ON THE MONGE-AMPERE EQUATION IN INFINITE DIMENSIONS
VLADIMIR I. BOGACHEV, ALEXANDER V. KOLESNIKOV

ABSTRACT. We prove that the optimal transportation mapping that takes a Gaussian
measure v on an infinite dimensional space to an equivalent probability measure g -~y
satisfies the Monge-Ampere equation provided that logg € L(v) and glogg € L'(v).

1. INTRODUCTION AND MAIN RESULT

The Monge—Kantorovich problem and the Monge—Ampere equation have become a very
popular object of research in the last decade (see [1], [15], [20], where one can find addi-
tional references). In the finite dimensional case, considerable progress has been achieved
by Brenier [5] and McCann [13], whose works stimulated a growing flow of publications.
Among important earlier contributions one should mention Sudakov’s research [16]. In this
paper we are interested in the infinite dimensional situation and extend several recent re-
sults from [9], [10], [11]. Our principal contribution is a derivation of the Monge-Ampere
equation for transformations of Gaussian measures on infinite dimensional spaces. We
shall use the following important existence result from [9]. Let X be a locally convex
space and let v be a centered Radon Gaussian measure on X with the Cameron-Martin
space H. The natural inner product in H is denoted by (-, -)g; the corresponding norm
is | - |g. One may assume without loss of generality that X = R>, the countable power of
the real line, and that ~ is the countable power of the standard Gaussian measure; then
H = [?. Suppose that we are given a probability measure g - v such that

Wilr.g = it [ ool dm(n, ) < o
meP(1,97) J X x X

where P(v, g-) is the set of all Radon probability measures on X x X whose projections

on the first and second factors are v and g - . Then there exists a unique Borel mapping

T: X — X sending v to g-~y such that Wx(y,g-v)? = / |T(x) — x|3 dy. This mapping
X

is called the optimal transportation plan or the optimal transportation mapping. An
effective sufficient condition for Wy (v, g - ) to be finite is the finiteness of entropy

Ent,g := / gloggdy < oo.
b'e

This is a consequence of the Talagrand inequality ([18], see also [12] for other inequalities
of this type). This transportation plan has the form 7' = I + V®, where ® belongs to
the Sobolev class W2!(y) and is 1-convex (see the definition below). If g > 0 v-a.e. and
logg € L'(v), then there exists a mapping S such that T" and S are reciprocal, i.e., one
has

ToS(x)=SoT(zx)=x for~y-ae. x.
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Moreover, S realizes the optimal transportation plan that takes g-vtoyand S = I+VVU,
where U € W2!(v) is 1-convex.

The Monge-Kantorovich problem can be considered also from the point of view of
partial differential equations. Suppose we are given two probability measures f dx and
gdzx on R™ and the corresponding optimal transportation plan 7', which is known to be the
gradient of a convex function V. Performing formally the change of variables we obtain
f =g(VV)det D*V. This formula is a partial case of the Monge—Ampere equation. The
following rigorous result was obtained by McCann [14] (see also [20]).

Theorem 1.1. (McCann) Let p = fdr and v = gdz be two absolutely continuous
probability measures on R™ such that p is equivalent to Lebesgue measure and let V' be
a convex function such that VV takes pi to v. Let det(D2.V) be the determinant of the
density D2V of the absolutely continuous part of D*V (i.e., the determinant in Alexan-
droff ’s sense). Let M be the set of points where D2V is defined and invertible. Then M
s of full p-measure and for almost all x € M one has

f(@) = g(VV(x))det DLV ().

Before we discuss the situation in the infinite dimensional case, let us introduce some
notation. Let L?(y, H) denote the Hilbert space of H-valued y-measurable mappings v

with finite norm
1/2
ol = ( /X |v<x>|iv<dx>) .

The Hilbert—Schmidt norm of a symmetric operator A on H is defined by
° 1/2
Al = (D (Aes, Ae))
i=1
where {e;} is any orthonormal basis in H. Every vector h € H corresponds to a ~-
measurable linear functional  on X such that (h,k)y = (h, k)12, for all k € H and

I(h) = /X (@) () 7(de)

for all I € X*. The functional h belongs to the closure of X* in L2(7); see [2] for details.
Set x; := €;(x). As noted above, one may assume that we deal with the standard Gaussian
product-measure on R> and then ¢; is the usual ith coordinate function. The o-algebra
generated by ey,...,e, is denoted by F,. The space of smooth cylindrical functions,
denoted by FCp°, consists of all functions of the form ((xy,...,z,), where ¢ € C°(R")
for some n.

The Sobolev class W*!(v) consists of all functions f € L?(y) that have a generalized
gradient V f € L?(v, H) along H such that

/Xahwfdvz—/XSO(Vf,h>Hd7+/Xsafﬁdv

for all h € H and ¢ € FCy°, where 0y, is the partial derivative along h. The Sobolev class
W2(vy, H) of H-valued mappings is defined in a similar way (see [2] for details). The
Sobolev class W?22(y) consists of all twice weakly H-differentiable functions with finite
norm

1 f w2z = (/ f2d7+/ IVfl?qd%L/ ||D2f||31d7>2‘
X X X
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The Ornstein—-Uhlenbeck semigroup {F;} on LP(), 1 < p < oo, is defined by
P f(x) == / f(e*tx + VI —e 2 y) v(dy).
X

Let £ be the generator of {Pt} on L?(v). We recall that £ is an extension of the operator
Agf — <x VHf>H = Z (92 f — ;0. f) acting on smooth cylindrical functions. The

divergence of an H- Valued vector field F' is defined by
OF :=Y (0c,F' = a;F"), F'=(Fe)p
i=1
if F'is smooth cylindrical; then divergence extends to vector fields from the Sobolev space
W=y, H).
Given a function f € L'(y) such that flog f € L'(v), one defines Lf in the sense of

distributions as the linear functional ¢ — / fLpdyon FC© (note that fLyp € L'(y) by

X
Young’s inequality). If f € L?(v), then Lf is a continuous linear functional on W%?2(~).
Convergence in the sense of distributions over (X, ~) is understood as pointwise conver-
gence of linear functionals on FCy°.

We recall the definition of a §-convex function introduced in [8]. Let F': X — RU{oo}
be a measurable mapping such that y({F < oco}) > 0 and let § € R'. Let

0
Fy: Hx X — RU/{o0}, Fg(h,w+h):§|h\§{+F(w+h).

Then F is called #-convex if for all h,k € H and a, 8 € [0,1] with a 4+ § = 1, one has
Folah + Bk, w + ah + Bk) < aFy(h,w + h) + BFp(k,w + k) ~-a.e.,

where the measure zero set on which this inequality fails may depend on h, k and «. See
8] for some equivalent definitions.

We recall that a Radon measure p on X is called Skorohod differentiable along a vector
h € X if there exists a Radon measure dj,u such that for every smooth cylindrical function

¢ one has

/ 8h€ / C dh,u d:)j
Note that v is differentiable along any h € H and d,y = —h - v. The second order
derivative is defined inductively as d?,u := dj,(dpp). In this paper we are especially

interested in the second derivatives of the 1-convex potentials ® and ¥. In our case ®
and U admit the first Sobolev derivatives V& and VU along H. We define ®;;, where
k,h € H, as a Radon measure satisfying the relation

/C ) @ (dix) /@LC )0k ®(x) y(dx) + /C )0k ®(z)h(x) v(dx).

If 0,® is differentiable in the Sobolev sense, then, according to this definition, ®y, =
(9h8k61> <.

The density of the absolutely continuous part of @y, (with respect to ) is denoted by
®2¢ and the singular part is denoted by ®;"¢. Note that by 1-convexity ®;7¢ is a nonneg-
ative measure (Corollary 2.4). In the case when there exists an H-valued measure with
matrix elements .., we denote this measure by the symbol D*®. If Y- |92 (z)[> < oo
~v-a.e., then the H- Valued mapping with matrix elements ®%°, e, 18 denoted by the symbol
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D2.® (even if D?*® does not exist). If the measure D?*® exists and has bounded variation
as an H-valued measure, then D2 ® is the density of its absolutely continuous part with
respect to . Below we give some sufficient conditions for the existence of D?®. We recall
that if a measure m on X with values in the Hilbert space H is of bounded variation,
then it has the form m = F'-mg, where my is a bounded nonnegative measure on X (e.g.,
the total variation of m) and F' is an my-integrable mapping with values in H. Let mj°
be the absolutely continuous component of m, with respect to 7; the measure F'- m{° is
called the absolutely continuous component of m with respect to 7.

If a number n is less than the dimension of a matrix B, we denote by B,,«, the n x n-
matrix defined by Byx,(i,7) = B(i,7), 1 <i<n,1 <j<n.

The conditional expectation of f € L'(v) with respect to F, is denoted by IE( f|F,,). Set
P,x =" €(x)e;. The measure vy can be represented as a direct product v = 7, ® F,,
where 7,, = yo P, and 7, is the image of v under the projection x — x— P,z on the space
XM = {z: 2 = v — P,x}. If one deals with the standard Gaussian product-measure,
then 7, and 7, are product-measures on the corresponding spaces. It is known (see [2])
that

E(f|1F)(z) = ) f(x + 2)7n(dz).

X (n
The operator IE(-|F,) extends to bounded Radon measures as follows: IE(m|F,) is the
restriction of a measure m to the o-algebra F,,. It is verified directly that PIE(f|F,) =
In this paper we consider the following problem: when do the potentials ® and ¥ satisfy
an infinite dimensional analog of the Monge-Ampere equation? The heuristic formulas
for the Monge—Ampere equation are

1
g = deto(I + D*¥) exp (c\p - E\vqfﬁ{), (1.1)
1 _ 2 1 2

S = dell + D®) exp(.c(b 21vq>\H). (1.2)

Here dety denotes the Carleman-Fredholm determinant which is defined for any symmetric
Hilbert—Schmidt operator A by the formula

deto(1+ A) = [T+ \)e™,
i=1
where \; are the eigenvalues of A counted with their multiplicities. Note that if I +A > 0,
then dety(1 + A) < 1, because (1 + N)e ™ <1 for all A > —1.

Diverse results on the change of variables formula for general nonlinear shifts along the
Cameron—Martin space can be found in [2], [19]. However, these results do not seem to
be directly applicable to our case.

As the first step one has to show that all the objects involved in equalities (1.1) and
(1.2) exist indeed. It has been shown by Feyel and Ustiinel in [9] that £& (considered
as a distribution on the space (X,7)) is a Radon measure if ¢ < C. The density of its
absolutely continuous part with respect to 7 is denoted by L,.®. Similarly, if g > ¢ > 0,
then £V is a Radon measure, and £, .V is the density of its absolutely continuous part
with respect to 7. Another result from [9] states that if 0 < ¢ < g < C, then

1
g(T)lim, deto[I + D2 IE(B|F,)] exp (EaCQD - 5|v<1>|§{) <1,
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and
1
g > lim, deto[T + D2IE(W|F,)] exp (.cacxp . §yvqf|’g).

We see that these results give only inequalities instead of the expected equalities. However,
by another result of Feyel and Ustiinel from [10], if —logg is an H-convex function,
which is certainly a very strong restriction, then the infinite dimensional Monge-Ampere
equation holds. A uniform estimate of the second derivative of the potential ® established
by Caffarelli [7] plays an important role in the proof.

The main result of this paper is the following theorem.

Theorem 1.2. Suppose that logg € L'(v), glogg € L'(v). Then there exist H-valued
mappings D2 and D?.® with matriz elements ber., and WET, - and a subsequence {ny}

such that v-a.e. there exist finite limits

EO\I} - n%l—rgo % i i(qucei - xiaﬁi\p)’ ‘CO(D - nlbl_{noo % i nzk(q)a;cei o xiaeiq))' (13)

k=1 i=1 k=1 =1
In addition,
1
g = dety(I + D20) exp(ﬁo\ll - i\wy;), (1.4)
L deto(I + D? @)exp<£ b — 1|V ) (1.5)
g(r) — e e V) |

Furthermore, (I + D2, V)(I + D2.®(S)) = (I + D2.®(9))(I + D2.¥) = I.
(i) Suppose that g > ¢ > 0 and glogg € L' (7). Then LoV = L,V and

1
g = dety(I + D20) exp (cacxp - §|v\1fy§]). (1.6)
11) Suppose that 0 < g < C and logg € ). en Lo = L,.P an
iii) S hat O C andl Lt Then Lo® = L,.P and
1 1
m = detg([ + chq)) exp (EaC(I) - §|VCI>\%,> . (17)

Here and throughout the equality f; = f» for measurable functions means that fi(z) =

fa(z) a.e.

2. AUXILIARY RESULTS AND PROOFS

Before proving our main theorem we make several remarks and prove some auxiliary
results. Let us consider a probability measure g - v and an approximation of g by func-
tions g, — g such that every g, is measurable with respect to F,,. We shall consider
the approximations P1IE(g|F,) and E(g|F,). Let {7} and {S,} be two sequences of
optimal transportatior; plans sending 7 to g, -y and g, -y to v, accordingly. By the finite
dimensional case

T,=1+V®, S,=I1+VVY,,

where ®,, and V¥, are 1-convex functions. It is clear that T}, and S,, are reciprocal, i.e.,
T,08,(x) =S,0T,(x) =2 ~-ae.

It has been shown in [9] that T,, — T and S,, — S in y-measure, hence v-a.e. for some
subsequence (this is explained in more detail in Remark 2.1 below). By the regularity
theory developed by Caffarelli (see, e.g., [6] or [20]) we obtain that ®,, and ¥,, are twice
continuously differentiable in the case of g, = P1IE(g|F;,) (see Remark 2.1(iii)).
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The following important identity was proved in [11]:
Im 1
/ log == gy dy = —/ S0 = Sl d
X 9n 2 Jx

+ / [Tr(DSn(DSm)‘l—I) —logdet(DSn(DSm)_l)] gy, (2.8)

where DF' denotes the derivative of a mapping F'. Note that both integrands are non-
negative. Letting ¢, = 1 or g,, = 1 we obtain the following relations:

1 1
/log—d'y: —/ \Sn(a:)—xﬁ{fy(dx)—/ log deto DS, d, (2.9)
be 2 Jx b

n

1
/gmloggmd7=§/ !Sm(ﬂﬁ)—x\?{gmv(dﬂﬁ)—/ log dety [(DSp) | gmdy.  (2.10)
X X X

These formulas give the following estimates of the transport cost:

1 1 1
—/ IV‘PnI?{dVS/log—d% —/ IV@nI%dVS/gnloggndv' (2.11)
2 Jx X g 2 Jx X

The second inequality is the well-known Talagrand inequality. An immediate consequence
of (2.8) is the existence of an optimal transport S sending ¢ -~ to 7. Another useful
consequence of this identity is a result on convergence of DS, and (DS,)™" (see [11]). In
Theorem 2.2 below we obtain an important extension of this result.
Let us write
(I +K,)?:=DS,=1+D*V,, (I+L,)*:=(DS,)",
where K, and L, are mappings with values in the space of symmetric operators.

Remark 2.1. (i) Suppose that logg € L'(v) and glogg € L'(~). Throughout the paper
we consider the following two types of approximations of g by cylindrical functions:

gn = IE(g|F,) and g, := IE)(P%gU-"n).
By the martingale property g, — ¢ in L' () and y-a.e. Moreover, it follows from Jensen’s

~ ~ 1
inequality that the sequences of entropies / Jnlog g, dv and / log — d~y are monotone
X X

n

and converge to / glog gdvy and / log g dy, respectively.
X X

(ii) Let Sy (z) := 2+ VU, (z) and T,(z) := 2+ VP, (z) be the optimal transports taking
Jn -y to v and v to g, - 7, respectively. One has U,,d, € W?21(v). By a result from [9]
one has VU, — VU in L2(v, H). Equality (2.8) yields that V&, — V& in L(g-~, H). It
follows from (2.11) that the sequences {VU,}, {V®,} are bounded in the Hilbert space
L2(y,H). Hence V¥, — V¥ and V&, — V& weakly in L2(v, H). In particular, this
implies that LU, — LU and £&,, — L& in the sense of distributions on (X, 7).

(iii) The approximations g, enjoy even better properties. It is well-known that if g €

LP(~) for some p > 1, then g, = IE(P1g|F,) € FCy°. If we only have / gloggdy < 0,

X
then g, = P1IE(g|F,) is twice continuously differentiable. This is verified by Young’s
inequality using that fact that E(g|F,)log IE(g|F,) € L'(). By the contracting property
of the Ornstein—Uhlenbeck semigroup and convergence P1g — ¢ in L*(v) we obtain that

gn — g in L(7). Passing to a subsequence one can assume without loss of generality that
gn — g 7-a.e. It can be proved by the same arguments as in (i) that convergence of the
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corresponding entropies holds also in this case. Apart from the well-known smoothing
properties, the Ornstein—Uhlenbeck semigroup possesses other nice properties related to
the optimal transport. It has been noted in [9] (however, without proof) that V&,, — V&
in L?(~y, H), hence a subsequence converges v-a.e. Convergence VW, — VW in L?(g-~y, H)
follows easily from identity (2.8). Let us briefly discuss the case of ®, which is needed
for our purposes. In order to avoid a repetition of lengthy arguments in the proof of
Theorem 4.1 in [9] we only comment on the steps where some difference between the two
cases appears. Set Gy(x,y) = g(e_tx +V1—e 2 y) and consider the optimal transport
T7: X xX — X x X sending 7 ® v to Gy - (7 ® 7). Since

Wi (v®7,(9-7)®7) =W5(v,9-7) =/ V|3 dy
X

and Gy - (y® ) is the image of (¢-7) ® v under a measure-preserving H-orthogonal linear
operator, we have

Wi (v @7, G- (v®7) =Wilv,9- 7).

The projection of Gy - (7 ® ) onto the first factor is Pyg - v. Let u € P(X? x X?) be the
solution of the Monge-Kantorovich problem for the couple of measures (7@7, Gy (’y®’y)).
The projection of i on the first factor X? is a probability measure with the marginals
and P,g - ~v. By virtue of optimality one has

W31, Pig-7) <Wi(v®@7,Gr- (v®7)) = Wi(v.g- 7).

Since P1g — g in L'(v), by the semicontinuity of the function x — |z|; we obtain that

lim, W3(v, Prg ) > W3 (7,9 - 7),
hence

Tim W3(y, Prg-v) = W3(v,9-7)-
Then, following the proof of Theorem 4.1 in [9], one can show that V&, — V& in
L?(v, H). In what follows we may assume without loss of generality that V®,, — V® and

V¥, — VU ~-a.e. Obviously, LV,, — LV and LP,, — L in the sense of distributions.
These remarks will be employed below.

Theorem 2.2. Assume that log g € L'(vy) and Ent,g < co. Let g, = P1,,IE(g|F,). Then
there exists measurable mappings K and L with values in the space of symmetric Hilbert—
Schmidt operators such that, for some subsequence {ny}, the mappings DS,, —I = D*¥,,
and (DS, )t =1 converge y-a.e. to (I+K)*—1 and (I+ L)*>—1I in the Hilbert-Schmidt
norm. Moreover, (I +K)(I+L) = (I+L)(I+ K) = I and the following inequalities hold:

1 1
/log—dvz —/ |v\p|§,d7—/ log dety [(1 + K)?] d, (2.12)
X g 2 Jx X

1
/ gloggdy > —/ V|3 dy —/ log dety [(I + L)?]| g dr. (2.13)
X 2 /x X
In particular,

J (1K1, + 121) min (1, 9) dy < o (214)
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Proof. Passing to a subsequence we may assume that g, — ¢ v-a.e. The hypothesis
logg € L'(v) implies that g > 0 ~-a.e. Let g := inf, g,. As g, = P1IE(g|F,) > 0 y-a.e.,
we obtain that g > 0 7y-a.e. It has been proved in [11, Theorem 6.171] under the stronger
assumption g > ¢ > 0 that, passing to a subsequence which will be denoted by the same
indices, one has K,, — K and L,, — L vy-a.e. in the uniform operator norm. In addition,
(I+K)I+L)=({I+L)({I+ K)=1 ~-ae. This result can be easily generalized to
the present setting. It suffices to follow the proof in [11] and replace the measure ¢ - by
min(1, g) - v in all the estimates. In particular, all the ”almost surely” statements remain
valid.

Let us show almost sure convergence in the Hilbert—Schmidt norm. It has been proved
in [11] that

Tr((f + D)+ K21+ L)+ (I + K)(I + Lp)*(I + K) — 21) 0 yae.

Let us write (I + L)(I + K,)*(I + L) = I + Z,. Since
1

(I + K)(I + La(+ K) = (T + L)1+ K2+ L)

we obtain
Te(I+Zy+ I+ Z,) ' =20)=Te[Z(I+ Z,) '] =0 r-ae.
Since Z, tends to 0 in the operator norm, we obtain TrZ? — 0, hence
I+ LI+ K,)*I+L)—1—0 ~-ae.
in the Hilbert—Schmidt norm. Taking into account that I + K is bounded, we obtain
[(1+K)((I+LYI + K )+ L)~ DI+ K)||,, = (I +K)? = I+ K| — 0 ~-ace.
Therefore,
Tr(2(K, — K) + K2 — K?)” = Tr((K,, — K)2I + K, + K))* =0 7-a.e.

Since I + K is invertible and the operators K, converge to K in the operator norm, we
have Tr(K, — K)*> — 0. Hence K,, — K. Clearly, K? — K2, hence

I+ K)?—1—(I+K)?—1.
The case of (I + L,)*> — I is handled in the same way. In particular, we obtain that
deto[(I 4+ K,)?] — deto[(I + K)?], deta[(I + Ly,)?*] — deto[(I + L)*] ~-ae.

According to Remark 2.1 one has

/gnloggndvﬁ/gloggd% /1oggndv—>/loggdv
X X X X

and VV¥,, — VU ~-a.e. Hence by the relations
(I+V®)o(I+VE) =1, (g-7)o(I+VE) =9

and Fatou’s theorem we obtain inequalities (2.12) and (2.13) from inequalities (2.9) and
(2.10). Inequality (2.14) follows by (2.12), (2.13), and the estimate

—logdety[(I + K)?] —logdets[(I + L)?] > [|K||7, + || L|I3-
In order to prove this estimate we observe that its left-hand side equals

~Tr[(K*+ 2K)(L* + 2L)]
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by the general formula
deto(I + A)deto(I + B) = deta[(I + A)(I + B)] exp Tr(AB)

and the identity (I + K)(I + L) = I. This identity yields KL + K + L = 0. By using
that K and L commute we find

(K% 4+ 2K)(L? +2L) = ~KL(4I + 2K + 2L + KL) = (K + L)(4] + K + L)
=K*+L*+2KL+4(K+L)=K*+L*-2KL
=K+ L*+2K*(I+ K)' > K* + L*.
The proof is complete. O
Remark 2.3. Note that DT,, = (DS,)"*(T,,). Since by Jensen’s inequality

/gnloggndvﬁ/gloggd%
X X

the Radon—Nikodym densities of v o T, ! with respect to v form a y-uniformly integrable
sequence {g,}. Hence one has |DT,, — (I + L)*(T)|| — 0 in measure. Passing to a
subsequence we may assume that | DT, — (I + L)*(T)||» — 0 y-a.e.

It will be shown in Lemma 2.9 that (/ + K(z))? — I and [I + L(T(:Jc))]2 — I coincide
a.e. with D2 WU(z) and D? ®(x), respectively.
Corollary 2.4. Let logg € L'(vy) and glogg € L*(y). Then, for any h,k € H, there
exist bounded Radon measures Wy, and ®p, and one has
1 1

Whi = 9 Wiyt = Unn — Uri], e = 2 [Pensynk) = Prn — D]

In addition, the measures ®;,® and U3,

are nonnegative and one has
O, > (1) y-ae. i >k v-ae.
where
b (K = D)y o= (4 L7 Dy

Proof. We recall that ®, & € W2!(~). By aresult from [4] the measure [<I>+ﬁ2} oy = Fhoy
is twice Skorohod differentiable and the following inequality for its variation norm holds:

i (F" - DI < 20 FM a2, ) + 2100 F" [ 22 -

It follows easily by the Cauchy inequality that ||d, (F"-~)|| < oo, hence ||dZ, (®-7)|| < oo.
Similarly, ||d3, (¥ - v)|| < oco. For any smooth cylindrical function 1 one has

X X X

One has 0p1xV = 0,V + 0, V. By using (2.15) and the identities

/n(a:) U (de) = —/ opnop, v d’y—i—/ En@hllfd’y,
X X X

/77(90) Wk (dz) = —/ 3k773k‘1’d7+/ knopv dy,
X X X
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we find
/ n(x) [‘I’(h+k)(h+k) — Uy, — \Ijkk} (dx)
X

= —/ (@hﬁgkqf + 8k778h\11) d’7 + / n(Eﬁh\I/ + /fzakq/) d’)/.
X

X
Note that

—/ 8h778k\11d'y+/ ﬁn@k\ﬂdvz—/ 8k778h\11d7+/ En(?hllfd'y
X X X X

= / \If(&h&m - ahnif\ - 31#771 + 77?17% - n<h? k>H) dfy'
X

Hence

1

5/ n(x) [\Ij(h+k)(h+k) — Wy — \I’kk} (dx) = / OV dry +/ hnopV dry.
X

Therefore, %[‘Il(thk)(thk) — WUy — \I/kk] = Wpx. The case of @ is analogous.

Let us show that the measures ¥} and P ol are nonnegative. We may assume that
/ﬁ(h) = 1. The function
t — U(x + th) + h(z + th)?/2
is convex, hence its derivative t — 0,V (x +th) +?L(£C +th) is increasing. Suppose that B
is a Borel set such that v(B) = 0 and U},#(B) < 0. One can find a sequence of smooth
cylindrical functions f; such that 0 < f; <1, f; — Ip a.e. with respect to the measure

v+ |¥Ypy|. Hence f; — 0 v-a.e. By the Lebesgue dominated convergence theorem we
obtain

Vi(B) = — Jim ; Onfj(x)0p ¥ (x) y(dx).

We show that the right-hand side is nonnegative. To this end, we note that

lim [0, f;(x) 0¥ () v (dx)

= lim [ (04f;(@)[00%(2) + B+ f,(x)RlOwY (@) + 1)) 7(d),
because

O f;(x)h~(dx) = £i(z)(1 = B2) y(dx)
/, -,

tends to zero as j — oo and the same is true for the integral of f;(z ) [On Y () —{—/ﬁ], which

is clear from the integrability of A2 + ]h@h (x)| and the Lebesgue dominated convergence
theorem. Finally, we observe that

/X (o0 @) + B + Jy ()R () + ) 4 (dx) < 0.

Indeed, one can approximate ¥ in W?%1(v) by functions ¥, € W22(v) with the property
that the functions t — 0,y (x + th) + /f;(x + th) are increasing. Then, by the integration
by parts formula, the integral on the left for ¥, in place of ¥ equals the integral of
—fiOn[0n V() + /ﬁ], which is nonpositive, because f; > 0, 0,0,V (x) + /f;] > 0.

Let us fix a nonnegative function ¢ € FCy°. By Remark 2.1, Fatou’s theorem and
Theorem 2.2 we obtain
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/ knCdy < lim [ (U,)pldy = — lim / (On W, 0nC — Eahqfnc) dy
X n—oo X

n—oo X
= —/ (On WO — ﬁ@h\I/C) dy = / sncdy + / C(z) O3P8 (du).
X X X

By the singularity of W8 we obtain k, < U3¢ a.e. The case of ® is similar. O

Corollary 2.5. (i) Suppose that g > ¢ > 0 for some constant c and glogg € L'(v). Then
there exists an H-valued measure D*VU of bounded variation.

(i) Suppose that 0 < g < C for some constant C and logg € L'(vy). Then there erists
an H-valued measure D?*® of bounded variation.

Proof. (i) Let us show that the finite dimensional measures D?¥,, have uniformly bounded
variations regarded as H-valued measures. Since these measures are given by H-valued
densities (I + K,)*> — I with respect to v, it suffices to have a uniform bound of the
integrals of ||2K,, + K?2||3 with respect to . It is clear from the proof of Theorem 2.2 that
the integrals of || K, |3, against the measure min(1, g) - 7, hence against v, are uniformly
bounded. It remains to observe that ||K?2|j3 < [|K,||3,.

Now let us show that there exists an H-valued measure D*¥ of bounded variation whose
matrix elements are W.,... For every h € H, the derivative of J,¥ along h in the sense
of distributions over Wiener space is nonnegative, hence is represented by a nonnegative
Radon measure vy, (see [17]). This measure is the limit of the sequence of functions
020, = (D*W,h,h)y in the sense of distributions. Let us define the operator-valued
measure D?W¥ by the equality

1
<D2\I/h, k’)H = §(Vh+k: — Up — l/k).

The value of the right-hand side on every fixed Borel set is a symmetric bilinear form.
This is clear from the fact that the integral of any test function 6 against (vp, —vn— 1) /2
coincides with the limit of the integrals of the functions 0(97, , ¥,,— 97V, — 07 ¥, ] against .
The uniform estimate of variations with respect to the H-norm yields that this bilinear
form is generated by a symmetric Hilbert—-Schmidt operator and that the obtained H-
valued measure is of bounded variation. Assertion (ii) is analogous. We only note that
the integral of || K, (T, (2))||3, + || Ln(Tn(2))||3, against v (which appears when we consider
the second derivative of ®) equals the integral of ||K,(z)||3, + || Ln(2)|3, against g, -,
hence is estimated by a constant. 0

The following lemma is a generalization of [9, Lemma 7.2].

Lemma 2.6. Let logg € L*(v). Then LY is a bounded Radon measure and y-a.e. one
has Lo JJE(U|F,) — L.V, If |logg|*g € L' (v), then L® is a bounded Radon measure and
v-a.e. one has L, JJE(P|F,) — L..D.

Proof. Let us approximate g by the functions g, := IE(g|F,) and denote by U, the
corresponding potentials. By the finite dimensional change of variables formula one has

1 ~ 1 _~
log — = =LV, + §yv\pn|§1 —logdety(I + D2.W,,).

n

It is known (see Remark 2.1) that LU, — LV in the sense of distributions. Let us show
that log g, — log g in the sense of distributions. Indeed, according to Jensen’s inequality
for every fixed bounded nonnegative Fy-measurable function 7 and n > N one has
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—/ nlog g, dy < —/ nlE(log g|Fy,) dy = —/ nloggdy.
X X X

As g, — g a.e. and the function xlogx is bounded from below, we obtain by Fatou’s
theorem

1 1y 1 1y 1
h_mn/ nlog —dvy = h_mn/ n(log ~_>~_§n dy = h_mn/ ﬂ(log ~—>~—ng
X dn X 9n’ Gn X 9n’ Gn

1\ 1 1
Z/W(log—>—gd7=/nlog—dv-
X g/9 X g

Hence lim nlog g, dy = / nlog g dvy. Taking into account that
b's X

n—oo

1 ~
lOg - + EaC\Ijn 2 0,

dn
we obtain that log é + LV¥ > 0 in the sense of distributions. We observe that log g defines

an element of the dual to the Sobolev space W*!(v) and L¥ belongs to the dual to
W22(v). Hence logﬁ + LV is a bounded Radon measure (see [17]). It was shown in [9]
that { L. JE(®|F,)} is a submartingale convergent vy-a.e. to L£,.®. The analogous assertion
for U is proved along the same lines. The proof of the remaining assertions in the case
of ® is similar. We only note that it follows from our hypotheses that the integrals of
|log g.(T,)|* against v are uniformly bounded. As g¢,(T},) — ¢(T') in measure, we obtain
that log g,(T,,) — logg(T) in L*(y). The rest of the proof is the same as in the case
of U. 0J

Lemma 2.7. Let A = (a;;) be a symmetric (n+ 1) x (n+ 1) matriz such that I + A >0
and let B = A, xn. Then —logdeto(I + A) > —logdety (I + B).

Proof. Let us take a new orthonormal basis v,...,v, in R™ such that B is diagonal
in this basis and has the eigenvalues by, ...,b, and consider the matrix A in the basis
U1, ..., Up, €nt1. Then TrA = TrB + ay41,41. One can easily show that

~ ai,
det(I + A) = det(I + B) [1 F st — Z:; Tﬂ .
Hence
TrA — logdet(I + A)

2

n g
=TrB + nt1n+1 — IOg det(I + B) - log(l + Aptint1 — Z 111—;)1>

> TrB —logdet(I + B).
The proof is complete. 0
We need also the following technical lemma. Let A denote Lebesgue measure.

Lemma 2.8. Let F': R — R? be a locally integrable mapping such that its derivative
DF in the sense of generalized functions is a locally bounded measure with values in the
space of nonnegative symmetric matrices. Let D, F be the operator-valued density of the
absolutely continuous component of DF and let  := {x: det Dy F'(x) > 0}. Then the
measure Nq o F~! is absolutely continuous.
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Proof. 1t suffices to show that there is a sequence of measurable sets €2, C 2 such that
D\ U2, S has measure zero and each measure A|g, o F/~! has a density. Therefore,
denoting by m(A) the minimal eigenvalue of a matrix A, it suffices to prove our claim for
the restrictions of F' to the sets Q, := {z € Q: m(DaF(z)) > a}, o > 0. Moreover,
it suffices to consider bounded subsets of 2,. We fix numbers o > 0 and § > 0, a
ball B, and a probability density § € C°(R"). Let 0(z) := k%(xz/k) and Fy, = F * 0.
Then Fy(x) — F(z) and D, F * 0x(z) — D, F(x) a.e., since D,.F' is a locally integrable
operator-valued mapping (as a density of the absolutely continuous part of a locally
bounded operator-valued measure). By Egoroff’s theorem, there exists a measurable set
Es C Q, N B such that A((2, N B)\Es) < 0 and the sequence D,.F' * 0;(x) converges
uniformly on Es. Hence we may assume that m((DaoF * 6))(z)) > a/2 for all k and all
r € Es. We observe that

D(F % 0;)(x) = DF % 0 (z) = / Or(x —y) DF(dy)

n

> / 0 — y)DacF(y) dy = DacF  0,(2)

in the sense of quadratic forms, since the singular component of DF also takes values in
the space of nonnegative symmetric operators. Therefore,

m(D(F  6;)(z)) = m(DF * 0y(z)) > m(DacF % 0(z)) > /2, z € Es.

It follows that det[D(F x 0))(z)] > (a/2)¢ for all 2 € Ej, which yields that the measure
wr = Mg, o (F *0;)~' admits a density g < (2/a)? Since the measures py converge
weakly to the measure \|g, o F'~!, we conclude that the latter has a density too. Letting
0 — 0, we arrive at the desired conclusion. 0

In the proof of the next lemma we employ two important results from measure theory
(see [3]). Let u be a finite nonnegative measure on a measurable space (X,.4) and let
{f.} C L'(u) be a norm bounded sequence. Then, according to the Komlds theorem,
there exist a subsequence {h,} C {f,} and a function f € L'(u) such that the sequence
of averages n=! 3" | h,, converges to f p-a.e. In addition, by the Gaposhkin theorem,
such a subsequence can be found with the property that, for every £ > 0, there exists a
subset X, C X such that u(X \ X.) < e and h,, — f weakly in L'(u|x.).

Lemma 2.9. Suppose that logg € L'(v), glogg € L'(vy). Then there exist H-valued
mappings D2V and D?>.® with matriz elements et and VI such that

[+D:V=(I+K)? I+D2®=(+L(T))* y-ae.
In addition, there exist finite limits in (1.3) and formulas (1.4) and (1.5) hold.

Proof. Let us consider the approximations g, = P, /,IE(g|F,) — ¢ and let ¥,, be the cor-
responding potentials such that VW, — VW weakly in L?*(y; H) according to Remark 2.1.
By the finite dimensional change of variables formula one has

1 1
log— = —LT, + §|v\1fn|§{ — logdety (I + D).
By Theorem 2.2, passing to a subsequence, we have ||2K + K? — D?U, || — 0 7-a.e.,
hence we have log dety(I + D*¥,,) — log dets[(I + K)?] y-a.e. Moreover, by Remark 2.1,
we have g, — ¢ and |V, |34 — |VU|% q-a.e. Hence for y-almost all z, there exists a
finite limit

LY(z) = lim LV, (z)

n—oo
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and the following formula holds:

g = dets[(I + K)?] exp (E\If — %yv\m%{). (2.16)

Analogously, taking into account that {%”_1} = {gn} is a y-uniformly integrable sequence
and extracting a suitable subsequence we obtain

1 ~ 1
—— =dety[(1 + L(T))? - -|VP[; 2.1
S = deta [T+ L) exp (L0 — Vol ). (2.17)
where L&(z) = lim L&, (z) for y-a.e. .
We divide the subsequent proof into several steps.
Step 1. Let us show that
LU+ LO(S) = [k + 2k; + I} + 21 — 2:0.,¥ — 5,0.,9(S5)]. (2.18)
i=1
Indeed, taking into account that (I + K)(I + L) = I we find
deto (I + K)?deto(I + L)* = exp[-Tr(K* 4+ 2K + L* + 2L)].
Now (2.17) yields
) . exp(~Te(K? + 2K + 12 +2L)) ) 2
- = = LO(S) — =|VP(S .
g g(TOS) dety [([+K)2] exp( ( ) 2| ( )lH)
Hence by (2.16) we have

5~ 1 1
Tr(K? + 2K + L? +2L) = LV + L&(S) — §|V\If|12q - 5|V<I>(S)\§q.
Finally, we obtain

FO 4 () = STk 24 2k ol 4 Lo, w24 L 2

LY+ LD(S) = Zl[k + 17+ 2k + 20 + 5 (0., 9)” + (0, 2(9)) ]
Taking into account that S;(z) = ;4 0., ¥(z) and 0., ®(S(z)) = x;—S;(x) by the equality
S(z) + V®(S(z)) = z we find

%(aeixp)? + %(8@@(5))2 = —2;0.,V — S;0,,®(S).

The proof of (2.18) is complete.
Step 2. Equality (2.18) yields
LT+ LB(S) = lim [zmqf + LL,mcb(S)} e, (2.19)

where
m m

Lxm¥ =Y [k + 2k — 2,0.,V], Lpm®:=> [IX(T)+2(T) - x;0,,2].

i=1 =1

Let us show that for some subsequence {n;} one has ~y-a.e.

~ 1 ~ 1
LU= lim —> Lign ¥, L= lim —> L, (2.20)
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To this end we consider new approximations of g and S = I + VVU. Set @), = I + F,,
where

=1

Let

n n

1
Un = dety [T 4 (W2, Jnxn] exp <;(\If — 2;0., ) — 2 ;@ei\D)z).
Let 7, be the image of x = > ° €(x)e; under the projection z +— z — Pz, ie., T, =
> e ni €i(w)e;. The measure y can be represented as a product measure v = 7, ® Fy,
where 7,, = v o P;!. For any fixed Z,, the mapping F, can be considered as a mapping
from R™ to R™. Moreover, it is the gradient of a 1-convex function. As by Corollary 2.4)
we have

(I + Kosn)? < T+ (W2, Jnxn (2.21)
and [ + K(z) is invertible y-almost everywhere, we obtain that I + (D2.¥),,x,, on R" is
almost surely invertible. Hence by Lemma 2.8, for 7,-almost every fixed z,, the image of

the measure u,( -, Z,) - 7, where
Un(2,Tn) = Up(z161 + -+ + znen + Tp)
and z = (z1,...,2,) € R" under the mapping
Rz : R" = R" 2z Qu(z1e1 4+ + znen + Ty),
admits a density with respect to the n-dimensional Lebesgue measure. By Theorem 1.1
one has
[Un( -, Zn) - ) © RZ! = Yk, o)
for 7,-almost every fixed Z,, and by Fubini’s theorem (u, - v) o Q" = ¥, (x)-
In the same way we define R,, = I + U,,, where

- i i 0@, 1 < m
Un =) Uneir Upi=(Unei)y = { 0, i > n.
=1

Exactly as above we prove that the measure yo R is absolutely continuous with respect
to v and its density v, satisfies the relation
n n

= dety[I + (PLS,, Jnxn) €XD (Z(@Z’ei — 20, ) — % Z(ae@y).

1=1 i=1

Up O Iip

We set v,(y) :==01if y ¢ R,(X).

Let us apply the above mentioned Komlés and Gaposhkin theorems to the sequence
{un} and the measure v (note that |[u,| 1,y < 1 for every n). For the sake of simplicity
we denote the new subsequence obtained from those theorems again by {u,}. Let uy be
the corresponding limit. Repeating this procedure for the sequence of functions 1/v,(R;)
we may assume that it also admits a limit f., in the sense of the cited theorems. We set
Voo := 1/ foo(iS), where vy (x) := 00 if foo (S)(x) = 0. Hence 1/v,(R,) — 1/vs(T) weakly
in Ly(7|x.) for every e. It suffices to show that

_ . 1 n _ . 1 n
wzhmnﬁmz:lcmq;, cq>zhmnﬁn;@,mq> y-a.e. (2.22)

Indeed, if (2.22) holds, then (2.19) yields that y-a.e. one has
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n

~ - 1
LV + L&(S) = lim — mzl(ﬁx,mllf + LLm®(S))

— 1 — 1
< hmnﬁ mZﬂﬁK,m\I/ + hmnEmZZIEK,mCI)(S),

and the strict inequality in (2.22) is impossible. Furthermore,

" " _ 1 n . 1 n _ ‘ 1 n
LU+ LB(S) = T, - mzl Lrcm¥ +lim, - mzl Lxcm®(S) = LV + lim, ;1 Licm®(S).
Hence we obtain

~ 1 ¢ — 1 ¢ 1 ¢
LP = lim, — Lk m = lim,— Lk m= lim — LK m.
Analogous relations hold for L.
Now let us prove (2.22). First we show that u,, < g v-a.e. Fix a bounded nonnegative

continuous function ¢. One has

/Xsa(S)gdv:/Xsodvz/Qn(x)soclv:/XsD(Qn)und’yZ/Ew(Qn)undv-

As @, — S v-a.e., we have ¢(Q,) — ¢(S) 7-a.e. By the Egoroff theorem one can choose
a compact set K. C X, such that v(X. \ K.) < ¢ and ¢(Q,) — ©(S5) uniformly on K..
By using that wu,, — u., weakly in L;(7|x.), we obtain

K.
Hence

/Xso(S)gdvz/ P(S)uco dy.

K.

Then
/sO(S)gd’yZ/sO(S)uood%
X

X
since we have y(|J, K.) = 1. As S has an inverse mapping 7', for every measurable set B
one can find a uniformly bounded sequence of nonnegative smooth cylindrical functions
n; such that n; — Ip o T a.e., which gives 7; 0 S — Ip a.e., whence

/umdvé/gdv-
B B

This implies the desired estimate u,, < g y-a.e. In the same way the relations

foam = fon= f ez |y

yield that 1/v.(T) < 1/g(T) ~-a.e, hence vy > g ~-a.e.

Now suppose that (2.22) does not hold. Assume that on a positive measure set M
one has LU + & < EH% an:l Lk mV for some 6 > 0. Then, taking into account that
I+ D2® > (I + K)?, we obtain that v|y-a.e.
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n
o1
Ugo = lim — g Uy,
n—oo N,

k=1
k k
= lim — Z deta [T + (W2, )] exp (Z(ngei — 1,0, 0) — % Z(aei\py)
i=1 =1
1 n k 1 k
> nhjg(} exp(ﬁ Z [log dety [I + ( kxk + Z W, — 10, V) — 3 Z(@ei\lf)Q])
k=1 i=1 i=1
1 n k k
= exp( lim - Z [log det [I + ( \I!ac kxk sza&\y Z(@ei‘lf)ﬂ)
k=1 =1 =1
> exp (hmni Z [1og det[(1 + K)2,,] sza W Z(a&\y) D
k=1
n k

~ exp (m% S~ [logdeta (7 + K)2,] + Z K2 4 2k — 230, U — % > @.w7))

k=1 =1 i=1

n k
= dety(I + K)? exp [mn% Z Z(kf + 2k; — :vi(()ei\lf)] eXp(—%|V\I/|§{>

k=1 i=1

~ 1
> deta(I + K)* exp (L0 + 5—§|v\1/|§,) = ge®.

This contradicts the estimate u,, < g v-a.e. Hence LU > hmn L z 1 LxkmV. The case

of L& is considered in the same way.

Step 3. Let us show that I + D2 ¥ = (I + K)? and I + D2.® = (I + L(T))?. Suppose
that at a point x the infinite matrix (\Iffjfej (z)) does not coincide with K (z)* + 2K ().
Then there exist a natural number N and a nontrivial nonnegative symmetric operator
B of finite rank such that B has the same eigenbasis as K (x) and at the point z one has

(I + Knxn)2 + Ban S I + (chlll)nxn

for all n > N and there is no equality for n = N. Hence, at the point x, there is no
equality for all n > N and

det(I + Kpxn)® < det((I + Kpxn)® + Baxn) < det(I + (D2.%),xn)

for all n > N. Since Tr is additive, the relation detso( + A) = det(! + A) exp(—TrA)
yields

deta[(I 4+ Knxn)?] < dety [((I + Kpn)? + Ban)] exp TrB,,xn.
This gives the strict inequality

deto[(I + K)?] < dety[(I + K)* + B] exp Tt B
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at the point x. Therefore, exactly as above, we obtain at x the relations

Uso > lim exp(% 2": _log det [I + \I/gcej kxk Z;p O, ¥ — Z(a@i\p)?D

n—00 L
k=1 =1

Z lim exp(% Z -IOg det [(I + kak + kak Z .Z‘lael\l’ - = Z(ael\ljf])

k=1 i=1

1 -
> lim exp(ﬁ Z log dety [(I + kak)Z + kak]

k
1
+ Z ]{322 + 2]91 + (Bei, el-) — :claez\IJD eXp<—§|V\II‘12q)
i=1

— logdety (I + K)* + B] exp(TeB + L - %pr@[)
> log dety (I + K)? exp(E\If - %|V\If|12q> =g
This contradiction implies our claim. The case of ® is analogous. Note that the equality
(I + Do) (I + Do ®(8)) = (I + Da®(S))(I + Do W) =1
follows from the relation (I + K)(I + L) = I. O

Lemma 2.10. (i) Let g > ¢ > 0 and glog g € L'(v). Then the series Y.~ W& converges
i variation to a bounded nonnegative Borel measure on X.

(i) If 0 < g < C and logg € L'(v), then the series y >, IE converges in variation
to a bounded nonnegative Borel measure on X.

Proof. (i) Let us consider the sequence of functions
Tr(D*W,, + D*®,(S,)) = Tr(2(K,, + Ln) + K2 + L2).
Since (I + K,,)(I + L,,) = I, we have K, L, = —K,, — L,, and
Tr(D*Y,, + D*®,(5,)) = Tr(K, — L,)*.

By Theorem 2.2 and the assumption g > ¢, we have

n

sup/ Tr(Ki + Li) dy < 00,
X
hence

n

sup/ Tr(D2\Ifn + D2(I>n(Sn)) dy := M < oo.
b's
By the integration by parts formula

lm [ (V,)ee, dy = lim Oe, Vpe; dy = / O, Ve, dy = / wes,, dy + \Ifsmg(X)
X

n—oo X n—oo

1
Note that v o S 1 = WlTn) dy. Since sup/ log — dv < 0o, the sequence of densities

nJx
dyo S;t/dy = 1/g,(T,) is uniformly integrable. Since (®y,)c.e, — P2 ~-a.e. (see
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Theorem 2.2 and Lemma 2.9), we obtain (®,)¢,e, © Sn — ®¢,, 0 S in measure. By Fatou’s
theorem one has

M > h_mn/ Tr(D*W,, + D*®,(S,)) dvy
X

> / Tr(D2W + D2.&(S)) dy + Z Pine / Tr(K — L)*dy + Z Wsng(X),
X X

Since Y oo, U8 > 0, we obtain || > 77, UNE|| < co. Case (ii) is considered in a similar

way. 0

Proof of Theorem 1.2. In view of Lemma 2.9 it remains to show (ii) and (iii). Consider
case (ii). We have to prove that if ¢ > ¢ > 0 and glogg € L'(v), then Ly¥ coincides
with £,.V, the density of the absolutely continuous part of the distributional divergence
of VW. To this end we consider yet another approximation of W by the conditional
expectations A,, := IE(V|F,). It is readily verified that A,, is 1-convex. By Corollary 2.5
there exists the H-valued measure D*W¥ of bounded variation. We have the decomposition
D*¥ = D3 V-v+ D3 V. Let us denote by D7, ¥ the matrix whose (7, j)-element equals
(D2 We;, eJ) w if i,j < n and is zero otherwise. Let DZ ., ¥ be defined similarly for the
singular part. Given a bounded Borel measure m on X, let [m],. denote the density of
the absolutely continuous part of m with respect to 7. The same notation is used for
‘H-valued measures. It follows from the integration by parts formula that

D2 A = ]E(Dch\Ij + DSngn\Ij‘f )
- ]E(Dic n\Ij|“7:Tl) [IE<DS21ng n‘lj|‘7:n)] ac

By the Jessen theorem (see [19, Theorem 1.2.1]) and Lemma 2.10 we obtain

i [B(3 we)] =0 ne

U|F,)],. — 0. Since [E(DZ,,,V|F,)],. is nonnegative, the sequence
U|F,)],. converges to zero also in the Hilbert-Schmidt

Hence Tr[IE(D2

of H-valued mappings []E(
norm. We have

sing,n

sing,n

||D§CATL||H HIE acnqj|f ||H+ ||[IE( smgn\Ij|f )} H'H
< B(|| D3 PlllFa) + || [T smgn\l'|f e
< B(|D5 91| Fn) + || E(DZgn Y1 Fn)] oy

As | D2¥||,, € L'(y), we obtain Tim,[| D2 Ayl < || DZ.¥||,, y-a.e. On the other hand,
for every h € H one has

()i, = E(WIIF) + [B(V5 7)), — Ui v-ace.
Hence for y-almost all z we have D2 A,,(z) — D2, ¥(x) weakly in H and

H

51ng n

lim, | D3 A ()|l = | D2 ()]l
Combining this inequality with the previous one we conclude that
lim |[|[D2A,||% = ||D2.¥||3 and lim ||[D2A, — D2¥|x =0 y-ae.

In particular,
lim dety(I + D2A,) = dety(I + D2W)  q-a.e. (2.23)

n—oo
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The justification of convergence |[VA, |3, — |[V¥|3} ~-a.e. follows the same ideas and is
even simpler. According to Lemma 2.6 (the hypotheses of that lemma are fulfilled in the
situation we consider) one has L,.A,, — L,V v-a.e. Let us define w,, by

1 1
log — = —Lacly + §|VA,L|§{ —logdety(I + D2A,,).
w

n

Clearly, w,, admits a limit for v-almost all x. We denote this limit by w.,, and write

log wi =L,V + %|V\D|fq — log dety(I + D2, W).
Exactly as above we prove with the help of Theorem 1.1 and Lemma 2.8 that the mapping
Gn = I + VA, sends w, - v to Ig,(x) - 7. Let us show that w, = g. Let us fix a
nonnegative function ¢ € FCp°. Let LV := LV — L,V - v be the singular part of
the measure £¥. As shown in Lemma 2.9 (see (2.20)) one has LV, — Ly¥U ~-a.e. In
addition, L¥,, > log g, > log ¢, because deto (I + D?¥,,) < 1. By Fatou’s theorem we have

/gﬁoxp dy < lim / (LY, dy < — lim /<V\Dn,vg>H dry
X n—oo X n—oo X

_ / Lo dry + / () Lng D(dr).
X X

Since LgngV is singular with respect to 7, we have LW < £,,¥. Hence wo, > g 7-a.e.
On the other hand, since w,, — w.,, one has

/C(S)woodfyg lim / ((z+ VAL (2))wn(x) v(dz)
X n—od X
= li d dy = S)gdy.
im GH(X)C VS/XC y /XC( )g dvy

Since S is invertible, this implies the opposite inequality by the same reasoning as in
Lemma 2.9. Therefore, we obtain the equality w., = g, which completes the proof of (1.6).
Case (iii) is analogous. O

One can ask about conditions ensuring the absolute continuity of D*¥ and D?*®. A
result of this type can be deduced from Caffarelli’s estimate. It has been shown in [7]
that if the optimal mapping I + V® takes the standard Gaussian measure v on R to the
measure e~V -7, where V is convex, then I + D?® < I. Following Caffarelli’s techniques
it is not hard to prove that if Vi, > —1 + € for some h € R? |h| = 1 and £ > 0, then
1+, < % Analogously one can prove that if a second partial derivative of V' is bounded

from above, then the corresponding second partial derivative of %2 + W is bounded (see
[11] for details). These estimates can be generalized to the infinite dimensional case. In
particular, under this type of restriction on ¢ one obtains the absolute continuity of D*®
and DV (see [11] for details). For example, if D?(—log g) is bounded either from above
or from below, then the corresponding potential (¢ or W) belongs to the Sobolev class
W?22(~). The precise statements are given below. The following proposition generalizes
Lemma 5.1 from [10]. The proof is similar.

Proposition 2.11. Let X = R? and let v be the standard Gaussian measure.

(i) Let g = €® and D*® < M, where M < 1. Then I + D?*® < \/11_7MI. In addition,

[ veray+a-an [ pelar<2 [ glosgar
R4 R4 R4
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(i) Let g = €Y and D>V > —M, where M > —1. Then I + D*U < 1+ M - 1. In
addition,
1

1
VU dy + /D2\112d<2/1 —d.
[verare g [ 10wiay <2 [ ossan

These finite dimensional estimates can be easily generalized to the infinite dimensional
situation. As a result we obtain the following statement.

Corollary 2.12. Let g be a probability density with respect to . Suppose that g = eV,

where the function V is (1 — €)-convex, € > 0. Then ® € W?2(y). If g = "', where W
is an M -convex function for some M > —1, then ¥ € W??(~).
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