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Abstract. Given an ergodic semigroup of transformations Tt of a probability
space (X,A, µ), we introduce and study measures on X induced by mappings
s 7→ Ttsx from [0,+∞) to X and probability measures on [0,+∞). We obtain
several results related the ergodic theorem in the form found recently by Kozlov
and Treshchev.
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Let (X,A, µ) be a probability space, let Aµ be the completion of A with respect
to µ, and let {Tt}t≥0 be a semigroup of transformations of the space X (i.e., T0 = I,
TtTs = Tt+s) preserving the measure µ, and let the mapping

(t, x) 7→ Tt(x), [0,+∞)×X → X,

be measurable with respect to the pair of σ-algebras B([0,+∞))⊗Aµ and A, where
B([0,+∞)) is the Borel σ-algebra of [0,+∞). The semigroup {Tt} is also called a
semiflow. The invariance of the measure µ with respect to Tt means that the image
of the measure µ under the mapping Tt coincides with µ, i.e., for every bounded
A-measurable function ϕ, one has the equality∫

X

ϕ(Tt(x))µ(dx) =

∫
X

ϕ(x)µ(dx), t ≥ 0.

Let f be a bounded A-measurable function. In papers [1] and [2], V.V. Kozlov
and D.V. Treshchev have shown that, for every absolutely continuous probability
measure ν on [0,+∞) with a density % with respect to Lebesgue measure, the
functions

Ft(x) :=

∫ ∞

0

f(Tts(x)) ν(ds)

converge to a limit f(x) for µ-almost all x as t → +∞, where f is the function
to which, by the Birkhoff–Khinchin ergodic theorem (see [3], Ch. 1, §2), the time
averages

1

t

∫ t

0

f(Ts(x)) ds

converge for µ-almost all x as t→ +∞. We recall that f is the conditional expecta-
tion of f with respect to the σ-algebra T generated by all µ-measurable functions ϕ
with the following property: for every τ ≥ 0, one has ϕ(Tτ (x)) = ϕ(x) for µ-almost
all x ∈ X. If the dynamic system under consideration is ergodic, then f is the
constant equal to the integral of f with respect to the measure µ, i.e.,

lim
t→+∞

∫ +∞

0

f(Tts(x)) ν(ds) =

∫
X

f(y)µ(dy). (1)

1
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Although this interesting result is readily deduced from the individual ergodic the-
orem (which is equivalent to the case where ν is Lebesgue measure on the inter-
val [0, 1]), it is very unexpected, since, at the first glance, the character of averag-
ing in it completely differs from the classic uniform averaging. The observation of
V.V. Kozlov and D.V. Treshchev motivates a consideration of the family of measures
νt,x on X defined as follows: the measure νt,x is the image of the measure ν under
the mapping

St,x : [0,+∞) → X, St,x(s) := Tts(x),
i.e., the integral of any A-measurable bounded function ϕ against the measure νt,x

is given by the formula∫
X

ϕ(z) νt,x(dz) =

∫ ∞

0

ϕ(Tts(x)) ν(ds).

The aim of our work is a study of the character of convergence of the measures
νt,x to the measure µ. In addition, we discuss the case of not necessarily absolutely
continuous measures ν. Finally, we obtain a relationship between the orders of the
integrability of the functions f and % that ensures the validity of the conclusion of
the Kozlov–Treshchev theorem. In particular, it turns out that the boundedness
of f cannot be removed without additional assumptions even if the density % has
bounded support; however, a simultaneous boundedness of the density % and of its
support enables one to take any µ-integrable functions f .

First we consider several examples related to singular measures ν and unbounded
functions f . It should be noted at once that the existence of atoms of the measure
ν excludes convergence of Ft(x) in many cases. For example, if ν is Dirac’s measure
at the point 1, then Ft(x) = f(Tt(x)). If Tt is the rotation of the circle in an angle t,
then there is no limit Tt(x) as t→∞, hence it is easy to find a continuous function
f for which at no x has Ft(x) a limit. The case of an atomless measure is more
interesting.

Example 1. Let X be the unit circle with its normalized Lebesgue measure µ and
let Tt be the rotation of the circle in an angle −t. There exists an atomless singular
Borel probability measure ν on [0, 1] such that for the function f(z) = z, where
z = exp(iθ), θ ∈ [0, 2π), for no z ∈ X has the quantity Ft(z) a limit as t→∞.

Proof. It is known (see [4], §2.2) that there exists an atomless singular Borel prob-
ability measure ν on [0, 1] such that its Fourier transform ν̂ has no limit at infinity.
It remains to observe that Ft(z) =

√
2πzν̂(t). �

The same system shows that a finite limit of Ft(x) may not exist for an unbounded
function f and an absolutely continuous measure ν.

Example 2. Let µ and Tt be the same as in the previous example. There exist a µ-
integrable Borel function f on X and an absolutely continuous probability measure
ν with support in the interval [0, 1] such that we have lim supn→∞ Fn(z) = +∞ for
all z.

Proof. Let us define a probability measure ν by a density % concentrated on the set⋃∞
k=4

[
k−1 − k−3, k−1

]
by letting

%(s) := ck2(ln k)−2 if s ∈
[
k−1 − k−3, k−1

]
, k ≥ 4.

At all other points in [0, 1] we set %(s) = 0; the constant c is chosen in such a way
that ν be a probability measure. Let

f(z) = | sin θ|−1(ln | sin θ| − 1)−2 if z = exp(iθ), θ ∈ [0, 2π).
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Then

Fn(z) =

∫ 1

0

f(exp(ins− iθ)) %(s) ds

=
∞∑

k=4

ck2(ln k)−2

∫ 1/k

1/k−1/k3

| sin(ns− θ)|−1(ln | sin(ns− θ)| − 1)−2 ds

=
∞∑

k=4

ck2n−1(ln k)−2

∫ n/k

n/k−n/k3

| sin(u− θ)|−1(ln | sin(u− θ)| − 1)−2 du.

It is known (see [5], §8) that for every θ ∈ [0, 2π), there exist infinitely many pairs
of natural numbers n and k for which |θ − n/k| ≤ k−2. For such θ, n, k we obtain
that n/k ≤ 2π + 1 and |u− θ| ≤ (2π + 2)k−2 ≤ 9k−2 for all u ∈ [n/k − n/k3, n/k].
Therefore, we have

Fn(z) ≥ ck2n−1(ln k)−2

∫ n/k

n/k−n/k3

| sin(u− θ)|−1(ln | sin(u− θ)| − 1)−2 du

≥ ck2n−1(ln k)−2

∫ n/k

n/k−n/k3

9−1k2| ln(9/k2)− 1|−2 du

=
c

9
k(ln k)−2| ln 9− 2 ln k − 1|−2.

Hence lim supn→∞ Fn(z) = +∞. We can also take f(z) = | sin θ|−p, p ∈ (1/2, 1), or
even f(z) = | sin θ|−1/2(ln | sin θ|)3 (however, see Theorem 3). �

Let us note that in the case of an ergodic system, the result of V.V. Kozlov and
D.V. Treshchev has some similarity with convergence of the measures νt,x to the
measure µ in the topology of convergence on every set. However, there might be no
such convergence in its literal meaning, since we obtain convergence for almost all
x after integrating a fixed function f ; so the corresponding measure zero set may
depend on f . For example, let us consider the ergodic group {Tt} of shifts along the
trajectories of the differential equation dz1/dt = α1, dz2/dt = α2 (with incommen-
surable α1 and α2) on the two-dimensional torus S2 with its normalized Lebesgue
measure µ, which is invariant with respect to Tt. For every Borel probability mea-
sure ν on [0,+∞), all measures νt,x are singular with respect to the measure µ,
since every measure νt,x is concentrated on a curve of µ-measure zero. Hence, for
no x, converge these measures to µ on every set (although, for absolutely continu-
ous measures ν, weak convergence holds, as we shall see below). It is interesting to
find sufficient conditions for convergence of the measures νt,x to µ in the topology
of convergence on every set or in the variation norm. Basic facts related to Radon
measures on topological spaces and weak convergence of measures that we use below
can be found in book [6], v. 2.

Theorem 1. Let µ be a Radon probability measure on a completely regular topo-
logical space X such that all compact sets in X are metrizable. Suppose that the
semiflow {Tt} is ergodic. Let the measure ν be absolutely continuous. Then, for
µ-almost all x, the measures νt,x converge weakly to µ as t→∞.

Proof. Let f be a bounded Borel function on X. By the ergodicity, for µ-almost all
x we have

lim
t→∞

∫
X

f(z) νt,x(dz) =

∫
X

f(z)µ(dz).

For every natural number n we choose a compact set Kn such that µ(X \Kn) < 2−n.
Letting f = IKn we obtain that there exists a set X1 ⊂ X with the following
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property: µ(X1) = 1 and for every x ∈ X1 there exists tn(x) such that, for all
t > tn(x), the inequality νt,x(X \Kn) < 2−n holds. Let us choose a countable family
{fn,k} of continuous functions on Kn that is everywhere dense in the unit ball of
the space C(Kn). Since X is completely regular, we can extend fn,k to a continuous
function onX, denoted by the same symbol, that satisfies the condition |fn,k(x)| ≤ 1.
There exists a set X0 ⊂ X1 such that µ(X0) = 1 and, for every x ∈ X0 and all n
and k, the integrals of the functions fn,k with respect to the measure νt,x converge
to the integral of the function fn,k with respect to the measure µ as t → +∞. Let
us show that, for all x ∈ X0, the measures νt,x converge weakly to µ as t → +∞.
Let f be a bounded continuous function on X with |f(x)| ≤ 1. Let ε ∈ (0, 1). Let
us take n with 2−n ≤ ε. One can find a number k such that |f(x) − fn,k(x)| ≤ ε if
x ∈ Kn. Then, whenever x ∈ X0 and t > tn(x), we have∫

X

|f(z)− fn,k(z)| νt,x(dz) ≤ 2ε,

∫
X

|f(z)− fn,k(z)|µ(dz) ≤ 2ε.

This yields the estimate

lim sup
t→+∞

∣∣∣∣∫
X

f(z) νt,x(dz)−
∫

X

f(z)µ(dz)

∣∣∣∣ ≤ 4ε,

which proves our assertion because ε is arbitrary. �

The statement of this theorem may be true for some singular measures ν as well.
However, we do not know whether there exists a continuous singular measure ν
for which the Kozlov–Treshchev theorem remains valid for all bounded measurable
functions f (not necessarily continuous).

Example 3. In the situation of Example 1, there exists an atomless singular Borel
probability measure ν on [0, 1] such that, for every x, the measures νt,x converge
weakly to µ as t→∞.

Proof. It is known that there exists an atomless singular Borel probability measure
ν on [0, 1] such that its Fourier transform ν̂ tends to zero at infinity (see [4], §2.2).
This shows that for every function f of the form f(z) = αzk + βzm with k,m ∈ N,
the equality

lim
t→∞

∫
X

f(z) νt,x(dz) = 0

holds for every x ∈ X. Therefore, for every polynomial f in z and z, on account of
the equality zz = 1 on X, we obtain equality (1). This proves weak convergence of
νt,x to µ. �

Remark 1. Let µ be a Radon measure on a completely regular space X and let
ν be a Borel probability measure on the real line (possibly singular) such that, for
every bounded continuous function f on X, equality (1) holds for µ-almost all x.
Then, for every Borel function g ∈ L1(µ), one has the equality

lim
t→+∞

∫
X

∣∣∣∣∫ ∞

0

g(Tts(x)) ν(ds)−
∫

X

g(z)µ(dz)

∣∣∣∣µ(dx) = 0.

Indeed, let us fix ε > 0. Let us find a bounded continuous function f on X such
that ‖f − g‖L1(µ) ≤ ε. It follows from our assumption and Lebesgue’s dominated
convergence theorem that there exists τ > 0 such that for all t ≥ τ one has the
inequality ∫

X

∣∣∣∣∫ ∞

0

f(Tts(x)) ν(ds)−
∫

X

f(z)µ(dz)

∣∣∣∣µ(dx) ≤ ε.
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It remains to use the estimate∫
X

∫ ∞

0

|f(Tts(x))− g(Tts(x))| ν(ds)µ(dx) ≤ ε,

which follows from Fubini’s theorem and the invariance of µ. In the situation under
consideration, one can choose a sequence tn increasing to infinity such that, as
n→ +∞, the sequence Ftn(x) will converge µ-almost everywhere to the integral of
the function f against the measure µ.

Remark 2. Suppose that X is a locally compact space in which all compact sets
are metrizable. Let µ be a Radon probability measure and let the semiflow {Tt} be
ergodic. Let ν be a Borel probability measure on the real line (possibly singular)
such that, for every bounded continuous function f on X, equality (1) holds for
µ-almost all x. Then, for µ-almost all x, the measures νt,x converge weakly to the
measure µ as t → +∞. This is clear from the proof of Theorem 1 taking into
account that here, too, there exist compact sets Kn with the property that, for µ-
almost every x, there exists tn(x) such that for all t > tn(x) one has the inequality
νt,x(X \Kn) < 2−n. Indeed, by the local compactness of X, there exist continuous
functions ψn : X → [0, 1] with compact supports Kn such that the integral of ψn

with respect to the measure µ tends to 1.

We recall that a family M of nonnegative Borel measures on a topological space
is called uniformly tight if, for every r > 0, there exists a compact set Kr ⊂ X such
that m(X\Kr) < r for all m ∈M.

Theorem 2. Suppose that X is a Souslin (or metric) space and µ is a Radon
probability measure. Let the semiflow {Tt} be ergodic. Let the measure ν be absolutely
continuous. Then, for every ε > 0, there exists a compact set Xε ⊂ X such that
µ(Xε) > 1 − ε and the family of measures νt,x with t ≥ ε and x ∈ Xε is uniformly
tight.

Proof. Since the measure ν can be approximated in the variation norm by a sequence
of measures with bounded support and bounded densities, it suffices to prove our
claim for the normalized Lebesgue measure on the interval [0, a]. For notational
simplicity we shall assume that a = 1. Let ε < 1. Let us find compact sets Kn such
that µ(Kn) > 1− ε24−n. It follows by the ergodicity of {Tt} that, for µ-almost all x,
we have

lim
m→+∞

sup
t≥m

|νt,x(Kn)− µ(Kn)| = 0.

By Egoroff’s theorem, there exist compact sets Cn ⊂ X and numbers mn such that

µ(Cn) > 1− ε24−n, νt,x(Kn) > 1− ε24−n if x ∈ Cn, t ≥ mn.

Let us fix n and set τ = mn. Let t ∈ [0, τ ], x ∈ X. Let λ denote Lebesgue measure
on [0, τ ]. Let us consider the mapping F : (t, x) 7→ Tt(x). By Lusin’s theorem (which
is applicable because every Borel measure on the Souslin space X, in particular, the
image of the measure λ ⊗ µ under the mapping F , is concentrated on a countable
union of metrizable compact sets), there exists compact sets Qn ⊂ [0, τ ] × X such
that the mapping F is continuous on Qn and

λ⊗ µ(Qn) > τ − ε24−n.

The set F (Qn) is compact. Let Qx
n := {t : (t, x) ∈ Qn}. There exist compact

sets En ⊂ X with µ(En) > 1 − ε2−n such that, for every x ∈ En, the inequality
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λ(Qx
n) > τ − ε2−n holds. Indeed, let Q be a measurable set in [0, τ ] × X with

(λ⊗ µ)(Q) > τ − r and let

E := {x ∈ X : λ(Qx) > τ −
√
r}, r ∈ (0, 1).

Fubini’s theorem yields

τµ(E) + (τ −
√
r)(1− µ(E)) > τ − r,

whence the inequality µ(E) > 1−
√
r follows. Let us set

Xε :=
⋂∞

n=1(En ∩ Cn).

We obtain a compact set of measure at least 1− ε. Let x ∈ Xε. We show that the
measure νt,x with x ∈ Xε and t ≥ ε are uniformly tight. Let us fix r > 0. We take
n such that 2−n < r. Since Xε ⊂ Cn, we have νt,x(Kn) > 1 − r for all x ∈ Xε and
all t ≥ mn. Let us consider points t in [ε, τ ], where τ = mn. Set K = F (Qn). For
all t ∈ [ε, τ ] and x ∈ Xε, by the inclusion x ∈ En we have the inequality

λ(s ∈ [0, 1] : ts ∈ Qx
n) = λ(s ∈ [0, 1] : s ∈ Qx

n/t) ≥ 1− ε2−n/ε ≥ 1− r,

since if a set A ⊂ [0, τ ] has Lebesgue measure less than α, then the intersection of
A/t with [0, 1] has measure less than α/t. Finally, we obtain the following estimate
for all t ∈ [ε, τ ] and x ∈ Xε:

νt,x(K) = ν
(
s ∈ [0, 1] : Tts(x) ∈ K

)
≥ ν

(
s ∈ [0, 1] : ts ∈ Qx

n

)
≥ 1− r.

As a common compact set Kr for all measures νt,x with t ∈ [ε,∞) and x ∈ Xε we
take the set Kn ∪K. �

We recall (see [7], Ch. 1) that a continuous nonnegative convex function M on
[0,+∞) is called an N-function if the equalities

lim
t→0

M(t)/t = 0 and lim
t→+∞

M(t)/t = +∞

hold. Its derivative M ′ increases and has a right inverse function v (if M ′ is con-
tinuous and strictly increases, then v is the usual inverse function). The function

M∗(t) =

∫ t

0

v(s) ds, which is an N-function as well, is called the adjoint N-function

for M . Young’s inequality uv ≤ M(u) + M∗(v) holds. For a positive measure η
on a measurable space (Ω,B), let LM(η) denote the Orlicz class of all η-measurable
functions ϕ such that M ◦ |ϕ| ∈ L1(η). For ϕ ∈ LM(η), let

‖ϕ‖M := sup

{∫
Ω

ϕ(ω)ψ(ω) η(dω) :

∫
Ω

M∗(|ψ(ω)|) η(dω) ≤ 1

}
.

For all ϕ ∈ LM(η) we have ‖ϕ‖M <∞ (see [7], §9). We shall say that an N-function
M satisfies the ∆2-condition if, for some k > 0 and t0 > 0, we have M(2t) ≤ kM(t)
for all t ≥ t0. A sufficient condition for this is the concavity of the function M ′ on
some ray. If M satisfies the ∆2-condition, then LM(η) is a linear space. It is known
(see [7], §8) that, for every µ-integrable function f , one can find an N-function M
satisfying the ∆2-condition such that M ◦ |f | ∈ L1(µ), i.e., f ∈ LM(µ).

Theorem 3. Let f be an A-measurable µ-integrable function and let M be an N-
function satisfying the ∆2-condition such that f ∈ LM(µ). If the density % of the
measure ν has support in the interval [a, b] and % ∈ LM∗(λ), where λ is Lebesgue
measure on [a, b], then, for µ-almost all x ∈ X, we have

lim
t→+∞

∫ +∞

0

f(Tts(x)) %(s) ds = ET f(x), (2)
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where ET is the conditional expectation with respect to the σ-algebra T introduced
above. In particular, if the semiflow {Tt} is ergodic, then equality (1) holds.

Proof. We may assume that f ≥ 0. Let fN = min(f,N) and gN = f − fN . For the
bounded functions fN our assertion is true, hence, for µ-almost all x and all N , we
have (2) for fN in place of f . Let ht,x,N(s) = gN(Tts(x)). Let us apply the inequality∫ b

a

gN(Tts(x))%(s) ds ≤ ‖ht,x,N‖M‖%‖M∗ (3)

(see [7], §9). By the µ-integrability of the function y 7→M(gN(y)), we have

lim
t→∞

∫ b

a

M(gN(Tts(x))) ds = (b− a)ET (M ◦ gN)(x)

for µ-almost all x. Let ε > 0 be fixed. Since M satisfies the ∆2-condition, according
to Theorem 9.4 in [7], there exists δ > 0 such that ‖ϕ‖M ≤ ε if ϕ ∈ LM(λ) and
the integral of M(ϕ(s)) over [a, b] does not exceed δ. Since lim

N→∞
ET gN(x) = 0 and

lim
N→∞

ET (M ◦ gN)(x) = 0 for µ-almost all x, there exist N and a set E ∈ A with

µ(E) > 1− ε such that

(b− a)ET (M ◦ gN)(x) < δ, ET gN(x) < ε, x ∈ E.

According to what has been said above, for µ-almost all x ∈ E, there exists T (x, ε)
such that for all t ≥ T (x, ε), we have the inequality∣∣∣∣∫ b

a

fN(Tts(x)) %(s)ds− ET fN(x)

∣∣∣∣ < ε,

∫ b

a

M(gN(Tts(x))) ds < δ.

The latter estimate yields the inequality ‖ht,x,N‖M ≤ ε. According to (3) we obtain∫ b

a

gN(Tts(x))%(s) ds ≤ ε‖%‖M∗ .

Thus, for µ-almost all x ∈ E, if t ≥ T (x, ε), then we have∣∣∣∣∫ b

a

f(Tts(x)) %(s)ds− ET f(x)

∣∣∣∣ < 2ε+ ε‖%‖M∗ ,

which proves our assertion. �

Corollary 1. Suppose that the density % has bounded support in an interval [a, b].
Let a function f ∈ Lp(µ) be A-measurable and let % ∈ Lq[a, b], where p ∈ [1,+∞],
q = p/(p − 1) and q = ∞ if p = 1. Then, for µ-almost all x ∈ X, equality (2)
holds. In particular, for any bounded density % with bounded support and every A-
measurable µ-integrable function f , this equality is true µ-almost everywhere. In the
ergodic case, this gives (1).

The assumption of the boundedness of the support of % can be removed if we
require a sufficient decay at infinity.

Proposition 1. Suppose that the density % of the measure ν satisfies the following
condition: there exist positive numbers a(n) such that %(t) ≤ a(n) if t ∈ [n, n + 1),
n = 0, 1, . . ., and

∑∞
n=1 na(n) <∞. Let f be an A-measurable µ-integrable function.

Then, for µ-almost all x ∈ X, equality (2) holds; if the semiflow {Tt} is ergodic,
then (1) holds.
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Proof. Let f ≥ 0 and ε ∈ (0, 1). As above, we write f in the form f = fN + gN .
There exist N ∈ N and a set A ∈ A with µ(A) > 1− ε such that, for every x ∈ A,
the relationships

lim
t→+∞

∫ +∞

0

fN(Tts(x)) %(s) ds = ET fN(x) > ET f(x)− ε,

lim
t→+∞

∫ 2

1

gN(Tts(x)) ds = lim
t→+∞

∫ 1

0

gN(Tts(x)) ds = ET gN(x) < ε

hold. Keeping x ∈ A fixed, we choose τ > 1 such that, for all t ≥ τ , the convergent
quantities in the above expressions differ from the corresponding limits in at most ε.
Notice that∫ n+1

n

gN(Tts(x)) %(s) ds ≤ a(n)t−1

∫ t(n+1)

tn

gN(Tu(x)) du

≤ a(n)t−1

∫ 2tn

tn

gN(Tu(x)) du = a(n)n

∫ 2

1

gN(Ttns(x)) ds ≤ 2εa(n)n

whenever t ≥ τ . Therefore,∫ +∞

0

gN(Tts(x)) %(s) ds ≤ 2εa(0) + 2ε
∞∑

n=1

na(n),

which yields our assertion. �

For periodic systems, the condition on % can be further weakened by requiring
only convergence of the series

∑∞
n=1 a(n). It is unclear whether the boundedness of

% alone is sufficient. It is clear from our reasoning that in order to have (1) in the
ergodic case, it suffices to have an estimate of the form

lim sup
t→∞

∫
X

|f(z)| νt,x(dz) ≤
∫

X

|f(z)|µ(dz)

for µ-almost all x.

Remark 3. (i) In the case where the system is not ergodic, we can pass to the
decomposition into ergodic components. If (X,A, µ) is a Lebesgue–Rohlin space
(see [6], §9.4), then, according to [8], there is a measurable partition of the space X
into elements C equipped with conditional probability measures µC such that, for
almost every (with respect to the measure on the factor-space) partition element C,
the semigroup {Tt} acts in C and is ergodic with respect to the measure µC . Then,
for almost every partition element C and µC-almost every x ∈ C, Theorem 1 and
Theorem 2 hold for the measures νt,x provided that the measure µ in their statements
is replaced by µC . If X is a Souslin space, then the elements C can be chosen Souslin
as well.

(ii) The result of V.V. Kozlov and D.V. Treshchev, as well as our Theorem 3,
remain valid with the same proofs in more general situations where the individual
ergodic theorem holds: see, for example, Theorem 5 in §7 of Chapter VIII in book [9],
where one deals with semigroups on L1(µ).
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DFG Grant 436 RUS 113/343/0(R), the INTAS Grant 03-51-5018, Forschergruppe
spektrale Analysis und stochastische Dynamik and the SFB 701 at the University
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