [0,7) and each x € A, , the pair (u(t, X;_), ¥ (t, X;_s))s<t<T
solves the BSDE (2.4.3) in LP(P*) with data (¢(Xr_s), f(t, Xi—s, ¥y, 2)) over the in-
terval [s, T7.

In particular, the functions u, ¢ satisfy the following estimates, for (s,z) € A,,

T T
B s fu(t, Xeo.) P+ [ ot X Pdey) < KE (ol +( [ 159 Xilay).
Moreover, suppose (A1)-(A4) hold, and the conditions in Theorem 2.2.11 hold when

m(dz) = dx. If f and ¢ satisty the conditions (H4) and (H5) then the complement

of Ay, is m-negligible (i.e. m(AS,) = 0) for each s € [0,T), the class of uly, is an
element of F' which is a generalized solution of PDE (2.2.1), 1o represents a version

of D,u and the following relations hold for each (s,z) € Aand 1 <i </,

T

(2.4.5)  u'(s,z) = B°(¢"(X7_s)) +/ Efi(t, Xo—g,ult, Xo—s), Dou(t, Xo_))dt.

S

Proof We will assume that ¢ and f° are bounded; the general case is then obtained

by approximation. Then the sets A,, p > 0, are all equal. We construct the functions
(u,9) on A as follows. For s € [0,7), denote by (Y,®, Z})s<i<r the solution in
Proposition 2.4.3, of the BSDE (2.4.3) over the interval [s, T], in L*(P®), x € A, with
data (¢(Xr—s(w)), f(t, Xi—s(w),y, 2)). Since X, € Asy,, P*-a.s., by the uniqueness
part of that proposition one deduces that

Yt o0, =Yy, tels+nrT),P"—a.s.,

(Z70(Xi—sy)) 00, = Zio(X;_y), dt x P* — a.s.

for each fixed r € [0, — s) and all measures P*, z € A,. In particular, if we define

u(s, ) == E*(Y),
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we will have, for any z € A,,
ult, Xi_)) = B (V) = B*(V{ 06, JFi) =Y  P"—as.

Set Wi(s,w) = Z7 ,0(X;)(w), for (s,w) € [0,T) x Q and [ € [0,T7 — s). One has
Wi(r+s,0,(w)) = Wi (s,w), dlx P*—a.s. In terms of the time-space Markov process
X ( see e.g. [BPS05, Section 4.2]), we have W(0,(s,w)) = Wi,(s,w). Therefore,
t = U (s,w) = JAT 1 i(s,w)dl, with 1 <4 <l and 1 < j < k, represents an
additive functional for the time-space process X. By [Sh88, Theorem 66.2 | we

deduce that there exists a nearly Borel measurable function {D; 1 [0,T) x R — R,
such that @L;(t,Xt_S(w)) = Wi, (s,w),dt x P*a.s. for each z € A,. Define

7,t—s

Vo= 1~p7'.

Then we have Zjo(X;_s) = vo(t, Xi—s)dt x P* —a.s.,Vx € A;. Now we have

T
u'(s,z) = B (¢ (X7_s)) +/ Efi(t, Xy_s,ult, X;_s), vo(t, X;_,))dt,

since ¢ and f° are bounded. In particular, we have that ¢t — wu(t, X;_,) is con-
tinuous P*-a.s. for each x € A, because u may be written as the difference of
two X-excessive functions with regular potential part (cf. [BG68]). This implies
u(, X—5) = Y5 wu(-, X —s),¥(-, X._s) solves the BSDE (2.4.3) in LP(P®) over the
time interval [s,T]. By Theorem 2.3.12, we have that u is a generalized solution of
(2.2.1) and that 1o represents a version of D,u. 0

Remark 2.4.5 In the above theorem, we need the analytic results, i.e. the
existence of a generalized solution of nonlinear equation (2.2.1), to obtain the above
results. In the following example, we drop the conditions (A1)-(A4), in particular, we
don’t need |bo| € L2(R%;m) and use the results that the existence of the solution of
BSDE (2.4.3) to obtain the existence of a generalized solution of nonlinear equation
(2.2.1), which is not covered by our analytic results in Section 2.2.

Example 2.4.6 Consider d > 2, A = (a") a Borel-measurable mapping on R?
with values in the non-negative symmetric matrices on R%, and let b = (b') : R — R?
be a Borel-measurable vector field. Consider the operator

Layp = a”0;0;0 + b0, Vi € Cg°(RY),

where we use the standard summation rule for repeated indices. By H'?(R?, dz) we
denote the standard Sobolev space of functions on R? whose first order derivatives
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are in LP(RY, dz). Assume that for p > d
(Cl)a¥ = ¥ € H-P(RY, dx), 1 < i,7 < d.
(C2)v' € LF (R4, dx).

(C3) for all V relatively compact in R? there exist vy > 0 such that

vt |h)? < (ha,h) < vylh* forall h e RE z € V

Here by H.P(R? dr) we denote the class of all functions f on R? such that
fx € H"P(R? dx) for all y € C°(R?). And LI (R? dx) denotes the class of all

functions f on R such that fx € LP(R?) for all y € C5°(R?). Assume that there
exists V' € C?(R?) (”Lyapunov function”) such that

lim V(z) = 4o0, lim Ly,V(z)=—o0.

Examples of V' can be found in [BRS00] and the reference therein.

Then by [BRS00, Theorem 2.2] there exists a probability measure  on R¢ such
that

/ Lappdp =0 v € C°(RY).
R4

Then by [BRS00, Theorem 2.1] we have du is absolutely continuous w.r.t. dz
and that the density admits a representation ¢?, where ©? € H 1P (R?, dz). The

loc
closure of

E%u,v) = %/(Vua, Vu)du; u,v € C°(RY),

on L?(R¢, i) is a Dirichlet form.

Set b = (19, ...,09), where b := Z?Zl(ﬁjaij +2a99;0/¢),i = 1,...,d, and § =
b—18°. Then, 8 € L2 (R%:RY 1), By [Stl, Proposition 1.10 and Proposition 2.4]
(L,Cs(RY)) is L'-unique. By the proof of [St1, Proposition 2.4] we conclude that
for u € bF there exists a sequence {u,} C C5°(R?) such that &(u, — u,u, —u) —

0,n — oo.

Consider the bilinear form
1 1
E(u,v) = 5 /(Vua,Vv}du - /(55, Vuyvdp u,v € C°(RY).

Then by the computation in [Tr2, Section 4d] we have that conditions (A5) hold for
the bilinear form £. Then we can use the first part of Theorem 2.4.4 to obtain the

following results.

Theorem 2.4.7 Consider the bilinear form obtained in Example 2.4.6. If f satis-
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fies conditions (H1),(H2),(H3). Then there exist nearly Borel measurable functions
(u, ), u: A — Ry A— RI@RY such that, for each s € [0,T) and each z € A, ,
the pair (u(t, Xi—s), ¥(t, Xi—s))s<t<r solves the BSDE (2.4.3) in LP(P*) with data
(O(Xr_s), f(t, Xi—s,y, 2)) over the interval [s, T1.

In particular, the functions u, ¢ satisty the following estimates, for (s,z) € A,,

E*(sup [ut, Xo_o) P+ ( / o (t, X)) Pdey?) < KE*(1(Xr_y) P+ ( / POt X b)),

tels,T) s

Moreover, suppose f and ¢ satisfy the conditions (H4) and (H5) then the comple-
ment of Ay, is p-negligible (i.e. u(Ag,) = 0) for each s € [0,T), the class of uly, is
an element of ! which is the unique generalized solution of (2.2.1), ¥ represents
a version of D,u and the following relations hold for each (s,z) € A and 1 <i </,

u'(s,z) = B (¢ (Xp_s)) + / ' BT fi(t, Xy_g,u(t, X;_s), Dou(t, X,_))dt.

Proof By [St1, Lemma 3.1] we have that for u € D(La,), u € D(E°) and E%(u,u) <
— [ Luudp. Hence the first part of proof in Proposition 2.1.9 hold in this case i.e.
the mild solution is equivalent to the generalized solution and (2.1.7), (2.1.8) hold.
Hence, the uniqueness of the solution (2.2.1) follows by the same arguments as the
uniqueness proof of Theorem 2.2.8. Moreover, the results in Theorem 2.3.12 hold.

By the same arguments as in the proof of Theorem 2.4.4 the assertion follows. [

2.5 Further Examples

The following two examples discuss the case where PDE satisfies some boundary
conditions.

Example 2.5.1 . Let D C R? be a bounded domain. We choose m(dz) =
1p(z)dx. If € is a sectorial Dirichlet form, it is associated to a reflecting diffusion X
in the state space D. Then by Theorem 2.2.8 there exists a solution to the non-linear
parabolic equation

(O + L)u+ f(t,z,u, Dyu) =0, 0<t<T,
ur(z) = ¢(x),  zeRY,
ou(t,-)

v

‘8D:O7 t>07

where % denotes the normal derivative. Then Theorem 2.4.4 provides a probabilistic
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interpretation for this equation.

Example 2.5.2 . Let D C R? be a bounded domain satisfying the cone condition.
We choose m(dz) = 1p(x)dx and replace C3°(R?) by Cg°(D). Then the results in
Theorem 2.2.8 apply and there exists a solution u; € F' = H}(D) to the following

non-linear parabolic equation:

(O + L)u + f(t,z,u, Dyu) =0, 0<t<T,
ur(z) = o(z), xR

Assume & satisfies the weak sector condition. Let X° denote the diffusion asso-
ciated with £F, where £ denotes the Dirichlet form which has the same form as £

with the reference measure m(dx) replaced by dx. Then define

X, = X?. ift < 7",
A otherwise,

where 7 = inf{t > 0, X € DU A}. Assume (A5) holds for X°. We use Theorem
2.4.4 for X° with the data (¢(X9_,)lir—s<r}, Lot (r) f(r, X2, Yy, Zoo(XP ).
Then there exist nearly Borel measurable functions (u,¢),u: A - R ¢ : A - R'®
R, such that, for each s € [0,7) and each x € A, ;, the pair (u(t, X; ), ¥ (t, X7 ,))s<i<T
solves the BSDE

TNA(T+s) T—s

Y, = ¢(Xg_8)1{“<7}+/ flr, X% )Y, ZTU(XS_S))dr—/ Zy1.dM,, s<t<T.

tA(T+s) t—s

Then by [Pa99, Proposition 2.6] we have
Y;=0,Z, =0 when t € [T+ s,T],

and the pair (u(t, X;—s), ¥(t, Xi—s))s<t<r solves the BSDE

T—s

T
Y;f - ¢<XT—S) + / f(ra Xr—sa Y;w ZT‘O-(XT‘—S)>d/r - / Zs+l-dMl7 S S t S T.
t t

—S

In particular, the functions u, ¢ satisfy the following estimates, for (s,z) € A,,

E*(sup Jult, Xoo) P+ ( / o (t, Xooo) Pdt)'2) < KE*(|6(Xr—) [P+ ( / PO X)),

te(s,T)

The class of ul,, is an element in ' which is an m-version of uy, 9o represents a
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version of D,u and the following relations hold for each (s,z) € Aand 1 <1i </,
(2.5.1)

u'(s,z) = B (¢ (X7_s)) + / ET it Xy gy ult, X o), 0(t, X s)o(X;_))dt.

2.6 Appendix

2.6.1 Appendix A. Proof of Theorem 2.2.8

[Uniqueness]

Let u; and uy be two solutions of equation (2.2.1). By using (2.1.7) for the

difference u; — us we get

T ~
s = uaal+2 [ €0, un,)ds
t
T T
§2/ (f(sa 5 Us, Daul,s) - f(57 5 U sy DUUQ,s)a Uy,s — u2,s)d8 + 20‘/ ||u1,s - u?,s”%ds
t t

T T
§2/ C(|Dau1,s - Dau2,s|a |u1,s - U275|)d8 + 20[/ ”ul,s - u?,ngds
t t

o T T R
< berr20) [ e —unlids + [ €~ s )i
1 t t

By Gronwall’s lemma it follows that
[ure = uaell3 = 0,

hence u; = us.
[Existence] The existence will be proved in four steps.

Step 1: Suppose there exists r € R such that
2 14 K(l[¢lloo + 1F oo + [/ lloo)

where K is the constant appearing in Lemma 2.2.7 (2.2.5), and f is uniformly
bounded on the set

A, =[0,T] x R x {|y| < r} x Rl @ R

Define
M :=sup{|f(t,x,y,2)| : (t,z,y,2) € A} < 0.
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Next we regularize f with respect to the variable y by convolution

fn(t’ T, Y, 2) =n' " f(t7 Z, y/7 Z)‘P(n(y - y,))dy/,

where ¢ is a smooth nonnegative function with support contained in the ball {|y| <
1} such that f ¢ = 1. Then f = lim,_, f, and for each n, 0, f, are uniformly
bounded on A,_;. Set

hn(t7x7yaz) = fn(t7 T_l >y7z)'

T, —————————
lyl v (r—1

Then each h,, satisfies the Lipschitz condition with respect to both y and z. Thus
by Proposition 2.2.4 each h,, determines a solution u, € F' of (2.2.1) with data
(¢, hy,). By the same arguments as in [S09, Theorem 4.19], we have that h,, satisfies
conditions (H1) and (H2’) with the same constants (C' > 0 and p = 0). As m is a
finite measure and f"' € L>([0,T] x R%), we have ' € L?([0,T]; L?). Since

|h(t,2,0,0) =|f,.(¢,2,0,0)|
<n' . |f(t, 2, y) — Ot ) + fO(t, )| |p(n(—y'))|dy’
<|fO(t, @) + (),

one deduces from Lemma 2.2.7 that ||u,|le < r—1 and |Ju,|r < Kr. Since h, = f,
on A,_, it follows that u,, satisfies (2.2.1) with data (¢, f,).

Now for b > 0, set

dnp(t,z) == sup lf(t,z,y,2) — fult,x,y, 2)|.

lyl<r—1,]2[<b

Obviously one has |d,, | < 2M. Moreover, on account of the y-continuity and of the
uniform z-continuity, one sees that for fixed ¢, x, b, the family of functions

{f(t7x7 7Z>HZ| < b}7

is equicontinuous and then compact in C({|y| < r — 1}). Since the convolution
operators approach the identity uniformly on such a compact set, we get

lim d,(t,z) =0,

n—o0

which implies lim,, o d,5(t,2) = 0 in L*(dt x m) because of our assumption that
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m(R?) < oo. Moreover, for u € F!, |u| <r—1

|f(u, Dou) — fn(u, Dow)| <1p,uj<sydnp + 2M 1D, u/>b)

2M
Sdn,b + T‘DUU|

Next we will show that (u,)nen is a || - [[7-Cauchy sequence. By (2.1.7) for the

difference u; — u,,, we have

T ~
sy — w2+ 2 / £%b (., — uy ,)ds
t
T
t

T
§2/ (fl(sy 5 Uls, Daul,s) - fn(sa Yy Uns, Daun,s)a Ups — un,s)ds + 20‘/ ||ul,s - un,s”%ds
t

T
32/ <|fl(87 Yy ul,s; Da'ul,s) - f<87 ')U’l,su D0u1,5)|7 |ul,$ - un,s|)d5
t

T

+ 2 <|fn(87 Yy Up,s, Daun,s) — f(sa y Up, s, Doun,s)|7 |ul,s - un,s|)ds

+ 2 <|f(87 5 Ul s, Daul,s) - f(sa s Ul s, Doun,s)|7 |ul,s - un,stS

T

T
+ 2 (f(sa 5 Uls, Daun,s> - f(57 5y Un,s Doun,s)y Uys — un,s)ds + 20[/ ||ul,s - un,ngds
t

i\ﬁh\

§2/ <|fl<57 5 Uls, Doul,s) - f<57 5 Uls, Daul,s)|7 |ul,s - un,s|)d5
t

T

+ 2 <|fn(37 *y Un,s, Daun,s) - f(sa *y Un,s, DO’“TL,S)’? ‘ul,s - un,s‘)ds

T

T
+2 C(|Dours — Dotin |, |tns — tn s|)ds + 204/ l|lws — umsH%ds
t

—

T T 2M
S2/ (dl,b(sa ) + dn,b(sa ')7 |ul,s - un,5|)d8 + 2/ T(|Daul,s| + |Daun,s|a |Ul,s - un,s|)d5
t t

T T
P / C(|Dotits — Doty |ts — o] )ds + 20 / luas — o1 2ds
t t

T T T
1
S/ Hdl,b(s,-)\|§ds+/ Idns(s:isds + 75 [ (1Dotwslls + | Dotn,s|[2)ds
t t t

2 T T R
+ (1 +4M? + — + 20+ ) / s — tnsl5ds + / E (up s — Ups)ds.
1 t t
Since ||u,||7 < Kr, we have

Kr
)
C1

T
| 1Dz s <
0
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where the Kt is independent of [ and b. Thus, for b, [, n large enough, for arbitrary
e >0 we get

oo T
ity — w2 + / E (s — up)ds < e+ K / it — unl3ds,
t t

where K depends on C, M, 1, a. It is easy to see that Gronwall’s lemma implies that
(Un)nen is a Cauchy-sequence in F. Define u := lim,, .., u, and take a subsequence
(g )ken such that w,, — u a.e. We have

Gy U, Dou) = (-, u, Dou) in L*(dt x m).
Since ||u,, — u|lr — 0, we obtain
| Dot = Dot || 2(dtxm) — 0.
Then by (H1), it follows that

klgIolo Hf(7 *y Uny D0u> - f(? *y Uny, Dounk)HLQ(thm)

< lim O Do = Dotin, || 2(dexm)
k—oo

=0.
We also have

||f(7 *y Uny,, Daunk) - fnk(a Yy Uny Daunk)HLZ(dtxm)

2M
||y bl L2 (dexm) + THDaunkHLz(thm)-

Letting k£ — oo and then b — oo the above equality converges to zero. Finally, we

conclude
kh—glo ||fn;C (unka Daunk) - f(ua DJU) HLz(thm)

< Jim {| fo, (ny, Doting) = f (s Doting ) || 2 atxm)
+ lim | f (tny,, Dotiny,) = f(Uny s Do) || L2 (dtxm)
+ H [ f (ung, Do) = f (1 Dow) | 22 o)

=0.

By passing to the limit in the mild equation associated to u,, with data (¢, f,,), it
follows that w is the solution associated to (¢, f).

Step 2: In this step we will prove the assertion under the assumption that there



2.06. Appendiz 79

exists some constant r such that £ is uniformly bounded and

r 2 1+ K0l + 1/ N0 + [1f " loo).

where K is the constant appearing in Lemma 2.2.7 (2.2.5). Define

fult,z,y, 2) = f(t,x,y, z).

|z| Vn

fn < Cn+ ”f/’THoo + || /%o on A,. Each of the functions f, satisfies the same
conditions as f and by Step 1, there exists a solution wu, associated to the data
(¢, fn). One has ||up|lco <7 —1, ||uy|lr < Kr. Conditions (H1) and (H2) yield

|(fl(ula Daul) - fn(una Daun)aul - un)|
SCj(|Dc7ul - DUUTL|7 |ul - un|) + |<fl<um Daun) - fn(unaDoun>>Ul - un)l

Since fo,(t, z,y, 2)1 1< = f(t, 2,9, 2)121<n, and for n < 1 | fi—fullzi5n < 2012|1150,
we have

|(fl(un7 Daun) - fn(um Doun)7ul - un)l < |(20|D0un|1{|Daun\Zn}v |ul - un|)|
Then,
T ~
e — wngll3 + 2/ E(uy 4 — up, 5 )ds
t
T T
SQ/ (fl(ul,sa Daul,s) - fn(un,sa Daun,s)v Ups — un,s>d8 + 206/ ||ul,s - un,ngdS
13 t
T T
52/ CUDot — Doy, |11 — un|)ds + 2/ (2C| Dot L s oy |t — 1) ds
t t
T
+ za/ s — s |2ds
t
02 T T R
<(— +2a+c2)/ s — unl2ds +/ £ (uy — up)ds
1 t

t

T
+8C(r — 1)/ /|Daun|1{|Dgun|2n}dmd5
t

2 T T
§(C— —|—2a—|—02)/ || —uands—l—/ EW (wy — uy,)ds
1 t t

r [T 1
800 = D[ 1 ion B[ 1Dn3s)
t t
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As |lun||% < Kr, we have fOT | Dy l|3ds < [C(—lT Hence,

2 4 2 T 2 KT
n / 111D un |0} |I2ds S/ | Dotin1{|Dyun|zn}ll2ds < o
t t

Therefore, for n big enough

2

T T
; C
||Uz,t—un,t||§+/ EM (s = tn 5)ds < (— +2a+02)/ [ — wnll2ds + e
t 1 t

By Gronwalls’ lemma it follows that (u,),ey is a Cauchy sequence in F'. Hence,
w = lim,, o uy, is well defined. We can find a subsequence such that (u,, , Dy, ) —

(u, Dyu) a.e. and conclude

N

n TL?DO'TL_ JDCT S T~ . |,
oty Dot )= . Do) < Ot

Dounk_Dou|+|f<unk7 Ddu>_f(u7 Ddu)| — 0.

Since

|fnk(unk7DUunk> - f(u7Dcru)‘
§|f(u> 0) - f(U,DUU)| + |fnk(unkaDaunk) - fnk(unkaoﬂ + |fnk(unk>0) - f0| + |f0 - f(u70)|
<C(|Dyu| + [ Doty |) + 2f/7ra

we have
Jop (U Do, ) = f(u, Dyu) in Ll([O,T], L2).

We conclude that u is a solution of (2.2.1) associated to the data (¢, f).

Step 3: Now we only suppose that f' is bounded. Hence, we can choose a
constant r such that

r 2 1+ K0l + 1/ N0 + 11/ loo):

where K is the constant appearing in Lemma 2.2.7 (2.2.5). Let us define

n 0 0
n= o\ - +J
ot G (= 1)+ 1
Easily we see that the f, have the same properties as f. Since f,(t,z,y,2) =
f(t,x,y,2) for f*" < n, we have

lim f, = f.

n—oo
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We introduce the following notation:

f;,r(t’x) ‘= sup ’fé(taxvy)lv and fT/L(tvxvy) = fn<t7x7yu 0) - fo(tvx)'

ly|<r

By the same arguments as in [S09, Theorem 4.19] we have
£ < nAlf.

Hence, by Step 2 we obtain that there exists a solution u,, associated to the data
(¢, f™) such that ||uyl|e < 7 — 1, [|un||r < M, where M is a constant. For n < [, we

obtain

l n
vl f'tvn

[fr = ful < (Cl2| + If’l)!f | < (Clal+ 1/ D1grsny-

Hence

T T /
/ |(fi(tn, Dotin)— frn(tn, Dotty), wy—up)|ds < 2(r—1)/ / (C|Dytn|+ £ )dmds.
t tJf

T>n}

We obtain as in the preceding steps:

T ~
o = w3 +2 [ €%, = )i
t
T T
SQ/ (fl(ul,s> Daul,s) - fn(un,sa Daun,s)a ul,s - un,s)ds + 204/ Hul,s - un,sugds
t t
T T
§2/ C(|Daul_Daun‘a|ul_un|)d$+2/ ‘(fl(unaDaun)_fn(unaDUun)aul_unMds
t t
T
420 [ une = s
t
02 T T .
S(c_ + 2+ 02)/ g — uy||5ds +/ Y (uy — uy)ds
1 t t
T !
(- 1)/ / (C|Doun| + f)dmds.
t J{fr>ny

As
T !
lim / / f"dmds =0,
n—oo t {f/;,«>n}

T
/ / , |Doun|dmdt S ||1{f’m>n}”L2(dt><m)||D0un||L2(dt><m) — 07
t J{fr>n}

and

we have as above that (u,)ey is a Cauchy sequence in F'. Hence, u := lim,, o u,
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exists in F!. We can find a subsequence such that (u, , Dytin, ) = (u, Dyu) a.e. and

we have that

e (s Doting) — f(ut, Do)
<1yl (1 Dott) = f (1, Dot )+ Ly [1 (0, Do) = £ 4 £ (t, Dy)
— Sty Do)
<I (1, Dytt) = f (s Dot )| + sy | £ (11, Dott) =
<[ (tns Dott) = f (s Dot )|+ |f (s Dot) = F (11, Dyt)| + Loy | (1 Dot) — f°).

As in the above proof we have

S (Uny s Do) — f(u, Dyu),

in L'([0,T], L?). We conclude that u is a solution of (2.2.1) associated to the data
(6. 1).

Step 4: Now we prove the theorem without additional conditions. Define

n

fo= gy = £+ £

Since f,(t,x,y,2) = f(t,x,y, z) for ' <n, we have
lim f, = f.
n—o0o

Introduce the following notation:

fl(t ) = sup ot z,y)| and fo(t,2,y) = fa(t,z,y,0) — fO(t, ).
y|<

As in Step 3 we have
[fatl < nalf.

Since f;ll is uniformly bounded, we can apply Step 3. Then we get a solution u,, for

the data (¢, f,). The convergence of u,, can be shown analogously to Step 3. O

2.6.2 Appendix B. Proof of Proposition 2.4.3

Let MP(R") denote the set of (equivalence classes of )predictable processes {¢, }1ejo.1]
with values in R’ such that

T
16l = (EI( / 16, [2dr)2)) 1P < oo,
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M? (R" ® RY) denotes the set of (equivalence classes of) predictable processes
{®, }epo.r) with values in RY @ R? such that

T
Jollag, = (EI( [ 16,00X)Par ) < o
0
Fix z € A,.
We note that (Y, Z) solves the BSDE (2.4.1) with data (&, f) iff
(17;% Zt) = (eat}/h eatZt)7
solve the BSDE (2.4.1) with data (e®7¢&, f'), where

Pt y,2) = e ft, ey, e™2) — pyy.

Therefore, we may replace (€22) by

<y - yla f<t7w7y> Z) - f(tawa yl7 Z)) S Oa fOl" all ta z,Y, y/7 Z.

Step 1 Assume that f is Lipschitz continuous with respect to both y and z.
Define a mapping ® from B2 := MZ(R') x M2 (R'@R?) into itself as follows. Given
(U,V) € B2 we can set ®(U, V) := (Y, Z), where (Y, Z) is the solution of the BSDE
(2.4.1) associated with data (¢, f(U,Vo(X))) given by Lemma 2.4.1. Then by Itd’s
formula and BDG inequality we get

E*[ sup |Y;*] < o0.
te[0,7T

Let (U, V), (U, V') € B2, (Y,Z) = ®U,V), (Y',Z') = oU", V"), (U,V) = (U -
U v-v", (Y,2)=(Y -Y' Z—2Z"). Tt follows from It&’s formula that for each
7 €ER,

T
TET Y2 + E/ (WYL + | Zeo(X,)P)ds
t
T — —_ —
OKE [ LI+ Vo X, s
t
T - 1 T _ —
URE [ NP B [ OO+ V() P,
t t
where K is the Lipschitz constant of f. We choose v = 1 + 4K?2. Then

T T

I 1 ST

E/ e (|Val? + | Zao (X,)[*)ds < §Ew/ (U + [Veo (X,)*)ds,
0 0
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from which it follows that @ is a strict contraction on B? equipped with the norm:

T
Y, 2 = (B / Y + | Zio (X)) 2)dt) 2.
0

Define a sequence (Y",Z") by (Y"1 Zmt) .= &(Y", Z"). We have for v =
1+4K°

T
B / Y — VI 4 (20 — 2 )o(X,)P)ds
0

1 T
SQ_"E:E/ (Y2 = Y2+ (20 — ZHo(X,)|?)ds.
0

Then we have the a.s. pointwise convergence of (Y, Z'o(X;)) under each measure

P?, x € A% Denote the limit by (Y;, Z,0(X;)). Then this is the fixed point of @
under the norm [[|(Y; Z)|[[Z. So we have (Y, Z) is the solution of BSDE (2.4.1).

Step 2 We assume that f, £ are bounded.
We need the following proposition.
Proposition B.1  Assume condition (A5). Given V € N, M2 (R' ® R?), there

exists a unique pair of predictable processes (Y;, Z;) € M? x M 37$(Rl ®@RY), Vo € N©
satisfying under all P*, x € N¢

T T
E=§+/‘ﬂ&KJ®%—/‘&ML, 0<t<T.
t t

Using Proposition B.1, we can construct a mapping ® from B? into itself as
follows. For any (U, V) € B2, (Y, Z) = ®(U,V) is the solution of the BSDE

T T
Yt:§+/ f(s,YS,Vs)ds—/ ZdM,  0<t<T.
t t
Then as in Step 1, we have
— T —_ —
ETP + B / (Tl + | Zeo (X)P)ds
. 7 t
—op / T, F(Va Vio (X)) — F(Y! Vio(X.)))ds
t . . .
gzKEw/ (Vi % |Vao(X.)|ds
t

T
_ 1 _
<B* [ QI + Vo X P
t
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Then by the same arguments as in Step 1, we obtain the assertion of Proposition

2.4.3 if f, & are bounded.

Proof of Proposition B.1 We write f(s,y) for f(s,y, Vs).
By C we denote the constant satifying |£|> + sup, | f(£,0)|> < C a.s.. Define

"t y) = (p,* f(t,) (W),

where p, : Rl — R* is a sequence of smooth functions with compact support
satisfying [ p,(z)dz = 1, which approximate the Dirac measure at 0. Then each f"

is locally Lipschitz in y, uniformly with respect to s and w.

Define for each m € N,

inf (m, |y|)

f ’ (t7y> = f (t7 |y|

y).

Then f™™ is globally Lipschitz and bounded, uniformly w.r.t. (¢,w). Asin Step 1,
we have a unique pair (Y;"", Z;"™) € M2 x M? (R' ® R?) such that

T T
ymm— gy / £ (s, Y ds — / ZrmdM,,  0<t<T.
t t

By Ito’s formula we have
;P <o, 0<t<T.

Consequently, for m? > e'C, (V"™ Z"™) does not depend on m. Therefore, we
denote it by (Y}, Z"). Then by the same arguments as [BDHPS03, Proposition 3.2]

we have

T T
E*( sup |V} —Y{]?)+E"( / |<Zf—zé>a<xt>|2dt>smf[/ P Y =7, V) ).
0 0

0<t<T

By a similar argument as in the proof of Theorem 2.2.8, we obtain for fixed w,

T
Sup/ IR, YR = fi(t, YF)Pdt — 0, as | — oo.
0

k>l

Then we have

T T
sup £° / f5(YE) = (¢, YF) Pt < BT sup / [fEE Y1 (6 Y Pdt =0, 1= 0.
k>l 0 k>l Jo

and we can obtain a sequence of representable variables that converges rapidly
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enough under all measures P*, x € N¢. For each [ = 0,1, ... set

T 1
ny(x) = inf{n > n;_;(z);sup E’”[/ R YF) = YR < g},
0

k>n

Yl — Ynl(XO)’ Zl — an(X()).

With this sequence one may pass to the limit and define Z/ = limsup, . Z'o(X,)

S

and Z; = Z'7(X;). Then we obtain the claimed results. O

So far we have proved the assertion when &, f are bounded. Then by the same
arguments as in [BDHPS03, Theorem 4.2], one proves the general case. 0



Chapter 3

BSDE and generalized Dirichlet
form: Infinite dimensional case

In this chapter we extend results in the previous chapter to infinite dimensional
case. In Section 3.1 we give some basic assumptions on the operator L and prove
some basic relations for linear equation. In Section 3.2, we use analytic methods to
solve PDE (1.4). In Section 3.3, we prove the martingale representation theorem
for the process associated with the operator L. By this we obtain the existence and
uniqueness of the solution of BSDE (1.6) in Section 3.4. The relation between PDE
and BSDE is also established in this section. Examples are given in Section 3.5. In
Section 3.6, we use our results to a control problem for an application. The main

results of this chapter have already been submitted for publication, see [Zhu b].

3.1 Preliminaries

Let E be a separable real Banach space and (H, (-,-)y) a separable real Hilbert
space such that H C E densely and continuously. Identifying H with its topological
dual H' we obtain that £’ C H C E densely and continuously and g/ (-, )p = (-, )n
on E' x H. Define the linear space of finitely based smooth functions on E by

FC&2 = {f(li,...ln)lm €N, f € C°(R™), 1y, ..., 1, € E'}.

Here Cp°(R™) denotes the set of all infinitely differentiable (real-valued) functions
with all partial derivatives bounded. For v € FC;° and k € E' let

ou

— = — _ E
% (2) dsu(z + sk)|s=0, 2 € E,
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be the Gateaux derivative of u in direction k. It follows that for u = f(l1,...,1,) €
FCy° and k € H we have that

) =3 2L (14 (2), o b(2)) s R 2 € .

Consequently, k — g—Z(z) is continuous on H and we can define Vu(z) € H by

ou

(Vu(z), k)i = 5 (2)-

Let p be a finite positive measure on (E,B(E)). By Lgyn(H) we denote the linear
space of all symmetric and bounded linear operators on H equipped with usual oper-
ator norm ||-||pee(sry. Let A @ E +— Ly, (H) be measurable such that (A(z)h, h)g > 0
forall z € E,h € H and let b : E — H be B(FE)/B(H)-measurable. Suppose the
Pseudo inverse A~! of A is measurable.

We denote by | - |y the H-norm and set |u(2)|]3 := [|u(z)*du(z) for u €
L*(E, ). We also denote (u,v)2(p,) by (u,v) for u,v € L*(E,p). For p > 1, let
LP(u), LP(p; H) denote LP(E, ), LP(E, u; H) respectively. If W is a function space,
we will use bW to denote set of all the bounded functions in W.

Furthermore, we introduce the bilinear form
(3.1.1)

E(u,v) == /(A(Z)Vu(z),Vv(z)>Hdu(z)+/(A(z)b(Z),Vu(z))Hv(z)d,u(z),u,v € FCy°.
We introduce the following conditions,

(A1) (A(-)k,k) € L' (n) for k € H and the bilinear form
EAu,v) = /(A(Z)Vu(z), Vou(2))gdu(z);u,v € FCP°,
is closable on L?(E; ).

The closure of FC® with respect to & := €4 + (-, )y is denoted by F. Then
(EAF) is a well-defined symmetric Dirichlet form on L2(E,u). Set &(u) =
EMu,u),u € F.

(A2) Let AY?b € L*(E; H,p), i.e. [|AY?b|%du < oo, and there exists o > 0 such
that

(3.1.2) /<Ab, Ve udp > —allullZ,  we FC,Yu > 0.
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Obviously, £ from (3.1.1) immediately extends to all u € F,v € bF.

(A3) There exists a positivity preserving Co-semigroup P, on L?(FE; i) such that for
any t € [0,7T],3Cr > 0 such that

1Pif lloe < Ol fllse,

and such that its L*-generator (L, D(L)) has the following properties: bD(L) C bF
and for any u € bF there exists uniformly bounded w,, € D(L) such that £ (u, —
u) — 0 as n — oo and that it is associated with the bilinear form & in (3.1.1) in the
sense that &(u,v) = —(Lu,v) for u,v € bD(L).

To obtain a semigroup P, satisfying the above conditions, we can use generalized
Dirichlet forms as introduced in Section 1.1.

Remark 3.1.1 (i) Some general criteria imposing conditions on A and p in order
that €4 be closable are e.g. given in [MR92, Chap II, Section 2] and [AR90].

(ii)In our case, due to our general conditions on b and f, we can’t find a suitable
Gelfand triple V. C H C V* with V being a reflexive Banach space to apply the
monotonicity method as in [Bal0] or [PRO7].

(iii) We can construct a semigroup P satisfying (A3) by the theory of generalized
Dirichlet forms. More precisely, if there exists a constant ¢ > 0 such that &(-,-) :=
E(-,-) + ¢(+,-) is a generalized Dirichlet form on a Hausdorff space E; with domain
F XV in one of the following three senses:

(a)(Er, B(Ey),m) = (E, B(E), 1),

(A V) = (€4, F),

—(Au,v) — é(u,v) = [(A(2)b(2), Vu(z))go(z)du(z) for u,v € FCP°;

(b)(Er, B(Er),m) = (B, B(E), 1),

A=0and V= L*(E,p),

—(Au,v) = E:(u,v) for u,v € D, where D C FC° densely w.r.t. E-norm and
D c D(L);

(c) & = A, A =0 (In this case (&, V) is a sectorial Dirichlet form in the sense
of [MR92]);

then there exists a sub-Markovian Cp-semigroup of contraction P¢ associated
with the generalized Dirichlet form &;. Then P, := e Pf satisfies (A3) and we have

D(L) C FCF.

(iv)The semigroup can also be constructed by other methods. (see e.g. [DR02],



90 Chapter 3. BSDE and generalized Dirichlet form: infinite dimensional case

[BDR09)).
(v) By (A3) we have that & is positivity preserving, i.e.
E(u,u™) >0 Vu € D(L),

which can be obtained by the same arguments as in [St2, I Proposition 4.4]. By
(3.1.2) and (A3), we have for u € bD(L),u >0

/Lud,u =—-E(u,1) =— /(Ab, Vu)gdp = — /(Ab,V(u+€)>Hdu < —oz/(u—i—a)d,u.

Letting e — 0, we have [ Ludp < —a [udp. (P)epr is a Co-semigroup on
LY(E; p).

(vi) All the conditions are satisfied by the bilinear form considered in [St1, Section
4] and the operator in [D04, Chapter ILIILIV] (see Section 3.5 below).

(vii) The notion of quasi-regularity for generalized Dirichlet forms analogously
to [MR92] has been introduced in [St2]. By this and a technical assumption an asso-
ciated m-tight special standard process can be constructed. We will use stochastic

calculus associated with this process to conclude our probabilistic results (see Section
3.3 below).

Let us recall the notations F, Cr, || - || associated with £4 from [BPS05]: Cr :=
CH((0,T); L*) N L*(0,T; F), which turns out to be the appropriate space of test
functions, i.e.

T
Cr ={¢:[0,T] X E = R|p, € F for almost each t,/ ENpys pr)dt < 00,
0

t — ¢, is differentiable in L?and t — ;¢p, is L? — continuous on [0, T}

We also set Cqp := C'([a, b]; L?) N L*([a, b]; F). For ¢ € Cr, we define

T
lollr = (sup [ oi]l2 + / EX () dt) .
t<T 0

F is the completion of Cp with respect to || - |7. By [BPS05], F' = C([0,T]; L*) N
L?(0,T; F), and for every u € F' there exists a sequence u" € }"CEO’T, n € N, such
that fOT EM(uy — ul)dt — 0, where

.FCbOQT = {f(t7l17 Jlm)|m S NJf S Cgo([O,T} X Rm)th 7lm = E,}
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We also introduce the following space
Wh([0,T); L*(E)) = {u € L*([0,T); L*); Ou € L*([0,T]; L*)},

where Jyu is the derivative of u in the weak sense (see e.g. [Bal0]).

3.1.1 Linear Equations
We consider the linear equation

(O + L)u+ f=0, 0<t<T

3.1.3
( ) up(z) = ¢(x), rel

where f € LY([0,T]; L*(E, 1)), ¢ € L*(E, ).

By [BPS05] we set D 4120 := A2V for any ¢ € FCg°, define Vo = {D 41/2¢ :
¢ € FC°}, and let V be the closure of Vy in L?*(E; H, ). Then we have the
following results.

Proposition 3.1.2  Assume (A1) holds.

(i) For every u € F there is a unique element of V', which we denote by D 41,2u
such that

ENu, @) = /(DAl/gu(x),DAl/zgp(x»Hu(dx), Vo € FC.

One has AY2AY2D 41 2u(x) = D 412u(z). Moreover, the above formula extends to
u,v € F,

ENu,v) = /(DAl/gu(:p),DAl/zv(x)>Hu(dm).

(i) Furthermore, if u € F, there exists a measurable function ¢ : [0,T] x E — H
such that |AY2¢|y € L*([0,T] x E) and D 41,2u; = AY2¢, for almost all t € [0, T].

(iti)Let u™,u € F be such that u” — u in L2((0,T) x E) and (D 41/2u™), is a
Cauchy-sequence in L*([0,T] x E; H). Then D 412u™ — D 412u in L?((0,T) x E; H),
i.e. D2 is closable as an operator from F into L2((0,T) x E; H).

Proof (i) Since £4 is closable on L%(E; ), the assertion follows.

(i)If u € F, we have u" € FC>" n € N, such that fOT EMum — w)dt — 0.
Hence, we define ¢ := lim, ,oo D 2u™ in L2((0,T) x E;H) and ¢ = A~Y2p.
Since AY2ATYV2AY2 = AY? and ||ATY2AY2|| < 1, D gujpu® = AYZATYZ AV
AVZA=Y2p = AY2¢ in L%([0,T] x E; H). Passing to a subsequence we may find a
set A C [0, 7] such that [0, T]\ A is negligible and for every t € A, &M (u? —u;) — 0
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and || D g12u) — AY2¢, || p2(mary — 0. Then we have

M (uy, ) = / (A2, (2), D gu/oo(@)) rpld).

(iii) Let v = lim,, D 12u™. Passing to a subsequence we assume for almost every
t €[0,T], |lve— D grpu || p2(mary — 0. We take ¢ € D(L*) where L# is the generator
associated to (€4, F). Then

/ (01, Darop) pdp = T / (D sz}, Darp)pdp = lim E4(uy!, o) = —lim(uf', L)
= — (ug, L) = ENwuy, @) = /(DA1/2Ut, D 412¢0) pdp.
It follows that vy = D 41/2uy. [

For u € F,v € bF we denote

E(u,v) == /(DAl/zu(x),DAl/zv(x»H,u(dx) + /(Al/zb, D j1/2u) gop(dx).

Notation By Vu we denote the set of all measurable functions ¢ : E — H, such
that AY2¢ = D 41/2u as elements of L?(u; H).

3.1.2 Solution of the Linear Equation

Definition 3.1.3 [strong solution] A function v € F'N LY((0,T); D(L)) is called
a strong solution of equation (3.1.3) with data (¢, f), if ¢ — w, = u(t,-) is L*-
differentiable on [0,77],d,u; € L'((0,T); L*) and the equalities in (3.1.3) hold in
L*().

Definition 3.1.4 [generalized solution] A function u € F is called a generalized

solution of equation (3.1.3), if there exists a sequence of {u"} consisting of strong
solutions with data (¢", f™) such that

" —ullr = 0,6 — 6ll> — 0, lim f = f in L}([0.7]; L*().

By (A3) and Remark 3.1.1 (v), for 0 <t < T, B;, as Cy-semigroup on L'(F; p),
can be restricted to a semigroup on LP(E; ) for all p € [1,00) by the Riesz-Thorin
Interpolation Theorem and the restricted semigroup (denoted again by P; for sim-
plicity) is strongly continuous on LP(E; ).

Proposition 3.1.5  Assume that (A1)-(A3) hold.
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(i) Let f € C*([0,T]; LP) for p € [1,00). Then
T
wy ::/ P,_.fsds € C*([0,T]; LP),
¢

and

T
atwt(x) = —PT_th(I) ‘|—/ Ps_tﬁsfs(x)ds.

(ii) Assume that ¢ € D(L), f € C'([0,T]; L?) and for each ¢ € [0,T], f; € D(L).
Define

T
U -= F)TftgZ§ + / PS,thdS.
t

Then u is a strong solution of (3.1.5) and, moreover, u € C*([0,T]; L?).

Proof See the proof of [BPS05, Proposition 2.6]. O

Proposition 3.1.6  Suppose that conditions (A1)-(A3) hold. If u is a strong
solution for (3.1.3), it is a mild solution for (3.1.3) i.e.

T
uy = Pr_¢ + / P, fsds.
¢

Proof For fixed t, ¢ € D(L)

T T
(UT7 PT—#P) - (Uta 90) = / (_Lus — [ Ps—tSO)dS + / (U57 LPs—tSO)dSa
t t

where j}, P, denote the adjoints on L*(E,u) of L and P; respectively. As u is a
strong solution, we deduce that

T
(uta 90) = (PT—tgZS + / Ps—tfsdsv 90)

Since D(L) is dense in L?, we have the result. O

Proposition 3.1.7 Suppose that conditions (A1)-(A3) hold, f € L([0,T]; L?)
and ¢ € L?. Then the equation (3.1.3) has a unique generalized solution u € a

T
(314) U = PT_th + / Ps_tfsds.
t
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The solution satisfies the three relations:

(3.1.5)
T T T

2 + 2 / E4(u,)ds < 2 / (forus)ds + 63 + 20 / lus2ds, 0<t<T.
t t t

T
(3.1.6) ul2 < M (6] + ( / 1 lladt)?),

(3.17) ]
/0 (e o)+, ) + / (AV2D, D oo ipydps)dt = / (For )i+ (6, o) (a0, ),

for any ¢ € bCr, where Mr is a constant depending on T'. (3.1.7) can be extended
easily to ¢ € bWH2([0,T]; L?) N L*([0, T); F).

Moreover, if u € F is bounded and satisfies (3.1.7) for any ¢ € bCr with bounded
(f,¢), then u is a weak solution given by (3.1.4).

Proof Define u by (3.1.4). First assume that ¢, f are bounded and satisfy the
conditions of Proposition 3.1.5 (ii). Then, since u is bounded and by Proposition
3.1.5 we know that u is a strong solution of (3.1.3), hence it obviously satisfies
(3.1.7). Furthermore, u € C'([0,T7]; L?). Hence, actually u € bCr and consequently,
for to € [0,

T

T
/ ((ut,8tut)+EA(ut,ut)+/<A1/2b, DAl/zut>Hutd,u)dt:/ (fes ug)dt+(o, up)— (g, Usy )-

to to

By (3.1.2) we have [(AY2b, D 412u;) pugdp > —al|ug]|3 then we have
(3.1.8)

T T T
||ut||§ + 2/ EA(us)ds < 2/ (fs,us)ds + ||¢||§ + 2a/ ||us||§ds, 0<t<T.
t t t

As
T T T
/t (for ug)ds = / ((fos Prs) + (fo. / P f,dr))ds
T T T
< / 1 folall Pr_sllads + / 1l / Poeofodrads
T T T
<Moe™ (|9 / 1 fullads + / (£l / 1o lladr)ds),
and

T

T
/ \IusllidsﬁMT-t<H¢II§+(/ 1 fill2dt)?),
t 0
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we obtain . .
ol + [ & w)as < Mr- (0l + ([ 1Allde?)
t

Hence, it follows that

T
(3.1.9) lul2 < Mr(lll2 + / 1illadt)?).

Here the constant Mp_; may change from line to line, but it is independent of
f,¢. Next we will prove the result for general data ¢ and f. Let (f"),en be a
sequence of functions in bC*([0,T]; L*(1)) such that f; € D(L) for a.e. t € [0,T]
and fOT Il fi* — fill2dt — 0. (Such a sequence exists, since {ag(z); oy € C§°[0,T],g €
D(L)} is dense in L'([0,T]; L?)). Take functions (¢")neny C bD(L) such that ¢™ — ¢
in L?. Let u™ denote the solution given by (3.1.4) with f = f", ¢ = ¢".

By linearity, u™ — u™ is associated with (¢" —¢™, f™ — f™). Since (3.1.9) implies
that

T
Ju — w2 < Mr(l6" — 6™ + ( / 12— Fladb)?),

we deduce that (u"),en is a Cauchy sequence in F. Then u = lim,,_,, u™ in |-z is
a generalized solution of (3.1.3) and we have

T
up = Pr_1¢ + / Py_;fods.
t

Next we prove (3.1.5) (3.1.6) (3.1.7) for u. For ¢ € bCr, we have
(3.1.10)

T T
| (o) rera o)t 14 Daethaadn)dt = [ (7006 r) =G 0)
0 0
Since we have
|/ E4Nu —ut,aptdtl</€‘4 —utdté/c‘f“(ptdtééo, as n — 0o,

and

|/ /(Al/ b, D 412 (uy — ut)) pp,dpdt|

<||¢||oo/ /|A1/2b|Hd dtz/ /|DA1/2 — )% dpdt)?
oo / / |AY20[2, dudt) / EA U — ug)dt)?

—0, as n — oo,
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we deduce that

T T
/ (s, Buipy) +E (s )+ / (AY2b, D yojois) gy dpt)dt — / (Fos ) dt+(6, ) (19, 0),
0 0
for any ¢ € bCr.

The relations (3.1.5) (3.1.6) hold for the approximating functions:

T T T
2 [ eMuds <2 [ (s 07420 [ urlids,  0<e<T.
t t t

T
|2 < Mr(6"]2 + ( / 17 dt)?).

Since ||u} ||z — [Jut||r, n — oo, we conclude

T T
lim EA(U?)dt:/ EMNuy)dt.
0

n—oo 0

ul)ds = ftT(fs, us)ds. Then by passing to the

s s

It is easy to see that lim,,_,. j;T(
limit, n — oo in the above relations, we get (3.1.5) and (3.1.6) for u.

[Uniqueness] Let v € F be another generalized solution of (3.1.3) and let (v™)nen,
(&Sn)neN, (f™)nen be the corresponding approximating sequences in the definition of

the generalized solution. By Proposition 3.1.6

T
sup e — o2 < Mr(l¢" — "1 + ( / 1= rllade)?).
0

te[0,7]

Letting n — oo, this implies u = v.

For the last result we have Vty € [0, 7], ¢ € bCr

(3.1.11) i
/ (ot o)+, ) + / (A2, D 4o o) pydm)dt = / (For ) dt+(6, 07)— (s 01,

For t > %, define

1 1 1
uy =n Us_sdS, fir=n fi_sds, Q" =n Up_ods.
0 0 0

By a similar argument as the proof of Proposition 2.1.9, u™ also fulfills (3.1.11) with
f™, ¢". For the mild solution v associated with f, ¢, the above relation also holds
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with v" replacing u”. Hence we have
T
| (o ap e )t o)+ (A7 D)) pdm)dt = (o) )
to

Since (u —v); € bC(1 1, the above equation holds with (u — v)} as a test function.
So we have

(u— o) l13 +2 / EX((w — )}, (u— v)})dt < 20 / I(u— o)y 3.

to to

By Gronwall’s lemma it follows that
1w —v)3 12 =0.

Letting n — 0o, we have ||ug, —vy,||2 = 0. Then letting ty — 0, we have ||ug—wvy|| = 0.
Therefore, uy = Pr_;¢ + ftT P,_,fsds is a generalized solution for (3.1.3). O

3.1.3 Basic Relations for the Linear Equation
In this section we assume that (A1)-(A3) hold.

Lemma 3.1.8 If u is a bounded generalized solution of equation (3.1.3) with
some function ¢ > 0,¢ € L? N L™, then u* satisfies the following relation with
0<t; <t <T

to
o1 <2 [ (s +

t1

Proof Choose the approximation sequence u™ for u as in the existence proof of
Proposition 3.1.7. Denote its related data by f", ¢" .

We have the following equations:
T

lim sup ||uy — ul]2 =0, lim EAul —uy)dt =0,
n—oo tG[O,T} n—oo 0

T
lim / 17— filladt =0, lim [[¢" — ]2 =o.
n—oo 0 n—od

Suppose that the following holds

to
(3.1.12) I )M < 2 / (7 () )ds + ()12,

t1
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where 0 <t; <ty <T. Since ||u"||; are uniformly bounded, we have

to

i [y s = | * o).

n—00 4 tl

By letting n — oo in equation (3.1.12) we get for 0 < t; <ty < T,

to
<2 [ (s +

t1

Therefore, the problem is reduced to the case where u belongs to bCr ; in the
remainder we assume u € bCp. (3.1.7), written with v* € bWH2([0,T7]; L*) N
L*([0,T]; F) as test functions, takes the form

to to to
/ (ug, Op(u;h))dt + / EM (ug, ;) dt + / /(A1/2b, D 12 )u dudt
(3.1.13) h h h

to
= [+ () = ()
t1
By [Bal0, Theorem 1.19] we obtain
& 1 2 2
/ (ue, Oy (uf))dt = §(Hu£||2 — [Juz, II3)-
t1
Then

to to
sl +2 [ €M utyder2 (A2 D ) dpds
(3.1.14) t 2

to
- / (o)t + i 12

t1

Next we prove for u € bF
(3.1.15) E(u,ut) > 0.

We have the above relation for u € D(L). For u € bF', by (A3) we choose a uniformly
bounded sequence {u, } C D(L) such that &*(u, —u) — 0, n — oo. Then we have

|/(A1/Qb, D j12u) gutdp — /(Al/Qb, D 12, gt dpl

<| /(Al/Qb, D j12uy, — D g12u) gut dp| + | /(A1/2b, D jou) g (u) —u®)dpl
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M(/ |DA1/2un - DA1/2U|§{d[1,)% -+ | /<A1/2b, DA1/2U,>H(U;~; - U+)d[1,|
—0, as n — oo.

Since EA(ut) < EA(u), sup,, E4(u,}) < sup,, E4(u,) < 0o, we also have

[ (tn (wn) ™) — E4(u,u")]
<IEF (= w, () ™) + Ef (u, (wa)* —u))
+ (=, () )]+ | (u, (un) ™ = u™))
<(EM (=) (EX((un) D)7 + 1€, (un) T —u))]
+ ([ (un) Fllalten = ullz + | ()™ = w¥l2]ull2)
—0, as n — oo.

As a result we obtain (3.1.15) for bounded v € F. So we have

to
l 2 < 2 / (Fov )t + 1|12

t1

O

To extend the class of solutions we are working with, to allow f to belong to
L(dt x dp), we need the following proposition. It is a modified version of the above
lemma.

Lemma 3.1.9 Let u € F be bounded and f € L'(dt x du), be such that the
weak relation (3.1.7) is satisfied with test functions in bCr and some function ¢ > 0,
¢ € L>N L*>®. Then u' satisfies the following relation for 0 < t; <ty < T

to
<2 [ (s + b

t1

Proof First note that we prove analogously to the proof of Lemma 3.1.8 that for
each u € bCr satisfying the weak relation (3.1.7) with data (¢, f) over the interval
[t1, 1], where ¢ < t; <ty < T for € > 0, the following holds:

[2)
laf 12 < 2 / (o)t + |12

t1

For u € F we take approximating functions u" with data (¢", f™) as in the last
proof of Proposition 3.1.7. Then u™ satisfies the weak relation (3.1.7) for the data
¢", f™ with test functions in bCr over the interval [, t5] and % < e <ty <T. Note
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that
hm / | f* = fell1dt = 0.

We have

)1 <2 [0 e+ )

t1
where ¢ < t; <ty < T for € > 0. The convergence of all terms, which do not
depend on f, follows by the same arguments as the proof of Lemma 3.1.8. Since u
is bounded, it is easy to see that u" is uniformly bounded. Then we have

to
lim |/ ds—/ (fs,ul)ds|

to
<M lim/ 177 = fulluds + lim/ (Fur () — 0 )ds
n—oo tl n—oo tl
=0.

Finally, we obtain that

[2)
I <2 [ (o e+

t1

where ¢ < t; <ty < T for € > 0. Letting € — 0 the results follows. O

The next proposition is a modification of [BPS05, Proposition 2.9]. It represents

a version of the maximum principle.

Proposition 3.1.10 Let u € F be bounded and f € L*(dt x du), f > 0, be
such that the weak relation (3.1.7) is satisfied with test functions in bCr and some
function ¢ > 0, ¢ € L2 N L*. Then u > 0 and it is represented by the following
relation:

w=Pro+ | "By s,
where we use B is a Cy-semigroup on L'(F; ) to make P,_;f, meaningful.
Proof Let (f")en be a sequence of bounded functions on [0,7] x E such that
o< fr<fri<f lmfr=f

Since f™ is bounded, we have f* € L([0,T]; L?). Next we define

T
UJ? = PT—t(b + / Ps_tfsndS.
t
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Then u" € F is the unique generalized solution for the data (¢, f™) by Proposition
3.1.7. Clearly 0 < u™ < u" for n € N. Define y := v" —u and f := f* — f.
Then f < 0 and y satisfies the weak relation (3.1.7) for the data (0, f). Therefore
by Lemma 3.1.9, we have for ¢; € [0, 7]

T
Il < 2 / (Fuy?)ds < 0.

t1

We conclude that ||y;"||3 = 0. Therefore, u > u™ > 0 for n € N. Set v := lim,, o u"
By relation (3.1.5) for u™ and f™ we have

T

T T
g2 + 2 / EA ) ds < 2 / (7 u)ds + 913 + 20 / 2 lods,
t t

which implies that

it 2 [ etas <ont [ [ tduas + 1013+ 20 [ s,

By Gronwall’s lemma we have sup,, sup,c(o 7y |[uf'[|3 <const. We obtain that lim,, o ||lu} —

lim \/ / — fsvs)dpds| = 0.
n—oo

By [MR92, Lemma 2.12] we have

v¢||3 = 0 and

T T .
/ EA(Us)dS < / lim inf (c:A(u?)ds < lim mf/ EA('LLZ)dS

n—o0 n—oo
Finally, we get for t € [0, 7
T T
l|ve]|3 +2/ E4(vg)ds < lim ||ul|)? —|—21iminf/ EA(uM)ds
T T
<Jm (@ [ (st ol3+2a [ fullads)

T T
= / (fuve)ds + 9]3 + 2a / losllods.
t t

Since the right side of this inequality is finite and ¢ — v; is L?-continuous, it follows
that v € F.

Now we show that v satisfies the weak relation (3.1.7) for the data (¢, f). As
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©"(t) := ||u} —v¢]|2 is continuous and decreasing to 0, we conclude by Dini’s theorem

lim sup [uy — w2 =0,

and therefore .

: n _ 2 _
Jim i [u — vl = 0.

Furthermore, there exists K € R, and a subsequence (ny)gen such that
T
|/ EAum)ds| < K Vk €N,
0

In particular,
T
/ /|DA1/2u?’“|%,d,uds <K VkeN
0

We obtain T T
lim 5A(U?’“,<Ps)d5_/ E4 (v, ,)ds,
0

k—o0 0

and

T T
lim / /(Al/Qb, D j1/2ul*) g duds :/ /<A1/2b, D 41205) o duds,
0 0

k—o00

which implies (3.1.7) for v associated to (¢, f). Clearly u — v satisfies (3.1.7) with
data (0,0) for ¢ € bCr. By Proposition 3.1.7 we have u — v = 0. Since

T
v = Pr_4¢ + / P,_, fods,
t

the assertion follows. O

Corollary 3.1.11 Let v € F be bounded and f € L'(dt x du) be such that
the weak relation (3.1.7) is satisfied with test functions in bCr and some function
¢ € L> N L*. Assume there exists g € bL'(dt x du) such that f < ¢g. Then u has
the following representation:

T
uy = Pr_1¢ + / Py fsds.
t

Proof Define f*:= (f V(—n)) Ag,n € N. Then (f"),en is a sequence of bounded

functions such that f™* | f and f™ < g then by the same arguments as the proof of
Proposition 3.1.10, the assertion follows. O
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The following proposition is a modification of [BPS05, Proposition 2.10] . Tt is
essential for the analytical treatment of the non-linear equation (1.4) which is done

in the next section.

Proposition 3.1.12  Let u = (u!,...,u!) be a vector valued function where each
component is a generalized solution of the linear equation (3.1.3) associated to data
(f1, (bi), which are assumed to be bounded and to satisfy the condition in Proposition
3.1.5 (ii) for i = 1,...,l. Let ¢, f denote the vectors ¢ = (¢*,...,¢"), f = (f*, ..., f)
and D 412u denote the matrix whose rows consist of D 412u’. Then the following

relations hold p-almost everywhere:

T T
(3.1.16) |ut]2+2/ pst<|DA1/2us|§,)ds=PTt\¢|2+2/ Py y(us, f.)ds,
t t
and
T
(3.1.17) |u| < Pr_|¢| +/ Po_ (s, fs)ds.
t

Here we write # = x/|z|, for v € R!, 2 #£ 0 and & = 0, if x = 0.
Proof By Proposition 3.1.5 (ii) we have u € bCr.

First we assume [ = 1. If we check that u? satisfies (3.1.7) with data (2uf —
2|D y12ul%, ¢°) for ¢ € bCr, then (3.1.16) will follow by Corollary 3.1.11. We have
the following relations:

T T
/<@ﬁmmﬁ=g/um@meﬁ+@@w@—wa@m
0 0

ENu?, or) = 26 (ur, urpy) — 2| Dy pwelty, 1),

and

/(Al/zba D2 (uf)) mpydp = 2/<A1/257 D qrp2up) rugpydp.
Since u is a generalized solution of (3.1.3), we have
T T
| Outwsp)yie — (ur,uror) + Guo.vngg) — [ (gt
0 0

T T
= —/ EN (ug, ugp,)dt —/ (AY2b, D y1/2u) rugsp,dpdt.
0 0
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By the above relation, we obtain

(3.1.18)
T T
/(U?ﬂtwt)dﬂr(ug,wo)—(uQT,sOT)Jr/ (EX(u7, @) + (A0, D gija(uf)) mpydpp) di
0 0

T T
- / (foas, 0,)dt — / 2D gl 1),
0 0

Hence, by Corollary 3.1.11, (3.1.16) holds in the case [ = 1. To deduce this relation
in the case [ > 1 it suffices to add the relations corresponding to the components
|ul|?,i = 1,...,1. For (3.1.17), let us define for € > 0, h.(t) := /t + & — /€ for t > 0.
We have the following relations by integration by parts:

EX(he([ul?), ) = EX(Jul?, HL(Jul*) ) — (WL ([u*)| D sre(Jul®) i, ),

/O (hellue?). Drspy)lt = / (el Do (e )t — (. gl ([ur]?)
T (ol ool (fuo) + (hellurP). 07) — (helluo?). o).

If we choose phl(Ju|?) as a test function in (3.1.18), we have

T
| Dt Pt + (ol ke fuol) — (o )
’ T
/ EM (w2, ol (uf2)) + / (AY2b, D yua(n[2)) gy s ) dpe)
7 T
= / (o e), il ()t — / 21D qusaue2ys o (Jf2) el

By the above relations we have

/ (he([ue?). D0t — (he(ur ), 07) + (elluol?). )
he(luel?), 0) + / (AY2b, D oo (he([ue))) srped)

T
(P (el )| D sz (Je] )IH,wt)dtJr?/ ((fe, e hL (el ), o) dt
0

T
2(hL(|ue*)| D grroue| 3, 0, dt.

C\O\,o\

As

Daveu)ll =4 Y uDave iy < 4 D'l < 4C @I IDavit )
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we deduce

2(f, uyhl(|ul*) — 2hL(|uf*)[D g12ulz; — b2 (|ul*)| D gz (Juf?) |5
(f,u) — ‘DAl/Qu‘%I ’Zi uiDAl/Qui‘l%I

(Jul? + ) (Jul? + )

(fiw)  elDapuly + [P [Darpuly — 320,(w)? 30 (Darptt!, Dyrpu')
" (lul? +¢)2 (Jul? + )

(f,u)
" (luP+e)z

By Proposition 3.1.10 we deduce that

T
helluel?) < Pr_oho(|6f2) + / Pﬁd

Letting ¢ — 0, the assertion follows. U

The next corollary is a version of the above proposition for general data. Here
we use P, is a Cy-semigroup on L'

Corollary 3.1.13 Let u = (u!,...,u!) be a vector valued function where each
component is a generalized solution of the linear equation (3.1.3) associated to
data f* € L'([0,T];L?),¢" € L? for i = 1,..,l. Let ¢, f denote the vectors
b= (o' ....8"), f = (f', ..., f') and D i2u denote the matrix whose rows consist

of D 41/2u’. Then the following relations hold p-almost everywhere

T T
(3.1.19) ImF+2/ ﬂ4ﬂDmmM%Ms:Fhﬂw2+?/<&4w&ﬂﬂg
t t

and

T
(3.1.20) ] < Pr_dé| + / Po (i, f2)ds.
t

Proof Analogously to the proof of Proposition 3.1.12 it is enough to verify (3.1.19)
for | = 1. For ¢ € L?, f € L'([0,T], L?), take ¢, f, as in Proposition 3.1.7. Then
we have

(a). Upyt = Pr_10, + LT P, i fnsds is a generalized solution ,
(b). limy oo [, || frs — fillods = 0,

(¢). limp o0 |6, — @2 =0,
(d).

d). limy, e ||un — ull7 = 0.
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By Proposition 3.1.12 we have

T T
(3.1.21) fun,|” + 2/ Py i(|Dgvjztun sl ir)ds = Prié,|” + 2/ Pyi(tn,s, fns)ds
t t

By (b) and (d) we obtain

T
H / Po (s fos) — (s £2))ds]s
t
T
c / (tnslall Fos — Fulla & 1 Fullaltms — tsll2)dls
t

T
SC( sup Hun,s”2/ ans fs”?ds—i_ sup Huns usH/ Hszst
t

s€[0,T] s€[0,T]

—0, as n — oo.

Here we used P; is a Cy-semigroup on L'(E; u). By (d) we obtain

T
| 1Dl = Dl
' T T T
<[ WD wssnalnlBds)t ([ NID sl [ 11D avstns = Dyl s’
tT . t . t
([ &Mt + ([ e w)ds) [ e~ u)i?
t t t
—0, as n — oo,

and obtain

T T
lim P (| D 12t 4|5 )ds = / Py_4| D y1/2us|3ds.
t

n—o0 t

Passing to the limit in equation (3.1.21) we obtain (3.1.19). (3.1.20) follows by the
same method. 0

Lemma 3.1.14 If f,g € L'([0,T]; L?) and ¢ € L?, then the following relations
hold p-a.e.:

T T T
(3.1.22) / Ps_t(fsPT_sqb)dsg%PT_tngJr / / P, y(fsPr_sf.)drds.

Proof Define
T
hy = Pr_.¢, Ut = / Py_i fods.
t
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By (3.1.19) we deduce

T
h? + 2 / P, 4|D g1)2hg|5ds = Pr_;¢?,
t

T T T
v? + 2/ Py_4| D y1/204|%ds = 2/ Ps_t(fs/ P,_ f-dr)ds,
t t s

and . .
ht’Ut + 2/ Ps—t<DA1/2hsa DA1/2US>HdS = / Ps—t(fsPT—s¢)dS-
t t

So, we have
T T
/ PS*)&(fsPTfs(b)dS = ht'Ut =+ 2/ Psft<DA1/2hS7 DA1/2'US>HdS
t t

T
< (h§+v3)+/ Po_i(|Darj2hs|3; + | D 12063y )ds
t

= N~

T T
:§PT7t¢2 + / / Psft(fsprfsfr)drds'
t s

3.2 The Non-linear Equation

In the case of non-linear equations, we are going to treat systems of equations, with
the unknown functions and their first-order derivatives mixed in the non-linear term
of the equation. The non-linear term is a given measurable function f : [0, 7] x E X

R x H' — R!, I € N. We are going to treat the following system of equations.
(321) (8t+L)U+f(,,u, DA1/2u) = 0, ur = ¢
The function ¢ is assumed to be in L?(E, du; RY).

Definition 3.2.1 [Generalized solution of the nonlinear equation] A generalized
solution of equation (3.2.1) is a system u = (u',u2, ..., u!) of [ elements in F', which
has the property that each function f*(-, -, u, D 41/2u) belongs to L'([0, T]; L?(u)) and
such that there is a sequence {u, } which consists of strong solutions to (3.2.1) with
data (¢,,, f.) such that

”un - UHT - 07 ||¢n - ¢||2 - 07
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and
lim fn(v 'aunaDAl/Qun) = f(a 5 Uy DAl/Qu) n Ll([O,TL L2<M))

n—o0

Definition 3.2.2 [Mild solution] A mild solution of equation (3.2.1) is a system

u = (ul,u?, ...,u!) of | elements in F , which has the property that each function

f(, - u, D g12u) belongs to L([0,T]; L*(i)) and such that for every i € {1,...,1},
the following equation holds

T
(3.2.2) u'(t,z) = Pr_;¢"(v) + / Pyt (8, us, D gr12us) (w)ds, p1 — a.e..
¢

Lemma 3.2.3 u is a generalized solution of the nonlinear equation (3.2.1) if and

only if it is a mild solution of equation (3.2.1).

Proof The assertion follows by Proposition 3.1.7. OJ

We will use the following notation:

ulir = 3 [l € L2(B; H' d).

I
18113 =D _ 11613, ¢ € L*(E, du: R'),
i=1
l !
E(u,v) == ZE(ui,vi), EMNu,v) = Zé’A(ui,vi),u,v c F',

i=1 =1

T
lull2 = sup [lus]l2 + / E7(uy)dt,u € F.
t<T 0

3.2.1 The Case of Lipschitz Conditions

In this subsection we consider a measurable function f:[0,7] x E x R x H' — R!
such that

(3.2.3) F(ta,y,2) — fta,y ) < Clly — o) + |2 — ).

with t,z,y,y/, z, 2" arbitrary and C' a constant independent of ¢, z. We set f(¢,x) :=
f(t,z,0,0).

Proposition 3.2.4  Suppose that conditions (A1)-(A3) hold and f satisfies con-
dition (3.2.3), f° € L?([0,T] x E,dt x du; R') and ¢ € L*(E;R"). Then the equation
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(3.2.1) admits a unique solution u € F' and it satisfies the following estimate

2 (63
lullf- < " T2FEEEO(G]Z + (1N 2 0,17 ))-

Proof If u € F', then by relation (3.2.3) we have

|f<7 5 U, DAl/Qu)| < |f(a '7U7DA1/QU) - f<7 ) 070)| + |f(> 7070)|
< C(lul + D gr2ulr) +1£°].

As fO € L*([0,T] x E,dt x du; RY) and | D 41/2u| g is an element of L*([0,T] x E), we
get f(, ',U,DA1/2U) S LQ([O,T] X E;Rl).

Now we define the operator A : F' — F' by
. . T .
(Au)'(t,z) = Pr_4¢'(z) + / Py f'(s, -, us, D g1/2us) (z)ds, i=1,..,L
¢

Then Proposition 3.1.7 implies that Au € F'. In the following we write ffw =
fi(s,+ us, D 412u). Since (Au)i — (Av)i = ftT Po_(fi o — fi)ds is the mild solution

u,s

with data (f! — f,0), by the same argument as the proof of Proposition 3.1.7 we

vl

have

T T
|| / P y(fiy— f1 )ds|2gy < Mo / s — foullads)’
t t
T
<M(T 1) [ fue = fuclids
t

T
< Mp(T — t)/ (lus = vsll3 + 1D 412t = D asjavs|m3)ds
t
< Mp(T = t)Ju = vl g,

where My may change from line to line. Here

D=

Ty
iy = ( sup e+ [ EAw)an)?,
te[TayTb} a
where 0 < T, < T, < T. Fix T sufficiently small such that v := Mp(T —T}) < 1.
Then we have :
[ Au — Av“[le,T] <Alju— U”[ZTI,T]-

Then there exists a unique u; € ﬁ[ThT] such that Au; = wu; where F[Tme] =
C([T,, T,); L*) N L*((T,, Tp,); F) for T, € [0,T) and T, € [T,, T).
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By the same method as above, we define the operator Al : Ft— F! by
. . Tl .
(A'w)(t,x) = Pp_u (Ty, x) + / Py (s, us, D g1/2us) () ds, i=1,..,1.
¢

Then we have
A% = Aol gy < M Ty = ) =l

Now we choose Ty < T} such that My (T} —T5) < 1. Then we have that there exists
a unique us € F[TQ,Tl] such that A'us = uy. Define u := uly 7 + w2l 1. By
a similar argument as in the proof of Proposition 2.2.4, u is a solution on [Ty, T.
Therefore, we construct a solution over the interval [T5,T]. Clearly there exists
n € N such that 7' < n(T — T1). Hence, the construction is done after n steps.

In order to obtain the estimate in the statement, we write

T
|[<n@%MQ

T T T
< / (79, uu)lds + C / lusl2ds + C / 1D ot s adls
t t t

1

r 0112 1 1 2 T 2 1 T A
<= Ifollzds + (= + C + =C%) llus|l5ds + = EMNug)ds.
2/, 2 2 ] 2/,

By relation (3.1.5) of Proposition 3.1.7 it follows that
T T T
Jull+2 [ EMuds <2 [ (fusvdds 4 1618+ 20 [ uds
t t t
T T T
< Wl -+ [ 120Eds + (1420 + O 20) [ ualfds+ [ &%ua)as.
t t t
Now by Gronwall’s lemma the desired estimate follows.

[Uniqueness| Let u; and uy be two solutions of equation (3.2.1). By using (3.1.5)
for the difference u; — us we get

T
s = uaal+2 [ €~ )
T ! T
32/ (f(s, Y ul,su DAl/Qul,s) - f(su ) u2,sa DA1/2u2,s)7 Uy,s — UQ,S)dS + 205/ ||u1,s - u2,s||§d8
tT . t
§2/t O(|DA1/2U1’S — DA1/2u2,s|7 |U1’s — U2’5|)d8 + (20[ + C) /t ||U175 - UQ,ngdS

T T
<2 + C? + ) / ||lu,s — u2,s||§ds + / EA(uLs — Ug)ds.
¢ ¢
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By Gronwall’s lemma it follows that
[ure = uaell3 = 0,

hence u; = us. O

3.2.2 The Case of Monotonicity Conditions

Let f:[0,T] x E x R x H" — R! be a measurable function and ¢ € L?(E, u; R!) be
the final condition of (3.2.1). In this subsection we impose the following conditions:

(H1) [Lipschitz condition in z] There exists a fixed constant C' > 0 such that for
t,x,y, z, 2 arbitrary

\f(t,z,y,2) — f(t,2,y,2")| < Clz = Z|u

(H2) [Monotonicity condition in y| For x,y,y’, z arbitrary, there exists a function
p € LY([0,T];R) such that

<y - yla f(t7zayvz) - f(t,[lj',y/,Z)> S H’t|y - y/|2‘
We set ay := [ 1 ds.

(H3) [Continuity condition in y] For t,z and z fixed, the map
R' >y f(t,2,y,2)

1s continuous.

We need the following notation
fo(t7 I) = f(t7 x? 07 0)7 f/(t7 x? y) = f(t7 I’? y? O) - f(t7 x’ 07 0)7

(@) = sup | f(t, z,y).
ly|<r

(H4) For each r > 0, f'" € L'(]0,T7]; L?).
(H5) [[¢]loc < 00, [|f]loc < 00.

As p(E) < oo we have |¢| € L?,|f°| € L*([0,T]; L?). The conditions (H1), (H4),
and (H5) imply that if u € F'is bounded, then | f(u, D 41/2u)| € L'([0,T]; L?). Under
the above conditions, even if F is equal to a Hilbert space, it seems impossible to
apply general monotonicity methods to the map V 3 u — f(t,-,u(:), Dg12u) € V'
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because of lack of a suitable reflexive Banach space V such that V ¢ H C V.
Therefore, also here we proceed developing a hands-on approach to prove existence
and uniqueness of solutions for equation (3.2.1) as done in [BPS05], [S09] and in
particular, Chapter 2. Then by the same arguments as the proof of Lemma 2.2.5,
the following lemma follows:

Lemma 3.2.5 In (H2) without loss of generality we assume that u, = 0.

Lemma 3.2.6  Suppose that conditions (A1)-(A3), (H1) and the following weaker
form of condition (H2) (with x, = 0) hold,

(H2' )y, f'(t,z,y)) <0,

for all ¢,z,y. If u is a solution of (3.2.1), then there exists a constant K which
depends on C, T, « such that

T
lulz < K (6|2 + / 17013de).

Proof Since u is a generalized solution of (3.2.1), we have by Proposition 3.1.7

T T T
Jul+2 [ E3wds <2 [ (foudds + url3 + 20 [ ulBas.
t t t
Conditions (H1) and (H2") yield

(fs(us, D g1/2us), Usg) (g, D p121s) — folug, 0) + fi(ug) + £, us)

:<fs
<[ fs(us, Dgrraus) = folus, 0)]|us] + (fo(us), us) + ‘f£||u5|
<(C|D grpug| i + 1 £7])|us |-

Hence, it follows that
T
Jul+2 [ & w.)ds
t
T T
<2 / / (CID ausstuslir + 1) sl dpeds + llur]3 + 20 / s 2ds
t t
T T T
< / EM(ug)ds + (O +1+ 20) / lus|12ds + / 1713ds + [fur |2
t t t

Then Gronwall’s lemma yields

T
lul2 < K (]2 + / 17013de).
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Lemma 3.2.7 Assume that the conditions (A1)-(A3), (H1) and (H2’) hold. If u
is a generalized solution of (3.2.1) , then there exists a constant K, which depends
on C', a and T such that

(3.2.4) lulloe < K (lI8lloc + 11/ lls0)-

Proof By Corollary 3.1.13, we have
(3.2.5)

T T

|u,5|2 + 2/ Ps_t(|DA1/2us|§{)ds = PT_t|gz§|2 + 2/ P, (ug, fs(us, D 41/2us))ds.

¢ ¢
Follow the same arguments as the proof of Lemma 3.2.6 we deduce
(fs(us, D gij2us), us) < (C|Dgrjztu| g+ £9]) |usl.
By Corollary 3.1.13 (3.1.20) we get
T
i < Profol + [ Pres(CID sl + |12
Then we have
T
/ Ps—t<fs(usaDA1/2u5)7u5>d3
¢
T T
< [ PedlPrdol + [ P CID sl + S ANCID g0 + £
t S
So by (3.2.5) and Lemma 3.1.14 we have
T
|u,5|2 + 2/ Ps_t(|DA1/zus|2)ds
¢
T T
<Prfoff + 2| Poal(Prodél + [ P CID ] 4 |2Ddn(CID e + 152
t S
T T T T
<3Pr_|¢|* + 2C? / / Py_i(| D arj2ts| Pr_g| D g1 /2, | )drds + 2 / / Po_ (| f°|Po_s| fO))drds
t S t s

T T
Lo / / Po [P o(C1D et + | £21)(CID g 2us] + [ fO])]drds.
t S
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Furthermore,

T T
| Pl PesCID ] 4 112D(CID g+ £ s
t s
1 T T
<5 [ [ PACID s 4120+ PP 1D |+ 12
t s
1

T T
<[ [ COPAD s 4 PSP 4 SR (CID | + |1
t s

T T
§202(T—t)/ Ps_t]DAl/Qus\st—i—Q(T—t)/ P,_|f°|ds.
t t

By Schwartz’s inequality one has

T T
/ / Po (1D osssotisl sy Pra| Dogs oty ) drds
t S
T T 1 T T 1
< / / S (Podl Dy )rds + / / (Pl Do,y )drds
t S t S
T
<(T—+) / Py oD yses|ds.
t
Hence we conclude
T
\ut]2+2/ Ps,t(]DAl/zus\%{)ds
t
T T T
§2PTt]¢|2+602(T—t)/ Pst|DA1/2uSﬁ{ds+6(T—t)/ / Po_(|f2)?)drds.
t t S

Hence, we deduce by iteration the estimate over the interval [0, 7]. We obtain from
the above estimate:

T
wl? < sup sup K(PriJo? + (T — 1) / Py fOPds)
tel0,T] zeE t

< sup K([[¢*]oo + T2 £°11%)
te[0,7)
<E*([lo)13 + 11°113);

which implies (3.2.4). O

The proof here is different from the finite dimensional case, i.e. the proof of
Theorem 2.2.8, since a unit ball in H is not compact. And it is inspired from
the probabilistic approach to prove the existence of the solution of the BSDE of
[BDHPS03].
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Theorem 3.2.8 Suppose the conditions (A1)-(A3), (H1)-(H5) hold. Then there
exists a unique generalized solution of equation (3.2.1), and it satisfies the following
estimates with constants K; and K5 independent of u, ¢, f

T
M%émWM+AHmWW

and
ulloo < Ka(||@]loo + [[f°]]o0)-

Proof [Uniqueness| Let u; and uy be two solutions of equation (3.2.1). By using

(3.1.5) for the difference u; — uy we get

T
Juss = unalB+2 [ &M~ wa)ds
T ! T
SQ/ (f(sy -y urs, Dgijpurs) — f(8, - Uas, Dgrotins), Ur s — Uss)ds + Qa/ 1. — ug,s|/5ds
tT . ¢
<o / C\D guyotins — Dogryotin.s| 1, [t s — n.s|)ds + 20 / s — w425
t . - t
<(C? + 204)/t |1 s — Ussl|3ds + /t EMNuy g — ug)ds.

By Gronwall’s lemma it follows that
[ure = uall3 = 0,

hence u; = us.
[Existence] The existence will be proved in two steps.

Step 1. Suppose f is bounded. We define
M = sup|f(t,2,y,2)|.

We need the following proposition.

Proposition 3.2.9 If f satisfies the condition in Step 1, then for v € Fl, there

exists a unique generalized solution u € F' for the equation
(O + L)u+ f(,+,u, Dg12v) =0, ur = ¢.

Following the same arguments as in Lemma 3.2.5, we assume that 2C%+2a+p, <

For each v € F! , we define Av = u where u is the unique generalized solution
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obtained by Proposition 3.2.9. Let vy, vy € F'. By applying (3.1.5) to the difference

U] — Uy We obtain

T
|ug — Uz,tHg + 2/ EA(ULS — U 5)ds
t
T T
§2/ (f(sysurs, Dgippvrs) — f(Sy Uz, Dpg12va ), un s — Uss)ds + 2a/ |1 s — uzs|[3ds
t t

2
5ds

T T
< / CUD a1/2010 — Dogsssvaslir, [uns — g, )ds + / (20 + 1) urs — s
t t

T T
1
S/(ﬂﬂ+2@+%mmﬁ—WA@k+§/nSﬂmﬁ—WJ@
t t

1 (T
g—/ EA(vLs—vg’S)ds.
2.J

Consequently we have ||Avy — Avs|lr < 3|lvr — vo]|. Then the fixed point u of A is
the solution for (3.2.1).

Proof of Proposition 3.2.9 We write f(t,z,y) = f(t,z,y, D41,2v) and uniqueness
follows as above. Now we prove the existence of the solution.

We regularize f with respect to the variable y by convolution:
Jaltyw y,2) =n' [ [t y)elnly —y)dy
R

where ¢ is a smooth nonnegative function with support contained in the ball {|y| <
1} such that [ = 1. Then f = lim, o fy and for each n, d,,f, are uniformly
bounded. Then each f, satisfies a Lipschitz condition with respect to both y and
z. Thus by Proposition 3.2.4 each f, determines a solution u, € F' of (3.2.1) with
data (¢, f,). By the same arguments as in [S09, Theorem 4.19], we have that each
fn satisfies conditions (H1) and (H2’) with C' =0 and p = 0. Since

fult, 2,0,0)] < / £t ) e (n(—y))ldy

ly/1<5
<M,
one deduces from Lemma 3.2.7 that ||u,||c. < K and [Ju,|r < Kr.

Since the convolution operators approximate the identity uniformly on compact

sets, we get for fixed ¢, x,

lim d, ;o (t,2) == sup |f(t,z,y) — fult,z,y)| = 0.

oo ly|<K
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Next we will show that (u,)nen is a || - [[7-Cauchy sequence. By (3.1.5) for the

difference u; — u,,, we have
T
o =l +2 [ €% e = )
t
T T
§2/ (fi(s, s urs) — fu(Sy Uns), Ups — Uns)ds + 2@/ llus — un,ngds
t ¢

T
§2/ <|fl<57 B ul,s) - f(su ) ul,s)|> ’ul,s - un,sl)ds
t
T

+2 (|fn(37 '7un,s) - f(su ) un,s)‘; |ul,s - un,s|)d3

/
T T
+ 2/ (f(sa ) ul,s) - f(sv “y un,s)7 Uy s — un,s>d3 + 2@/ Hul,s - un,ngdS
t t
T T
<2 [ gl + o) s = )+ 20 [ s = s
t t

T T T
< [ Wil B+ [ (s, Olds + 2+ 20) [ e = s,
t t t

and that lim,, ftT |d;, . (s,-)||l3ds = 0. Thus, for [,n large enough, we get for an
arbitrary € > 0

T T
luas — w2+ / EAupy — up)ds < =+ K / ey — w2,
t t

where K depends on C, M i, It is easy to see that Gronwall’s lemma then
implies that (u,)nen is a Cauchy-sequence in F. Define u = lim,,_, - u,, and take a
subsequence (ny)ren such that u,, — u a.e. We have

f('a '7unk) — f(, ',U) n LQ(dt X du)
Since ||up, — ul|r — 0, we obtain

|||DA1/2U — DAl/zunk|H||L2(dtxdu) — 0.

We conclude that

IJL% ank (unk) - f(u)||L2(dt><dp)
S k;h_{go ||fnk (unk) - f(unk)||L2(dt><du) + ]<;11—>I£lo ||f(unk) - f(u)||L2(dt><d/L)

< klggo ‘|d;1k,7”|’L2(dt><dM) + klglolo Hf<unk) - f(u)HLQ(dtxdu)

=0.
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By passing to the limit in the mild equation associated to w,, with data (¢, f,,), it
follows that u is the solution associated to (¢, f(u, D 41/2v)). O

Step 2. Now we consider the general case. Let r be a positive real number such
that

r 214 K([[¢floe + [1/l),

where K is the constant appearing in Lemma 3.2.7 (3.2.4). Let 6, be a smooth
function such that 0 <6, <1,0,(y) =1 for |y| <r and 0,(y) =0 if |y| > r+ 1. For

each n € N, we set ¢,,(2) : and

_ n
=z |z| VN

n 0

hn(t2,,2) 1= ) (0 ,00(2)) = ) gy +

We have

n
‘hn(tax>y7 Z)| S ‘f(tawayaqn('z» - f(t,l‘,y,()) + f(thay?()) - ft0|1{|y|§7’+l}m + fto

nf’,r—i—l

frtivn
<(1+C)n+ f.

< Clgn(2)|m + + f

We easily show that h,, satisfies (H1) and (H3). So, we only need to prove (H2).
For y,y’ € RY if |y| > r+1,|y'| > r+ 1, the inequality is trivially satisfied and thus
we concentrate on the case || < r + 1. We have

<y - y/7 hn(tax7y7 Z) - hn(t>$7 y/7 Z)>
:er(y>ﬁ<y - y/a f(tv z,Y, Qn(z)) - f(t,[)?, y/a QR(Z)»
+ gy O) = W) = o [0 4 aa(2) = 1)

The first term of the right hand side of the previous equality is negative. For the
second term, since 6, is C(r)-Lipschitz, we obtain

O:-(y) = 0N =y, F(t 2,4, 4u(2)) = 17) SCO)ly = o' PIFE 2,y 6a(2) = 17
<C(r)(Cn+ fla )y — ',
and thus

n

Tty W) = 6D =y [ty (=) = f2) S CE)(C+ nly =y

Then each h,, satisfies the assumptions in Step 1, and denote u,, is the generalized
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solution of (3.2.1) with data (h,, ¢). We have

<y7 h;z(t7$ay)> = <y7hn<t7x7y70)_hn(th7070)> = <y7f(t7$,y,0)_fto>m >

Hence, Lemma 3.2.7 implies that ||[u, | <7 =1, |Jus||7 < Kp. So, u, is a solution
with data (f,, @), where f,(t,z,y,2) = (f(t,z,y,¢.(2)) — f?)}w#lvn + f7. For this
function (H2) is satisfied with u, = 0. Conditions (H1) and (H2) yield

|(fi(ur, D grjowr) = fro(tg, D grrotin), uy — ty,)|
SC(|DA1/2ul — DA1/2un|H, |ul — un|) + |(fl(un, DA1/2un) — fn(un, DA1/2un),’ul — un)|

For n <[, we have

‘fl(um DAl/Qun> - fn(una DA1/2un)| S26"l)Al/Zun’H1{|DA1/2un|HZ”}
—|— QC‘DAl/Qun|H1{f/7T+1>n} + 2f(7r+11{fl’7‘+1>n}'

Then we have
T
o =l +2 [ € e = )
t
T T
S2/ (fl(ul,87 DAl/Qul,s) - fn(un,37 DAl/Qun,s)u Uy s — un,s)ds + 20[/ ||ul,s - un,ngds
t t
T T
gz/ CUD syt — Dogoyatin | |1 — 1)l + 2/ CCID 1 /sttnlit L1, s gy [t — )
t t
T T
+ 2/ <2C|DA1/2un|H1{f’m+1>n}7 [ur — up|)ds + 2/ 2f ’T+11{f/,r+1>n}a [ — up|)ds
t t
T
+ 2a/ s — unsl5ds
t
T T
<(C*+ 204)/ | — u,||5ds + / EXMNuy — uy)ds
t t
T
+ SC(T — 1)/ /’DA1/2un‘H1{DA1/2unHZn}d,udS
t

T T
+ 80(?" — 1)/t |DA1/2un|H1{f/,r+1>n}dud8 + 80(7" — 1)/1; /f/’r+11{f’,r+1>n}d,ud8.

Since ||u,||% < K, we have fOT D g1/2un | ||3ds < Kr. Hence,

T T
[t < [ 1D 010, ol < K
t t



120 Chapter 8. BSDE and generalized Dirichlet form: infinite dimensional case

T
lim / / frduds =0,
n—oo t {f/’T>’I’L}

and
T
/ / 1D s st st < [T 2t | D asvztiml i ey — 0,
t J{fr>n}

for n big enough we obtain
T T
s — tnill5 + / EMNups — upg)ds < (C* + 2a)/ | — uy||3ds + €.
t t

By Gronwall’s lemma it is easy to see that (u,),en is a Cauchy sequence in F'. Hence,
u = lim,, o u, is well defined. We find a subsequence such that (u,,, D 41/2up, ) —
(u, D 412u) a.e.

f(unk7 DA1/2U) - f(uv DAl/Zu)a

and conclude that

| foi (s D g1r2un, ) — f(u, D gr2u)|
<1 ramy | Date) = F (g o (D g1/2,)
+ 1 s (1w Drp) = O+ | f(, D grjzwe) = f(tny, G (D arjzting))]
<|f(u, Dgrjou) = f(tngs Gy (D arrzting )| 4 Liprospy | F (1, D grrzu) — f]
<[f (g, Darzw) = f(tng, Gy (D arzuin,) | + | f (s Do) = f(u, D gi2u)]
+ 1y [ (w, D grou) — ]

—0 a.e..

Since
| frp (Unys D grsotn, ) — f(uw, D g12u)|

<[f(,0) = f(u, Darp2u)| + [ fry (tny, D avsotin,) = f, (tn,, 0)]
+ | frp (W, 0) = oL+ |f7 = f(u, 0)]
<C(ID qroul it + Dot 1) + 21,
we obtain
Jo Wnys D g172t, ) = f(u, D g1/2u)

in L'([0,T], L?). We conclude that u is a generalized solution of (3.2.1) associated
to the data (&, f).
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3.3 Martingale representation for the processes

Some of the basic results on backward equations rely on the following well-known
representation theorem (see, e.g., [FT02]). The Wiener process in a Hilbert space
has the martingale representation property: any martingale with respect to the
filtration generated by the Wiener process can be expressed as an [t0 integral against
the Wiener process. Now we extend this martingale representation theorem for the
process associated with the operator L.

3.3.1 Representation under P”

In order to obtain the results for the probabilistic part, we need that £ is a quasi-
regular generalized Dirichlet form (Definition 1.3) in the sense of Remark 3.1.1 (iii)
with ¢ = 0. There is a Markov process X = (Q, Fuo, Ft, Xi, P*) which is properly
associated in the resolvent sense with &, i.e. Rof := E” [~ e f(X,)dt is E-quasi-
continuous m-version of the resolvent G,, of € for a > 0 and f € B,(F) N L*(E; ).
The coform & introduced in Section 1.1 is a generalized Dirichlet form with the
associated resolvent (Ga)a>0 and there exists an pu-tight special standard process
properly associated in the resolvent sense with E. We always assume that (F;);>o is
the (universally completed) natural filtration of X;. From now on, we obtain all the

results under the above assumptions.

As mentioned in Remark 3.1.1 (vii), such a process can be constructed by quasi-
regularity ([St2, IV. 1. Definition 1.7]) and a structural condition ([St2, IV. 2. D3]
on the domain F of the generalized Dirichlet form.

We use the spaces M, M which are introduced in Section 1.2.
Define for k € F,

& (u,v) : ou Ov

= &%dﬂ, u,v c .FCb .

k € F is called p-admissible if (&, FC;®) is closable on L?(E; p).

We consider the following conditions:

(A4) There exist constants ¢, C; > 0 such that cldy < A(z) < C1Idy for all z €
E. There exists a countable dense subset {e;} of E’, which is an orthonormal basis

of H, consisting of p-admissible elements in £, and uy(-) :=p (ex,)p € F.

(A4’) There exists a countable dense subset {ej} of E’, which is an orthonormal
basis of H, consisting of p-admissible elements in F, and ug(-) =g (e, )p € F.
Furthermore, A(z)er = Ap(z)ex for some non-negative Borel measurable functions
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A

Remark 3.3.1  Condition (A4) can be replaced by condition (A4’) and all results
below can be proved by the same arguments. For simplicity, we only give the proof
under condition (A4).

By the existence of {ej}, (A1) follows from [MR92, Proposition 3.8]. Set

FCr({ex}) = {f(e(e1; ) B, - (€m, ) )m €N, f € C;°(R™)}.

(A5) The process X associated with £ above is a continuous conservative Hunt
process in the state space £ U {0}, oG, is sub-Markovian and strongly continuous
on V, and & is quasi-regular. Furthermore, FC({e;}) C F and for u € F, there
exists a sequence {u,} C FC°({ex}) such that E(u,, —u) — 0,n — 0.

If € satisfies (A2) and (A4), the bilinear form can be written as
E(u,v) = /(A(z)Vu(z),Vv(z)>Hdu(z)+/<A(z)b(z),Vu(z))HU(z)d,u(z),u € F,v € bF.

Again we set D 412u := AY?Vu.

For an initial distribution p € P(F) ( where P(E) denotes all the probabilities
on E, ) we will prove that the Fukushima reprensentation property mentioned in
[QY10] holds for X, i.e. there is an algebra K(E) C B,(E) which generates the
Borel o-algebra B(E) and is invariant under R for o > 0, and there are countable
continuous martingales M*,i1 € N, over (2, F*, F}*, P*) such that for any potential
u = R®f where a > 0 and f € K(E), the martingale part M of the semimartingale
uw(X;) — u(Xp) has a martingale representation in terms of M’ that is, there are
predictable processes Fj,i € N on (9, F*, F}') such that

00 ¢
MM :Z/ FidMJ  P'—ae..
j=1"0

By Theorem 1.7, if G, is sub-Markovian and strongly continuous on V, the
Fukushima’s decomposition holds for « € F. In this case we set M* := M[] with

ug(+) := {(eg, ) g. These martingales are called coordinate martingales.

Let us first calculate the energy measure related to (M) v € FCX. By [Tr2,
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formula (23)], for bounded g € L*(E, 11), we have

/éwgdﬂ Ml
= lim a(Uj0)L,Gh9)
_alggo tlggo Eg gu(ae—(v+a)t(M[u}> ) + O}LHQO Es g“(/o <M[“}>ta(7 + a)e—(wa)tdt)

= lim lim a (s, e” (y+ajt / PG gds)
0

a—00 t—00

a—r00

+ lim a(y + a)(/ooo 6_(’Y+a)tEé,yg,u(<U(Xt) —u(Xo) — Ny)?)dt)

a—00

= lim a(y + a)( / T g, (u(X,) — u(X0))?)dh)

= lim 2a(u — aGau,uG,g) — a(u?, G g — aGaG.g)

:2(_Lu7 UG’Yg> - (_Lu 7G’Yg>
=2 (u, uéwg) —E(u?, C;‘ﬂ/g)

=284 (u,uGg) — EA(u?, Ghg) + 2 /(Ab, V) guGygu(dz)

- [(4b.V(@))uCogn(an)
:25A(ua UGWQ) - EA(UQa G"/g)
9 / (AVu, V(uChg)) mdp — / (AV(2), V(Crg)) i
:2/<AVu,Vu>Hévgdu.
Then by [Tr2, Theorem 2.5], we have

toapy = 2(AVU, V) pr - dp.

By [Tr2, Proposition 2.19], for v € FC° and u = f(ge1, ) gy --sm (€m, ) E), WE

have
u] Z / (Vu(Xy), e;) HdMZ

Then by the same arguments as in [F90, Theorem 3.1] (see also proof of Theorem
2.3.6 and Lemma 3.3.2), we have that under P* for quasi every point = ( where the
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exceptional set depends on u,v) , and every u,v € F,

(3.3.1) MM = Z/ (Vu(X,), e;) d ML,

where Y 7, fg(Vu(Xs), ey pdM! =lim, oo > 1", fOt(Vu(XS), e;)pd M in (M, e) and

we have
t
(3.3.2) (M Ay, — 9 / (A(X)Vu(X,), V(X)) uds.
0
In particular,
(3.3.3) (M M), = 2 / 0i5(X,)ds,
0

where a;;(2) = (A(2)e;, €j)n-

Lemma 3.3.2  Suppose (A4)(A5) hold. For v € F and V; is a continuous adapted
process, with |V;| < M,Vt,w, we have for q.e. z € E,

(3.3.4) / V,dMM = Z/ (Vu(X,),e) gdM!  P* —a.s..
If (A4’), (A5) hold, then for some 1 € Vu, we have for q.e. = € E,

/ VMM = Z/ ),ei)gdM!  P® —a.s..

Proof By [Tr2, Remark 2.2], for v € Sy and B := Y7, fo s)s €i) gdM:

we have

n—+m
E¥(B"™™™ — B")? =E*( ) / (Vu(X,), e;) gdM?)?

i=n+1
n+m
8> / V2ay (X, (Vu(X,), &) (Vu(X,), ;) uds)
1,j=n+1
n+m
ccnrp 5 [ @i
i=n+1

n—+m

<C,\ M3 |U1V|Oosup E“ Z/ (Vu(Xy), €;)3ds)

i=n+1
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n+m
—Cy M%e! | Uy v| o Z /(Vu(z),eiﬁlu(dz) — 0, as n,m — 00,

i=n+1

where Sy, Uy v are introduced in Section 1.2. Then we define > fot Vo(Vu(X,), e;) gdM! =
lim,,,., B™ in (M, e). Furthermore, we have

t n t
E”(/ ngMgul—Z/ Vo (Vu(X,), &) gdM?)?
0 i—1 /0

<B [ 30 VA (X)(Tu(X). i (ValX.) ) s

i,j=n-+1

. 1 t
§M2016t|U1V|OOSU_p —E“/ g (Vu(XS),eiﬁ{ds
t t 0 .

i=n-+1

t 00
§M201€t|U11/|00/ Z (Vu(z),e)3u(dz) — 0, as n — oo.
0 .

1=n-+1

So, we have

t o0 t
/vdes[u]:Z/ Vo(Vu(X,),e)ydM!  P' —a.s..
0 i—1 J0

Then by [Tr2, Theorem 2.5] and Theorem 1.4, the assertions follow. O

Moreover, by a modification of the proof of [QY10, Theorem 3.1] , we have the
martingale representation theorem for X which is similar to [BPS05].

Theorem 3.3.3 Suppose that (A4) or (A4’) and (A5) hold. Then there exists
some exceptional set A such that the following representation result holds: For
every bounded F,,-measurable random variable &, there exists predictable processes
¢ :[0,00) x Q — H, such that for each probability measure v, supported by E\ N,
one has

=B R+ [ (Guenadl P -ac.
i=0 V0

where M? = M™! with u; :=g (e;,)g,i € N are the coordinate martingales, and
v > 1 V2
E (A(X)dss ) s < S EVE.
0

If another predictable process ¢’ satisfies the same relations under a certain measure
P”, then one has AY?(X,)¢, = AY?(X,),,dt x AP’ — a.e.

Proof Suppose that N is some fixed exceptional set. By K we denote the class of
bounded random variables for which the statement holds outside this set. We claim
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that if (¢,,) C K is a uniformly bounded increasing sequence and & = lim,,, &,,,
then ¢ € K. Indeed, we have E®|¢, — &> — 0. Let ¢" denote the process which
represents &,,. Then

o 1 o 1
B [l = etlids < B [ A0~ ), 00— uds < 5 E7IE, — P,

Now we want to pass to the limit with ¢" pointwise, so that the limit become
predictable. For each [ = 0,1, ... set

m(e) = it {nlB(€ ~ €,)" < 1)

gz = fn,(Xo)'

Then one has &, = En(z) ON the set {Xo =z}, and E¥(§ — £)? < & for any v € N°.
The process which represents & is simply obtained by the formula g_bl = qﬁ"l(XO).
Then define ¢, = lim;_, g?ﬁls in H. By the same arguments as the proof of Lemma
3.3.1, we obtain

Z / o €1) rdM)? = lim E*( Z / o e) pdM)?

=l B Z / ai (X ){B5 = By i) (0 — by €5 ds)
i,j=1 0

gClE“/ |, — g_biﬁ{ds — 0, as | = oo.
0

Therefore, we have £ € K.

Let K(E) C By(E) be a countable set which is closed under multiplication,
generates the Borel o-algebra B(F) and R*(K(E)) C K(F) for a« € QF. Such
K(F) can be constructed as follows. We choose a countable set Ny C bB(E) which
generates the Borel o-algebra B(F). Since E as a separable Banach space is strongly
Lindeldf, such a set Ny can easily be constructed (see [MR92, Section 3.3]). Forl > 1
we define Njyy = {g1 - o - g1, U%G1 - G2+ - - Gry g € Nk € NU {0}, € Q7} and
K(E) :=U2,N; (ct. [FOT94, Lemma 7.1.1}).

Let Cobeall{ =&, ---&, forsomen € N, §; = [~ e~" f;(X;)dt, where o; € Q*,
fi € K(E),j =1,...,n. Since the results in Lemma 2.3.7 also hold in this case, we
see that the universal completion of the o-algebra generated by Cy is F, . By the
first claim, a monotone class argument reduces the proof to the representation of a

random variable in Cj.

Let £ € Cy. By Markov property of the process (see e.g. [QY10, Theorem 3.1]) ,
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we have

N, = E*(£|R) = Xym
where the sum is finite , and for each m, Z™ = Z; has the following form

Zy = Viu(Xy)

. . . : . K
(the superscript m will be dropped if no confusion may arise), where V; = [[._,;

fg e Pisgi(X,)ds and u(x) = UPrH 4Bk (hy (UP2FPrhy.  (UPkhy,)...) for B, € QT, gi, hi €
K(E). Obviously, u € K(FE). Hence, by Fukushima’s decomposition and Fukushima’s

representation property we have
(3.3.5) w(X,)—u(Xo) = MM +AM = Z / (Vu(X,), e pdMI+ A" P—as..

Then by Ito’s formula and Lemma 3.3.2, we have

t t t
z=%+/uMM%+/nMy+/%MM
0 0 0

t t 0 t
:Zo+/ u(Xs)d\/S+/ VSdA[;l+Z/ Vo(Vu(X,), e;) pd M.
0 0 i—1 Y0

Hence,

N, = Z/ (Vu(X,),e))gdM!  P* —a.s..

Define ¢, = V;Vu(Xy), then the representation holds for £ € Cy. As (3.3.4) and
(3.3.5) hold for every x outside of an exceptional set of null capacity, the exceptional
set NV in the statement will be the union of all these exceptional sets corresponding
to u € K(FE) and the exceptional sets related to V' in Lemma 3.3.2. O

If in the preceding theorem, ¢ is nonnegative, we drop the boundedness assump-

tion.

Corollary 3.3.4  Suppose that (A4) or (A4’) and (A5) hold. Let AN be the
set obtained in Theorem 3.3.3. Then for any F,-measurable nonnegative random
variable £ > 0 there exists a predictable process ¢ : [0,00) x @ — H such that

=B @R+ Y [ Gucludd; PP,
i=0 Y0
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where M?,i € N, are as in Theorem 3.3.3, and

T - 1 T -2
B [ (A0, 0nds < B,

for each point x € N¢ such that F*¢ < co.

If another predictable process ¢’ satisfies the same relations under a certain
measure P, then one has AY?(X,)¢, = AY?(X,)¢,,dt x dP* — a.e.

3.3.2 Representation under P*
As usual we set [0 .dM, = 300 [1(4,, e;) pd M.

Lemma 3.3.5 Suppose that (A1)-(A3), (A5) and (A4) or (A4’) hold. Ifu € D(L),
¢ € Vu , then

t t
u(Xy) — u(Xo) = / V(Xs).dM; +/ Lu(X;)ds Pt —a.s..
0 0
Proof Corollary 3.3.4 and (3.3.1) imply the assertion. O

Then by the same arguments as the proof of Lemma 2.3.6 we extend this repre-

sentation to time dependent functions wu(¢, x).

Lemma 3.3.6 Suppose that (A1)-(A3), (A5) and (A4) or (A4’) hold. Let u :
[0,7] x E — R be such that

(i) Vs,us € D(L) and s — Lu, is continuous in L.
(i) uw € CY([0,T7]; L?).

Then clearly u € Cr, and, moreover, for any ¢ € Vu and any s,t > 0 such that
s+t < T, the following relation holds P*-a.s.

t t
u(s +t,X¢) —u(s, Xo) = / Yoy (Xy).dM, + / (0s + L)ussr (X, )dr.
0 0

Theorem 3.3.7  Supppose that (A1)-(A3), (A5) and (A4) or (A4’) hold. Let
f € LY[0,T]; L?) and ¢ € L*(E) and define

T
u = Pr_¢ + / Py_i fods.
¢
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Then for each 1) € Vu and for each s € [0, T], the following relation holds P*-a.s.

u(s +t, Xy) —u(s, Xo) = /t¢(s + 7, X,).dM, — /t f(s+r X, )dr.
0 0

Furthermore, if u is a generalized solution of PDE (3.2.1), for each ¢ € [s,T] the
following BSDE holds P*-a.s.

T
ult,Xie) =0(Xr—) [ £ Xl X, ) AV, X))

T—s
— (s +r,X,).dM,.
t—s

Proof First assume that ¢ and f satisfy the conditions in Proposition 3.1.5 (ii).

Then we have that u satisfies the conditions in Lemma 3.3.6 and by Lemma 3.3.6,
the assertion follows. For the general case we choose u™ associated with (f", ¢") as
in Proposition 3.1.7. Then ||u™ — ul|z — 0 as n — oo. For u™ we have

¢ ¢
(3.3.6) u"(s+1t,Xy) —u"(s,Xp) = / Vg, (X;).dM, — / M (s+r X,)dr.
0 0

As
t
B'| [ (Vi (X) = Vil (X)),
0
t
SE“/ (AX) (Vg (X)) = Vul, (X0), Vug,, (X)) — Vg, (X)) pdr
t 0
S/‘ 5A(u2+r - U§+T)d7“,
0
letting n — oo in (3.3.6), we obtain the assertions. O

3.4 BSDE’s and Weak Solutions

The set N obtained in Theorem 3.3.3 will be fixed throughout this section. By
Theorem 3.3.3, we solve the BSDE under all measures P*, x € N°¢, at the same
time. We will treat systems of [ equations, [ € N, associated to R!-valued functions
f:00,T] x Q x R x H' +— R! assumed to be predictable. This means that we
consider the map (s,w) — f(s,w,-,-) as a process which is predictable with respect
to the canonical filtration of our process (F).

Lemma 3.4.1 Suppose that (A4) or (A4’) and (A5) hold. Let & be an Fr-
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measurable random variable and f : [0,7] x 2 — R an (F;);>o-predictable process.
Let D be the set of all points # € N for which the following integrability condition
holds

E(j¢] + / (s, w)[ds)? < oo.

Then there exists a pair (Y;, Z;)o<t<7 of predictable processes Y : [0, 1) xQ — R, Z :
[0,T) x Q +— H, such that under all measures P, x € D, they have the following
properties:

(i) Y is continuous;

(ii) Z satisfies the integrability condition
T
/ |AY2(X,) Zy % dt < oo, P* —a.s.;
0

(iii) the local martingale obtained integrating Z against the coordinate martingales,
ie. fot Zs.dMy, is a uniformly integrable martingale;

(iv)
T T
Y;—f—l—/ f(s,w)ds—/ Zs.dM,, P*—as,0<t<T.
¢ t
If another pair (Y}, Z}) of predictable processes satisfies the above conditions (i),(ii), (iii), (iv),

under a certain measure P with the initial distribution v supported by D, then one
has Y. =Y/, PY — a.s. and AY2(X,)Z, = AY*(X,)Z!,dt x P" — a.s..

Proof The representations of the positive and negative parts of the random variable
£+ fOT fsds give us a predictable process Z such that

§+/0Tfsd8ZEX°(§+/OTdes)+/OTZS.dMS.

Then we obtain the desired process Y by the formula

T T t
Yt:EXO(u/ fsds)+/ Zs-dMs—/ fods.
0 0 0
O

Definition 3.4.2 Let ¢ be an Rl-valued, Fp-measurable, random variable and
f:00,T] x Q x R x H' — R! a measurable R'-valued function such that (s,w)
f(s,w,-,+) is a predictable process. Let p > 1 and v be a probability measure sup-
ported by N¢ such that E¥|{|P < co. We say that a pair (Y%, Z;)o<i<7 of predictable
processes Y : [0,T) x Q +— Rl Z : [0,T) x Q — H' is a solution of the BSDE in
LP(P") with data (&, f) provided Y is continuous under P” and it satisfies both the
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integrability conditions
T
/ (b Yo AVAX)Z)dt < 00, P — acs.,
0

and .
E”(/ |AY2(X,) Z,|%,dt)P? < oo,
0

and the following equation holds
(3.4.1)

T T
Y, =¢ +/ f(s,w,Ys, AVHX ) Z,)ds — / Zs.dM,, P’ —as,0<t<T.
t t

Let f:[0,T] x Q2 x Rl x H" + R! be a measurable R'-valued function such that
(s,w) — f(s,w,-, ) is predictable and it satisfies the following conditions:

1) |Lipschitz condition in z| There exists a constant C' > 0 such that for all
( p
t7w7y7 Z? Z/

\f(t,w,y,2) — f(t,w,y,2)] < Clz — 2|y.

(©2) [Monotonicity condition in y| For w,y,y’, z arbitrary, there exists a function
p, € LY([0,T],R) such that

=y, [twy 2) = f(twy,2) < wly =yl
and oy = f(f eds.
(Q23) [Continuity condition in y| For t,w and z fixed, the map
y = ft,w,y,2)
is continuous.

We use the following notations:
fo(t’ w) = f(t’ w’ 07 0)7 f/(t7 w? y) = f(t’ w’ y7 0) - f(t7 w? 07 0)7

fr(tw) = sup | f'(t,w,y)l.

ly|<r

Let ¢ be an R'-valued, Fr-measurable, random variable and, for each p > 0 let A,
denote the set of all points z € A€ such that

T
(3.4.2) Ex/ £7dt < oo,  Vr >0,
0
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and
E(JeP + ( / 125, w)|ds)?) < oo.

Let A, denote the set of points € N for which (3.4.2) holds and with the property
that |¢], |£9] € L=(P*).

The method to prove the following proposition is standard, and it is included in
the Appendix.

Proposition 3.4.3  Assume that (A4) or (A4’) and (A5) holds. Under conditions
(Q1), (£22), (23) there exists a pair (Y, Z¢)o<i<7 of predictable processes Y : [0,7") x
Q= RLZ:[0,T) x Q> H' that forms a solution of the BSDE (3.4.1) in LP(P%)
with data (&, f) for each point = € A,. Moreover, the following estimate holds with
some constant K that depends only on ¢, C, pp and T,

T T
Pe(sup WP+ A Z ) < KB 1P Gldsy). ae 4,

t€[0,T7]
If z € Ay, then sup,cop [Yi| € L=(P7).

If (Y/,Z}) is another solution in LP(P*) for some point x € A,, then one has
Y; =Y, and AV2(X,)Z, = AV3(X,)Z],dt x P* — a.s..

We shall now look at the connection between the solutions of BSDE’s introduced
in this section and the PDE’s studied in Section 3.2. In order to do this we have to

consider BSDE’s over time intervals [s,T], with 0 < s < T as done in Section 2.4.

Let us give a formal definition for the natural notion of solution over a time inter-
val [s,T]. Let £ be an Fr_,-measurable, Rl-valued, random variable and f : s, T x
Q x R' x H' = R' an R'-valued, measurable map such that (f(s+ 1, w,-,"))icpor—s
is predictable with respect to (F;)icjo,r—s- Let v be a probability measure sup-
ported by N°¢ such that E¥|{[F < oco. We say a pair (i, Z;)s<i<r of processes
Y:[s,T] xQ—=RLZ: [s,T] x Q — H'is a solution in LP(P") of the BSDE over
the interval [s, 7] with data (&, f), provided they have the property that reindexed
as (Ysq1, Zst1)icp,r—s) these processes are (Jp)iecpo,r—s-predictable, Y is continuous
and together they satisfy the integrability conditions

T
/ (- Yo AV (X ) Z)ldt < 0, P¥ — as,

and .
Bv( / AV2(X, ) Zi2dt)P? < oo,
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and the following equation under P” holds

T T—s
(3.4.3) Y, :§+/ f(r,Y,,,Al/Q(XTS)ZT)dr—/ Zgy.dM;, s<t<T.

t t—s
The next result gives the probabilistic interpretation of Theorem 3.2.8. Let us
assume that f:[0,7] x £ x R x H" — R! is the measurable function appearing in
the basic equation (3.2.1).

Let ¢ : E — R’ be measurable and for each p > 1, let A, denote the set of all
points (s,x) € [0,T) x N such that

T
E/ frt, X,_g)dt < o0, ¥r >0,

and

B (|6 (Xr_) + ( / Ot X, |ds)?) < oo

s

Set D :=Ups14p, Ay s i={x € N (s,x) € Ay}, and Ag := Ups14, 5,5 € [0, 7).

By the same arguments as Theorem 2.4.4, we obtain the following results.

Theorem 3.4.4  Assume that (A4) or (A4’) and (A5) holds and that the function
f satisfies conditions (H1),(H2),(H3). Then there exist nearly Borel measurable
functions (u,),u : D — R4 : D — H', such that, for each s € [0,7) and each
r € A, the pair (u(t, X;—s), ¥(t, Xi—s))s<t<r solves BSDE (3.4.3) in LP(P*) with
data (¢(Xr_s), f(t, Xi_s,y, 2)) over the interval [s, T].

In particular, the functions u, ¢ satisfy the following estimate, for (s,z) € A,

T
E*(sup Jut, Xo—o)| + ( / AV (2, X, ) Pt

tels,T) s

T
<KE(oXr-)P + (|17 Xilay),

Moreover, if (A1)-(A3) hold and f, ¢ satisfy conditions (H4) and (H5), then the

complement of Ay, is p-negligible (i.e. u(AS,) = 0) for each s € [0,7), the class of

uly, is an element of F! which is a generalized solution of (3.2.1), 9 represents a

version of Vu and the following relation holds for each (s,z) € D and 1 <i </,
(3.4.4)

u'(s,x) = B (¢ (Xp_s)) + /T E=fi(t, Xy_ g, ult, Xo_y), AY2(Xi_ )0 (t, Xo_y))dt.
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3.5 Examples

In this section, we give some examples satisfying our assumptions (A1)-(A5).

Example 3.5.1 (Ornstein-Uhlenbeck semigroup) Given two separable Hilbert

spaces H and U, consider the stochastic differential equation
(3.5.1) dX(t) = A, X (t)dt + BdW (), X(0)=z€H,

where A : D(A;) C H — H is the infinitesimal generator of a strongly continuous

tAq]

semigroup e**', B : U — H is a bounded linear operator, and W is a cylindrical

Wiener process in U. Assume
(i) |l || < Me“t for w < 0, M >0, and all ¢ > 0.
(ii) For any ¢ > 0 the linear operator @), defined as

t
Qix = / e CeMrds, x € H,t >0,
0

where C' = BB, is of trace class.
(iii) Cettt = et

1 denotes the Gaussian measure in H with mean 0 and covariance operator ().
Then the bilinear form

1
E(u,u) = 5/1{ |CY2Vuldp, u € FCE°,

is closable. The closure of FCp° with respect to & is denoted by F. (&£,F) is a
generalized Dirichlet form in the sense of Remark 3.1.1 (iii) with (Ey, B(F),m) =
(H,B(H),u), (A, V)= (&, F) and A = 0. In particular, it is a symmetric Dirichlet
form associated with the O-U process given by (3.5.1) and satisfies conditions (A1l)-
(A5) (see [D04, Chapterll]).

Example 3.5.2 Let H be a real separable Hilbert space (with scalar product (-, -)
and norm denoted by |-|) and p a finite positive measure on H. We denote its Borel
o-algebra by B(H). For p € L (H, jt) we consider the following bilinear form

1
& (wv) =5 [ (Vu.Velp(e)n(dz).u,v € FCE
H
where L! (H, ;1) denotes the set of all non-negative elements in L'(H, u1). There are

many examples for p such that £7 is closable. For example if pdu is a ” Log-Concave”
measure in the sense of [ASZ09], and more examples can be found in [MR92]. The
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closure of FCp° with respect to & is denoted by F. (€, F) is a generalized Dirichlet
form in the sense of Remark 3.1.1 (iii) with (Ey, B(Ey),m) = (H,B(H),n), (A, V) =
(€, F) and A = 0. In particular, it is a symmetric Dirichlet form and satisfies (A1)-
(A5). Assume that: A; : D(A)) C H — H is a linear self-adjoint operator on H
such that (A,z,7) > §|z|?> Vo € D(A;) for some § > 0 and A;" is of trace class. u
will denote the Gaussian measure in H with mean 0 and covariance operator

L _
Q = §A11.

We are concerned with the following two cases.

6—2U(z)

T g for a Borel map U : H — (—o0, +o00] with [, e 2VWdy €
(0,00). Under some regular condition for U, the process associated with £ is the
solution of the following SPDE

1. Choose p =

dX (1) = (A X (t) + VU(X(0)dt +dW(t),  X(0) =z € H.

2. p = l{jz|u<1y- This case has been studied in [ASZ09], [RZZ] and it is associated
with a reflected O-U process ([RZZ]). The Kolomogorov equation associated with
€ has been studied in [BDT09] and the solution corresponds to the Kolomogorov
equation with Neumman boundary condition.

Example 3.5.3 Consider the same situation in Example 3.5.1 and assume that, in
addition we are given a nonlinear function F': H — H such that there exists K > 0,
|F(z) — F(y)|lg < Kl —y|,z,y € H and (F(z) — F(y),z —y) < 0,z,y € H. Ay is

146

an operator which satisfies the condition in Example 3.5.2 and A7 " is trace-class

for some 6 € (0,1). We are concerned with the stochastic differential equation
(3.5.2) dX(t) = (A1 X(t) + F(X(t))dt + BdW (t), X(0)=z€H.
The Kolomogrov operator associated with (3.5.2) is given by

Kup = 5Tr[CD%] + (2, AiDg) + (F(2), D), o € Ea, (ID),

where £4,(H) := linear span {¢,(z) = ¢/"®) : h € D(A%)}. Assume the semigroup

e is analytic. Then by [DZ02, Theorem 11.2.21] there exists a unique invariant

measure v for K| i.e.

/Kogodz/ =0, for all p € E4,(H),

dv

and v is absolutely continuous with respect to p from Example 3.5.1 and for p = an
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we have that p € W?(H, u) and Dlogp € WY?(H,v; H).

Then by [Tr2, Section 4.2], we know that the bilinear form on L*(H; v) associated
with Ky is a generalized Dirichlet form in the sense of Remark 3.1.1 (iii) with
(E1,B(E,),m) = (H,B(H),v), (A,V) = (0,L*(H,v)) and A = K,. It satisfies
conditions (A1)-(Ab). There are even more general conditions on F' and A; which
can be found in [DRW09, Theorem 5.2] such that conditions (A1)-(A5) hold.

The following example is given in [Tr2, Section 4.2].

Example 3.5.4 Assume that F is a separable real Hilbert space with inner prod-
uct || - ||]15,/2 and H C FE densely by a Hilbert-Schmidt map. Let B : E — E be a
Borel measurable vector field satisfying the following conditions:

(B.1) limyz ;500 (B(2), 2) = —00.
(B.2) g (l, B)g : E — R is weakly continuous for all [ € F'.
(B.3) There exist Cy,Cy,d € (0,00), such that ||B(2)||z < Cy + Cy||2]|%.

Then by [BRS00, Theorem 5.2] there exists a probability measure p on (F, B(E))
such that g/(l, By € L*(E; u) for all | € E’ and such that

1 1
/ﬁAHu + 3 (Vu, BYpdp = 0 for all u € FCY°,
E/

where Ay is the Gross-Laplacian, ie., Ayu = 37", ax?ng (L(2)s oy b (2)) iy LY

for w = f(ly,....,ln) € FC®. Assume B(z) = —z +v(z),v : E — H. For the
bilinear form associated with Lu = Agu+ 5., (Vu, B)g,u € FC;® on L*(E, ) is
a generalized Dirichlet form in the sense of Remark 3.1.1 (iii) with (£, B(E), m) =

(H,B(H),v), (A, V) = (0,L*(H,v)) and A = L. It satisfies conditions (A1)-(A5).

3.6 A control problem

In this section, we assume conditions (A1)-(A5) and || AY2(:)|| ooy, [|A™Y2() |z (i) €
L>*(E, ) and consider the case [ = 1.

Proposition 3.6.1 Let (3,7) be an (R, H)-valued predictable process, ¢ €
NeeneM2(R) and € € NgepeL?(PT). [ is assumed to be bounded from above,
|7z is bounded and & € Fp. Then the linear BSDE

—dY; = [p, + YiB, + (AVH(X) Ze, v m)dt — ZpdMy,  Yp =€,

has a solution (Y, Z) in M2(R) x M2(H),Vx € N¢, where M2(R) and M?(H) are



3.6. A control problem 137
defined in the appendix. Moreover, Y; is given by the closed formula
T
Y, = E*[ETh + / Iy ds|F] P*—a.s.,Vo € N,
t

where T is the adjoint process defined for s > ¢ by the forward linear SDE

dlt =Tt [B,ds + A™V*(X,)y,.dM,],  Ti=1.
In particular, if £ and ¢ are nonnegative, the process Y is nonnegative. If, in
addition, Yy = 0, then, for any ¢, ¥; =0 a.s., £ =0 a.s., and ¢, = 0 dP* ® dt a.s..

Proof By the same arguments as in [BPS02, Lemma 7.1] the assertion follows. [

Theorem 3.6.2 (Comparison Theorem). Let 2 € Ay. Let (f',€') and (f2,€%) be
two standard parameters of BSDE (3.4.1), where f!, f2 satisfy conditions (21)—(23)

and
fi(s,w,y,z) = hi(saw) + <A1/2(XS)Ci(S7w)7Z>Ha for i = 1727

where (h;, ¢;),i = 1,2 are bounded (R, H)-valued predictable processes. Let (Y, Z1)
and (Y2, Z?) be the associated square-integrable solutions. We suppose that

(a) €' > &% Pras.
(b)dafe = fH(t, Y2, AY2(X) ZE) — f2(t, Y2, AVA(X,) ZE) > 0, dP* @ dt-a.s.
Then we have that P*-almost surely: Y,! > Y2 for all ¢t > 0.

Proof The pair (0Y,07) is the solution of the following linear BSDE:
—d8Y; = [(A.f (1), AVA(X)0Ze) b + Gafildt — 0Zp.dMy,  0Yr = €' — €7,

(A1), e)m i= (AV*(X)er, i),

if (AY2(X,)(Z}—Z2),e;) s is not equal to 0, and (A, f(t), e;) s := 0, otherwise. Then
by the same arguments as in [BPS02, Theorem 7.2] and using Proposition 3.6.1, the
assertion follows. O

Now we consider a control problem associated to the Markov process X. An
admissible control is a process 6(t,w) which is progressively measurable with respect
to the filtration (F;)¢>o and which takes values in a compact subset K of some metric
space. We denote by © the class of admissible controls.

A bounded measurable function ¢ : [0,7] x E x K — H is given and we suppose

that it is continuous with respect of the last variable. For a given admissible control
0 we define N = [/ c,(X,,0,).dM, T? = exp(N{ — 1(N?),), and P%* = T?.P*. The
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payoff function of the control problem is defined as

J%(x) = E%[p(X7) + /0 h(s, X, 0,)ds],

where ¢ and h are bounded measurable functions and A is continuous in . One
wants to minimize the payoff function, that is to calculate the value function

T () = jnf J'(z),

and to find an optimal control #*, that is an admissible control such that J*(z) =
JV ().

In what follows we restrict our analysis to points z € N¢. We calculate J%(z)
by solving the BSDE

T T
(3.6.1) Y;9:¢<XT)+/ gS(XS,AW(XS)Zf,eS)ds—/ 7% dM,,
t

t

where g : [0,7] X E x H x K — R is the Hamiltonian defined by
g(s,2,2,0) = h(s,z,0) + 2(AY?(x)c(s, 2, 0), 2) .
Then by Itd’s formula and the same arguments as in [BPS02, Section 7] we have
J(x) =Yg,

where Y?** is the initial value of the solution of the preceding equation (3.6.1) under
P,

In order to calculate the value function and to produce the optimal control we
have to solve the following BSDE

T T
(3.6.2) Y;:¢(XT)+/ g*(s,Xs,Al/z(Xs)Zj)ds—/ Z*.dM,,
t t

where ¢*(s,z, 2) = infpex g(s, 2, 2,0).
It is easy to check that z — ¢*(s,z,z) is Lipschitz continuous, so that there

exists a unique solution (Y*, Z*) of equation (3.6.2). Then we know the initial value
of the solution is a constant: Y™ = E*Y].

Since g is continuous as a function of # and K is a compact set, the infimum
is attained at a point #* and one may choose a measurable function (s,z,z) —
0% (s, x,z) which realizes the infimum. We construct the optimal control in the
following way: 07 := 0"(s,w) = 6" (s, Xs(w), Z5(w)).
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Corollary 3.6.3 Under the above hypotheses J*(z) = Y;"" and 6" is an optimal
control.

Proof Using Theorem 3.6.2 and by the same arguments as in [BPS02, Corollary
7.3], the assertion follows. O

We now may interpret the solution of the Hamilton Jacobi Bellman equation as
the value function of the above control problem. The HJB equation is

(O + L)u+ g*(t,x, D y10u) = 0,u(T, z) = ¢.

We have proved that this equation admits a unique solution in the sense of mild
equations and it satisfies u(0,z) = Y;"" = J*(x).

3.7 Appendix

For p > 1, let MP(R!) denote the set of all ( equivalent classes of) predictable
processes {¢, }teor) With values in R such that

T
16llar = (B2 / 16, [2dr )21 < oo,

Let MP(H') denote the set of all ( equivalent classes of) predictable processes
{&, }efo,r) with values in H' such that

T
18l = (E[( / 16, 24dr)P/ )P < oo,

SP(R') denotes the set of all R'-valued, adapted and cadlag processes {¢, }iejor|
such that
[ 6llsza) = E7lsup [ X717 < co.

Let v be a measure supported by N¢.

Lemma A.1  Let {K;}icjor) and {H¢}ieo,r) be two progressively measurable pro-
cesses with values in R and H! respectively, such that P”-a.s.

T
/ (1| + [AY2(X) H, )t < oo.
0
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We consider the R'-valued semimartingale {Y: hejo,r) defined by

t t
Y: :YO—i—/ sts—i—/ H,.dMs.
0 0

Then, for any p > 1, we have

t t
VP = Lo =¥l +p [ VPV Kods o p [ VIPT HedM)
0 0
t
p _
T AL LRI SR

l
= > (AXOHL H)aYIYE/IYSP) + (0 — DIAY(X) Hl5 s,

jk=1

where {Li}ico.77 is a continuous, increasing process with Ly = 0, which increases
only on the boundary of the random set {t € [0,7],Y; = 0}.

Proof We consider the function u.(x) = (|z|> + £2)'/2. We have
Vb (z) = pul(z)x,  D*ul(z) = pul™*(x)I + p(p — 2)ul™(z)(z @ z).
Then Ito’s formula leads to the equality,
t t
W) =a2(V0) 4 p [ VYL Kds +p [ V)Y HedM)
0 0

1 t A
+530 [[ DRar ) ACe) i s
It remains to pass to the limit when € — 0 in this identity. We have
t t R
[ Kds [ v g s
0 0
and uniformly on [0, 7] in P”-probability,
t t R
/ W2V, (Ys, HodM,) — / Y, (Y,, H,dML).
0 0
This convergence of stochastic integrals follows from the following convergence
T
/ [V, [ Ly,0| AV (X Ho 3 (12 [P — a2 72(Y,)) dr — 0,
0

which is clear from the dominated convergence theorem.
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We have
S DRuE(V)(A(X,) Y, HE)
&
=p(2 — p)(|Yaluz " (Vo)) P Yo Lyzo (| AY2(X) Ho
Z JHL HE) rYIYE/Y?)
0l — DVl () YLy ol AV (X HL 4 ),

where C¢(p) = pe?|AY2(X,)H,|%u?~*(Y,). Furthermore, one has
!
AV X HG > Y (A HL HO) rYIYE Y
7,k=1

Moreover,
|Y5]

1
UE<}/:9) T Ys#05

as € — 0. Hence by monotone convergence, as € — 0,

/O (Ysluz " (Y)Y 1y,0{ (2 = p) (IAY2 (X Hil

l
— > (AXOHL H)aYIYEIYSP) + (0 — DIAV(X) il ds

jk=1
converges to

t l
/0 VAP 2Ty 0 d (2 — ) (AR HLE — ST (ACX)HE, HE) wYIYE /Y, )

jk=1

+ (p = 1AV (X,) HJ3y }ds,

Pr-a.s. for all 0< t < T By the same arguments as in [BDHPS03, Lemma 2.2],

we hav telo.T Vi
e have {L:(p 0 p)ds}icpor) converges, as € — 0, to a continuous increasin

process { L;(p )}te[o,T], and Lt( ) =0 for p # 1. Furthermore, L;(1) increases only on
the boundary of the random set {t € [0,7],Y; = 0}. Now the assertions follows. [J

Corollary A.2 If (Y, Z) is a solution of the BSDE, p > 1, ¢(p) = p[(p — 1) A 1]/2

and 0 <t <wu <T, then

VP + c(p) / VP2 1y, 0| AV2(X,) Zo s
t
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<|Y.[” +p/ YL[P Yy, f(s, Y, AYA(XL) Z,)) ds

t

—p / YL (s, Zo.dML).
t

Now we state some estimates concerning solutions to the BSDE. In the following

we assume that p > 1 and make use of the following assumption

(A): V(ty.2) €OTIXR®H, (5 f(ty,2)) < fitulyl+Cll, P —as.

where 4 € R,C > 0 and { fi }sc0,77 is @ non-negative progressively measurable pro-
cess. Let us set F := fOT frdr.

Lemma A.3 Suppose assumption (A) holds and that for some p > 0, FP is
integrable. Let (Y, Z) be a solution to the BSDE. If Y € &7, then Z € M? and
there exists a constant C, depending only on p such that for every a > p+ C?,

B[ / U A(X,) 2, ) < Oy up e+ </OT e fydr)
Proof We note that (Y, Z) solves the BSDE with data (&, f) iff
(Ye, Zi) = (™Y}, e Z)
solves the BSDE with data (eT¢, f'), where

f,(ta Y, Z) = eatf(ta eiatya eiatz) — ay.

We restrict ourselves to the case that a = 0 and p+ C? < 0. For each integer n > 1,
let us introduce the stopping time

T, 1= inf{t € [0, 7], /t |AY2(X,) Zo|5dr > n} AT.
0
By Ito’s formula we get
\Y[)PJF/T" \AY2(X,) 202, dr = mnyuz/mm,f(r,n,Zr)mr—z/m(YT,ZT.ery
0 0 0
By (A) and since p 4+ C? < 0, we have

2y, f(r,y,2)) <2yl fr + 2ulyl® + 2C7|y|* + |2]7/2 < 2yl fr + |2]7/2.
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Hence we deduce that

1

Tn T Tn
5/ |AY2(X,) Z, |5 dr < Y2+ m/ frdr + 2|/ (Y, Z,.dM,)|,
0 0 0

where Y, denotes sup,¢(o 7 |Yi], and thus

Tn T Tn
([ 1A 2 ry < o7+ ([ ey 4| [0 zedda ),
0 0 0

By the BDG inequality, we get

6B / (Vi Z,.dM) ] <d, BV / Y, AV (X,) 2,

<d, B[V, "%( / AY2(X,) 7, ydr )Pl
0

d? 1 n
<EYI + B / [AY2(X,) Z, Bdr ).
0

Furthermore, we have

. T
E|( / AYA(X,) Z,[3,dr %] < CE[YP + ( / fodr)Y).

Letting n — oo we obtain

B|( / AY2(X,) Z, %dr)??) < CyE"[Y? + ( / fodr)P).

Proposition A.4 Suppose that assumption (A) holds and that for some p > 1,
F belongs to LP. Let (Y,Z) be a solution to the BSDE where Y belongs to SE.
Then there exists a constant C,, depending only on p, such that for every a >
ptC*/ILA(p—1)],

T

T
BYfsup Vi ([ AV Z ) < GBI+ ([ e )
t 0 0

Proof We restrict ourselves the proof to the case a = 0 and pu+C?/[1A(p—1)] < 0;
By Corollary A.2 and (g, f(r,y, 2)) < f. + uly| + C|z|, we have

T
Vil + e(p) / VP21 o AY2(X,) Z, [ dr

t
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T T
sm¢+g/|nw1ﬁ+uMV+CMﬂpwmﬂwmzmMr—g/|nV1W;ZdM»

Now by thetsame arguments as in [BDHPS03, Proposition 3.2] thte assertion follows.
O
Proof of Proposition 3.4.3 We consider P* for z € A,.
We note that (Y, Z) solves the BSDE with data (¢, f) iff
(Yi, Zy) = (€Y}, e Zy)
solves the BSDE with data (e“7¢, f'), where
[ty 2) =™ f(t ey, e "z) — py.

We replace (22) by the condition that for ¢,w,y,y’, z arbitrary,

<y - ylvf(tawaya Z) - f(tawaylvz» S 0.

Step 1. We assume that f is Lipschitz continuous with respect to both y and z,
and that f, ¢ are bounded. We define a mapping ® from B2 := M2(R')x M2(H') into
itself as follows. Given (U,V) € B2, ®(U,V) := (Y, Z), where (Y, Z) is the solution
of the BSDE (3.4.1) associated with the data (&, f(U, AY2(X)V)) by Lemma 3.4.1.
As

t
0

([ dearte= [ (A0, 0.

by 1to’s formula and the BDG inequality, we have

E*[ sup |Y;*] < c0.
t€[0,T]

Let (U, V), (U, V') € B (Y, Z) = U, V), (Y, Z") = U, V"), (U,V) = (U —
U v-v", (Y,2)=(Y -Y' Z—Z"). Tt follows from It&’s formula that for each
v €R,
—_ T — —_
NWMW+W/eww¥+WW&%@W
t

T
<OKE" / B |TL|(1T4] + |AY2(X,) V|11 )ds
t

T T
_ 1 _ _
§4K2Eﬂ”/ e”S|Ys!2+§E’”/ e (|0 + |AY2(X,)Vil3)ds,
t t
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where K is the Lipschitz constant of f. We choose v = 1 + 4K2. Then
T - - 1 T - -
B[R+ AP0 Zuf)ds < 5B [ SO+ AV s,
0 0
from which it follows that ® is a strict contraction on B? equipped with the norm:

T
I 2D = (B2 [ (v + 14200 22
0

We define a sequence (Y™, Z") by (Y"1, Z"H) = ®(Y™, Z"). For v =1+ 4K?,
we have

T
EI/ (Y = Y 4 [AVAXG)(Z) = 23 [ ds
0

1 T
<o / (YO — Y22+ |AV2(X,)(20 — Z)[2,)ds.
0

Then for any z € A% we have the a.e. pointwise convergence of (Y, Z") under P*.

We denote the limit by (Y, Zs). Then it is the fixed point of ® under the norm
(Y, Z)[[5- So we have (Y, Z;) is the solution of the BSDE.

Step 2. We assume f, £ are bounded.

We need the following proposition.

Proposition A.5 Suppose f,¢ are bounded. Given V; € N, M2(H"), there exists
a unique pair of predictable processes (Y;, Z;) € M2 x M2(H'),Vx € N¢, satisfying
for all P*, x € N°©

T T
Y%=§+/ f(s,YsJ/s)ds—/ ZdMs, 0<t<T.
t t

Using Proposition A.5, we construct a mapping ® from B2 into itself as follows. For
any (U, V) € B2, (Y, Z) = ®(U,V) is the solution of the BSDE

T T
Y;zﬁ—l—/ f(s,Ys,V;)ds—/ ZdMs, 0<t<T.
t t
Then as in Step 1, we have

T
OB 4 B / O (TLf 4 [AYVA(X,)Z ) ds
t
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T
27 [V (Y AV = SV AV Vs
t . ) )
§2KE9”/ | Yy| x |AYVA(X )V, | gds
t

T
_ 1 _
ng/ ST + S| AV X)) ds.
t

Then by the same argument as in Step 1, the assertion of Proposition 3.4.3 follows,
if f,& are bounded.

Proof of Proposition A.5 We shall write f(s,y) for f(s,y, Vs) and |£|?>+sup, |f(t,0)]* <
C a.s.. We define

[t y) = (p, * f(L,-)(y),

where p,, : Rl — R* n € N is a sequence of smooth functions with compact support
which approximates the Dirac measure at 0, satisfying [ p,(z)dz = 1. Then f" is
locally Lipschitz in y, uniformly with respect to s and w.

Define for each m € N

inf(m, [y|)

y).

Then f™™ is globally Lipschitz and bounded, uniformly w.r.t. (¢,w). As in Step 1,
we have a unique pair (Y;"™, Z;"™) € M2(R') x M2(H') such that

T T
Y =€+ / U (s, Y™ ds — / Z0M.dMs, 0<t<T.
t t
By Ito’s formula, we have
YR <elc,  0<t<T.

Consequently, for m? > e'C, (V"™ Z"™) does not depend on m. Therefore, we
denote it by (Y,*, Z). (Y —Y* Z! — Z*) is the solution of BSDE associated with
(f'(t,y + YF) — f*(V}F),0). Hence by Proposition A.4, we have

T T
B sup VEVIE B[ 1AV =2 at) < KB 1700 =6 Y P
0

0<t<T

For fixed (¢,w) we have,

T
sup/ |5, Y — f{t, Y Pdt — 0, as | — oo.
k>l Jo
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Then we obtain

T T
sup E° / FEE YY) —f (8, Y Pdt < B sup / FHE Y= £ (1, Y dE 5 0, as 1 — oo,
0 0

k>l k>l

Therefore, we obtain a sequence of representable variables that converges rapidly

enough under all measures P*, x € N¢. For each [ = 0,1, ... set

r 1
n(z) = inf{n > n;_1(x); sup E‘”[/O |f(t, YF) — (¢, YF)|Pdt] < 5}

k>n

Yl _ Ynl(XU), Zl _ an(Xo)‘

With this sequence one may pass to the limit and define Z, := limsup, ., Z! and

the assertion follows.. O
Now we continue the proof of Proposition 3.4.3.

Step 3. Now we assume that & and sup, | f?| are bounded random variables. Let
r be a positive real number such that

e+ COT ([l + TN flloo) <

Let 6, be a smooth function such that 0 < 6, < 1,0,(y) = 1 for |y| < r and
0.(y) =0,if |y| > r+ 1. For n € N, we set ¢,(z) := z—-— and

|zl Vn
Wty 2) 1= 0 (1 9,00(2) = ) g + 7

By [BDHPS03, Theorem 4.2], we have that each h,, satisfies (22) with a positive
constant and (£, h") are bounded. The BSDE associated to (£, h") has a unique
solution (Y™, Z") in the space S2 x M2(H'). By the same arguments as in [Pa99,
Proposition 2.4] we have ||Y"|| < r. By Proposition A.4, || Z"|| sz gty < r'. Hence
(Y™ Z™) is a solution to the BSDE associated to (&, f,,) where

n 0

fn<t7yvz> = (f(t7yJQn(Z)) - ft())m + ft :

Since (Y™ — Y™ Z"*t — Z") is the solution of BSDE associated with (f"*(¢,y +
Y7, a 4 20) — [V Z7),0) and

(y, [Py + Y 2+ Z20) = [ (4 Y 2))
SOlszl + |y||fn+z(tv Y;fn’ Ztn) - fn(tv Y?? Ztn)|7
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by Proposition A.4 we have

T
E*( sup [Y7™ — YP) + E¥( / AV2(X) (204 — 70 i)

0<t<T 0

T
<SKE([ | Y - Y 2 P,
0
Since ||Y"||oo < 7, we have
|fn-$-i<1';,}/;”l7 Ztn)_fn(t’}/;"7 ZZ’L)| S 20|ZZL|H1\Z§L|H>n+20|2tn|H1f’,r+1>n+2f,,7"+1(t)lf’,r+1>n;

and the above formula converges to 0, uniformly in ¢ as n — oco. Follow the same
arguments as in the proof of Proposition A.5, the assertion follows in this case.

Step 4. Consider the general case. For each n € N, let us define

=), [ty 2) = flty,z) = L+ ()

For each pair (£, f), the BSDE has a unique solution (Y™, Z") in L* by Step 3.
By Proposition A.4, we have

T
B*(sup |7 = Y7P) 4 BR[| AV - 22
0

0<t<T | .
<KLEP[E — e o ( / i (F9) — (1) 1)),

The right hand side of the last inequality clearly tends to 0, as n — oo, uniformly

in 7 and the assertion follows. ]



Chapter 4

Stochastic quasi-geostrophic
equation

In this chapter, we study the 2D stochastic quasi-geostrophic equation in T? for
general parameter o € (0,1) and multiplicative noise. We prove it is uniquely
ergodic provided the noise is non-degenerate for o > % In this case, the convergence
to the (unique) invariant measure is exponentially fast. In the general case, we prove
the existence of Markov selections. In Section 4.1, we introduce some notations and
preliminaries for quasi-geostrophic equation. In Section 4.2, we prove the existence
of Markov selections for the solution of the stochastic quasi-geostrophic equation
with o € (0,1). In Section 4.3, we prove the Markov semigroup associated with the
solution of the stochastic quasi-geostrophic equation is strong Feller and irreducible
if the noise is non-degenerate. Furthermore, it is strongly mixing. In Section 4.4
we prove that the convergence to the (unique) invariant measure is exponentially
fast. In Section 4.5, we prove the above results if the noise is mildly degenerate.

The main results of this chapter have already been submitted for publication, see
[RZZ12].

4.1 Notations and Preliminaries

We consider the usual abstract form of equations (1.7)-(1.9). In the following, we

will restrict ourselves to flows which have zero average on the torus, i.e.

fd¢ = 0.

T2
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Thus (1.9) can be restated as

o O

i A2 = —
652’851)and( D) p = —0.

u=(
Set H = {f € L*(T?) : [, fd§ = 0} and let |- | and (.,.) denote the norm and
inner product in H respectively. On the periodic domain T?, {sin(k{)|k € Z3} U
{cos(k§)|k € Z*} form an eigenbasis of —A. Here Z3 = {(ki,k2) € Z?|ky >
0} U {(k1,0) € Z*|ky > 0},Z2 = {(k1,k2) € Z?| — k € Z3},x € T? and the
corresponding eigenvalues are |k|?. Define

/]

fe= Y kP (foen)?
k

and let H*® denote the Sobolev space of all f for which ||f|
(—=A)Y2. Then

s is finite. Set A =

1f]

s = |A°f].

By the singular integral theory of Calderén and Zygmund (cf. [St70, Chapter
3]), for any p € (1,00), there is a constant C' = C(p), such that

(4.1.1) [ulle < C(P)]10] -

Fix a € (0,1) and define the linear operator A : D(A) = H**(T*) C H - H
as Au := r(—A)%u. The operator A is positive definite and selfadjoint with the
same eigenbasis as that of —/A mentioned above. Denote the eigenvalues of A by

0 <A1 <)X <---  and renumber the above eigenbasis correspondingly as ey, es,....
We also set |lul| := |A'?ul, then ||0]> > X\ |0]2.

First we recall the following important product estimates (cf. [Re95, Lemma
AA4)):

Lemma 4.1.1 Suppose that s > 0 and p € (1,00). If f,g € S, the Schwartz
class, then

(4.1.2) IA(f e < CUf o llglzzore + (| gllzes [l 2opa),
with p; € (1,00),7 =1, ...,4 such that

1 1 1 1 1

P P1 D2 Pz Pa

We shall use as well the following useful Sobolev inequality (cf [St70, Chapter
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V]):

Lemma 4.1.2  Suppose that ¢ > 1,p € [¢,00) and

1 o 1

P 2 q

Suppose that A?f € L9, then f € LP and there is a constant C' > 0 such that

1£lle < CIIA” £l -

We consider the abstract stochastic evolution equation in place of Eqs (1.7)-(1.9),

(4.1.3) { Zfé;):é;w(t)dt +u(t) - VO()dt = G(O(t))dW (t),

where u satisfies (1.9) and W (¢) is a cylindrical Wiener process in a separable Hilbert
space K defined on a probability space (€2, F, P). Here G is a mapping from H® to
Ly(K, H), where Lo(K, H) denote all the Hilbert-Schmidt operator from K to H.

Consider the following conditions:

(G.1) (i) |G(9)|%2(K7H) < Nol0* + p,6 € H*, for some positive real numbers A
and p.

(ii) If y, y,, € H* such that y,, — yin H, then lim,,_, [|G(yn)*(v) —G(y)*(v) ||k =
0 for all v € C>(T?).

Remark 4.1.3 Note that, because divu = 0 for regular functions ¢ and v, we
have

(u(s) - V(0(s) +¢),0(s) +¢) = 0,

SO

(u(s) - VO(s), 1) = —(u(s) - V1, 0(s)).

4.2 Markov selections in the general case

In this section, we will use [GRZ09, Theorem 4.7] to get an almost sure Markov
family (P,)zez2 for Eq. (4.1.3). Here we use the same notations as [GRZ09]. Below

we choose

H =Y = L*(T?

and
X — (H2+2a)* X* — H2+2a‘



152 Chapter 4. Stochastic quasi-geostrophic equation

Then X is a Hilbert space and X* C Y compactly. Let €& = {e;,;i € N} be the
orthonormal basis of H introduced in Section 4.1. We define the operator A as
follows: for 6 € C*°(T?)

A(0) .= —k(—A)*0 —u - V0,

where u satisfies (1.9). Then by Lemma 4.2.3 below, A can be extended to an
operator A : H — X. For 6 not in H define A(#) := co.

Set
Q= C([0,00); X),

and let B denote the o-field of Borel sets of © and let P(2) denote the set of all
probability measures on (€2, 3). Define the canonical process £ : 2 — X as

§i(w) = w(t).

For each t, By = o(&, : 0 < s < t). Given P € P(Q2) and ¢t > 0, let P(:|B:)(w)
denote a regular conditional probability distribution of P given B;. In particular,
P(-|By)(w) € P(Q) for every w € Q and for any bounded B-measurable function f
on {2

EP(f|B)) = / FW)P(dylB), P —a.s.,

and there exists a P-null set N € B, such that for every w not in N
P(:|B;)(w)s, = d,(= Dirac measure at w),

hence
P({y : y(s) = w(s),s € [0,¢]}B;)(w) = 1.

In particular, we can consider P(-|B;)(w) as a measure on (2, BY), i.e.,
P(:|B,)(w) € P(2),

where Q' := C([t,00);X) and B := 0 (£, : s > t).

We say P € P(f2) is concentrated on the paths with values in H, if there exists
A € B with P(A) =1 such that A C {w € Q: {,(w) € H,Vt > 0}. The set of such
measures is denoted by Py (€2). The shift operator @, : Q2 — QF is defined by

Oi(w)(s) =w(s—1t), s >t.

Following [GRZ09, Definitions 2.5], we introduce the following notions.
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Definition 4.2.1 A family (P,).ey of probability measures in Py (€2), is called
an almost sure Markov family if for any A € B, v — P,(A) is B(H)/B([0,1])-
measurable, and for each € H there exists a Lebesgue null set Tp, C (0,00) such
that for all ¢ not in Tp, and P,-almost all w € 2

Px(|Bt)(UJ) = Pw(t) (6] (bt_l

We now introduce the following notion of a martingale solution to Eq. (4.1.3)
and write £(t) instead of &,.

Definition 4.2.2 Let zp € H. A probability measure P € P(f) is called a
martingale solution of Eq. (4.1.3) with initial value z, if:

(M1) P(£(0) = x9) = 1 and for any n € N
Plee: [ IAGE)Ixds + [ IGEEIE, aemds < +oc} =
(M2) for every | € &, the process

Mﬁ@ﬁw@@ﬁw-éx%@@ﬂmw

is a continuous square-integrable F;-martingale under P, whose quadratic variation
process is given by

¢
M) (1.8 = [ 16" ()0 s,
where the asterisk denotes the adjoint operator of G(£(s));

(M3) for any p € N, there exist a continuous positive real function ¢ — C;,, (only
depending on p and A, G), a lower semi-continuous positive real functional N, : Y —
[0, 00], and a Lebesgue null set Tp C (0, 00) such that for all 0 < s € [0,00)\Tp and
forallt > s

B Lswp )+ [ N(er))iriB] < (I + 1)

re(s,t]

First, we prove the following lemma.

Lemma 4.2.3  For any 6,60, € C>(T?),

[(=A)%01 — (=A)0a[]x < C1[61 — b3,
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lur - VO —uy - Vs |x < Co(|01] + 102])|01 — 65|,

for constants C,Cy. In particular, the operator A : C®(T?) — X extends to an
operator A : H — X by continuity.

Proof We only prove the second assertion, the first can be proved analogously. By
the Sobolev embedding theorem we have

||U1 . V@l — U9 - V@QHX
= sup [{(uy - VO — ug - Vs, w)|

W= (T2) ]| 2420 <1

= sup |{(uy - Vw, 1) — (ug - Vw, 65)|

weC>®(T?):[|w|| g2424 <1

= sup |((u1 — u2) - Vw, 1) + (us - Vw, 81 — 05)|

weC™ (T?):[|w]| 2420 <1

<C| sup IVwllo2)](Jur — us| - |01] 4 [01 — 02| - ug])

weC>(T2):||wl| 2424 <1

<C(|01] + 162])[61 — 62|
In the last inequality we use (4.1.1) and the constant C' changes from line to line. [J

In order to use [GRZ09, Theorem 4.7], we define the functional N7 on Y as

follows:
|A20|%, if 0 € H*,
+00, otherwise .

N1(9) = {

It is obvious that Aj € {42 defined in [GRZ09, Section 4]. We recall that a lower
semicontinuous function N : Y — [0, co] belongs to U? if N'(x) = 0 implies z = 0,
N(cy) < AN (y),Ve > 0,y € Y and {y € Y : N(y) < 1} is relatively compact in Y.

Theorem 4.2.4 Let a € (0,1) and assume G satisfies (G.1). Then for each
xo € H, there exists a martingale solution P € P(f2) starting from z, to Eq. (4.1.3)
in the sense of Definition 4.2.2.

Proof We only need to check (C1)-(C3) in [GRZ09, Section 4] for the above A and

G. For the reader’s convenience, we give them as follows:

(C1)(Demi-Continuity) For any x € X*, if y,, strongly converges to y in Y, then

lim X<A<yn)ax>X* =X (A(y),x>x*,

n—o0

and
Tim (|G (5)(2) — G*(3) )} = 0.
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(C2)(Coercivity Condition) There exist A; > 0 and N; € 4* such that for all z € X*
x(A(@), 2)x- < —Ni(@) + M1+ [2]).

(C3)(Growth Condition) There exist Ay, A3, Ay > 0 and v’ > v > 1 such that for all
reY
JA() 1% < ANy (@) + As(1 + ||,

G @) L) < A1+ [2]),
where A is as in (C2).
(C1) holds since Lemma 4.2.3 implies demi-continuity of A and G.
(C2) follows, because noting that for § € X*

(u-V0.6) =0,

we have

(A(0),0) = —N1(6).
Also (C3) is clear since by Lemma 4.2.3
IA@)]1x < Clof?

and
|G O]y < C(16] +1).

0

The set of all such martingale solutions with initial value z is denoted by C(x).
Using [GRZ09, Theorem 4.7], we now obtain the following:

Theorem 4.2.5 Let a € (0,1). Assume G satisfies (G.1). Then there exists

an almost sure Markov family (Py,)z,en for Eq. (4.1.3) and P,, € C(z) for each
Xo € H.

4.3 Ergodicity for a > %

In this section, we assume that a > %, K = H, and that G satisfies:

Assumption 4.3.1 There are an isomophism (g of H and a number s > 1 such
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that G = A_S;TQQEI)/ 2, and furthermore, G satisfies

[ lceprea <c,

J

for some fixed p € ((a — 3)7!, 00), (which is e.g. always the case if Qo =1 ).

For x := 6, € L?, let P, denote the law of the corresponding solution 6 to (4.1.3).
Then by [RZZ12, Theorems 5.4 and 5.5] the measures P,,z € L, form a Markov

process. Let (P;);>0 be the associated transition semi-group on By(H ), defined as

(4.3.1) Bi(p)(x) = Eoe(§,)],  we L, peBy(H),

where F, denotes expectation under P,.

4.3.1 The strong Feller property for o > %

In this subsection we prove that its transition semigroup has the strong Feller prop-
erty under appropriate conditions.

Remark 4.3.2 (i) Since in our case a < 1, the linear part (—A)® in (1.7) is
less regularizing.As G = A~ e Q(l)/ ’ we get the trajectories z of the associated O-U
process to be in C([0,00), H5T2*717¢) for every € > 0 (c.f. [DZ92, Theorem 5.16],

[DO06, Proposition 3.1]). However, in order to prove the weak-strong uniqueness

principle (see (4.3.2) and Theorem 4.3.4 below) and the strong Feller property of
the semigroup associated with the solution of the cutoff equation (see Proposition
4.3.5 below), we need z € C([0,00), H*T172T1) for some o; > 0. Therefore, we
need s+2a0—1>s+1—a,ie a> % The situation of the 3D-Navier-Stokes
equation is different. While in our case the needed regularity of z is higher than the
regularity of our solution space C((0, 00), H®) for the cutoff equation (4.3.2), for the
3-D Navier-Stokes equation the needed regularity of z is the same as for the solution
of the cutoff equation.

(ii) Since a < 1, we can’t use the same type of estimate as in [FRO8] (c.f.
[FRO8, Lemma D.2]) to obtain our results. We use Lemma 4.1.1 and choose suitable
parameters (s,01,09) such that the approach in [FR08] can be modified to apply
here (see (4.3.6)-(4.3.10), (4.3.13) and so on ).

(iii) It seems difficult to use the Kolmogorov equation method as in [DDO03],
[DO06] or a coupling approach as in [O07] in our situation. In fact, to get a uni-
form H®-norm estimate for the solutions of the Galerkin approximations of the
equation (1.1) for some s > 0, the regularity, needed for the trajectories of the as-
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sociated Ornstein-Uhlenbeck (O-U) process z is higher than H*®  which is entirely
different from the situation of the 3-D Navier-Stokes equation. According to the
method in [DDO03], DO06] and [O07], we should use the solutions’ H*t*-norm to
control the H¥®-norm of the derivative of the solutions as required for the Bismut-
Elworthy-Li formula. In particular, the associated O-U process z should be also in
Hs*t* However, under Assumption 4.3.1 for the noise, our O-U process z is only
in L2([0,T], H*"2~1). As a result, for their method to apply here, we need even
a > 1.

Fix s > 1 as in Assumption 4.3.1 and set W := H*® and |z|w := ||z|| g=.

Now we state the main result of this section.

Theorem 4.3.3 Under Assumption 4.3.1, (P;)¢>o is W-strong Feller, i.e. for every
t > 0 and 1/) S Bb(H), Pﬂb € Cb(W)

We shall use [FR08, Theorem 5.4], which is an abstract result to prove the strong
Feller property. In order to use [FRO8, Theorem 5.4], we follow the idea of [FROS,
Theorem 5.11] to construct P We introduce an equation which differs from the
original one by a cut-off only, so that with large probability they have the same
trajectories on a small random time interval (see (4.3.3) below). We consider the

equation
(4.3.2) do(t) + AQ(t)dt + xg(|03y)u(t) - VO(t)dt = GdW (1),

where xp : R — [0,1] is of class C* such that x(|0]) = 11if |0] < R, xz(|0]) =0
if |§| > R+ 1 and with its first derivative bounded by 1. Then, if we can prove the
following Theorem 4.3.4 and Proposition 4.3.5, Theorem 4.3.3 follows.

Theorem 4.3.4 (Weak-strong uniqueness) Suppose Assumption 4.3.1 holds. Then
for every x € W, Eq. (4.3.2) has a unique martingale solution PJER), with

PIC([0, 00); W) = 1.
Let 7 : 2 — [0, 00] be defined as
Tr(w) =1inf{t > 0: [w(t)[}, > R},

and Tr(w) = oo if this set is empty. If z € W and |z|}, < R, then

(4.3.3) lir% Péf;l[TR > ¢] =1, uniformly in h € W, ||y < 1.
E—
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Moreover,

(4.3.4) EP 060 rpon] = EP[0(€) 1rnsil)

for every t > 0 and ¢ € By(H), where P, is the martingale solution of (4.1.3).

Proof Let z denote the solution to
dz(t) + Az(t)dt = GdW (1),
with initial data z(0) = 0 and let u8™ be the solution to the auxiliary problem

dv P (t)

(4.3.5) -

+ A E) + P (8) - V(U (E) + 2(0) x| + 2f) = 0,

with v®(0) = z. Here u®(t) = uym (t) + u.(t), uym and u, satisfy (1.9) with
6 replaced by v'® and z, respectively. Moreover, define o) = (B 4 z, which is
a martingale solution to equation (4.3.2). We denote its law on € by P, By
Assumption 4.3.1 the trajectories of the noise belong to

vi= ] 0,000 D(AY),

BE(O,%),RG[O,S;'O?—L)

2

with probability one. Hence, the analyticity of the semigroup generated by A implies
that for each w € %, z(w) € C([0, 00), D(A¥T22717¢)) for every € > 0.

Now, for w € Q* we prove that Eq. (4.3.5) with z(w) replacing z has a unique
global weak solution in the space C([0,00); W). First, we obtain the following a-
priori estimate for suitable 1,09 > 0 with 09 < s,00+0; =1,s+01 —a+1<
s+ 2a —1 < s+ «, where we used that a > % since 0 < 01 < 3 — 2:

|As (R)| +I{|As+a (R)|

|2+‘A5_a+1+glz| )+§|As+av |2

2dt
<OXR(10V 1) [N R(uFGI)| - [ty )]
<CXR<|9(R)|%/V)|AS—a+1+U19 )||A029(R)| . |As+a (R)|
(436) SCXR(W(R)‘W) |AS atl+to; R)| + |AS a+1+a1z|) |As+a (R)|
<Cxr(10"fy) CW (R)|1=r| gsteyR|r | psmatiton )y | pstay(R)
( )
( )

—~ — ~—~
-
w
@

C(R) + |As—a+1+a1z|2> + g|As—i-azv(R)|27

where r 1= Hflﬁ

. Here in the second inequality we used Lemmas 4.1.1 and 4.1.2,
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and in the fourth inequality we used the Gagliardo-Nirenberg inequality and in the
fifth inequality we used Young’s inequality. Let P, be the orthogonal projection in
H onto the space spanned by ey, ...e,,. Consider the ordinary differential equation

dv, ()
dt

+ Avp(t) + P (un(t) - V(0a(t) + 2(6)Xg(lvn + 2y)) =0,

with initial condition
Un(O) = Pn’l)o.

Here u, satisfies (1.9) with 6 replaced by v, + z. Denote the solution of the fol-
lowing approximate equation by v,. We obtain that the sequence v, is bounded
in L>(0,T;H) and in L?(0,T; H*). Tt is obvious that there exists an element
v € 1°(0,T; H) N L?(0,T; H*) and a sub-sequence v/, such that

o — o in L2(0,T; H*T) weakly, and in L>(0,T; H®) weak-star, as m’ — oo.

In order to prove the strong convergence in L*(0,T; H*), we need to use [FG95, The-
orem 2.1]. So we just need to prove that ||v,||w~.2(0,r,z-3) is bounded for some 1/2 <
v < 1, which can be obtained by estimated each term of the approximate equation.
Then by compact embedding, we have v/, — v in L2(0,T; H*) N C([0, T]; H=#)
strongly for some $ > 3. Note that v, also satisfies

(vn(t)>¢>+/o <A1/20n(8),A1/2w>d8—/0 Xe([vnt2l0) (Un(s) Vi), va(s)+2(s))ds = (Povo, ),

for all t € [0, 7] and all ¢» € C'(T?). Then taking the limit in above equation, we
obtain that (4.3.5) has a weak solution in L*>([0, 7], W).

[Continuity] For each w € *, o1 and o5 as above, since s—a+1+0; < s+2a—1,
we have z € C([0,00); D(AS~*F*o1)) For s > 3 — 3a, s9 = s — v, multiplying the
equations (4.3.5) by LAy we obtain
(4.3.7)

d
gE|ASO+aU(R)|2 + |Asoq')(R)|2 SCXR<|9(R)‘)2/\/)|A80+1R(U(R)8(R))‘ . |A807)(R)|
SCXR(|0(R)|)2/\;)|ASO+1+010(R)||A020(R)| . |A802}(R)|
)

SCXR<|‘9(R)‘)2/\} (|AS+°‘U(R)|2 + |Aso+av(R)’2 + ‘Aso+1+mz’2)
1
Z|AS0 - (R) 2'
+ 5 lAm)
Here in the second inequality we used Lemmas 4.1.1 and 4.1.2, and in the third
inequality we used the Gagliardo-Nirenberg inequality and Young’s inequality.

As fOT |AsteyB)(#,)|2dt; can be dominated by the same arguments as (4.3.6),
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we get an a-priori estimate for the time derivative %’U(R) in L?(0,T; H*). Then by
[Te84], we obtain v € C([0,T], W).

[Uniqueness| Let 6,60, be two solutions of Eq. (4.3.5) in C(]0,00); W) and set
w = #; — 0y and u, := u; — us. Then by a similar argument as in the proof of
[RZZ12, Theorem 5.1], we have for small €y > 0

1d . o
5%’A30w|2 + /€|A80+aw,2 = — (XR<|91|12/\)) — XR(’92‘12/\}))<A80+€0 (U1 . v91>7A o+ Ow>

— Xr([025p) (A0 (uy - Vw + uy, - V), A Tw)
=I+I1I+1II

As

XR(1015v) = X&(10210)] < C(R)wlwllo.rry(1015y) + Loren(162l)],

we have for o1, 0, as above,
(4.3.8)
I <O, (10113) + Lo, re ([B25)][wlw - [ATToF0FHT19, [[AT26, | - [As0Fe—50y

SC(R? |‘91|W7 |92‘W)|w|w|/\30+a*50w|

K
<C(R, 101w, abw) A w] + Tl

where s + a = s. Here in the first inequality we used Lemmas 4.1.1 and 4.1.2,
and in the third inequality we used the Gagliardo-Nirenberg inequality and Young’s

inequality. In a similar way, we obtain
11 <O(R. 0w ul? + Sy,

and
111 < C(R, 6s]w) [A™w]? + Tl

Then we obtain

1d 3K
S [Aw]? + kAW < O(R, sup [00(8)lw, sup [05(6)[w)|A%w]? + = w3,
2 dt te[0,T] t€[0,717] 4

By Gronwall’s lemma we have |[A**w| = 0, which implies w = 0.
So Eq. (4.3.5) has a unique global weak solution in the space C(]0,00); W).

Next, we prove (4.3.3). In order to do so, it is sufficient to show that P{™ TR <

e] < C(e,R) with C(e,R) L 0 as e | 0, for all z € W, with |z]}, < & . So, fix

e > 0 small enough, let O, r := sup,cp 4 |A**F1*712(t)| and assume that 62 5 < £,
Setting ¢(t) := [vP]}, + ©2 1, by (4.3.6) we get ¢ < C(R). This implies, together
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with the bounds on z and ©, g, that
0P By < 2(W POy + 12()5) < R,

for € small enough. In particular, since this holds for all ¢ < ¢, it follows that 75 > <.

Hence R
PP[rp <] < PP sup |[AsHHr—a ) > .
te[0,¢] 8
Letting ¢ | 0, we have PJER)[TR < ¢] — 0, and the claim is proved, since the

probability above is independent of x.

Finally, the same arguments as in the proof of [RZZ12 Theorem 5.1] imply that
0.t ATr(0S)) =00t ATR(OY)) Yt P, —a.s.
Moreover, since 6 is H-valued weakly continuous, we obtain 75(01%) = 75(9). O

In order to apply [FR08, Theorem 5.4], we now only need the following result.

Proposition 4.3.5  For every R > 0, the transition semi-group (P™),50 associ-
ated to Eq. (4.3.2) is W-strong Feller.

Proof We shall provide formal estimates, that can, however, be made rigorous
through Galerkin approximations. Let (X,F, (F:)i>0,P) be a filtered probability
space, (W;)i>o a cylindrical Wiener process on H and, for every z € W, let HgR) be
the solution to Eq. (4.3.2). By the Bismut, Elworthy and Li formula,

DR ) (@) = B0 0) [ (@D (). W ()

where Dy(f’t(R)w) denotes <D(Pt(R)1/)),y> for y € H, and thus, for ||¢||. < 1, by the

B-D-G inequality
(R) (R) c ' (R)
(P ) o+ 1) = (PP an)| < T sup B[ 167 Du0LE) 0 (5) )2

n€l0,1]

The proposition is proved once we prove that the right-hand side of the above
inequality converges to 0 as |h|y — 0.

Fix x € W, y € H and write 6 = 6" Dh = D,0, Du = Dyu. The term D@

xT

solves the following equation

%DG + wA%(D6) = —[x (102D - VO + 1 - VO] + 2 (|6]2)(8, DOy - V6.
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Multiplying the above equation with A?* D@ and taking the inner product in L?, we
have

1d

2dt

= — ([Xr(10Fy)[Du - VO + u - VDO] + 2x'5(10]5) (0. DO)wu - VO], A** D).

IASDOJ? + k| AT (DO)|?

For the first term on the left hand side, we have for |0}, < R
(4.3.9)
[(Du - V6, A** D)

=|(A*~*(Du - V), A*+D8)|
<C[A*=HF9g] - |A72D6| - [A*TODE| + C|[A* 91 DYl - |A726] - |A*T Do)
<e|A*FDO2 + C(C(R) + |AF0]? + [AS=+ 1912 2) | A° DY 2,

for 01,09 as above, where we used Lemmas 4.1.1, 4.1.2 in the first inequality as
well as the Gagliardo-Nirenberg inequality and Young’s inequality in the second
inequality.

The second term can be estimated similarly. For the third term, by Lemmas
4.1.1, 4.1.2 we have

[(u- VO, A*DO)| =|(A**(u- V), \*"*D0)|
(4.3.10) <A Ho19]|A720)] - |A*Te DY
<C(|AFT0| + [AS~>FFo12]) | A%9) | AST Da)|.

Then we obtain
——|A*DO)? + k|A*T*(DO)|? §§|AS+°‘(D6’)|2 + C(C(R) + |A¥T0|? 4 | A~ 1712 2) | A Do)
From Gronwall’s inequality we finally obtain
t t
/ |AST(DO(D))|?dl < exp(C’/ (C(R) + |A¥T0|? + |[AS~ o121 2dD)) | A* A2
0 0

By (4.3.6) we obtain

t o0
E/ |AST(DO())|Pdl < Zexp(C’t(C’(R) + en?))P(sup |AS~ 9 2| > n) |ASh)?.
0 n=1 (0,t)

Because of Assumption 4.3.1 and since z is a Gaussian process, one deduces that
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there exist n, C' > 0 such that

s—a+1+o01 2 —nR—%
Plsup |A ()] > Ryl < Ce™ "1,
1€[0,t]

(see e.g. [FRO7, Proposition 15]). Then for ¢§ < -k, we obtain
to
E/ |AST(DO(s))|*ds < c(to, R)|A*h|?,
0

which, as G = @, Y 2A5+°‘, implies the assertion for ¢3. For general t, by the semi-
group property the assertion follows easily. U

4.3.2 A support theorem for o > 2/3

A Borel probability measure p on H is fully supported on W if p(U) > 0 for every
non-empty open set U C W. Set W, := D(A*~*1+91) where o, is the same as in
the proof of Theorem 4.3.4 and we will use it below.

Lemma 4.3.6 (Approximate controllability) Let R > 0, T'> 0. Let z € W and
y € W, with Ay € Wj, such that

R
>

[y < lyl3y <

Then there exist (a control function) w € Lip([0, T]; W) and
0 € C([0,T); W) N L*([0, T]; D(A™*?)),
such that 6 solves the equation
(4.3.11) 6(t) —x + /Ot AO(r) + xr(10]3)u(r) - VO(r)dr = w(t) dt —a.et €[0,T],
with 0(0) = z and 0(T") = y, and

(4.3.12) sup |0(t)3 < R.

Proof First consider w = 0. Then by an inequality similar to (4.3.6), we get
d o ap(2 2
10Ry + s|AOR, < CR)IOR,.

Hence by Gronwall’s lemma 6(t) € D(A*t*) for almost every ¢t € [0,7] and, by
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solving again the equation with one of these regular points as initial condition, by

Lemma 4.1.1 we have

d (0% "] T8 QT8 S g ST K S (6%
E|A 012 + k|A2TE0)3, < OIA2T||AT70]10]| 1 < C(R)|AT0)* + §|A T2,

where 0 = % < 2a — 1 and where we used the L,-estimate in the same way as

in the proof of [Re95, Theorem 3.3]. Then we find a small T, € (0,%) such that

16(t)[5y < R and AO(T,) € W, for all t < T.. Define 6 to be the solution above for
t € [0,T,] and extended by linear interpolation between y and 0(7T) in [T, T]. Then

obviously (4.3.12) follows.

Next, if we set
n =00+ A0+ xgz(|0)u-V0, T.<t<T,

w:=0for t < T, and w(t) = f;; neds for t € [T.,T], we also have (4.3.11). It
remains to prove that n € L>°(0,7;W);). For the first two terms of 7 this is obvious.
For the non-linear term we have that

[u- VO, < CIA*OL,,,
for any 6 € D(Astortite) O

Let [ € (0, %) and p > 1 such that [ — % > (. Under this assumption we see that

for every a; < % the map
w e 2(w) : WH((0,T]; D(A™)) — C([0, T); D(A™757))
is continuous, for all € > 0, where z is the solution to the Stokes problem

2(t) + /0 Az(s)ds = w(t).

In particular, it is possible to find a; € (0, ”2‘:1), s and p such that the above map

is continuous from WHP([0, T]; D(A*)) to C([0, T]; D(As~aFiton)),

Lemma 4.3.7 ( Continuity with respect to the control functions) Let [, p and o
be chosen as above, and let w,, — w in WHP([0, T]; D(A%1)). Let 6 be the solution
to equation (4.3.11) corresponding to w and some initial condition x, and let

T=1inf{t > 0:10(t)[3, > R},

where as usual we set inf() = oo. For each n € N, define similarly #,, and 7,
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corresponding to w,, with the same initial condition z. If 7 > T'| then 7,, > T for n
large enough and
0, — 60 in C([0, T|; W).

Proof Set v, := 6, — z, for each n € N, and v := 6 — 2z, where z,,z are the

solutions to the Stokes problem corresponding to w,,,w respectively. Since w, — w
in Whr([0,T); D(A*)), we can find a common lower bound for (7,),ey and 7. For
every time smaller than this lower bound t¢, by (4.3.6) we have

sup [A°0,* < R, sup [A]P <R, sup [Nz [ < O(R),
(07t0) (O,to) (07t0)
and

to to
sup [T < O(R), / Aoy, (1)[2d1 < C(R), / Aoy (1) 2l < C(R),
(0,t0) 0 0

where C'(R) is a constant depending only on R. Moreover, we obtain for ¢ < ¢,

o= vl + 260 — )y
=(Up - VO, A*(v —v,)) — (u- VO, A*(v — v,))
=[{(ty, — ) - VO, A% (v — v,)) + (u - V(v,, — v), A% (v — v,))
+ (U, — ) - VO, A% (v —v,)) + (u- V(z, — 2), A (v — v,))].

For the first term on the right hand side, by using Lemmas 4.1.1, 4.1.2 we have
[{(Un =) - VOn, A% (v = v,))]
SO (v — v [|ATH7 (0 — 0, [ A7,
(4.3.13) + CIAT (v — v, AT, [ |A72 (0 — v,,))|
SZW*% = v)|* + (C(R) + A% |* + A0, ) A (v — v [

4 C|Asfa+1+alzn|2|As<U - Un)‘2-
The other term can be estimated similarly. Then we obtain

d
Eh} — Un|12/v + 2k|AY (v, — ’U)|12/V

<H|A"(vn =)y + C(C(R) + [Aaly + [A“0Ep) ([0 = valfy + [AT7 (2 = 2,) ).

Here 01,05 are as above. Then by Gronwall’s lemma

t

t
0=ty < O, exp(C / (C(R)+A 0, 2yt A0 ) d) / (CR)HA 0, 2y A3 dl,
0 0
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where ©,, = supjg 7y [A*"*"1*71 (2 — 2,)|. We conclude 6,, — 6 in C([0, T]; W). Now,
since 7 > T, if S = sup;cjo 7 |A*0(t)[?, then S < R and we find § > 0 (depending
only on R and S) and ng € N such that ©,, < § and |v, — v[}, < 6 for all n > ny,
and so

10 (E)lw < [oa(t) = v(t)lw + On + [6(t)lw < 2V6 + VS < VR -4,

Then 7,, > T for all n > ny. O

Theorem 4.3.8 Suppose Assumption 4.3.1 holds and for x € H let P, be the
distribution of the solution of (4.1.3) with initial value 6§y = x. Then for every
x € W and every T > 0, the image measure of P, at time 7' is fully supported on

W.

Proof Fix x € W and T > 0. We need to show that for every y € W and ¢ > 0,
P,[|0r — ylw < €] > 0. Let y € W D(A) such that Ay € Wy and |y — gl < 5.
Choose R > 0 such that 3|z|?, < R and 3|y|?, < R. Then by Theorem 4.3.4,

€ €
Pollfr —ylw < ] 2Pullfr — glw < 51 2 Bllor —glw < 5,78 > T]

:PQER)HHT — g|W < %,TR > T]

By Lemma 4.3.6, there is a control @ € W'P([0,T]; D(A*)), with [, p and a; chosen
as in Lemma 4.3.7, such that the solution # to the control problem (4.3.11) corre-
sponding to w satisfies 0(0) = x,0(T) =  and |0(t)[3, < 2R. By Lemma 4.3.7, there
exists & > 0 such that for all w € W'2([0, T]; D(A*")) with |w—@|wwe o114 )) < 0,
we have
0(T,w) — glw < = and sup |0(t,w)[3 < R,
2 te[0,T)

where 6(-,w) is the solution to the control problem (4.3.11) corresponding to w and
starting at x. Hence

_ £ _
PN0r = glw < 5, 7r > T1 2 P10 = Slwrorpgam) < 0

where 7, = 0; —z + fJ(AOS +xr(10s3))u - VO5)ds, hence 67 = (T, 1), and the right
hand side of the inequality above is strictly positive since by Assumption 4.3.1 7 is

a Brownian motion in D(A*).
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4.3.3 Existence of invariant measures for o > %

In this subsection, we prove the existence of invariant measures. Let #,, denote the
solution of the usual Galerkin approximation

df,(t) + A0, (t)dt + P, (un,(t) - VO,(t))dt = P,G(0,(t))dW (1),
0,(0) = P,x.

Lemma 4.3.9 Let o > % If v € H',n € N,t > 0, then there exist §; > 0 and
Yo > 0 such that

t
E{/L@wawﬂgcx1+QQﬂ?+n,
0
where C' is independent of  and R.
Proof We apply 1t6’s formula to the function (1 + |A%0]?)7F for § > 2 — 2 and get

1 1

(Lt A0 (1+ [Aa2)r
t d+apnl2 t d—a I+
AT+ / (A4 (u - V), A5+ap)
=2 d 2 d
p/o A+ gy T T e

. /t (A9, A°GdW,) /t Tr[GG*A2) ;
P )y ameepp TP et

t 5p|2
nyer]
+2p(p + 1)/0 1+ |A69’2)p+1dr7

where for simplicity we write § = 6,. Choosing o', 0% with ¢}, < §,04 + 0} =

1,0 + 0] —a+1 <+ «a the non-linear part is estimated as follows:

‘<A6—a(u . VG), A5+a9>’ SC’Aé—a+1+a’19’ . ’AU%G“A(5+O¢9’
§C|A59|m + |A5+a0|27

2(3a—1—0")

with m = P ——

Then for p big enough we obtain

F t |A§+a0”|2 d (1
< t).
/0 (1 + [A%G,|2)p+1 r<C(l1+1t)

Since by Young’s inequality

’A6+a9n‘2

Aé—&-ae 27 <
| n| - c[(l + ’Aégn’2)p+1

+ 1+ |A%,)?],
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for 6 < o we obtain
t

w314 511450, ] < O+ (1P + 1),
0

If § > a, we already know that some power of |A%,,| is integrable with respect to
dt ® P. Then one proceeds as in the previous case to obtain (4.3.14). We choose
0 + a > s and obtain the assertions. UJ

Theorem 4.3.10 Let a > % and suppose Assumption 4.3.1 holds. Then there

exists a unique invariant measure v on W for the transition semigroup (F;)¢>o.

Moreover:
(i) The invariant measure v is ergodic.

(ii) The transition semigroup (P;)s>o is W-strong Feller, irreducible, and therefore
strongly mixing. Furthermore, P;(z,dy),t > 0,z € W, are mutually equivalent.

(iii) There are §; > 0 and ~y, > 0 such that

/|A51xmodu < 0o0.

Proof Choose oy € H' and define

1 t
py = —/ Pro,,dr.
tJo

Since .
1
[ 1a0talndn) = 2B ([ 140

by Lemma 4.3.9 we obtain

[ 1av i) < c.

This implies that y, is tight on W. The strong Feller property of P, follows from The-
orem 4.3.3. Hence, a limit point of 4, is an invariant measure for (P;);>o. Therefore,
by Doob’s theorem, the strongly mixing property is a consequence of the irreducibil-

ity.

Remark 4.3.11  If we don’t assume that G satisfies [(3°.|G(e;)|*)/?d¢ < C, for
some fixed p € ((a — 3)7*, 00), the solution of equation (4.1.3) may be not unique.
Then we can also prove the above results for each Markov selection P,z € W,

corresponding to (4.1.3) and the respective semigroup (F;);>¢ by similar arguments
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as [ROS].

Remark 4.3.12 (i) (Mildly degenerate noise) We can also consider the ergodicity
of the equation driven by a mildly degenerate noise as in [EHO1]. For this we have
to use an extension of the Bismut-Elworthy-Li formula. We have the same problem
as explained in Remark 4.3.2. So, we can just get the result for a@ > 2/3.

(ii) (Degenerate noise) There are many papers considering 2D Navier-Stokes
equation driven by degenerate noise. Contrary to the 2D Navier-Stokes equation,
no Foias-Prodi type estimate is available for the quasi-geostrophic equation. It
seems impossible to use a coupling approach as in [KS02], [BKLO02|, [M02] to prove
ergodicity in the case where equation (4.1.3) is driven by a degenerate noise. It also
seems difficult to use the method in [HMO6] to prove ergodicity.

4.4 Exponential convergence for o > %

First we introduce the same approximation as in the proof of [RZZ12, Theorem 4.3]:
We pick a smooth ¢ > 0, with supp¢ C [1,2], fooo ¢ =1, and for § > 0 let

Us[0](t) := /000 o(7) (ks * R0)(t — 67)dr,

where ks is the periodic Poisson Kernel in T? given by /;;(C) = e ¢ € 7%, and
we set 6(t) = 0,t < 0. We take a zero sequence d,, and consider the equation:

d0,,(t) + AD, ()dt + un(t) - VO, (£)dt = ks, + G(O)dW (¢),

with initial data 6,(0) = 6y and w,, = Uy, [0,], where ks * G(0) means for y € K,
ks« G(0)(y) = ks * (G(0)(y)). For a fixed n, this is a linear equation in 6,, on each
subinterval [ty, tx1] with ¢, = kd,,, since u,, is determined by the values of 6,, on the

two previous subintervals.

As will be seen below, we shall need uniform LP-estimates, and a crucial in-
gredient to prove them is Krylov’s LP-It6 formula. In order to obtain a uniform
estimate, the LP-estimate known from the deterministic case (see e.g. [Re95]) is not
strong enough for our purpose. Therefore, we need the following result, which is an
improved version of the ”positivity lemma” from [Re95, Lemma 3.2].

Lemma 4.4.1 ( Improved positivity Lemma ) For o € (0,1), and 0 € LP with
A%%0 € LP, for some 2 < p < 00,

(/w%%mm—%ﬁwzo
p



170 Chapter 4. Stochastic quasi-geostrophic equation

Proof Denote the semigroup with respect to —A2* + % and —A** in L? by P and
P}, respectively. Then we have P?f = e**/P Pl f. Since

1P/ fllze < e[ f 2z,

and
1P} fllzoe < [ fllze,

by the interpolation theorem, we have
1B} fllze < 2] f 1o

Thus,
1P fllee < 1 fllee-

Then we have

d 2\
SIPRel, = [ PR (R8P0 + 2 )i <0,
p

Letting ¢ — 0, we obtain our result. 0

Proposition 4.4.2 Let o > 1. Let 6 denote the solution of equation (4.1.3).
Then for 2 < p < 00

_ C -
El0@)|5, < |z]f.e ™M + e ne)

Proof Using [Kr10, Lemma 5.1] for 6,,, we obtain

001 =106 + [ = [ 1000 (4%00) + () - Vo)t
3o [ O3l + G(e) PNl
+p/st /1I2 ]9(l)|p729(l)k5n x GdgdW (1)
<o 2 [ [ e
[ -1 PO s, + 6P

+p/t /T2 0D [P~20(1) ks, * GdEdW (I)
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<l ~2n [ [ ppdsas [ [ oords+ce [(5 I Gle)Prraa

+p/t /Tz 10(D) P20 ks, * GdEdW (1),

where we used Lemma 4.4.1 to get the first inequality and our assumption on G
to get the last inequality. Here for simplicity we write 6(t) = 60,(t,z). Taking
expectation we obtain

Elu(t)|5 < EJ6.(s)|% — EA, / / 6 (0Pdedl + Cle,p) (¢ 5)

Then by Gronwall’s lemma we have

_ C _
E|0,()I <0(0) 7o + N (e ).

Then taking the limit n — oo in the above inequality we deduce

C
Bl6@)I% < lelipe™ + (1 = e™"),
1

O

Lemma 4.4.3 Let a > % and suppose Assumption 4.1.3 is satisfied with s >
3 — 2a. Let 6 denote the solution of (4.1.3) and take p as in Assumption 4.1.3.
Then for every Ry > 1, there exist values T} = T1(Rp) and K; = K;(Ry) such that
if 60| < Ro, sup,co.ry 1017, < Ro, and sup,cp 7,y [AS*HF7H02(8) 2 < Ry for some

0 <6 <3a—2—o0y, then |AHO(T))|?> < K.

Proof By Itd’s formula, we obtain that there exists Ky = Ky(Ry) > 0 and for P-a.s.
w, 3 to(w) > 0 such that
IA*0(to)]* < K.

For any r > 0, by Lemmas 4.1.1, 4.1.2 we have the following a-priori estimate

for N = —%—+ and o = 2,
Q_E_E P

%|Arv|2 + |[AT |2 <[{u - VO, A*" )|
(4.4.1) <C|A™| - [ATTTHTG) 10| e
1 TTQ T r—o g
<7IAT P 4 OB AT + CIA= 2 - 6],

We choose the approximation 6,, as at the beginning of this subsection with initial
time ¢ = 0 replaced by the initial time ¢t = ty(w) and 6,(ty) = 0(to). Set z, =
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JZ) e~(=9)4ks % GdW (s). Then we have the following LP-norm estimate for v, :=

971 — Zn,
d _
S 1allze <pCIVzalloo(lonllze + 2nllzel[val )

Thus we have p
%Ilvnllm <CVzulloo(lvnlle + [|2n] Lr)-

Then by Gronwall’s lemma and since s > 3 — 2a, we obtain the desired uniform
LP-norm estimates for v,,. Moreover, by (4.4.1) and Gronwall’s lemma we obtain the
uniform H"-norm estimates for v,,. By a similar argument as in the proof of [RZZ12,
Theorem 3.4] we have that v,, converges to some process ¢ in L?([to, T|, H) such that
U + z is the solution of (4.1.3) in [to, 7]. Then by the uniqueness proof in [RZZ12,
Theorem 5.1] we have © = v in [tg, 00), which implies that v € L*([ty, 00), H") N
L2 ([to,00), H"™*) P-a.s. w. Therefore, (4.4.1) also holds for v with ¢ € [t, 00).

loc

Then by (4.4.1) for r = «, we obtain that there exist K1 = K;(Ry) > 0 and
t; = t1(w) > to(w) such that [A?*v(t;)| < K. Using (4.4.1) for r = 2a we obtain that
there exists Ty = Ty(Ry) such that [A?*v(Ty)| < K. Then we proceed analogously
and obtain that there exists Ty = Ti(Ry) such that |A*t0(Ty)| < K, for some
0<d<3a—2—o0;. O

Lemma 4.4.4 Let a > % and suppose Assumption 4.1.3 holds with s > 3 — 2a.
Then for each R > 1 there are T} > 0 and a compact subset K C W such that

inf Pr(z,K) >0,

lzllp <R
for p as in Assumption 4.1.3.
Proof Define K := {z : |[A*™2|*> < K (Ry)}, where K;(Ry),d comes from the
previous lemma. By Lemma 4.4.3, for R < Ry we have

inf Pp(z,K)> inf (1— P, sup |A*ToTF1H05(1))2 > Ry

lzllp<R Izl <R t€[0,11]
— Pu[ sup 0], > Rol),
tE[O,Tl]

where we used Lemma 4.4.3 in the last step. Under Assumption 4.1.3, since z is a
Gaussian process, one deduces that there exist n,C' > 0 such that

2

R,
Py sup [OOSR (4)2 > Ry) < O
t€[0,71]
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(see e.g. [FRO6, Proposition 15]). Also by [RZZ12, Theorem 4.3], we obtain

E.[su Al C(R
sup Px[ sup He”}ip > RO] S sup [ ptE[O,Tﬂ || ||LP] g ( )
lelp<R  t€[0,T1] el Lp <R Ry Ro

Choosing Ry big enough, we prove the assertion. 0

The exponential convergence now follows from Lemma 4.4.4 and an abstract

result of [GMO05, Theorem 3.1]. For p in Assumption 4.1.3, let V' : LP — R be a

measurable function and define ||@[|v 1= sup,c;» If/’((z))l and ||v||v = supy <1 (v, ®)

for a signed measure v.

Theorem 4.4.5 Let a > % Suppose that Assumption 4.1.3 holds with s > 3—2«
and let V(z) := 1+ [|z||}, for p as in Assumption 4.1.3. Then there exist Ceyp > 0
and a > 0 such that

Hpt*écm — pllry < Hpt*écm —plly < Cexp(1 + ||x0||ip)6_ata

for all £ > 0 and xy € LP, where || - ||rv is the total variation distance on measures.

Proof By similar arguments as in the proof of Lemma 4.4.3 we obtain P;(x, W) = 1
for z € LP. By [GMO05, Theorem 3.1], we need to verify the following four conditions,

1. the measures (P;(x,-))i>0zeLr are equivalent,
2. © — Py(z,T") is continuous in W for all ¢ > 0 and all Borel sets I' C H,

3. for each R > 1 there exist 77 > 0 and a compact subset K C W such that

inf Pr(z,K)>0,

lzllLp <R
4. there exist k,b,c > 0 such that for all t > 0,

E=[10@)17] < klzlfe™ +c.

Condition 1 can be verified by [GMO05, Lemma 3.2] and since P;(x, W) = 1 for

x € LP. The other conditions can be verified by Theorem 4.3.2, Lemma 4.4.4 and

Proposition 4.4.2. 0
3

Remark 4.4.6 (i) For a > 3 we can get a better result following a similar

argument as in [R08]. Namely, there exist Cey, > 0 and a > 0 such that

1P 00y = pllrv < (1P 00y — pllv < Coxp(1 + [ *)e ™,
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for all t > 0 and xg € H. Here P, could be every Markov selection associated to the
solution of equation (4.1.3).

(ii) The reason why a > 3 is needed, is as follows: As in Theorem 4.3.3, we can
prove P, is H*-strong Feller with s > 3—3«. And for a solution € of equation (4.1.3)
starting from x € H, we can prove that it will enter H* only under our condition
on the noise. If the process 6 enters H®, we can prove that it satisfies the above four
conditions. Hence, to obtain exponential convergence for every x € H, we need the
process starting from x € H to enter H*. Hence we need 3 —3a < s < a, i.e. a > %.

4.5 Ergodicity for a > 3/4 driven by mildly de-

generate noises

In this section, we assume that a > %, W(t) is a cylinder Wiener process on H
and G is additive. We recall here that on the periodic domain T2, {cos(kz)|k €
7%} U {sin(kz)|k € Z2} form an eigenbasis of —A, which we denote by e in
this section. Here Z3 = {(k1,ks) € Z?|ky > 0} U {(k1,0) € Z*|ky > 0},Z2% =
{(k1,ke) € Z?| — k € Z2 }, x € T? and the corresponding eigenvalues are |k|?. Define
72 = 7*\{(0,0)}. Moreover, denote for any N > 0, Z.(N) = [N, N]*\ (0,0) and

Zy(N) = ZI\ Z1(N).

4.5.1 The strong Feller property for a > 3/4

Given N > 1, let 7y : H — H be the projection onto the subspace of H generated
by all modes k such that |k|. := max|k;| < N. Assume that a > 2 and G satisfies:

Assumption 4.5.1 The operator G : H — H is linear bounded and there are
v > 1 and an integer Ny > 1 such that

[A1] (diagonality) G is diagonal on the basis (ex)gez2,

[A2] (finite degeneracy) 7y,G = 0 and ker((Id — 7y,)G) = {0},

[A3] (regularity) (Id — my,) A" G is bounded invertible on (Id — 7y, )H.

Under Assumption 4.5.1, (G.1) is satisfied obviously and QdW = 3=,/ v\ exgrdwy,
where (W) ez, (o) 18 @ sequence of independent 2D Brownian motions. Let (Py)cn

be any a.s. Markov process obtained in Theorem 4.2.5, and (F;):>o be the associated

transition semi-group on B,(H), defined as

(4.5.1) Fp)(x) = E*[p(&,)], =€ H o e By(H).
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In this subsection we prove it has the strong Feller property under Assumption 4.5.1.
Choose s such that vy < vy —a+1<s<s—a+1< v+ 2a—1, and set
W = D(A?) and |z|yy = [A*z|. By this choice, we know that o > 2 is required.

Now we state the main result of this section.

Theorem 4.5.2 Under Assumption 4.5.1. Then (P,);>o is W-strong Feller, i.e.
for every t > 0 and ¢ € By(H), Py € C,(W).

In order to prove Theorem 4.5.2, we follow the approach of [EH01], [RX10] to
construct P?. We introduce an equation which differs from the original one by a
cut-off only, so that with large probability they have the same trajectories on a small
deterministic time interval. We consider the equation

(4.5.2) dor(t) + A6°(t)dt + X(%)m@) VO°(t)dt = G(0°)dW (2),

where
|0”

5 NG

G(0°) = G+ (1 = x(

and G is non-degenerate operator on 7y, H, and x : R — [0, 1] of class C*° such
that x(r) = 1if r < 1, x(r) = 0 if r > 2 and with derivative bounded by 1. We
could choose G is diagonal on the basis (e) i.e. Ge, = grex, for k € Zp(Ny). By
the same arguments as in Theorem 4.3.4, we obtain the following results, where we
used s —a+1<vy+2a—1.

Theorem 4.5.3 (Weak-strong uniqueness) Under Assumption 4.5.1. For every
r € W, Eq. (4.5.2) has a unique martingale solution P?, with

P?IC([0,00); W)]| = 1.

T

Let 7, : 2 — [0, 00] be defined as
() = inf{t 2 05 [y = o},
and 7,(w) = oo if this set is empty. If x € W and |z|w < p, then

(4.5.3) m P? [T, > ¢] =1, uniformly in h € W, |hlyy < 1.

li
e—0

Moreover, on [0, 7,], the probability measure P? coincides with any martingale so-

lution P, of the equation (4.1.3), namely

(4.5.4) B [p(€)1r,50] = P [0(€)1r, 4],
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for every t > 0 and ¢ € By(H).

4.5.2 Strong-Feller property of cutoff dynamics
In order to apply [FR08, Theorem 5.4], we need to prove the following result.

Theorem 4.5.4 There is p, > 0 such that for p > p,, the transition semi-group
(P/):>0 associated to Eq. (4.5.2) is W-strong Feller.

Fix N > Ny (whose value will be suitably chosen later). In this and the following
subsection we shall denote with the superscript L the quantities projected onto the
modes smaller than N and with the superscript H those projected onto the modes
larger than N. We divide the equation (4.5.2) into the low and high frequency parts
(dropping the p in 6” for simplicity),

(45.5) do" + A0"dt + x(152)BL(0, 0)dt = GL(0)dW,

. do™ + A" dt + x(152) By (0,0)dt = GudW,
where 6% = 7x0, 67 = (Id — wy)u, WE = nyW, WH = (Id — nn)W, By, = nnB,
BH = ([d— 7TN)B for 3(9,9) =U- VG, GL(Q) = G(G)TFN and GH = G(G)([d— 7TN).

With the above separation for the dynamics, it is natural to define the Frechet
derivatives for their low and high frequency parts. We will always use the notations
Dy, and Dy to denote the derivatives with respect to H” (resp. H) of a differen-
tiable function defined on H. For instance, for any stochastic process X (¢,x) on H
with X (0,2) =z, Dy Xt (t,x) : H? — H" is defined by

Dy X*(t,z)h = D X" (t,x) = lim - [XL(t x+eh) — XE(t,x)],h e HY.

e—0 ¢

Let CF(W) be the set of functions on W with bounded 0-th,...,k-th order derivatives.
Similarly, for ¢ € C}(W), Dryp(x) and Dgt)(x) can be defined.

To prove Theorem 4.5.4, we need to approximate (4.5.5) by the following more

regular dynamics

(4.5.6) { do’r + AG*Pdt + e_AH‘SX(‘GZ#)B(G‘S’P’ Qé’p)dt _ G(@é,ﬂ)th’
RN 85,p<0) =z,

where 6 > 0 and Ay = (Id — my)A (the existence and uniqueness of weak solution
to equation (4.5.6) is standard).
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Define two maps ®;(+) and ®2(-) from H to H by
®y(x) == 6°(t) and ®%(z) := 0°°(t),
where 6°(t), 8°”(t) are the solutions to (4.5.5) and (4.5.6) respectively.

The key points for the proofs of Proposition 4.5.6 are the following two inequal-
ities and Lemma 4.5.5. For given § > 1, there exist constants C'; > 0,Cy > 0 such
that for every 61,0y € D(APT1491) o) + 05 =1,

(4.5.7) IAPB(6,05)| < CL(|APTIT10,||A%20,| + |APTITo10, || A20,)).
C
(4.5.8) N e~ B(6,,05)|y < tk; IA%01 | 1| P8y,

for some 0 < ¢ < 2a — 1. (4.5.7) and (4.5.8) can be obtained by Lemma 4.1.1.

Lemma 4.5.5 (cf. [DZ92]) Let G : H — H be a linear bounded operator
such that A7**G is also bounded. Then for any &; < 3(y +2a — 1 — s) and
By < 3(v+ 2 — 1 —s) — &, there exists C(e, 8,p, T) > 0 such that

t
E[sup |AS [ e ADGaw B ] < Cley, By, p, T)TPP.
1 0 w

0<t<T

By (4.5.7), (4.5.8) and Lemma 4.5.5 we obtain the following estimates.

Proposition 4.5.6  Forevery T" > 0 and p > 2, there exist some C; = C;(p, p, v, @) >
0,7 = 1,2 such that

(4.5.9) E[sup [®, — ®jf},] < CreTle™ — Id[},,,
0<t<T
(4.5.10) E[Oi?ET |D®; — DO y] < CoeT e — Id|l .

For any v € C;(W),h € W and ¢ > 0,

(4.5.11) lim |DyE[p(®)] — DLE[(®,)]| =0

60—0+

Proof Denote ¥, = &, — <I>f, we have
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CI)T‘W
3p

v f A G, — G,

t t
::/ Ildr—i—/ LydW,..
0 0

By (4.5.7) and (4.5.8) we obtain

I

3p

v- | A B(@,, & )y (2) =19 g9, @)y (12 g,

[Lilw < Cy(t —r)~HF2a|Id — 6_A6|£(W) + Cot — 1) e | W, |,

for € in (4.5.8). By Lemma 4.5.5 we obtain

t

Elsup | [ LdW,|P] < CTPPE[ sup |¥,[}],

o<t<T Jo 0<t<T
with p > 2 and 8, in Lemma 4.5.5. By the above two estimates and induction

argument (4.5.9) follows. (4.5.10) can be obtained by the same method and (4.5.11)
follows by (4.5.9) and (4.5.10). O

Moreover, we obtain the following estimates by using (4.5.7), (4.5.8) and Lemma

4.5.5. We choose 0 < g9 < 2(y+2a—1-5),0 < &1 < 2= and define W := D(A*T=)
and |z|j; = [AZT0x].

Lemma 4.5.7 Forany 7T > 0,p > 2and § > 0, there exist some C; = C;(p, p,v, ) >
0,2 =1,...,7 such that

(4.5.12) B[ sup |27] < Cre™fefy,

4.5.13 E[sup |®¢E] < Che®T|z|P-

( ) [0§t£T| el < Coe™ |z

(4.5.14) E[Oiltl% [t22 BJ[P] < Cse®T|aff,

(4.5.15) E[sup |Dy®0%)] < Cue“T|nfE,,  hew,
0<t<T

t
(4.5.16) Bl / AH D0 2dr] < CocCot Ry, h e W,
0
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(4.5.17) E[sup | D@ 0] < (TP v TP)CsesT| WAL, hE e WE,

0<t<T

(4.5.18) E[sup |Dpu®" ) < (TP v TP CreC TR L, he W,

0<t<T

Proof (4.5.12)-(4.5.14) can be proved by a similar argument as the proof of (4.5.9),

so we omit them here. For (4.5.15), we have that for every h € W, D, ®, satisfies
the following equation

‘(I)rlw
P

t
Dyp®, =e~'h + / e~ A (B(DL®,, ®,) + B(®,, Dp®,))x( )
0

|(1)7‘|W>i<Dth)r7q)r>W
3p "3p  [Pfw
- [y B LD Dy
0 pop | Prlw
By (4.5.7), (4.5.8) and Lemma 4.5.5, (4.5.15) follows. Similarly we obtain (4.5.17)
and (4.5.18).

+ e A B(D,®,, ©,)X( dr

Let us prove (4.5.16). By Ito’s formula, we have for o; + 09 = 1,0 < 01 <
(s—v+a—1)A(2a—1),
t
E|A7Dh<1>t|2+2/ E|A* D, ®,|*dl
0

[P |y
3p

t t
§|A’Yh|2+C/ E\AthfDl]leJrC/ E[|A Dy ®| [N B(®;, D ®;)| x( )dl
0 0

t t
§|A7h|2+0/ E|A5Dhc1>l|2dl+0/ E[|AT D@ ||\~ 719 | |A72 D, @
0 0

[Pl
3p

AT D AT Dy AT ) () .

Then by y —a+1<s,v—a+1+4+0; <7+ a, we obtain

¢ t
E|ANDy,®,|* + 2/ E|ANT D, dl < |Ah|? + C/ E|AD,,®|?dl,
0 0
which implies (4.5.16) by Gronwall’s lemma. 0J

Lemma 4.5.8 There exists some constant p > 1 such that for every = € W,
h e WE o € CLH(H)

Ce“ (1 + || 55)P
1P

| BI(DLv) (] (2)) Dp®y™ (2)]] < [ 1co | Alw-
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The proof of Lemma 4.5.8 will be given in the next section. Now we could prove
Theorem 4.5.4 by using Lemmas 4.5.7, 4.5.8. The proof is a modification of the
proof of [RX10, Theorem 3.1].

Proof of Theorem 4.5.4  Set Si)(z) = E[tp(®?)] for any o € CZ(W), we prove the
theorem in the following two steps.

Step 1. Estimate DS (x) for all z € W. By (4.5.16) we know y! = G Dpn®>" €
Hdt x dP-a.s.. Hence we could proceed as in the proof of Proposition 5.2 of [EH01]
to get

3t 3t
4

DunSus(o) = TE(@Y) [l W)+ TE( [ DS (@) Dyl s

4

Hence, by B-D-G inequality and (4.5.16), we obtain

3t 3t
9 T 2 [T
DS <510l [ Bl Pdr) 4 5 [ EDuSee (@) b Dy
1 1

3t

2 2 [1
<o lalhhy + 5 [ EUDLS- (@Dl D@
1

For the low frequency part, according to Lemma 4.5.8, we obtain

Dy S ()| = E[DL S5 t(27)5) D @5 | + | E[Dir Sy to(27)5) Dyr 73|
<Coe®! (1 + [2li)"t P[0 ootk Iw + B[ DurSetb(@3)) b | D Bs [,

where p > 1 is the constant in Lemma 4.5.8.

By this we obtain for 0 < ¢t < T and T sufficiently small, (see e.g. [RX10,
Theorem 3.1))
C(1 + [z[Z)P

DS (@) < —||w||oo,
with C' = C(T, p, v, a).
Step 2. Strong Feller property of P/. For any h € W and 0 < t < T, we have

| Dy, Sastp () =!E[Dst¢<¢5>th>f]|2 < E[|DSy)(®)) [ | E[|Dh @3]

C

< WL+ 1803y < g I (L fal) [

where C' = C(T, p,a, 7). Let § — 0, we have

| D Porth () T [9lloe (X + [xlw)? R, 0 <t <T.

| < tp+eop/<2a
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This implies that (Pf)ic,n is strong Feller. The extension of the strong Feler
property to arbitrary 7" > 0 is standard.

4.5.3 Malliavin calculus

Proof of Lemma 4.5.8

In this subsection, we will only study the equation (4.5.6), following the idea of
[N85], [EHO1] . We will simply write ®; = ® throughout this subsection since all

the estimates obtained are independent of 9.

Given v € L} (RT, H), the Malliavin derivative of ®; in direction v, denoted by

loc

D, P, is defined by

D@, — lim 2V T EV2) = ®(Wox)
e—0 g

where V(t) = fotv(s)ds. The direction v can be random and is adapted to the
filtration generated by W. The Malliavin derivatives on the low and high frequency
parts, denoted by D,®L and D,®F, can be defined in a similar way. D,®F and
D, satisfy the following two SPDEs respectively:

AD 1 [AD + B (D% (1) 1 By(D,2", @) (1T2)
p p
o o
4219 4 by @0 ((T2)D,0" + Bu(@. ) Dl 52 D0 i
=[D;G(®)D, " + DyGr(®)D, 7| dWE + G (®)vhdt,
(4.5.20)

) 3 - ®hw
D, + [AD, @ + ¢4 By (D, d", ®)x(%) e By (0,87, @)y 3|pW
@l

P
+ B (@ D)D) D0 + (@, 0) D (T2 D0

)

:GHUHdt,

with D,®f = 0 and D,®% = 0, where B(u,v) = B(u,v) + B(v,u). Moreover, we
define a flow between s and ¢ by J(x), s < t, which satisfies the following equation:
for all h € H"
(4.5.21)

|l

~ P
Ui+ (AT b+ By @0 (5 + By (@, 0) Dy (6T Lt

=D G (®)J, :hdW[E,
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with J, () = Id € L(H*, H"). The inverse J,(z) satisfies

(4.5.22)
-1 -1 5 |¢‘W ‘¢|W . 2
dJ h+ J [Ah + B (h, ‘I’>X(—3p ) + B(®, @)DL(X(—gp ))h — Tr((DLGr(®;))?)h]dt
=— J; DG (®)hdW}".

Simply writing J; = Jo, clearly J,, = J;J; '

We follow the ideas in Section 6.1 of [EHO1] to develop a Malliavin calculus
for (4.5.6). One of the key points for this approach is to find an adapted process
ve L (RT, H) so that

(4.5.23)

- d
Guv(t) = e By (D, ®", <I>)X(M

3p

P
)+ e By (@, 9D (T D,

which implies that D,® = 0 for all ¢ > 0.

Proposition 4.5.9  There exists v € L _(RT, H) satisfying (4.5.23), and

loc
t
D, oL = Jt/ J G (®,)v(s)ds and D,®F = 0.
0

Proof We first claim that
(4.5.24)

~ P
e_AH(SBH(qu)L,¢>X(| |W

3p

)+ e B (@, 0) Dy (D" € (D)

Since D,®} is finite dimensional, D,®F € W. The two terms on the left hand of
(4.5.24) can all be bounded in the same way, for instance

|l

3 )

- P -
|AYToe= A0 By (D, dF, @)X(’Bﬂﬂ —[A" e 1 B (D, @) (
P
<C16 2 [Dy®y ||l

and (4.5.24) follows immediately. Hence by Assumption [A3] for G, there exists
at least one vf! € L2 (R*, H) satisfying (4.5.23). Thus equation (4.5.20) is a

loc

homogeneous linear equation and has a unique solution

D, =0,
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for all ¢ > 0. Then equation (4.5.19) now reads as

- 0] o
4D, 1 [AD,@" + B,(D,0" o) (12) 1 B (@.0) D, ( (12D 0
p p
=D.G(®)D, P dW}E + Gr(P)vhdt,

with D,®% = 0. Applying the Itd’s formula to the product J~'D,®L we see imme-
diately that

t
(4.5.25) D, oL = J, / J G L(®,)v"(s)ds.
0

Let N > Ny be the integer fixed and M is the dimension of 7wy H. Consider
v1,...,vp € L2 (RT: H) with each of them satisfying Proposition 4.5.9. Set

loc
v =[v1,...,upm],

we have

t
qu)f - 0) Dv(bf - Jt/ J;]-GL(QS)’UL(S)dS,
0

Choose vl(s) = (J71GL(®,))* and define the Malliavin matrix

t
/\/lt:/ JAGL(®) (I GL(P,)) ds.
0

The following two lemmas are crucial for the proof of Lemma 4.5.8. The first
one can be proved by a similar argument as Lemma 4.5.7 and [RX10, Lemma 4.2],
so we omit it here.

Lemma 4.5.10 For any 7" > 0 and p > 2, there exist some C; = C;(p, p, v, @) >
0(i =1,...,4) such that

(4.5.26) E( sup |Ji(z)h*},) < Cre“T|h R,
0<t<T

(4.5.27) E(OiltlET |J7H(@)hE ) < Coe® T |REE,

(4.5.28) E( sup |J;7 (2)hE — hEE,) < TPRCe%T |hE,,

0<t<T
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(4.5.29) E( sup |®4(x) — e Mzfl,) < (TP v TP)Cye™ T,

0<t<T

Suppose that vy, vy satisty Proposition 4.5.9 and p > 2, then

T
(45.30) B(sup [y ®H@)) < CueTEL | [ul(s) s,
0<t<T 0
(4.5.31)
T T
B sup (D2, @ (a)f) < CoctT(BL [ [ob()5ds)) (B[ ok (s)as)),
0<t< 0 0
T
(4532  E(swp [DoDibH@)lh) < Cre (L [ ok (9)E5ds])
<t< 0

with A € W and C; = Ci(p, p,v,a) > 0,i =5,6,7.

Lemma 4.5.11 Suppose that &, is the solution to equation (4.5.6) with initial
data x € W. Then M; € LOWE, WE) is invertible almost surely. Denote Ay (%)
the smallest eigenvalue of M;. Then there exists some ¢ > 1 such that for every
p > 0 there is some C' = C(p, p, @, y) such that

CP (1 + |a]5)?

(4.5.33) P|1/ Ain(8)] = 1/£7] < m

Now we are ready to prove Lemma 4.5.8, which is a modification from [EHO1,
Proposition 7.12].

Proof of Lemma 4.5.8 Let us consider for i,k = 1...M,
M
V(P (D, ®F) i [DL®f k-
j:1
For h € W¥, we obtain

Dyt (®,)Dy®Fh =Dy (@)D @Lhz [(D,®F) " ]i;[ DL}

7=1

t) Z Dor{[(Dv®]) i [Dr®{ i}

Set h = h;, where h; is the standard orthonormal basis of R and sum over i, we
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obtain

E[Dr)(®:)Dy, Py h]

ZE[ZDvm%k(@t)] —E[w(‘ﬁt)zpuhi{[@v@f) iDL ]ji}-

For the first term on the right hand of the above equality, by Bismut integration by
parts formula( see e.g. [EHO1, Proposition 6.1]) and D,®F = J; M,

M
B[S Dy (®)Dy, 0F]
=1
M t
< S B (®0)[J M (Do BH / (v i, W)
ij=1

<||¢||OOZE 7y | B / (o b, dW,)].

2,7=1

Then by B-D-G inequality, (4.5.33), (4.5.27), we obtain

M
EY Dunir(@2)]] < 9 lcCe (1 + [ar]z)Pt 7.

i=1

The other term can be estimated similarly, the assertion follows. O

4.5.4 Hormander’s systems

Let us consider the SPDE for #” in Stratanovich form as
(4.5.34)
0 1
d9L+A9Ldt+X(%)BL(6, 0)dt— > Dgi(O)er-gi(@)erdt = > gr(u)odwy(t)ey,

keZr (No) keZy(N)

where g () = (1— X(I W) gy, for k € Z,(No) and gx(0) = g for k € Z(N)\Z(Ny).
For any x € W, it is Clear that if k € Z(Ny)

Don(o)es - ule)er =~y () 0 - (g2 50,

For any two Banach spaces E1, Fs, we denote the set of all C*° functions £} — FE,
which are polynomially bounded together with all their derivatives by P(E;, E,). If
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K € P(H,H"Y) and X € P(H,H), define [X, K|, by

(X, K]|p(v) = DK (2)X (2) — DL X*(2)K (v),z € H.
For instance, [A, K|, € P(D(A), HY) with [A, K|.(z) = DK(x)Ax — ALK (z).
Define

1 Y
XO(z) = Ax—l—x(m)e_‘mHB(x,x)qL Z —X/(—|x|w)(1—x(|x|w))gz (z €k>wek'
p k€ ZL(No) p P [zlw

Definition 4.5.12 The Hérmander’s system K for equation (4.5.34) is defined as
follows: given any y € W, define

Ko(y) ={gr(y)ex : k € ZL(N)},
Ki(y) ={[X°(y), gx(v)er]r : k € ZL(N)}
Ko (y) ={lgr(y)er, K(y)lz : K € Ki(y), k € ZL(N)},

and K(y) = Ko(y) UK (y) UK (y).

Proposition 4.5.13  There exist p > 0 and N > N, (which depend only on N
and G) such that if p > p and N > N, then the following property holds : for every
r €W and h € H® there exist 0 > 0 and R > 0 such that

inf su inf K(y),h > olhlw.
infsup inf (K (). | = oy

Proof The basic idea of the proof follows from [EHO01, Theorem 7.8] and [RX10,

Proposition 4.5]. It is sufficient to show that there is a (finite) set K ¢ K(y) such
that spanK = HE. We choose R < }Lp.

Case 1: |z|yy > R+ 2p. In this case gx(y) = g, we can take K = K,.
Case 2: |z|yw < p — R. In this case X°(y) = Ay + e 44 B(y, y). Since

—d(@tem),  ifl+m=k,

B il~:c7 z'm-a:7 ik-x —
(B(e™, e™), em)) {0, it +m £k,

we could calculate B(ey, e,,) easily. For instance, for I,m,l —m € Z3, we have

1
Ble, en) = (I - m)erim + m(ll F )€l

2l
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For [,—m,l+m € Zi, we have

1 1
Bley, en) = (I -m)e_jm + m(“ FM) €y

2

We have for I,m € Z,(N)\ZL(No), l +m =k € Z(Ny),

lgie1, [B(Y, ), gmem] Ll = —mnB(gier, gmem) — TnB(gmem, gier)-

Hence, we choose N > N large enough so that for each k € Z.(Ny) there are
l,m € Z(N)\ZL(Np) such that [ and m are linearly independent and k =1 + m
(or k =1—m). Then the vectors [gie;, [B(Y, V), gmem]r]L, gi€1, where I, m run over
Z1(N)\Z(Ny) span H". Then we can take K = K, U K.

Case 3: p— R < |z|w < 2p+ R. Write X°(y) = X" (y) + X°2(y) where X% (y) =
Ay + e_MHB(ya?/) and XOQ(?J) = ZkeZL(NO) ngX/(‘Z%)(l — X(”‘W))gi <x’e’“>wek. By

p [zw

Case 2, we obtain [gier, [X(y), gmem]z]L, gie1 span the whole HX. And it is easy
to see |[gier, [X*'(y), gmemlL]r] < 5. So, for p large enough, [gier, [X°(y), gmem]rlr
span H*. TakeK:KOUKg. O

4.5.5 Proof of Lemma 4.5.11

We follow the idea of the proof of [N85, Theorem 4.2] by using Proposition 4.5.13
and the following Norris’s Lemma ([N85, Lemma 4.1]).

Lemma 4.5.14 (Norris’ Lemma). Let a,y € R. Let 5, be a real-valued pre-
dictable process and v, and u; be adapted H-valued processes. Let

t t t t
ar=a+ / Bds + / (7, dWs), Y, =y+ / asds +/ (usdWs),
0 0 0 0

Suppose that T < ¢, is a bounded stopping time such that for some constant C' < oo:
1Bels |7l latl, Jue| < C forallt < T.

Then for any r > 8 and v > % there is C' = C(T, ¢, v) such that

T T
P[/ Y2dt < a,/ (a2 + [wl2)dt > &] < Ce=.
0 0
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Proof of Lemma 4.5.11 Denote S = {n € WL;|n|ye = 1}. As for n € S%,

M= 3 e / 1% Jeu) mwl?ds,

keZp(

(4.5.33) is equivalent to
(4.5.35)

Pl 2

keZyp,

Ceon (1 + |2[3)?
tp ’

/| (T (ge(®)ew), mwlds < <] <

for all p > 0, where gi(0) = (1 — X(' [ W) g for k € Zp(Ny) and gr(0) = gy for
ke ZL(N)\ZL(Ny).
Define a stopping time 7 by

7 =inf{s > 0:|Ps(2) — zlw > R,|J; ' — Id|con) > c},

where R > 0 is the same as in Proposition 4.5.13 and ¢ > 0 is sufficiently small. By
(4.5.29) and the easy fact |e= 4z — x|y < C’tg%mw, we have for any p > 2

E]| sup |®; — x5, <E[sup |e Yz — b, + sup |®:(z) —e Yl
0<t<T 0<t<T 0<t<T
<Ci(1+ |algm) (T v TP).
Combining the above inequality and (4.5.28), we have for gy < &;

(4.5.36) P(r <) = Ciea (1 + |z])7,

for all p > 0.

By the same arguments as [N85, p127], (4.5.35) holds as long as for any n € S%,
we have some neighborhood N (n) of n and some k € Z,(N) so that

Ce3e (1 + |z|5)P
tP .

AT
@san)  swp Pl |0 (@) mhwlds < =7 <
n'eN(n) 0

According to Definition 4.5.12 and Proposition 4.5.13, for any n € S%, there
exists a K € K and a neighborhood N of 1 in S* such that

inf inf inf (VK (y),n)w| >

ly—x|yw <R |V—Id|zon) nEN

SIE

By this and (4.5.36) we deduce that for any n € S, we have some neighborhood
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N(n) of n
(4.5.38)

tAT O (1 _\P
sup P[/ (JTK (D), n)wl?ds < &7 < Pt At < 2e/o] < il Gl L) :
n' €N (n) 0 tp

Now we prove that (4.5.38) implies (4.5.37). Without loss of generality, assume that
K € Ko, so there exists some grper and g;e; such that

Ko(y) = gr(y)er, Ki(y) = [X (W), ge(v)ex], K = Kz := [gi(y)er, Ki(y)].

Take Y(t) = (J; ' K1(Dy),m), a(t) = (J; [ Xo, Ki](Dy),m) and w'(t) = (J; " [gses, Ka](@1), 1)
Applying Lemma 4.5.14, we obtain

tAT tAT
P(/ (TS KL(D),m)]? < 67",/ (T K (D), m)|? > &) < Cem#v.
0 0

Hence, by (4.5.38) we obtain

tAT 08% . el )
P[/ ’<Jg1K1(q)s),U>W‘2d8 < gr] < ( - | |W) .
0

By a similar but simpler arguments we have (4.5.37). O

4.5.6 Controllability and support

In this subsection we prove the support theorem for the solution of the equation
(4.3.1) by the control theory.

Proposition 4.5.15 Suppose that Assumption 4.5.1 holds. Let (P,).en be the
Markov solution of equaion (4.3.1). For every x € W and T > 0, and every WW-open
set UCW, P.(§, € U) > 0.

To prove Proposition 4.5.15, by the proof of Theorem 4.3.8, we only need to
prove the following control problem.

Lemma 4.5.16 Given any 7" > 0,2,y € W and ¢ > 0, there exist p,, 0 €
C([0,T]; W) and w € L*([0,T]; H) such that 6 solves the following equation,

(4.5.39) 0 + A0+ B(6,0) = Gu,

with 0(0) = z and |0(T) — y| < &, and supyeo 77 |0(t)|w < po.

Proof Let z € D(A**%) such that |y —z| < 5. Tt suffices to show that there exist
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0,w satisfying the conditions of lemma and |u(T)—z|y < §. Decompose § = 6" 46",
then equation (4.5.39) can be written as

(4.5.40) do* + A9*dt + B(0,0)dt = 0.

(4.5.41) do™ + A0 dt 4+ By (0, 0)dt = Gu.

We split [0, T into the pieces [0, T4], [T1, To], [T, T3] and [T3,T] with Ty, T, T3 to be
chosen along the proof.

Step 1: regularization of the initial condition. Set w = 0 on [0,7}]. By the same
arguments as Lemma 4.3.6, we can find a time T} such that supy 1) [0(t)|w < pg
and 0(Ty) € D(A3*T).

Step 2: high modes led to zero. Choose a smooth function ¢ on [T}, T3] such that
0 < <1,9(Ty) =1 and ¥(Ty) = 0 and set 7 (t) = ¢(t)0" (T}) for t € [T}, Ts]. As
6" is finite dimensional, an estimate yields

d o
16" By + [A6" [y < (16" + 16" )%,

and [0(t)[y < 0% (£)y + 10" (T)Fy < po for Ty <t < Tp == 5 A (Ty + (4cafy) ).
Plug 0% in (4.5.41), take

w(t) =¥ ()G (Ty) + ()G A (T1) + G B (0(t), 0(t))-
As 0(T1) € D(A***), |G- A0"(T1)] < oo and |G~ By(0(1). ()| < c|A0(t)[3, <

C(|AO™ (T3, + 10" (t)|3)) for t € [T1, Ty]. Hence, w € L=([T1, T3], H).

Step 3: low modes close to z. Let 6%(t) be the linear interpolation between
0™ (Ty) and z* for t € [Ty, Ts]. Write 6(t) = 3. 0, (t)ex, then (4.5.40) is written as

(4.5.42) 0, + k>0, + B(0,0) = 0,k € Z,(Np).
Let us choose a suitable 87 to simplify the above By (6, 0). Consider the set { (I, m;,) :
k € Z5(No)} such that (a) I +my = k.

(b)li  my. for all k € Z1(Ny).

(¢) For every k € Z,(No), |l], |my| > 2@3No+D?,

(d) If ky # ko, then [lp, & b, |, e, £ mug |, |l £ M|, [ms, £ L, | > 2@No+D?,

Define
QH(t) = Z (Hlk (t)elk + gmkemk)7

keZr(No)
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with 6;, (), 6,,, to be determined below. By (c) and (d), it is easy to see
B(6%,6™) = B (6" ,6%) =0,

Bk(elkl ) ele) = Bk(emkl ) eka) = Bk‘(elkl ) emkg) = Bk(emkl ) ele) = 0.

Then (4.5.40) is simplified to the following equation
(4.5.43) 0 + |k[>0), + Bi(0,0%) + By(0),e1,, O, em,) = 0,k € Z1(Np).

One can easily find a solution #” for equation (4.5.43) which is smooth in ¢ and
by construction € is finite dimensional. Hence 6(¢) is smooth in space and time for
t € [Ty, Ts] and sup |0(t)|w can be bounded by |0%(T3)|w, 2* and Ty — Tp. We set
w=GY0" + A0" + By(0,0)] and w € L=([T, T], H).

Step 4: high modes close to z. In the interval [T3, T] we choose 67 as the linear
interpolation between #”(T3) and 2. Let % be the solution to (4.5.40) on [T5, T
with the choice of # given above. Since 0(T3) € D(A%**%) and 0%(T3) = 2%, we
know supq, ;<7 |0"(t) — 25| < § if T — Ty is small enough. Then as in Step 1,
we can find w € L>([T3,T], H) solving (4.5.41). It is clear that supg, ;<7 [0(2)|w <
clzlw + C|0(T5) - O

We also obtain the following ergodic properties by the same arguments as The-
orems 4.3.12 and 4.4.3.

Theorem 4.5.17  Assume Assumption 4.5.1. There exists a Markov process 0(-, )
on a probability space (€2, F, P,) which is a martingale stationary solution of the
stochastic quasi-geostrophic equation (4.1.3). The law v of 0(¢,v) is the unique
invariant measure on W of the transition semigroup (P;);>0. Moreover

(i) the invariant measure v is ergodic,

(ii) the transition semigroup (F;);>o is strong Feller, irreducible, and therefore
strongly mixing.

(iii) there exist Cexp, > 0 and a > 0 such that
15762y = pillrv < 1700y — pillv < Cexp(L + |z0l*)e ™,

for all t > 0 and 2o € H.

Remark 4.5.18 We can also prove approximate controllability of the solution of
the stochastic quasi-geostrophic equation for o« > 1/2 driven by finite dimensional
noise. Since the proof is similar to [S06], we don’t give all the details of the proof.

For more details, we refer to [S06].
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