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Abstract

In this paper we study the 2D stochastic quasi-geostrophic equation on T? for general
parameter a € (0,1) and multiplicative noise. We prove the existence of weak solutions for
additive noise, the existence of martingale solutions and Markov selections for multiplicative
noise and under some condition pathwise uniqueness for all & € (0,1) . In the subcritical
case o > 1/2, we prove existence and uniqueness of (probabilistically) strong solutions. In
particular, we prove ergodicity provided the noise is non-degenerate for a0 > % In this case,
the convergence to the (unique) invariant measure is exponentially fast.
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1 Introduction

Consider the following two dimensional (2D) stochastic quasi-geostrophic equation in the peri-

odic domain T? = R?/(27Z)*:
PUE) — it €) - V01, €) — W(-L)°010,€) + (GOM)(16), (1)
with initial condition
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where 0(t,¢) is a real-valued function of £ € T? and ¢t > 0, 0 < o < 1,k > 0 are real numbers.
u is determined by 6 through a stream function ¢ via the following relations:

u = (ul,u2) = (_RQQ,ng) = RLQ (]_3)

Here R; is the j-th periodic Riesz transform and 7(t,§) is a Gaussian random field, white
noise in time, subject to the restrictions imposed below. The case @ = % is called the critical
case, the case a > % sub-critical and the case o < % super-critical.

This equation is an important model in geophysical fluid dynamics. The case o = 1/2
exhibits similar features (singularities) as the 3D Navier-Stokes equations and can therefore
serve as a model case for the latter. In the deterministic case this equation has been intensively
investigated because of both its mathematical importance and its background in geophysical
fluid dynamics (see for instance [CV06], [Re95], [CW99], [Ju03], [Ju04], [KNVO07] and the
references therein). In the deterministic case, the global existence of weak solutions has been
obtained in [Re95] and one most remarkable result in [CV06] gives the existence of a classical
solution for a = 1/2. In [KNVO07] another very important result is proved, namely that solutions
for v = 1/2 with periodic C*> data remain C'* for all times.

In this paper we study the 2D stochastic quasi-geostrophic equation on T? for general
parameter o € (0,1) and for both additive as well as multiplicative noise.

For o € (0,1): We prove the existence of weak solutions in the sense of Definition 3.1 (ii)
with additive noise (Theorem 3.4). We also prove the existence of martingale solutions for
multiplicative noise under two different assumptions on G (see (G.1) and (G.2) in Section 4):
under (G.1) we use Galerkin approximations and the compactness method in [FG95] (Theorem
4.2) and under (G.2) we use Aldous’s criterion (Theorem 4.5). In order to prove the existence
of (probabilistically strong) solutions and ergodicity in subsequent sections, we need LP norm
estimates for solutions, which are obtained by using the LP-It6 formula proved in [Kr10]. But
these LP-norm estimates we cannot prove by Galerkin approximation, instead we use another
approximation (Theorem 4.3). Pathwise uniqueness is obtained under some extra condition on
the solution (Theorem 5.6). But, in general, we cannot prove a solution satisfies this condition,
except for very special cases (see Remark 5.7). Using an abstract result for obtaining Markov
selections from [GRZ09], we prove the existence of an a.s. Markov family (Theorem 6.5).

For a > 1/2: We obtain pathwise uniqueness (Theorem 5.1) and therefore get a (proba-
bilistically strong) solution (Theorem 5.4) by the Yamada-Watanabe Theorem. In particular,
it follows that the laws of the solutions form a Markov process. For this, we need to show decay
of the solutions’ LP-norm for suitable p.

For a = 1/2: Using a result from the deterministic case in [KN09] and [CV06], we also
prove that there exists a unique solution of the 2D stochastic quasi-geostrophic equation in the
critical case driven by real linear multiplicative noise (Remark 5.7).

Then we prove the ergodicity of the solution in the subcritical case, provided that the noise
is non-degenerate and regular. The proof follows from employing the weak-strong uniqueness
principle in [FRO8] (Theorem 7.1.3) and as usual first establishing the strong Feller property
(Theorem 7.1.2). Though one would expect to get ergodicity for o > %, surprisingly it turns out
that one needs o > % As the dynamics exists only in the martingale sense and standard tools
of stochastic analysis are not available, the computations are made for an approximating cutoff
dynamics, which is equal to the original dynamics on a small random time interval. As the
noise is non-degenerate, we can use the Bismut-Elworthy-Li formula to prove the strong Feller



property. Since in our case o < 1, it is more difficult to use the H*-norm to control the nonlinear
term even though the equation is on T?. To prove the weak-strong uniqueness principle we need
some regularity for the trajectories of the noise. Therefore, we need conditions on G so that
it is enough regularizing. However, in order to apply the Bismut-Elworthy-Li formula, we also
need G~! to be regularizing enough. As a result, o > 2/3 is required (see Remark 7.1.1 below
for details). It seems difficult to use the Kolmogorov equation method as in [DDO03], [DO06] or
a coupling approach as in [O08] in our situation (see Remark 7.1.1 below).

In order to prove the exponential convergence (see Theorem 7.4.5), we need to show decay
of the solutions’ LP-norm for suitable p. To prove this, we also need the improved positivity
lemma ( see Lemma 7.4.1 below ).

This paper is organized as follows. In Section 2, we introduce some notations as preparation.
In Section 3, for additive noise we prove the existence of weak solutions (in the sense of Definition
3.1 (ii) below). In Section 4, we prove the existence of martingale solutions for general parameter
a € (0,1) and multiplicative noise. In Section 5, we prove pathwise uniqueness (under some
extra condition on the solutions) for all a € (0,1). Furthermore, we get the existence and
uniqueness of (probabilistically strong) solutions for multiplicative noise in the subcritical case.
Moreover, we prove the Markov property for this unique solution. For the general case o € (0, 1)
the existence of Markov selections is obtained in Section 6. In Section 7, for a > 2/3, and
provided the noise is non-degenerate, we prove the ergodicity of the solution and the exponential
convergence to the (unique) invariant measure.

2 Notations and Preliminaries

We consider the usual abstract form of equations (1.1)-(1.3). In the following, we will restrict
ourselves to flows which have zero average on the torus, i.e.

fd¢ = 0.
T2
Thus (1.3) can be restated as
oy O A2,

Set H = {f € L*(T?) : [, fd§ = 0} and let | - | and (.,.) denote the norm and inner product
in H respectively. On the periodic domain T?, {sin(k¢)|k € Z2} U {cos(k§)|k € Z%} form an
eigenbasis of —A. Here Z2 = {(ky, ko) € Z*|ky > 0} U {(k1,0) € Z?|ky > 0}, 2% = {(k1, ko) €
7% —k € Z3},z € T?, and the corresponding eigenvalues are |k|?. Define

7 = D IR (S en)?
k

and let H® denote the Sobolev space of all f for which || f]

/]

ws is finite. Set A = (—A)Y2. Then

s = |A°f].



By the singular integral theory of Calderén and Zygmund (cf [St70, Chapter 3]), for any
p € (1,00), there is a constant C' = C(p), such that

lullr < C@)O]] 2o (2.1)

Fix o € (0,1) and define the linear operator A : D(A) = H?**(T?) € H — H as Au :=
k(—A)%u. The operator A is positive definite and selfadjoint with the same eigenbasis as that
of —/A\ mentioned above. Denote the eigenvalues of A by 0 < Ay < Ay < --- | and renumber the
above eigenbasis correspondingly as ey, es,.... We also set ||ul| := |AY2u|, then |02 > \|0)>.

First we recall the following important product estimates (cf. [Re95, Lemma A.4]):

Lemma 2.1 Suppose that s > 0 and p € (1,00). If f,g € S, the Schwartz class, then

A (Fg)l[ee < C[[fllze 9]

with p; € (1,00),7 =1, ...,4 such that

Hsp2 + Hg”Lpg Hf‘ Hs,p4), (2.2)

1 1 1 1 1

b P1 P2 P3 P4

We shall use as well the following standard Sobolev inequality (cf. [St70, Chapter V]):

Lemma 2.2  Suppose that ¢ > 1,p € [¢,0) and

Suppose that A?f € L9, then f € LP and there is a constant C' > 0 such that

Hf”Lp < OHAU]CHLq.

3 Existence of solutions for additive noise

In this section, we consider the abstract stochastic evolution equation in place of Eqs (1.1)-(1.3),

{ do(t) + AQ(t)dt + u(t) - VO(t)dt = G(0(t))dW (¢), (3.1)

9(0) :90 € H,

where u satisfies (1.3) and W(t) is a cylindrical Wiener process in a separable Hilbert space K
defined on a filtered probability space (€, F, {F;}icjo,r1, ). Here G is a measurable mapping
from H® to Lo( K, H).

Definition 3.1 (i) We say that there exists a (probabilistically) strong solution to (3.1) over
the time interval [0, 7] if for every probability space (€2, F,{F;}icpr), P) with an F-Wiener
process W, there exists an Fi-adapted process 6 : [0,7] x 2 — H such that for P —a.s. w € Q

0(-,w) € L>(0,T; H)N L*(0,T; H*) N C([0,T); Hy)



and P-a.s.
(0(), 0) + / (AV2(s), AV p)ds — / (uls) - Vi, 0(s))ds = (B, ) + { / G(6(3))dW (s), ¢).

for all t € [0,7] and all ¢ € C*(T?), (assuming also that all integrals in the equation are
defined). Here C([0,T]; H,) denotes the space of H-valued weakly continuous functions on
[0,T7.

(ii) If 0 is not an F-adapted process, then for additive noise the equation is still defined.
In this case we call 6 a (probabilistically) weak solution.

Remark 3.2 Note that, because divu = 0 for regular functions 6 and v, we have

(u(s) - V(0(s) +1),0(s) + ) =0,
SO
(u(s) - VO(s), ) = —(u(s) - V1, 6(s)).
Thus the integral equation in Definition 3.1 corresponds to equation (3.1).

Assumption 3.3 Assume that G does not depend on # and Tr(A2(+o=)+GG*) < oo for
some ¢ > 0, where o := (1 — 2a) V 0.

Consider the O-U equation
dz(t) + Az(t)dt = GdW (t).

It is known that the process
t
2(t) = / e~ DAGAW (s)
0

is a solution with continuous trajectories.

Under Assumption 3.3 by standard methods we obtain that supyc,<r [|V2(t)||ze < 00 P —
a.s. with ¢ = (£ +¢£) v 2 for some € > 0 (see e.g. the proof of [DZ92, Theorem 5.16]).

Theorem 3.4 Let « € (0,1) and suppose that Assumption 3.3 holds. Then for each initial
condition §, € H, there exists a weak solution 6 of equation (3.1) over [0,7] with initial
condition 0(0) = 6.

Proof By the classical change of variable v(t) = 6(t) — z(t) we obtain the differential equation

du(t
% + Av(t) + u(t) - V(v(t) + 2(t)) = 0. (3.2)
For almost all given paths of the process z(t) we study this equation as a deterministic evolution
equation.
Let P, be the orthogonal projection in H onto the linear space spanned by ey, ...e,,. Consider
the ordinary differential equation

dU;_t(t) + Av,(t) 4+ Po(un(t) - V(va(t) + 2(1))) = 0,



with initial condition
v,(0) = P,up.
Here u,, satisfies (1.3) with € replaced by v, + z.

Its solution satisfies

1d, 5
5 /0nl” ol = (—un(t) - V(va() + 2(8)), va(t)).

Here w € Q is fixed. For simplicity, in the following estimate, we set v = v, and wu(t) =
Uy (t) + u(t), u, and u, satisfying (1.3) with @ replaced by v and z, respectively. We have

[(=u(@) - V(u(t) + 2()), v(0))] =|(uu(t) - V2(£), v(8)) + (u=(t) - V(1) v(1))]
<C|IVzllzsllvllZs + CIV2llzall2l| 2o l[0]] -

Here %4— 1-2) — 1. Since
013, < Cllvll}a-en < CllvlI?P 0?09,

where 3 = ==L by Young’s inequality, we obtain
Ld 2 2 2 2 1/(1-B) 4
Sz o Il < ellvll” + Cle)lo]” + Cle) PVl ™ + ClVal L.

Therefore, for all t € [0, 7],

t
|v(t)|2 < ef(f C(1+|IVZ(S)H1L§<176))dS|UO|2 + C/ eff C(1+HVZ(S)II2§(175))ds||VZ(T)||4qu77 (3.3)
0

and for [r,¢] C [0,T],
t ' 1/(1-5)
J lolPdr < o) + € [ (6l + P19 + 192l)dr (34)

Then by Assumption 3.3, all the terms in (3.3) and (3.4) containing z are uniformly bounded
in ¢. Therefore, from (3.3) and (3.4) (which hold true for v,) we obtain that the sequence v,
is bounded in L>(0,T; H) and in L?(0,T; H*). Tt is obvious that there exists an element
v e L*(0,T;H)N L*0,T; H*) and a sub-sequence v/, such that

v, — v in L*(0,T; H*) weakly, and in L>(0,T; H) weak-star, as m — oc.

In order to prove the strong convergence in L?(0,7T; H), we need to use [FG 95, Theorem 2.1].
So we just need to prove that ||vy||w~.2(0,r,m-3) is bounded for some 1/2 < v < 1. Then by
compact embedding, we have v/, — v in L2(0,T; H) N C([0,T]; H=?) strongly for some 3 > 3.
Note that v,, also satisfies

@MWW+AMW%@AWW%—Awmﬂvw%®+dw%=@mw% (3.5)

for all ¢ € [0, 7] and all » € C*(T?). Then taking the limit in (3.5), we obtain the result.



Now decompose v,, as

vn(t) = Py — /0 Avy,(s)ds — /0 P (un(s) - V(vn(s) + 2(s)))ds.

By (3.4) we obtain
|| / Avn(8)ds w0 s < C.
0
And by H? C L, we have for § € H', ¢ € H?3,

[{u- VO, 0)| = [u- Vb,0)| < [0 Vlloo < 0|0 115.

Then

| Po(tin, - V(05 + 2)) || 20,7503y < T2 sup v (s) + 2(s)]* < C,
0<s<T

whence

I Patun(s)- Talo) + 2(s))dslwraor < C.
0
Clearly for a Banach space B, W'%(0,T; B) C W"2(0,T; B). So we have proved

||Un||W%2(O,T,H*3) <C.

Thus the assertion follows.

4  Martingale solutions in the general case

In this section, we consider multiplicative noise in the general case a € (0,1). First we introduce
the following definition of a martingale solution.

Definition 4.1  We say that there exists a martingale solution of the equation (3.1) if there
exists a stochastic basis (€2, F, {F: }ieo.17, P), a cylindrical Wiener process W on the space K
and a progressively measurable process 6 : [0,T] x Q — H, such that for P-a.e. w € (2,

0(-,w) € L>=(0,T; H)Nn L*(0,T; H*) N C([0,T]; H?),

where 8 > 3, and such that P-a.s.

(6(), &) + / (A26(s), AV2g)ds — / (u(s) - V6, 0(s))ds = (6o, 6) + { / G(0(s))dWV (5), 6).

(4.1)
for t € [0, 7] and all ¢ € C''(T?).

Let f,,n € N, be an ONB of K and consider the following two conditions:

(G.1)(Q) |G(#) %2(K7H) < Xo|0]? + p,0 € H*, for some positive real numbers \y and p.

(ii) If y,y, € H* such that y,, — y in H, then lim,,_, [|G(y,)*(v) — G(y)*(v)||x = 0 for all
v e C>(T?).



(G2)Forye K

o

Gu)y =D (beAu + cxu)(y, fi)r,u € H,
k=1

where by, ¢, € C°(T?) satisfying Y, b7 () < 2k, Y, ci(§) < M, € T

Theorem 4.2 Let o € (0,1). Under Assumption (G.1), there exists a martingale solution
(Q,F {F}, P,W,0) to (3.1).

Proof [Step 1] Let P, be the orthogonal projection in H onto the space spanned by ey, ...e,.
Consider the Faedo-Galerkin approximation.

do,(t) + A0, (t)dt + P,(un(t) - VO,(t))dt = P,G(6,(t))dW (t), (4.2)
en(o) = Pn907 .
where w,, satisfy (1.3) with 0 replaced by 6,,. Since all the coefficients are smooth in P, H, this
equation has a martingale solution 6,, € L*(Q; C([0,T); P, H)).
Since we have

<un<t) ’ V@n(t), 9n> =0,

by It6’s formula, for all p > 2 we have

- - 1 -
d|9n(t)|p+p|0n(t)|p 2||0n||2dt < p|9n(t)|p 2<G(0n>dW(t)v0n>+§p(p_1)|8n|p 2|PRG(0n)|%2(K,H)dt

By classical arguments, we easily show that there exist positive constants C(p), Cy, for each
p > 2, such that (cf [FG95, Appendix 1])

E(OglslgT 10.(s)[") < Ci(p), (4.3)
and .
E/O 16.(5)||2ds < Cs. (4.4)

[Step 2] Now decompose 6,, as

0,(t) = P,by — / Ab,(s)ds — /0 P, (un(s) - VO,(s))ds +/0 P,G(0,(s))dW (s).

0

By (4.4) we obtain t
Bl [ 48, (s)dsllwsa < C.
And by H? C L we have for § ¢ H',v ¢ H?
[(w- V0, 0)| = [(u- Vv, 0)] < [0 Vollso < [0 [|V]| 175
Then
E||Py(un - V)| 2005 < TYV2E[ sup |0,(s)[*] < C,

0<s<T



whence

t
E| / Po(tn(s) - V0n)ds|lwregorm-s) < C.
0

By [FG95, Lemma 2.1], Assumption (G.1), and (4.3), (4.4), we have

t
Bl [ RGOV (w0 < C
0

Clearly, for a Banach space B, W42(0,T; B) C W*2(0,T; B) for 0 < v < 1. So, we have proved
B0 |lwreom,m-3) < C.
Recalling (4.4), this implies that the laws £(6,,),n € N are bounded in probability in
L*(0,T; H*) " W2(0, T, H™?)

and thus are tight in L*(0,T; H) by [FG95, Theorem 2.1].

Arguing similarly for the term fot P,G(0,(s))dW (s), on the basis of the estimate (4.3), we
apply [FG95,Theorem 2.2] and have that the family £(6,),n € N, is tight in C([0,T]; H~?), for
all given § > 3. Thus, we find a subsequence, still denoted by #,, such that £(6,,) converges
weakly in

L*(0,T; HYNC(0,T, H").

By Skorohod’s embedding theorem, there exist a stochastic basis (Q', F', {F} }ejo17, P*)
and, on this basis, L?(0,T;H) N C(0,T, H ?)-valued random variables 6,61, n > 1, such

that 6! has the same law as 6, on L?(0,T; H) N C(0,T, H "), and 6} — 6! in L*(0,T; H) N
C(0,T,H=?), P -a.s. For 6} we also have (4.3) and (4.4). Hence it follows that
0'(-,w) € L*(0,T; H*) N L™(0,T; H) for P* — a.e w € £2.

For each 6! we have that u) satisfies (1.3) with 6 replaced by 6.
For each n > 1, define the process

t t
MX(t) :=0L(t) — PO} +/ Ab)(s)ds +/ P, (ul(s) - VO (s))ds.
0 0
In fact M! is a square integrable martingale with respect to the filtration

{Gn}e = o{b(s),s < t}.
Then by a standard method (cf [FG95], [DZ92]) we obtain the martingale solution.

In order to get an estimate for the I” norm, we need to use another approximation.

Theorem 4.3 Let a € (0,1). If G € Ly(K, H) satisfies (G.1) and also the following condi-
tions: for all # € H* N LP(T?),

[ i6@urreas < o [ 1opds + 1,900, (4.)

9



with 2 < p < oo for some constant C' := C(p) > 0 and for all 0,0, € H* N LP(T?),
[16@) - Py < c [ 1o - o (16)
J

then there exists a martingale solution (Q, F, {F;}, P,W,0) to (3.1). Moreover, if 6, € LP(T?)
with p > 2, then

E sup ||0(t)]|Lr < 0.
t€[0,T]

Remark 4.4 Typical examples for G satisfying (4.5) have the following form: for § € H®

GOy => bly fr)xby € K
k=1

where by, are C* functions on T? satisfying Y oo, b2(§) < M.

Proof [Step 1] We first establish the existence of LP-bounded solutions of the linear equation:

do(t) + AQ(t)dt +w(t) - VO(t)dt = ks = G(6)dW (t), (4.7)
with a given coefficient function w(t) which satisfies divw(t) = 0 and sup,¢o 7 [[w(t)[lcs < C.
Here ks« G(0) means for y € K, ks« G(0)(y) = ks *x (G(0)(y)), where ks is the periodic Poisson

kernel in T? given by ks({) = e~%l¢l, ¢ € Z2. First, we consider G not depending on #. Now
take z = f(f e~ (=945 x GdW (s),v = 0 — z. We have

dv(t) + Av(t)dt + w(t) - V(v + 2(t))dt = 0,

which is easily seen to have a solution v € C([0, T); H) N L*([0, T]; H*). We have for any s > 0,
d
IV + 20T < Cflwlles ) [AT0 + (AT + C(IAT2]).

By this estimate and a standard argument we prove that if v(ty) € H®, then v € C([to, T], H*)N
L*([to, T], H*™®). Then we obtain v € C((0,7]; H*) for any 3 > s > 0. Thus we get
the existence of LP-bounded solutions for additive noise. Then consider the mapping I' :
LY, L*([0,T7], L*)) — L'(Q, L>=[0,T], L?)) defined by I'(6;) = 6, where 0 satisfies (4.7) with
G(0) replaced by G(6,). Thus, by considering the norm [E supse[O’T](e*'BSH@(s)||1£p)]1/p for suit-
able 3 € (0,00) and a similar calculation as (4.9) below, we obtain I' maps L'(Q, L>[0, T, L?))
into itself and is a contraction. Thus, the equation #; = I'(f;) has a unique solution. Hence
(4.7) has a unique L? bounded solution.

[Step 2] Now we construct an approximation of (3.1).

We pick a smooth ¢ > 0, with supp¢ C [1,2], [;* ¢ =1, and for § > 0 let

Us[0](t) = /0 (7 (ks R0 (t — 67)dr,

where ks is the periodic Poisson Kernel in T? given by /{A(;(C) = el ¢ € 7%, and we set
0(t) = 0,t < 0. We take a zero sequence 9,, and consider the equation:

0, () + A0, (£)dt + up(t) - VO, ()dt = ks, * G(O)AW (1), (4.8)

10



with initial data 6,(0) = 6y and u,, = Us, [0,]. For a fixed n, this is a linear equation in 6,, on
each subinterval [ty, 1] with ¢, = kd,,, since u, is determined by the values of 6, on the two
previous subintervals. By [Stepl], we obtain the existence of a solution to (4.8).

[Step 3] It is sufficient to show that 6, converge to the solution of (3.1). This follows by
similar arguments as in the proof of Theorem 4.2. Just as in Theorem 4.2, we only need to
prove

EN6n|lwr20,1,m-3) < C.

Here we can’t bound |u,| by |0,|, pointwise in time. Instead, we have

sup [un] < C'sup |0,
[0,¢] [0,¢]

Thus by a small modification of the proof of Theorem 4.2, we get the martingale solution
(Q, F, {F}, P,W,0) to (3.1).

[Step 4] Now we prove the last statement. It is sufficient to prove that

E sup [0.(t)|[}, < C.
te[0,T

We write for simplicity 6(t) = 6,(¢,€). By [Kr10, Lemma 5.1], we have

1660, =60l + | (= [ 1606) 006 (A6(5) + u(e) - VO(s))e
#5390 =1) [ 0P ks, GO P)delds

s [ 0)P00k, « GO dza ()

<ol + [ 5o0=1) [ 18I ks, = GO ()P

s [ [ 0P0s)ts, + GO (s
<ol + [ (¢ [ 0P +0Ge) [ (S 1ks, » GO 2de)as

w [ [ 0P 05k, * GO(:)dEW (5)

Then by the Burkholder-Davis-Gundy inequality, Minkowski’s inequality and the same estimate

11



as in the proof of (6.4) in [Kr10] and (4.1) we have

su P 0 P " ) [2)P/2 s
B s 10(s) I, <EIl, + 2 / /w Pde + C /(ZV% G(0()) (f;) )" 2de)d
+pE/ / 0(s)/( Zu% L G(0()) ()2 2dg ) 2ds) /2

<E||0o|5, + E / / 0(s)Pde + C / Z\kg « GO())(f,)P)P/2de)ds

+pE sup ||0(s) / / Zu{;é x G(0(s))(f;)[P)P/2de)¥/Pds)

s€[0,t]

<Bdoll}, + E / : [ 1ooras+c /Z|G 2)0/24¢) ds

+C(T)E sup ||6(s) / / Z|G 2P12dg)ds) VP

s€[0,t]

<E|0oly +<F sup [0, + C1F /||9 et (4.9)

<E|00l1, + <E sup [0(s)|1 + Co / B sup [0(s)|[},do + Cs.
0

s€[0,t] s€[0,0]

By Gronwall’s lemma, the assertion follows. ([l

Theorem 4.5 Let a € (0,1). Under Assumption (G.2), there exists a martingale solution
(Q, F, {F}, P,W,0) to (3.1).
Proof The proof is similar to the one for Theorem 4.2. The only difference is the proof of
0(-,w) € C([0,T); H?). Here by Aldous’ criterion it suffices to check that for all stopping times
T, <T and ¢, — 0,

hTILnEHQn(Tn +0n) = O ()| -5 = 0.

This can however be checked easily. ([l

5 Uniqueness of solutions

In this section, we will prove pathwise uniqueness for equation (3.1). First we prove uniqueness
in the subcritical case.

Theorem 5.1  Assume o > % If G satisfies the following condition

IAT(G ) = G | Lany < BIAT(w—0)]” + Bi|A2 (u =), (5.1)

for all u,v € H®, for some 5 € R independent of u,v, and §; < 2k, then (3.1) admits at most
one probabilistically strong solution in the sense of Definition 3.1 such that

sup [|0(t)||re < oo, P —a.s.,
te[0,7
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with 0 < 1/q<a—%, and

E sup |[A7Y20(1)]? < oo.
t€[0.7]

Remark If in Remark 4.4 by, = pgey for ux € R, then (5.1) is satisfied.

Proof Let 61,605 be two solutions of (3.1), and let {ex}ren be the eigenbasis of A from above.
Then their difference 8 = 6; — 6, satisfies

<w,9(t)>—/0 (u-V¢,91>ds—/0 (ug-Vw,H)ds+f§/0 (0, A**))ds = /0 (¥, (G(61)—G(62))dW (s)).
(5.2)
Now set ¢ = {(er, 0(t)), ox = (A ter, 0(t)). 1t0’s formula and (5.2) yield

t t
oo = | ordor +/ Ordoy + (@i, i) (t)
0 0
t
9 / (- Ve, 0 (A0, ex) + (s - Ve, 0 (A0, ex) — K (A2ep, 6) (A0, e4)ds
0

+2/0 (A‘19,6k><ek,(G(01)—G(Qg))dW(s)>+/o (G(0)) = G(0:)) ex, (G(0:) — G(02))* A~"eg)ds.

(5.3)
The dominated theorem implies:

Z/ u- Veg, 01) (A0, er) ds—>/ g-{u - VO, A1) gnds, N — oo,

k<N

Z/ uy - Vey, 0)(A710, ;) ds—>/H g - VO, A10) gnds, N — oo,

k<N

and

Z/ (A*er,, 0) (A0, e ds—)/ 0, A**10)ds, N — cc.

k<N

Furthermore, since

t
/ AR A (G (0) =GO e s < Csup0(s) / IA~Y2(G(0)~G (B2, ey < o0
0

we obtain

> /0 t(A—le, er)ler, (G(61)—G(62))dW (s)) — M, := /0 t(A‘l/QG,A‘l/z(G(Hl)—G(Hg))dW(s)), N — oo.

k<N

Finally, the following inequality holds:

3 / G(62))"ex, (G(B1) — G(02) A ex)ds < / IA2(G(0)) — G(62)) 2, e 0y

k<N

13



Thus, summing up over k£ < N in (5.3) and letting N — oo we obtain
t 1
IA"Y20)2 + 2%/ |A®"20|?ds
0
t
S2M(t> + 2/ H71<u . V&l, A719>H1 + H71<U2 : VH, A719>H1d8
0

* / |AT2(G0) = G(62)) 7,0 myds.
By [Re95] we have
p-{u - VO, A7) =0,
and
L (us - VO A0 i, <||uollra]|0) o | VA0 o < ClluallallO)l e | VA0 11174
<Ol lA7 1%y < COalua A0 A0

bie
<e[AY26)% + C|6, |1, | A2,

Here 5 + % =1for0<1/g<a-1/2,N=—7— and we use H'Y4 < [P continuously.
Now by (5.1) we have '

2

t t
IATY20)2 < M(¢) +/ C'|62]|2,|A~Y%0)%ds + 5/ IATY2(6, — 6,)|ds.
0 0

Let
7= inf{t > 0, ||02(¢)||« > n}.

n

Then by the weak continuity of 6, 7} are stopping times with respect to Fiy , (Fry := NgseFs)and
162t A2 ||La < n for large n. Also let 72 be a localizing sequence of stopping times for M and
T, := 7L A 72, Then, since M (t A 7,,) is a martingale with respect to F;,, we get

tATh tATh
EIAY20(t A Ty))? §OnNE/ |A‘1/20|2ds+ﬁE/ |A=Y29)%ds
0 0
t t
—Cn) / EIA~Y20(s A 7,)2ds + 3 / EIAY20(s A ) [2ds.
0 0

By Gronwall’s inequality, we get |A~Y/20(t A 7,,)|*> = 0 P — a.s., and recalling that 7, — T as
n — 0o, we obtain that 6(t) =0 P — a.s. for t < T, thus completing the proof. O

From the proof we immediately obtain the following result.

Corollary 5.2  Assume a > % If there exists a probabilistically strong solution 65 in the

sense of Definition 3.1 such that

sup [|0a(t)]|ra < o0, P —a.s.
te[0,7
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for some ¢ with 0 < 1/q < o — 5 and G satisfies (5.1), then 6, is the only solution to (3.1) such
that

E sup |A™Y20,(1))? < oo.
te[0,7)

Thus, combining Theorem 5.1, Theorem 4.3 and the Yamada-Watanabe Theorem in [Ku07],
we get the following existence and uniqueness result.

Theorem 5.3  Assume « > % and that G satisfies (5.1), (G.1) (4.5) and (4.6) for some p
with 0 < 1/p < o — % Then for each initial condition 6y € LP , there exists a pathwise unique
probabilistically strong solution 6 of equation (3.1) over [0,7] with initial condition 6(0) = 6,
such that

sup [|0(t)||r < o0, P —a.s,

t€[0,T]

and

E sup |A7Y20(1)? < 0.
te[0,7

Combining Theorem 5.3 and Corollary 5.2, we obtain the following more general existence
and uniqueness result.

Theorem 5.4  Assume « > $ and that G satisfies (5.1), (G.1), (4.5) and (4.6) with 0 < 1/p <
o — % Then for each initial condition 6y € LP, there exists a pathwise unique probabilistically
strong solution 6 of equation (3.1) over [0, 7] with initial condition 6(0) = 6y such that

E sup |[A7Y20(t)]? < .
t€[0,T]

Moreover, the solution satisfies

sup [|0(t)]|r» < oo, P —a.s..
te[0,7

Theorem 5.5 (Markov property) Assume a > 1 and that G satisfies (G.1),(5.1) and (4.5),(4.6)
with 0 < 1/p < o — % If g € L? | then for every bounded, B(H )-measurable F': H — R, and
all s, €[0,T],s<t

E(F(0(t))|Fs)(w) = E(F(0(t,s,0(s)(w)))) for P —a.s.w € Q.
Here 6(t, s,0(s)(w)) denotes the solution to (3.1) starting from 6(s) at time s satisfying

E sup |[AY20(t)? < .
tels,T)

Proof By Theorem 5.4, we have 0(t) = 0(t,s,0(s)) P-a.s.. Then by the same arguments as
in [PRO7, Proposition 4.3.3] and the Yamada-Watanabe Theorem in [RSZ08], the assertion
follows. 0

Set
pi(x,dy) == Po (Q(t,x))_l(dy),() <t<T,xeH.
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Here and in the following, we use 6(t,z) to denote a solution with initial value x. We set for
B(H)-measurable F: H — R, and t € [0,T],2 € H

PF(z) = / F(y)p(a, dy),

provided F' is pi(x, dy)-integrable. Then by Theorem 5.5, we have for F' : H — R, bounded
and B(H )-measurable, s,t > 0,

1
Py(P,F)(z) = PstF(z),x € LP with0 < 1/p < a — 3"

Theorem 5.6 Let a € (0,1). If G satisfies the Lipschitz condition
IG(w) = G, 0,y < Blu = v* + Ballu — v, (5:4)

for all u,v € H®, for some 5 € R independent of u,v, and §; < 2k, then (3.1) admits at most
one solution in the sense of Definition 3.1 such that

E sup |0(t)|* < >
te[0,7)

and

T
1
/ A 40(0) |1, < oo, % == ; ° P_as,
0

where ¢ € (0,a] and ¢ < oo.

Proof By the same argument as in the proof of Theorem 5.1, we get (5.2). Set ¢ := (e, 0(¢)).
Then It0’s formula and (5.2) yield

o :2/0 rddy + [on](t)
=2 /t<u Ve, 01)(0, ex) + (us - Ver, 0)(0, er) — k(A** ey, 0)(0, ex)ds
0

2 / (6. ex) (en, (G(61) — G(6:))dW (s)) + / (G(6) — G(62))"ex (G(6r) — G(B))"ex)ds.

(5.5)
Since
[{uz - VO, @) <A =l| o [ A% (u20)l] g < CIUAT =0l on (102|201 A0l 02 + 1|0 pon [[A*56s]| 02)
<CIIAT ] o (16] + 02 )* 777 (JA0] + [A0,]) 7+
SCIATF =, (1051 + 161%) + [A0[* + [ A6 2,
the term uy - VO can be considered as an element in (H'~**P1). Here q% + q% = z% and

Bty=gla—e+2).pp=2/(B+).
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By a similar calculation for (u - V#y,6), the dominated convergence theorem yields the
following:

Z/ u- Ve, 601)(0, e ds—>/ (ai-eterny - VO, 0) i-atep ds, N — 00,

k<N

Z/ us - Vey, 0)(0, ey, ds—>/ (i-etery{Uz - VO, 0) pp—atep ds, N — 00,

k<N

and

Z/ A2O‘ek, (0, ex)ds —>/ A2°‘9 ds, N — oo.

k<N

Furthermore, since

t t
/0 OPIG() = G, mds < Csuplo(s)] / 1G (1) — G(0)[12, .5 < 0,
we obtain

t
Z/ 0, 1) (ex, (G(O1) — G(8:))dW (s)) — M, ;:/ 0, (G(6)) — G(62))dW (5)), N — oo.
k<N 0
Finally, the following inequality holds:
t
3 / G(0:)) ex. (G(0:) — Glbo))er)ds < / IG6:) — GO, ..
k<N 0

Thus, summing up over £ < N in (5.5) and letting N — oo we obtain
t
|Q(t)‘2+2li/ IAB2ds <2M (1 )+2/ (- V0,8 + (us - V6, B)ds

+ [ 160 — GO s

We have
<UQ . Ve, (9) =

and by a similar calculation as in the proof of [Ju05, Theorem 3.3], we have

[{u- V01, 0)] <[IA50 o [[A=(uO) | oy < CIAT 01 o 10| n [ A0 o2

LP1

<A™, | o IHIQ‘ﬁ‘”IAWIB”
<e|AO? + C||AYF=0,][3, 0]

Here &+, = grand 47 = J(a—e+ ). p2 = 2/(B+7).
Now by (5.4) we have

0(1) < M(t) + / CIIA=+0, [, 62ds + B / (6 — 0)[ds.
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Define the stopping time
t
= it {t > 0, / |AL=020,|% ds > ).
0
Applying Gronwall’s lemma, we have

\G(t AN Tn)’2 < ’M(t A Tn)‘efom‘rn C’HA1*Q+561HZ2P1 ds+pt < |M(t A Tn)yeCn—i-ﬁt‘

Consequently,
tATh
B0t Ary)|* Sezc”“BtE/ 011G (61) — G012, s,y ds
0

t
SBQeQC"”ﬁt/ E|0(s A1) ds.
0

By Gronwall’s lemma, we get |0(t A 7,)]* = 0 P — a.s., and recalling that 7,, — T as n — oo,

we obtain that 0(t) =0 P — a.s. for t < T, thus completing the proof. O
Remark 5.7 For o = 1/2, consider

6 = [A6 + u - VO)]dt + i b;0 o dw;(t), (5.6)

j=1
for b; € R, and independent 1-dimensional Brownian motions w;. Consider the process

B(t) = e L= bivs®)

Then, the process v(t) defined by transformation

satisfies the equation (which depends on a random parameter)

% = Av + B u, - V. (5.7)

Then by the same argument as in the proof of [CC04, Theorem 3.1], we obtain the local existence
and uniqueness of smooth solutions starting from H' periodic initial data. More precisely, for
P-almost every w € (2, there exists a time t(w, |Afy|), such that v € C((0,t), H™) for any
m > 0. On the other hand, by the same arguments as in [CV06, Section 2], we obtain for any
T > 0, there exists M (w, |Afy|) such that

lo(t, )||eo < M for t € [0,T].

Then
18wy (t, )| |lBMo < My(w, |Ady|, T) for t € [0, T).

Hence by [KN09, Theorem 1.1], we obtain that there exists v(w, |[Afy|,T") > 0, such that

|lv(-, 1) ||cvre) < Clw, |Ab], T).
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Then by the same arguments as in the proofs of [CW07, Theorem 3.1] and [CV06, Theorem
10], we obtain
||’U(’,t)||cl(']r2) S C’l(w, |A90|,T) fOl” t - [O,T}

By this a-priori bound and the local existence, we obtain a global regular solution v for P-almost
every w € €). Define

0(t,&) := B(t) " u(t,§).
Then we obtain a solution € such that

1
sup ||[A'TE0|| 1 < 00, = < are
p

P —a.s..
t€[0,T7] 2

So, for this special linear multiplicative noise, we obtain a solution satisfying the condition in

1

Theorem 5.6. Unfortunately, we don’t get this result for more general noise and o = 3 since

the results and the method in the deterministic case (e.g. [CV06], [KNVO07], [KN09]) cannot
be applied directly

6 Markov selections in the general case

In this section, we will use [GRZ09, Theorem 4.7] to get an almost sure Markov family (P,),cr2
for Eq. (3.1). Here we will use the same notation as in [GRZ09]. Below we choose

H =Y = L*T?
and
X — (H2+2a)* X* — H2+2a‘

Then X is a Hilbert space and X* C Y compactly. Let & = {e;,7 € N} be the orthonormal
basis of H introduced in Section 2. We define the operator A as follows: for § € C>°(T?)

A(0) := —r(—=A)*0 —u - V0,

where u satisfies (1.3). Then by Lemma 6.3 below, A can be extended to an operator A : H —
X. For 0 not in H define A(f) := oo.
Set
Q= C(]0,00); X),

and let B denote the o-field of Borel sets of Q and let P(€2) denote the set of all probability
measures on (€2, B). Define the canonical process £ : 2 — X as

&(w) = w(t).

For each t, B, = 0(&: 0 < s <t). Given P € P(Q2) and t > 0, let P(:|B;)(w) denote a regular
conditional probability distribution of P given B;. In particular, P(-|B;)(w) € P(Q2) for every
w €  and for any bounded B-measurable function f on (2

Ef|B)) = / f(w)P(dy|B). P as.,
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and there exists a P-null set N € B, such that for every w not in N
P(:|B;)(w)|p, = d,(= Dirac measure at w),

hence
P({y :y(s) = w(s),s € [0,1]}|B;)(w) = 1.
In particular, we can consider P(-|B;)(w) as a measure on (2, BY), i.e.,

P(:|By)(w) € P(Q),

where Qf := C([t,00); X) and B' := 0 (& : s > t).

We say P € P(2) is concentrated on the paths with values in H, if there exists A € B with
P(A) =1 such that A C {w € Q: &(w) € H,Vt > 0}. The set of such measures is denoted by
Pr(€). The shift operator @, : Q — Q' is defined by

Oy (w)(s) =w(s—1t), s >t.
Following [GRZ09, Definitions 2.5], we introduce the following notions.

Definition 6.1 A family (P,).cq of probability measures in Py ((2), is called an almost sure
Markov family if for any A € B, z — P,(A) is B(H)/B(]0, 1])-measurable, and for each x € H
there exists a Lebesgue null set Tp, C (0, 00) such that for all ¢ not in Tp, and P,-almost all
w €

P,(|By)(w) = Py o ;.

We now introduce the following notion of a martingale solution to Eq. (3.1) and write £(%)
instead of &;.

Definition 6.2 Let zp € H. A probability measure P € P(f) is called a martingale solution
of Eq. (3.1) with initial value x, if:
(M1) P(£(0) = x9) = 1 and for any n € N

Plec s [ A€ ds + [ IGEEN Faumds < o0} = 1
(M2) for every [ € &, the process

Mi(t,&) ==x (§(t), )x- — /Otx(A(f(s)),l)X*ds

is a continuous square-integrable F;-martingale under P, whose quadratic variation process is
given by

(MY (t.€) = / 167 () ()] 2-ds.

where the asterisk denotes the adjoint operator of G(£(s));
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(M3) for any p € N, there exist a continuous positive real function ¢ — C}, (only depending on
p and A, G), a lower semi-continuous positive real functional N, : Y — [0, oc], and a Lebesgue
null set Tp C (0, 00) such that for all 0 < s € [0,00)\Tp and for all t > s

EF[sup |€(r)]* + / N (E(r))dr|By) < Cr_s(|€(8)] + 1).

re(s,t]

Remark This definition of martingale solution is different from Definition 4.1. By [On05,
Theorem 2], it follows that it is more general than Definition 4.1. We will use Definition 6.2
below.

First, we prove the following lemma.
Lemma 6.3 For any 6,0, € C>(T?),
[(=A)*01 — (=A)%0a]|x < Ch[1 — o],
[ur - V01 — g - Vs ||xc < Co(|01] + [02])|01 — O,

for constants Cy,Cy. In particular, the operator A : C*(T?) — X extends to an operator
A H — X by continuity.

Proof We only prove the second assertion, the first can be proved analogously. By the Sobolev
embedding theorem we have

”Ul -V, —uy - V92HX

= sup [{(uy - Vb — ug - Vs, w)]|
weC>®(T?):[|w|| g2424 <1

= sup [(ur - Vw, 01) — (ug - Vw, )]
weC>®(T2):[|w|| g2424 <1

= sup (w1 — u2) - Vw, 1) + (uz - Vw, 61 — 6)]
WEC™ (T2):wl| y242q <1

<C sup IVwllem)](lur — uz| - [61] + |01 — 02| - [uz])

weC™(T?):||wl| 2420 <1

<C([01] + 102])|61 — 02].

In the last inequality we use (2.1) and the constant C' changes from line to line. 0
In order to use [GRZ09, Theorem 4.7], we define the functional N; on Y as follows:

A6, it e H*,
M) := { 400, otherwise .

It is obvious that Aj € 42, defined in [GRZ09, Section 4]. We recall that a lower semicontinuous
function A/ : Y — [0, oo] belongs to 42 if V'(z) = 0 implies z = 0, N(cy) < 2N (y),Ve > 0,y €
Y and {y € Y : N(y) < 1} is relatively compact in Y.

Theorem 6.4 Let a € (0,1) and assume G satisfies (G.1). Then for each zy € H, there
exists a martingale solution P € P(Q) starting from zy to Eq. (3.1) in the sense of Definition
6.2.
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Proof We only need to check (C1)-(C3) in [GRZ09, Section 4] for the above A and G.
(C1) holds since Lemma 6.3 implies demi-continuity of A and G.
(C2) follows, because noting that for § € X*

(u-Vo,0) =0,

we have
(A(0),0) = —N1(6).
Also (C3) is clear since by Lemma 6.3

1A [Ix < C16]*

and
GO zaresy < C(16] + 1)
0

The set of all such martingale solutions with initial value x, is denoted by C(zp). Using
[GRZ09, Theorem 4.7], we now obtain the following:

Theorem 6.5 Let a € (0,1). Assume G satisfies (G.1). Then there exists an almost sure
Markov family (Py,)z.en for Eq. (3.1) and Py, € C(zy) for each zy € H.

L] L) 2
7 Ergodicity for a > 3
In this section, we assume that a > %, K = H, and that G satisfies:

Assumption 7.1 There are an isomophism )y of H and a number s > 1 such that G =
A_SJTQQ%/Q, and furthermore, G satisfies (4.5) for some fixed p € ((a — 3)7*,00) and f; = ¢;,
(which is e.g. always the case if Qo =1 ).

For = := 0y € LP, let P, denote the law of the corresponding solution 6 to (3.1). Then
by Theorems 5.4 and 5.5 the measures P,,x € LP, form a Markov process. Let (P):>o be the
associated transition semi-group on B,(H), defined as

Pp)(x) == E:p(&)],  x €L’ peBy(H), (7.1)

where E, denotes expectation under P,.

7.1 The strong Feller property for o > %

In this subsection we prove that its transition semigroup has the strong Feller property under
appropriate conditions.

Remark 7.1.1 (i) Since in our case a < 1, the linear part (—A)* in (1.1) is less regular-
izing. As G = A~ N Q(l]/ ? we get the trajectories z of the associated O-U process to be in
C([0,00), Hs*2*717¢) for every € > 0 (c.f. [DZ92, Theorem 5.16], [DO06, Proposition 3.1]).

However, in order to prove the weak-strong uniqueness principle (see (7.2) and Theorem 7.1.3
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below) and the strong Feller property of the semigroup associated with the solution of the cut-
off equation (see Proposition 7.1.4 below), we need z € C([0, 00), H*T17%71) for some oy > 0.
Therefore, we need s +2a— 1> s+ 1— «, ie. a > % The situation of the 3D-Navier-Stokes
equation is different. While in our case the needed regularity of z is higher than the regularity
of our solution space C'((0,00), H®) for the cutoff equation (7.2), for the 3-D Navier-Stokes
equation the needed regularity of z is the same as for the solution of the cutoff equation.

(i) Since a < 1, we can’t use the same type of estimate as in [FRO8] (c.f. [FR08, Lemma
D.2]) to obtain our results. We use Lemma 2.1 and choose suitable parameters (s, oy, 02) such
that the approach in [FRO8] can be modified to apply here (see (7.6)-(7.10), (7.13) and so on ).

(iii) It seems difficult to use the Kolmogorov equation method as in [DD03], [DO06] or a
coupling approach as in [O08] in our situation. In fact, to get a uniform H®-norm estimate
for the solutions of the Galerkin approximations of the equation (1.1) for some s > 0, the
regularity, needed for the trajectories of the associated Ornstein-Uhlenbeck (O-U) process z is
higher than H®, which is entirely different from the situation of the 3-D Navier-Stokes equation.
According to the method in [DD03], DO06] and [O08], we should use the solutions’ H***-norm
to control the H***-norm of the derivative of the solutions as required for the Bismut-Elworthy-
Li formula. In particular, the associated O-U process z should be also in H*T®. However, under
Assumption 7.1 for the noise, our O-U process z is only in L?([0,T], H**2*71). As a result, for
their method to apply here, we need even o > 1.

Fix s > 1 as in Assumption 7.1 and set W := H® and |z|y := ||z|
Now we state the main result of this section.

HS.

Theorem 7.1.2  Under Assumption 7.1, (P;);>¢ is W-strong Feller, i.e. for every ¢t > 0 and
Y € Bb<H), P e Cb(W)

We shall use [FR08, Theorem 5.4], which is an abstract result to prove the strong Feller

property. In order to use [FR08, Theorem 5.4], we follow the idea of [FR08, Theorem 5.11] to

construct P, We introduce an equation which differs from the original one by a cut-off only,

so that with large probability they have the same trajectories on a small random time interval
(see (7.3) below). We consider the equation

do(t) + A0(t)dt + xr(|0]5)u(t) - VO(t)dt = GdW (t), (7.2)
where xg : R — [0, 1] is of class C* such that xg(|0]) = 1if |0] < R, xr(|0]) =0if |#] > R+ 1

and with its first derivative bounded by 1. Then, if we can prove the following Theorem 7.1.3
and Proposition 7.1.4, Theorem 7.1.2 follows.

Theorem 7.1.3 (Weak-strong uniqueness) Suppose Assumption 7.1 holds. Then for every
x € W, Eq. (7.2) has a unique martingale solution ngR), with

PIC([0, 00); W) = 1.
Let 7 : 2 — [0, 00] be defined as

Tr(w) = inf{t > 0: |w(t)}y > R},
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and Tg(w) = oo if this set is empty. If z € W and |z|}, < R, then

lim Péf;b[TR > ¢] =1, uniformly in h € W, |h|)y < 1. (7.3)

e—0

Moreover,

B [0(E) 1 rpza] = BT [0(€) 1raa]s (7.4)
for every t > 0 and ¢ € B,(H), where P, is the martingale solution of (3.1).
Proof Let z denote the solution to

dz(t) + Az(t)dt = GdW (t),
with initial data z(0) = 0 and let v8 be the solution to the auxiliary problem

dv P (t)

i + AU(R)(t) + u(R)(t) . V(U(R) (t) + 2(t ))XR(|U + Z|W) =0, (7.5)

with v (0) = z. Here u(t) = uym (t) + uz(t), u,r) and u, satisfy (1.3) with 6 replaced by
v¥) and z, respectively. Moreover, define ) := v 4 » which is a martingale solution to
equation (7 .2). We denote its law on Q by Py R). By Assumption 7.1 the trajectories of the
noise belong to

Q= M C?([0,00); D(A")),

BE(0,3),k€[0, 52— L)

a 2a

with probability one. Hence, the analyticity of the semigroup generated by A implies that for
each w € Q% z(w) € C([0, 00), D(A*T2*717¢)) for every € > 0.

Now, for w € Q* we prove that Eq. (7.5) with z(w) replacing z has a unique global weak
solution in the space C([0, 00); W). First, we obtain the following a-priori estimate for suitable
01,00 > 0 with 09 < 5,090+ 01=1,s4+01 —a+1<s+2a—1< s+ a, where we used that
a>§since0<01 < 3a—2:

1d
ia‘ASU(R)P + /€|AS+aU(R)|2 SCXR(|9(R)| )’AS*Q+1R<U(R)‘9(R))| . ’AS+aU(R)|
<CXR(|0(R)|2 >|As—a+1+alg(R)||A029(R)| . |As+aU(R)|
SCXR(|9(R)| )(|As a+1l401 R)| + |As—a+1+01z|) . |AS+aU(R)|
SCXR(|9(R)| )(C|ASU |1 r|As+Oc,U(R)|7" + |As—oz+1+a1z|) . |As+aU(R)|
<OXR(OP ) (A0 4 [ATH1E0 5 2) 4 Aty (]2
<OXR(IP ) (C(R) + A1) 4 Z Ao
(7.6)
where r := 1= =29l Here in the second inequality we used Lemmas 2.1 and 2.2, and in the

fourth 1nequahty we used the Gagliardo-Nirenberg inequality and in the fifth inequality we
used Young’s inequality. Then as in Theorem 3.4, we prove (7.5) has a weak solution in
L>([0,T],W).
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[Continuity] For each w € Q*, o1 and oy as above, since s —a+ 14+ 07 < s+ 2a — 1, we
have z € C([0,00); D(A*~*T*1)). For s > 3 — 3a, sp = s — «, multiplying the equations (7.5)
by 4 A0y we obtain

5 dtlAso+oc R)|2 + |A801’)(R)|2 SCXR(W | )|ASO+1R(U(R)0(R))| ‘ |A80@(R)|
<Cxr(|03,)| A%t Hor g A72g )| .| As0g ()

7.7
<CXR(‘9 |W)<|As+aU(R)|2 + ’AsoJrozU(R)’Q + ‘Aso+1+alz’2) ( )

_AS()'(R 2'
+ 2ago)

Here in the second inequality we used Lemmas 2.1 and 2.2, and in the third inequality we used
the Gagliardo-Nirenberg inequality and Young’s inequality.

As fT |Astoy(B®) () |2dt; can be dominated by the same arguments as (7.6), we get an
a—pI‘lOI‘l estimate for the time derivative div( ) in L?(0,T; H*0). Then by [Te84], we obtain

) e O([0,T], W).

[Uniqueness| Let 61,0, be two solutions of Eq. (7.5) in C'([0,00); W) and set w := 6; — 6,
and u,, := u; — ug. Then by a similar argument as in the proof of Theorem 5.1, we have for
small g9 > 0

1 d S so+a so+ep—a so+a—eg
5 AW K| AT W] = — (xr(613) — xa(16af3) (A0 wy - V), A )
— xr(|023)) (A" (uy - Vw + 1wy, - V), A0Tw)
=[+II+1II

As
IXr(10113y) — xr(1021y)] < C(R)|wlw(lpo,rey(1013y) + Lio.r+1(10250)],

we have for o1, 09 as above,

I <Ol r1y (161 50) + Lo mey(162f3)][w|yy - [ATOF0TEET1G, [[AT2G, | - [As0+ame0g|
<C(R, 01w, [02]w)[wlw| AT =0w] (7.8)

K
<C(R, 0alw. |0aw)|Aw]* + Jlwly,

where sy + o = s. Here in the first inequality we used Lemmas 2.1 and 2.2, and in the third
inequality we used the Gagliardo-Nirenberg inequality and Young’s inequality. In a similar way,
we obtain

K
IT <C(R,|01|w)|A*w|* + Z|w|§v,

and .
I1T < C(R, |02]w) | A%w|? + Z|w|§v.

Then we obtain

1d 3k
— |A%ow|* 4 kAT w]? < C(R, sup |01(t)w, sup |02(t)|w)|A%w|* + —|w|$/v
2dt te[0,T] t€(0,7] 4

By Gronwall’s lemma we have |A*w| = 0, which implies w = 0.
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So Eq. (7.5) has a unique global weak solution in the space C([0, c0); W).

Next, we prove (7.3). In order to do so, it is sufficient to show that P [Tr < €] < C(e, R)
with C(e,R) } 0 as e | 0, for all x € W, with |z[}, < g . So, fix ¢ > 0 small enough, let
Oc i i= SUP;(o o [N 2(1)] and assume that ©2 5, < £, Setting ¢(t) := [P [}, + O2 5, by
(7.6) we get » < C'(R). This implies, together with the bounds on = and O, g, that

0 @)y < 2(0 @)y + [2(Dy) < R,

for € small enough. In particular, since this holds for all t < ¢, it follows that 75 > . Hence

R
PP <] < PP sup [ASHHFo—o()? > <.
te[0,e] 8

Letting ¢ | 0, we have p [Tr < €] — 0, and the claim is proved, since the probability above
is independent of x.
Finally, the same arguments as in the proof of Theorem 5.1 imply that

0,(t ATr(6)) = 0 (t ATR(0U)) Vi, P, — a.s..

Moreover, since 6 is H-valued weakly continuous, we obtain TR(GQ(CR)) = 7r(0). O

In order to apply [FR08, Theorem 5.4], we now only need the following result.

Proposition 7.1.4 For every R > 0, the transition semi-group (Pt(R))tZO associated to Eq.
(7.2) is W-strong Feller.

Proof We shall provide formal estimates, that can, however, be made rigorous through Galerkin
approximations. Let (X,F, (F)t>0,P) be a filtered probability space, (W;);>o a cylindrical
Wiener process on H and, for every x € W, let 0% be the solution to Eq. (7.2). By the
Bismut, Elworthy and Li formula,

D)) = ET 00 [ (G D0 6). W (5)

where Dy(Pt(R)w) denotes <D(Pt(R)@/J),y> for y € H, and thus, for ||| < 1, by the B-D-G
inequality

PP+ ) = (PP) o)l < S

t
sup E°[([ 167 Du0L0(5) ) )
nel0,1] 0
The proposition is proved once we prove that the right-hand side of the above inequality con-
verges to 0 as |h|yy — 0.

Fix x € W, y € H and write 6 = HéR),DH = D0, Du = Dyu. The term D6 solves the
following equation

d
%DQ + kA*(DO) = —[xr(|0y)[Du - VO + u - VDO] + 2x'5(1013,)(0, DO)wu - V).
Multiplying the above equation with A% D@ and taking the inner product in L?, we have

Ld / s
EE|A5De|2+/-@|AS+0‘(De)|2 = —([xr(1013) [Du-VO+u-V DO+2x'5 (1013,) (0, DO)wu-V], A* DO).
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For the first term on the left hand side, we have for ||}, < R

|(Du - VO, A*DO)| =|(A*"*(Du - V), A*T*D@)|
<C|Astog| - A2 D] - |ASTDO| + C|AS T DO - |A726)] - |AT DY)
<e|A*TDO]* + C(C(R) + |[A*To0]? + |AS~> T 1) A D2,

(7.9)
for o1, 09 as above, where we used Lemmas 2.1, 2.2 in the first inequality as well as the Gagliardo-
Nirenberg inequality and Young’s inequality in the second inequality.

The second term can be estimated similarly. For the third term, by Lemmas 2.1, 2.2 we

have
|(u- V0O, A*DO)| =|(A**(u- V), \*T*D8)|
<C|AFtHog||A720] - |AST Do) (7.10)
<C(|AFT| 4 |[AS~ T2 |A%9| AT D8
Then we obtain
%%\ASDHP + &[ATF (D) gg\As+a(D9)\2 + C(C(R) + |AFo0]? + [AT o2 2) A* D).

From Gronwall’s inequality we finally obtain
t t
/ |AST(DO(1))Pdl < exp(c/ (C(R) + |[A¥F0)? + |AS~* P92 12d1)) [ ASh.
0 0
By (7.6) we obtain
t 00
E/ |AT(DO(1))|?dl < Zexp(C’t(C’(R) + cn?))P(sup |[AS7T 72| > n)|A%h|2.
0 n=1

(0,)

Because of Assumption 7.1 and since z is a Gaussian process, one deduces that there exist
1, C > 0 such that

R2
Plsup [ATFH0 (D) > Ro] < Ce™ 7
l€[0,t]

(see e.g. [FRO7, Proposition 15]). Then for 5 < -k, we obtain
to
E / AT (DY(s))ds < c(to, R)|A*h[2,
0

which, as G = @, Y 2ASJFC“, implies the assertion for ¢y. For general ¢, by the semigroup property
the assertion follows easily. OJ

7.2 A support theorem for a > 2/3

A Borel probability measure p on H is fully supported on W if p(U) > 0 for every non-empty
open set U C W. Set Wy := D(AS~T1+91) where o, is the same as in the proof of Theorem
7.1.3 and we will use it below.
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Lemma 7.2.1 (Approximate controllability) Let R > 0, T"> 0. Let x € W and y € W,
with Ay € W, such that

R
< < D
Then there exist (a control function) w € Lip([0, T|; W) and
0 € C([0,T); W) N L*([0, T]; D(A™*?)),

such that 6 solves the equation

0(t) —x —I—/O A0(r) + xr(|013)u(r) - VO(r)dr = w(t) dt —a.e.t €[0,T], (7.11)
with 6(0) = z and 6(T) =y, and
t:[%%] 0t)3, < R. (7.12)

Proof First consider w = 0. Then by an inequality similar to (7.6), we get
d (0%
10l + KIAORy < C(R)[6]5y-

Hence by Gronwall’s lemma 6(t) € D(A*™®) for almost every ¢ € [0,7T] and, by solving again
the equation with one of these regular points as initial condition, by Lemma 2.1 we have

%lAa+89|2 + H|A2a+59|)2,v S C|A2a+sg||As+1+09|||6)||LP S O(R)|As+a9|2 4 g|AS+2a6|27

where 0 = % < 2a — 1 and where we used the L,-estimate in the same way as in the proof of

[Re95, Theorem 3.3]. Then we find a small T} € (0, £) such that |6(¢)[3, < R and A9(T.) € W,
for all ¢ < T,. Define 6 to be the solution above for ¢ € [0,7,] and extended by linear
interpolation between y and 6(7%) in [Ty, T]. Then obviously (7.12) follows.
Next, if we set
n =00+ A0+ xr(|0})u-V0, T.<t<T,

w:=0fort <T, and w(t) = f; nsds for t € [Ty, T], we also have (7.11). It remains to prove
that n € L*>(0,7;W;). For the first two terms of 7 this is obvious. For the non-linear term we
have that

- Vo, < CIAZ0],,

for any 6 € D(Astortite), O

Let | € (0, %) and p > 1 such that [ — % > 0. Under this assumption we see that for every

ap < % the map
w s 2(w) s WH([0,T); D(A™)) = C([0, T); D(A®+579))
is continuous, for all € > 0, where z is the solution to the Stokes problem
t
z(t) + / Az(s)ds = w(t).
0
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In particular, it is possible to find oy € (0, ), s and p such that the above map is continuous
from W10, ) D(A™)) to ([0, T]; D(A* #+1%0).

s+a—1
@

Lemma 7.2.2 ( Continuity with respect to the control functions) Let [, p and a; be chosen
as above, and let w, — w in W([0,T]; D(A®)). Let 6 be the solution to equation (7.11)
corresponding to w and some initial condition x, and let

T=1inf{t > 0:10(t)[5, > R},

where as usual we set inf ) = co. For each n € N, define similarly 6,, and 7, corresponding to
w, with the same initial condition x. If 7 > T, then 7,, > T for n large enough and

0, — 0 in C([0,T];W).

Proof Set v, := 0, — z, for each n € N, and v := 6 — z, where z,, z are the solutions to
the Stokes problem corresponding to w,,,w respectively. Since w,, — w in WHP([0, T]; D(A*)),
we can find a common lower bound for (7,),eny and 7. For every time smaller than this lower
bound ¢y, by (7.6) we have

sup |[A*6,]* < R, sup |[A*0]* < R, sup |[ASToTHo 1 < C(R),
(07t0) (O,t()) (O,t())

and
to to
sup [AHHL| < O(R), / A0, (1)]2dl < C(R), / A1) 2dl < O(R),
(0,t0) 0 0

where C'(R) is a constant depending only on R. Moreover, we obtain for ¢ < ¢,

d
EW — iy + 26[A% (v, — V) 3y = (U - VO, AP (v — v,)) — (u- VO, A* (v —v,))
=[((ty, — 1) - VO, A*(v — v,)) + (u - V(v, — ), A* (v — v,))
+ (U, —us) - VO, A (v —v,)) + (u-V(z, — 2), A*(v —v,))].
For the first term on the right hand side, by using Lemmas 2.1, 2.2 we have
[{(vn = ) - VO, A% (v — v,))] SCIAT (0 — ) AT (v — ;) [[ A6
+ CIAT (v — ) [[AT T2, [A7 (v — )|
BN = 0,) o+ (CR) + A0, 4 A0, A0 = v,

+ C|As—a+1+alzn|2|As(U o Un)|2'
(7.13)
The other term can be estimated similarly. Then we obtain

d
£|v — Un|12,v + 2k|AY (v, — U)|12/v

<K|A"(vn = )y + C(C(R) + [Avaly + [A0E) ([0 = valsy + AT (2 — 2,) ).
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Here o1, 09 are as above. Then by Gronwall’s lemma
t t
v — v, 3y < O, eXp(C/ (C(R) + |Av, |3, + |A“U|$/V)dl)/ (C(R) + |Av,|3y + |[A]3))dl,
0 0

where ©,, = sup 7 |[A**F191 (2 — 2,)|. We conclude 6,, — 6 in C([0, T]; W). Now, since 7 > T,
if S = sup;co) [A°0()]?, then S < R and we find 6 > 0 (depending only on R and S) and
no € N such that ©,, < ¢ and |v, — v[3,, < 0 for all n > ng, and so

10,(t) W < |vn(t) — o)+ On +10(t) | < 26 +vS < VR .
Then 7, > T for all n > ny. ]

Theorem 7.2.3 Suppose Assumption 7.1 holds and for x € H let P, be the distribution of
the solution of (3.1) with initial value #(0) = x. Then for every x € W and every T > 0, the
image measure of P, at time T is fully supported on W.

Proof Fixx € Wand T > 0. We need to show that for every y € W and € > 0, P.[|0r —y|w <
e] > 0. Let y € WnN D(A) such that Ay € W, and |y — g|w < §. Choose R > 0 such that
3|z}, < R and 3|y|?, < R. Then by Theorem 7.1.3,

_ 3 B €
Pl|0r —ylw < €] 2P,[|0r — glw < 5} > P[l0r — ylw < 30 TR > T
—PB[07 — gl < g,TR Sl

By Lemma 7.2.1, there is a control @ € W'P([0,T]; D(A*')), with {,p and a; chosen as in
Lemma 7.2.2, such that the solution 6 to the control problem (7.11) corresponding to & satisfies
0(0) = z,0(T) = j and |6(t)[3, < 2R. By Lemma 7.2.2, there exists § > 0 such that for all
w e Wl’p([O,T]; D(Aal)) with |w — w'wl,p([O,T};D(Aal)) < 5, we have

10(T,w) — glw < g and sup [0(t,w)|3 < R,

t€[0,T]

where (-, w) is the solution to the control problem (7.11) corresponding to w and starting at
x. Hence .
P07 — glw < 5 TR > T] > PP |In — lwie(oypasy < 0,

where n; = 0, — x + fJ(AQS + xr(|0s3y)u - VOs)ds, hence 7 = (T, n), and the right hand side
of the inequality above is strictly positive since by Assumption 7.1 n is a Brownian motion in
D(A™).

7.3 Existence of invariant measures for o > %

In this subsection, we prove the existence of invariant measures. Let 6,, denote the solution of
the usual Galerkin approximation

{ df,,(t) + A0, (t)dt + P, (u,(t) - VO,(t))dt = P,G(0,(t))dW (1),
0,(0) = P,x.
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Lemma 7.3.1 Let a > % If x € H'.,n € N,t > 0, then there exist §; > 0 and vy > 0 such
that

t
E[/ A0,y dr] < O(L+ 1) (Jal” + 1),
0

where C' is independent of x and R.
Proof We apply It6’s formula to the function (1 + |A%0|?)7P for § > 2 — 2 and get

1 1

L+ AP (1 + [Aoap)e
t |A5+°‘0|2 t (A‘S’a(u . V@) A6+a9>
=2 d 2 ’ d
?A<L+MMPVHT*'p4 @+ ooyt

. /t (A9, A°GdW,) /t Tr[GG*A%]
P )y a+asapps TP f) (AP

dr

t 5p|2
|A°GO|
+2p(p + 1)/0 1+ ’A&Q’Q)erldT)

where for simplicity we write § = 6,,. Choosing 1,04 with 0}, < d,05+0] =1,04+0] —a+1<
0 + « the non-linear part is estimated as follows:

|<A6fa(u . VQ), A6+a9>‘ SC’Aéfoﬁlﬂf{e’ . ’AaggHAzHae'
§C|A69’m + |A6+049|27

2(3a—1—0")

with m = =

Then for p big enough we obtain

t |A5+a@ |2
E n <C(1 .
/0 (1+|A69n’2)p+1d7’_0( +t)

Since by Young’s inequality

|A(5+060n|27p S C[ ‘A6+aen‘2 + 1 + |A60n|2],
(1 + ‘A59n|2)p+1
for § < a we obtain .
E[/O A0, [P0 dr] < C(1+ 1) (22 + 1), (7.14)

If § > a, we already know that some power of |A%6,] is integrable with respect to dt ® P. Then
one proceeds as in the previous case to obtain (7.14). We choose § + o > s and obtain the
assertions. 0

Theorem 7.3.2 Let a > % and suppose Assumption 7.1 holds. Then there exists a unique
invariant measure v on W for the transition semigroup (F;);>o. Moreover:

(i) The invariant measure v is ergodic.

(ii) The transition semigroup (F;):>o is W-strong Feller, irreducible, and therefore strongly
mixing. Furthermore, P,(x,dy),t > 0,x € W, are mutually equivalent.
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(iii) There are §; > 0 and 7o > 0 such that
/|A51x|§$°dl/ < 00.
Proof Choose xo € H' and define

1 t
e = —/ P:dxodr
t 0

Since .
[ 1Al iatin) = B[ 140,
by Lemma 7.3.1 we obtain
/|A51x|)2/\7,°ut(dx) <C.

This implies that i, is tight on W. The strong Feller property of P, follows from Theorem 7.1.2.
Hence, a limit point of y; is an invariant measure for (P;);>o. Therefore, by Doob’s theorem,
the strong mixing property is a consequence of the irreducibility.

Remark 7.3.3 If we don’t assume that G satisfies (4.5), the solution of equation (3.1) may
be not unique. Then we can also prove the above results for each Markov selection P,,z € W,
corresponding to (3.1) and the respective semigroup (P;);>0 by similar arguments as [R0S].

Remark 7.3.4 (i) (Mildly degenerate noise) We can also consider the ergodicity of the
equation driven by a mildly degenerate noise as in [EHO01]. For this we have to use an extension
of the Bismut-Elworthy-Li formula. We have the same problem as explained in Remark 7.1.1.
So, we can just get the result for v > 2/3.

(ii) (Degenerate noise) There are many papers considering 2D Navier-Stokes equation driven
by degenerate noise. Contrary to the 2D Navier-Stokes equation, no Foias-Prodi type estimate
is available for the quasi-geostrophic equation. It seems impossible to use a coupling approach
as in [KS02], [BKL02], [M02] to prove ergodicity in the case where equation (3.1) is driven by
a degenerate noise. It also seems difficult to use the method in [HMOG] to prove ergodicity.

7.4 Exponential convergence for o > %

As will be seen below, we shall need uniform LP-estimates, and a crucial ingredient to prove
them is Krylov’s LP-Ito formula. In order to obtain a uniform estimate, the LP-estimate known
from the deterministic case (see e.g. [Re95]) is not strong enough for our purpose. Therefore,
we need the following result, which is an improved version of the ”positivity lemma” from
[Re95, Lemma 3.2].

Lemma 7.4.1 ( Improved positivity Lemma ) For a € (0,1), and € L? with A**0 € LP, for
some 2 < p < 00,

/|9|p—29(A2a _ 25,
p
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Proof Denote the semigroup with respect to —A%* + % and —A%* in L? by P? and P},
respectively. Then we have PP f = e?*/PPLf. Since

1P fllze < eI flce,

and
1P fllzee < 1]z,
by the interpolation theorem, we have

1P fllze < €722 £]| o

Thus,
1P fllee < 1 fllee-

Then we have

d 2\
GIPRel, = [ 1P2or-2(poo) o= 1+ Zp)da <o,
Letting ¢ — 0, we obtain our result. 0

Proposition 7.4.2 Let a > 3. For z € L?, let § denote the solution of equation (3.1). Then
for2 <p< o

C
EN0@IL> < ll=llzoe A”+A—1(

Proof Let 0, be the approximation defined in the proof of Theorem 4.3. Using [Kr10, Lemma

1 —e ™M),

5.1] for 6,,, we obtain
rwwaawwm+/rg4wmwmewm+w»wwmw
1 p—2 2 ' p—2
+?m—n/jwn Q]%*QWUﬁw+glAﬁWIemm*%wW®
<|6(s)|I2, —ml// 0(1 |pd§dl+/ p—1) / o(1) - ZZV% ¥ Gle;)2)dedl
+p/ /|me%um%*G%av@
<||6(s) —2)\1// 0(1 |pd§dl+/ /|9 )|Pdé + C( )/(ZV‘% * G(e;)|?)P/2d¢)dl

e [ [ 0w, - Gieava),

where we used Lemma 7.4.1 to get the first inequality and for simplicity we write 6(t) = 6,,(¢, x).
Taking expectation we obtain

B0 < BIowo) — BX [ [ 10,00 Pdedt + Cle,p)e - )
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Then by Gronwall’s lemma we have
p P _—Ait C —A1t
Ello (s <[6n(0)[zpe™™" 4 1= (1 = 7).
Then taking the limit n — oo in the above inequality we deduce
p P _—Ait C -1t
El0@)L < llzlzee™™" + /\—1(1 —e ).

O

Lemma 7.4.3 Let o > 2/3. Suppose Assumption 7.1 is satisfied with s > 3 — 2a. Let 0
denote the solution of (3.1) and take p as in Assumption 7.1. Then for every Ry > 1, there
exist values 77 = T1(Ry) and K; = K;(Ryp) such that if |0y| < Ry, SUDye(0.7] 1017, < Ry, and
SUPyeo ) |A°TOTHIH2(1)]? < Ry for some 0 < § < 3 — 2 — gy, then |[A*F0(T}) > < K.

Proof By Ito’s formula, we obtain that there exists Ky = Ko(Ry) > 0 and for P-a.s. w, 3
to(w) > 0 such that
|A“0(ty)|* < K.

For any r > 0, by Lemmas 2.1, 2.2 we have the following a-priori estimate for N = —¢

T_1
a—5—3

andaz%,

%|Arv|2 + AT 2 <[ {u - VO, A" )|
<C|A™ ] - [ATTT00] - 10]| e (7.15)

1 —Q (e
<ZIATP + OlIBII AT + CIA— 122 - 6]

We choose the approximation 6,, as in the proof of Theorem 4.3 with initial time ¢ = 0 replaced
by the initial time ¢ = to(w) and 6,,(to) = 0(ty). Set z, = fti e~ (t=5)4ks + GdW (s). Then we
have the following LP-norm estimate of v, := 0,, — z,,

d .
Zllvnlte <CollVanlloo(lloallls + llznllellenlZ").

Thus we have p

dtl

Then by Gronwall’s lemma and since s > 3 — 2, we obtain the desired uniform LP-norm
estimates for 6,,. Moreover, by (7.15) and Gronwall’s lemma we obtain the uniform H"-norm
estimates for v,. By a similar argument as in the proof of Theorem 3.4 we have that v,
converges to some process ¥ in L*([tg, T|, H) such that © + z is the solution of (3.1) in [to, 7.
Then by the uniqueness proof in Theorem 5.1 we have © = v in [to, 7|, which implies that v €
L>([to,00), H") N L2 ([to, 00), H™t*) P-a.s.. Therefore, (7.15) also holds for v with ¢ € [tg, c0).
Then by (7.15) for r = a, we obtain that there exist K1 = K;(Rp) > 0 and t; = t;(w) > to(w)
such that [A?®v(t;)| < K. Using (7.15) for r = 2a we obtain that there exists Ty = Ty(Ry) such
that |A**v(Tp)| < K;. Then we proceed analogously and obtain that there exists 77 = T1(Rp)
such that |A*+Hv(Ty)| < K for some 0 < § < 3a — 2 — 0. O

[onlle <ClIVznllco(llvnllze + [zl 2e)-
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Lemma 7.4.4 Let o > 2/3. Suppose Assumption 7.1 holds with s > 3 — 2. Then for each
R > 1 there are T7 > 0 and a compact subset K C W such that

inf Pr(z,K)>0,

lzllp <R

for p as in Assumption 7.1.

Proof Define K := {x : |A*T02|?> < K;(Ry)}, where K;(Ry),d comes from the previous lemma.
By Lemma 7.4.3, for R < Ry we have

inf Pp(z,K)> inf (1— P, sup |A*"*TFr04(4)]2 > Ry

lzllp <R ~ lzllp<R te[0,11]
_Paf[ sup ||9||]2p >R0])>
tel0,1h]

where we used Lemma 7.4.3 in the last step. Under Assumption 7.1, since z is a Gaussian
process, one deduces that there exist 1, C' > 0 such that

2

R,
Pl sup [ASTOTIFOH ()2 > Ry] < O
te[0,T1]

(see e.g. [FRO6, Proposition 15]). By Theorem 4.3, we obtain

E,[su ks C(R
sup Px[ sup ||9||ip > RO] S sup [ ptG[O,Tﬂ H HLP] S ( )
lelp <R te[0,T1] lellLp <R Ry Ro

Choosing Ry big enough, we prove the assertion. 0

The exponential convergence now follows from Lemma 7.4.4 and an abstract result of [GMO5,

Theorem 3.1]. For p as in Assumption 7.1, let V' : L? — R be a measurable function and define

llollv = supgerr % and ||v||y := supyy, <1(v; @) for a signed measure v.

Theorem 7.4.5 Let a > 2/3. Suppose that Assumption 7.1 holds with s > 3 — 2« and let
V(x):=1+4 ||z||}, for p as in Assumption 7.1. Then there exist Ceyx, > 0 and a > 0 such that

1P 0z = pellrv < (15702 — pllv < Cexp(1+ [[ol[Z0)e™ ",

for all t > 0 and ¢ € LP, where || - |7y is the total variation distance on measures.

Proof By a similar argument as the proof of Lemma 7.4.3 we obtain P,(z, W) =1 for = € L*.
By [GMO05, Theorem 3.1], we need to verify the following four conditions,

1. the measures (P;(x,+))t>0zerr are equivalent,

2. © — Py(z,T") is continuous in W for all ¢ > 0 and all Borel sets I' C H,

3. for each R > 1 there exist 77 > 0 and a compact subset K C W such that

inf Pr(z,K) >0,

lzllLr <R

4. there exist k,b,c¢ > 0 such that for all £ > 0,

E(0)N17:) < kllelfe™ +c.
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Condition 1 can be verified by [GMO05, Lemma 3.2] and P;(z, W) = 1 for = € LP. The other
conditions can be verified by Theorem 7.3.2, Lemma 7.4.4 and Proposition 7.4.2. 0

Remark 7.4.6 (i)For a@ > % we can get a better result following a similar argument as in
[RO8]. Namely, there exist Ceyp > 0 and a > 0 such that

1P 6ay = pillry < P70 — ptlly < Cexp(1 + 20]*)e™,

for all t > 0 and o € H. Here P, could be every Markov selection associated to the solution of
equation (3.1).

(ii) The reason why o > % is needed, is as follows: As in Theorem 7.1.2, we can prove P; is
H#-strong Feller with s > 3 — 3. And for a solution 6 of equation (3.1) starting from = € H,
we can prove that it will enter H* only under our condition on the noise. If the process 6 enters
H?, we can prove that it satisfies the above four conditions. Hence, to obtain exponential
convergence for every x € H, we need the process starting from z € H to enter H°. Hence we
need 3 —3a < s < a, i.e. a > %.
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