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ABSTRACT. A model of interacting quantum particles performing one-dimensional
anharmonic oscillations around their equilibrium positions which form a lattice
74 is considered. For this model, it is proved that the set of tempered Eu-
clidean Gibbs measures is a singleton provided the particle mass is less than a
certain bound ms, which is independent of the temperature 3~!. This settles

a problem that was open for a long time and is an essential improvement of

a similar result proved before by the same authors [5], where the bound mx
depended on 3 in such a way that m.(8) — 0 as 8 — +o0.
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1. THE MODEL AND THE MAIN RESULT

We consider the following model of a quantum crystal. To each point of the
lattice [ € Z? there is attached a quantum particle of mass m performing polarized
(one dimensional) oscillations in the crystalline field around the equilibrium position
at [ and described by its momentum operator p; and displacement operator q;. The
particles interact via a nearest neighbor ferromagnetic potential. The heuristic
Hamiltonian of this model is of the following form

HZE:E%ﬁ+UW4+£§:@rWH{ J > 0. (1.1)
l

nn: [0’

Here the sums run through the lattice Z¢ and "nn” means that the sum is taken
over all pairs [,l’ satisfying the condition |l —I'| = 1. The potential energy U in
the crystalline field is supposed to be a smooth even function U : R — R, which
satisfies a stability condition of the following type

U(t)> A+ Bt*, teR,
1
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with certain A € R and B > 0. Similar models have been studied for many years as
providing quite realistic description of a crystalline substance undergoing structural
phase transitions [17], [32], [36]. They (and their simplified versions) are also used
as a base of models describing strong electron-electron correlations caused by the
interaction of electrons with vibrating ions [19], [33], [34].

If the potential U has a double well shape, the system may undergo a phase
transition [13], [22] connected with the appearance of macroscopic displacements of
particles (see also [18], [28] where a particular case of U was studied). This phase
transition occurs for d > 3 and large enough values of of the inverse temperature
B and of the particle mass m. The large mass limit of this model gives a model of
interacting classical particles moving in the field U (see [4] and Section 3 in [6]),
which certainly undergoes a phase transition. Hence one may say that a phase
transition occurs if the system is close to its classical limit.

Starting from the pioneering paper [31] many efforts were made to show that ”the
more quantum is the model, the less possible is a phase transition”. The first fully
rigorous proof of the suppression of the long range order in models of this type was
done in [38]. This effect was also demonstrated in certain exactly solvable models
[29], [37]. In [3] (see also [23] for the case of multi-dimensional oscillations) it was
shown that not only the long range order but any critical anomaly is suppressed
if the model is strongly quantum. The latter occurs in particular if the particle
mass is small enough. In the present paper we get the strongest result of this type,
which settles the above problem'. Namely, for a class of potentials U, we show
that the Euclidean Gibbs state of the model is unique if the particle mass belongs
to the interval (0,m.), where the bound m. depends solely on the parameters of
the system Hamiltonian and is independent of the temperature. This effect may be
called a quantum stabilization of the crystal since the corresponding condition may
be written in a form similar to the stability condition for harmonic oscillators (see
below).

Now let us make more precise the model, the methods and the result mentioned
above. The potential U is assumed to be of the form

U(t) = bit® +bot* + - +b,4", by €R, by >0, b.>0, r>2. (12)

The momentum p; and displacement ; are defined as unbounded operators on a
dense subset (e.g., on C§°(R)) of the complex Hilbert space H#; = L*(R). For quan-
tum models with finite dimensional phase spaces #H;, Gibbs states are constructed
as positive normalized functionals on von Neumann algebras of observables (see
e.g., [16]). For the model considered, the usual way of constructing Gibbs states
may lead (and leads in fact, see e.g., the discussion in [6] and [21] Chapter IV, pp.
169, 170) to a number of difficulties. In this paper we use the approach, initiated
in [2], in which the Gibbs states are constructed as probability measures with infi-
nite dimensional spin spaces. This enables us to apply the technique of conditional
probabilities (see e.g., [20]) and to define Euclidean Gibbs states as solutions of
the Dobrushin-Lanford-Ruelle (DLR) equation. A full exposition of the Euclidean
approach as applied to the model (1.1) and an extended related bibliography may
be found in the review article [6].

Like for the other models with unbounded spins, the set of all Euclidean Gibbs
states Gg of our model existing at a given 5 may contain elements of no physical

IThis result was announced in [7].
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relevance. In order to exclude them certain conditions restricting the support of
these measures are imposed. The measures which satisfy such conditions and solve
the DLR equation are called tempered Fuclidean Gibbs measures. The set of all such
measures will be denoted by gg.. Since the mentioned restrictions may be different,
there are different kinds of tempered Gibbs measures. We are not going to discuss
this aspect of the Euclidean approach and just mention that the restrictions used
in this paper to define QE are the weakest ones. Hence our set QE includes all
tempered Gibbs measures considered so far (for more details see e.g., [10], [11], [26]
for the quantum case, and [14], [24], [30] for the classical case).

One of the possible ways to study Euclidean Gibbs states is the method of cluster
expansions applied in [25] where, for small values of the mass, these expansions were
shown to converge uniformly with respect to 8. As a consequence, the existence
of a Gibbs state was proved and its certain properties were described. However,
such a convergence does not imply uniqueness because it is impossible to obtain it
uniformly with respect to boundary conditions.

For the model considered in this article, uniqueness of tempered Euclidean Gibbs
measures (with a more restrictive condition on the supporting sets) first was proven
under conditions, which did not involve m [10], [11]. Later, in [5] the uniqueness
was proven for m € (0,m.(8)) with m.(8) tending to zero as f — +oo. In this
paper we remove the 3-dependence of the bound m, and prove the following result.

Main Theorem. There exists my, > 0 such that, for all m € (0,m,) and all
B > 07
G5 = 1.

The paper is organized as follows. In Section 2 we describe the main aspects of
the Euclidean approach and give all necessary definitions. In Section 3 we give the
proof of the above theorem, which is performed in four steps: (i) it is shown that the
uniqueness holds provided all tempered Euclidean Gibbs measures have coinciding
first local moments, which occurs if for every such a measure, its Duhamel function
has an exponential decay; (ii) a uniform bound for all these Duhamel functions
is proved; (iii) it is proved that this bound has an exponential decay if a certain
condition is satisfied; (iv) it is shown that this condition is satisfied if the mass m
is less than some m.,, which is independent of 3. The corresponding statements are
proved in Section 4.

2. EUCLIDEAN GIBBS STATES

The heuristic Hamiltonian (1.1) cannot be defined directly as a mathematical
object and is "represented” by local Hamiltonians H 4, which are essentially self-
adjoint and lower bounded operators in the complex Hilbert space H, = L*(RI4!)
(] - | stands for cardinality). They are indexed by finite subsets 4 C Z?. In standard
situations it is enough to take these subsets as boxes. The local Hamiltonian of the
subsystem in such a box A4 is of the following form

_ (0)
Hy=~3 > aw+ > HY, T>0. (2.1)
nn: [,I'€eA leA

Here the one particle Hamiltonian is

1 1
1 = o=} + sa7 +V(ap), (2:2)
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V(t) = (by +dJ — 1/2)t 4 bot® + - + byt", (2.3)
where b;, j =1,2,...,r are the same as in (1.2). It defines a local Gibbs state
trace (Aexp(—BH /4
Yo a(A) = ( ( ))’
trace (exp(—8Ha))
where 3 is the inverse temperature and the observable A is an element of the C*-
algebra of bounded linear operators on H 4. These states may be completely deter-

mined by means of the corresponding Matsubara functions, which for observables
Ay, oo A and 0< 1 < <--- <7, < B are

(2.4)

TR0 amm) = e {Arexp[—(r2 —71)Halx (25)
X Ag exp[— (13 — T2) H ] X
X ... Agexpl[(te — 1) Hal}.
For the remaining values of (71,7s,...,7) € [0,3]¥, the Matsubara functions are
defined as follows. Given a tuple (71, 72,...,T%), one takes the permutation o € Xy,
such that 7,(1) < 75(2) < -+ < 75x). Then one sets
3,4 _ nB,A
FAl,,,,,Ak (Tla .. 7Tk) - FAa(l)ymon(k) (T0(1)7 N 7T0(k))7

where the latter function is defined by (2.5).

In constructing the states (2.4) a special role is played by multiplication op-
erators. For a bounded continuous function A : R4l — C, the corresponding
multiplication operator is defined as follows

(AY)(z) = A(z)Y(x), ¢ € Ha.

It is known (see e.g., [6], Proposition 2.1) that, for a given A, the Matsubara
functions constructed only with these multiplication operators already determine
completely the state y3,4. The essence of the Euclidean approach lies in the fact
that such Matsubara functions may be written as moments of probability measures
(see [2] and [6] for a detailed description). To construct them we start by introducing
the basic measure xg - a symmetric Gaussian measure defined on the Banach space
of continuous periodic paths

Cs = {w € C([0,8]) | w(0) = w(B)}- (2.6)

It is uniquely determined by its covariance
/C z(T)z(t")xs(dz) = (2.7)
s

_ 1 exp((B=Ir=7"))/vm)+exp(|r —7'|/vVm)
2ym exp (B/v/m) —1 ’
where 7, 7" € [0,3]. A full account of the properties of xz is given in Section 2 of
[6]-
Given a box A, we set
Qg a={wr = (w)iear | w €Cz, 1€ A} (2.8)

This set equipped with the supremum norm becomes a Banach space. By Bg x we
denote the o-algebra of its Borel subsets. Furthermore, we introduce the following
measure on {2z A

Xp,4(dwa) = @) xa(dwr). (2.9)
leA
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By means of it, one defines the local Fuclidean Gibbs measure

1
vgA(dwa) = ZﬁAeXp(_Eﬁ,A(w/\))Xﬁ,A(dw/\): (2.10)
Zga = / exp (—Epg,a(wa)) x4 (dwa),
QQ,A
where
J I6)
Esaws) = -3 > / wi (7)wp (7)dT
nn: LLI'eA 0
8
+ Z/ V (Jwi(7))?)dr. (2.11)
leA”’0

The measure vg a determines the state y3,4 due to the following representation of
the functions (2.5)

Fg;fl___7An(T1,...,Tn) = Ay (w(m)) ... Ap(w(mn))vs,a(dwa), (2.12)

QQ‘A
which holds for all n € N and all bounded multiplication operators Ay, ..., A,.
Furthermore, we define

Qg = C5" = {w= (W)ieza | wi € Cs). (2.13)

This set is endowed with the product topology and the corresponding Borel o-
algebra Bg. The set of tempered configurations is

Qtﬁ = {w S QB | Vo >0: Z 6_6|”||wl||L2[0,5] < OO}, (2.14)
ez

where | - | stands for the Euclidean distance.

Given two configurations £,n7 € ©Q and a box A, by £x X ma- we denote the
configuration whose components labelled by [ € A (resp. [ € A¢ = Z?\ A) coincide
with the corresponding components of £ (resp. n). Then, for any finite box A, each
wp € Q3,4 can be associated with the element w = wy X Opc of Qg, where 0p- is
the zero configuration. This determines an embedding Q3 1 — (g, thus we have
8,37/1 C Bﬁ.

Along with (2.10) we introduce conditional local Gibbs measures. Given £ € Qg,
we set

I5)
Epaal€) = Bsalwn)—J 3 /sz(f)fu(f)dr, (2.15)

nn: €A, '€ A°

and
voainl) = e (Eaal) xpalden),  (216)
Zoal§) = [ e (=Eaaloal) xoa(don).
B,A

For every fixed ¢ € Qg, v, 4 is a probability measure on Bg 4.
Together with the boundary conditions defined by configurations outside of the
box A we will use also periodic boundary conditions. Let T'(A) stand for the torus
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which one obtains by identifying the opposite walls of the box A. Then we set

&)
Ega(walp) = —i Z /Owl(r)wlr(r)dr (2.17)

2
nn: [I'€T(A)

163
- / V(w(n)P)dr,

leA
and

vpdnlp) = s exp (<Epa@alp) xoa(don). (219

Zg A
In the sequel, by vg A(-|b) we will denote the local Euclidean Gibbs measure with
the boundary condition b which is either the one defined by a configuration £ € Qg
(including the zero configuration) or the periodic boundary condition. In these
cases we write b = £ or b = p respectively.

Given B C Q3 and w € Qg, let

lB(w):{l if we B;

0 otherwise
Then for a box A and B € B, we set

moa(BIE) = [ Lnleon x €4 adoale). (219)
QQ‘A

Definition 2.1. A probability measure p on Qg is said to be a Euclidean Gibbs

measure at temperature 3! if it satisfies the Dobrushin-Lanford-Ruelle (DLR)

equation

| moatBlou(s) = u(b). (2:20
s
for all boxes A and all Borel subsets B C Q3.

The set of all Euclidean Gibbs measures existing for given § will be denoted by
Gs. For the model considered, this set is nonempty [11], [12]. The set of tempered
FEuclidean Gibbs measures is

g5 = {nebs | p(y) =1} (2.21)
Our main theorem states that this set is a singleton provided m € (0, m.).

Usually, tempered configurations are defined by more restrictive conditions than
(2.14) (see e.g., [10], [11] for the quantum case, and [14], [24], [30] for the classical
case). Therefore, the uniqueness stated above is the strongest result of this type. In
fact, as it will be clear from the proof of our main Theorem, for any temperature,
one cannot expect uniqueness for Gibbs measures supported by larger sets than Q%
as in (2.14).

3. THE PROOF OF THE MAIN THEOREM

The proof of our main theorem will be carried out in four steps. First, inspired by
the pioneering paper [24], we use monotonicity arguments and a priori estimates for
Euclidean Gibbs measures [8], [9] to show that the uniqueness may be a consequence
of the fact that the infinite volume limits of the conditional local Gibbs measures
coincide for all possible boundary conditions in the set of tempered configurations.
Then we employ a zero boundary domination estimate to get rid of the boundary
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conditions, which finally yields a condition for the uniqueness. As the last step, we
show that this condition is satisfied if the particle mass m belongs to the interval
(0,m,), where the bound m, depends on the parameters of the model only and
does not depend on . These steps are mainly implemented by Theorems 3.1 - 3.4
and Corollary 3.3 stated below in this section, the proof of which will be given in
the subsequent section.

Given a measure u, for a p-integrable function f, we write

(= [

We denote by £ an increasing sequence of boxes A, which exhausts the lattice Z¢,

ie.,
Ja=2z
c
The infinite volume limit taken along such £ will be denoted by A 5 Z¢.

Step 1

Theorem 3.1. Suppose that, for every ly € Z¢ and 1 € [0, 3], for every sequence
L, such that ly belongs to each of its elements, and for any two configurations
&,m €Y, one has the following convergence

(wio (70))va (&) = (W16 (T0)ua (-ln) — 0, (3.1)
as A 5 Z4. Then IG5l = 1.
Given a box A, I,I" € A, 7,7 € [0, 5] and a boundary condition b, we set
K (7, 7'[b) = (wr(Pwr (7N ua10) = @) un iy @ (T Ny (3:2)
Let also

def
wa(t) = (Wi (T0))vsa(ntecys C=E—m, t€[0,1]. (3.3)
Obviously, this function is differentiable for all ¢ € R, hence

[(wio (T0)Yun (-16) = (@io (T0))ua (1] < sup Jwiy (£)]. (3.4)
t€o,1]

)

By (3.3) and (2.16), (2.15), the derivative w) (¢) is

15
i =J Y /OKﬁo(r,roch)@(T)dr. (3.5)

nn: [EAlI' EAc
To estimate it we use the Schwarz inequality, which yields
1/2

&

2

wy()] < T > {/ (K, (7, 70|m + ()] dT} 1€ | 270,87 (3-6)
nn: [EAl'EAc 0
Suppose now that the function
3 1/2
A def A 2 %
Ty (10l6) = {/ (K, (7, 708)] dT} . €9, (3.7)
0

obeys the following estimate

T, (10]€) < Cexp (=all = lol) (3.8)
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where the parameters C' > 0 and a > 0 do not depend on A, 79 and the boundary
condition £. Then having in mind that the sum in (3.6) is taken under the condition
|l = I'| =1 and that ¢ € Qf, one concludes that the right hand side of (3.6) tends

to zero as A 5 77 for any sequence of boxes L.
Step 2 To prove (3.8) we first get rid of the boundary condition in (3.7)%. To this

end we consider the model described by the local Hamiltonians Hy defined by (2.1)
but with the following one-particle Hamiltonian

~ 1 1 ~
HY = oy} + 500 + V(aD), (3.9)
where B
V()= (b1 +dJ —1/2)t + 27 ot + -+ - + 2 7"b,t", (3.10)
and the parameters m, by, ..., b, are the same as in

(1.2). Each such a Hamiltonian H, defines local Gibbs measures 3 A(+|b) cor-
responding the the boundary condition b = p or b = £ € Qg. Therefore, similarly
to (3.2) we may set

Kjy (7,7 [b) = (wi(m)wr (7)) ox (o) = @i (7))o 1oy (@1 (7))o (1)- (3.11)
Theorem 3.2. For any boxzes A, A' such that ' D A, for all 1,I' € A and 7,7 €
[0, 8], and for any & € Qg,

0 < K (r, 7€) < K (r,7'|0) < K} (7, 7' |p); (3.12)
K (7,7'0) < K}) (r,7')0). (3.13)

Corollary 3.3. There exists a constant Cg > 0, which depends on 3 only, such
that for all bozes A, for all 1,1' € A and T,7' € [0, 5], and for any & € Qg,

0 < Kp (r, 7€) < C3. (3.14)
Now by (3.12) and (3.14), one gets for (3.7)

Ti (r0l€) < Cy/ D}, (0), (3.15)

which holds for all 7y € [0,3] and £ € Q3. Here we employed one of the two
Duhamel functions

&)
def ~
DA (b) / &) (rmofb)dr, b= p,0. (3.16)
0
Clearly these functions do not depend on 7.

Step 3 Set

&)
»x = Dl{ll}(o) :/0 {/C wl(O)wl(T)ﬂ&{l}(dwl)} dr

_ Z% OB {/CB wi(0)wn () exp (— /Oﬁf/([w,(t)mdt) Xﬁ(dw,)} dr(3.17)
= Z% /05 trace {ql exp (—TfIl(O)) qi exp (—(ﬂ - T)ﬁl(o)) } dr, (3.18)

2Here we apply a technique already used in [5]. Its detailed description may be found in
Subsection 7.2 of [6].
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where H l(o) is defined by (3.9) and

Z = /Cexp (— /Oﬁ V([wl(t)]2)dt> x3(dw;) = trace exp (—BFNIZ(O)) .

Set also
d
I(g) =273 (1 - cos(gy)), g€ (~m,m]". (3.19)
j=1
Theorem 3.4. Let s, d and J obey the condition
2dJx < 1. (3.20)
Then for any box A, for any 8 > 0, l,lo € A, the following is true
1 exp(i(g,! — lo))dg
D} (0) < ’ : 21
11, (0) < (2m)d /(m]d 2=l —2dJ +1(q) (3.21)

Clearly, the right-hand side of (3.21) may be estimated by the right-hand side
of (3.8) with proper C' and a, hence the estimate (3.8) will hold provided (3.20)
holds.

Step 4 By standard arguments, the spectrum of H Z(O) consists of non-degenerated
eigenvalues €5, s € N, such that e, = 400 as s — oo. We denote the corresponding
eigenfunctions by s and set

d(m) def inf{es11 —€s : s € N} (3.22)

By means of €, 15, s € N, we rewrite (3.18) as follows

+ — -
§ ge e~
ss’

1
nH == ’
Zl (Es - 657)2

s,s'=1
where Q¢ stands for the matrix element (qitbs, s )r2(r). Clearly, Qs = 0, hence
one may exclude the case s = s’ from the above sum and estimate the denominator
by means of (3.22). This yields

x < % +§ Q2 (e5 — ey )[e P — e Pe] = (3.23)
T oPmrz Sz T
- e (o [0 4] ) = s

where [, -] stands for commutator. In what follows, the uniqueness condition (3.20)
now may be written as

m[d(m)]* > 2d.J. (3.24)
For the harmonic oscillator, the parameter m[§(m)]? is nothing else but its rigidity
and (3.24) is the stability condition for the system of such oscillators, interacting
via the nearest neighbor potential. Therefore, the uniqueness condition (3.24) may
be considered as a stability-due-to-quantum-effects condition and its left hand side
may be called quantum rigidity. As was proved in [3], for the potential (3.10), the
parameter m[§(m)]? is a continuous function of m and m[§(m)]?> ~ Cm~(r=D/(r+1)
as m — 0 for a certain C' > 0. Thus, one may find a positive m,, which depends
ond, J and bj, j =1,...,r, such that the condition (3.24) will be satisfied for all
m € (0,m,). This completes the proof of our main theorem. B
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Discussion The quantum rigidity m[§(m)]? introduced above may be made large
either by substituting "heavy” particles by ”light” ones or by increasing d(m) at
fixed m (recall that d(m) also depends on several other parameters). Both effects
were observed experimentally (see [1] and [36]) and are known as the isotopic effect
(i.e., substitution of deuterons by protons on hydrogen bounds in the K DP-type
ferroelectrics) and as the stabilization-by-pressure effect p. 188 in [15] and [35]
(increasing §(m) by applying hydrostatic pressure, which makes minima of the
wells closer to each other and increases tunneling).

The main significant feature of the above proof is that it is based on the con-
trol of the first local moments only and does not use Dobrushin’s contractivity
technique, which constitutes the base of the technique used in [5], [10], [11]. This
made it possible for us to reduce the uniqueness condition to (3.20) and then to
apply the ”quantum” arguments (Step 4), similar to those used in [3], [5]. In the
latter work, being in the framework of Dobrushin’s technique, we could use such
arguments only partially, which resulted in the f-dependence of the bound m, for
the uniqueness interval (0,m.,). In [10], [11] Dobrushin’s contractivity technique
and the logarithmic Sobolev inequality, applied directly to the Euclidean Gibbs
measures, led to a uniqueness condition, which does not contain the mass m, hence
it is valid also in the quasi-classical limit m — +00, i.e., for the classical analog of
the model considered (see [4] and Section 3 in [6]). On the other hand, the proofs
of Theorems 3.1 - 3.4 and Corollary 3.3 are based on correlation inequalities and
are independent of the value of the particle mass m. Hence these statements hold
true also in the quasi-classical limit m — 400 and it would make sense to obtain a
bound for s, independent of the mass m, and to compare this with the results of
[10], [11].

Let U be the polynomial (1.2) with the coefficients b;, j = 1,...,r replaced by
2!=7b; (c.f., (3.10)). According to [10], [11] we write it in the form

Ut)=W(t) +Uo(t), teR, (3.25)

where W is a bounded and twice differentiable function on R such that 170 =U-W
is strictly convex. Hence there exists b> > 0 such that, for all t € R

Ul(t) > b2 (3.26)
Set also

1 &)
f(wl) = ﬁ/o wl(r)dr, (327)

which is a Lipschitz-continuous function f : L?[0, 5] — R with the Lipschitz con-
stant equal to one. Here [ is the same as in (3.17). Then by (3.17), the parameter
» is nothing else but the variance of f taken with respect to the measure 73 ;3.
By means of the logarithmic Sobolev inequality, this variance may be estimated as
follows (see [10], equation (4.17))
ePs(W)
=Varf < ————

=Vl S e

where

O0(W) = supW —inf W.
R R
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In what follows, the condition (3.20) may be written
JeB(W) 1
2] +1+02 " 2d

which is a version of the uniqueness condition obtained in [6], Theorem 4.1.

(3.28)

4. THE PROOF OF THEOREMS 3.1 - 3.4 AND COROLLARY 3.3

4.1. Theorem 3.1. In the sequel, a local function will mean the function f : Qg —
R for which there exist n € N, Iy,...,l, € Z% 7,...,7, € [0,5] and a function
¢ :R*" = R, such that

f(OJ) = cp(wh(Tl)a'--awln (Tn))a we Qﬁ' (41)

Local polynomials are those local functions for which ¢ are real polynomials. The
set of local polynomials will be denoted by P. In our analysis an important role is
played by the following fact proved in [9].

Proposition 4.1. For the model considered, the set Qf; is nonempty for all values
of 8 and m, d, J, a, by,...,b.. For any p € P, there exists a constant C(p) such
that, for every u € G,

(Iphu < C(p).- (4.2)

The set of polynomially bounded local functions FPP consists of the local func-
tions, for each of which: (a) the function ¢ in (4.1) is continuous; (b) there exists
p € P such that

[fW < IpW)l, weQs. (4.3)

Given a box A, ]—'Xb will denote the set of all polynomially bounded local functions
such that the corresponding I, ...,[, belong to A. Clearly,

b
Feh =) 7R,
AeL

for any increasing sequence of boxes £, which exhausts the lattice Z%
Given a > 0 and t € R, we set

def t, if |t| < a;
Jalt) = {asgn(t), otherwise, (4.4)

and Qg to be the set of all rational elements of the interval [0, 3].

Let us introduce one more set of local functions on Q3. It consists of all functions,
such that there exist n € N, l,...,l, € Z% 7,...,7, € Qp, positive rational
numbers aq, . .., ay,, possibly coinciding, such that

f(w) = Yo, (Wi, (1)) -+ - Dar,, (@i, (7)) (4.5)
The set of all such functions will be denoted by F.

Proposition 4.2. For any two probability measures j1, p2 on Qg, let

<f>u1 = (f)l/«Qa
forall f € F. Then p1 = po.
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Proof. The set F is countable, closed with respect to multiplication and sep-
arates the points of €23. By standard monotone class arguments it is a measure
determining set. H.

Now we introduce an ordering on Q3. We write £ > &' if, for every [ € Z? and
T €[0,8], &(r) > &',(7). In the same sense we define the ordering on every Qg . A
function f € ]—'Xb is called increasing if f(wa) > f(w!) for wa > w!. A significant
role in the proof of Lemma 3.1 is played by the FKG inequality, which, for the
measures (2.16), was proved in Section 6 of [6].

Proposition 4.3. [FKG] For any boz A, for every two increasing functions f,g €
ff\)b and any £ € Qg, the following is true

(f9vsntle) 2 (Fhvs 1o (Dvsacle)- (4.6)
Corollary 4.4. For every increasing f € ]:Xb and any &,n € Qg, & > n, implies
(Nvsacier Z Flvsatin: (4.7)

Proof of Theorem 3.1. By Proposition 4.2, it is enough to show that the
condition (3.1) implies that, for any two extreme elements 1, ps € gg, the following
equality

(f)m = (f)uza (4.8)

holds for all f € F. For a box A, let Fo denote the subset of F, consisting of
functions supported by A. By Theorem 7.12, p. 122, [20], the equality (4.8) is a
consequence of the following convergence
L
(Dvoncl) = (Dvontim — 0, as A 527 (4.9)

which has to hold for every f € F, for any sequence of boxes £ such that f € Fy
for all A € £, and for any two &,1 € Qj.
Obviously, for every f € F, there exists A > 0 such that the function

p(w) = )\Zwlj (15) +0f(w), (4.10)

is increasing for both values § = £1.
First let us show that (3.1) implies (4.9) for an ordered pair £ > 5 of elements
of Qf. By Corollary 4.4, for such a pair, one has
(wi; (T s ale) = @ (T iy T =125,
and

(Dvs a16) Z (Dhus aCm)s
which holds for both values # = +1. This yields

0 < (Dupacle) = (DPvgntin = (4.11)
= AZ [(wr; (T)Yws ale) = (Wt (T ) vg aclm ] +

+0 [(Husncle) = (Flugacin]

also for both values of 6. Hence

[(Fvsactey = (Fvsacim| S A Lwn; T cle) = @t (T)vs (my]

j=1
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which yields (4.9) by (3.1). Now let us consider the case of arbitrary &,1 € Q.
Define

AA(é.an) = )‘Z wl (T])>Vﬁ A(18) — (wl (T]»V@ NG |77)]

BA(&") = < > v, a(-1€) — <f>1/g,/\(-\n)a
Ca§ml0) = (Dusacle) = (Busacim = Aal§m) +60Ba(E,m),

and set £ = max{¢,n}. Then for both values § = +1, C (£,7]0) > Cx(&,1]8), since
Ch (&, 1n|0) is increasing in €. This yields

AA(E) 77) - AA(E)”) > 0 [BA(fﬂ?) - BA(E) 77)] ; f==+1.

By (3.1), the left-hand side of the latter inequality tends to zero as A 5 74, The
same is true for By (€, n), because £ > 1. Since this holds for both § = +1, one has

BA(&") = (f)ug,A(-lﬁ) - <f>l/g,A('|77) — 0.
[ |

4.2. Theorem 3.2 and Corollary 3.3. The proof of Theorem 3.2 is based on
the GKS inequalities, which hold for the measures v a(:|b), 73, (:|b), b = 0,p by
Theorem 6.2 in [6]. Here we will use them in the following form.

Proposition 4.5. Let v denote one of the following measures vg a(-|b), vg,a(:b),
b=0,p. Then, for any ly,ls,...,lop € A, T1,72,...,T2, € [0, 8] (possibly coincid-
ing) and for any positive integer p < n, one has

<wl1 (Tl) e Wi, (TQH»V >0, (412)

(wiy (11) -+ Wi, (T20) )0 > (4.13)
> (wll (Tl) < Wiy, (T2p)>l/<wl2p+1 (T2P+1) - Wio, (TQn)>V'

Let & = ((I)ll’)l,l’EAa with ®;;; >0 for all [,1' € A. Set

1 1 s
NE,A(dWA) =78 %P5 Z ‘Pzzf/O wi(Mwp (T)dr — (4.14)
B,A LI'eA

- 7(dw )7
ZEZA/ }X,BA A

where V denotes either V or V and 1 / ZZ? A is a normalization constant. A corollary
of (4.13) is the following statement, whose proof is standard hence omitted.

Proposition 4.6. If & < @, for alll,l' € A, then the following inequality
(wi(T)wyp (Tl»u?,/\ < Awi(T)wyp (Tl»u%’,',\’ (4.15)
holds for all 1,1' € A and 7,7 € [0, 5].

Proof of Theorem 3.2. Positiveness in (3.12) follows from the FKG inequality
(4.6). The estimate (3.13) and the periodic boundary domination in (3.12) follow
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from the inequality (4.15). To prove the zero boundary estimate in (3.12) we rewrite
(3.2) as follows

7) —wi(7) W (") — wi (")
KA T, T // ! l x

w(T.71e) = ZBA Qp.axQs.a V2 V2

X exp Z / wi (T)wpr (1) + wj (T)wyp (7)]dT+

nn: [,I'EA
S / wi(7) + wi(P)ér ()dr —
nn: [EA, I’EAc
-y / )+ V([wi(7)] >]df} @) (x5 ® x5)(dwr, dwy).
leA leA
By means of the substitutions
oi(r) =27 Pl(r) —wi(7)],  wil(r) =27 [wi(r) + wi(7)],
we transform this into
K”r (T T’|£ // .Tl’( I) X (4.16)
Zﬁ A Qp,A X2z, A
copd 2 Y [nm )+ uow@lars
nn: [,I'EA
27 / yi(7)& (T)dr = Bla, )
nn: [€A, I'EA¢c leA
- 2/ )+ V([wi(r)] )]dT} QR (xs @ x5)(da, dyy).
leEA

leA

Here V is defined by (3.10) and

r—1 3 )
Baw) ¥ 3 [Cwtneiarar

bi(w(r) = Z 2'" kbk( ) ()] >0, j=2,...r—1. (4.17)

ket
Recall that we suppose b, > 0 for all k =2,...r — 1. Further, for ¢ € [0, 1], set

H(t)(d$A|yA) Y(t) exp{ tlEZAB ml:yl (418)

+— Z /Cﬂl T)ap (T dT—Z/ dr}ng(de)

nn: [,I’€EA leA
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YO (yy) = /Q exp {—tZB(wz,yl)Jr (4.19)

leA

nn: [,I'EA leA

& B
+% Z /0 CUl(T)CUl/(T)dT—Z/O V([ml(T)]Q)dT}XL:;,A(dxA)_

Now we set
=40 (17 lyn) = @ ()20 (7))o () - (4.20)

By standard arguments, this is a differentiable function of ¢ € (0,1), which is
continuous on [0, 1]. Then by the definitions (4.18) - (4.20), one has

) () , 1 r—1 I3

G @) = 5= 2 X [ @) x (4.21)

ot Y (yy) g% 0

X {7 2 (T)zr (7)) w1y — BT 0 () @ () (7)) o (Jyp)  AD-
For every t € [0,1] and yp € Q3 4, the moments of the measure (4.18) satisfy the
GKS inequalities, thus, the expression in {-} in the latter formula is non-negative.
Taking into account (4.17), one concludes that, for all ¢ € [0,1] and yx € Qga.4,
LU'eA, 7" €]0,p],
0 _
a:l(;r) (1,7'|ya) <0,

which immediately yields
=0 (1,7 lya) < 2N (7, 7' lya) = K (7,7']0). (4.22)
The latter fact holds since, by (4.18), one has u(® (-Jya) = 3.4 (-|0). On the other
hand, by (4.16), (4.18), (4.20), one has
1
[Z5A )] Jas.a

&)
X exp V27 Z /Oyl(r)flz(r)dr-l-

nn: [EA, I'€Ac

K (r,7'[€) = YO (ya)2) (7, 7'lya) x

B B _
v X [ uowear - [ VP o).

nn: [,I'€EA 0 leA
Taking here into account (4.22) and (4.19) one obtains
Kp (r,7'1€) < K (r,7'|0).

|
Proof of Corollary 3.3. By the Schwarz inequality, one has
K (r,7')0) < \/ K} (7, TI0) K, (', 7']0). (4.23)
Given a > 0, let
Kijj (1,7]0, ) = (o (@i (P))]*)5, 1 (10)> (4.24)

where 4, is defined by (4.4). Thus, by Theorem 7.12, p.122, [20],
KR (r70,0) = (Dalwi(P)]?)s as A 57z (4.25)
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for any sequence of boxes £. Here [ is an extreme element of the set of all tempered
Euclidean Gibbs measures gé, which may depend on & and £. Obviously,

(Wa (@ (M)*)a < ([(@i(m))])a- (4.26)
By [9], there exists a constant Cg, which depends on S only, such that, for all
s QE. and for all I € 7, the following holds (c.f., Proposition 4.1)

([wi(M)PP)a < C3-
Thus, by (4.25), (4.26) and (3.13), one obtains (3.14). B

4.3. Theorem 3.4. By periodic boundary domination in (3.12) and by (3.13), one
concludes that for any pair of boxes A, A, such that A C A’, the following is true

D}y (0) < Dji(p),  Diy(0) < Djy (0). (4.27)
Let us choose the box A as follows
=(-L,L]()2% LeN (4.28)
Set
A = H{a=(q1,-.-q) | ¢j = —7 + (7/L)K;, (4.29)

k;=1,2,...,2L, j=1,2,...,d}.

Lemma 4.7. Let s (c.f., (3.17)), d and J satisfy the condition (3.20). Then, for
every box A of the form (4.28), the following holds

exp (i(g,1 = 1))
Di (v |A| Z e —2d] +1(q)’ (4.30)

where 1(q) is given by (3.19).

Proof. For t € [0, 1], we set

E(t) _ tJ s
salwalp) = Z wi (T)wyp (T)dr (4.31)
nn: LI'eT(A)” 0
+ Z/ dr,
leA
and )
P4 (dwalp) = = exp (—E;;}A(W |p)) Xp.a(dwa), (4.32)
Zg,A(p)

where 1/Z [(;’t)A (p) is the normalization constant and V' is given by (3.10). To shorten
notations by the end of this proof we will write (-); instead of (-)_«) Cp) Further-
B,A

more, for I,I',11,...l4 € A and 7,7, 7,...,74 € [0, 3], we set
Xy (1, 7',|t) = (wi(T)wyp (7")>t, (4.33)
Riyta1504 (T15 T2y T3, Talt) = (Wi, (T1)wiy (T2)wiy (T3)wr, (T4) ) —

_Xlllz (7-177'2|t)Xl3l4 (T3,T4|t) - Xlll3 (T17T3|t)Xlzl4 (T2,T4|t) -
—Xlll4(T1,T4|t)X1213 (TQ,T3|t). (4.34)
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These functions are differentiable with respect to ¢ € (0,1) and continuous at the
endpoints for all possible values of the rest of their arguments. Taking into ac-
count (4.31), (4.32) one concludes that the functions Xy (7, 7'|t) solve the following
Cauchy problem

0
B—X”r(T T |t Z 61112/ R1112”r(7'1,7'1,7' T |t)d7’1 +
1171261\
7S e / X, (7 72| Xt (7, 7 ), (4.35)

I1,l2€A

with the initial condition

, 5 _
X (7, 70) = 1 /C () () exp (- /0 V([wl(r)]2)d7'> Yo(dun) =

Zg

= %trace {ql exp (—(T' — T)fIl(O)) qi exp (—(ﬂ -7+ T)fIl(O))} . (4.36)

Here d;; is the Kronecker delta, e =1ifl, ' are nearest neighbors on the torus

T(A) and g = 0 otherwise, l/Zg, 1/Z; are normalizing constants. Moreover,
comparing (4.33), (4.32), (4. 31) with (3.2), (2.18), one gets

X (1,7'|1) = K}, (r, 7' |p). (4.37)

Since we are interesting in the Duhamel functions (4.27) only, we will study the
following function

)/”r / X”r T T |t dT _/ X”r 0 T |t (438)
for which we have from (4 35), (4.36)
0
5 Y (t) = Z €Lyl Rlllgll’ 71, 71,0, 7t)drdr +
ll,lgeA
+J Z 51112)/211(75)}/2’12(75)7 (439)
l1,lo€A

subject to the following conditions (see (4.27) and (3.17))
Yir (0) = 0w 2, Yur (1) = Dy (p)- (4.40)
By [6], Theorem 6.3, the Lebowitz inequality
Riy 51514 (11,72, 73, Ta|t) <0
holds for all ¢ € [0, 1], thus the equation (4.38) may be rewritten as
0
TR () =Suwt)+J Y ennYu, )Yi,(t), Sw(t) <O0. (4.41)
li,l2€A
Along with the latter let us consider the following Cauchy problem
Qzl' =J Z €11, Quy () Quin (t),  Qur (0) = du e (4.42)

I1,l2€A
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Due to the translation symmetry on the torus 7'(A) it may be diagonalized by
means of the Fourier transformation

Qu(t) = 57 A| > Qu(t)exp (i(g,1 = 1)), =Y Qu(t)exp(—i(g,l - 1),
qEA. l'eA
(4.43)
where A, is given by (4.29). This yields
0 A R 2 .
= Qu() = (24T = 1@) [Qu®)] , Qy(0) =5 (4.44)
Under the condition (3.20) the latter may be solved for ¢ € [0, 1]
R 1
= 44
_ exp (i q,l —1)
Qult) = |A| Z T —t2d] = 1)
Given a € (0, 1), we set
QP () =Qu(t+a), tel0,1—al (4.46)
These functions solve the Cauchy problem
0 (a a
SQE® = T Y cnenm Q) Q1)) (447)
ll,lzeA
i) = Qua)> Qu(0) = dux. (4.48)

Now let us compare the latter problem with the problem (4.40), (4.41), which has
a unique solution defined by (4.33), (4.38). By Theorem V, p. 65, [39], one has

Yir(t) < QP (1) = Qu(t+a), te[0,1—al,

which holds for all « € (0,1). Since both above functions are continuous, this yields
(see (4.40), (4.45))

exp (i(g, 1 — 1))
w2 ' —2dJ +1(q)"

D (p) = Yur (1) < Qu (1) = 55 > (4.49)

Al S5
]
Proof of Theorem 3.4. Given a box A, let £ be the sequence of boxes, each
element of which contains A and is of the form (4.28). Then, for every A’ € L, by
(4.27) and (4.30), one has

A exp (i — o))
Dllo(o) <D”0 |A’| Z 1 _2dJ+]( )dq

Passing here to the limit A’ 5 7.4 one gets (3.21). W
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