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ABSTRACT

Zhang Songfu Ph.D., Purdue University, December 2008. Smoluchowski-Kramers
Approximation for Stochastic Equations with Lévy-Noise. Major Professor: Michael
Rockner.

A generalization of Smoluchowski-Kramers approximation to Lévy processes is
given. It is proved that an analogue of the result in the classic Brownian motion
case holds. A momentum model is proposed by applying this result to the financial
market. Finally, a partial result of the Smolcuchowski-Kramers approximation in the

infinite dimensional case is given.



1. Introduction

In this PhD thesis we will present some results on the Smoluchowski-Kramers ap-

proximation.

The motion of a particle of mass j in a force field b(X,) + o(X;)W, with the friction
proportional to the velocity (without loss of generality, let the friction coefficient be

1) is governed by the Newton law:

2X!
dt?

aw, dXxt axl

i

where Wy, t € [0,T] is a Wiener process taking values in R%.

The Smoluchowski-Kramers approximation (of X' by X;) says that for any 0 < T <

00, § > 0 and zg, yp € R%,

lim P{ sup | X} — X >} =0 (1.2)
w10 0<t<T

Here X is the solution of the following stochastic differential equation
dXt = b(Xt)dt + O'(Xt)th, X() =X (13)

The Smoluchowski-Kramers approximation is the justification for using the first or-
der equation (1.3) to describe the motion of a small particle disturbed by a Wiener

process instead of using the Newton equation (1.1).

There are a number of papers on this subject. For example, Narita [35] proved the
Smoluchowski-Kramers approximation for the stochastic Liénard equation with mean-

field. In a subsequent paper [36], he showed that by a change of time and displace-

ment, the velocity process 85(—: converges to a one-dimensional Ornstein-Uhlenbeck



process. Boufoussi and Tudor [8] showed the Smoluchowski-Kramers Approximation
for fractional Brownian motion. Mark Freidlin included a proof for the classical situ-
ation (1.1) in his paper [21], which was fully elaborated by Ramona Westermann [46].
She also set up a financial model called momentum model by applying the approx-
imation to the financial market. Cerrai and Freidlin [9] extended the above result
to the infinite dimensional case. They showed that the solution of the semi-linear

stochastic damped wave equations
g (t, ) = Au(t, x) — uy(t, z) + bz, u(t, ) + QW (t), u(0) = ug, us(0) = vy (1.4)

endowed with Dirichlet boundary conditions, converges as u goes to zero to the solu-

tion of the semi-linear stochastic heat equation
w(t, ©) = Ault, z) + b(x, u(t, ) + QW (t), u(0) = uy, (1.5)

endowed with Dirichlet boundary conditions. They further generalized the results to

the multiplicative noise case in [10].

This PhD thesis is to further generalize the Smoluchowski-Kramer approximation.
Specifically, first we generalize the approximation to Lévy processes in finite dimen-
sion. So we replace Wy, t € [0,T] by L, t € [0,T], which is a Levy process taking

values in R%. The equations become

AX! = YHdt, XV = xg

Ay} = Lo(t, X{Ydt + Lo(t, X})dL, — LdX Y = yo o)
and the first order equation
dX; = b(t, X3)dt + o(t, Xi)dL, Xo = w0 (1.7)
We show that if L(¢) has finite moments of n-th order for n = 2™ m € N, then
sup E| X} — Xi|" = 0asu—0 (1.8)

te[0,7



Moreover, if the equations (1.6) and (1.7) are driven by a poisson random measure

with finite intensity measure, that is,

dX! = Yidt, XV = xg

Ay} = Jb(t, X{)dt + o [pa, o(t, X{)N(dt, dx) — LdX{ Y = yo (9
and
dX; = b(t, X;)dt + /Rd o(t, Xy)N(dt,dz), Xo = g (1.10)
We show that
}}L%P(HX# — Xl pgo.ryire) > €) = 0. (1.11)

where || - || p(o,r;re) denote the Skorokhod metric. We prove this by first showing the
tightness of the solution X*» of equations (1.9) with pu, — 0, and then followed by
an argument used by Gyongy and Krylov in [23].

We then apply the approximation to the financial market to establish a momentum
model following the idea of Westermann [46]. The differences are that we define the
parameter p to measure the price delay with which a firm’s stock price responds to
information. This kind of measure is intended to capture all sources of price delay,
which may include the friction of the market, the size and analyst coverage of the
individual stock itself. We also choose our driving process to be the Generalized Hy-
perbolic Lévy motion, which is arguably better than Brownian motion by empirical

observations. Readers are referred to Eberlein [17] for more detailed argument.

In the infinite dimensional case, we want to prove the Smoluchowski-Kramers approx-
imation for a%, while Cerrai [9] proved it for the Laplacian operator A,. We consider

the solution of the following equation

po(tx) = 28(t,x) + A2, w) — 2(t,2) + f(z, ult,2))
+b(w, ult, )22 (¢, 2),t > 0,2 € [0,00) (1.12)

U(O, JI) = Up, %(07 l’) = Vo



where WQ(t, z) is a Gaussian mean zero random field, d-correlated in time and the

operator () characterizes the correlation in the space variables.

We add a remark that this kind of wave equation is difficult to solve for the first order

du
T

derivative operator. So we add a strong damping term, which is A
We fit the above problem in the framework of mild solutions by rewriting it into an

abstract stochastic differential equations on a separable (infinite dimensional) Hilbert

space H

dX(t) =[AX(t)+ F(X(¢t))]dt + B(X(t))dW(t),t € [0,T] (1.13)
X(0)=¢
where W(t),t > 0, is a cylindrical @Q-Wiener process in a separable Hilbert space U.

A mild solution of problem (1.13) is a predictable process X (t),t € [0,T], such that

X(t) =S(t)¢+ /Ot S(t—s)F(X(s))ds + /Ot S(t —s)B(X(s))dW (s) P-as. (1.14)

We prove the existence of a unique mild solution of problem (1.12). Further, under
some condition on (), we will show the solution of the linear equation is 6-Holder
continuous with respect to ¢ for any § < % Moreover, the momenta of the §-Holder
norms of the solutions are bounded uniformly in x. But so far we could not show the
convergence, that is, the solution of the equation (1.12) converges to the solution of

the equation

g—?(t,x) = %(t,:c) + f(z,ul(t,z)) + b(x,u(t,a:))%(t,x),t >0,z € [0,00)

u(0) = g
(1.15)

in probability, i.e.

P(||lu" = ullcqom,m) > €) — 0as p— 0. (1.16)



The reason is that we could not show the tightness of the solutions, which is one of

the main step of our approach.

Filipovi¢ introduced a weighted Sobolev space for the solutions of the first order equa-
tion with the same operator a% in [20]. This operator generates a semigroup which
has a lot of nice properties on the Sobolev space. We also considered this space. But
it turns out that we could not gain much by switching to this space, because in our

case the equations are of second order. The detail is included in Appendix A.

The chapters are summarized as the following. Chapter 2 we recall the concept of
Lévy processes, quadratic variation process and stochastic integration with respect
to a cadlag martingale. In chapter 3 we prove the approximation in finite dimen-
sion with the Lévy noise. We then establish the momentum model in Chapter 4.
The chapter 5 begins with introduction of semigroups and mild solutions, followed
by the existence and uniqueness of the mild solutions of equation (1.12). We include

the existence and uniqueness result on the weighted Sobolev space in the Appendix A.






2. Lévy Processes and Stochastic Integration

In this chapter we review the theory of Lévy Processes.

2.1 Lévy Processes

Let X = (X (¢),t > 0) be a stochastic process defined on a probability space (2, F, P).
We say that X is Lévy process if:

e X(0)=0 a.s.;

X has independent increments, i.e. for eachn € N andeach 0 <t; <ty <--- <

tn+1 < 0o the random variables (X (t;41) — X (¢;),1 < j < n) are independent;

X has stationary increments, i.e. X(t) — X(s) has the same distribution as

X(t—s)forall 0 <s<t<oo

X is stochastically continuous, i.e. for all @ > 0 and for all s > 0

lim P(| X (t) — X(s)| >a) =0

t—s

Brownian motion, the Poisson process and the compound Poisson process are exam-

ples of Lévy processes.

For a Lévy process X the jump at time ¢ is given by AX (t) = X (t) — X (t—) for each
t>0.

Lemma 1 If X is a Lévy process, then for fited t > 0,AX(t) =0 a.s..

Proof (cf. Applebaum [2] Lemma 2.3.2) [



Let 0 <t < oo and A € Z(R™ — {0}). Define

N(t,A) =#{0<s <tAX(s) € Ay = > ya(AX(s)) (2.1)

0<s<t
We define

V() = E(N(1, 4)) 22)
and call it the intensity measure associated with X. We say that A € Z(R% — {0})

is bounded below if 0 & A.

Proposition 2 1. If A is bounded below, then (N(t, A),t > 0) is a Poisson process

with intensity v(A).
2. If Ay, ..., A,, € B(RI—{0}) are disjoint, then the random variables N (t, A1), ..., N(t, A,,)

are independent.

Proof (cf. Applebaum [2] Theorem 2.3.5).
|

Remark 3 It follows immediately that v(A) < oo whenever A is bounded below,

hence the measure v is o-finite.

Proof (cf. Applebaum [2] Remark 1 P.89).
]

Definition 4 A Poisson random measure n on a measurable space (S,S) is a collec-

tion of random variables (n(B), B € S) such that:
1.n(@) = 0;

2. (o-additivity) given any sequence (By,n € N) of mutually disjoint sets in S,

TI(U B,) = Zn(Bn) a.s.;

neN neN

3. (independently scattered property) for each disjoint family (B, ..., B,) in' S, the

random variables n(By), ...,n(B,) are independent;



4. For each B € S such that En(B) is finite, n(B) is a Poisson random variable

with parameter En(B).

Proposition 5 Given a o-finite measure A\ on a measurable space (S,S), there ex-
ists a Poisson random measure 1 on a probability space (2, F, P) such that A\(B) =
E(n(B)) for all B € S.

Proof (cf. Ikeda and Watanabe [26] p.42).
u

Suppose that S = RT x U, where (U, Z(U)) is a measurable space. Let & =
BRT)Q A(U). Let p= (p(t),t > 0) be an adapted process taking values in U such
that 7 is a Poisson random measure on S, where n([0,1) x A) = #{0 < s < t;p(s) € A}
for each t > 0, A € B(U). In this case we say that p is a Poisson point process and

7 is its associated Poisson random measure.

Let U = R™ —{0}. Let X be a Lévy process; then AX is a Poisson point process and
N is its associated Poisson random measure. For each ¢t > 0 and A bounded below,

we define the compensated Poisson random measure by N(t, A) = N(t, A) — tv(A).

Let f be a Borel measurable function from R% to R% and let A be bounded below;

then for each ¢t > 0, w € (), we define the Poisson integral of f as a random finite sum

/A F@N(Ed) @) = S F@NG D) = 3 fAX@)aAX(w)  (23)

€A 0<u<t

Then:

Proposition 6 1. for eacht >0, [, f(x)N(t,dx) has a compound Poisson distri-

bution such that, for each u € R%,

E(expli /f N(t,dx))]) = exp[t/A(ei(“’x) —1vo f(dx)]
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2. if f € L'(A,v(A)), we have E([, f(x)N(t,dx)) =t [, f(z)v(dz);
8. if f e L*(A,v(A)), we have Var(| [, f(x)N(t, dx)]) =t [, |f(2)|*v(dx)

Proof (cf. Applebaum [2] Theorem 2.3.8).
]

For each f € L'(A,v4),t > 0, define the compensated Poisson integral by

/f N(t, da) /f tdx)—t/f(x)u(dac)

Then ([, f N(t,dz),t > 0) is a martingale, which can be verified straightforwardly
by the definition of martingale.

Let (e,,n € N) be a sequence that decreases monotonically to zero such that ¢ < 1.
Let

Ay ={z € R e,y <|z[ < e}

Proposition 7 (f, eN(t,dx),t > 0) is a Cauchy sequence in martingale space

which converges to (f|$|<1 N (t,dz),t > 0).

Proof (cf. Applebaum [2] Theorem 2.4.11).
]

A very important representation for Lévy processes is:

Theorem 8 (Lévy-Ité decomposition) If X is a Lévy process, then there ezists b €
R, a Brownian motion Bg with covariance matriz QQ and an independent Poisson

random measure N on RY x (R4 —{0}) such that, for each t > 0,

X(t) = bt + Bo(t) +/

lz|<1

N (t,dx) +/ xN(t,dx) (2.4)
|z|>1
Here the Poisson random measure N and the intensity measure v are defined as in

(2.1) and (2.2). Moreover v satisfies

[, (o A vwla) < 25)
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Proof (cf. Applebaum [2] Theorem 2.4.16).
]

Corollary 9 If X is a Lévy process then for each u € R4t > 0,

B 0) = exp(tfi(h, 1) — A+ [0 1 =i y)xallvian) (26)

R41

where B = {z € R%||z| < 1}.

Proof (cf. Applebaum [2] Corollary 2.4.20).
]

2.2 Stochastic Integration

In this section, we follow the procedure and notation of the unpublished Prof. Jin

Ma’s lecture notes “Stochastic Analysis and Stochastic Differential Equations”.

Denote
o M? = {all martingales such that sup,c( ., E[|M;|*] < oo};
o M2={M e M?*My=0as.}
o MY ={M e M?|t — M, is continuous and My = 0 a.s.}

o M, = {all local martingales M such that sup,co - E[|M;]?*] < 00,VT > 0}

loc

o MG . ={M e Mj, |My=0as.}

loc

We also denote the space of all adapted processes that have finite variation paths to
be F'V, and FVj to be the subspace of F'V consists of all F'V-process null at 0. For
any cadlag function f, define Af(t) = f(t) — f(t—), Vt.

Definition 10 o A process Z is said to be of Class (D) if the family of random

variables { X7 : T a finite stopping time } is uniformly integrable;
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o A process Z is said to be of Class (DL) if for each a > 0, the family of ran-
dom wariables { Xt : T a stopping time such that T < a, a.s. } is uniformly

integrable.

It is direct to verify that if a submartingale X can be represented as
Xy =M, + A (2.7)

where M is a martingale and A is an integrable increasing process, then X is of class

(DL). The converse is given by the Doob-Meyer decomposition.

Proposition 11 (Doob-Meyer’s Decomposition Theorem) Suppose that X is a sub-
martingale of class (DL), then there is a unique predictable integrable increasing pro-

cess A, such that X can be written as (2.7).

Proof (cf. Robert J. Elliott [18], Theorem 8.9).
]

Proposition 12 Let M € ./\/lg’c. Then there exists a unique continuous increasing

process (M) null at 0 such that M* — (M) is a uniformly integrable martingale.

Proof The existence follows from the Doob-Meyer decomposition. The continuity
of (M) follows from Robert J. Elliott [18], Remarks 8.21.
|

Definition 13 A subspace N of M2 is called stable if

e N is a closed subspace;

o N is stable under stopping, that is, if N € N, then so is the stopped process
NT, for any stopping time T .

Proposition 14 Let N be a stable subspace of MZ. Denote its stable orthogonal

complement
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Nt ={Z e M2|E(Z,N,) = 0,¥t > 0,YN € N'}

Then every M € M3 has a unique decomposition
M=N+ZNeN,ZecN*t

Proof (cf. Robert J. Elliott [18], Corollary 9.17).
]

Since M3=C is a stable subspace of M2, we denote the stable orthogonal complement,
by M(Q)’d. We call it the “subspace of purely discontinuous martingale”. By the above

proposition, every element of M € MZ can be uniquely decomposed as
M = M°¢+ M M e MY, M e M*

Lemma 15 Let M € M. Then M? — Y ocs<t(AM)? t > 0 is a uniformly inte-

grable martingale.

Proof (cf. Rogers, L.C.G. and Williams, D. [40]).
]

Thus we define for M € M2,

M) 2 (M + S (AM)? (2.8)

0<s<t

It follows from Elliott [18] Remarks 10.3 that M? — [M] is a uniformly integrable
martingale. Moreover, for M, N € M2, define the process [M, N] by polarization

formula
1
M N] & 201 4+ 8] = v = N) 29)
For M, N € M§,,,, Since for any stopping time 7', it holds that [M*, N*] = [M, N]*

(cf. Robert J. Elliott [18], Corollary 10.10), there exists a F'V process [M, N] null at
0 such that M N — [M, N] is a local martingale.
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Definition 16 A process X is called a semimartingale if X is a {F;}-adapted cadlag

process, such that is can be written as
X=Xo+M+A
where M € M joe, and A € FVj.

Let X be a semimartingale with decomposition X = Xy + M + A, since the decom-
position is not unique, we define the quadratic variation process of X as the follows.

We write M = M¢ + M2, then since the process [M¢] is unique, we define

[X) 2 M)+ ) (AX,)? (2.10)

0<s<t

By extending the above formula by polarization we obtain [X,Y].

Now we are ready to define the stochastic integral against a square-integrable mar-

tingale. We define the space H; to be all predictable processes of the form

= Z Zi1X(Ti_1,T}]

where 7T;’s are stopping times, and Z; € Fr,, 7 = 1,2, ---, and are uniformly bounded.
Let M € M2. Then for any H € Hy, we define the stochastic integral of H against
M to be

I(H) % (H-M), =Y Zi 1{Mg,n; — My,_ i}t >0 (2.11)

Then it is easy to check that I(H) is an {F;}-martingale and

E(H _EZ My, — Z My, |} = E/ H2d[M],
(2.12)

where the right side above is understood as Lebesgue-Stieltjes integral.

Define:
L*(M) = { all predictable process H such that ||H |y < oo} (2.13)
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where
1HI82 E [ 2, (214)
0
Now consider the mapping @ : H, — L*(2, F..), where

D(H) = [(H)o = (H - M)

Since the norm in M2 is E(M?2), we see that I is a linear isometry between H;, and
MZ. On the other hand, by simple truncation and a monotone class argument, H,
is a dense subset of L?(M). Consequently, the mapping I can be extended to all
processes in L?(M).

Definition 17 Let M € M2 and H € L*(M). Then the stochastic integral of H
with respect to M, denoted by H - M, is the image of H under the isometry mapping
I:Hy, — M3, extended to L*(M).

Proposition 18
[H-M,N|=H-[M,N|= /Hsd[M, Nls,dt x dP-a.e. (2.15)

Proof (cf. Robert J. Elliott [18], Corollary 11.21).
]

For M € Mo, the stochastic integral of H against M is defined similarly after
localization. We still denote it by H- M. If X is a semimartingale with decomposition

X =M + A, where M € Mg, and A is an F'V process null at zero. We define
H- X=H-M+H-A

where the second integral is the usual (pathwise) Stieltjes integral. Let H € £,, X,Y

be two semimartingales, we have
[H-X,Y]= /Hd[X,Y]. (2.16)

(cf. Robert J. Elliott [18], Theorem 11.44, Theorem 12.9).
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Proposition 19 (Integration-by-parts formula) Let X and Y be semimartingales.
Then
t t
Xt}/;, - Xo}/b == XS*dY:g +/ Ygdes + [X, Y]t (217)
0+ 0+
Proof (cf. Rogers, L.C.G. and Williams, D. [40]).

Proposition 20 (1té’s formula) Let f : R" — R be C?, and suppose X = (X*,--- , X")

15 an n-dimensional semimartingale. Then

FX) = F(Xo)+ /MZDf )X+ / V2, (X )d[(X), (X9)2.18)
+Z{f X,-) — Dif (Xo=)AX'}. (2.19)

Proof (cf. Rogers, L.C.G. and Williams, D. [40]).
|

Proposition 21 (Burkholder-Davis-Gundy’s inequality.) If (Mt > 0) is a cadlag

martingale, then

r r
2 2

¢, E([M, M],)% < E|sup M,JP < C,E([M, M],)

s<t

(2.20)

for any p > 1.

Proof (cf. Dellacherie and Meyer [16]).
u
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3. Smoluchowski-Kramers Approximation with Lévy Noise

In this chapter we prove some convergence results. Section 3.1 we deal with a general
Lévy noise, then in the second section we prove a stronger result when driving by a

Poisson random measure.

3.1 S-K Approximation Driven by a General Lévy Noise

Let a Lévy process with characteristics (b, @, v) be given such that the corresponding

Lévy measure v satisfies
/ 2 (d) < o0 (3.1)
|z|>1

Remark 22 In this case, as seen in Kndble [33], since flmlzl zN(t,dx) = flx\zl xN(t, dz)+
f‘x|>1 zv(dx), the Lévy-Ito decomposition can be further rewritten as
L(t) = mi + Bol(t) + / 2N (¢, dz) (3.2)
R%

where m = b+ fmzl zv(dx).
Define M(t, A) = fA—{O} N (t,dzx), A € B(R™), then (M(-, A)); is a pure jump type

martingale with [M(¢, A)] = [, ., 2*N(t,dz) as seen from equation (2.8).

We consider solutions of the following equation:

aX{ = Y'dt, Xf} = a0
dY{ = b(t, Xt + Go(t, XP)dL: = LdX}, Y = yo

and the first order equation

dXt = b(t, Xt)dt ‘I— C"(t7 Xt)sta X() = X9 (34)
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where L(t) is a Lévy process taking values on R with v satisfies equation (3.1).
Thus the integration with respect to L is understood as integration with respect to

dt, a Brownian motion and a martingale M (-, R%).

We assume b : [0,00) x R? — R? and ¢ : [0,00) x RY — R¥% are measurable
functions. Suppose that b(t,z) and o(¢,z) are bounded uniformly in ¢ and x and

satisfy the global Lipschitz condition:

b(t,2) — blt,y)| + llo(t.2) — o(t,y)]| < Kla -yl Yoy e RU L€ [0,T]  (3.5)

Then there exist unique solutions X* and X for these two equations (cf. Tkeda and

Watanabe [26] Theorem 4.9.1).

Proposition 23 Assume that f‘x|>1 |z|"v(dz) < oo for some n =2", m € N. Then

for every T' € [0,00) we have

sup E|X!'—Xy|" = 0aspu—0 (3.6)
te[0,7

Proof We have dX}' = Y}'dt. We solve for Y/ from the second equation of (3.3),

and then integrate to get X/

t t 1 t S
Y/ = e wyo+ eu—/ en(b(s, X!) +o(s, Xt )m)ds
K Jo

t 1 t s
—I—e_u—/ ero(s, X!)dBg(s)
1
t1

0
t
+€—N_// eio(s, X¥)M(ds, dz) (3.7)
K Jo Jra

By the integration-by-parts formula in Proposition 19.
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/6 u—// eno(r, X"M (dr, dz)ds
R%4
/ / / ek o(r, XM (dr, dz)d(—e5)
0 Jo JRA
t s—
/ / / eno(r, X*)M (dr, dz)d(—e »)
0o Jo Jrdh
¢ t
// J(S,Xﬁ)M(ds,dm)—e_u// eno(s, X*)M(ds, dx)
0 JRA 0 JRU

where we used [ [ [ya e#o(r, XF)M (dr,dx), —e #], = 0 above.

Similarly, for the Brownian stochastic integral and Lebesgue integral we have

0 0

Applying these three formulas in the second equality below, we obtain

Xy

:z:o—i-,u(l—e#yo—l—/e#—/ en (b(r, XY + o(r, X" Ym)drds

+/ e u—/ ek o(r, X")dB(r)ds
/e u_/ /RdleuarX“ M (dr, dz)ds

t
xo + u(l — e_ﬁ)yo + / (b(s, X¥) + o(s, XF)m)ds
0

er(b(s, X") + o(s, X*)m)ds

4
tlo
c\
&
“:M

+/0ta(s,X5)dB(s)—e‘Z /Oteia(s,Xﬁ)dB(S)

t t
+ / / o(s, X!)M(ds,dz) — e n / / eno(s, XYM (ds, dz)(3.10)
0 JR% 0 JR%
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X=X, = p(l—e )y
t
4 / (b, X¥) — b(s, X.) + (05, X¥) — o (s, X2)ym]ds
0
t
—e_u/ en (b(s, X!) + o (s, X )m)ds
0

/ (0(s, X¥) — o(s, X)dB(s) — e+ [ etols, X¥)dB(s)

s
0

/ /Rdl o(s, X5) —als, Xo)|[M(ds, dz)
_ /O /Rdl eno(s, X*)M(ds,dz) (3.11)

Then

BIX{ = X" < Ciplyol”
t
+OIE| [ bl X2) = b5, Xo) + (r(5, X2) = (s, X)) mlds]”
0

FOEITE [ 605, X0+ oo, XEYm)ds|
+OE) [ (s, X2) = o5 XJBG)
+CE|e# /Oteia(s,xg)dB(s)w

+0r B [ [ lolo, X0 = ot XM s )

t
+C1Elen / / eno(s, XYM (ds, dz)|"
0 JR%
= Lh+L+1L+1,+1s+ I+ I (3.12)

Let us consider the terms separately, I1 = Cypu|yo|™

t
L = GF| / (b(s, X¥) — b(s, X.) + (05, X") — o (s, X1))m]ds|"
0
t
< C’lT”_lE/ |b(s, X¥) — b(s, Xs) + (o(s, Xt) — o(s, XI))m|"ds
0

t
< Oy TR KTM(1 +m™) / E|XF — X,|"ds (3.13)
0



t
L - 01E|e—u/ e (b(s, XP) + (s, XP)m)ds|"
0

t o
= Cy|Ib] + llom)" e / e ds”
< (o]l + lloflm) |

IN

IN

IN

IN

VAN

<

t
0Bl / (05, X¥) — o(s, X,)JdB(s)]"
0
t
C’lCnE(/ lo(s, XI) — O'(S,Xs)|2d8)%
0
t
10,y / Elo(s, X*) — o (s, X,)|"ds
0

t
ClCnCTK”/ E|X§—Xs|nd8
0

t
C’lE|eu/ eno(s, X"dB(s)|"
0
t
C’le_TLE|/ eno(s, X")dB(s)|"
0
t
clcne—’LE(/ e |o(s, X*)[2ds) s
0

t
C’lCn||0||"eu(/ e ds)?

0
C1Chllo||"
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(3.14)

(3.15)

(3.16)

To estimate the rest two terms, we will apply the famous BDG inequality Proposition

21. First we need to find the quadratic variation of fot Jpa 0(s, XF)M(ds,dz). By

Proposition 18,

[ [ ot xetas.an = [ lots xR RS,

Then by formula (2.8), since M (s, R%) is a pure jump process,

per) = [ eP (o

(3.17)

(3.18)
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Thus,

[/0' /Rd1 o(s, XtYM(ds,dz)]; = /Ot /Rdl lo(s, X)|*|x|2N (ds, dz) (3.19)

Below we apply BDG inequality repeatedly to reduce the power of N(ds,dz) integra-
tion by a factor of 2. We denote M,, = [.4, |#|"v(dz) for n € N. We also use C, and

C! to keep track the constants depending on n, but they may vary line by line.

Iy = C’1E|/0 /Rdl[a(s,X;‘)—U(S,XS)]M(ds,dx)W

IN

t
10| / / o5, X2) — o (s, X,)2|e >N (ds, d)|3 }
0 JR%

IN

t
OB [ [ ot X2) = o5, Xo) ol N(ds, o) )
0 JR:

t
+ClCnE{|// |J(S,X;‘)—J(S,XS)|2|x|2u(dx)ds|g}
0 JR%

IN

t
C\CCLEY] / / o (s, X1) — o (s, X,)[ "' N(ds, d)|F}
0 JR%

t
OB / (s, XP) — o (s, X,)[2ds)) 3}
0

IA

t
C\CCLEY] / / o (s, X2) — o (s, X,) [ *||* N (ds, d) |3}
0 JR%

n t
OO Cr M B / o (s, X¥) — (s, X,)|"ds)
0

IA

t
.0, CLE| / / o5, X¥) — o(s, X.) "2 N (ds, d)| T}
0 JR%
n t
+ClchTM22Kn/ E|X5—Xs|nd8
0

The last step is:

t
B[] los.X2) = o{s. X[ ol N (ds, o)
0 JRA
t
= [ [, Blots. X2~ o5, X el (o)
0 JR%

t
< MnK"/ E|X" — X,|"ds
0



Thus
t
Is <C(n,T,K, V)/ E| X! — X,|"ds
0

t o
I = C’1E|e_u// eno(s, X*)M(ds, dx)["
0 JR%
t
< e FB(| [ [ Flols XOPaPN s, o))
0 JRA
t
— G HEY / / ¢%|o(s, XP)P|x[2N (ds, dx)
0 JR%
t \ .
T / / ¥ |o(s, X0)PlaPr(dr)ds|?}
0 JR%

t
clcne’LE|// en|o(s, XM [*|z[>N(ds, dz)|?
0 JR%

IN

¢
+C’10ne_7LE|// 62?5|0(s,Xﬁ)]2|x|2y(dx)ds|%
0 JR%U

IN

t 5 n
CCuCe FB( [ [ eFlots ) Hal! Nds.de) )
0 JRU

o _nt t 2s n
+C1C Mze  w|lo|”| ends|?
0

23

(3.20)

t n n
< ClOnC;e‘ZEﬂ// e |o(s, X9z [*N(ds, dz)| T} + CLCW M ||o||" u?
0 JR

for the same reason as Ig, we have
I7 < O(na V)M + C(”? V)M%

So in all we have

(3.21)

t
EIX{ = X" < MC(Iyol,n,T,K,HUH,||b||714m)+C(T,K,n,m,V)/ EIX{ — X["ds
0

By Gronwall’s lemma, the claim follows.

(3.22)
|
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3.2 S-K Approximation Driven by a Poisson Random Measure

Now consider the case that the driving process is the Poisson random measure N over

Rt x R% with intensity measure dt ) v(dz), where v is a finite measure on R%.

Thus we consider solutions of the following equations

AX! = Ydt, XE = xp

(3.23)
dY;fu = }%b(t,Xﬁ)dt + ;% fRdl U(tv X#)N<dt7 dl’) - idXtM? YI)H =%
and
dXt = b(t, Xt)dt + / O'(t, Xt)N(dt, d.fL'), XO =X (324)
Ré1

We again assume b : [0,00) x R — R? and o : [0,00) x RY — R%% are measurable
functions. Suppose that b(¢,z) and o(t, z) are bounded uniformly in ¢ and = and sat-
isfy the global Lipschitz condition (3.5). Again it is well known that equation (3.23)
and (3.24) admit a unique (strong) solution (cf. Tkeda and Watanabe [26] Theorem
4.9.1).

We fix T' € [0, o0), and take the space D([0,T], RY) to be the space of cadlag functions
on [0, T] with the Skorokhod topology, which makes it a polish space.

Lemma 24 Suppose the Lévy measure v is a finite measure on R4, then

sup E|X*(t) — X(t)] = 0aspu—0 (3.25)
0<t<T
Proof
t t 1 t s t ]_ ¢ s
Yt“—e_ﬂyo—l—e_u—/ eub(s,Xﬁ)ds—i—e_u—/ / ero(s, X¥)N(ds,dz) (3.26)
K Jo K Jo Jrh

By the integration by parts formula in Proposition 19, and using the fact that
o Jien €% (r, XE)N (dr, dx), — 7], = 0
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/e “‘/ /Rdleer“ N(dr, dz)ds

/0 /0 /Rdl ero(r, X!)N(dr,dz)d(—e )

/ot /0 /Rdl eno(r, XPYN(dr, dz)d(—e ™ #)

/0 t /R (s XN (ds. de) 7 /0 t /R | chols, XY)N(ds, o) (327

Applying the above equation to the second equality below:

X = zo+p(l—e uyo—l—/e u—/ enb(r, X" drds

/eu—// eno(r, X*)N(dr,dz)ds
R4

t

t
= xo+ p(l— e_ﬁ)yo + / b(s, X)ds — e H / enb(s, X")ds
0 0

t t
+/ / o(s, X*)N(ds, dx) —e_u/ / eno(s, X*)N(ds,dz)(3.28)
0 JR: 0 JR:

Thus

t t
BIXY = X < ool + B [ los X2) ~ b(s, X))ds| + Elet [ ehos, X2
0 0

t
+E|// [o(s, X!) —o(s, Xs)|N(ds, dx)]
0 JR%
t
+E|€_“// eno(s, X*)N(ds, dz)]
0 JR%

IN

t
pluol + K [ B2 = X,Jds + ]
0

t
+Ku(Rd1)/ EIXH — X.|ds + pl|o|v(®®) (3.29)
0

The assertion follows from Gronwall’s lemma.

Proposition 25 Let {u,|n € N} be a sequence of positive real numbers converging to

0, and X"~ the solution of the second order equation (3.23) corresponding to p,, sup-
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pose that the Lévy measure v is a finite measure on R%, then the family of probability

measures { L(XH)} en is tight on D([0,T], R?).

Proof To show the tightness of X*#», we apply Aldous’ tightness criterion, which

consists of two conditions. Condition 1:

lim lim P[sup |X*"(t)| > a] = 0 for each T > 0 (3.30)

a—0o00 N—0o0 tST
Condition 2: For each €,n,T > 0, there exist a 99 > 0 and an ny € N such that, if

0 < 9y and n > ng, and if 7 is a X*"-stopping time satisfying 7 < T', then
PlXTs = X[ =€l <n (3.31)

To verify the first condition, we use the first representation of equation (3.28):

X' = xo+pu(l—e uyg—i—/e u—/ enb(r, XM drds

+/ c u_/ /Rdleuar XUYN (dr, dz)ds (3.32)

Then
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Esup | X} < |:1c0|—|—,u|yo|+Esup|/e u—/ enb(r, X")drds|

t<T

+Esup| [ e u—/ / eno(r, X"YN (dr, dz)ds|
R4

t<T

< |$o|+M|yo|+E/ i [ et X lars
/e u—|// o(r, XFYN(dr,dx)|ds
R%4
< ool +atnl + 8 [ eF [ eAlot xfards
+E/ e u—/ / en|o(r, X!)|N (dr, dx)ds
0 R%4
< ool + ol + 10l [ 5L [ charas
/e M—// en BElo(r, X")|v(dz)drds
R
< lzol + plyol + 01T + llo | (R™)T

< Claol, [wol 101, I, v (R™), T)

Plugging in pu,, it is easy to see that the first condition is fulfilled. For the second

condition, we use the second representation of equation (3.28), namely

X' = zo+p(l- e_ﬁ)yo

¢ ¢
+/ b(s, X#)ds — e_u/ enb(s, X")ds
0 0

t t
—l—/ / o(s, X¥)N(ds, dx) —e_u/ / eno(s, X!YN(ds, dz)(3.33)
0 JR: 0 JR:
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BIX7Z s — XF[ < Elu( 1—6 Yo — (1 — 5 )yol

+E|/ b(s, XH) ds—/ b(s, X*)ds|
0

) T+6

+E|€_;/ enb(s, XP)ds —e enb(s, X*)ds|

749 T
+E| / / o (s, X")N(ds, dz) — / / o (s, X")N(ds, dz)|
0 Ré1 0 JR%

+E|€_;// eno(s, X"YN(ds, dx)
0 JR:

6 T+6 .
—e M/ / ero(s, XF)N(ds,dx)|
0 R

< 2u|y0| +IQ—|—]3+[4+]5

Considering the terms separately,

T T
I, = E|/ b(s, X!)ds —/ b(s, Xt)ds| < E{/ Xir,r+6](5)|0(s, XE)|ds} = ||b]|6
0 0

T+0
I; = E|€_“/ eub(s X“)ds—e %5 eﬂb(S,Xf)dS‘
0 0

< E|e_;/ eib(s,Xﬁ)ds—e_T:é/ €ib(37Xﬁ)d3|
0 0

T+6 ) T+9 s
+E|eu/ enb(s, XM)ds — e n erb(s, X')ds|
0 0
= L+



J2

Ji

IN

IN

IN
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T+6

/ enb(s, XM)ds — e / enb(s, X*)ds|
0 0

T+3

E‘(e_ﬁ —e_u)/ eﬁb(s,XS“)dS‘
0

z

E|6_M

E|€_ﬁ(1 — e_i)/ €ﬁb(8,X§‘)d3|
0

0 [T s
E{e_u—/ e |b(s, X*)|ds}
K Jo

e [ etas)
K 0
o]0l
! T+6
E|6_Tjé/ eZb(S,Xg)ds—e_T;/ eib(S,Xé‘)dﬂ
0 0

T+
Ele u/ enb(s, X!)ds|

- )

T+ .
Efe u/ en|b(s, X")|ds}

T+48
e[ ds)
Il

Bl /0 e /R ol X2)N(ds,dr) ~ /0 ' /R ol XE)N(ds.d)
B[ [ xiersalo)lots, X0 s, )

/OT /R E(Xrrta(s)|o(s, XE))v(dx)ds

||UHV(Rd1) /0 E(X{r,r+5(5))ds

T
HUHV(R(h)E/ X[rr+5](8)ds
0

lo]lv(R)
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J3
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T+6

E|e_;/ / e o(s, X')N(ds,dz) — e 5 ero(s, XN (ds, dr)l
R R

E|e_/ / eno(s, X'YN(ds,dz) — e T+5/ / eno(s, X!YN(ds, dz)]
R R

T+5 T+5 T+0
+Ele” / / eno(s, X'"YN(ds,dx) — e / / eno(s, X*)N(ds, dz)|
R R
Js + Jy

T+5
E|e_/ / eno(s, X*)N(ds,dz) — e / / eno(s, X*)N(ds, dz)|
Rdl Rdl
‘r+5
E|(e // eno(s, X'YN(ds, dz)]
R4
E|(e #)(1 —e" u // eno(s, X*)N(ds,dz)|
R
E(e M—/ / en|o(s, X*)|N(ds, dz))
R4
B / [ Xosie % s, X2) N (s, da)
R4
/ / ElXp,e” T o(s, XM |v(dx)ds
R%
Do) [ Bone 7 )as
H 0

§|ya\|y(Rd1)E(e—2/ i ds)
H 0
8o |lv(R™)
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T+5 7—+6 T+6
Jy = // eno(s, X!)N(ds,dz) — e / /equX“ N(ds,dx)|
R4 R4
T T+6 S
= E\e#/ / ero(s, XF)N(ds,dx)|
R4
‘r+5 T+o
< / / e o (s, X1)|N(ds, dx))
R%
T+6
< el [ Ndsdo)
R91
= ol [ [, Bxrsaanas
R91
LD / E(praa)ds

T
= Jollv®R)E( / N 51s)
= Jollv(®R™)s

Adding all up, we have

EB\XE,—X) < Lh+L+Ii+1i+15

A

L+L+ i+ o+ 1+ I3+ Jy

< 2plyol + 3(Ibll0 + 3]l v (R™)

which can be made arbitrary small by letting  and § small. Thus condition 2 follows,
hence the tightness.
|

Lemma 26 If X is a process with cadlag sample paths in D([0,T];RY), then the

complement in [0,T] of
D(X)£2{0<t<T:P(X(t)=X(t-)) =1} (3.34)
s at most countable.

Proof (cf. S.N.Ethier and T.G.Kurtz [19] Lemma 3.7.7).
]
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Theorem 27 Assume the Lévy measure v is a finite measure on R . Let p, be a
sequence of positive real numbers converging to 0 as n goes to oo. Let X be the
solution of the second order equation (3.23) corresponding to p, and z the solution

of the first order equation (3.24). Then, for any T > 0 and for any € > 0 we have
nh_{go P(||X*" = 2zl p(o/rra) > €) = 0. (3.35)

Proof We base our proof on an observation by Gyoéngy and Krylov in [23]. Let
Zn be a sequence of random elements in a Polish space (E,p) equipped with the
Borel g-algebra. Then Z, converges in probability to an E-valued random element
if and only if for every pair of subsequences Z,, and an there exists a subsequence
v = (Z Z . ) converging weakly to a random element v supported on the diag-

ny(k)? "l(k)

onal {(z,y) € ExX E: 2 =y}.

Now take any pair of subsequences pi,,, and ! then (X#m X #”;) is a tight fam-

ily of processes in D([0,T]; R?*?), due to the tightness of the sequence {L£(X*")} in

D([0,T];RY) . By the Skorokhod representation theorem, there exists a sequence of

random elements {v;} := {(X{, X5, [, [za, N*(ds,dz))} in D([0,T]; RH)2x D([0, T], R),
defined on some probability space (Q, F , p), such that the law of v, coincides with

the law of (X“"Z(M,XH";('C)  Jo Joay N(ds, dz)), for each k. And vy, converges P-a.s. to

some random element v := (X1, Xy, [; [z, N(ds,dz)) € D(]0,T];R%)? x D([0,T],R),

that is,

Hsz — Xillporjrey — 0, =1,2 as k — oo

| / N*(ds, dz) — / N(ds, dz)|| porymy — 0 as k — oo
0 JR% 0 JRAU
Now we want to show X; = X,. If that is true, then by Gyongy and Krylov, there

exists some z € D([0,T],R?) such that X*» converges to z in probability.

Define:

2 a(xt). XE ). [ [ W) s <)
0

R41
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ﬁtég(X1(3)7X2(S),/ N(dr,dz) : s <t)
R4

Then it is easy to see that for every k the process (N, }:tk) and (N, F;) are Poisson

random measures with the same distribution as /N. Define the set

U = {(f,g.h) € D((0,T],R?)? x

D(0.7].B)
F(t) = 20+ (1 — e 5 Yo+ / bs

, f(s))ds — e_ft/o eib(s,f(s))ds
(s, f(s

+/0 o(s, f(s))dh(s) — e n | eno ))dh(s);

/ t
g(t)—x0+u1—euyo+/0b ds—eu/oe:b(s,g(s))ds
—i—/ota(s,g( )—e” /0 enc(s,g(s))dh(s);Vt € [0,T]}

Then since

P((xF, XE, /

0 JR%

Nk (ds, dz) € U, W) = P((X" 1w, X "0, / N(ds, dz)) € U, k)

R

and the right hand side of the above equation equals to 1, so the left hand side also
equals to 1, that is, both X¥* and X} verify formula (3.32) with N replaced by Nk, X
by X and X5 and p by g, and “";(k) respectively. We define RY and R% obtained
from the expression R below replacing X by X; and Xo, pu by fin,,, and /Ln;(k) and N
with N* respectively.

R(t) = u(l— e_i)yo - e_;/ enb(s, X(s))ds

/ /R . (s))N(ds, dz) (3.36)

Then R%(t) and RE(t) converge to 0 in L*(£2), as [y a0 H 8O to 0. Thus, for a

subsequence, they converge P-as. to 0.
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Since X; and X, are processes with sample paths in D([0,T],R%), the complement
of D(X;) (cf. Lemma 26) is at most countable. So for t € D(X;), XF(t) — X;(t) a.s.

follows from the convergence in Skorokhod topology. We also have:

/Ob(S’XZk<S))dS—>/O b(s, Xi(s))ds a.s. (3.37)

by Lebesgue dominated convergence theorem. And

Eﬂ/ot/m a(s,Xf(s))Nk(ds,dx)—/Ot /R o (s, Xi(s)) N (ds, dz)[}
< /Ot [Rdlﬁla(s,Xf(s))—U(S,Xi(s))h/(dx)ds
_ /R E/Ot (s, XX (s)) — (s, Xu(s))|dsw(dz) — 0 (3.38)

by Lebesgue dominated convergence theorem with respect to the product measure

P x dz. Thus possibly for a subsequence,

/Ot /Rd1 U(SaXf<5))Nk(dS>dI) — /Ot /}Rd1 J(S,Xi(s))N(ds,dx) a.s. (3.39)

So for t € D(Xj;),i = 1,2, we have

Xi(t) = o+ /U b(s, Xi(s))ds + /0 /R . o(s, X;(s))N(ds,dz) as.,i=1,2 (3.40)

For t outside of D(X;), we can use right-continuity of the sample path to prove the
same equality. Thus both X; and X, coincide with the solution of equation (3.24)
perturbed by the noise N, which is unique.

It follows that X*#» converges in probability to some random variable z € D([0, T], R?).
But following the above argument again shows that z solves equation (3.24).
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4. Application in Finance: The Momentum Model

In this chapter we will extend the famous Black-Scholes model and study this ex-

tended model using the results in Chapter 3.

The Black-Scholes model assumes:

e A frictionless market, that is, no transactions costs, no taxes, trading being
continuous. All securities are perfectly divisible. There are no penalties to

short selling.

e The risk-free rate of interest, r, is constant over time, i.e.

dBt = TBtdt (41)

e The underlying stock price is a Geometric Brownian Motion, i.e.

dXx
Tt = bdt + odW, (4.2)

t

We concentrate on two unreasonable assumptions in the B-S model showed by em-
pirical evidence. One is that the market is assumed to be frictionless, while the other

being that the driving process is Brownian motion.

This chapter is organized as follows: We use the first two sections to discuss how to
get around the two assumptions, respectively. We introduce a parameter p to capture
the impact of the market frictions in the first section. Then we introduce Generalized
hyperbolic Lévy processes to be the driving process. After that - in the third section

- we define the momentum model combining the two extensions discussed above.
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4.1 Market Friction, Price Delay, Momentum

Ample empirical evidence demonstrates the existence of sizeable market frictions. Re-
searchers in behavior finance have discussed the importance of many market frictions,
such as incomplete information (Merton [34], Shapiro [43]), liquidity (Amihud and
Mendelson [1]), short sale constraints (Chen, Hong, Stein [12]), taxes (Constan-
tinides [13]). Those frictions can delay the process of information incorporation, and
hence there is a delay in asset price response to news. For example, Arbel, Carvell,
and Strebel [3] argue institutional forces and transactions costs can delay the process
of information incorporation for less visible, segmented firms. In addition, Peng [38]
shows that information capacity constraints can cause a delay in asset price responses

to news.

Price delay may also result from lack of liquidity of an asset’s shares, which can
potentially arise from many sources. First, according to Hicks’ [24] “liquidity prefer-
ence” notion, which says investors hold financial assets not only for their returns but
also to facilitate adjustments to changes in economic conditions. So when risk-averse
investors anticipate a recession, they prefer to invest in less risky, more liquid assets.
Secondly, firms themselves can also cause illiquidity. Small and high book-to-market

stocks are less liquid.

There are a number of papers document this kind of delayed reaction to news. For
example, McQueen, Pinegar, and Thorley [29] find that small stocks react to good
common news more slowly than large stocks, but not for bad common news. Hong,
Lim, and Stein [30] provide evidence to show that firm-specific information diffuses
only gradually across the investing public. This shows that in reality the market is

not efficient.
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On the other hand, some researchers find that, at medium-term horizons ranging from
three to twelve months, stock returns exhibit momentum. For example, Jegadeesh
and Titman [32] , using a U.S. sample of NYSE/AMEX stocks over the period from
1965 to 1989, find that past winners on average continue to outperform past losers.
The result appears to be robust: Rouwenhorst [41] obtains very similar numbers in

a sample of 12 European countries over the period from 1980 to 1995.

The frictions of information diffusion in the market and momentum in stock prices
may highly correlate with the underreaction. For example, Chan [11] relates the
evidence on momentum to the evidence on the market’s underreaction to earnings-
related information. Hong [31] assume that if information diffuses gradually across
the population, prices underreact in the short run, which means that the momentum

traders can make profit by trend-chasing.

So one natural question is: how do we incorporate the impact of those potential fric-

tions on the price process of a stock and capture the momentum effects?

We introduce a parameter p to measure price delay with which a firm’s stock price
responds to information. We standardized it such that 0 < p < 1, where p = 0
represents the case that the stock is “infinitely efficient” to incorporate news, and
1 =1 the case that the stock is “infinitely delayed”. Delayed firms tend to be small,

volatile, less visible, and neglected by many market participants.

The parameter p should be estimated using empirical data. For example, In Hou [25],
“Market Frictions, Price Delay, and the Cross-Section of Expected Returns”, several
measures are introduced to capture the average delay with which a firm’s stock price
responds to information. The liquidity measure defined by Liu [28] is also a good

candidate.
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In order to define the notion of momentum we interpret the price process of a financial
product as a motion. Considering the analogue between the mass in physics and the
price delay in finance, it is natural to define the momentum as the momentum of the

motion of a particle in physics:

Definition 28 Let X; = X;(w) be the price process of a financial product, p is the
measure of price delay, as introduced above. The momentum of X; is defined as pYs,

where Yy = 2. Xy, if it exists.

So the momentum is just the time derivative of the price process multiplied with the
price delay p. We note that in the real market, where price is given tick by tick, the
momentum always exist. If we model the price process by a continuous price process,

then this will also be the case.

4.2 Generalized Hyperbolic Lévy Motions

It is well known that the normal distribution fit poorly to log returns of most fi-
nancial assets such as stocks or indices. Empirical densities of log returns show that
tiny price movements and big changes occur with higher frequency, small and middle
sized movements are less more frequent than predicted by the normal law. In order to
achieve a better fit, it is preferable to replace Brownian motion by a Lévy process. In
the context of Lévy process, we mention the Meixner process which was introduced in
Schoutens, W. and Teugels, J.L.. [42]. Barndorf-Nielsen, O.E. proposed the Normal
Inverse Gaussian Lévy process in [6]. Eberlein and Keller proposed the Hyperbolic

Lévy motion.

For the sake of completeness, we will briefly recall the Generalized Hyperbolic Lévy

motions. Readers are referred to Eberlein [17].
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Generalized hyperbolic distributions were introduced by Barndorff-Nielsen [4]. Their

Lebesgue densities are given by

dan(w: )\, 0, 8,0,1) = a(Xa,8,0)(8 + (z — p)?)*~2)/2
Ky 1 (a/0+ (x — p)?)exp(Bz — ) (4.3)

where
(a2 _ 52)/\/2

2o 20Ky (01 /a? — 32)

is the normalizing constant and K, denotes the modified Bessel function of the third

a(\, a,3,0) =

kind with index v. One key integral representation for Bessel functions of the third

kind is
1 [ 1 1
K,(z)= 5/0 u” "t exp [—ix (u + a)] du

The densities above depend on five parameters: a > 0 determines the shape, § with
0 < |f8] < « the skewness and p € R the location. § > 0 is a scaling parameter com-
parable to ¢ in the normal distribution, while A € R characterizes certain subclasses.

By changing A\, we can essentially modify the heaviness of the tails.

There are certain subclasses of interest. The case when A = 1 corresponds to the sub-
class of hyperbolic distributions. The normal inverse Gaussian distribution results

when A\ = —1/2.

Generalized hyperbolic distributions have a number of nice analytic properties. Their

moment-generating function is given by

w) = et o® — 62 )\/2K)\(5\/ a? — (6 +U)2)
MGH( )_ (az _ (5+U)2) K)\((s\/M) (4'4)

for |6+ u| < a. From this formula we can see that moments of all integer order exist.
This also gives the Lévy-Khintchin representation of the characteristic function of

generalized hyperbolic distributions.
+oo

(e (u) = inE[GH] + / (6 — 1 — juz)g(z)dx (4.5)

—00
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where the density of the Lévy measure is

I exp(—+/2y + o?|z|) '
o) =7, T T v e 1120 09

and

Bx oo _ 2
I eV TE L B (7)
2| Jo  m2y(J2,(0v2y) + Y2, (6v/2y))dy

Here J, and Y, are the Bessel functions of the first and second kind, respectively.

g9()

Barndorff-Nielsen and Halgreen [5] showed that generalized hyperbolic distributions
are infinitely divisible, and as such each member of this family generates a Lévy pro-
cess. By choosing a cadlag version, we have the Generalized hyperbolic Lévy motion.
We note that since the Lévy-Khintchin representation has only a drift and a jump
term, thus Generalized hyperbolic Lévy motions do not have a continuous Gaussian

component.

Analyzing the behavior of the densities g of the Lévy measure for x — 0 shows that
the Lévy measures have infinte mass in every neighborhood of the origin. This means

that the process has an infinite number of small jumps in every finite time interval.

Since there is no continuous component in the Lévy-Ito decomposition, Generalized

hyperbolic Lévy motions X; can be written in the form
X, = bt + / eN(t, dx) (4.8)
R

where N is the compensated Poisson random measure associated with the process
(X¢)i>0. The compensator of N is deterministic and of the form dtv(dz), since (X;)i>o

is a Lévy process.

4.3 The Momentum Model

Now we are ready to introduce the momentum model:
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e There exist certain market frictions, captured by the parameter pu.

e The risk-free rate of interest r is constant over time, i.e.

dBt = TBtdt (49)

e The price process of the risky asset X/ follows:

dX' = Y'dt
29 - pdY/
Xr bdt + U/RxN(dt,da;) X7 (4.10)

where NV is the compensated Poisson random measure associated to a general-

ized hyperbolic Lévy process.

We note that p is introduced in the model and the driving process becomes a gener-
alized hyperbolic Lévy process. Besides that, in the system (4.10), the first equation
states the relationship between the price process and the momentum given the price

delay p according to Definition 28. The second equation models the “law of motion”

pdY/

for the financial product. Comparing to the Black-Scholes model, we subtract =
t

representing the incremental momentum divided by the price of the financial product.

Motivated by considerations from behavioral finance as introduced in Section 4.1,
when the measure of price delay p is not extremely small, investors would like to
model the asset price in terms of the momentum model which is essentially the sec-
ond order Newton equation. This momentum model helps to capture the momentum

effect.

Corollary 29 The system of stochastic differential equations for the the risky asset

in the momentum model (4.10) exhibits a unique strong solution (X[, Y}").



42

Proof (cf. Ikeda and Watanabe [26] Theorem 4.9.1).
]

Corollary 30 Assume that f|x‘>1 |z|"v(dx) < oo for some n = 2™, m € N. Let X,

denote the solution of

—L = bdt + a/ N (dt, dzx) (4.11)
R

Then for every T € [0, 00) we have

sup E| X! —X¢|" - 0aspu—0 (4.12)
te[0,7

Proof The proof is a direct implication of Proposition 23 by setting b(t,z) =
bx,o(t,z) = ox.

The economic interpretation of the above corollary is what by considering financial
products with very little frictions, the price process can be described by an equation
of “Black-Scholes type” but with generalized hyperbolic Lévy process as the disturb-

ing noise.

We note that there are a lot of possible future research points for this momentum

model, such as:

e What are pricing formulae for our momentum model?

Can this model be evaluated with the help of empirical research?

How should the model be calibrated?

What further economical and mathematical interpretations and heuristics are

possible or reasonable?

e Any more parallels between physics and finance? And what consequences do

they exhibit?
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5. Smoluchowski-Kramers Approximation in Infinite
Dimension

In this chapter we will present some remarks on the Smoluchowski-Kramers approx-

imation in infinite dimension.

Section 5.1 states some basic concepts and definitions from semigroup theory. In
section 5.2 we introduce a kind of weak solution, the mild solution. Using these
0

tools we establish the existence and uniqueness of the solution for the generator -

in section 5.3.

5.1 Semigroups and Generators

Definition 31 Let B be a Banach space. A strongly continuous semigroup of bounded
linear operators or a Cy-semigroup is a family (S(t),t > 0) of bounded linear operators

on B with
e S(0) = I, where I is the identity operator on B;
o S(t+s)=2S(t)S(s) for every t,s > 0 (the semigroup property);
o limy o S(t)u = u for all u € B (strong continuity).

Lemma 32 Let (S(t),t > 0) be a Cy-semigroup. Then ezist constant § > 0 and
M > 1 such that
1S(t)|| < MeP" for allt >0 (5.1)

Proof (ct. Pazy [37], Theorem 1.2.2). [
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Definition 33 Given a strongly continuous semigroup (S(t),t > 0) on B, the linear
operator (A, D(A)) on B defined by

D(A) 2 {u € B| ltil%l %(S(t)u —u) exists} (5.2)
Au 2 tim %(S(t)u —u),u € D(A) (5.3)

is called the (infinitesimal) generator of the semigroup S(t).
Proposition 34 Let S(t) be a Cy-semigroup with infinitesimal generator A. Then

e Foru e B,
t+h

im> [ S(s)yuds = S(t)u. (5.4)

h—0 ¢

o Forue B, fot S(s)uds € D(A) and

A ( /0 t S(s)uds) = S(t)u — u. (5.5)
o Forue D(A), S(tyu € D(A) and
%S(t)u = AS(t)yu = S(t)Au. (5.6)
o Foru e D(A),
S(tu— S(s)u = / ' S(r) Audr — / ' AS(r)udr. (5.7)
Proof (cf. Pazy [37], Theorem 1.2.4). m

Proposition 35 Let S(t) and T'(t) be Cy semigroups of bounded linear operators with
infinitesimal generators A and B respectively. If A = B, then T(t) = S(t) fort > 0.

Proof (cf. Pazy [37], Theorem 1.2.6). u

Proposition 36 (Hille-Yosida).A linear operator A is the infinitesimal generator of
a Cy semigroup S(t) satisfying ||S(t)|| < MePt, if and only if
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1. A is closed and D(A) is dense in B;

2. The resolvent set p(A) of A contains the ray (5,00) and the resolvent of A,
R(X:A)= (M — A1\ e p(A) satisfy

IRO: A < ﬁ forA> Bin=1.2,.. (5.8)

Proof (cf. Pazy [37], Theorem 1.5.3). [
Let B* be the dual of B. For every u € B we define the duality set F'(u) C B* by
F(u) = {f € B"|f(u) = |ull* = [ £II*} (5.9)

Definition 37 A linear operator A is dissipative if for every u € D(A) there is a
f € F(u) such that f(Au) < 0.

Proposition 38 A linear operator A is dissipative if and only if
|(A — A)u|| > Au|| for allw € D(A) and A >0 (5.10)

Proof (cf. Pazy [37], Theorem 1.4.2).
]

If B = H is a Hilbert space with inner product (-,-), A: D(A) C B — B is dissipative
if and only if
(A(u),u) <0,Yu € D(A) (5.11)

Proposition 39 (Lumer-Phillips). Let A be a linear operator with dense domain
D(A) in B.
o If A is dissipative and (A\g — A)(D(A)) = B, for some \g > 0, then A is the

infinitesimal generator of a Cy semigroup of contractions on B;

o [f A is the infinitesimal generator of a Cy semigroup of contractions on B, then
(A= A)(D(A)) = B for all A\ > 0 and A is dissipative. Moreover, for every
u € D(A), and every f € F(u), f(A(u)) <0.
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Proof (cf. Pazy [37], Theorem 1.4.3).
]

Remark 40 If A is dissipative and (Ao — A)(D(A)) = B, for some \g > 0, then A

15 closed.

Proof (cf. Pazy [37], Theorem 1.4.3).
u

The following definition of analytic semigroups is essentially from Da Prato and

Zabezyk [14], Appendix A 4.

For any w € R and # € (0, 7) we denote by S, ¢ the sector in C:
Swo ={r € C—{w}:|arg(A —w)| < 6}.
Assume A is a linear closed operator satisfies the following condition (M):
e dweR b€ (5,m):p(A) DSy,
e JM > 0 such that

M
R(MA) <

, VA € Sw’go.

then we can define a semigroup S(-) of bounded linear operators in E by setting
S(0) =1 and
1
S(t) = —/ M R(N, A)d\ t > 0 (5.12)

27TZ Ve, 0

where 0 € (3, 0y) and 7.4 is the following, oriented counterclockwise, path in C

Ve,0 ZVJQU’Y;QUV?@
vE ={2€C:z=w+re r>¢}

vgez{zEC:z:w+reii",|n|g@}
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Proposition 41 Assume that A fulfils condition (M) and let S(-) be defined by
(5.12). Then the following statements hold.

1. The mapping S : (0,400) — L(B),t — S(t) is analytic. Moreover for any
ue B,t>0andn=12,.., S{t)ue D(A"), and

S (tyu = A"S(t)u.

2. S(t+s)=S(t)S(s) for all t,s > 0.

3. S(-)u is continuous at 0 if and only if u € D(A).

4. AM, N > 0 such that
1S(t)]] < Me“*,t >0 (5.13)

|AS ()| < e“’t(g +wM),Vt > 0. (5.14)

O

S(:) can be extended to an analytic L(B)-valued function in Sog,-z .
Proof (cf. Da Prato and Zabczyk [14], Appendix A.4). u

Because of property 5, we say that S(-) is an analytic semigroup.

Now we consider an important subclass of analytic semigroups.

Definition 42 Let H be a Hilbert space. A linear operator A : D(A) C H — H is

variational if

o there exists a Hilbert space V' densely embedded in H and a continuous bilinear

forma:V xV — R such that
—a(v,v) = ei||olly = e2llolly (5.15)

for suitable constants ¢; > 0,c9 > 0;
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e D(A) = {u € Vl]a(u,-) is continuous in the topology of H};
e a(u,v) = (Au,v)y,Yu € D(A),Yv e V.

Proposition 43 Let A be a variational operator in H. Then A generates an analytic

semigroup S(-). Moreover, if A is symmetric then A is self-adjoint.

Proof (cf. Tanabe [45]). [

5.2 Mild Solutions

This section is essentially taken out from Knoche and Frieler [22], Chapter 3.

Let (U, |||lv) and (H, ||||z) be separable Hilbert spaces. Let Q) = [y and fix a cylin-
drical Q-Wiener process W (t),t > 0, in U on a probability space (£, F, P) with a
normal filtration F;, ¢ > 0. For a fixed T' > 0, we consider the following type of

stochastic differential equations in H

dX(t) = [AX(t) + F(X(t))]dt + B(X(t))dW (t),t € [0,T]

(5.16)
X(0)=¢

where

e A: D(A) — H is the infinitesimal generator of a Cy-semigroup S(t),t > 0, of

linear operators on H,;
o [': H— H is B(H)/PA(H)-measurable;
e B:H— L(U H);
e ¢ is a H-valued, Fy-measurable random variable.

Definition 44 (Mild solution). An H-valued predictable process X (t),t € [0,T], is

called a mild solution of the above problem if

X(t)=S{t)¢+ /0 S(t—s)F(X(s))ds +/O S(t—s)B(X(s))dW (s) P-a.s. (5.17)



49
for each t € [0,T].

For each T' > 0 and p > 2, denote by H?(T, H) the Banach space of all (equivalence

classes) of predictable H-valued processes Y with the norm
1
1Y |lzz» = sup (E([Y(£)[F))7 < o0 (5.18)
t€[0,T]
Proposition 45 Assume

o ' H— H is Lipschitz continuous, i.e. that there exists a constant C' > 0 such

that
| F(z) — F(y)l| < Cllz —yl| for all z,y € H;

e B:H — L(U,H) is strongly continuous, i.e. that the mapping
x+— B(z)u
15 continuous from H to H for each u € U;
e Forallt e (0,T] and x € H we have S(t)B(x) € Lo(U, H);
e There is a square integrable mapping K : [0,T] — [0,00) such that
1S@)(B(z) = By)lle, < K(t)[|z -yl

and

1S@)B(2)L, < K(@)(1 + [[z]])
for allt € (0,T] and z,y € H.

Then for any T > 0 and p > 2 there exists a unique mild solution X (§) € HP(T, H)
with initial condition

Ee€LP(Q,F, P;H) = LB,

In addition we even obtain that the mapping

X Lj — HP(T,H)
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§— X(§)
is Lipschitz continuous with Lipschitz constant Lr,,.

Proof (cf. Frieler and Knoche [22], Theorem 3.2).
]

Remark 46 [t follows from the Lipschitz continuity of X that there exists a constant
Cr, independent of & € Ly such that

1X(E) e < Crp(L+ [|€]r)

(cf. Frieler and Knoche [22], Remark 3.1).

5.3 S-K Approximation for the Operator a%

We consider the following stochastic partial differential equation
2u u U u
Pt ) = 24t x) + A Ge(t, ) — 24t @) + fla,u(t, x))
+b(z, ult, 2) 22 (¢, 2),t > 0,2 € [0, 00) (5.19)
u(0, ) = uo, ‘?9—7;(0, x) = g

where we assume

e f:]0,00) x R — R is measurable and
sup |f(z,0) = flz,p)| < Kflo —plo,p eR
z€[0,00
for some positive constant K ;. Moreover

sup |f(x,0)] £ fo < oo.
z€[0,00)

e b:[0,00) x R — R is measurable and

sSup ’b(ib‘70) - b(map)l < Kb‘o— - p’,U,p eR
z€[0,00)
for some positive constant K. Moreover

sup |b(z,0)| £ by < 0.
z€[0,00)



ol

e The bounded linear operator @ : L?*([0,00)) — L*([0,00)) is symmetric, non-

negative and with finite trace.

It follows that there exists an orthonormal basis ey, k € N of L?([0,00)) such that

Qer = Miex

And WQ(t) is formally defined as
W) =V Aebr(t)ex
k=1

Then W€ is the noise with covariance given by

E(WO(t), h) r2(0.00) (WE ), k) 12(j0.00)) = (¢ A 8){(QR, k) 12((0.00))-

We add a remark here that usually it is difficult to solve this kind of wave equation

for the first order derivative operator. So we add a strong damping term, which is

Aau

Let
V £ Hy?([0,00)) x Hy*([0,00)), H & Hy?([0,00)) x L*([0,00)) (5.20)

For any p > 0, (h, k) € H, we define

A - .

a2 1o e ) (5.21)
F.(h,k)(z) = i(o, F(z, h(z)),z € [0, 00), (5.22)
Bu(h.k)(z) = %(O,b(x, h(z)),z € [0, 00), (5.23)

Qu(h, k) = %(0, Qk), (5.24)



o2

u

Setting z £ (u, 3%), we rewrite equation (5.19) in the following equivalent abstract

form

dz(t) = [Auz(t) + Fu(2(0))dt + B (2(£))dW e (¢), 2(0) = 2 (5.25)

Proposition 47 For each pn < 1, A, generates an analytic semigroup S,(-) on H

with || S, (8) || < ezt )",
Proof note that
V* = Hy*([0,00)) x HY([0, 00)) (5.26)

We consider A,, with initial domain C§°((0,00)) x C5°((0,00)) as an operator taking

values in V*. So for uy, vy, us, vy € C3°((0,00)):

U1 U9
v (Ap : vl
U1 ()
U1 U2
S v
;U1 + ;U1 — ;01 V9
U1 U2
=l L )
! + LU~ L0 Vg

IN

/ ! ]_ / 1 ! ! ]_
][22 l|ugl 2 + [lv1]| 22 |uzllze + ;II%IILQHWHLQ + ;H%IIL?H%HLQ + ;I!vlllL2\|v2HL2
, 1, 1, ., 1
< (flualliz + lvz2lln2) (v 2 + [Jvr ]| 22 + ;||U1||L2 + ;||U1||L2 + ;||U1HL2)

1 Uy U9
(=+1) vl %
K U1 V2

IN

This shows that A, can be extended (uniquely) to a bounded linear operator A, :

V — V*. And we have:

Uy 1 Uq
| Ay v < (= +1)
(%1 K U1

v (5.27)

Let p < 1,
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V*(Au ) >V
v v
! ! ].

= /vudw /vud:v—l— /uvdx——/]v\d:v——/de

1 o, 1. 1, 1.
< Slwllze+ 5l iz +5 ||u||L2 +5 HU||L2 +o5 ||u 17> + 2M||U||L2 — e = vz

1 / 1 1., 1 1
< G5+ s + ulla) = (= I = (5 = ol

1 u 1 1 u
< - 5 = (- =35l I}

Define a bilinear form a,, : V x V. — R by
a,(wy,ws) = (Auwy, wa). (5.28)

Then a, is continuous and satisfy the inequality (5.15).

So if we restrict the domain of A, to the set {w; € V]a(wy, -) is continuous in the topology of H},
that is

D(A,) = {w, € V|Au, € H} (5.29)

We still denote the operator by A,. Then A, is a variational generator. Hence it

generates an analytic semigroup S,,(-).

For the norm, let C,, = %L Let T,(-) be the semigroup generated by A, — C,. For
w e H,

%\!Tu(t)wllé = 2((A = CT(Dw, T, (Hw) e < —(% = DIT.wly  (5.30)

Then:

1 t 1 t
I, Ol < ol = (=1 / IT, (sl ds < flully = (= 1) / 1T, (s)wl%ds
(5.31)
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By Gronwell’s lemma, we have [|T,(t)w|f < ||w||fqe_(i_l)t. Hence ||T,(t)||lg <
¢35~ And then ||S, ()| i = [T, (1)||z < 2 .
u

Proposition 48 For any initial data (ug,vo) € H, problem (5.19) has a unique mild

solution.

Proof It suffices to show the lipschitz continuity of B, and F),. Then the assertion

follows from Proposition 45.

For any z; = (uy,v1), 22 = (ug,v2) € H, we have

1 K K
[ Fu(21) = Fu(21)lla = ;Hf(~,u1) — f(u)ze < 7f]|u1 — Upl[r2 < 7”\21 — 2|l

(5.32)

1 K K
|Bu(21) = Bu(21)llar = EHb(wul) —b(-,ug)| 2 < f”ul — Upl|r2 < f“zl — 2|l
(5.33)
m

Below we consider the linear equation of problem (5.19) where the trace of ) satisfying

certain conditions.

/‘atz 2(t, ) = Bn(t I)WLAwg?Z(t x) — % u 4 2 8t <t x)

o (5.34)
We define Q,, as in (5.24). We have
1
Tr(Q,) = ;TT(QH). (5.35)

According to Proposition 45, we know there exists a mild solution W#(t) in H, defined
as in (5.20).
t
WH(t) = / S, (t — s)dW < (s) (5.36)
0

then n*(t) = IL,WH(¢).
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Lemma 49 Fiz T > 0, assume Tr@Q), < ue_%, then the solution n*(t),t € [0,T] is

~v-Hélder continuous with respect to t for any v < % Moreover, the momenta of the

~v-Holder norms of n* are bounded uniformly in p, that is

sup E”U“”C”([&T];H) =Crp <00
o<u<1

Proof Let T'>t > s> 0. By Ito’s isometry, we have

t

E[[WH(t) —W"(s)* = [ [ISu(t — o) o Qi*do

Plugging (5.35) in the third inequality below:

t t
I < /\|Su(t—a)||2T'r(Qu)da§/ PG Tr(Q ) do

< e(Hi)Tlue_%(t —s)<el(t—s)
,u

(5.37)

(5.39)

For I5, let (fi)ren be an orthonormal basis of H. Below we use (5.6) in the second

line, and (5.14) in the fourth line.
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I = zk/ 1(Sult — 0) — Sy(s — 0)) O} fi|Pdo

_— / | / p)Q fudplPdo

|
zk/:(/s 4SO il

w [ cghnn

1 S t—o d
= OS|QE Sl / ( / f)?da
0 sS—o

- car@) [ "Ly
= carri@) ([ " Lyao

< ces(-) [ (] T4y,

H — P

IA

IA

Let v € (0, 3), note that

t—o t t t—s t o v
/ Pt dp = / (p—0) dp < / (p—s)"'dp= / pidp = L9
s—0o s s 0 Y

Then,

IA

T S t—o
Lo Cel-) [ (=) [ s
M 0 s—o
4 exp(—%)T“QV
(1 —27)

Thus for any v € (0, ) we have

(t —s)>

T1—2'y

E[[WH(t) = W"(s)|* < C[(t = s) + m(t — )" (5.40)
Since n#(t) = [;W*(t), we have
sup El|n*(t) —n"(s)|* < C(t — 5)* (5.41)

O<u<l

By the Garcia-Rodemich-Rumsey theorem,and using the fact that n#(t) is gaussian

for each t, we have Vp > 1

sup E[n* ||cw (o) = Crp < 00 (5.42)

o<p<1



But so far we could not get the tightness of n*.
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A. S-K Approximation for a% on Weighted Spaces

As seen from Chapter 5, we could not prove the convergence of the Smoluchowski-
Kramers approximation on our chosen space H. In [20], Filipovi¢ considered a
weighted Sobolev space on the first order equation with the same operator 8%. We
also considered this space. But it turns out to be not helpful, because our equation

is of second order. Below is the detail explanation.

We consider the same problem described in section 5.3, that is, we have the following

equation

po(t ) = 54(t, @) + Ap 22 (1, w) — S (t, ) + f(x, u(t, 7))
bz, u(t, z)) W2 (¢, x),t > 0,2 € [0,00) (A1)
U(O,ZE) = Uo, %(07‘%‘) = Yo

written into the following abstract form
de(t) = [A,Z(8) + FA(ZO)dt + Bu0)dW (0),20) =2 (A2)

with z £ (u, 2%). For any p > 0, (u,v) € H, we define

U 0 1 U
Az=A, = (A.3)
v por poe® v
Fulu,0)(@) = (0, (@, u(e). € [0.00). (A4)
B, (u,v)(x) = %(O, b(z,u(x)),x € [0,00), (A.5)
1
Qu(u,v) = ;(0, Qu), (A.6)
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We consider A, as an operator on the sobolev weighted space V := HY x H? with
H := HY x L?. Here
H,:={he L, (R)|3 € L}, .(R,) and ||All, < oo} (A7)

loc

with the norm
I = [ @) Pu@de + [ @)Pu(ds (A8)
0 0

where w : Ry — [1,00) is a non-decreasing C*-function such that Wi e L'(Ry). In

this section, we choose a particular w(z) = e**, for o # 0.

Let
H? :={h € H,|h(0) =0} (A.9)

Ly, = {f € LillIflz, = /O |f(2)Pw(z)dz < oo} (A.10)
Remark 50 If f € L*(R,) and also f € L*(R,) then since

2 / " f@)f @) = |f@)? — |F0) (A11)

|f(x)]? tends to a limit as * — oo. And then we can conclude f(oo) = 0, since

feL*R).

Proposition 51 For each pn < 2, A, generates an analytic semigroup S,(-) on H

a2—
with |8, (1) || < e Vant,

Proof First we consider A, with initial domain {f € HO|f € H} x {f € H)|f €

H?} as an operator taking values in V*. Note that this domain is dense in V.
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s ) : 3%
nor pox? M

!’ 7 1 !/ 1 1" 1
= /vuwda:—l— vuwdm+—/uvwdw+—/v vwdx——/vvwdm

H H H
Integrating by parts, the fourth term becomes:

—

’ ’

1 " 1 o o
m /v vwdr = ;(v(oo)v (c0)w(oo) — v(0)v (0)w(0) — /v v wdr — /v vw(cjlf)lz)

We apply Remark 50 on f = vwz. First, || ]2, < ||v]|2, < co. On the other hand,
L w

o0 ! > ’ 1
/ lf |2dx = / lv w? + —vw_%|2dx
0 0 2
/ 1
= /|v wdz + /v’vd:v +3 / lv[*w™ dr < oo

Hence v(co)wz(c0) = 0. And for the same logic as above, since v € H,, we have

v’ (00)w? (00) = 0. Thus v(co)v’ (c0)w(co) = 0.

Now note that w" = aw, the fourth term becomes

! !

%/ "owdr = l%(v(oo)v (c0)w (o) — v(0)v (0)w(0) — /vlv/wd:v— /v/vw/dm)
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Thus,

1 ! ]_ 1" ]_
vuwdx+/vuwdx+ /uvwd:c—l——/v vwdx——/vvwdw
jz u n

1 1
vuwdx+/vuwdx+—/uvwdx——/\v |2wdx—i— /|v[2wdx
7 7
< 5 [uPude 5 [ 1oPude+ 5 [ 1 Pude+ 5 |’|2d
< 5 [ Wwfwde + 5 [ offwde + 5 [ fuPwde + 5 f o Pwdz
1 / 1 1 / 22
+—/|u ]2wdx+—/]v|2wdx——/|v |2wdaj+a /\v|2wdq;
1 2 2 2
= —(——= \v!wdaﬂ— |ul*wdz + (= \u\wdx—i—
0

1 1 1 3 / a?+1
= —(——=2)| Hv—l——/|u]2wd:z:+—/]u [Pwdx + /\v|2wdx
w2 v Iz 2p
1 1 u o2+1 3 U
= —(>-3 v+ v = u
e e

Now A, can be extends(uniquely) to a bounded linear operator A, : V' — V*. By
restricting the domain of A, as in the proof of Proposition 47, we get a variational
generator. We still denote it by A,. Then it generates an analytic semigroup S,(-),

for each p. And follow the same calculation in Proposition 47, we have ||S,(¢)||x <

1,a%2-1,1
et Vﬁ)t, Yu < 2.

Proposition 52 For any initial data (ug,vo) € H, problem (A.1) has a unique mild

solution.

Proof It suffices to show the lipschitz continuity of B, and F),. Then the assertion

follows from Proposition 45.

1 1
= /vuwdm+ v'u wds + /u dex——/|v |2wdx+—/|v|2wda:——/vvwdx

wdx
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For any z; = (uy,v1), 20 = (ug,v2) € H, we have

1 K
1Eu() = Bzl = I Coen) = ua)llag, < 7f||u1 — |z < 7f||zl AL
(A.13)
1 K, K,
1Bu(1) = Bu(en)ll = 2 1bC-sen) = by wa) 2, < j’uul — s 2 < anzl — 2|m
(A.14)
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