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∑
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G>:9HO:9D @9
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∑

i=1
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∑
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Kji
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;L9 M9Y?9M D=G =:;L:K N>L <B9 J;L;G 9<9LD
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F_I
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R VK 9?9LEK H>?D9LQ;<=>? <B9?

T ′

m′ = T + K − K ′ −
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+AB9L9 <B9 O?=>? =D >Q9L ;:: Q9H<>LD
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DOHB <B;< N>L <B9 ;LL;K
Ā =
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∑
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P (t; j1, T1|j, T ) =
∑

r

P (r)(t; j1, T1|j, T )
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1
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∑
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∫
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+
∑

j

∫
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ω
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~x(t, ω)
T <B9? ;< <=G 9

t + s

~x(t + s, ω) = ~x(t, ω) + ~v(ω)s
F�I

O?:9DD <B9 ?9C< 9Q9?< F
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> HHOLD
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XΛ(t)
T <B9 D<;<9 DJ;H9 >N

<B =D JL> H9DD =D <B9 D9UO9?H9 >N Y?=<9 ;LL;KD
Xi = {ji, ~xi, ~vi}

R XBOD 9;HB J;L<=H:9
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B;D ; J=9H9A =D9 :=?9;L <L;
 9H<>LK =? <B9 <=G 9 =?<9LQ;:

(τi, σi)
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X∞(t)

>N <B9 JL>H9DD9D
XΛ(t)
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>N J;L<=H:9D >N <KJ 9D
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Q>:OG9

Λ
R 89G =?M <B;< N>L <B9 =M9;: E;D >N <B9
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<KJ9 J;L<=H:9D <B9 EL;?M

J;L<=<=>? NO?H<=>? >N <B9 � =@@ D M=D<L=@O<=>? =D

Θ(j, β) =

∞
∑

nj=0

1

nj !

(

nj
∏

i=1

∫

Λ

∫

R3

∫
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d~xj,id~vj,i

)

exp β(nj(µj −Kj)−

nj
∑

i=1

mjv
2
j,i

2
) =

=

∞
∑

nj=0

1

nj!
(Λλ)nj exp β(µj − Kj)nj = exp(Λλj exp βµ̂j)
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λj = β−

3
2 (

2π

mj

)
3
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Θ =
J
∏
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M=D<L=@O<=>? A =<B H>?H9?<L;<=>?
cj
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Λ
λ−1

j ) = µj,0 + β−1 ln cj + Kj ,
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AB9L9
µj,0 = −β−1 lnλj
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G
;?M <B9 :=G =<=?E � =@@D NL99 9?9LEK J9L
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R XB9 9?9LEK >N 9;HB >O<D=M9 G>:9HO:9 =D ;DDOG9M <> B;Q9

χ2 M=D<L=P@O<=>? A =<B
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<B9L9 =D �>=DD>? JL>H9DD A =<B D>G 9 L;<9

h
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2 exp(−βx)
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χ2 A=<B A =<B =?Q9LD9

<9GJ9L;<OL9
β
R \< =D HLOH=;: B9L9 <B9 OD9 >N <B9 DH;:=?E :=G =< N>L N;D< L9;H<=>?D R

XBOD T =? <B9 <B9LG>MK?;G =H :=G =< A9 E9< <B9 9UO;<=>?D A =<B>O< <B9 9?9LE=9D T
<B;< =D <B9 H:;DD=H;: HB9G =H;: Z=?9<=HD

dcj(t)

dt
=
∑

r

Rj,r(~c(t)) + f(cj)
F^^I

����� �� � � ������ �
��� � � � �

� ���� ������ ��� 
����� ������ � ���
�� �� ����� ���
� ���� fDDOG9 ?>A <B;< <B9 H>?<=?O>OD <=G 9 e;LZ>Q HB;=?
>?

{1, ..., J}
A=<B L;<9D

ujj′
=D =LL9MOH=@ :9 R �9 D;K <B;< <B=D e ;LZ>Q HB;=? =D

H>GJ;<=@:9 A =<B <B9 9UO =:=@L=OG H>?M=<=>?D

µ1 = ... = µJ

F^�I
=N =<D D<;<=>?;LK JL>@;@=:=L=9D

πj

T >L D<;<=>?;LK H>?H9?<L;<=>?D
cj,e = πjc

T D;<=DNK
<B9 N>::>A =?E H>?M=<=>?D

ln c1,e + (µ1,0 + K1) = ... = ln cJ,e + (µJ,0 + KJ)

� ����� XB=D H>GJ;<=@=:=<K H>?M=<=>? DB>O:M ;JJ9;L ?;<OL;::K =? :> H;: MK?;GP
=HD T @O< =< =D ?>< H:9;L B>A <> M9MOH9 =< =? <B9 G 9;? Y9:M MK?;G =HD R �><9
<B;< L9Q9LD=@=:=<K =D ?>< ; DOd H=9?< H>?M=<=>? N>L <B9 H>GJ;<=@=:=<K H>?M=P
<=>? R

X> 9CB=@=< G>?><>?=H=<K N>L MK?;G =HD >?9 ?99MD DJ9H=;: �K;J>O?>Q NO?H<=>?D =?
<B9 DJ;H9 >N M=D<L=@O<=>?D R S>L e ;LZ>Q HB;=?D <B=D =D <B9 e ;LZ>Q 9?<L>JK A =<B
L9DJ9H< <> D<;<=>?;LK G 9;DOL9

πj

SM =
∑

pj ln
pj

πj

D99 N>L 9C;GJ:9 ]^�` R
89G =?M <B;< <B9 9UO=:=@L=OG NO?H<=>? P � =@@D NL99 9?9LEK

g(t)
P O?M9LE>9D

M9<9LG =? =D<=H 9Q>:O<=>? <>E9<B9L A =<B <B9 J;L;G9<9LD
µj

>L
cj

R �9 A =:: DB>A <B;<
;< ;?K <=G 9 G>G9?< =< H>=?H=M9D A =<B <B9 e ;LZ>Q 9?<L>JK OJ <> GO:<=J:=H;<=Q9
;?M ;MM=<=Q9 H>?D<;?<D R
������� \N <B9 H>GJ;<=@ =:=<K H>?M=<=>? F^�I B>:MD T <B9?

g(t) = µc +
1

βC
SM (t)

F^�I

;?M G>?><>?9 @9B;Q=>OL >N <B9 � =@@D NL99 9?9LEK M9?D=<K N> ::>A D R

^




� L>>N R �9 B;Q9

g = lim
Λ

G

Λ
=
∑

j

cjµj = β−1
∑

j

cj ln cj +
∑

j

cj(µj,0 + Kj) =
F^� I

= β−1
∑
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