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Abstract
We investigate a stochastic (conservative) non-equilibrium jump dy-
namics of interacting particles in continuum. The corresponding evolution
of correlation functions as well as a mesoscopic scaling (Vlasov scaling) is
studied. We derive a kinetic equation for the particle density which is a
Vlasov-type equation for the considered model.
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1 Introduction

It is useful to describe the position of particles in continuum by locally finite
subsets of R%. In that case, the configurations space of a continuous interacting
particle system is given by

r=rRY:={yc Rd| |y N K| < oo for any compact K ¢ R? }. (1)

The elements of v = {x1, z2,...} € I" describe the location of the particles.

In this paper, we present a particular stochastic (conservative) jump dy-
namics in continuum. Generally speaking, the time evolution of a large class of
jump dynamics in continuum is given by the following mechanism: if we fix a
time point ¢ > 0 and assume that the system is at this time point in the config-
uration v € I', every particle z € v jumps during the infinitesimal time interval
[t,t+dt] to a point y € R? according to a (probability) rate c(x,y,y) depending
on z € 7, y € R and the actual state ¥ € T'. This leads to a change of the
state v to y\z Uy. The transition rates ¢(z,y,y) contains all information about
the evolution of the dynamics. The concrete form of these rates appears from
modeling a concrete system. As motivated above, the infinitesimal generator
should have on observables (i.e. functions F on I') the following form:

@) =3 [ dy ey (FO\aUy) = ). 2)

reEY

Since this expression involves infinite sums, the generator (2) has at this
place only a heuristic signification. The task is now to give the above gener-
ator a rigorous meaning and to construct a semigroup (e*’);~o which has L



as infinitesimal generator. By means of this semigroup it is possible to solve
the Kolmogorov equation, which describes the time evolution of observables
according to the dynamics. The corresponding dual dynamics describes the
time evolution of states (i.e. probability measures on I'). If this semigroup is a
Markov semigroup, we get even a probabilistic object, namely a stochastic pro-
cess (X¢)i>0 associated to that semigroup. In the equilibrium case, the above
described program can be realized for a quite general class of transition rates
(via the Dirichlet form approach, see [25]). Here, equilibrium case means, that is
only possible to start the dynamics (almost) in some equilibrium, which means,
that the evolution of observables is (almost) time independent. More interesting
(from the point of view of applications) is the construction of a non-equilibrium
dynamics since within the non-equilibrium framework it is possible to start the
dynamics in a state (far away from some equilibrium) and investigate the time
evolution of the dynamics (maybe it approaches some equilibrium after long
time). It turns out that in the non-equilibrium framework, it is demanding to
show that a generator of type (2) induces a semigroup. Indeed this could only be
shown for a system of particles without interactions (see [27]). Nevertheless it is
sometimes still possible to construct the time evolution of correlation functions.
This is the aim of the first part of this work for a particular form of transition
rates. These transition rates have the following form:

c(z,y,7) = alz —y) (1 + (v,c0y)), .y €RELyET, (3)

where a is a non-negative function in L'(dz) with [lal; = 1 and (v,cz,) =
> seq Coy(T). Here, cgy is a non-negative function in L'(dx) which depends
on z and y. We will assume that ¢, ,(Z) is given by on of the following three

expressions:
Cay(Z) = K(x — T), (4)
Cay(T) = K(y — T) (5)
Coy(Z) = %(n(m — )+ sy — ;Tc)), (6)

where « is a bounded and non-negative function in L!(dz). The rates (3) are
linear in v and for kK = 0 we obtain the free dynamics, i.e. a dynamics of non-
interacting particles. This dynamics is fully studied, see [20]. In the case (6),
the rate are symmetric in x and y. We refer to this case as the symmetric case.
The free dynamics has a Poisson measure as equilibrium state. The symmetric
case has this property as well. In this sense, this model describes particles with
a minimal interaction.

The second part of this paper discusses a mesoscopic scaling of the con-
sidered model, namely Vlasov scaling. The limit of the scaled dynamics leads
to a kinetic equation for the microscopic model. It is worth noting that the
Vlasov scaling coincides with the well-known Lebowitz-Penrose scaling (see e.g.
[36]). This fact as well as the definitions of the corresponding scalings will be
discussed in Section 8. The complex evolution of a many-body system is often
approximately described by kinetic equations, see e.g. [43, 44]. Besides the
Boltzmann equation (which describes the evolution of the particle density of a
dilute gas, see e.g. [30]), the Vlasov equation plays an important role in physics.
This equation is a good approximation in situations where long range forces (i.e.



forces caused by the collective effects of a large number of particles over rela-
tively long distance) are present and short range forces (i.e. forces caused by
collisions) are neglectable. Such circumstances are (approximately) valid in a
plasma (due to long range Coulomb forces), see e.g. [17]. One can derive the
Vlasov equation from the BBGKY-hierarchy by assuming that propagation of
chaos holds, see e.g. [16]. In this situation the equation for the particle density
is a closed equation since the second correlation function factorizes and this
yields the Vlasov equation. In [6] the authors have shown that in the mean
field scaling limit for Hamiltonian dynamics the empirical distribution of the
particles has at every time ¢t > 0 a Lebesgue density (if so, for ¢ = 0) and this
density satisfies a Vlasov-type equation. More general deterministic dynamical
systems where considered in [7]. Note that the resulting Vlasov-type equations
for particle densities are considered in the class of finite measures (in the weak
form) or integrable functions (in the strong form). The latter implies, in fact,
that we are restricted to the case of finite-volume systems or systems with zero
mean density in an infinite volume. A detailed analysis of Vlasov-type equations
for integrable functions is presented in the recent work [29].

For the model considered in this work, the approaches mentioned above
are not applicable since a description in terms of proper stochastic evolution
equations for particle motion is, generally speaking, absent. For that reason
we have to follow in this work a general approach, proposed in [9], to study
the Vlasov-type scaling for some classes of stochastic evolutions in continuum.
The first step is to derive hierarchical equations for the evolution of correlation
functions which generalizes the BBGKY-hierarchy from Hamiltonian to the dy-
namics considered here [10]. Then, we perform the scaling, which, roughly
speaking, assures that on the one hand, the interaction gets weaker and on the
other hand, the correlations between particles gets stronger. The limiting hier-
archy posses a chaos preservation property. Namely, if we start with an initial
correlation function which corresponds to a (non-homogeneous) Poisson state of
the system, then this property will be preserved during the time evolution. This
special property of the virtual Vlasov system allows us to derive a non-linear
evolutionary equation for the evolving Poisson state which is the macroscopic
Vlasov-type equation derived from the microscopic infinite-particle system. We
remark, that we are working in an infinite volume with non-zero averaged den-
sity. The zero density case corresponds to a different physical situation of the
underlying microscopic model, see e.g. [4].

2 General Facts and Notations

Let B(R?) be the family of all Borel sets in the d-dimensional Euclidean space
R? and B, (R?) the subfamily of all bounded Borel sets. The n-particle space is
defined by

r§" = {nc Rl =n}, neN={0,1,2,.},

where | - | means the cardinality of a finite set. For A € B;(RY) one defines the
set Fé?,)\ = FE\") analogue. Further, one introduces for every A € B,(R%) a map

Ny : 1"5\”) — N, Na(n) := |nN A|. For short we write ny := nNA. We can



identify the set Fén) with the symmetrization of

(TRE)/” = {(21,...,2n) € (RY)" |2 # x; if i # j},

i.e. I‘(()") ~ (]Rd)n/Sn, where S,, denotes the permutation group over {1,...,n}.
Due to this identification we can introduce a topology T(Fén)) on I‘é"). The

corresponding Borel o-algebra B(Fén)) coincides with o(Nx|A € By(R?)). The
space of finite particle configurations is defined by

o= | | ¢
neN

This set is equipped with the topology 7 (T'g) of disjoint unions. The space
Toa=Ta, A€ By(R?) is defined analogue.
The configuration space (space of infinite particle configurations) is defined
by
I'={ycC Rde NA| < oo, for all A € By(RY)}.

The space I is equipped with the vague topology, i.e. the smallest topology for
which all mappings
Isye (v, f) =) flx)eR

Trey

are continuous for any function f on R? with compact support; note that the
summation in Zmen f(z) is taken over finitely many points of v which belongs
to the support of f. In [21], it was shown that I’ with the vague topology may be
metrizable and becomes a Polish space (i.e. a complete separable metric space).
Corresponding to this topology, the Borel o-algebra B(T') is the smallest o-
algebra for which all mappings Np : I' = N, Nao(v) = |y N A| are measurable,
ie.

B(T') = o(Na|A € B(RY).

For every A € By(R?) one can define a projection

pa T —=Ta, pa(y) :=7NA

and with respect to this projection, I' is the projective limit of the spaces
{TA}aeB, (re), see [1] and the references therein.

On I‘é") we introduce a measure A(") by

O

n! ’

where (™ is the restriction of the Lebesgue product measure (dz)™ to

(Fg"),[)’(l"én))). The combinatorial J; factor takes into account the indistin-
guishability of the n particles. We extend the measures A(™ to a measure A on
Ty by setting

A|1’*(”) = )‘(n)a
0

ie. A= oy %0("). The measure A is called the Lebesgue-Poisson measure.
For any A € By(R?) the restriction of A to I'y will be denoted by Ax. It holds



M (Ty) = ™M) where m(A) denotes the Lebesgue measure of A € By(R%).
We define a probability measure wp on 'y by my := e~m™M\,. The Fourier-
transformation 74 (f), f a smooth function with compact support on R is equals
to

() = / Dy (dy)

— exp ( / ei(f(w)l)dx)
A

Since in the above expression there is no need for a restriction to a space of
finite volume A, we can extend the measures w5 to a probability measure 7 on
T, see [1] for details and references therein.

By L{.(T'y) we denote the set of all measurable functions on I'y with bounded
support, ie. G € LY(T¢) iff Glr,\r, = 0 for some A € By(RY). A set
M € B(I) is called bounded if it exists a A € By(RY) and N € N such

that M C |_|TI:[=0 I‘E\"). We denote the set of all bounded and measurable func-
tions with bounded support by Bys(I'o), i.e. G € Bps(I'o) if Glpy\pr = 0 for
some bounded M € By(I'y). We also consider the set Fey(I") of all cylinder
functions on I'. Each F € Fcu(I') is characterized by the following prop-
erty: F(y) = Flp,(ya) for some A € By(RY). Further, by Fe,1P(I') we de-
note the subspace of all cylinder functions which are polynomially bounded, i.e.
F € FoyP(D), iff F € Fep(T) (ie. F(y) = Flp,(7a) for some A € B,(R?) ) and
there exists a polynomial P on R such that |F(y5)] < P(Jval)-

For any measurable function f : R? — R we define a Lebesgue-Poisson
coherent state corresponding to the one particle function f by

ex(fim) =[] (=), neTo.
xren

Using the Fock space isomorphism between L?(Tg,d)), see e.g. [14], [18] one
sees, that, ex(f,-) corresponds indeed to the usual Fock coherent state

There is the following mapping from L{.(T'g) to Fey(I') which plays a key
role in our further considerations:

KG(U) = Z G(n)v vel, (7)

ney

where G € Bys(I'g). This mapping can be interpreted as a combinatorial version
of the Fourier transform and is called K-transform, see [19], [31], [32] for details.
The summation in (7) is taken over all finite subconfigurations n € I'g of the
(infinite) configuration v € T'; we denote this by the symbol 7 € 7. The K-
transform is linear, positivity preserving and invertible, with

K™'F(n) =Y (-1)M¢F(E), neTl,. (8)
£Cn

Here and in the sequel inclusions like £ C 1 holds for £ = () as well as for £ = 7.
The expression (8) for the inverse K-transform is obtained by an application of



Mébius inversion formula, see e.g. [45]. Further, the K-transform maps Bp,s(I'o)
into Fe, 1 P(I).
For two measurable functions G1, G5 on 'y we define a convolution by

(G1xGa)(n) == > G1(m Unz)Ga(nz Uns)
(11,m2,m3)EPs(n) )
=Y Gi(&) Y Ga((n\)Um), neTy,
§Cn Qa3

where P3(n) denotes the family of all partitions of 7 in three parts which may
be empty, see e.g. [19]. It is easy ti verify that the space of all measurable
functions on I'g endowed with this product hast the structure of a commutative
algebra with unit element e, (0,-). Furthermore, for G1,G> € LY (T'y) we have
G1 * GQ S L?S(F()) and

K(Gy+G) = (KGy) - (KGy), (10)

cf. [19].

Let M} _(T') be the set of all probability measures y which have finite local
moments of all order, i.e. [u|ya|"u(dy) < oo for all A € B(R?) and n € N.
A measure p on I'y is called locally finite iff p(M) < oo for all bounded sets
M € B(T'g). The set of such measures is denoted by M¢(Tg). One can define a
transform K* : M} (I') — My¢(I'g) which is dual to the K-transform, i.e. for
every u € M} (T), G € Bys(T'p) holds

/F KGOt = [ G (),

The measure p, := K*p is called correlation measure of u. If p, has a density
with respect to (w.r.t. for short) the Lebesgue-Poisson measure X ie. dp, =
kudA, the functions

kM (RY)" >Ry, neN,

—_~—

K o,z o | B ) O ) € ()
0 otherwise.

are the well-known correlation functions of statistical physics, see e.g. [39], [40].
As shown in [19], for p € M} (T) and G € L'(T'g, p,,), the series

KG(n) =Y _G(n)

is p-a.s. absolutely convergent. Furthermore, KG € L*(T', ) and

[ KGOt = [ G an)
r To
Thus, we can extend the K-transform to a mapping

K, : L*(To,dp,) — LT, dp). (11)

Finally, we recall the so-called Milnos Lemma which plays a very important role
in our calculations (cf. [28])



Lemma 1 Letn € N, n> 2. Then
/ / GmU---Un)Hmy,...,nu)A(dny) ... A(dnn)
To 1)

- /F G(n) > H(m, ..., m)A(dn)

(M 5+--sMn ) EPn(n)

for all measurable functions G:T'— R and H : Ty x --- x 'y = R with respect
to which both sides of the equality make sense. Here P,(n) denotes the set of
all ordered partitions of n in n parts, which may be empty.

3 Hierarchical Equations

In this section we derive the hierarchical equations for the considered jump
dynamics which are the analogue of the BBGKY-hierarchy for Hamiltonian
dynamics. These equations describe the time evolution of correlation functions.
We consider the generator L of the jump dynamics, acting on observables F
which is heuristically given by

@P)e) =3 [ dyale =)0+ Grea,) PO\ U = ). (12

TEY

In order to give the above generator a rigorous meaning, we proceed in the
following way : As already mentioned, the K-transform can be regarded as a
combinatorial Fourier transform. It is well known that a differential operator on
R? is in Fourier representation simply given by multiplication with a polynomial.
More general, a pseudo-differential operator is in Fourier representation given by
multiplication with a symbol, see e.g. [41], [13]. Within our framework, we can
proceed in an analog way, since we have an analogue to the Fourier transform,
namely the K-transform. In the sequel, we define an operator L := K~ 'LK,
which we will also call the symbol corresponding to L. The advantage will
be, that the symbol acts on quasi-observables, i.e. on functions depending
only on finitely many coordinates. The symbol will be a well defined object.
The following informal consideration links the symbol with the infinitesimal
generator for correlation functions:

The evolution of the initial state ug € M (T') of the system is of primary
interest. It is informally given by the solution to the following Cauchy problem

dp
—_— * . f— s
dt L™ iy, it |t_0 Mo

where L* is an heuristic adjoint to L with respect to the duality
< F,p>= / Fdpu.
r

As it was shown in [10], the corresponding evolution of the correlation functions

is given by
dk: A
E = L ktv ktlt:O = k07 (13)



where L? is the dual operator to L= K~'LK with respect to the duality
[ ) (E6) k) = | Aan) Gn) (L28) o).
0 0

The hierarchical structure of (13) is described by the countable infinite system
of equations

0 n n n
Sk = (L) ™ " = ki, (D)™ = (L) |, n € N.

It was also shown in [10] that the operator Lis given by the following formula

=3 [ dvale —)(Gna ) = Glw)

Y / dya(z — y)ea y (B)(G(\ {2, 7} Uy) — G(n\F))
rEN TEN\x
#3050 [ dvale = 1)ee @GN UY) ~ G, G € Bun(T).
TEN TEN\T
(14)
Moreover,
(LK) (n Z/Rd 4 [ dz K@U (\9) U)ala — y)er(7)
7/ dzk(n U T) Z/ dy a(x Cry()
Y / dok((1\y) Un)(a(m —9) + 3 ale — y)eay (@)
yEY zen\y
—k(n Z/ dy(a(z —y) + a(z —y) Z Coy(Z)), neTy.
TEN zeEN\T
(15)

In the sequel, we want to construct the time evolution of correlation functions
for the considered model, i.e. we have to solve the Cauchy problem (13).

4 Evolution Equation for Quasi-Observables

The evolutionary equation (13) is analogue to the BBGKY-hierarchy for Hamil-
tonian dynamics, see e.g. [3], [5]. As in the case for (infinite) Hamiltonian dy-
namics, the computation of the n-th correlation function requires the knowledge
of the (n+1)-th correlation function. But the dual evolution equation (which is
given by the symbol E), which describes the evolution of quasi-observables, has
the feature that the computation of the n-th component of a quasi-observable
requires the knowledge of the components of order less than n. This makes a
recursive computation of the evolution of the components of quasi-observables



possible. The duality between quasi-observables and correlation functions allows
us to transfer this evolution to correlation functions.
We consider the following evolution equation (Kolmogorov equation for quasi-

observables)
4@, = LG, (16)
Gt|t:0 = Go,

where L is given by (14). In the sequel, we seek a solution of the evolution
equation for quasi-observables with G given in some proper space. We recall,
that we denote by A the Lebesgue-Poisson measure on I'g. We define for n € N
and a function G on I'y a symmetric function G™ on R by

G = Gl

We refer to the sequence (G(™), ey as components of the function G' and we
also remark, that the space L!(Tg, d)\) has the following Fock-type structure:

L'(Tg,d)\) = @Lsym (R, —d”a:)

G (G<" JneNs

since for G € L'(T, d\) holds

— 1
||GHL1(F0,)\) :Zﬁ//|G(n)(JZ1,7In)|dﬂi1dl'n
n=0

We observe the following: (LG)(™ is given by

(EG)™ = DG 4 -1 -1 (17)
with
(DG) ()
-3 [ v ale =G e ) = G ) .
#3030 [ v ale = p)ecy @E e Un) G )
zen zen\z
and

(R=DG=1)(n)

=3 [ v ate— e, @

e zen\z
X (G D\ 3} Uy) =GV \E), e TEY.
Now equation (16) reads in components as follows:

0 . (e
aagm =pmg™ 4 R-HGn=Y, (19)



Due to this observation the following strategy for the construction of a so-
lution of (16) should be reasonable:
Fix n € N and assume that D("") generates a semigroup (in some proper

Banach space). If ngil) is already known, the solution of the system (19) is
given by

t
G =Pl + / =P R-DGNgs 1 >0, (20)
0

where the above integral is to interpret in Bochners sense. Hence, given Gy,
we can compute the components of the solution G of (16) successively. In the
following we try to realize this approach.

Before we solve equation (16) we have to analyze the operators D™ and
R(™=1)_ The solution of (16) should be in a proper L!-space, because in this
case, the corresponding dual evolution will be in a L*°-space (we want to work
in a non-zero density framework). Especially, we will need that the operators
D™ induce contraction semigroups in proper L'-spaces.

We recall, that we denote by (™ the projection of the n - d-dimensional
Lebesgue-measure to F(()").

Lemma 2 Let ¢, ,(Z) = k(x — &) Under the condition
[ ate = nta — 2)dz < wty - ), 21)
R

the operator D) generates a contraction semigroup in Ll(F(()"),do(”)).

Proof: It is easily seen (by means of the Minlos Lemma), that the opera-
tor D™ is bounded in Ll(F(()”),da(”)). Thus, D™ induces a semigroup in
Lt (F(()n), da(”)). In order to show that this semigroup is contractive, we use the
Lumer-Phillips Theorem, see [35]. Thus, we have to show

e it exists some A > 0 such that the range of D™ — A1 is the whole space
LY (D™ do(™)

e for all A > 0 holds |[(D™ — X1)G™| > \|G™)|.

To the first point: this is obvious since D™ is bounded an therefore U(D(”)) -

Bpx(0). Now to the second point: let A > 0. We write D) = DY‘) + Dén)
with

(DG () = — (m T E”(n))G(”)(n),

E*(n) =) Y wlz—)

rEN TEN\T

where

and
D{ .= pm _ pim).

10



It holds
(D%~ A)G | = |
|
= [, (Al B )6 ko™
0

— 1Dy

(D™ + DYV — A1)G™|

|
(D™ = A1) G™ | — | DSV G|

Now we write D{" as D{™ := Dg"l) Déz) with
(DG () =" / dy a(z —y)G™ (n\z Uy)

xren

and

(D ZZ x—x/ dy a(z —y)G™ (n\z Uy).

TEN TEN\T

Obviously,
1%

< [ o anialc .
FO

For the norm of Dé"g holds (we use Minlos Lemma and (21)):

D531 < [ oY 3 s -2) [ dyate - I e uy)

reEN TeEn\z

:/m Va3 3 [ e ale - nte - 2160

yen zen\y

< oo o B IG )

Combining (22), (23) and (24) yields

Lemma 3 Let ¢, (%) = k(y — ). Under the condition

(D™ —A1)G™| > NG|, O

/ oz — y)rly — F) > vz — ),

Rd

the operator D) generates a contraction semigroup in Ll(F(()n)7dU(”)),

Proof: The proof is analogous to Lemma 2. [

(24)

(25)

Lemma 4 Let ¢, (%) = 3 (k(z — &) + r(y — &)). Then D™ generates a con-

traction semigroup in Ll(l“én), do™).

11



Proof: The symmetry of ¢, (&) in # and y and Minlos Lemma yields
(D™ = An)G™|
2| [ 0@ ’S [ dyate -6 us) - 60 - A60)
riw R4

xTEn
> A O

Now we investigate the operators R(™~1) more detailed. To this end we
introduce the notation X, := Ll(F(()"),da(”)) and we define for a symmetric

function G on R™ a function G on Ty by

— G (zy,...,xn) ifn={z1,..., 20
G () = {0 elsi ! ) {z1 }

Then, we can write the L'-norm of X, as

G, =nt [ Nan|G )

The next Lemma holds for all the three cases which we want to consider for
Ca,y(Z). We present the proof only for the case ¢, () = 5 (k(z —Z) +K(y— T)).
The other cases are analogue.

Lemma 5 We can regard R™~Y as an operator
RV X, 1 — X,.
This operator is continuous, moreover
IRODGOD]| < B(n — 1|6, (26)
for all G~V e X,,_; where B > 0 is given by
B = 2({k){a). (27)
Proof: We write R~ = Rﬁ"‘” + Rén_l) with
(R0 = Y [ dvale = 9)es, 3)

ren ten\x
x (G D (n\{z, &} Uy)
and

G < 5 ket

rEN TEN\z

x G (\ ).

12



For a bounded function G"~1) € X,,_; holds (we use Milnos Lemma):

||R(”_1)G(n71) H

<n'/ Adn)1 F(n) ZZ/dyax—

e ZEN\T
X ey ()| GO () (.5} Uy)

:n!/ )\(dn)/ dx F<n)nUx Z/ dy a(z —y)
I'o

xen

X CLy(j)‘G(n_l)(n\f Uy)|
= n!/ )\(dn)/ dz dx 1F<n71>(77u§:)/ dya(z —y)
To Rd R4 0 R4
X €y (T)|GM=D (U y)|

n!/FO (dn) er(n 2) TI\ZJ)/ dz a(x —y)

yen

—_~—

G =D ()

_ 1 - -
X/]Rddac i(n(x—x)—i—/i(y—x))

! [ 2 3 1 /dm<x—y>|e<n-l><n>\

yen

= (k){a)n! )\ (dn) er(n b ( (n— 1)( )|
yen

= () {a)n! / A(dn)lréw<n>|n||G/<5><n>|

—_~—

= (r){a)(n = 1)n(n — 1)!/ A(dn)|G=1 ()]
o
= (&)(a)n(n — D|G"V|x,_,
Hence, we obtain

IR VG|, < (k) a)n(n —1)|G™Yx,

13

(29)



For ||Rén71)G("_1)HXn we get:
n—1 n—
IR VG V],

<nt [ Mg 3 [ ol - pee,@IGT 000

rEN TEN\x

:n!/ )\(dn)/ dxlr(anx Z/ dy a(z —y)
To

zTen

X ey (DGO D(\G U )|

:n!/ )\(dn)/ dx 1F(n 1 ( Z/ dy a(z —y)
o

TEN
X Cay(2)|G=D (n\i U z)| (30)
=n! [ Mdn)l.om-2(n / dm/ dy a(z — y)|G(n— 1>(7]Ux)\
I'o 0
1
X dz —(k(x — Z) + k(y — 7))
a2
= nlla)(s) [ Ao () [ de (G000 )
R

=nl(a)(k) | Adn)Lpen ()Y |GO=D(n)]

Lo xzEN

=n(n—1) (@)(w)|G"V|x,_,

ie.

IR MGk, < (a)(kyn(n —1)|GY)|
Altogether, we derive by means of (29) and (31):

Xna (31)

12

(n=DIG"Vx, ;. (32)
with B = 2(a)(k). This shows the assertions of Lemma 5. [J

Now we are able to construct the evolution of quasi-observables. First of all,
we have to introduce the spaces in which the evolution will live.

To this end, let a and C > 0. By Z, ¢ we denote the functional Banach
space, consisting of all Fock-type vectors G = (G(™),,cy € @D,,cny X for which
the norm

n
IGlz, o = sup I C” (33)
nEN n:
is less than infinite.

The next theorem concerns the evolution of quasi-observables. Since we are
primary interested in the evolution of correlation function, we formulate the
theorem below in a way suitable to transport the dynamics of quasi-observables
to correlation functions. The statement of the next Theorem holds in all the
tree case which we want to consider. In the non symmetric case we have to
assume (21) resp. (25).

14



Theorem 1 Consider the evolution problem

4G, = LG, (34)
Gt|t:0 = G0~

where L is given by (14) and the component-wise solution
t
ng) _ etD<">G(()n) Jr/ e(tfs)D(")R(nfl)ngfl)ds’ £>0
0 (35)
G(O) G(O
Let o, C > 0 and define Cy, t € R by

C

Ct = @, (36)

where B is given by (27). Then the following holds: If Gy is an element of L, ¢

then, Gy is an element of Z, c,, t > 0 and the bound

1Gtlz..c, < Gollz..c (37)
holds for all t > 0.
Proof: We proof by induction that for all n € N holds:

[t

tBC
%0 < [Gollz, ont oo (1+), L5 0. (38)

Clearly, from (38) follows (37). Since Gy € Z, ¢, it follows

n a\"
16§ 1. < Gollz.o (& ) (39)

We assume that (38) holds for k < n. By iterating the formula
t
ng) — otD™ ng) Jr/ e(tfs)D(mR(nfl)G‘(gnfl)dsv
0

we obtain

ZAkn n k)

Ap.n( / / / (tisl)D(n)R("*l)e(slfsz)D(n_l)R(n72) o

oSk D(n—F)
x R(n—k)ge D dsy ...dsy

Aon (t) L= etD(").

By means of the contraction property of D(™ (Lemma 2-Lemma 4) and
Lemma 5 we derive:

w%mmamkwx~<—Bkmp4xn—nm_2y”

n—k
% (n—k+ 1) —B)GT P
th k n! (TL — 1)'

n—=k
1GS ™ 1 x, -

KT k) (n—k-1)

15



Thus, we obtain

n - thk n! n—1)! n—
I681x, < Y S e e ™
k=0 ’

= nl(n —1)!
kz:o )'k'( ) HG ||Xk'

Now we use (39) and obtain
16 I, < 1Gollz, ot S8y (1)
o™ k)nCF

@ tBC n
<tonle.nge S (%9) ()
a tBC\"
= 1+— .
~ [Gollz. e (14 225

This shows (38). O
Remark 1 We can define a propagator ﬁt by
P :Toc — Tac,, PG:=G,
where Gy is the solution of (34) with initial data G. This propagator describes
the time evolution of quasi-observables.
5 The Evolution of Correlation Functions

In this section we construct the evolution for correlation functions. Since we
are working in a non-zero density framework, the natural spaces in which this
evolution takes place, are of the type

Ke:={k:To—=Rlk-C7 I e Ly, d\)}, C >0,
cf. [22]. The space K¢ is the dual space of
Lo = LYo, ClldN),
where the duality is given by the following expression:
((k, GY) ::/F k-Gd\ Ge Lo
0

It is clear that K¢ is a Banach space with the norm

IEllc o= 11kC™ oo (rg,an)-
Note also, that k- C~I'l € L>(T,d\) means that the function k satisfies the

bound
lk(n)| < const CI"l X\ —a.e.

16



We remind, that the space Z, ¢ consists of all Fock-type vectors G =
(G™)pen € Ben Xn » s:t. |G|z, o < oo holds (see. (33)). For a € (0,1), we
obtain the inclusion

ﬁ% C Ia,c C ﬁc (40)

since it holds firstly:

n —

C'(l
7||G(n)||X <an||GHZa,cv ’I’LEN,GEI%c,
n!

which implies

1
1Gllze < EHGHIQ,C < o0.

Because of that, we obtain
Ia,c C Le. (41)

Secondly, it holds for G € Lc
1Glzac <Glze,
hence
Lc C Ia,C-

Altogether, we obtain (40). We consider also a functional space J, ¢, which con-
sists of all Fock-type vectors k = (k(),en € @B,y X, XJi o= L°°(I‘é"), do (™)
for which

1%

AT
Tac = Za”k‘ “lx; < oo

n=0

holds. Let G € Z, ¢ and k € Ju,¢. It follows
=1
k < il E™NG™ o™
|((k, G))| _nizom /Ff]”) G |do

- 1 n n
<3 G, K™ x;

n=0

0 o am” (42)
=3 —— G x, = 1B 1 xs

= arnl C

< (ilég 16" x, ac,:;) (7;) %lek(")l x;)
= 1Glza okl 70 -
Hence, G — ((k,G)) is a bounded linear functional on Z, ¢ and therefore
Jac C (Zac).

Next, we observe that for k € J, ¢ holds:

a™ "
@Hk( Nx: < kllgee, neN.

17



It follows
1kllce < Ikl g..c

which implies
ja,C CKe

Otherwise, for k € K¢ holds
& x; < C™|[kllko, neN,
Using this, we conclude
= an = a” 1
k =Y [ x: <Y ——CO"|k|ko = —— ||k
Iila.c = 32 G Kl < 32 20 llee = 5 Flce,

therefore,
Ko C Ja,c CKe. (43)

Further, by means of (40), we get
Ko C(Zao) CKe. (44)

Altogether,
ICC C joz,C C (Ia,C)* C ICQ.

Now to the construction of the evolution of correlation functions:

Theorem 2 Let Cy > 0, a € (0,1) and define a time horizon T > 0 by

a
T:=——

CoB’
where B is given by (27). Further, we define C} by

C(]

_ CoBt
1 «

Cy =

It holds: for allt < T exists a mapping

(Pf | Key = T or € Koy

o

with the following properties: for all G € L, oy holds
(PLRolG)) = (Ko, Gi)), (46)

where Gy is the solution (Gs)s>o of (34) with initial data Gy = G evaluated at
s=1.

Proof: Let ko € K¢, C I, o, and t < T. We define the mapping (PE |
Key = I3 cr by
(P ko|Go)) == ((ko, 1)), (47)

where G is the solution (Gs)s>¢ of (34) with initial data Gy = G evaluated at
s =t. Since G € Z, c; it follows by Theorem 1 that G; is an element of Z, ¢,
where
Cy
tBCy
1+ £

Ct:

18



By plug in the definition (45) of C; together with a simple calculation shows
that C; = Cy. Thus, ((P/ - | is well defined. Moreover, since kg € K¢, C Ja.co
and and G € Z,,¢c,, we obtain by means of (42) and (37):

[((P kol Go))| = |{{ko, Gu))|
< kol 7..c, 1Gtllz.. 0,
< kol 7o o, 1Gollz, o; -

That is why (P ko| € 1. c;- But since I7 o C Kc* (cf. (44)), we can regard

((PF -| as a mapping

(PP Ky — Ker -
By definition, this mapping has the property
(P ko|G)) = ((ko, Gi)). O

Remark 2 The evolution k; = PtAk:o, t € [0,T) describes the time evolution
of the initial correlation function kg. We can regard the mapping PtA as the
dual propagator to Py (cf. Remark 1), because it holds

(P ko, G)) = ((ko, P,G)).

6 Weak Solution

Now, let us consider our model of jumping particles and an initial correlation
function kg € K¢,. We fix a time point ¢t < T' = C‘S—B and consider the above
constructed evolution k;. Let G € Z, ¢y and (Gs)s>0 be the solution of (34)
with initial data Gy = G. Using the contractivity of the diagonal part (Lemma
2-Lemma 4) of L and Lemma 5 we get:

(n)
/Zn'/ﬂgd de (X1,...,x )‘(LGS) (1,...,xn)‘dx1...dxnds

C n
< Ikollce / O (26 ™ ., ds

<||ko||co/ ] IIG(”)IIX +Bn(n — 1|60V x,_, )ds

Due to Theorem 1 it holds G € Z, ¢, with

ct
sBC} *
14 289

C, =

Therefore
IGS|

a'n,
x, S Glzoc,m Cn <Gliz, o !@-
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Using this, we conclude:

/ (16 l1x, + Baln — DG lx,,)ds
¢ CVC() OéCo
< -0 _
—”G”Ia’ct*/o (Z{)( Os> *BZ n-l) (c> >d5
< o0.

In the last step we have used % < 1. This is true since Cjs is decreasing and
Cy = Cy (cf. the Proof of Theorem 2).
Therefore, we obtain by means of Fubini’s theorem:

((kt, G)) = ((ko, Gt))

Z / /ko (z1,. ..,mn)<G(()")(x1,‘..,:cn)
o Rd Rd
—|—/ (LG) (xl,..., n))dxl...dxnds

0

(48)

= ((ko, G)) +/O ({ko, LG,))ds.

We remark that the function G depends implicitly on ¢ because G belongs to
the space Z,, ¢;. But for a function

Ge ﬂ I%Cf: a,Ch_ e >0,
0<t<T—e

the relation (48) holds uniformly in ¢ and we can differentiate:

d

dt<<kt’G>> = ((ko, LG})).

The latter fact means that k; is a weak solution of

%kt = LAk?t (49)
ktli—o0 = ko.

7 Invariant Distribution

The considerations in this Section are only valid for the symmetric case, cf.
(6). Let us start the dynamics in a Poisson state po(dy) = 7, (d7y) with activity
z > 0. The initial correlation function kg = k,_ of 7, is given by

ko(n) = 2", 5 €Ty,

Let us fix t € [0,T) and G € Z,,c;. As in (48), we get:

(ke, G)) = ({ko, G / / (dn)2" (EG,) (). (50)
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Using the symmetry of ¢, ,(Z) in  and y and Milnos Lemma, we conclude
/ A(dn)2" (LG) (n) = 0. (51)
T'o

Combining (50) and (51) yields:
<<ktaG>> - <<kO,G>>7 GGI&,C;“~

Thus, k = ko, t € [0,T]. This shows that, the time evolution of the jump
dynamics leaves the Poisson measure 7, invariant.

Commonly, the measure m, refers to the free case, i.e. a dynamic without
interaction. In a physical context, the measure 7, describes an ideal gas in
equilibrium with activity z > 0 which depends on the chemical potential. Since
the jump dynamics still has the state 7, as invariant measure, we have an
interacting-particles system with a minimal interaction.

8 Vlasov Scaling

This section is devoted to the study of the Vlasov scaling limit of the dynamics.
We consider the model of jumping particles with rates (3), but we replace the
function k by ex. Here, € > 0 is a scaling parameter which describes the strength
of the interaction. We are interested in the behavior of the system when € tends
to 0. For small €, the interaction becomes weaker. To compensate this, we
perform an additional scaling, which assures that the correlations between the
particles become stronger.

A detailed description of the Vlasov scaling for stochastic dynamics of con-
tinuous system is given in [9]. Below some informal considerations to motivate
the scaling: assume that we are interested in the time evolution of an initial
Poison state m, w.r.t. a (inhomogeneous) density o, i.e. we have to study the
evolution of the corresponding correlation function k., (n) = ex(0,n). Now, let
L% be the operator given by (15) with x replaced by es. Set Pti to be the
corresponding evolution operator of correlation functions defined by (47). In
order to make the correlations stronger, we replace the density o by e 1o (i.e.
the system becomes more dense). It holds ex(e"0,77) = (Reex(o,-))(n) where
(Rek)(n) := e 1"k(n). Now, we let this dense system with weak interaction
evolve, i.e. we consider (etLeA Re)e)\(g, -), where et'S is an heuristic notation for

PLAE. Afterwards we reverse the effect of increasing the density, i.e. we consider

LT R)ea(o, ) = (eF R ey (o, ).

(R
Motivated by these heuristic calculations, we introduce an operator
L., = RT'LAR.. (52)

€,ren

It describes (for small €) a dense and weakly interacting system. Clearly, on
quasi-observables, we have to consider the operator

Leren := R.LRZY.
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Remark 3 As mentioned in the introduction, the Viasov scaling limit coincides
with the Lebowitz-Penrose scaling limit. Let L. be the generator L® with a and
K replaced by ¢da(e-) and elk(e-), respectively. For a function k, we define an
operator Sk by

(Sk) ™ (21, .. x) = k™ (exy,. .. exy).

The rescaled dynamics according to the Lebowitz-Penrose scaling (cf. [36]) is
described by the generator L. p, which is defined by

Lepp =S 'L.S..

An easy computation shows that Le pp = Lﬁmen.

In the next section we analyze the Vlasov scaling limit on quasi-observables,
later we transport this scaling to correlation functions.

9 Scaling on Quasi-Observables
We observe that the the components of the operator Ze,ren are given by
(LerenG)™ = DIMG™ 4 RI=Dgn=1) (53)
where Dén) is given by
(DG (1)
- Z/ dy oz — )G (\z U y) — G ()

zeEn

> / dy oz~ y)ce ()G (\a Uy) ~ G(),

zeEN ZEN\T

ie. DM is given by (18) but & replaced by ex. We also introduce an operator
LV by

(LvG)(n Z/ dya(z — y)(G(n\z Uy) — G(n))

xen

DIDY / dyae = y)es, (3G (x5 Uy) — G\D)).

zeEN e \z

Clearly, the components of Ly are given by
(LyG)™ = LiMG™ + pir=HGn=1)

where Ly is the generator of a free jump dynamics w.r.t. the kernel a (cf. [20]).

The operator ZV is the componentwise limit of Egren for e — 0, i.e. the following
holds: R R
(Leren@)" = (Lv@) ™ in X, for e =0, G € X,,. (54)

22



Since both L((Jn) and Dé”) induce contraction semigroups in X,,, we can solve
the equations

4 -
%Gt,s - Le,renGt,e (55)
Gt,e|t:0 = G0~

respectively
4Gv =LyGy (56)
Gtvli=0o = Go-

The statements of Theorem 1 also holds for the above two evolutionary prob-
lems. We remark that for 0 < e < 1 and Go € Z, ¢ holds Gy € Z,, ¢, with

C
Ce = 1+ eBaCt
and Gt7V S Ia,Ct with
C
Ci= o

Since Za, ¢, C Za,c,, Gt,c and Gty belong to the same space.
Now we can state the following

Theorem 3 Let Gy € I, ¢ and consider the solutions (Gy.e)e0, (Gi,v)i>0 of
(55) resp. (56) with initial condition Go. Then, it holds for allm € Nt > 0:

lim oW =Gl in X, (57)

Proof: Using the representation of G,E?,GETL& by the recurrent relation, we
conclude

Gy - Gy

n (n)
< [P G5 — et GV .,

Xn

t
+ [P RO G — Ok R DG s,
0

n (n)
< [P G5 — et GV x,

t
H [P RO DGE ) — GU) s,
0

S

t
+ ||/0 e(t*S)Din)R(”*l)GSV_I) _ e(tfs)Lf) )R(nfl)G(tl‘;l) ds||x,-

Since limc_;o Dgn)G((]") = L(()")Gf)") in X,, and since L(()n) is the generator of a
contraction semigroup in X, it follows (see [35])

. (n) (n) .
hH(l) PG = etlo " (M) in X,
€E—

By the same arguments we get

lim et~ PE RN G — (0L gD Gy o (59)

e—0
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Further, using the bound

He(t—s)ngR(n—l)thz‘;l) _ e(t—S)LE}")R(n—l)GS‘;l) |

Xn
<2|RVE Yk,

<2Bn(n - 1)[G"%Vx, (60)

n—1
<2B0(n-1)(5 ) [Galz, o € 0.6 ds)

and dominated convergence, we obtain
. - D™ 1) ~(n—1) t—s)L™ 1) (r(n—1)
lim || i =P RN G — =L RN G ds| x, = 0. (61)

e—0

Similar reasoning yields

e—0

li | / I (GO~ GO dslx, =0, (62)

if we suppose that,
lim (|G — Gy, =0

holds. Thus, the statement follows by induction. [

10 Scaling Limit for Correlation Functions

Now we can invebtigate the Vlasov scaling limit for correlatlon functions. We
consider the operator L2, (see (52)). The limiting operator LV = lim,_,¢ LE ' en
is given by

€,ren

(k) =3 [ d [y ka0 gy )ale = e, (@

xeEN

_Z/Rddxanx / dy a(x — y)cz,y(T)

ren

+Z/ dy a(x —y) (k(n\z Uy) — k().

xren

Now, let ko € K¢,. Proceeding analog as in the previous sections (Theorem
2), we obtain evolutions k;. resp. r; € IZ,C,* of ky which are dual to the
evolutions Gy resp. Gy for t € [0,T). We stress that the time interval is
independent of e.

Theorem 4 Let kg € K¢, for some Cy > 0.Then, for fized t € [0,T), k.
converges weakly to r; for e — 0 i.e.

lim ((kt,e, &) = ({rs, G)) (63)

Jor all Go € Lo 0
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Proof: Let G' € Z, ¢;. Then, according to Theorem 1, Gy, Grv € Za,c, (cf.
also the proof of Theorem 2). It holds:

[((kt,e, G)) — ({re, G))
= |<<k07Gt,e>> - <<k07Gt,V>>

(o)
1 n n n n
<o L N6 - Gl

0 (n) (n) | m
< gn,/R G — G|
= Cn n n
=Y e - el
n=0 ’
Using that G, Gt v € Zo,c, We obtain
CE | (m) _ ) Co\"
N t,e t,VIXn = acr \ A :
06 — 6 x, < 20Gllz - (65)
n. t 0

Since « < 1, the right side of the above estimate is summable. This completes
the proof. O

11 The Vlasov Equation

Now we consider a coherent state kg = ex(g,-) as initial correlation function.
Here, g is a (bounded) one particle density. We choose Cy > 0, such that, o < Cy
holds. According to Theorem 2, we obtain evolutions k; . and r; of kg = ex(0, )

under the dynamics described by Ee,ren resp. Ly and ry = limc_,¢ k¢ ¢ is a weak
solution of the equation

i’l’t = LA’I"t

dt Vv (66)

7“t|t:0 = €>\(Q7 )

This Cauchy-problem describes the time evolution of a virtual interacting
particle system and has the following chaos preservation property: if o; is a
solution of the non-local equation

{i@t = v(ot)

Qt|t:0 = 0,

where v(g;) is in the case (4) equals to

v(or) = (k*01) () (ax0t)(x) — 0e(z)(a k% 0) () + (¢ % a)(x) — (a) o ()

o(or) = ((m « 000 * ) (2) = (aber(@) (x * 00) () + (0 % 0)() — (@)ex(a),

while in the case (5), it is equals to

v(er) = ((n « 002 * ) (2) — (aor(@) (s » ) (2) + (e % 0)() — (@)e(),
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and in the symmetric case (cf. (6)), v(g:) is given by

v(ot) = ;((/{ % 04)0¢) * a) (x) + %(m * 0¢) () (ax o) (@) + (0 * a)(w)
o) (e ) @)~ Slaee) (5 0) @)~ (@)

then r; = ex (o, -) is a solution of (66). This can be seen by using the formula

B B
EeA(th) = ;ex(gt,n\w)agt(x)a

see also [9]. Thus, we have derived a mesoscopic (deterministic) kinetic equation
from the microscopic (stochastic) particle evolution. The infinite linear chain of
equations (66) reduces to one non-linear equation for g;.
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