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Chapter 1

Introduction

The most repeating key word in this manuscript will be, of course, Gtbbs measures
(also called Gibbs distributions or states). The mathematical notion of a Gibbs
distribution, as an equilibrium state for an infinitely large system, was introduced
in the pioneering papers of R. Dobrushin [90, 91] and O. E. Lanford and D. Ruelle
[179, 251] dated back to 1968-70. Although historically the Gibbs measures appeared
for the first time in the framework of classical statistical physics, this notion provided
a strong stimulating basis for the systematic development of the theory of random
Markov fields (see the monographs [122, 233]). The fundamental idea is that the set
of Gibbs measures u € G, which corresponds in statistical mechanics to any given
(classical or quantum, respectively lattice or continuous) system, can be defined in
terms of its local specification II = {mp}xeL, namely as a set of solutions to the DLR
(Dobrushin-Lanford-Ruelle) equation umy, = p, A € L. In other words, these are
probability measures on the space {2 > z of infinite volume configurations, which have
prescribed conditional probabilities p,(dz|y) with respect to the boundary conditions
y fixed outside finite regions A. The initial object in this construction is the formal
Hamiltonian H(x) describing the interaction between the whole number (tending to
the infinity) of individual constituents of the complex system. This interaction rig-
orously determines the local energies Ha(x|y) of the corresponding subsystems in A,
subject to the proper “tempered” boundary conditions y. The conditional distributions
py (dz|y) are standardly given by the Boltzmann factor, the exponential of the inverse
temperature f = 1/T times the local energy Hy(z|y). Knowing the Gibbs measures
would allow one in principle to compute the equilibrium expectations and spatial cor-
relation functions, and hence to explain the macroscopic behavior of the system in
terms of the microscopic characteristics of their constituents. In the realization of the
DLR approach there occur, however, serious complications if the spin space for every
single component (or particle) is noncompact or moreover infinite dimensional (as for
example, R” in the case of classical or continuous systems, or respectively spaces of
paths or loops from C'(R — R”) in the case of quantum lattice systems).
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(i) Subject and aims

This habilitation thesis deals with three classes of infinite particle models from equi-
librium statistical mechanics:

— Classical lattice systems with linear spin spaces R”;
— Systems of quantum anharmonic oscillators at finite inverse temperature [3;

— Interacting spin systems on graphs.

Our aim is to develop a consistent mathematical theory of the corresponding Gibbs
states, which could universally cover the above types of models. The binding element
is a common technique to be used from probability theory and infinite dimensional
analysis, as is pointed out in the title of the thesis.

We shall concentrate on the following fundamental problems concerning the asso-
ciated Gibbs measures:

— FExistence;

— A-priori estimates and support properties;

— Uniqueness and decay of correlations;

— Phase transitions;

— Spectral properties of the corresponding Dirichlet operators;

— FErgodicity of the stochastic dynamics.

To handle these problems, in the habilitation thesis three conceptually different
approaches to the study of Gibbs measures will be taken and compared:

— Traditional DLR or Markov field formalism;

— Analytical approach based on the characterization of the Gibbs measures via partial
integration and quasi-invariance;

— Method of stochastic dynamics, in particular the study of spectral properties of the
corresponding generators (self-adjointness, spectral gap estimates, Poincaré and
log-Sobolev inequalities).

Developing the last two alternative (to the usual DLR one) approaches, we would
like to demonstrate how tools from stochastic analysis, in particular the theory of
Dirichlet forms and operators and associated with them Markov processes, can be
successfully be applied to this topic.



When compared with the traditional setting, the peculiarities of the above models
are as follows:

— The single spin spaces are noncompact in the case of classical systems and, respec-
tively, infinite dimensional in the quantum case;

— The underlying indexing set where the system leaves, is no longer a reqular lattice
Z%, but can be chosen as a countable set L C RY or, more generally, as some
infinite graph G = (V,E).

In the quantum case we shall take the Fuclidean (or path integral) approach to
Gibbs states, which is conceptually analogous to the well-known Euclidean strategy in
quantum field theory. In this language, our model will be the system of interacting
“temperature loops” wy, £ € L, i.e., continuous paths wy : [0, 5] — R”, we(0) = we(B).
This leads to an additional and non-trivial single spin analysis in the corresponding
(e.g. Holder, Sobolev, or Lebesgue) loop spaces. On the other hand, the choice of
graphs as indexing sets reflects a general tendency in modelling complex systems. It
raises an important question of how the geometry of the underlying graph can influence
their macroscopic physical characteristics.

(ii) The models

Let us briefly introduce both the classical and the quantum models of our interest.

In Chapter 2 we start (in the historically correct order) with a system of classical
anharmonic oscillators which is described by the heuristic potential energy functional

H(r) == Ha(r) = 3 Vilwo) + % S Walweze), o= (@, (L1)

where the sums run through a countable set . C R? and the displacement ¢, is a
v-dimensional vector. The anharmonic continuous potentials V,, Wy,, which may vary
from site to site, are supposed to obey certain uniform bounds responsible for the
stability of the whole system. In general, we do not assume that the interaction is
translation invariance or has finite range. Therefore, our model describes also systems
with long-range interactions and with spacial irregularities, e.g. caused by impurities
or random components. In the typical case of L. being a lattice, say Z?, the model is
called the classical anharmonic crystal. For fixed inverse temperature (3, the associated
Gibbs states

p(dz) = ZLB exp {—0H (z)} X dzy (1.2)

are rigorously defined as those probability measures on the configuration space {2 :=
2% := x e . R”, which satisfy the DLR equation

pmy =pu, A eL. (1.3)
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The corresponding Gibbs specification {7 (dz|y), y € 2, A € L} is constructed by
means of the local Hamiltonians H(z|y). As is usual for unbounded spin systems,
one confines themselves to a proper subset of tempered configurations ' and respec-
tively to the tempered Gibbs measures 1 € G' supported by this subset. Since 70-
ies there appeared an enormous literature on the classical lattice systems like (1.1);
some key references will be mentioned in the connection with concrete problems later.
The mostly studied are scalar ferromagnetic P(ip),;models on Z?, with the harmonic
nearest-neigbor interaction W (zy, z¢) := J(x; — x¢)? > 0 and with the polynomial
self-interaction V'(z¢) == >, b{¥ 22 where b > 0 and p > 2.

Keeping the previous assumptions on the interaction, a system of quantum anhar-
monic oscillators (of mass m > 0 and rigidity a > 0) is given by the formal Hamiltonian

H:=Hq Z [—\pe|2 —\Qe\z + Vil ] ZWM’ Qes qer).- (1.4)
o

This will be the subject of our study in Chapter 3. As was mentioned above, we shall
follow the Euclidean approach, which relies on the presentation for the quantum Gibbs
states via path space integrals. The thermodynamical properties of the quantum system
(1.4) at the inverse temperature § then can be described by certain Gibbs measures
i € G* defined on the “temperature loop space”

2:=0%9.= Xge]LCﬁ = {w = (a)g)ge]L | Wy € Cﬁ}, (15)

where O := C3(Ssg — RY) is the single spin space of periodic paths on the circle
Sp =2 [0, B]. Heuristically, these measures may be written down as

pldw) @ = —exp{ Z/ Vi(we(7))dr— (1.6)
—%Z/ er'(wz(T)ywz'<T))dT} X geL X(dwy),
o0 V0

where y = N (0, A™') is the normal distribution on Cs and A := —md?/d7?+a?1 is the
Laplace-Beltrami operator in the Hilbert space L3 := L3(S3 — R¥). Using the DLR
formalism, the above measures can be rigorously defined as random fields on L with
the prescribed local specification {my}, .. Note that in the large-mass limit m — oo
of the model (1.4) one gets the infinite system of classical particles (1.1), see Remark
3.5. However, as compared with classical lattice systems, the situation with Euclidean
Gibbs measures is more complicated, since now the spin (i.e., loop) spaces themselves
are infinite dimensional and hence their topological features are much richer.

Lattice systems of the above type (classical and quantum) are commonly viewed in
statistical physics as mathematical models of a crystalline substance (for more physical
background, see e.g. [7, 100, 117, 129, 164, 214]). The study of such systems is
especially motivated by the reason, that they provide a mathematically rigorous as well



as physically realistic description for the important phenomenon of phase transitions
(i.e., non-uniqueness of Gibbs states).

In Chapter 4 we return to the classical spin systems, but now we considerably enrich
the situation by substituting the lattice L. by an infinite graph G(V,E). This means that
the particles marked by vertices v,v" € V would interact through the potential Wy, if
the corresponding edge e = [v, v'] belongs to E. A principal restriction imposed here on
the graph G(V,E) is that it has uniformly bounded degree. As is commonly recognized,
the statistical mechanics on graphs requires principally new concepts and techniques
over the well known case of lattices. In particular, the lack of translational invariance
and the absence of a natural definition of dimension, makes even the statement of many
fundamental classical results rather difficult.

Our main interest here will concern the stochastic dynamics. We shall consider the
following infinite system of locally interacting It6’s diffusions

da, (£) = %bv(x(t))dt +dwy(t), t>0, veV, (1.7)

where the drift term b = (b,),ev has a gradient form and its components coincide with
the partial logarithmic derivatives of the measure p,

by(z) == =0 |V (x,) + Z Oy W (T, ) | € RY. (1.8)

v~

The stochastic equation (4.36) is usually called the Glauber dynamics associated with
the Hamiltonian (4.10). During the last three decades such SDE’s in infinite dimensions
have been extensively studied in the literature, see the survey in Section 4.2

(iii) Problems and methods

Next, we present a short account of the main problems, basic methods, and known
results in the study of Gibbs measures

I. Existence problem. As is typical for systems with noncompact (in our case, also
infinite-dimensional) spin spaces, even the initial question of whether the set G' is not
empty is far from trivial. A useful observation in this respect is that, under natural
assumptions on the interaction, any accumulating point of the family 7, A € L, is
certainly Gibbs. Depending on the specific class of quantum lattice models one deals
with, the required convergence 7, — p, AN 7 L, and thus the existence of y € G*
are proved by the following basic methods listed below:

(a) General Dobrushin’s criterion for existence of Gibbs distributions. A
standard tool for proving existence of the Gibbs measures is the celebrated Dobrushin
criterion, see Theorem 1 in [91]. The validity of sufficient conditions of the Dobrushin
existence theorem for some lattice systems (1.1) of scalar spins z;, € R has been verified
e.g. in [42, 71, 259]. In those papers the specific properties of the models, such as
attractiveness and translation invariance, were crucial. The direct extension of this
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scheme to multi-dimensional spins seems to be impossible. Contrary to the classical
case, the same problem for the quantum systems (1.4) was not covered at all by any
previous work. More precisely, in order to apply the Dobrushin criterion in the latter

case, one should estimate in a proper way the expectations Er, du¢) (\Wdcg), lele

L, of the norm-function in the Holder spaces C§, o € (0,1/2), compactly embedded in
Cs. Because of the non-trivial topology properties of the spaces Cf := CE(SB — R),
so far no technical means were available to get such moment bounds.

(b) Ruelle’s technique of superstability estimates (see the original papers
[184, 251] and respectively [224] for its modification to the quantum case). This tech-
nique in particular requires that the interaction is translation invariant and the many-
particle potentials have at most quadratic growth . As was shown in those papers, for
the subclass of boundary conditions y € Q2% C Q' the family of probability kernels
ma(dzly), A /' L, is tight and has at least one accumulation point p from the subset
of superstable Gibbs measures G5 C G*. This technique also ensures that any p € G
is a-priori of sub-Gaussian growth.

(c) Cluster expansions is one of the most powerful methods for the study of Gibbs
fields, but it works only in a perturbative regime, i.e., when an effective parameter
of the interaction is small. In particular, various versions of this technique imply
both existence and also uniqueness (but in some weaker than the DLR sense) of the
associated infinite volume Gibbs distributions (see e.g. [4, 68, 129, 200, 214, 223, 225]
and references therein).

(d) Method of correlations inequalities involves more detailed information
about the structure of the interaction (for instance, whether they are ferromagnetic
or convex). Starting from a number of correlations inequalities (such as FKG, GKS,
Lebowitz, Brascamp-Lieb etc.) commonly known for classical lattice systems, by a
lattice approximation technique (similar to the one used in the Euclidean field theory)
one can also extend them to the quantum case (cf. e.g. [7, 129, 255]).

(e) Method of reflection positivity (as a part of (d)) applies to the translation
invariant systems of scalar spins on a lattice L := Z? with nearest-neighbors pair
interactions (i.e., when V; := V and Wy := W if [{—/¢'| = 1). For a general description
of the method and its applications to classical lattice systems we refer e.g. to [262].
The proper modification of this technique for the quantum systems like (1.4) gives
the existence of so-called periodic Gibbs states pP® (see e.g. [37, 162]). Moreover,
the reflection positivity method can also be used to study phase transitions in such
models with the double-well anharmonicity V. This has been implemented under certain
conditions (e.g. in the dimension d > 3 and for large enough m, 5 > 1) in [37, 38, 100,
102, 140, 228|.

(f) Analytical approach is based on a characterization of Gibbs measures via
their Radon—Nikodym derivatives or via integration by parts. Such alternative descrip-
tions of Gibbs measures have long been known for a number of specific models in
statistical mechanics and field theory (see, e.g., [109]-[119], [144], [247]). Both for the
classical and for the quantum lattice systems, a complete characterization of y € G*
in terms of their Radon—Nikodym derivatives has first been proved in [17, 18]. As-



suming that the interaction potentials V,, W, are differentiable, it was further shown
in [10]-[13] that the later description of 1 € G* is equivalent to their characterization
as differentiable measures satisfying integration by parts formulas. The most progress
achieved in the analytical approach is related with the problems of existence and a-
priori estimates for the Gibbs measures, see corresponding results in the last-named
group of references.

(g) Method of stochastic dynamics (also referred to in quantum physics as
“stochastic quantization”; see, e.g. [85, 98, 114, 119, 145, 187, 188, 248]). In this
method the Gibbs measures are directly treated as invariant (more precise, reversible)
distributions for the so-called Glauber or Langevin stochastic dynamics. However,
it requires additional technical assumptions on the interaction (among them at most
quadratic growth of the pair potentials Wyp (x4, 2¢)) to ensure the solvability of the
corresponding stochastic evolution equations in infinite dimensions (not to mention the
extremely difficult ergodicity problem for them). This method has been first applied
in [24] to prove existence of Euclidean Gibbs states for the quantum models like (1.4).

II. A priori estimates for measures in G'. The next step is to get a qualitive
description of the set G' of all tempered Gibbs measures. First of all, there is an
abstract Dynkin-Follmer representation theory for the set G* in terms of its extreme
points, which applies in each model (see e.g. [233] for more details). It would be useful
to prove the compactness of the set G' in proper topologies, which again could be
nontrivial if the single spin spaces are noncompact. The compactness is closely related
with the another problem of getting uniform estimates on correlation functionals of
the Gibbs measures in terms of the model parameters. This problem was initially
posed for the classical lattice systems in [42, 71]; see also [23] for recent developments.
There are very few results in the literature about a-priori integrability properties of
the tempered Gibbs measures on loop or path spaces (see [119, 138, 153, 220] in the
case of Euclidean P(y);-fields and respectively [10]-[13], [24] in the case of quantum
anharmonic crystals). All of them are based either on the analytical method or on the
method of stochastic dynamics just mentioned above. Besides, information about the
moments of u € G' is also useful for studying the Gibbs measures by means of the
associated Dirichlet operators H,, in the spaces LP(p), p > 1, (this is known as the
Holley—Stroock approach, see Subsection 2.3.5 (ii)).

III. Uniqueness problem. The validity of sufficient conditions of Dobrushin’s unique-
ness criterion, see Theorem 4 in [91], for the quantum lattice system (1.4) with convex
pair interactions of at most quadratic growth has been first verified in [19]-[21]. In do-
ing so, the coefficients of Dobrushin’s matrix were estimated by means of log-Sobolev
inequalities proved on the single loop spaces L%. The uniqueness of © € G* was es-
tablished for small values of the inverse temperature € (0, 3,), but under conditions
independent of the particle mass m > 0. Thus, the results still hold in the quasiclassical
regime and, being applied to the classical lattice system (1.1), generalize the previous
contributions [71, 247]. For a special (EMN) class of quantum ferromagnetic models
with the polynomial self-interaction, these results have been essentially improved in the
series of papers [6]-[9]. The strongest theorem of such type, obtained in [9], establishes
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the uniqueness of © € G* in the small-mass domain m € (0, mg) uniformly at all values
of § > 0. On the other hand, for small m < 1 and uniformly for all g < +o0, the
convergence of cluster expansions (independently of the boundary condition) has been
proved in [105, 214]. The low temperature uniqueness in classical lattice systems with
a unique ground state was also studied by means of special cluster expansions which
constitute the Pirogov-Sinai theory of phase diagrams, see [182, 205, 259, 292]. The
high and low temperature uniqueness of u € G* in the (both, classical and quantum)
systems with interactions having superquadratic growth is an essentially open problem,
which will be the subject of Subsections 2.3.2, 2.3.3, and 3.2.5.

IV. Decay of correlations /spectral gaps. The exponential decay of spin corre-
lations for the Gibbs measures is a standard application of the Dobrushin contraction
technique (cf. e.g. [91, 108, 176]). Another analytical approach to this property is
based on the spectral gap estimates for the corresponding Dirichlet operator H,; see
[53, 186, 288, 291, 295] for its realization for the classical spin systems (1.1). However,
in the quantum case, the corresponding Poincaré and log-Sobolev inequalities for H,
(or uniformly for all Dirichlet operators of the local measures 7, (dw|{)) have not yet
been studied in the literature, except the trivial situation of strictly convex interac-
tion potentials (cf. [191]). On the other hand, for quantum ferromagnets with the
polynomial self-interactions like (1.4), the exponential decay of the so-called Duhamel
two-point function has been used in [9] as a crucial step for proving uniqueness for
i € Gt. Note that Poincaré and log-Sobolev inequalities are an important tool to de-
scribe the relaxation of stochastic dynamics to its equilibrium (e.g. Gibbs) measures
(see [16, 24, 291, 295] in the classical case).

V. Phase transitions. There are basically two powerful techniques for proving occur-
rence of phase transitions (non-uniqueness of i € G*) at low temperatures 571, namely,
the reflection positivity (for d > 3) and the energy-entropy (Peierls-type) method (for
d > 2). However, in practice their applications to quantum lattice systems have been
limited so far to the ferromagnetic P(¢)-models, see e.g. [14, 37, 38, 100, 102, 116,
118, 129, 130, 140, 162, 228]. We shall refer in Subsection 3.3.7 to the first method
(already mentioned in Item I (e)), which would allow us to prove the so-called infrared
(Gaussian) bounds on two-point correlation functions calculated for the periodic local
states mpera (cf. [100, 102, 107, 258]). The second technique, in its full generality also
known as the Pirogov-Sinai contour method [259, 293], has originally been discovered
as the so-called Peierls argument for the Ising model and further developed to apply to
various spin systems. Its quantum modification was implemented in [130, 130] to study-
ing phase transition in the (¢*)s-model of the Euclidean field theory and respectively
in [14, 100, 116, 265] to its lattice approximations like (1.4).

(iv) Overview of the habilitation thesis

We give a summary of Chapters 2—4 with a particular emphasis on the results obtained
by the author.

Chapter 2. We shall start with the classical spin model (1.1), which then will
be enriched step by step in the subsequent chapters. Section 2.1 is devoted to the



general setup, including the definitions of Hamiltonians, potentials, configurations,
etc. In particular, in Subsection 2.1.1 we specify our basic Assumptions (W), (J), and
(V) on the interaction potentials, which will remain the same throughout the whole
manuscript. The traditional DLR (Dobrushin-Lanford-Ruelle) route, which is used to
define the Gibbs measures through their local specification, will be described in all
details in Subsection 2.1.2.

In Section 2.2 we shall develop an elementary new approach to the existence prob-
lem for Gibbs measures, which relies on certain exponential estimates for the one-point
kernels 7y(dx|y) of the local Gibbs specification (see Lemma 2.9). Note that these esti-
mates are slightly stronger than those required in the fundamental Dobrushin existence
criterion, the formulation of which we recall in Subsection 2.2.1. The key exponential
estimate (2.51) for m,(dx|y) as well as the (resulting from it) uniform estimates for all
ma(dzly), A € L, will be obtained in Subsection 2.2.2. As is shown in Subsection 2.2.3,
such estimates imply not only the existence of at least one u € G* (Theorem 2.14),
but also yield the a-priori bounds on all points of the set G* (Theorem 2.15) and its
compactness in proper topologies (Corollary 2.16). Other important sequel is detailed
information about the support properties of each € G* to be obtained in Subsection
2.2.4. A conceptual difference from all previous schemes used to verify Dobrushin’s
criterion (cf. [42, 71, 237, 259, 291, 295]) is that a choice of the compact function h(zy)
participating in such estimates now depends explicitly on the growth of the Hamil-
tonian Hy(z,|y). As will be demonstrated in Subsection 2.2.5, the method obviously
extends to general N-particle interactions or spin systems on graphs, and hence es-
sentially improves all related existence results (see the discussion in Subsection 2.2.1).
The extension to the Euclidean Gibbs measures on loop spaces will be performed in
Subsection 3.2.2.

In Section 2.3 we concentrate on the uniqueness problem. We shall consider the
cases of high (8 < 1) and law (8 > 1) temperatures in Subsections 2.3.2 and 2.3.3
respectively. A new issue as compared with the previous uniqueness results (cf. e.g.
[20, 71, 291]), is that we include the inter-particle interactions of possibly superquadratic
growth. Our approach will be based on the Dobrushin-Pechersky uniqueness criterion,
which we formulate in Subsection 2.3.1. This is a modification of the well-known Do-
brushin uniqueness criterion especially suited for non-compact spin spaces. In Subsec-
tion 2.3.4 we shall also revisit the original Dobrushin uniqueness criterion and examine
to what extent it can be applied to the interactions obeying superquadratic growth or
infinite range. Finally, in Subsection 2.3.5 we present a systematic account on the ana-
lytical properties, such as e.g. the decay of correlations for the Gibbs measures ;1 € G*
and the spectral gaps for the associated Dirichlet operators H,, which typically occur
in the uniqueness regime.

In Section 2.4 we look in more detail at the properties of the local Gibbs speci-
fication. In particular, in Subsection 2.4.1 we give a substantial improvement of the
famous exponential bound obtained by J. Bellissard and R. Hgegh-Krohn in [42]. In
Section 2.4.2 we establish the bounds on correlations functions calculated with respect
to ma(dz|y), which will be uniform in all volumes A € L and boundary conditions
y € 2*. Finally, in Section 2.4.3, we analyze the behavior of the constants in Do-
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brushin’s Compactness Condition as § — 40/ + oo. The later results can be used to
describe the concentration properties of the measures 75 (dz|y).

The publications on the results in this chapter are in preparation.

Chapter 3. Here we develop a consistent rigorous theory of the equilibrium ther-
modynamic properties of quantum models like (1.4), based on a path measure repre-
sentation of local Gibbs states. In this theory, the model is interpreted as a system of
infinite-dimensional spins; its global properties are described by the Euclidean Gibbs
measures (1.6) constructed with the help of the DLR equation (1.3). As the spins
are infinite dimensional, the methods employed are more involved than those used for
classical models. Additional complications arise from the fact that we study a general
case, where the model has no spacial regularity and the interaction is of infinite range.
In view of the latter possibility, the only way to develop the theory is to impose a-priori
restrictions on the support of the Gibbs measures, which was done by means of the
weights obeying the conditions (3.55)—(3.59).

Section 3.1 is devoted to general aspects of the theory of Euclidean Gibbs measures.
In Subsection 3.1.1 we introduce the object of our study in the form of a system of
interacting quantum oscillators (3.1), (3.2) and give some physical motivations. The
transform from quantum Gibbs states to Euclidean Gibbs measures is described in
Subsection 3.1.2. To this end, in Subsection 3.1.3 we introduce the spaces of tem-
perature loops {2y, and the local Gibbs measures p, on these spaces, which give a
canonical realization for the [-periodic stochastic processes generated by the corre-
sponding Schrodinger operators Hy, A € L. The notion of temperedness, which is
important in all systems with interactions of infinite range, is discussed in Subsection
3.1.4. Finally, in Subsection 3.1.5 we describe in detail the corresponding Gibbsian
formalism and define the set G* of all tempered Euclidean Gibbs measures j on the
loop space 2 :=[Cy(Sp)|", see (1.5).

In Section 3.2 we perform the study of the set G* in the general case, where Wyy
and V; satisfy natural stability conditions only. In Subsection 3.2.1 we formulate our
main results. In particular, we state that: G* is non-void and compact (Theorem 3.18);
the elements of G* obey certain exponential moment estimates (Theorem 3.19) and
have a Lebowitz-Presutti type support (Proposition 3.145); G' is a singleton if the
interaction is not too strong (Theorems 3.22 and 3.23). The proof of these properties
relies essentially on the moment estimates in the spaces of Holder continuous loops w, €
C§, o € (0,1/2), which will be established for the probability kernels 75 (dw|€) of the
local specification IT = {my }acr in Subsection 3.2.2. Supporting results about the weak
convergence of measures on loop spaces are included in Subsection 3.2.3. Afterwards,
in Subsections 3.2.4 and 3.2.5 we give the proofs of the existence and, respectively,
uniqueness results mentioned above. To this end, we apply both Dobrushin’s existence
and uniqueness criteria as well as the Dobrushin-Pechersky uniqueness theorem. In
Section 3.2.6 we discuss some important generalizations of the initial model.

In Section 3.3 we consider in more detail quantum scalar ferromagnetic systems,
with the emphasis placed on the study of their critical behavior. A qualitative theory
of phase transitions and quantum effects in such models, which interprets most im-
portant experimental data, will be presented in Subsection 3.3.1. Employing the FKG
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order, in Subsection 3.3.2 we show that the set G has maximal and minimal elements
(Theorem 3.41). If the model is translation invariant, in Subsection 3.3.3 we prove that
the limiting pressure exists and is the same in all states (Theorem 3.43). Note that
the study of our model will be crucially based on the correlation inequalities, which
we collect in Subsection 3.3.4. Of particular interest is the new comparison criterion
(Proposition 3.64) stated in Subsection 3.3.5. It allows to compare the initial model
with a certain (so-called reference) model, for which the property desired can be estab-
lished directly. Subsection 3.3.6 contains important estimates on the pair correlation
functions, which will be used to establish uniqueness or phase transitions. Then, in
Subsection 3.3.7 we prove (Theorem 3.45) that under natural additional conditions on
Vi, the model undergoes a phase transition (for d > 3) at law temperatures, i.e. large
S3. On the other hand, as will be shown in Subsection 3.3.8, the set G' is a singleton
at all temperatures if a quantum stabilization condition is satisfied (Theorem 3.46).
Finally, in Subsection 3.3.9 we describe a class of anharmonic potentials V;, for which
G" is a singleton at a non-zero external field (Theorem 3.48). Here we use a version of
the Lee-Yang theorem, adapted to path measures. All these results are novel both for
the quantum model and its classical analogs.

The results of Section 3.2 are partially announced in [227]. The results of Section
3.3 are based on joint work with Yuri Kozitsky (Lublin); part of this has been published
in [172]-[174].

Chapter 4. In the last chapter of the thesis we return to the classical spin
systems (1.1), but now the particles will live on an infinite graph G(V,E). The main
object will be the Glauber dynamics (1.7), which describes a stochastic evolution of
the system towards its thermal equilibrium. In Section 4.1 we fix a standard DLR
framework for the Gibbs measures on graphs. A reasonable class of infinite graphs
having uniformly bounded degree is introduced in Subsection 4.1.1, whereas hypotheses
on the interaction potentials are listed in Subsection 4.1.2. In Subsection 4.1.3 we
define the set of tempered Gibbs measures p € G* and adapt to them the basic results
of Chapter 2.

In Section 4.2 we present our central result (Theorem 4.9) about the pointwise
ergodicity of the nonequilbrium Glauber dynamics associated with the interacting spin
system (1.1). It says that, starting from each initial value y € 2°, the dynamics
will converge exponentially in the Wasserstein metric to the unique Gibbs measure
i € Gb. The result is valid under the assumption of weak dependence, which typically
holds when the strength of the interaction is small or the temperature is high enough.
Furthermore, we give computable bounds (4.53), (4.54) on the critical values of these
parameters and on the speed of the relaxation. To prove the result we shall combine
different probabilistic and analytical tools such as the Lyapunov function method, log-
Sobolev and Talagrand’s inequalities, and Dobrushin’s contraction technique. We start
in Subsection 4.2.1 with an overview of the ergodicity problem. A unique solution
to the infinite system of SDE’s describing the Glauber dynamics will be constructed
in Subsection 4.2.2. The ergodicity result itself will be precisely stated in Subsection
4.2.3. There we shall also write down its formal proof, which involves several steps to
be performed in Sections 4.2—4.5. The scheme of proof relies on a proper approximation
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of the infinite volume solution x(t,3) € £2* by the solutions 2*(¢,y) € 02° of the cut-
off problems. Precise estimate on the LP-convergence of such approximations, which
are based on the so-called finite propagation property for locally interacting diffusions,
will be established in Subsection 4.2.4. In Subsection 4.2.5 we consider the set Z' of
all tempered invariant measures and obtain a-priori moment bounds on its elements
(similar to those stated for the tempered Gibbs measures ;1 € G* in Theorem 2.15).
Finally, in Subsection 4.2.6 we briefly discuss a possible generalization of the stochastic
dynamics method to the Euclidean Gibbs states (1.6). A new technical issue is that
such dynamics will be governed by an infinite number of parabolic PDE’s perturbed
by the space-time white noise.

Section 4.3 is dedicated to the study of ergodicity properties of the finite volume
Glauber dynamics associated with the local Gibbs distributions p, ,, A € V, y € £2.
This will be realized through such analytical tools as log-Sobolev and Talagrand’s
inequalities, which are discussed in Subsection 4.3.1. To get explicit bounds on the
corresponding log-Sobolev constants Cpg(A,y), in Subsection 4.3.2 we shall apply a
new criterion for the log-Sobolev inequality suggested by F. Otto and M. Reznikoff
in [221]. In Subsection 4.3.3 we demonstrate how to estimate the relative entropy for
diffusion processes by using Girsanov’s transform.

In Section 4.4 we establish computable estimates in the Wasserstein distance on
the rate of convergence p,, — g € G' in the thermodynamic limit A V. This
will be done in the framework of Dobrushin’s uniqueness criterion, which presumes
that the local Gibbs specification {7, }rcv satisfies the weak dependence condition. In
Subsection 4.4.1 we give a positive answer to the measurability problem for optimal
couplings, which arose in the original works of R. Dobrushin and remained open so
far. In Subsection 4.4.2 we extend Dobrushin’s criterion to unbounded spin systems on
graphs (Theorems 4.37 and 4.38) and to the lattice systems with interactions of infinite
range (Theorem 4.46).

Section 4.5 is devoted to the study of Dirichlet operators associated with Gibbs
measures, both in the classical and in the quantum cases. In Subsection 4.5.1 we
present an abstract approach to the spectral gap estimates via the Efron-Stein- Wu
inequalities for weakly dependent Markov fields. In Subsection 4.5.2 we prove the
log-Sobolev and Poincaré¢ inequalities for the local Euclidean Gibbs measures p,  on
the loop spaces {2, := [CB]A, A € L. We stress that these results are new for the
quantum anharmonic systems with non-convex interactions. They will be obtained by
means of the Efron-Stein-Wu and Otto-Reznikoff criteria applied to proper cylinder
approximation of the path measures. In Subsection 4.5.3 we review on the so-called
analytical approach to the Euclidean Gibbs measures, which was developed in the joint
papers [10]-[13]. In Subsection 4.5.4 we study essential self-adjointness of the Dirichlet
operators H,, associated with the Gibbs measures p € G* in different types of models
dealt with in Chapters 2—4.

The preprints on the results in this chapter are in preparation.
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Chapter 2

Classical Spin Systems

2.1 Description of the model

Following traditional lines, we get started with the interacting systems of classical
spins. In the subsequent chapters, this model will be enriched step by step.

2.1.1 Hamiltonians, potentials, configurations

We begin by introducing the standard setup of the model. In particular, below we
specify our basic Assumptions (W), (J), and (V) on the interaction potentials, which
will remain the same both in the classical and in the quantum cases.

(i) Formal Hamiltonian

The systems of our interest will live on some countable set I. C R?. To each ¢ € L
let there correspond a multicomponent variable z, := (z})%_,, called spin, which takes
values in R”. Note that the dimensions v,d € N may be arbitrarily high and do
not need to coincide. Using a standard interpretation from statistical mechanics, one
can speak about a system of classical particles performing v-dimensional oscillations,
with the vector displacements x,, around their nonstable equilibrium positions at the
sites of .. The configuration space of the system (2 := [R”]* consists of all sequences
x = (x¢)peL; the subset of finite sequences will be denoted by (2,. The potential energy
of the configuration x € (2 is given by a formal Hamiltonian

H(z) = Vi(x)+ % > Wi (e, z0r). (2.1)
¢

00

Actually, (2.1) does not make sense itself as a functional on the whole {2 and is rep-
resented by the family of local Hamiltonians H, (z|y) related to the bounded volumes
A C L and proper boundary conditions y € 2%, cf. (2.23), (2.17). To be more specific,
in (2.1) we restrict ourselves to the case of of anharmonic self- and two-particles in-
teractions only, which however are not necessarily translation-invariant and may have

14
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infinite range (concerning a possible extension to many-particle interactions and more
general Hamiltonians see Subsections 2.2.5 and 2.2.5).

The indexing set L is equipped with the Euclidean distance |¢ — ¢'| inherited from
R?. Moreover, it is supposed to fulfill the following condition of spatial reqularity:

Assumption (L;) For every p > d

=, = su 140 —0)"? < 0. 2.2
= Y 1) 22

Furthermore, the convergence in (2.2) is uniform in the following sense: for any
€ > 0 one finds N(p,e) € N, such that for all ¢ € L. and N > N(p,e¢)

Yoo @+—tpT<e (2.3)

Lell: |0 —6| >N

In other words, (2.2) means that big amounts of the elements of L cannot accumu-
late in the subsets of R? of small volume. The extra condition (2.3) is only needed to
include the interactions of infinite range, otherwise it can be omitted as we point out
in Remark 2.1 (iii). Assumption (Lg) surely holds if L is the integer lattice Z%; in the
latter case the model is called the classical anharmonic crystal. For convenience, we
always suppose that 0 € L.

We use the following notation related to the spin/space structure: (-,-) denotes the
scalar product and | - | respectively the distance in all Euclidean spaces RY, R” etc.
The symbols ), and ZM’ everywhere mean infinite sums being taken over all ¢ € IL
and ordered pairs (/,¢') € L?. As usual, |A| stands for the cardinality (i.e., number of
points) and A° — for the complement of a subset A C L; for shorthand we write A € IL
if 1 <|A| < co. For a given r > 1, by

O\ = {E’ e A°

. . — _J <
dist(¢; A) - ;161/{ |01 < r} , (2.4)
ol:={l'elL |0o<|t—=1{] <r}.

we define respectively the r-boundary of the set A C IL and the r-vicinity of the point
¢ € L. A sequence of finite volumes L := {Ay}nen is called cofinal if it is ordered by
inclusion and exhausts the whole L. Furthermore, A I means the limit taken along
any unspecified sequence L of this type.

(ii) Conditions on the interaction potentials

Throughout the whole manuscript, the interaction potentials are given by continuous
functions

ViR - R, Vi(0)=0, (el (2.5)
Wy =Wy : RV xR =R, Wy =0, ({cL,

satisfying the following conditions:
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Assumption (W) There exist constants R > 2, Cy > 0 and a symmetric matriz
J = (Ju)Lx1 with the non-negative entries and zero diagonal

Jow = Jow 20, Ju=0, (€L, (2.6)

such that for all xy,xp € R

1
\Wee (e, xp)| < §JZZ’(CW + |z + |2 |). (2.7)

Assumption (J) The matriz J is fastly decreasing, that is for all p >0

Hﬂb3:$?§:ﬁﬂl+w—%wp<ux (2.8)
g/

Assumption (V) There exist a continuous function V : R — R and constants P >
R, Ay > 0, and By € R, such that for all ¢ € . and x, € R”

Av|ZL‘g|P + BV S ‘/g(fbg) S V(ZL‘[) (29)

Without loss of generality, we suppose that the pair potentials W, vanish at the
diagonal and are invariant with respect to all permutations of the coordinates ¢, ¢ and
variables zy, zy. By adding a constant to V;, one may always agree that V;(0) = 0.
Assumptions (W), (J), and (V) listed above will be the basic ones (even though
repeated in main statements to make partial reading possible), some their stronger
versions or modifications will be introduced as needed later.

Remark 2.1 (i) The conditions (2.5)—(2.9) are fulfilled for many classes of interactions
of physical relevance. An important example is the polynomials

P s s r S s
‘/g(.’ﬂg) = Zszl bg )‘l'g‘z s ng/(xg, .Z'g/) = 2821 ng,)|$g — .’Eg/‘z , (210)

in which 1 < r < p and the coefficients bés), c;',) € R are kept uniformly in certain

intervals (so that 0 < inf, b < SUpg ¢ 6| < 0o and S ¢8| < 00). In fact, from
V, one always can extract a quadratic term U(x,) := alxy|?/2+(h, z;) with an arbitrarily
large a > 0 and an ezternal field h € R”, so that (2.9) is still true for the potentials
V, := V, — U with any positive A, < Ay. Merely speaking, our hypotheses mean that
the inter-particle interaction is dominated by the self-potentials, which implies a lattice
stabilization effect. The case P = R is allowed as well, but it needs a more accurate
analysis (which gives rise to Assumption (V) in Subsection 2.2.2 below).

(ii) The condition (2.8) ensures that the (symmetric) matrix J = (Jy )L« generates
a linear bounded operator in each of the Banach spaces

l;(L) = {U = (UZ)KGIL S RE

ulp = Z(l + [€]) 7P| < oo} , (2.11)

L

zwmy—{ueRL

|u!lgo = Slép {(1 + |€])’p]ug|} < oo} , p>0,
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and its norm there does not exceed ||J||,. The interaction is of finite range if there
exists r > 0 such that Wy» = 0 whenever |l —’| > r. The model is called translation
invariant if L :=Z% and V, :=V, Wy := W_p for all £,¢'.

(iii) We can substitute the condition (2.3) in Assumption (L,) by the following
supplement to Assumption (J): for any € > 0 one finds N(p,¢) € N, such that for all
¢ eLand N > N(p,e)

Y Jwl+ =) <e (2.12)
Lell: |04 >N

The latter surely holds for all interaction of finite range obeying

13]]o = sup > Jw < . (2.13)
Z/

(iii) Spaces of configurations

In a usual way we endow the configuration space {2 with the product topology T ({2)
which is the weakest topology such that all finite volume projections

No3x—Prri=1xp:= ($g)geA € [RV]A = QA, A e ]L, (214)

are continuous, and with the corresponding Borel o-algebra B({2) which is the smallest
o-algebra containing all open sets. It is a well known fact for product spaces that B({2)
coincides with the o-algebra generated by cylinder sets

{r e |zpy€Br}, ByeB(y), Ael.

By P(£2) and P(f2y) we denote the set of all probability measures respectively on
(2, B(12)) and (25, B(§2y)).

As is typical for systems with unbounded spins, we next have to restrict ourselves
to certain subsets 2° of reasonable configurations and, respectively, to the measures
p € P(£2) supported by such x € 2°. Their optimal choice is strongly determined
by the conditions imposed on the interaction, see Proposition 2.3. To this end we
introduce the scale of weighted Banach spaces

1/R
2, =cze ||z, := Z(l + |€\)_p\x4\R] <o p, p>d. (2.15)

14

Here the parameter R > 2 is fixed and describes the (largest possible) order of polyno-
mial growth allowed for the pair potentials Wy by Assumption (W). The restriction
p > d is motivated by the inclusion 1 € (2,, which we would like to have for technical
convenience. In the subsequent we shall crucially use the fact that the embeddings

2, — £y are compact whenever p < p'. (2.16)
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The latter means that for all » € (0,00) the balls B,(r) := {z € 2 | ||z]|, <r} are
(closed) compact sets in 2.

Now we define the subset of (classical) tempered configurations

== O =re | p=p@)>0: fal,<o0}  (217)

p>d

and, respectively, the subset of tempered measures

PHQ) = {n € P(Q) | Fp=p(u) >d: (%) =1}. (2.18)
By the above construction

= JP@,) cPy, (2.19)

p>d

where P(2,) and P(£2") consist of those € P(§2) which are supported respectively
by 2, and 2°. We consider 2* as a locally conver topological space equipped with
the topology of inductive limit, that is the strongest one for which all embeddings
2, — 2 are continuous. The reader is warned that this topology is however not
metrizable. Given measurable functions f,¢g: 2 — R, by

Buf = ()= [ fdn Var,f=p(fif) = BAf) - BuP, (220
Cov,(f;9) = u(f;9) =Eu.(fg9) —E.f - Eug

we denote their expectation, variance, and covariation with respect to the measure
w € P(£2), provided the integrals in (2.20) make sense.

2.1.2 Tempered Gibbs measures

Let us fix some 3 := 1/T > 0 having the meaning of inverse absolute temperature. We
shall often suppress the parameter § from the notation, so far no clarity is lost. In
classical statistical mechanics one looks at the corresponding Gibbs states which are
probability measures on (2, B({2)) of a formal appearance

p(dz) = (/Q exp {—BH ()} XreL dxz) h exp {—BH ()} Xer dzy.

To give a rigorous meaning to such p we traditionally shall follow the DLR (Dobrushin—
Lanford—Ruelle) route. Recall that the standard sources on the DLR approach are the
monographs [122, 233].
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(i) Local Gibbs specification

The Gibbs random fields are determined by means of their local specification II =
{ma}reL. In our contest, this is a family of stochastic kernels

B(2) x 225 (B,y) — ma(Aly) € [0,1]
defined by

Z\"(y) [ exp{—BHx(zaly)} 15(za X yac)dza, y € 2°
mA(Bly) := 25 . ‘0 (2.21)
b y )

where dx, := Xyepdz, and 14 stands for the indicator on B € B({2). Here
Zaly) = [ exp{~BHa(asly)} dos (2.22)
A
is the normalization factor (so-called partition function) and
Hy(wply) := Hp(wp) + Z Wee (e, yor) (2.23)

CEA, I'EAC

is the interaction in the finite volume A under the boundary condition y € £2* fixed in
the complement A°. Thereby,

1
Hy(za) ==Y Vilze) + 3 > Wa(xe,20) (2.24)
teA L0EN

can be looked upon as the local Hamiltonian related to the empty boundary condition
y = ©@. By Proposition 2.3 below, (2.21)—(2.23) make sense for the potentials V,
Wy we deal with. For each A € L and y € 2%, the probability measure 7 (dz|y)
is concentrated on configurations of the form z = (x5, yxc) € 2. It is reasonable to
consider its finite volume projection

[t (dzp) i=Ta(dz|y) o Py' € P(124), (2.25)

which is called the local Gibbs distribution under the boundary condition y. By the
above construction, the family IT = {ms}aecL is a specification in the sense that it
obeys the consistency property

/Q a(Ble)ma(dely) = ma(Bly), A C A, (2.26)

holding for all B € B({2) and y € {2. In the subsequent we crucially shall use that

/ exp {)\Z |mg|R} ma(dz|y) < oo, VA >0, (2.27)
Q

LeA

which will be clear from the estimate (2.32).
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Remark 2.2 (i) In the definition of a local Gibbs specification (cf. page 28 of [122]),
one usually claims that each kernel 75 (dz|y) is a probability measure on 2. Here we
modify this definition by including the possibility for ma(dz|y) to vanish if y do not
belong to the subset 2°. The following will be clear from Remark 2.5 (i): whatever
values of 7, (dz|y) are taken for y ¢ 2°) they do not affect the properties of those
Gibbs measures which are supported by £2°.

(ii) For each specification {mp}ser the notions of weak and strong measurability
are equivalent. It is easy to show that the measurability of the family of (real-valued)
functions y — mwa(Bly) for all B € B({2) implies the measurability of the mapping
y — ma(dz|y) € (P(£2), W). Here W is the standard topology of weak convergence
for measures p € P({2). This assertion will be relevant for constructing y-measurable
couplings for m,(dz|y) in Section 4.4.

(iii) If the interaction has finite range, the probability kernels 7, (dx|y) are defined
by the integral representation in (2.21) for all y € (2.

Let Cy(f2,) denote the Banach space of all bounded continuous functions f : (2, —
R endowed with the sup-norm. An important observation is that the specification
II = {ma}acL is regular in the following sense:

Proposition 2.3 For each A € IL and p > d, the next properties hold under Assump-
tions (W), (J), and (V):

(1) For every finite radius ball B,(r), the mapping 2, X 2,3 (z,y) — Ha(xaly) is
uniformly continuous on B,(r) x By(r). Moreover,

—00 < inf  Hp(zaly) < sup Hp(zaly) < 0. (2.28)
€82, yEBp(r) z,y€Bp(r)

(i1) The partition function 2, > y — Zx(y) is continuous. Moreover,

—oo < inf Zj(y) < sup Hp(zaly) < oo. (2.29)
yE€Bp(r) yEBp(7)

(ii) Feller Property: For any bounded measurable f : 2 — R, let us define

(raf)(y) = / f@)madaly), e 9. (2.30)

Then, f — mof is a contraction operator in Cy({2y).

Proof. (i) By the definition (2.23), Ha(xaly) = limy_c Ha(xa|ya, ) for any cofinal
sequence L = {An}nyen. By the construction, the mappings 2, x 2, > (z,y) —
Hy(zalyag,) are bounded and uniformly continuous on the sets B,(r) x B,(r) for all
r > 0 and p > d. Next we observe that

[191lo (fzel™ + Cw) + 1131 [pllyaclly (1 + €D, (2.31)

N =

D W (e, ye)| <

rehe
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and hence the series in (2.23) converges uniformly on B,(r) x B,(r). The limit map-
ping (x,y) — Ha(zaly) is thus uniformly continuous and bounded on B,(r) x B,(r).
Furthermore,

1
Hy(zaly) = (Bv — Cwl|J]]o)|A] + AVZ | — §||J||OZ |
teA teA

BN (1), (2.32)

leA

which justifies the lower bound in (2.28).

(ii) The required properties of the partition function Z,(y) follow by Lebesgue’s
dominated convergence theorem applied to the right-hand side in (2.22).

(iii) For f € Cy(£2,) and y € £2,, we can write

(raf)(y) = / Fa(ealy)daa,

1
53l

where, according to the claim (i), the integrand

(z,y) = Fa(zaly) = f(za ¥ yac)exp{—Hx(xaly)} /Za(y)

is continuous on {2, x §2,. Moreover, by (2.28) the map

2,5y sup |Fa(zaly)|
TE

is locally bounded. This allows us to apply Lebesgue’s dominated convergence theorem
and obtain the continuity of (2, 3 y +— (7w f)(y). Obviously,

sup ITafW)] = lImafllena) < 1 flle@) (2.33)
yciop

which completes the proof of (iii). m

(ii) DLR equation and its solutions u € G*

Now we recall the general definition of Gibbs random fields and discuss its peculiarities
for the model (2.1).

Definition 2.4 A probability measure € P({2) is called a Gibbs measure (or state)
for the local specification I = {mx}reL if it satisfies the DLR equilibrium equation

(man)(B) = [ maBly)u(dy) = (), (234
for all A @ L and B € B({2). Fized an inverse temperature [3, the associated set of
all (classical) Gibbs states for the system (2.1) will be denoted by G := Go. We mostly
shall be concerned with the subset of tempered Gibbs measures
G =Gl =GNP(N) (2.35)
={peg|3Ip=pp) >d: p2,)=1}.



22 CHAPTER 2. CLASSICAL SPIN SYSTEMS

Remark 2.5 (i) Definition 2.4 ensures that each of p € G, provided such exist, is
a-priori supported by 2%, Indeed, by (2.21) it holds w5 (£2\ £2f|y) = 0 for every A € L
and y € (2. Hence, by (2.34) one readily has that p(£2)\ £2*) = 0. In turn, by (2.35) each
of ;1 € G* has to be supported by a certain Banach space 2, C 2*. This additional
restriction p(f2,) = 1 will appear for technical reasons, once we proceed to getting
uniform moment estimates on the Gibbs measures (cf. the proof of Theorem 2.15
below). Having got such estimates, we then a-posteriori may conclude (cf. Propositions
2.17 and 2.19) that all u € G*, as the solutions to the DLR equation (2.34), have some
universal support (2°'PP C ﬂp> 4 §2, which consists of z € {2 obeying the asymptotic
bound lim supyy|_,« {|ze|®/log(1 + 1))} = 0.

(ii) Our starting notion of temperedness (2.35) is more extended as those used in
the earlier papers. So, G surely contains all Gibbs measures satisfying the following
condition in terms of their moment sequence

Fp=p(u) >0: Y (1+[0)p(|ad) < oo,

which was imposed in [42, 71, 291]. Thus, G* includes the (even smaller) class G** of so-
called “superstable” Gibbs states, which for lattice models was introduced in [184, 254],
see also Remark 2.21 below.

(iii) According to (2.25) and (2.34), the finite volume projections i, := p o Py* of
[ € G are given by

palden) = [ ua,(don)uldy) (2.36)

and so far are not known explicitly. Unlike Kolmogorov’s theorem, a problem (2.34)
of reconstructing a measure through its conditional distributions also may admit an
infinite number of solutions or none of them.

(iv) Actually, p € P(£2) is a Gibbs distribution for the local specification {7 }acL
if it satisfies the DLR equation (2.34) for all one-point sets A := {¢} (see Theorem
1.33 in [122] and Theorem 8.1 in [234]). So, all information about the measures p € G*
could be derived from the family of their one-point conditional distributions

tig,(dze) == m(dzly) o P, for L€ L,y e 2"
They have the explicit form (cf. (2.21), (2.23))
py(dxe) == 2, (y) exp {=BHy(z(ly)} da, (2.37)
where

He(@ely) := Vilze) + Ze,(#) W (e, yer), (2.38)

Zy(y) = / exp {—5 [W(W) + Zw(#) We,z'(%yz/)] } dz,.

Abusing notation we write Hy(x|y), m¢(dx|y), and the like for the corresponding objects
indexed by {/}.
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Example 2.6 Another typical condition on the interaction, which is stronger than
(2.8), is as follows:

Assumption (J;) The matriz J is decaying exponentially quickly, that is for some
0>0
[ J]]s == SUPZ Jo exp{d|l — l'|} < . (2.39)
Z/

Now it would be naturally to define the subsets of (exponentially) tempered configu-
rations and, respectively, Gibbs measures by
1/R
RO =aeR | V5>0: |afls= | |z|"exp{-dl¢ - C|}| <oy,
‘
GO = {peg | p(R@ =1}, (2.40)

so that the inclusions 2t C &Pt and G* C GEP! hold. Thus, more restrictive
assumptions on the interaction allows us to consider more extended classes of tempered
Gibbs measures, and vice versa.

By W, we denote the weak topology on the set P(§2,) of all probability measures
supported by §2,. It is generated by the local base

Us, () = {v eP(%,) ‘M(fi) - V(fi)‘ <e, 1<i<N}, (2.41)

with all possible choices of ¢ > 0, N € N, and functions f; € C,(f2,). Note that
Cv(£2,) is a measure determining class for ;€ P(£2,). With this topology the set
P(£2,) becomes a Polish (i.e., complete separable metrizable) space, cf. Theorem 6.5,
page 46 of [226]. Analogously, by substituting Cy,(£2) for Cy,(£2,) in (2.41), one gets the
weak topology W on the set P({2). Having in mind applications to pu € G*, it is more
convenient to use the topology W, which is stronger than the one induced on P(f2,)
by W. The next statement, which is an immediate sequel of the regularity property
(2.30), suggests us a standard way of constructing p € G*.

Proposition 2.7 For each p > d, every W,-accumulation point of the family {mx(-|y)
|Ael,ye 2}, as A /L, is the tempered Gibbs measure.

Proof. A measure p1 € P(f2,) solves (2.34) iff for all f € C,(§2,) and A € L

/ e / (o) (@)p(da) (2.42)

Let £ := {An}nen be a cofinal sequence such that {mx, (-|yn)}ven converges in W,
to some p. By (2.26) one has for every Ay O A

| rarmatdolun) = [ mxfa)ma, (einn).

Now, employing Proposition 2.3 we can pass here to the limit N — oo and thus get
(2.42). =
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Remark 2.8 Suppose for simplicity that the interaction has finite range r € (0, 00).
Another class of local distributions, whose W, -accumulation points surely belong to G,

are those with empty boundary conditions y = & (see the proof of Lemma 3.53). They

are defined by means of the local Hamiltonians (2.24) as ma (dz|@) := Z, " exp {—Hj(w7)} dwy %
o, (dzpc) and are consistent with the Gibbs specification (2.21) in the sense that

/WA(B\y)ﬂA/(dyIQ) =7ma(B|@) forall B e B(Q), A'D AU A. (2.43)

If the interaction is translation invariant, one also considers the so-called local Gibbs
distributions 78 (dx) with periodic boundary conditions (see Subsection 3.3.7 be-
low). They satisfy the consistency property similar to (2.43) and thus any their W,-
accumulation point is the translation invariant measure from G* (cf. Lemma 3.70).

2.2 Existence problem

The initial step in any study of Gibbs measures is to verify whether G* # &, which is
however not evident for systems with noncompact spins. In this section we develop an
elementary new approach to the existence problem which relies on certain exponential
estimates for the one-point kernels m,(dz|y) of the local Gibbs specification (see Lemma
2.9). We note that these estimates are stronger than those required in Dobrushin’s
existence criterion (see Subsection 2.2.1). As a result they imply not only the ezistence
of at least one y € G* (Theorem 2.14), but also yield the uniform bounds on all points
of the set G* (Theorem 2.15) and its compactness in proper topologies (Corollary 2.16).
Other important consequence is detailed information about the support properties of
each ;1 € G' to be obtained in Subsection 2.2.4. A conceptual difference from all
previous schemes used to verify Dobrushin’s criterion (cf. [42, 71, 237, 259, 291, 295]) is
that a choice of the compact function h(x,) participating in such estimates now depends
explicitly on the growth of the Hamiltonian Hy(x|y). The method obviously extends
to general N-particle interactions or spin systems on graphs (see Subsection 2.2.5)
and essentially improves all related existence results (see the discussion in Subsection
2.2.1). We stress that its simplicity is astonishing if one compares the short proof of our
main technical result, Lemma 2.9, with the whole chapters in [42, 237, 259] devoted to
verifying Dobrushin’s compactness condition in some particular (e.g. P(y)-) models.

2.2.1 Dobrushin’s existence criterion

The existence problem goes back to the pioneering papers of R. Dobrushin from 1968—
70, where the general ezistence criterion for Gibbs random fields was first given (Theo-
rem 1 in [91]; see also Theorem 1.3 in [259] and Theorem in [122]). Given a specification
II = {mp}reL, the main assumption of this criterion requires that the one-point prob-
ability kernels 7y(dx|y) satisfy the following:

Compactness Condition (D;) There exist a compact function h : R” — R, U{+o0}
and nonnegative constants C and Iy, £ # V', such that
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(i) The matriz T = (g )L« is strictly contractive in [*°(IL) (or its transposition
I' respectively in I*(L)), that is

0o i= IMlea=wy = Illeay = sup 37 L <L (2:44)
0/(£0)

(11) For all ¢ € L and y € (2

/Qh(.il?g)ﬂg(dl”y) <C+ Z Igg/h(ygl). (245)

0(#0)

Recall that the function h is called compact if all its level sets {zy|h(x)) < ¢ < 00}
are relatively compact in R”. The Dobrushin criterion yields that for any boundary
condition y € {2 such that sup, h(y,) < oo, the family {ma(-|y)},cp is W-relatively
compact (but not yet in the topology W, as was needed in Proposition 2.7). To ensure
that each its limit point p € P({2) is Gibbs, Condition (D) must be supplemented
by additional continuity and quasilocality assumptions on the specification {ms}aer
(which, of course, is superfluous when the interaction has finite radius and thus I, = 0
if |¢ —¢'| > r). Moreover, any measure ;. € G constructed in such a way obeys the
a-priori bound sup, E, [h(z)] < oo. If h(z,) > |z,|", this implies that u € P(£2,) for
all p > d and hence u € G'(# 2).

So, one faces here the problem (which was commonly believed to be non-trivial
one) how to check the compactness properties like (2.45) for systems with unbounded
spins. By now, there were only few papers [42, 71, 289, 290, 291, 295] and monographs
[237, 259] mostly dealing with the translation invariant lattice systems of scalar spins
xy, € R interacting via attractive pair potentials just as Jy_p(z, — LE@/)Q > 0. The
strongest result of such type, which was obtained by J. Bellissard and R. Hgegh-Krohn
(cf. Proposition III.1 and Theorem III.2 in [42]), establishes the estimate

/ exp{r|re|}me(drly) < exp{ K+ 2Lk + Mr* + K Z Loyl ¢ - (2.46)
2 U0

For fixed g = 1, it is valid with some universal constants K, £, M > 0, which depend
neither on ¢ € L, y € R¥ nor on k > 0. By Jensen’s inequality (saying that exp(E, f) <
E,(exp f) for any pn € P(£2), f € L*(n)) this readily implies the Dobrushin bound (2.7)
with the compact function h(zy) = |x¢|. However, the tools used in the quoted papers
were designed for the concrete models, so that their extension to multi (or infinite)
dimensional spin spaces and general interactions seems to be impossible. Note that the
exponential in the right-hand-side in (2.46) is linear with respect to |y|, whereas by
Assumption (W) we have nonlinear (i.e., polynomial of order R > 2) dependence on
y € 2 in Wiy (x, ye). For this reason alone, in [42, 237, 259] the advanced asymptotic
methods were needed to prove the desired estimates (2.45) and (2.46) directly with
such choice of h(xy).
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As was already mentioned, one of our goals is to present an elementary new approach
to getting Dobrushin’s compactness estimates, that seems to have been overlooked
before. Indeed, being much motivated by (2.46), instead of the Dobrushin bound
(2.45) we shall prove the stronger exponential bound

[ exp thtemdely) < exp { €+ 3 Tehtun) (2.47)
“ v(£0)

which nevertheless can be derived much easily in view of the additive structure of
the Hamiltonian (2.38). The second important moment is that (unlike all previous
papers) we give an explicit construction of the proper compact function h(z;), which
nonlinearly depends on |z,| and precisely takes into account a possible growth of the
pair potentials. One more peculiarity of our scheme is that it is based on the com-
pactness argument in the (stronger than V) topologies W, which allows to handle
the interactions of infinite range. Without principal changes the method extends to
much more general interactions (e.g. of unbounded order and infinite range) given
by many-particle potentials of superquadratic growth (cf. Subsections 2.2.5 and 2.2.5
below). Moreover, after obvious modifications these arguments apply to the quantum
lattice systems with infinite dimensional spin (e.g. path or loop) spaces, which will
be demonstrated in Subsections 3.2.2 and 3.2.4. Recent developments show that the
method also applies to the interacting particle systems in continuum (which is beyond
our scope here and will be done in a separate paper), so that to certain extent it can
be viewed as an alternative to the superstability estimates due to D. Ruelle [254].

2.2.2 Moment estimates for the local (Gibbs specification

In this subsection we establish the integrability properties of the kernels 7, (dwl|y)
needed later for the existence result of Theorem 2.14.

Conventionally this will be done in a slightly more general framework than was
described in Subsection 2.1.1. Keeping the former Assumptions (W) and (J) on the
pair interaction, we substitute Assumption (V) by the weaker one, which allows us to
consider the potentials V; and Wy, having the same order (i.e., P = R) of polynomial
growth:

Assumption (V;) There exist a continuous function V : R” — R and constants
A1 >0, By € R, such that for all £ € L and z, € R”

Az ® + By < Vi(zp) < V(xy). (2.48)

Moreover, the constant A; can be chosen large enough, so that the following
relation holds: 5
341> [0 = sup > i (2.49)
0(£0)
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The initial Assumption (V) imposed in Subsection 2.1.1 implies the validity of
(V) with arbitrary large Ay, so that the condition (2.49) always holds if P > R. The
stability properties of the system will be described by the positive parameter

1
Al = Al — §HJ||0, (250)

which by (2.49) fulfills A; > ||J]||o. Actually, A; > 0 guarantees by itself that the
specification {7y }acr is well-defined and possesses the exponential integrability (2.27)
with any k < fA;. By (2.49) we assume a stronger hypothesis, which will suffice for
the existence of € G* (cf. Corollary 2.11).

The key technical result is the following exponential bound for the one-point kernels
me(dz|y) subject to the fixed boundary condition y € £2°.

Lemma 2.9 Suppose that Assumptions (W), (J), and (V) hold. Then, for every
positive k < Ay, there exists a corresponding 1 : = T(5,k) > 0 such that for all ¢ € L
and y €

/Qexp {6/<|xg|R} m(dx|y) < exp {B (T + Zw(#) Jgg/|yg/|R) } ) (2.51)

Proof. By Assumptions (W), (J) one has that for all z,y € 2°

J 1
S Wietar )] < S0 a4 5 5 e Cu+ el (252
. 0(0)
By this estimate and the definition (2.37) of j, ,(dxy) := me(dz|y) o P!
[ exp (3w} mldaly) (2:53)
%)

< Gy e {5 (Cwllall+ 32, el .

X, = / exp {—5 [vz(@) - (m + @) mﬁ] } dz, (2.54)
Y e / exp {—5 [wm) + @mﬁ] } dz. (2.55)

Using the upper and lower bounds in (2.48), one observes that

where

X :=sup Xy <exp{—0Bi} exp {—B (A — k) |a:g\R} dxy < o0, (2.56)
l RY
J
Y = lIl}f}/g 2 / exXp {—6 (@LIAR + V(l’g)) } dl’g > 0. (257)
This yields the required estimate (2.51) with the constant
T :=T(B,k) =B "og (X/Y) + Cwl|J||o < oo. (2.58)
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Remark 2.10 (i) The integral in (2.56) can be calculated explicitly. So, passing for
f Ry — R, to the polar coordinates by the formula

7T.1//2 00
[ iz - %/0 =1 f(r)dr

and using the properties of the I'-function (see e.g. Section VII in [70])
['(2) ::/ r*le7"dr, 2€C, S(z)>0, (2.59)
0

one finds that for any A > 0

7/°T'(v/R)

/RV exp { —A|z¢|"} dzy = (2/R) - NPT (0)2)

(2.60)

(ii) It is important to know asymptotics of T(f,k) as f — +0 or  — oo (cf.
Subsection 2.4.3). In the Gaussian case, where Vj(zy) := A|x,|? and Wy (xp, ) :=
Joer (g, Tp )rr, one has by (2.60) that for all kK < A

/ exp {6/{|$¢|2} me(dx]0) = (1 — /{/A)fy/2 )
Q
Thus 7(3, k) is growing not slowly than O(3') as 3 — +0.

A subsequent application of Jensen’s inequality to the both sides in (2.51) gives us
the following Dobrushin-type estimates:

Corollary 2.11 (i) Let us pick some k € (||J||o, A1) in the statement of Lemma 2.9.
Then, for all y € £2°, the kernels wo(dx|y) obey Dobrushin’s bound (D) with the com-
pact function

R” 3 x4 +— h(zy) := |z 7, (2.61)

constant C := 1 /k, and contractive matrix
I=(lw)ixe, o= Jew/r, |0 <1 (2.62)

(i) In addition, suppose that the following relation holds

AYE S| [TVE||g = sup Z J%R, (2.63)
oy

which allows us to choose some k € (||JYE||E A)). Then (D) is also satisfied with
the norm-function h(xy) := |z, and coefficients

C .= (T//ﬁ)l/R, Igg/ = (Jgg///ﬂ)l/R.
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The next step will be to get the similar to (2.51) moment estimates for all 75 (dz|y)
uniformly in volumes A € L. We define

() i= g { [ exp {3t} ma(dal) . (264
e}
which are nonnegative and finite for all k < A;.

Lemma 2.12 Let everything be as in the statement of Lemma 2.9. Then, for any
p > d, there exists a finite 1, := 1,,(8, k) > 0 such that for all by € L and y € {2,

lim sup
A/L

S nelAly) - (1+ |6 - m-p] < 8T, (2.65)

Le

Herefrom, in particular, for all k < Ay
lim sup/ exp { Bk|ze| "} ma(dzly) < exp{B7,}. (2.66)
AL N

Proof. A simple trick consists in considering a family of norms on (2,,

1/R
lz]lpe := [Z(l + 6|€])p]a:4|R] , >0, (2.67)

¢
which are equivalent to the initial one ||z||,. Respectively, we set
13][pe :=sup > Jw(L+elt =L, p>d, e>0. (2.68)
¢
v(#0)

We claim that, for any given p > d and + > 0, one finds a small enough ¢ := ¢(p,¢) > 0
such that
[ [p.e = [1THo < 2. (2.69)

To this end we take advantage of the fact that the matrix J is quickly decreasing, that
is [|J]|,» < oo for all p’ > d. Then (2.69) is confirmed by the following computations

|Ilpe < sup Z Joo (1 + €|l — 0'|)P + sup Z Joo (1 + el —1'|)P

E <N e gsN
< (@ eNPIIlo + [1llpsup D (L= L) =[]0, (2.70)
¢
o e —€>N
as N — oo and then ¢ := ¢(N) — 0. Here we have crucially used the condition

(2.3) in Assumption (Lg) (or alternatively by Remark 2.1 (iii), the condition (2.12) in
Assumption (J)). Thus, by (2.49), (2.50), and (2.68) we may fix some ¢ € (0,1) such
that

[IMlo < 1 Jlp.e < As. (2.71)
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Without loss of generality let us consider only x € (||J||,z, A1), so that k=1 >, (o) Jeor <
1. Integrating both sides of (2.51) with respect to m(dx|y) with arbitrary y € §2, and
taking into account the consistency property (2.34), we arrive at the following estimate

ne(Aly) < B <T+ > Ju'|ye'\R>

rehe
+log {/ exp (Z K T .ﬁ/-@|xg/]R) WA(dx]y)}
2 ven
S 6 (T + Z Ja/|yg/|R> =+ /{_1 Z JMW/(My), (272)
Cene veA

where the constant 1" := 7°(/3, k) is given by (2.58). Here we have used the multiple

Holder inequality
E, (H f;”f) <JI®.f), (2.73)
j=1 j=1

valid for any probability measure p, functions f; > 0, and numbers a;; > 0 such that
> -1 @; < 1. After summing in (2.72) over £ € A with the weights (1 + €|y — £])7,
one gets

neo(Aly) <D ma(Aly) - (1+elbo — €))7 (2.74)
ten

<
L= T

TY (L+elly— )7+ IIJHp,eHZ/ACHﬁs] :
leA

For y € (2, the second term in the brackets in the right-hand side in (2.74) tends to
zero as A /' L, whereas by Assumption (L) the first one is uniformly bounded by

Epe=sup » (L+ellg— ()7 <e "B, < 0. (2.75)
Lo I}

We thus have

S n(Aly) - (14 €]t — ew]

—

< BT— TPt .37, (2.76)
1= £ Y|I]]pe :

which completes the proof of (2.65) and (2.66). m

limsup ng (Aly) < limsup
A/L A/L

Remark 2.13 The above proof actually ignores the sign of Wy. In fact, the lower-
boundedness of the interaction could improve the result. Additionally to (W) and (J),
let us suppose that there exists ¢y € R such that for all ¢, ¢’

W := Wi — cwJur /2 > 0.
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Then the models with the potentials W, and VT/M are equivalent as such related to the
same specification (2.21). This allows us to replace the condition (2.49) in Assumption
(V,) by the weaker one Ay := Ay — 3||J]|o > 0. Indeed, tracing the proof of Lemma
2.9, we observe that for all x € (0, A;)

1

[ e ool matast) < {6 (7455, dulel) ). )

The constant in the right-hand side can be chosen as

7= 57 og (X)) + 131 (Cor — ew),

where Y is the same as in (2.57) and
X = exp{—pB1} exp {—B(Al — /i)|xg|R} dz,.
RV

Herefrom, picking any « € (||J||o/2, A1), we get Compactness Condition (D;) with
h(ze) == |z¢|® and ||I]||o < 1.

2.2.3 Existence and a-priori estimates for ;€ Gt

Here we prove our main Theorems 2.14 and 2.15 describing the set G'. Once the re-
quired bound (2.45) for the one-point kernels 7,(dx|y) has been established (cf. Corol-
lary 2.11), one could apply Dobrushin’s criterion which yields the relatively compact-
ness of the family {7, (dz|0)}, ., in the weak topology W on P(42). After an additional
technical work, one may further conclude that any limit point of this family indeed be-
longs to G*. As already mentioned above, such standard scheme of proving existence
of Gibbs measures was realized for some special models in [71, 237, 259]. We however
prefer to follow another way which is strongly motivated by the paper of J. Bellissard
and R. Hgegh-Krohn [42]. The main idea is to show that the uniform bounds (2.65)
for ma(dz|y), combined with the compactness argument in the topologies W, (which
are stronger than W), readily imply the existence of u € G*. On this way, we also get
a-priori moment bounds like (2.65) to be valid for all measures p € G*.

If instead of (V) we use the initial Assumption (V) with P > R, then the previous
Lemma 2.12 and the subsequent Theorems 2.1 and 2.2 will certainly hold for all values
of B,k > 0. The reason is that the key relation (2.71) is always fulfilled by choosing
large enough values of the parameter A; in (2.49). Furthermore, this means that now
we can drop the additional condition (2.3) in Assumption (L) or respectively (2.12)
in Assumption (J).

Theorem 2.14 Let Assumptions (V,), (J), and (W) be satisfied. Then, the set of
tempered Gibbs measures is not empty, i.e., G* # @. In particular, it contains all
Wy -limit points of the family {ma(dwl|y)}, -, with any y € £, and p" > p.
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Proof. For fixed k < A; and y € §2,, by (2.65) and Jensen’s inequality we have that
limsup/ |zl [Fra(daly) < T,/k. (2.78)
AL Jo
Hence, one finds a finite C,(y) > 0 such that

sup / 2] Fa (dely) < Co(y). (2.79)
Acel J

The embeddings (2, — (2, are compact whenever p < p’ (cf. Remark 2.1 (ii)),
which by Prokhorov’s criterion implies the W, -relatively compactness of the family
{ma(dw|y)}rer s £ L. By Fatou’s lemma, each of its limit points p € P(§2y)
satisfies

/Q 2l Fu(da) < Cyly). (2.80)

and thus is supported by (2,. By Proposition 2.7 every such p is surely Gibbs. =

The next important sequel of the bound (2.66) is the uniform integrability estimate
for all tempered Gibbs measures.

Theorem 2.15 Under the assumptions of Theorem 2.14, for every N\ < [BA; there
exists a positive Cog1 := Ca51(8, \) such that for all pn € G*

sgp/ exp {A|z¢|"} p(dz) < Cosr. (2.81)
Q

Proof. Let us first fix some p > d, and consider only those x € G* which are supported
by the corresponding (2,. Setting x := A\/f < A;, by means of (2.34), (2.66), and
Fatou’s lemma we have the following estimates with arbitrary N > 0

/Qexp {min (Bk|z,|"; N)} p(dz) (2.82)
~ sy [ p [ exp fmin (3efad]"; N)} ma(dely)n(dy)
< | [nmsup [ exp el matasly) | () < exp{5T;

o L AL Jo

where the constant 1}, was introduced in (2.76). Applying Fatou’s lemma once more,
we conclude from (2.82) that for all 4 € G*NP(2,)

/Qexp {Br|z|"} p(dz) (2.83)

< lim sup/ﬂexp {min (Bk|z,|"; N) } p(dz) < exp{B7,},

N—o0
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and hence by Jensen’s inequality

sgp/ 2| ®pu(dz) < T, /K. (2.84)
Q

The latter implies by Chebyshev’s inequality that any p € G* is actually supported by
Np=df2,. Thus, (2.83) yields us the desired estimate (2.81) with the constant Cyg; :=
exp (Binfy~q 1}), which is the same for all u € G*. m

Corollary 2.16 G' is the W,-compact set in each P(£2,), p > d.

Proof. Similarly to the proof of Theorem 2.14, by Prokhorov’s tightness criterion and
the estimate (2.81) we get the relative W,-compactness of G*. In view of the Feller
property (Lemma 2.7), the set G* is closed and hence compact. ®

Finally, we stress that the estimate (2.81) for the measures p € G* is a-priori in
the sense that it in principle can be proven before establishing their existence. The
bound in the right-hand side in (2.81) is uniform for all u € G* and depends on the
inverse temperature 5 and parameters of the model only. The a-priori bound (2.81)
plays a crucial role in the theory of the set G*. As will be seen in Subsections 2.3.5 and
4.5.4, it is also important in the study of the Dirichlet operators H,, and the stochastic
dynamics exp(—tH,,);>o associated with the measures u € G*.

2.2.4 Support properties of u € G!

There are at least two immediate sequels from the a-priori bound (2.81), see Proposi-
tions 2.17 and 2.19 below. The first one says that all finite volume projections of i € G*
are of sub-Gaussian growth. This is a (slightly weaker) version of the so-called regular-
ity property for Gibbs measures firstly discovered by D. Ruelle within his technique of
superstability estimates (cf. Definition 3.2 and Theorem 4.4 in [184]).

Proposition 2.17 Suppose that Assumptions (V,), (J), and (W) hold, and let us take
any A € L with |A| < Ay/||J|lo- Then, for each p € G*, its finite volume projection
py = po Pyl is absolutely continuous with respect to the Lebesgue measure dxy on
RYIM . The corresponding Radon-Nikodym derivative obeys the Ruelle-type bound

W) s pnon) < {5, (Ml - K0}, 28

dCL’A

with a constant ICy being the same for all such p and depending only on the number of
points in A.

Proof. From (2.34) and (2.36) it is easily to see that the Radon-Nikodym derivatives,
if such exist, should have the form

Pun(®a) = exp{—GHa(za)} (2.86)
X /Q[l/ZA(y)] exp {—5 ZeeA, pene Ve (e, ye')} p(dy),
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where Z,(y) and Hp(zp) are given respectively by (2.38) and (2.24). So, the only
thing one needs to check is the validity of the upper bound (2.85), which in turn
implies p, , € L'(1) and hence ju,(dzy) < dzy. By (2.31), (2.32) and the arguments
similar to those used in the proof of Lemma 2.9, we find that

purten) < WYY [ep {8, wluel®} () (287

i)

1
cexp{ 5=, Vitan) + 3100 X, lee” + Corlalolal ]},

with the constant Y > 0 defined by (2.57). The integral in the first line in (2.87) can
be estimated by the Holder inequality (2.73) and Theorem 2.15. Its value does not
exceed some Cs g1, which corresponds to an arbitrary choice of A € (B||J||o|Al, BA1)
in (2.81). Together with the growth conditions (2.48)—(2.50) for V;, this yields us the
required bound on p, , with the constant

Ka = B87(1/|A]) log Cas1 —log Y] + Cyw |30 — Bi. (2.88)
For A = {¢} the result holds with C; := 87" log(Cys1/Y) — B;. m
Remark 2.18 If K :=sup,; K£x < oo, this would mean the Ruelle bound

pualen) Sexp {8 (Aiful® 1K)}, (2.89)

cf. Definition 3.2 in [184]. Assuming that (V) holds with some P > R, one easily
can deduce from (2.87), (2.88) that Ky = O(JA|®/(P=R)) If the interaction has finite
range, a further analysis shows that K := sup,., Ka < oo for any cofinal sequence £
such that supye, {]0,(A)|”/P=R)/|A|} < co. Surely, this is the case if P > Rd and all
A € L are cubes in L := Z%.

Let us recall that the set of tempered Gibbs measures was introduced by means of
the rather moderate restriction (2.35), which roughly coincides with what is needed to
define the local specification {7} yer.. We now show that all p € G* indeed are carried
by a much smaller universal subset (2.95); in the case of R = 2 the latter is known as
the Lanford-Lebowitz—Presutti support (cf. Definition 3.2 in [184]). To this end, let us
define for b > 0

E(b,R)={x€ 2| (BA, €L) (V€ [A]°) : |ze|" < blog(1+ |¢])}, (2.90)
which are Borel subsets of 2.
Proposition 2.19 Given A > 0, let us consider all p € P({2) which fulfill
sgp E, (exp A|z¢|™) =: C (1, A) < <. (2.91)

Then, simultaneously for all such measures (and hence by Theorem 2.15, for all p € G*),

one has
u(=(b, R)) =1, with any b > d/\,

where d is the dimension of R? D L in Assumption (L,).
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Proof. We proceed similarly to the proof of Lemma 3.1 in [184]. The complement to
the set (2.90) can be written as

E0,R)° =) JIE0 R, (2.92)
A€ LeAc

where

Ei(b,R):={z €2 | |z" < blog(1+1¢])}.
By Chebyshev’s inequality and the estimate (2.91),

p([Ze(b, R))) < C(p A) - (14 [€)) " (2.93)
Therefore, by (2.92) and (2.93), for any cofinal sequence £ L
(20, R)) < C(u, A) lim Z (14 |e))~. (2.94)
£ icne

By Assumption (L,)the series in (2.94) convergent as b > d/\, which yields the result
p(E0,R))=0. =
Corollary 2.20 Suppose that the basic Assumptions (V), (J), and (W) hold. Then

all € G* are carried by the universal subset

evre= () EZ(0.R) (2.95)

b>0, RE[2,P)

—{xEQ

Furthermore, their projections i, obey the uniform bound (2.85) with any R < P,
A1 >0 and a certain Ky := Ka(8, R, A1) >0

limsup {|z,|"/log(1+ |¢(])} =0, 2<R< P} :

€] —o0

Remark 2.21 According to its definition, G' contains a class G of the so-called
Ruelle-type “superstable” Gibbs measures pu. For translation invariant systems on
L := Z9, they were introduced by the support condition

sup ¢ (1+2N)~ Z lze|® 3 < C(z) <00, Vo€ (1n—ae), (2.96)
NeN <N

see Definition 3.3 in [184] related to the particular case of R = 2. One of main
statements within Ruelle’s approach is that the regularity bound (2.89) and the support
property (2.96) are equivalent for the Gibbs measures, see Theorems 4.4 and 4.5 in [184].
However, it is a still open question whether G* = G5t. A particular answer was given in
Remark 2.18 under the restriction that P > Rd. What is clear is that any translation
invariant measure p € P({2) obeying the exponential bound (2.81) ought to fulfill

sup ¢ (1+42N)™ ) " exp (Az|™) p < C(N2) <00, Vo€ R (n—ae), (297)
NeN <N
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which is much stronger than (2.96). The latter assertion follows from the multidimen-
sional individual ergodic theorem (cf. Theorem 14.A8 in [122]) applied to the stationary
process x4, £ € Z%, defined on the probability space (£2, B(§2), ut). To this end, assuming
that the interaction is translation invariant and has finite range, let us construct the
so-called periodic Gibbs states P®" € G*, which certainly will be invariant with respect
to the group of translations of the lattice Z? (cf. Subsection 3.3.7). In this situation
we can substantially refine the statement of Theorem 2.14 by claiming the existence of
p € G** with the support property (2.97).

2.2.5 Possible generalizations

Here we briefly discuss certain important generalizations of the model (2.1) including
multi-particle interactions and spin systems on graphs.

(i) N-particle interactions

The above method can be applied without principal changes to the interacting spin
system described by a heuristic energy functional of the form

= ZW(ZL’E Z ng Iy l’gl, ...,JZ[N). (298)
l

77777

The N-particle interaction potentials (taken here over all unordered finite sets {/1, ..., {x}
consisting of N > 2 distinct points) are given by continuous symmetric functions
Wi,y 2 RN — R. Analogously to (2.21)—(2.23), one defines the local Hamiltonians
Hy(z|y) and the probability kernels 7, (dz|y) corresponding to the boundary condi-
tions y € 2°. Then, all previous statements for the Gibbs measures p € G* (including
their Definition 2.4 and Theorems 2.14, 2.15) hold true under the initial Assumption
(V) (or its weaker version (V,)) combined with the following modifications of (W),

(J):

Assumption (W) There exist constants R > 2, Cy > 0 and a symmetric matric
J = (Jo,..en = 0)p~, such that for all x,,...,xe, € RY

(W, oy (Tay s ooy oy )| < le N (CW + Z |24, | ) . (2.99)
Assumption (J,) The matriz J is fastly decreasing, that is, for all p >0
p
] == SZP{KZZ }Jel...eN (”Jﬁ%'fl —en|> < o0. (2.100)
2500y N

We suppose that Jy, .. ¢y =0 if €1 =¥, for some n < N.

To summarize, the related results for N > 2 differ only in the formulation of the
exponential bound (2.51). The total strength of the interaction is now controlled by
the “effective” matrix J = (JMQ)LX]L with the entries ngb : 2{63 In} Jo,..0y and the

finite norms |||, < [|J||,-
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(ii) General Hamiltonians

In a very broad setting, the interaction can be defined through a family of potentials
{Wy} indexed by all finite sets A € L, where each W, : Rl — R is a continuos
function invariant under permutations of its coordinates. The local Hamiltonian in
volume A € L under the boundary condition y € 2° is then given by

Hy(zly) == > Walzanalyanae), € 2" (2.101)
AcL: ANA#£D

Provided the one-particle potentials V; := Wy, satisfy the former Assumption (V,),
we impose the following hypotheses on W, with |A| > 2:

Assumption (W ,) There exist constants R > 2 and Cy, Jy > 0, such that for each
A € L with [A] > 2 and for all zp = (x4, ..., z4,,) € RV

1 A
|WA($41, ...,xgw)‘ S §JA (CW + Z |{Bgn|R) . (2.102)

Assumption (J,) The intensity Ja of the many-particle interaction is decreasing as
the diameter of the sets A growths, that is for all p > 0

p
13, :=sup > Ja <1+ max |6 — £, |> < 0. (2.103)

n<|A
U ASe: A2 A

Again, in the correspondmg statements there occurs a new matrix J = (JMZ)]LX]L
with the entries Jy, g, = > AS{t.6): [a[>2 Ja and with the norms 113]], < [|3]],. Coing
through the proof of Lemma 2.9, we observe that the only estimate on the interaction
needed is as follows: for all z,y € 2*

S [Wawlimge)] < 5 |19l (Aukeel™ + ) + 3

Eﬁlny/’R:| > (2104)
A3 |A|>2

0(£6)

with the parameter A; := A; — ||J]lo/2 > ||J]|Jo- Then, by choosing in (2.51) any
€ (||J]]o, A1), one immediately gets Dobrushin’s bound (D) the same as in Corollary
2.11 (i).

(iii) Gibbs fields on graphs

The next (and very important in applications) step is to consider more general indexing
sets L and thus pass from the regular lattice Z? to an arbitrary graph of bounded degree.
Here we sketch a situation, whereas a detailed study will be presented in Section 4.1.

Let us given the simple graph G := G(V, E) consisting of a countable set of vertices
v € V and a set of unordered edges e = [v,v'] € E. A standard choice for the distance
p(v,v") is the length of the shortest path - connecting v,v" € V. For each vertex v
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we define its degree m(v) < oo as the number of all nearest neighbors v € Jv with
p(v,v") = 1. In the subsequent, we consider only the graphs having the uniformly
bounded degree m(G) := sup,cy m(v) < oo. Furthermore, we impose the following
regularity condition (substituting for Assumption (L) from Section 2.1):

Assumption (Gs) There exists g > 0 such that for all 6 > dg

Hs 1= sup Z exp{—dp(v,0)} < 0. (2.105)

oeV »

For the lattice G := Z¢, (2.105) obviously holds with dy = 0. Setting 2 := [R"],
we define the subsets of (exponentially) tempered configurations (cf. (2.40))

Q= () Qs (2.106)
o€V, >80
1/R
Qos =11 € R|||2]los:= | Y |z|Texp{-dp(v,0)}| <oo

(2

Again, one has the compact embeddings Q, 5 < €, 5 whenever §' > 6. On the graph
G, we now consider an interacting spin system with the formal Hamiltonian

H(z) =Y V() + % > W(wy, zw), (2.107)

veV v’

where the potentials W : R* — R and V, : R — R fulfill the former Assumptions
(W) and (V) (or its modification (V,)). The matrix J := (J,)vxv in Assumption
(J) has the entries J,,, = J > 0 if v ~ v’ and J,y = 0 otherwise. Fixed an inverse
temperature 8 > 0, one defines the local specification II := {mp}pey: for all A € V
and y € {2

mA(Bly) == ZAl(y)/ exp{—FBHa(zaly)} 1p(za X ype)dzy, B € B(£2), (2.108)

LN

where

Ha(xly) := Z V() + % Z W(xy, ) + Z W2y, Yo ).

vEA veEA, v/ EFUVNA vEA, v/ €0vNAC

We confirm ourselves to the subset of tempered Gibbs measures 11 € G supported by
)t Modifying the corresponding proofs for the system of weights exp {—dp(v, 0)},
§ > o, one afterwords concludes that the set G(* is not empty (cf. Theorem 2.14)
and all its element obey the a-priori bound (2.81) (cf. Theorem 2.15). Note that
Assumption (Gy) is crucial for the validity of (2.81), while the existence of 1 € G can
be proved just for any graph with m(G) < oc.
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In conclusion, we note that the situation drastically changes if G has unbounded
degree sup,cy m(v) = +oo. In particular, both Dobrushin’s existence (see Condition
(D,)) and uniqueness (see Condition (D,)) criteria do not apply directly, since the
Dobrushin interdependence matrices in (2.45) and (2.173) are no longer strictly con-
tractive in [*(G). So far there is no satisfactory theory of Gibbs distributions on
such graphs, except some particular results available by comparison methods for the
attractive harmonic interactions.

2.3 Uniqueness problem

In this section we present a number of conditions on the interaction which will suffice
for G* = 1 to be a singleton. We shall consider the cases of high (8 < 1) and law
(B > 1) temperatures in Subsections 2.3.2 and 2.3.3 respectively. A new issue, as com-
pared with the previous uniqueness results (cf. e.g. [20, 71, 291]), is that we include
the inter-particle interactions of possibly superquadratic growth. Furthermore, even for
the mostly studied ferromagnetic quadratic interactions, this seems to be the first ele-
mentary treatment of the low temperature uniqueness in models with a unique ground
state. Our approach is based on the Dobrushin-Pechersky uniqueness criterion to be
formulated in Subsection 2.3.1. This is a modification of the fundamental Dobrushin
criterion especially suited for non-compact spin spaces. A peculiarity in applying the
Dobrushin-Pechersky theorem is that one first should control Dobrushin Compactness
Condition (D,) with some function h, which thereafter will participate in some new
Contraction Condition (DP3) has to be checked. This means that all proofs below
will use strongly the &-priori moment bounds obtained in Subsection 2.2.2. To gain
a complete insight into the subject, in Subsection 2.3.4 we shall revisit the original
Dobrushin uniqueness criterion and examine to what extent it can be applied to the
interactions obeying superquadratic growth or infinite range. Finally, in Subsection
2.3.5 we present a systematic account on the analytical properties, such as e.g. the
decay of correlations for the Gibbs measures u € G' and the spectral gaps for the
associated Dirichlet operators H,, which typically occur in the uniqueness regime.

2.3.1 Dobrushin-Pechersky criterion

As already mentioned, we shall use a modification of the Dobrushin uniqueness the-
orem to the lattice systems with non-compact spin spaces, which was suggested by
R. Dobrushin and E. Pechersky (see Theorem 1 in [92] and Theorem 4 in [230]). So
far, such stronger version of Dobrushin’s theorem has been stated and proven only for
interactions of finite range, which gives rise to the following:

Assumption (Jg,) There exist 7 > 1 and Jy := J_; > 0, [¢| < r, such that Jy :=
Jo_o if € =10 <r, and Jy : =0 otherwise.

The main advantage of this approach is that one needs to check Dobrushin’s con-
dition of weak dependence not as usual for all boundary configurations, but only for
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such y € {2 whose components y,, ¢ € L, lye in a certain ball in R”. Moreover, the
method straightforwardly extends to multi-particle interactions
Wy=Wy,y forall A €L and ¢ €L,

Wh =0 if diamA := sup [{— 0| >r,
L0EN

like those discussed in Subsection 2.2.5 (i). For this purpose, we introduce some quan-
tities related to the geometry of the lattice L. = Z%. Let

a:=a(r,d) =10,(0)], 2?<a<r+1)7%-1, (2.109)
denote the number of points in the r-vicinity of each ¢ € IL, and
b:=b(r,d) = |L/Ly|, 1<b<(r+1)4, (2.110)

be the number elements in the quotient group L /Ly corresponding to a maximal sub-
group Lo C L whose elements satisfy |[¢ — ¢'| > r.

The Dobrushin—Pechersky uniqueness theorem requires the following two conditions
to be fulfilled for the specification {mx},; . The first one is a stronger version of the
Dobrushin existence criterion (cf. Condition (D,) in Subsection 2.3.4 (i)):

Compactness Condition (DP,) There exist a continuous compact function h : R” —
R., a sequence (I; > 0)per, and a constant C > 0, such that

(i) The matriz I = (I;_p)Lx1 s 1°°(L)-contractive and, moreover,

o= ) L <I<1l/a’®<1. (2.111)
£€0(0)

(i1) For each ¢ € L and all configurations y € (2,

/Q Brmldaly) <C+ S I oh(ye). (2.112)

0, (0)

In turn, the second condition is a weaker version of the well-known Dobrushin
uniqueness criterion (cf. Condition (D,) in Subsection 2.3.4):

Contraction Condition (DP,) For a given R > 0, there exists a sequence
(K¢ > 0)per such that

(i) The matriz K = (Ky_p)Lx1L s [*°(L)-contractive, i.e.,

IK[lo:= ) K/ <K<l (2.113)
0€0,(0)

(ii) For each ¢ € IL and any pair of configurations y,y € (2 satisfying

, i) <
Jmax {h(ye), h(ge)} <R,
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the following estimate in the (half) total variation probability distance in RY holds
for the one-point projections

1
Dvar (ﬂé,y? Ne,g) = 5“#@,@/ - Mf,gj‘ ’TV = B Sllﬁl(lﬂa% ) [qu,y - :uf,gj:| (B)
E v
S Z Kg,g/(S(yg/ — :(75/), (2114)
£'edr (L)

where the spin space R” is equipped by the discrete metric

_ 0, Yo = yeu;
5<y£l N yﬁ/) - { 1 Yer 7£ gel.

(iii) For each A € 1L, the mapping
(2, T(2)) 3y — pa, € (P(R"Y), Do)

is continuous, where T (§2) denotes the usual product topology on §2 (cf. Section

2.1).

Then, the Dobrushin—Pechersky theorem says that one always finds a constant R
(which depends only on the parameters a, b, Z, K, C and in principle can be written
explicitly), such that to any local specification I = {m} e obeying both Conditions
(DP,) and (DP,) there corresponds at most one measure p € P({2) solving the DLR
equations and satisfying the a-priori bound

Sl;p/gh(xg),u(dx) < 00. (2.115)

The statement obviously generalizes to any (possibly infinite dimensional) Polish
space X taken instead of the spin space R”. So far this criterion remained poorly
recognized. Since the cited article [92], there have appeared a couple of subsequent
works [45, 230] employing the above theorem in a different context of classical gases in
RY. So, our paper seems to be the first one focused on its applications to the lattice
spin systems. We mention that a Dobrushin like uniqueness criterion, assuming some
local contraction condition for the probabilities y1,,(d7,), was also established in [32].

Remark 2.22 Our formulation of the Dobrushin-Pechersky theorem slightly differs
from its original version in [92]. First, we add the missing condition (iii) in Assumption
(DP,), which is needed to justify the existence of proper measurable couplings for
playing a crucial role in the proof (see Section 4.4). Furthermore, the continuity stated
in (iii) means that the specification {7 }rcr is regular and compact in the sense of
Propositions 2.3 and 2.7. Indeed, the function A in Assumption (DP,) needs not to be
compact, in contrast to what was required in [92]. But if h is compact, the Dobrushin-
Pechersky theorem implies the existence of the exactly one Gibbs measure satisfying
(2.115). On the other hand, it is important to have a strong enough growth of h, so that
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the sets {ys | h(ys) < R} are bounded for each R > 0. Actually, one may use different
functions h to control respectively the erxistence and the uniqueness of p € G*. This
remark will be relevant e.g. for quantum lattice systems, where the single spin spaces
themselves are infinite dimensional and therefore a continuous growing function ~ may
not be compact (see Subsection 3.2.5 below).

2.3.2 High-temperature uniqueness

In this subsection we prove that the set of tempered Gibbs measures corresponding
to the lattice spin system (2.1) consists of ezactly one point, provided the temperature
is large enough (5 < 1) or the strength of the interaction is small (||J||o < 1). All
other parameters of the interaction will be fixed. Although such results are rather
expected (e.g. via cluster expansions, see [200] for an extended account), we are not
sure that their direct analytical proof is known for superquadratic interactions. Below
we present the corresponding Theorems 2.23-2.26, which will be verified by means of
the Dobrushin-Pechersky criterion. Note that the case of R = 2 also could be treated by
the fundamental Dobrushin uniqueness theorem (cf. Subsections 2.3.4 (i),(iii)), which
usually produces better estimates on the critical parameters. However, Dobrushin’s
criterion is typically not applicable to the pair interactions W, growing fastly than
quadratic (see the discussion in Subsection 2.3.4 (ii)).

(i) Description of results

Like as in Subsection 2.2.2, we allow here a more general situation of P > R > 2,
which is described by Assumption (V) instead of (V). If no further information on
the interaction is available, our first result says that, keeping fixed 5 > 0, one always
can achieve the uniqueness of p € G* by taking a small enough ||J]|p < 1.

Theorem 2.23 Consider the spin system (2.1) on the lattice L = Z¢ with the inter-
action potentials Vo, Wiy satisfying Assumptions (V,), (Js,), and (W). Then, for any
f > 0 one finds a certain J(5) > 0 such that, for all values of ||J|lo < J(5), the

corresponding set G is singleton.

We omit here the proof of this statement as the easier part of Theorems 2.25 and
2.26 below (or as a classical counterpart of Theorem 3.22 describing the more involved
quantum case). It should be emphasized that the uniqueness holds simultaneously for
the whole class of systems like (2.1), whose interactions potentials V3, Wy, are controlled
by the same parameters in Assumptions (V,), (J;,), and (W). In a similar way one
should understand all uniqueness results in the subsequent text.

To get more precise description of the uniqueness region, one has to refine the
conditions on the interaction:

Assumption (V,) Given P > R, there exist positive A; < Ay and real By < B,
such that for all ¢ € L and x, € R”

Aq|z|P + By < Vi(wy) < Asglayg|F + By, (2.116)
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If P = R, the value of ||J||o is small enough so that

1
A=A = 5[l > [19]lo- (2.117)

Assumption (W) Additionally to (W) the following holds: there exists a nonnega-
tive C1, such that for all ¢,¢' € L and x4, xp € RY

1
(W (we,20) — Wee (0, 20)| < §J£—zf|$ﬁ| (C1 F |z x| Y. (2.118)
Remark 2.24 If W, € C'(R?*), the following is sufficient for (2.118)
1
|ax£ngl($g,l'g/)| < 5&7672/(01 + "Qﬁg’Ril + ing/|R71). (2.119)

The latter is surely true if Wy (2, o) := 21 Fwpp (xp — 24), where wyy € C1(RY) and
W) (z0)| < Jowr (€ + |2|®7') with some ¢, > 0.

Respectively, we have the following improvements of Theorem 2.23, which allows
us to control the uniqueness of p € G* at the whole temperature interval (0, ) and
gives the order parameter (2.120).

Theorem 2.25 Suppose that Assumptions (V,), (Ja.), and (W) hold. Then, for every
Bo > 0 one finds J = J(B,) > 0, such that the set G' is singleton at all values of
B < By and |[J|[o < T

Theorem 2.26 In the situation of Theorem 2.25, suppose additionally that Assump-
tion (W) holds. Then, for every 3, > 0 and Jo < A1/(a® + 1/2), one finds a proper
o = to(By, Jo) > 0 such that, at all values of B < By and ||J|lo < Jo, the set G* is
singleton if

BRIl =20 < 0. (2.120)

In the case of P = R the statements of both theorems coincide. Their proofs will
be done after some preparatory work in Subsections 2.3.2 (iii) and (iv).

(ii) Reduction to the case f =1

To simplify things, we reduce the problem to the case of 8 = 1 by using a space scaling
argument as described below. Let p := 15 be a Gibbs distribution corresponding to the
lattice system (2.1) at the temperature § > 0. This measure satisfies the DLR equations
(2.34) with respect to the local specification {7s s }acL given by (2.21). Setting

o= (BIIIIF) T with v € [0,1], (2.121)
let us define a new probability measure fi := fi, on (£2,B({2)) by
fio(B) == pg(aB), aB:={ze |a'zeA}, BeB). (2.122)
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As is easy to see, i, is a Gibbs distribution related to the local specification I, =
{Ta.A}trcL, where
Tan(Bly) :=mpa (aBlay), BeB(£2), ye 0. (2.123)
The kernels 7, 4(dz|y) can be represented in the form (2.21)-(2.23) with = 1 and
the rescaled potentials
Vi) == BVilaxy), W (g, 2p) = BWap (ay, azy). (2.124)
They satisfy the same Assumptions (W), (V,), and (Jg ), that is
(W (e, )| < %je—e'(éw + el + o |7), (2.125)
Ay|z|F + By < Vi(wy) < Aglzy|F + By, (2.126)
but with the constants
Jo—o = Joo /13|15, Cw = BII[[3Cw, (2.127)
Ay = BR300 R A, Bi= BB, i=1,2.

So, we get the one-to-one correspondence between the Gibbs measures pz and fi,.
Moreover, the transform (2.123) preserves the class of tempered distributions P*(£2).
So, the problems of existence and uniqueness of the Gibbs measures p4 related to
the initial system (2.1) at the inverse temperature § > 0 are thus reduced to the
corresponding problems posed for the Gibbs measures ji, related to a similar system,
but at 3 = 1 and with the potentials V;, Wyy. The measure pg 1s reconstructed back
through the identity

/f )dpug(x) /fax dji, (z (2.128)

valid for all bounded measurable functions f : {2 — R. Depending on the critical
regime, below we shall use the described transform in two special cases of v = 0 and
v =1 (see the proofs of Theorems 2.25 and 2.26). From a technical point of view, the
scaling (2.122) allows us to control the constants in the Dobrushin-Pechersky criterion
for the modified specification I, uniformly at all values o — +00 / + 0, which happens
to be impossible for the initial specification II5 as respectively  — +0/4o00.

(iii) Uniqueness by small ||J||,: proof of Theorem 2.25

Here we show that, for all values 0 < 8 < (3, and ||J||o < J(5,), the modified
specification (2.123) satisfies Conditions (DP,) and (DP,) of the Dobrushin-Pechersky
criterion with the compact function h(x,) := |z,|".

Condition (DP,): For this purpose we analyze the key estimate (2.51) in the case
of one-point conditional distributions

figy (dxe) == p1y o, (0~ day) (2.129)

zl(y)/ exp Vz (x¢) Z Ww (e, yor) p dy.
! 0(£0)
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They depend on the parameter a := (S||J ||g)‘1/ B where for further applications we
consider all possible values of v € [0,1]. Let ||J||o varies in some bounded interval
[0, Jo; in the case of P = R one additionally requires (because of (2.117)) that Jy <
Ay/(aP + 1/2). Next, we pick some x € (a®Jy, A1 — Jo/2). At this point we refer to
Lemma 2.49 below, which under Assumptions (V,) and (W) concerns with the bound
(2.51) in the limit case B — +0. For the modified kernels, it can be rewritten as

/exp{HllJllo”!xAR}m,y(dxe)éFoexp S Jeell e "y, (2130)
Rv 0ed,(0)

where the constant Iy := (5, Jo, k) > 1 is given explicitly by (2.258)—(2.260). This
readily implies Condition (DP,) holding with the function h(z,) := |z,|®, constant
C:= /(1\70V log I'y, and contractive matrix

Iy_p = Jg_gl/li, ||I||0§I: %/&<1/ab.
Thereafter, in the formulation of the Dobrushin-Pechersky theorem, we can fix some

K < 1 and the corresponding radius R := R(C,Z, K).

Condition (DP,): Below we use only Assumptions (J; ) and (W) together with
the estimate (2.130) proved above. Given ¢ € L, let us consider a pair of boundary
conditions y, y € {2 such that

y=7 off ¢, [lyll%, [191l% <R, where ||yl := Sup [yl (2.131)
By (2.130), one has the uniform bound
sup / exp { k||| 7|} g, (day) < Tpexp {Jo "R} . (2.132)
Iyl <R JRY

For shorthand we denote
AWyer () := W (0, yer) = Wee (20, ),
which obeys by (2.125) and (2.127)
(AW (20)] < (Jeee/I1T1) - (BIIIGCw + R+ |l 7). (2.133)
Then, for any ¢ # ¢, the variation distance can be estimated as
gy = Fegliry = [ |1 = Zi)Z; @) exp { AW ) } iy )

<70+ [1- Zu) 27 ()

(1) . _
Loy = /V

2 = [ exp AWas(an) i () (2.136)

1) (2.134)

where we set

1 —exp {AWM’ (W)H i, (dze), (2.135)
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Introducing one more quantity

Igg/ = sup /
y,gef? v

IylIE, 113lIE <R

AWao (we) | - exp | AWae () g, (), (2.137)

and using elementary inequalities
|1 —exp(fw)| <wexpw, w<expw<e+wexpw, weER,, (2.138)
one easily observes that
1= 27" 0)| STW < T, T et T (2.139)
Plugging (2.139) into (2.134), we arrive at
| D2 (ﬂe,ya ﬁé,g) < %IM’ (4+Zyw) . (2.140)

Herefrom we may restrict ourselves to the particular case of v = 0. To estimate
the right-hand side in (2.140), let us fix some positive € < k — Jp. Taking into account
(2.132) and (2.133), we find that

IM! S (Jg_g//e)[b exp {joR —I— (% —|— E) (BOCW —|— R)} . (2141)
Hence, for the pair of boundary conditions y, 7 chosen as in (2.131)

Duar (fey » frog) < Koo = Jo—oCa1a2(Bo, Jo, R), (2.142)

where the constant C5 142(8,, Jo, R) can be written explicitly from (2.140) and (2.141).
Thus, for each given K < 1, by choosing small enough ||J||o < J(5,) < Jo one gets
the required contractivity ||K||o < K of the matrix (K;_s ). Finally, by the triangle
inequality, (2.142) extends to the Contraction Condition (DP,) valid for all y,7 € 2
obeying (2.131). W

(iv) Uniqueness by small : proof of Theorem 2.26

It is now convenient to look at the modified specification (2.123) corresponding to the
particular choice of v = 1. For all values of 8 < 3, and ||J||o < Jo < A1/(a" +1/2),
the validity of Condition (DP,) with the compact function h(x,) := |x,|® and 7 :=
Jo/k < 1/aP has been already checked in the proof of Theorem 2.25. Fixed some K < 1
and R := R(C,Z,K) > 0, it remains to show that the matrix (K;_y )Ly in Condition
(DP,) can be made contractive by small values of ¢ := 5 ~/F||J]|,.

Let us conventionally rewrite each probability measure (2.129) as

fig,(dze) = Z, M (y) exp { —Hy(zely) } da, (2.143)
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where
Hy(xely) == Vi) + Ze, WM’ (e, yer),
W (0, yer) == Wer (0, yor) — WN’«)’ Yer).

By the above construction W (0,ys) = 0, whereas by Assumption (W)

- 1
sup |Wae (ze, yo)| < 5 (Je—er/1131]o) - (el + Lyl ) , (2.144)
‘yel|R§R

L1 = (By||I||o) " VEC, + RFVE,

According to (2.140), the proof is reduced to getting a proper bound for

IM’ = S}lpg / |AV_VM/ (:Eg)‘ - exp |AWM/ ([L’g)|ﬂ&y<dl’g), (2145)
Y,y€ v
lwll%, FlIE <R

where we set AWy (2y) := Wp (24, yor) — Wep (24, ). Having regard of (2.125)(2.127)
and (2.143)—(2.145), we find that

T < (X/Y) - (Jo—e/1|3]l0) exp {8 (B2 — B1)}, (2.146)
with
X = /RV (clze|™ + MLy |24)) (2.147)

3
9 exp{ Aal” 4+ [l /L ] } e,

- 1
Y = / exp {—Ag‘xg‘P 5 [L’HZ@’R + Ll/Rﬁﬂxfu } day. (2.148)

In the above integrals we have already made the change of variables z, — ¢/ %z, which
by (2.146) yields us that

sup Ly = O, 1 — 0.
LeL, U'€dy(£)

Turning back to (2.140) and (2.142) we conclude that, for each ¢ € L and y, g € 2 as
n (2.131),

Do (i (A2 . irg(de)) < K3 (Jioe/19])0) (2.149)

0'edy (L)
with a certain K := K(3,, Jo, R) = O(t"®), 1 — 0. Setting K, ¢ := K for ¢’ € 9,(¢)
and K,y := 0 otherwise, we thus get the matrix (K, _p )L« satisfying Condition

(DP,). W
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Corollary 2.27 Suppose that P > R and Assumption (W) holds with Cyy = C; =0,
then the result of Theorem 2.26 is true without imposing the global bound ||J||o < Jo.
If in addition (V,) holds with By = Bs, we can also drop the restriction 5 < (4. So,
the uniqueness of u € G can be achieved alone by small values of the order parameter

(2.120).

Proof. Let us turn back to the estimate (2.130) in the case of v = 1. By plugging
k= k||J||o with any k > aP into (2.257)—(2.260), one observes that the constant Ij
participating in Lemma 2.49 (and hence C and R respectively in Conditions (DP,)
and (DP,)) depends only on ¢ and 5 (B; — Bs). In a similar way analyzing (2.146)—
(2.148), we conclude that the coefficients K, , depend on ¢, R, and 3 (By — Bsy). The
final answer now follows by setting B; = B;. m

(v) Comments on Theorems 2.23, 2.25, and 2.26

(i) As may be seen from the proofs, we pass to the modified specification (2.123)
since Condition (DP,) in Theorem 2.25 (respectively (DP,) in Theorem 2.30) does
not hold for the initial kernels y, ,(dz,) uniformly for 3 — +0 (respectively 5 — o0).
Furthermore, a proper space scaling allows us to determine the order parameter (2.120)
in Theorem 2.26 (and the corresponding one (2.162) in Theorem 2.30).

(ii) The proof of Theorem 2.23 repeats, with certain reductions, the corresponding
steps in the proof of Theorem 2.25 and hence is omitted here. Since [ is fixed, a passage
to the rescaled measures fi, ,(dz) is not needed.

(iii) As the only example, in their paper R. Dobrushin and E. Pechersky considered
a system of scalar spins x; € R with the heuristic Hamiltonian

Haz)=5 > (zg—z)"+) af, (2.150)
J4

00 [e—0|=1

where P, R are even integers such that P > R (cf. Theorem 7 in [92]). This is the
simplest model of ferromagnetic type with the convexr potentials of superquadratic
growth. Hence, one expects here nothing else than |G'| = 1. After the change of
variables 2, — 7Y%z, the problem is reduced to the study of Gibbs measures related
to the same Hamiltonian (2.150), but at the temperature B =1 and with the coupling
J = JBY BT This example clearly shows that the phase diagram is governed by the
order parameter (2.120), which in a general situation is confirmed by Theorem 2.26.

(iv) We would like to indicate one more method for estimating the Dobrushin
coefficients K,_, in Condition (DP,), which however requires stronger regularity of
the potentials Wy, € C1(R*):

Assumption (W,) Let additionally to (W) the following hold: there exists Cy > 0
such that for all £,0' € L. and x4, xp € RY

1
102, Weer (4, 20) — O,y Wi (0, )| < §J572'|$£| (Co+ x| B2 4 |2p|772). (2.151)
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Note that this condition is surely fulfilled if W,y € C*(R*) and

1
82 Wgél(l‘g, l’gl) £(Ry) S 5][_@/(02 + |I[|R_2 + |LU[/|R_2). (2152)

TpTyr

For v = 1, (2.151) implies the following bound on the rescaled potentials Wy
sup |0y, Wee (2, yer) — Oz, Wee (0, y0)|

WIiE <R
1
< 5 (e /I3lo) - (leel ™ + Lol (2.153)

with a constant Ly := (3,||J|[o)* "2/ #Cy + R/E,
Alternative proof of Theorem 2.26. Assuming that (V,), (Jg,), and (W,)
hold, we need to check Condition (DP,). For any given f € L*°(R"), the mapping

R"2Syp— | fze)ftg,(dze) (2.154)
Rl/
is continuously differentiable. Having regard to (2.129), we calculate its partial deriv-
atives along directions yéf) ceR, 1<i<v,

0,0 [ (@i, (dee) = ~Covi, auy { (20 O, Wawlwwye) . (2.155)
A RY o

For all y, ¢ as in (2.131), one gets by the mean-value theorem

||ty — figgllTv = sup f(we) (g (dze) — iy 5(day)]
[ fllo<1 JRY

< sup ‘COVﬁe,y(dm) {f(fﬂe); (3%, Wee (20, yor), yor — ﬂe/) H

1fllo<1, lly[|E <R

B N 2 1/2
< sup 2 { / (33;@, Wao (e, yer) — Oy Wieer (0, yer ), yor — ?J@) ﬂg,y(dw)}

lyl[&<R

1/2
<R (el sup { [ (el Lol ey (a0 )
RV

Iyl <R

The integral in the last line tends to zero as ¢« := 3~ %/F||J||, gets small, which can be
verified by the change of variables z; — (!/#z,. Indeed, by (2.125)—(2.127) we have for

Q>2
el (de) < ¥R exp {Bo(|I3][oCow + By — Br) + R}
RU

Jeo |zl @ exp { = A1 |ze|F + 0|z} da,
Jew €xp { —As|z|” — St|ae|?} day
uniformly for all £ € L, ||y||2 < R. The proof is completed by setting
Ko v =R (Jev/|3Mo) { (Tar2)'"? + La2(T2) 2} = O(MF), 1 —0.

=TIy = O(LQ/R), t— 0,
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2.3.3 Low-temperature uniqueness

In this subsection we consider the Hamiltonians (2.1) with the unique ground state,
which is assumed to be stable in a certain sense. Based on the Dobrushin-Pechersky
criterion, we provide an elementary proof of the uniqueness result for ;1 € G, which
holds if the strength of the interaction is small (||J||o < 1) or the inverse tempera-
ture is large (B > 1). The corresponding Theorems 2.28-2.30 might be viewed as a
complementary to the Pirogov-Sinai theory, in so far as they cover the case of non-
translation tnvariant interactions of superquadratic growth. On the other hand, there
is a principal distinction from the high-temperature situation dealt with in Subsection
2.3.4. Namely, no reasonable type of interactions (including even the ferromagnetic
ones J|x, — xp|*> > 0) can be treated by the original Dobrushin uniqueness theorem as
B — oo. Technically this is caused by the fact that there are missing contraction esti-
mates for p1,,(dre) which could be valid uniformly for all boundary conditions y € {2
(see the discussion in Subsection 2.3.5).

(i) Hamiltonians with the unique ground state

The following guarantees that the configuration = = 0 will be the unique ground state
for the system (2.1):

Assumption (W3) The pair potentials vanish at origin, i.e., Wy (0,0) = 0. Further-
more, they satisfy Assumption (W) with Cy = 0, that means for all ¢,0' € 1L
and xy, xp € R

1
(Wee (e, mer)| < §Je—£’(|$z|R + |zo ). (2.156)

Assumption (V3) The one-particle potentials possess the unique global minimum
Vi(0) =0, so that V(x;) > 0 if x4 # 0. Furthermore, there exist

3
P>R>2, A3ZA4>§||J||0, as > ag >0,

such that for all ¢ € L and z, € R

A4‘l‘g‘R + a4‘£€g‘2 < W(xg) < A3|£L’g‘P + &3’$g’2. (2.157)

According to the above conditions, the local energies Hp(x,) attain the global mini-
mum at x = 0 and their behavior in the neighborhood of zero is essentially determined
by the quadratic terms in the left- and right-hand sides of (2.157). We stress that
Hy(zy) are allowed to be globally non-convex functions as well as to have other critical
points and local extrema away from zero. Our first result here controls the uniqueness
on a temperature interval 3 € [3°, 00) by small values of ||J||o.

Theorem 2.28 Let L := Z% and suppose that Assumptions (V,), (Jz,), and (W)
hold. Then, for every B° > 0 one finds J = J(B°) > 0 such that the set G is
singleton at all values B > B° and ||J||o < J.
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If the one-particle potentials are identical, i.e., V, =V for all £ € L., one easily can
apply the Laplace integral method (cf. Section II in [106]). The following conditions
on the phase V € C(R") are typical in that case:

Assumption (Vy4) There exist Ay > 0 and R > 2 such that for all x, € R”
V(xze) > Aglze|". (2.158)

Furthermore, V' has a unique, non-degenerate global minimum V(0) = 0. This
means that V € C*(U) in a zero’s neighborhood U C R”, its gradient V'(0) = 0,
and the corresponding matriz of second derivatives (Hessian) is positive definite

V(o) = (82, V(O))f > (as/2) - 1d, > 0. (2.159)

Te 1,7=1

Theorem 2.29 The uniqueness result of Theorem 2.28 is true under Assumptions
(Vy), (Jgy)s and (Wy).

Both these theorems will be proved in Subsection 2.3.3 (ii). We now examine
whether |G*| = 1 can be achieved, fixed all other parameters, alone by the law temper-
ature 3. To this end, we impose a stronger version of Assumptions (W), (W,):

Assumption (W,) Forall .’ € L and zy,zy € R”

1
(W (20, 20)| < 5 Jer (Jze|® + |zo]7), (2.160)

1 _ _
|Wal(l’g7l’[/) — WZZ/(O,[EZIH S §Jg_g/|$z| . (|IZ|R ! + ’I41|R 1) . (2161)
In this situation we have the following complement to the previous statements.

Theorem 2.30 Suppose that Assumptions (V,), (J4,) and (W) hold with P > R >
2.
Then, for each ° > 0 and Jy < Ay/ (ab + 1/2) one finds a proper <o == o(3°, Jo) > 0
such that the corresponding set G is singleton at all values of B > B° and ||J||o < Jo
related by

B30 =: ¢ < <o. (2.162)

Remark 2.31 A periodic configuration z € 2 (in our case, z = 0) is said to be a
ground state of H(x) if it minimizes all local Hamiltonians Hy(z), A € L, defined
by (2.24) (cf. [259]). In contrast to systems with finite spin spaces, the uniqueness
of the ground state itself does not yet entail the low-temperature uniqueness of the
Gibbs measures in our model (see related examples constructed in [229]). To gain the
uniqueness of 4 € G*, one should impose additional stability properties of the ground
state, like that in (2.159) claiming that the global minimum of V' has the positive mass.
If the potential V' has another local minima away from zero, there is a possibility of



52 CHAPTER 2. CLASSICAL SPIN SYSTEMS

phase transitions (in dimensions d > 3) at intermediate temperatures 3, < § < 8 (cf.
[93]) and typically there is uniqueness of p € G* for small 8 — +0 (cf. Theorem 2.28).
The most powerful and universal method for studying the low temperature behavior in
spin systems with multiple phases is the Pirogov-Sinai theory; see e.g. [200, 259, 292]
for its in-depth presentation and [182, 205, 263] for the concrete applications to the
uniqueness problem. To some extent our approach is an elementary counterpart to this
theory, which nevertheless allows us to cover unbounded spin spaces, superquadratic
interactions, and non-translation invariant Gibbs states.

(ii) Uniqueness by small ||J||,: proof of Theorems 2.28 and 2.29

Again, we shall verify Conditions (DP,) and (DP,) of the Dobrushin-Pechersky crite-
rion for the modified specification (2.123) instead of the initial one (2.17). We look at
the corresponding family of one-point conditional distributions (2.129) depending on
the parameter v € [0, 1].

Condition (DP,): The proof will be based on a refinement of the exponential
bound (2.52) for 5 — oo, which makes the context of Lemma 2.52 below. It says that
under Assumptions (V,), (W,) there exists I'* := I'°(8% Jy) > 1 (which is explicitly
given by (2.267)—(2.269), such that

/Qexp {Br|wd| "} py, (dz) < Iexpl B Z Jo_o|ye|® (2.163)
0'edr(0)

simultaneously for all 3 > 3%, ||J||o < Jo < 244/3, and k < Ay — Jo/2. If Assumption
(V,) holds instead of (V,), the validity of (2.163) is stated in Remark 2.54. By (2.129)
the above bound is equivalent to the following one

[ o (a1 ol iy ) < PPexp § S 311 el
T X0)

which immediately implies

/ 2ol %ig, (dze) < w0 ||13113 log I + ooluwl®| (2.164)
(7
()

€0y

Picking here any x € (a®Jy, As — Jo/2], we get Condition (DP,) with the constants
T :=Jo/k < 1/aP and C := k7 ||J||J log I"°. Tt remains to set v = 0, fix some K < 1,
and find the corresponding value of R := R(C,Z,K).

Condition (DP,) is checked in perfect analogy with the proof of Theorem 2.25.
Substituting I := ' and Cy = 0 in (2.141), we get the following bound with any
positive € < kK — Jy

Igg/ S (Jg_gl/é) : FO exp {<2j0 + E)R} . (2165)
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Hence, for all 5 > £° and ||J||o < Jo,
I, N
§||M€,y — fygllrv < Koo := Ji—pCa.166, (2.166)

where the constant Cy 16 := Ca.166(3", Jo, R) can be written explicitly from (2.140) and
(2.165). By choosing small enough [|J||o < J(8°) < Jo, we make the norm of matrix
(K¢—p)LxL smaller than a given K < 1 and thus prove Condition (DP,). W

(iii) Uniqueness by large 3: proof of Theorem 2.30

Condition (DP,) has been already examined by proving Theorem 2.29. Now it suffices
to put everywhere v = 1. As is clear from (2.164) and (2.267)—(2.269), the constant
I (and hence Z, C, and R) may be taken the same for all 3 > £° and ||J|[p > 0
satisfying the constraint 5~/2||J||y =: ¢ < ¢o. To check Condition (PD,) we proceed
analogously to the proof of Theorem 2.26. From here let us fix some R > 1. Keeping
the same notation and repeating the estimates (2.145)—(2.148) with C; = 0, we find
that

VI [ (P Bag|® + Rlae]) exp { —aglze® + 3R F|2y| }
RIJ

IM’ S .
[ exp { = [aslad? + 8 Al + dslod 4+ SR || | da
RY

In doing so we have used Assumption (V,) and made the change of variables x, —
¢M/Bz,. This tells us that sup,cy, peg,. o) Zew = O(s/F) as ¢ — 0. The latter implies by
(2.140) that, for each ¢ € L and y,§ € {2 obeying (2.131),

1. . .
Sy = Begllty < K(B°, 7o) = O(s"") as ¢ — 0. (2.167)

Furthermore, this estimate is uniform with respect to all 8 > 8% and ||J||o < Jp in the
domain (2.162). Hence (DP,) is obeyed, which completes the proof. W

2.3.4 Dobrushin’s uniqueness criterion

Here we clarify to what extent the Dobrushin uniqueness theorem could be applicable
to the model (2.1). Three particular situations, which were not covered so far in the
literature, will be considered:

— superquadratic interactions;
— quadratic interactions with infinite range;
— further improvements for scalar spins.

To this end, we follow the idea from the earlier author’s papers [19]-[21], which
suggested an analytical way to estimate the coefficients of Dobrushin’s matrix via
the functional (e.g., Poincaré or log-Sobolev) inequalities for the one-point conditional
Gibbs distributions. Those papers were the first that could treat anharmonic systems
(both in the classical and in the quantum cases) with the pair interactions Wy (x4, x4 )
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of at most quadratic growth and finite range, and their results are optimal in such
general framework (unless no additional information on the structure of the interaction
is available).

We conclude with a short historical comment. For the interacting systems of spins
taking values in a compact Riemannian manifold, the similar idea to get a bound on
Dobrushin’s coefficients through the spectral gap for the associated Dirichlet operators
goes back to [89, 285]. For the scalar ferromagnetic systems with the harmonic pair
potentials Jyu(z, — x4)*> > 0, the Dobrushin matrix has been also estimated in [43,
71, 247, 289], however by using specific methods which are based on the correlations
inequalities.

(i) Weak dependence and Dobrushin’s contraction condition

We first recall the original statement due to R. Dobrushin (cf. Theorem 4 in [91]), but
in the form adapted to our concrete setting.

Let L be any countable indexing set. Let the single spin space, in our case X := R”,
be equipped with some metric p which makes it a Polish space. We suppose that the
embedding (R”,| - |) — (R, p) is continuous, so that (by the general Kuratowski
theorem, cf. [226], page2l, Theorem 3.9) the both Borel algebras induced on R”
respectively by | - | and p have to coincide. Analogously, for each A € L we define
2y := RVl as a Polish space with the metric p, (za, Za) := >_,cp (%0, Z¢). Let us given
a local specification IT : = {m} consisting of the probability kernels 7, (dz|y) € P(£2),
A e L, y € 2, such that

/Q,o(:vg,O)m(dm\y) < 00. (2.168)

In view of (2.21), such set-up could be satisfied only by the interactions of finite range
(i.e., when Wy = 0 as |[¢ — ¢'| > r). The Dobrushin criterion presumes a weak de-
pendence of the one-point distributions p,,(dz,) = P, o my(dz|y) on the values of
boundary conditions y € {2 on sites £ # (. To this end, we introduce the (L'-)
Wasserstein probability distance related to the metric p (see e.g. [91, 101, 238, 280])

W, Gyeres) = s V[ e fnyfde) = egldan]) . 2169
where
Lip;(R", p) := {f RV — R' [f], == sup M < 1} (2.170)
s#£8 p(S, S)

is the unit ball in the space of Lipschitz continuous functions on R”. Then, in order
that there is at most one “tempered” Gibbs measure p € G with the uniformly bounded
moments

sup/ p(xg,0)pu(dzy) < o0, (2.171)
¢ Jo

the fulfillment of the following is sufficient:
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Contraction Condition (D,) There exist nonnegative constants Dy, € # U, such
that

(i) The matriz D = (Dyy)Lxr s [°°(IL)-contractive, i.e.,

IDlo == ||D||ggowy =sup »  De < 1. (2.172)
R

(ii) For each ¢ € L and any pair of configurations y,y € {2

W, (0, (dxe), i g(dze)) < > Durplyer, o). (2.173)
o)

What is the same, one has to check the [*-contractivity (2.172) of the Dobrushin
interdependence matriz D = (Dyp )11, with the entries

W s
Dyp :=  sup P (W’y~ fez) , LA (2.174)
Y, GER p(yer, Jer)
y=7 off ¢/

Remark 2.32 We stress the following issues:

(i) In the original proof of R. Dobrushin ([91]; see also [92, 94]) there remained
an open question about measurability of the optimal couplings if the spin spaces are
not longer discrete. In Subsection 4.4.1 we shall explain how to bridge this gap. In
the later versions of Dobrushin’s criterion (see [32, 108, 122, 176, 178]) this problem
was partially overcome by using a dual scheme based on the Kantorovich-Rubinstein
relation (4.194), (4.195) for Wasserstein distances. The same measurability question
emerges in the proof of the Dobrushin-Pechersky criterion, see Remark 2.22.

(ii)) The known proofs of Dobrushin’s criterion exploit only the assertion that the
spectral radius rep,(D) := lim, s ID"||5™ of the operator D := (D )Lyr € I°(L) is
strictly smaller than 1. Since by a general fact ry,(D) < ||D||o, the [*-contractivity
condition (2.172) is even stronger than one needs. Nevertheless, (2.172) is more con-
venient for applications, in so far as it can be easily verified in terms of the Dobrushin
coefficients Dy

(iii) If the metric p introduced on R is discrete ( i.e., p(s,5) := 1s4,), then in
Condition (D,) there appears the variation distance (2.114). This leads to the global
version, with R = oo, of Condition (PD,) in the Dobrushin-Pechersky theorem (cf.
Subsection 2.3.1), which however cannot hold for unbounded interactions.

(iv) A general way how to modify this criterion for interactions of possibly infinite
range will be suggested by Theorem 4.46. In that case the kernels 7,(dz|y) are defined
as elements from P(2) only for some subset of tempered configurations y € 2%, so
that the above statement formally does not apply. In Subsection 4.4.2 below we also
will be interested in the rate of convergence of my(dx|y) to u € G* as A /' I, which
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is much stronger than the uniqueness result alone. Further applications of the weak
dependence condition (2.172)—(2.174) to the mixing properties of the Gibbs measures
and the ergodicity of the corresponding stochastic dynamics will be pointed out in
Subsections 2.3.5 and 4.5.1.

(ii) Superquadratic interactions

It is well-known that the standard choice of p(xy, zp) = |z, — 24| allows us to consider
pair interactions of the form wgy(xy — z4), where wyy : R” — R are convex functions
with supg. |wjy| < oo (cf. e.g. [20, 21]). It is naturally to ask whether it would be
possible to cover the case of R > 2 by constructing a proper non-Fuclidean metric
p depending on the growth of the interaction. For simplicity, we here consider the
scalar spins xy € R only. Merely speaking, the conditions imposed below will permit
for Wy (x4, z¢) to have at the infinity not more than polynomial growth of the order
R <1+ P/2, whereas V,(z,) are growing not slowly as |z,|” with P > 2.

Assumption (Vs) Suppose (V1) holds, and let each of Vi can be written as
Vi =Ur+ Qy, (2.175)

where, respectively, U, € C?*(R) is strictly convex and Q, € Cy(R) is globally
bounded. Furthermore, this decomposition is uniform in the following sense: there
exist ay, Ay, dg > 0 such that for all ¢ € L and z, € R

UJ(z¢) > ay + Aylzg "2 (2.176)

and

OscQy := sup Q(zy¢) — i;lf Qo) < dg. (2.177)

14

Assumption (W5) Suppose that Wy € C*(R x R), and let additionally to (W) the
following hold: there exist ayw € R and by, By > 0 such that for all £, ¢’ € L
and xy,xp € R
G;ng/(mg,x@) 2 Jgg/aw, (2178)
102, W (2, x0r)| < Jow (bw + Bw|ze|" 7 4+ Bw|ze|"7?),

where a = ay + aw||J|jo >0 and 2 < R <1+ P/2.

LTt

It is clear that the above conditions (2.176) and (2.177) are mutually competitive.
Namely, the bounded perturbations (), may produce multiple wells of the potential
energy responsible for phase transitions, while the strictly convex terms U, ensure the
uniqueness. The next result states the uniqueness of p € G' if the pair interaction is
not too strong.

Theorem 2.33 Let v = 1, and consider the spin system (2.1) with the interaction of
finite range satisfying Assumptions (Vy), (J,), and (Wy). Then, for every 5, > 0 one
finds a proper J = J(B,) such that the set G is singleton at all values § < [, and
1IN0 < T
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Proof. Let us introduce a new metric on R by

p(s,8) = /8 gp(t)dt‘ where o(t) == (a + Ayt"=%)Y2, (2.179)

By Theorems 2.14 and 2.15, the set G' is nonempty and all its elements obey the
moment estimate (2.171). Fix any function f € C*(R)NLip; (R, p), which thus satisfies
1f(s)] < ¢(s), s € R. Let us given some distinct £, ¢ € L and y, 7 € {2 coinciding off
¢'. Recall that by (2.155)

Dy, / f(@o) gy, (dze) = —BCoV,, (dzy) {f(20); 0y, Weo (w0, y0) } - (2.180)
R

Applying the mean-value theorem (cf. Theorem 1, §2, Section I in [70]), we find from
(2.179), (2.180) that

[ ) ) = gl - o) 2.181)
< ﬁsgg {‘Covum (f(we); Oy, Wepr (4, yw))‘ : 8071(941)}

< 6 sup { (Varﬂe,y f)1/2 (Varﬂé,yayel WM’ ('I.fa yf’))1/28071 (yf’) } :

yesn

Let us first assume that ¢, = 0, which implies by (2.176)—(2.179) that
07, He(xely) = Uy (ze) + ZW) 2, Wi (e, y0) > ©*(2¢) > 0, (2.182)

and hence p, , is the log-concave measure on R. This enables us to use the Brascamp-
Lieb inequality (cf. Theorem 4.1 in [65]) in the form

1 _ 1
Var,,, f < 5 [ 17 o) (0 Hilad) ™ b o) < 5105 (2.183)
R
In particular, by (2.178), (2.179)
Var,u,l’y(d.rg)aye/ WZZ’ ('Ib y@') (2184)
2
1 92, W (xe,yr) 1

< — 2 ’ sup v S_C Jow 2 ")y
=5 (“{ EEErRE S R

with Cy 184 1= 4(Bw + CW)(A{]1 +a™!). Adding a bounded potential Q, with the total
oscillation dg < oo, leads by the well-known perturbation argument (cf. Lemma 1.2
in [186]) to the extra factor exp(25d¢) in the right-hand side of (2.183) and (2.184).
Hence, in the situation described by Assumptions (Vs) and (W3), we have that

pil(yf’a gé’) :

f(l'g) [:ué,y(dx6> - Hé,g(dl'f)} ‘ < 02,184Jgg/€2f85Q. (2.185)
RY
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By the standard approximation by convolutions (for details see the proof of Theorem
4.61) this estimate extends to all f € Lip,(R, p). Thus, the Dobrushin coefficients are
bounded by the right-hand side in (2.185), i.e.,

Dy < CouseJor,  Cause i=4€P9(By + ew) (A" + a7 h). (2.186)

By choosing sufficiently small ||J||o < J(f3,), this implies Contraction Condition (D,)
at all values 8 < 3,. ®

Remind that for L := Z¢ and R < P the uniqueness was already treated by means
of the Dobrushin-Pechersky criterion, see Theorems 2.23, 2.25, and 2.26. In contrary,
the proof of Theorem 2.33 demonstrates that the Dobrushin criterion is applicable only
under the essential restriction R < 1+ P/2.

(iii) Quadratic interactions with infinite range

In this case Dobrushin’s criterion is not applicable in the original form, therefore we
shall use its modification given by Theorem 4.46 below.

(a) Vector spins, v > 1: Consider the system of v-dimensional spins interacting
via the pair potentials Wiy (xp, xp) := wpp(xy — xp) of at most quadratic growth.
Suppose that the functions wyy € C?(RY) fulfill the operator estimate on their second
derivatives with certain ay , by € R

Jgg/aw . Idy S wgg/(l’g) S Jgglbw . Id,,, (2187)

which corresponds to the choice of P > R = 2 and Ay = By = 0 in Assumptions (V)
and (W3). The one-particle potentials V; = U, + Q, are uniformly convex at infinity,
that means

Ué,(xg) > aqpld, > 0, Osc Qg < (SQ < 00,
a = ay + aw||J]||o > 0. (2.188)

The matrix J has possibly infinite range r < oo and satisfies Assumption (J).
Theorem 2.34 The set G* is singleton if the following relation holds:

ay||I)|g " + aw > bye*Poe, (2.189)
Proof. For p > d and ¢ € [0, 1], we define (cf. 2.71)

I lp.e == Sgszw(l +ell =) < |1J] < oo
el

As was already shown in the proof of Lemma 2.12 (cf. (2.69)), for any ¢ > 0 one finds
a small enough € > 0 such that

[T p.e = [1T]o < ¢ (2.190)
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The metric p on the spin space R” is just the Euclidean one. The coefficients Dy, are
defined by (2.174), whereby the supremum is taken over all y,§ € 2°. To estimate
them we now use the Poincaré inequality

1 v
Vat,, ool < g [ 17 )P (dn). WFECHRY), (29)
sG Jrv
which is valid uniformly for all y1,, with the (spectral gap) constant
Csac > e 2P (ay + awl|JI|]o) > 0 (2.192)

(cf. Corollary 1.4 in [186]). Repeating the previous proof with ¢ = 1, we arrive at the
following bounds

bl
(v + aw|197]o)

Thus, by (2.189) and (2.190) we achieve that ||D||,. < 1 and hence by Theorem 4.46
get the uniqueness in the class of all ;4 € G* satisfying

1
D < Z—BJuwbw, |ID|,. < 2P (2.193)
SG

sup(1+ () VB, () < 00, Vp > d.
V4

Since by Theorem 2.15 this class coincides with G*, we thus conclude that |[G'| = 1. =

Remark 2.35 In the simplest way the uniqueness criterion can be written down in
the case of I := Z? and the nearest-neighbor interaction

W (zg, w0) i= J|wg — xp[?/2 as [0 =0 =1.

Now aw = by =1 and ||J||o = 2dJ, so that

J 2dJ
Dy < e?Pe_—_ =~ (—1=1 D, < 2o 2.194
w e gy 2 =L Dl s et (2499
and the sufficient condition (2.189) reads as
o <14 U (2.195)

2dJ"

All this justifies that the uniqueness of 1 € G' can be obtained by choosing sufficiently
small one of the following parameters: the inverse temperature 3, the intensity of the
pair interaction J, or the total oscillation d¢ of the perturbations (). For the discussion
of the quantum case and some illustrative examples see Subsection 3.2.5.

(b) Scalar case, v = 1: There is a possibility to extend the previous framework by
using the results about spectral gap estimates for probability measures on the real line
recently obtained in [121]. Such technique is based on Hardy-type analytical criteria
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for the Poincaré inequality (2.191) and is restricted to the scalar spins x, € R. Namely,
let each of the one-particle potentials possess a decomposition

Vi=Ui+ Q¢+ Py, (2.196)

where Uy and (), are the same as before and ¢, € C'(R) fulfills for g < " < 0o

~v(B) = sup/ (eﬁ‘@(”ﬁ")| — 1) day < . (2.197)
¢ JR

Then, by Theorems 3.4 and 4.1 in [121], each of the one-point measures i, ,(dvy)

satisfies the Poincaré inequality (2.191) with the uniform constant

Cs > 3¢ [+ 4(aB) ™ +4(8)] . (2.198)

where a > 0 was defined in (2.188). For the Dobrushin coefficients this implies the
following modification of the bound (2.193)

Du < AJurbw B [1+ 4(aB) ™ +(8)]. (2.199)

Hence, for  varying in the compact interval [3,, 5] C R, the uniqueness can be
achieved by taking small enough |[J||o < J(B,,"). The estimate (2.198) is, however,
too rough to study the asymptotics of Csq as f — +0. Furthermore, it does not yet
give the basic result (2.192) as @, = 0. So, the results obtained here do not seem to be
final. Typical examples of such perturbations ®, have been constructed in the quoted
paper. A new issue as compared with Theorem 2.33 is that the resulting V, might be
outside the standard class of convex at infinity potentials.

2.3.5 Dirichlet operators, spectral gaps, and decay of correla-
tions

It is a well known and remarkable fact (cf. [95, 96], [202]-[204], [269, 270]) that in the
compact spin setting the following properties are equivalent for any Gibbs specification
II = {mp}aer: (i) the Dobrushin-Shlosman “constructive criterion” generalizing (D,);
(ii) the exponential decay of correlations for all 7y (dx|y), uniformly in the volume and
boundary condition; (iii) the exponential relaxation of the corresponding Glauber dy-
namics, expressed by means of the log-Sobolev and Poincaré inequalities for m(dz|y).
In the literature the above list of properties is usually referred to as the complete analyt-
icity. In statistical mechanics, such properties indicate the absence of phase transitions
and bring together the notions of thermal and dynamical equilibrium. In the series of
papers of N. Yoshida [289]- [291] this equivalence was extended to classical ferromag-
netic systems with unbounded scalar spins. In doing so, proper correlation inequalities
were heavily used, which however does not work for more general interactions. So far,
the relations between (i)—(iii) for anharmonic lattice systems are not fully established.
Here we briefly discuss possible approaches to the mentioned problems in context of
the model (2.1). In more detail this topic will be continued in Sections 4.3-4.5.
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(i) Dobrushin contraction technique in the infinite volume

In the framework of his uniqueness criteria, R. Dobrushin has elaborated a special
comparison method for Gibbsian fields (cf. Theorems 3 and 4 in [91]). Among standard
applications of this method (see e.g. [94, 95, 108, 134, 176]) is a result about the
exponential decay of truncated correlations Cov,,(z¢; x4 ), as the distance |¢ — ¢'| gets
large, for the (unique) Gibbs measure p € G*.

Let us turn to the situation of v = 1 and R > 2 dealt with in Subsection 2.3.4 (ii).
Set

R = sup [ 2o, Oulde) (2.200)
L n

which is finite by (2.81) and (2.179). Since ||D||p < 1 and Dy = 0 as |{ — ¢'| > r, one
finds a small enough o > 0 such that

D], :=sup > Dy exp{—all — £'|} < 1. (2.201)
I

For a given domain A € L, let us consider cylinder functions f, g € Lip(R", p) which
have finite Lipschitz seminorms (generalizing (2.170))

e :=Z{ sup W@ =@ (2.202)

5 La=g off ¢ p(xg, Tp)

Then, Theorem 3.7 and Corollary 1.7 in [108] say that (2.200)—(2.202) imply the ezpo-
nential mixing property

|Cov,(f;gote)| < Crazexp (—all']) [f1aplg]A.ps (2.203)

where Cy 903 := R(1—||D||,) ! and ¢, is the shift along direction ¢’ (i.e., (tpx), := T 10,
¢ € L). In particular, for § < 5, and ||J||lo < J(5,), the spin-spin correlations are
exponentially decaying as

|Cov,,(z¢;20)| < Cogpsexp {—oll — ']} (2.204)

with Cs004 := Co03 (ay + aW||J||0)71. Under the assumptions of Lemma 2.49, one
further observes that Cy03(5) = O (5_P/R> as § — +0, which gives the same (-

asymptotics for the covariances in (2.203) and (2.204). In the case of » > 1 and R = 2
considered in Subsection 2.3.4 (iii), we have respectively the asymptotic O(37!) as
B — +0.

Remark 2.36 The estimate (2.203) trivially includes the main result of the paper [28],
which was concerned with the conver superquadratic potentials Vy(z;) := (1 + z7)%at!
and Wg@/(.ﬁg,.ﬁg/) = Jg,gl(.%g — l‘g/)2q+2 with q > 1.
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(ii) Dirichlet forms and operators

Here we point out some intrinsic connections with the theory of Dirichlet operators
being an important part of the modern stochastic analysis. This material constitutes
a background for the analytical approach to the Gibbs states u € G' which will be
developed in Chapter 4.

Let 4 € G' be any (possibly non-unique) Gibbs measure corresponding to the
Hamiltonian (2.1). Let the potentials V; and Wy, be regular enough, so that the
mappings

0y 3w be(x) = =B | Vi (x) + D 0, W (s, 20)| €RY (2.205)
0(#0)
are well defined and continuous for each p > d. The vector field b := (b)), :

2, — 2 is called the logarithmic derivative of the measure p and its components
b : £2, — R respectively the partial logarithmic derivatives along the basic directions
e := {0pwdiy |0 €L,1<i <wv}in 2. Furthermore, we assume that |b,] € L*(p)
for each ¢, which could be concluded from the a-priori bound (2.81) by knowing the
growth of V;, and Wy,. In particular, this is the case if V, and Wy, satisfy Assumptions
(Vg) and (Wyg) from Subsection 4.5.3 below. Denote by FC°(§2) the set of all smooth
cylinder functions f : {2 — R which can be represented as f(z) = fa(za) with some
A € L and fy € CF(RY™M). Tt is well-known that FC°(f2) is dense in all Banach
spaces LI(p), 1 < g < co. Consider a differential expression

Hf(z) ==Y [Af + (b, 0n,f)] . f € FCE(R), (2:206)

l

which satisfies the integration by parts formula (resulting from Proposition 2.37)
(H.f, 9) 2wy = Eulf, 9) = /QZ(%J‘, Or,9)dp,  f,g9 € FCP(2). (2:207)
¢

We used in (2.206) the standard notation A,f(x) := Y7 | 9% f(x). The symmetric
£

bilinear form (2.207) is closable in L?(u); its closure (€,, D(E,,)) is a canonical Dirichlet
form in the sense of [4, 26, 199]. The corresponding Friedrichs extension (H,, D(H,)),
which is a nonnegative self-adjoint operator in the complexification of L?(1), is called
the Dirichlet operator associated with the Gibbs measure y € G*.

In this respect we mention the equivalent description of the Gibbs measures i € G*
in terms of their logarithmic derivatives via integration by parts formulas. Let Ci((2,)
denote the set of all functions f : {2, — R which are bounded and continuous together
with their partial derivatives d,,f : 2, — RY, £ € L. As usual, C3(2,) will be its subset
consisting of all functions with bounded support (i.e., f € C(§2,) such that f(x) =0

if [x], > ().
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Proposition 2.37 (¢f. [17, 18, 22, 23]). Denote by M" the set of all probability
measures on {2 such that p(f2,) = 1 with some p = p(u) > d and such that the
integration by parts formula

| g f@dn@) == [ feobe)duta), vl 1<isn (2208
0 8;’[’[ 0
holds for all functions f € Cy(£2,). Then M* = G".

The integration by parts characterization (2.208) can be used as an alternative way
to establish the existence (cf. Theorem 2.14) and a-priori estimates (cf. Theorem
2.15) for the Gibbs measures u € G', see the joint papers [22, 23]. More about the
peculiarities of this approach and its generalization to the quantum case can be found
in Subsection 4.5.3.

By Defnition 2.4 the set of tempered Gibbs measures G* is always convex. The sub-
set of all its extreme points (which cannot be written as combinations 0y, + (1 — 6)pu,
with 6 € (0,1) and u; # py) will be denoted by ex(G*). By Theorem 7.7 in [122],
a measure ;1 € ex(G") iff it is trivial on the tail o-algebra (., B(f2). In statis-
tical mechanics only such measures, also called pure phases, could describe possible
macrostates of physical models. For a further role of the extreme measures u € ex(G*)
within the DLR approach see e.g. Theorem 3.41 and Proposition 3.52 below. In sto-
chastic analysis respectively there is the following description of the subset ex(G"):

Proposition 2.38 (c¢f. [17, 18]). The following assertions are equivalent:
(i) The measure u is an extreme point in G*;

(it) The Dirichlet form &, is irreducable, that is any f € D(E,) satisfying E,(f, f) =
0 s a constant p-almost everywhere;

(11i) The corresponding sub-Markov semigroup (or the equilibrium dynamics) Ty :=
exp(—tH,,), t > 0, is ergodic in L*(y), that is

tlim T f — Eufllzeq =0, for each f € L*(p). (2.209)

The above statement extends the famous result of R. Holley and D. Stroock for
the Ising model proved in [144] and further motivates the study of spectral properties
of the operators H,. In particular, this raises an important question about the strong
uniqueness of the dynamics Ty, ¢t > 0, or equivalently, the essential self-adjointness of
the operator H,, [ FCg°(£2). For lattice spin systems, the essential self-adjointness of
the infinite dimensional Dirichlet operators on natural domains like FC°(€2) was shown
e.g. in [15, 16, 20, 166, 167, 191, 210]. However, all the techniques developed so far are
principally limited to the pair potentials Wy having at most quadratic growth (R = 2)
and to the one-particle potentials V; obeying certain coercivity and semi-monotonicity
properties. The corresponding Theorem 4.61 to be proved below imposes the most
general assumptions of such type and can be straightforwardly extended to N-particle
interactions.
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In a similar way, for A € L and y € ', we define the Dirichlet operators Hp,
associated in L?(£2y, 1, ) with the local Gibbs measures yu, ,(dzp) := mp(dzaly) o Py
These are elliptic differential operators of second order

Hyyf = -3 [Ag F+ M0, f)] ,fEFCR(2), (2.210)

LeA

where the corresponding logarithmic derivatives A Y = (b?’y)ge A : 2y — §2\ are given
by

BY(a) = — 8- 0y, Hi (aly) (2211)
= =B \V/ () + > O Wew (e, 20) + > O, Wew (0, yer)
veA vene

In finite dimensions the essential self-adjointness of H, , on Cg°(R¥A1) takes place under
a much weaker sufficient condition [b*¥|g.ia € L*(£24, 15 ), see Theorem 1 in [194] and
Theorem 4.62 in Subsection 4.5.4.

The next step would be to prove the Poincaré inequality for H,,, which says there
exists a spectral gap constant Csg > 0 such that

Efif) = [ D105, fPdu > Cscll fIl32gy, VF €D(E), Buf =1  (2212)

2 LelL

In other words, 0 € R is an isolated, simple eigenvalue and H,, > Csg1 on the orthogo-
nal complement to the constants in L?(;1). By the spectral theorem, this is equivalent
to the exponential ergodicity of the corresponding semigroup

ITef = Eufllzzg < €6 f = Bufllizgy, VE20, f e L*(n). (2.213)

If (2.212) or (2.213) holds for all pn € G, then Proposition 2.38 immediately will
yield the uniqueness result |G*| = 1. So far, a direct spectral analysis of the infinite
volume Dirichlet operators H, was possible only in models with the strictly convex
Hamiltonians H(z); the associated p € G' belong then to a subclass of log-concave
measures, cf. [4, 16]. The other way mostly followed in the literature (see [53, 186],
[289]-[291]) is to look for the spectral gap estimates which are valid uniformly for all
finite volume operators H, , with the constant

Cusc :=inf {Csc(A,y) | AEL, y € 2} > 0. (2.214)
In many cases (2.214) leads to the uniqueness of u € G* and hence, via a thermodynamic

limit A ' L, to the global spectral gap (2.212). We start to discuss this approach in
the next item and then shall focus on its applications in Sections 4.3, 4.5.
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(iii) Uniform spectral gap estimates in finite volumes

Here we show that under Dobrushin’s weak dependence condition (D,), the one-point
variance (Brascamp-Lieb or Poincaré) estimates (2.183) and (2.191) guarantee by them-
selves a similar property for the whole family of conditional distributions s, ,(dzx),
A €L, y € 2. This will be done in a very short way by using a new technique based
on the Efron-Stein-Wu inequality for variances.

Let us start with the superquadratic interactions dealt with in Subsection 2.3.4
(ii). For simplicity, we have assumed there the dimension ¥ = 1 and the the range
of interaction 7 < oo. For functions f € C'(R*) N Lip(R%, p), let us introduce the
weighted Sobolev seminorms

1/2
/]RA <Z lauf@/\)’%p?(xg)) IU’A,y(de)] ) (2215)

leA

IV fllay =

where p and ¢ are connected by (2.179). Obviously ||V f||ay < [f]a,», where the latter
was defined in (2.202). Then, (2.183) may be rewritten as the Poincaré-type inequality

Var,,, s f(Ze X zagey) < B71¥9)|0:, /(0 x 2a )17, (2.216)

A principal issue is to use the classical Efron-Stein inequality for variances, which
recently was generalized by L. Wu (cf. Theorem 2.1 in [288]) to a local Gibbs specifi-
cation obeying Dobrushin Contraction Condition (D,). We shall apply the mentioned
inequality to each measure y, ,(dzs) and its family of one-point conditional distribu-
tions p,(dzg|za X ype), £ € A. This yields us (for more details see Proposition 4.49 in
Subsection 4.5.1) that

(1 - ||DA||0)VaruA,y(dxA)(f($A)) (2.217)
< Ey, ,(dza) (Z Var,,, i, fzy xyre) ( (T2 X fCA\{é}))) ,
e

where ||[Dy||, < ||D]|, < 1 is the [**(A)-norm of the Dobrushin matrix D = (Dgy)axa.
Substituting (2.186), (2.216) into the right-hand side of (2.217) and using the consis-
tency property (2.26), we immediately get that

1
Cao1s

Var,, (f) < 1130 (2.218)

with one and the same constant Cy 215 1= [1 — Ca156/|J]|,] Be~2P%a.

For the inter-particle interaction of at most quadratic growth with v > 1 and r <
+00, see Subsection 2.3.4 (iii), this technique leads to the following result (concerned
with high temperatures or weak couplings):

Theorem 2.39 In the context of Theorem 2.34, for all B < B, and

131lo < T(By) := avr [bwe? —aw] ", (2.219)
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the family of local Gibbs distributions p,,, A € L, y € O, satisfies the Poincaré
inequality

1
Var,,, (1) € o [ IVHa)Puy,(dea), f € CHRM, (2:220)
USG JRA
with the uniform constant
OUSG 2 02.221 = B [(GU + aw||J||0) G_QBéQ - bw||J||0] . (2221)

If the corresponding Dirichlet operator Hy , (cf. (2.210)) is essentially self-adjoint on
C°(RVIM), this implies the spectral gap estimate Hy, > Cuscl for its restriction on
the subspace L*(p1y ) © {const}.

Remark 2.40 With a more technical effort, one may next prove that the local Gibbs
distributions p, ,(dza) possess the exponential decay of correlations similar to (2.203).
We claim that for all 3 < S, ||J|lo < T (B,), and o > 0 being chosen from (2.201)

|Covy, (fig07e)] < Coa exp(—all']) || f1]ayllg]

with some universal (i.e., independent of A and y) constant Cs 299 which behaves like
O(B™') as B — +0. To this end, we can use two different arguments: either (i) the
iteration procedure based on the I's-criterion and conditional integration (2.26) (cf.
Proposition 6.2 in [186] for R = 2 and ¢ = const); or (ii) the analytical representation
of covariances via the Witten-Laplacian (cf. Theorem 3.2 in [53] for R > 2'). Obviously,
(2.218) and (2.222) imply the same properties for the unique Gibbs measure p € G* as
a limit point of {m (dz¢|y) }acc as £ /' L. As compared with the similar result (2.203),
the improvement achieved in (2.222) is that the Lipschitz norm [f],,, is replaced by
the Sobolev one || f]|a -

Ays (2.222)

(iv) Low temperature case

In the low temperature limit 5 — oo, the decay of correlations in systems of scalar
spins was studied in [29]-[31] and [236] uniformly in finite volumes and, respectively,
in [36, 210, 211] directly in the infinite volume. The methods used fall into two groups:
(i) cluster exzpansions and (ii) Witten-Laplacian techniques; however the latter were
applied so far only to the Hamiltonians with the unique ground state. As is commonly
recognized, a specific feature of the low temperature case is that the most of finite
volume results do not hold uniformly with respect to boundary conditions. This leads
to principal difficulties in applying Dobrushin’s contraction technique. So, it might
be possible that the infinite volume Dirichlet operator H,, possesses a spectral gap
Csg > 0, while at the same time Cygg := infa , Csa(A,y) = 0. Since the Witten-
Laplacians on zero-forms are unitary equivalent to the Dirichlet operators, they also
can be used to study the spectral properties of Hl, associated with the Gibbs measures
p € Gt cf. Theorem 3.3 in [210]. To compare the related results let us analyze the
lattice P(p)-model, which fits the hypotheses of all mentioned papers as well as the
sufficient uniqueness conditions from Subsection 2.3.3.
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Example 2.41 Let the one-particle potentials be given by a polynomial

P

Vo(we) == V(ze) =Y b¥2§>0, z€R, (2.223)

s=2

of even degree P > 2 and with the positive coefficients () and b® := V"(0)/2. We
assume that V' (0) = 0 is the only global minimum, i.e., Vy(x,) > 0 whenever z, # 0.
Respectively, let

W (20, v0r) = w(we —ap) if [0 =] <7 < oo,
where the function w € C3(R) vanishes at the origin and obeys
jw® ()| < J (e + |2, k=0,1,2, (2.224)

with certain J > 0 and R < 1+ P/2. Then Theorem 1.1 in [30] tells us that, fixed
the boundary condition y = 0, for any € € (0, 1) there exist positive 5° := 5°(¢) and
Jo == Jo(e) such that

ICov,,, (zeze)| < (BV"(0) ™" (1 4+ ") exp{—el¢ — €]}, (2.225)

uniformly for all 3 > (%, J < J,, and ¢,¢' € A € L. As the uniqueness result of
Theorems 2.28-2.30 applies to this model, from (2.225) we have the similar covariance
estimate

|Cov (x4 20)] < (BV"(0) " (1 4+ ) exp {—elt — ']} (2.226)

for the unique Gibbs measure u € G being the limit point of w5 (dz|0) as A " L.
Furthermore, starting from the corresponding finite volume result of Theorem 1.1 in
[31], in the thermodynamic limit one obtains asymptotic formulas for Cov,,(z; z¢).
The same argument is expected to work for the spectral gap estimates as A ' IL. This
provides us with an alternative proof of the infinite volume results obtained for the
pure Gibbs states p € ext(G") as 5 — oo in [210, 211]. Actually the most of statements
there are reduced to the unique Gibbs measure, since by Theorems 2.28-2.30 we already
know that |G| = |ext(G")| = 1.

2.4 Further properties of the Gibbs kernels

Here we look in more detail at the exponential moments

/ exp{A|ze|*}ma(dzly), / exp{Alzi— < 24 >y [Phra(daly).
(7 (7

In particular, we shall analyze their dependence on the boundary conditions y € 2* and
the asymptotic behavior as A — oo and 5 — +0/00. The results of Subsection 2.4.3
have been already used for proving the uniqueness Theorems 2.25, 2.26 and 2.28-2.30.
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2.4.1 Exponential bound of Bellissard and Hgegh-Krohn

In this subsection we give a substantial improvement of the exponential bound (2.46).
For the ferromagnetic systems of scalar spins, this bound first was discovered by J.
Bellissard and R. Hgegh-Krohn in 1982 (see Proposition III.1 and Theorem II1.2 in
[42]) and since then is frequently cited in the literature. However, over the years it
remained open a question about it possible extensions to more general interactions.

To this end we shall apply elementary arguments based on the integration by parts
for the measures 1, ,(dx), cf. Proposition 2.37. Under the natural coercivity hypoth-
esis (2.229) on the one-particle potentials, such technique will provide us, as R > 2
and A — oo, even with the more accurate asymptotics (’)()\R/ (R_l)) than the one with
O(N\?) in (2.46). In contrast to the original paper [42] dealing exceptionally with the
scalar ferromagnets, our method covers also multi-dimensional spins as well as non-
translation invariant and many-particle interactions. Its further advantage is that all
the constants in the estimate (2.46), and hence the ones in the resulting Dobrushin’s
Condition (D,) with h(x,) := |z,|, are calculated explicitly, which in principle is im-
possible by the asymptotical methods used for similar aims in [42, 237, 259].

Additionally to the basic Assumptions (W), (J), and (V,), we suppose that the
interaction potentials are given by continuously differentiable functions V, € C*(R¥),
Wi € CH(R?) satisfying the following:

Assumption (Wg) There exists Cg > 0, such that for all £,0' € L, xy,xp € RY

0
—Wowr (x4, xr)

<
8l‘g

Jgg/(Oﬁ + |I4|R_1 + |l’gl|R_1). (2227)

N | —

Assumption (Vg) The functions V, € C!

oxp(RY) have at most exponential growth,
which means

V()| + Vi () [pe < Cpexp{Cllz|} (2.228)

with certain Cy > 0. Moreover, there exist Ag > ||J||o and Bs € R such that for
all ¢ €L and x, € RY

(V/ (), 2) > Aglze|® + Bs. (2.229)

Remark 2.42 The coercivity (or one-sided growth) estimate (2.229) is typically ful-
filled by the polynomials of even degree with a positive leading coefficient like that
in (2.10). Clearly, (2.229) ensures by itself that the potentials V;, grow not slowly as
C|z¢|® and hence

/Qexp{)\|mg|} (1 + |0xeH(ze|y)|] ma(dz|y) < 00, VYA > 0. (2.230)

Furthermore, similarly to Proposition 2.3, one can check that the map (z,y) — 0., Hi(z¢|y)
is uniformly continuous on bounded sets in (2, x §2,, p > d.
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These preparations enables us to get the following refinement of the exponential

bound (2.46):

Theorem 2.43 Let Assumptions (Wg), (J), and (V) be fulfilled, and set

Then, for every 8 > 0, there exist corresponding L, M > 0 such that for all { € L,
ye R and A >0

/Qexp{)\|$g\}7rg(dx]y) (2.232)

<exp { AL+ MY/ETDAL 4 QAA(Z”R Z (Jee ) yer
0 G)

Proof. Let us apply the integration by parts formula, cf. (2.208),

4 0
- awzf(xwué,y(dlf) = 6 . f(l’é) (91'; H€($K|y)ﬂg7y(d$z), (2233)

to the test functions
fi(we) == zyexp{Aa,l}, z = (z)))_, € R

After summing over 1 < ¢ < v, one gets the identity

/ (o Al exp (Ml () (2.234)

=f xg, V) () + Z O Waew (20, yer) | exp{A|ze|}pg,(dz).
RU

0(£0)
Herefrom, by Young’s inequality
< (1- 1 aR+le a,b e R (2.235)
=~ R R ) ) + .
and Assumptions (Vy), (W), we find that
/ exp{ Azl (dze) (2.236)
< DL deluel® = Afaad® + 20 | expided b, (dro).
RY

0(F0)
For shorthand, we here set

R/(R-1)

U = (1/A6)Y D (A7 + Col|T]0/2) +(1+v)87 + |Bel. (2.237)



70 CHAPTER 2. CLASSICAL SPIN SYSTEMS

Using in the right-hand side of (2.236) the easy-to-check inequality

R
max (bR — aR) e’ < bR < (E) e’ A beRy, (2.238)
acRy e
we further get that
| exp{lard by (dar) (2.239)

1/R

1 R\ % _
< 5P (;) exp { 2345 F 2W+€%)Jw|w!R

This readily implies the required estimate (2.232) for A > 1, whereby the constants

can be written explicitly as
1 f 1 1 g\ VB 1/(R-1)
£imtogd 1pa (B) Ly | (LEE #1B)  (Colldllo :
2 € AG AG

M = 4(BAg) "V ED, (2.240)

The case of A <1 is then trivial, since by (2.232) and Jensen’s inequality

10g/ exp{A|zel gy (dag) < N | L+ M+ 2477 (Ju) Ry
g 0 0)

Corollary 2.44 (i) Additionally to (W), (J), and (Vy), suppose that the following
relation holds

1
54\;“ > [V ]g o= sup Y (Ju)R > [|3]]5". (2.241)
£ ouze)
Then, the kernels m,(dz|y) obey Dobrushin’s bound (Dy) with the compact function
h(zg) := |xy|, constant C := L + N/E=D M - and 1°°-contractive matriz (Lop )Ly, with
the entries Iy := 2(Jy | Ag) Y E.

Remark 2.45 (i) Repeating (2.234)—(2.237) for A = 0, we get that

/ el fre(daly) < C+ Y Lolye!®, (2.242)
e (D)
1 _ 1
with C:= Aﬁ_l <7/6_1 + |B6’ + 505/(}2 1)||JH0) y Igg/ = §Ag1(]ggl. (2243)

Integrating by parts the test functions f;(x,) := x%|z,|%, one finds that the similar to
(2.242) estimates hold for the family of compact functions hg(z,) := |z,|®*9, @ > 0.
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Furthermore, (2.243) shows that C := C(3) behaves like O(1 + 57') as 8 — +0/cc.
This observation could be used (alternatively to Corollaries 2.50 and 2.53) for proving
the uniqueness results from Subsections 2.3.2 and 2.3.3.

(ii) The statement of Theorem 2.43 can be made more precise for attractive har-
monic interactions Wy (g, xp) == Jy_p|ze — x0|*/2. Suppose that the potentials V;
fulfill Assumption (V) with R = 2 and any (arbitrarily small) Ag > 0. Then we get
the following refinement of the Dobrushin bound (2.242)

1
zolPmo(dzly) < —————— | vB™  + | Bg| + Joolye? | . 2.244
[ fairnty) < e B+ 3 declue (2.244)

The corresponding matrix (Iy)rx1 is always contractive due to the estimate ||I||o <
—1\—1
(1+446]9]g") < 1.

2.4.2 Covariance estimates for m,(dz|y)

In various applications (such as e.g. the uniqueness problem or the validity of the
Poincare and log-Sobolev inequalities for p € G') it is important to have a-priori
information about correlations functions calculated with respect to w5 (dz|y). Especially
one looks for the bounds which are uniform in volumes A € I and boundary conditions
y € 2'. All results available by now concern, however, the scalar spins z, € R
interacting via the attractive harmonic potentials like J;_p|x, — zp|> > 0 (cf. e.g.
Section 6 in [290]). In order to cover the case of multi-component spins and general
pair (or N-particle) potentials, we here propose a new approach which is conceptually
close to the Dobrushin iterative technique discussed in Subsection 2.2.2.

Our considerations will be restricted to the lattice system (2.1) with the pair inter-
action of at most quadratic growth. Additionally to the previous Assumptions (W),
(J), and (V) holding with R = 2, we suppose that V, € C*(R”) and Wy € C*(R?)
satisfy the following:

Assumption (Wy) For all ¢, /' € R and x4, 7, € R”

0 0 . 1 -
xf}éﬁu 8—WW££/<$4, 334/) — 8—@ng/<$4, 3%/) S §Jgg/|$g — .’Eg‘. (2245)

Assumption (V7) There exist A7 > [|J|[o and B; € R, such that for all £ € L. and
zp € R
(Vi (ze) = V[ (%), 30 — Zo)go > Arlzy — Z4|* + By (2.246)

Note that the above conditions guarantee the existence of p € G* (cf. Subsection
2.2.3), but tell nothing about their uniqueness. Similarly to Remark 2.42, one observes
that semi-monotonicity property (2.246) certainly fulfills for polynomials like (2.10).
Furthermore, Assumption (V7) implies (Vg) with Ag = A7 and respectively (Vi) with
A; = A7/2 and R = 2. Again, our strategy is to start with the one-point estimates for
me(dx|y) and then iterate them by the consistency property (2.26) in domains A € L.
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Lemma 2.46 Suppose that the above assumptions hold, and set
Az = A7y — ||J]|o > 0. (2.247)

Then, for every B > 0 and k < A;, there exist corresponding £, F > 0 such that for
alll €L and y,j € ¢

1 B o
[ exp{—wxe —xe\z}w(dxly)w(dﬂi\y)
02 JNR 4
S exXp {g + Bf Zé’(;ﬁé) Jgg/|yg/ - gjg/|2} . (2248)

Proof. To some extent we proceed similarly to the proof of Theorem 2.43, but now we
use the integration by parts with respect to the coupled measure i, (dzy) X 1, 5(d%)
on R*. Namely, let us apply the integration by parts formula,

0 ~ ) . i
/Rb <a$29(m7m) - 85:@9(33"“)) to, (de) g 5(dTy) (2.249)

0 R -
Er HE(W!?J)) Fg (A g g(de).
Ty

=0 g(xe, T¢) < a-H/z(iCAy) -

R2v az%

to the test functions
9i(we, Te) = (w7 — Tp) exp {iﬁﬁm - fe|2} , we= (2p)ily, o= (T € R,
and their derivatives
0y 9(e, Te) = — 051 9(0, Te) = (1 + %ﬁ/ﬂx}} — j};|2> exp {iﬁfﬂl’e — 5;4]2} . (2.250)

Doing so is correct since all g;, 8@3 g€ Lt (u&y X W,ﬂ) for k < A;. After summing in
(2.250) over 1 < ¢ < v and taking into account (W7), (J), and (V.), we arrive at

1 - .
/ exp {Zﬂ/dxz — x£|2} fhg,,, (Azg) gy 5(dEy) (2.251)
R2v

N 1 N N
< [ o= ) exp { ke~ 2 ey (0.
R2v

In the integrand we have

1 - _
@(S) = —(A'y - H)S + g Z Jgg/|yg/ — y£1|2 =+ /8 1(1 + 2v + 6|B7|), (2252)
00
which is a linear function of s := |z, — &,|%. Estimating sup,-, {®(s) exp(33xs)} with

the help of (2.238), we obtain the desired bound (2.248) with the constants

1 1
& :=log(4¢) + 2% (1+2v+p|Bq7]) — 1, F:= oo = KA — 1. (2.253)

n
Employing conditional integration in volumes A € L, from (2.248) we readily get
the uniform variance bound for the kernels 7, (dz|y).
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Theorem 2.47 For each 5 > 0 and k < Ay, there exists a corresponding Cs.o54 :=
Co.054(8, k) > 0 such that for all ¢ € L, A €L, and y € 2°

1
/ exp {é—lﬁ/ﬁ\m— < Ty >ay \2} ma(dz|y) < Coos4, (2.254)
0

where we define the mean values
<Ly >py= / xemp(dz|y) € R”.
o)

Proof. The line of reasoning is close to that used in the proof of Lemma 2.12. Applying
Jensen’s inequality, we first observe that

log {/Qexp (iﬁ/ﬁ]mg— <Ly >py ]2> WA(dx\y)} (2.255)

<log { [ [ew (iﬁnm - r) m(dxwm(daay)} —: Al Aly).

In order to estimate the last line in (2.255), let us integrate the both sides of (2.248)
with respect to mx(dz|y) X mo(dZ|y). By the consistency property (2.26) this yields us
that

i(Aly) < € + log { /9 /9 exp (ﬁ]—"Z Jowr|e — iﬁ) WA(dx\y)ﬂA(dj?]y)}  (2.256)

Now let us fix any k € (A7 — ||J]|]o/4, A7). Then by (2.71)—(2.69) and (2.253) it holds
for each p > d and a small enough ¢ :=¢(p) € (0, 1)

47 F||Io < 4xTTF|T e < 1

Applying Holder’s inequality (2.73) and summing over ¢ € A, we conclude from (2.74),
(2.75), and (2.256) that for all ¢, € IL

—
=
P,E

ity (Aly) <D Au(Aly) - (1+ello— )P <&
ten

=:&..
1 — 4k F||J|pe P

The final answer then follows with C5 254 1= inf,gexp&,. ®

Remark 2.48 The covariance estimate (2.254) holds independently of whether or
not the family of 11, ,(dx,) satisfies the Poincaré or log-Sobolev inequalities uniformly
in A @L and y € 2" (cf. Subsections 2.3.5 and 4.3.2). Typically ones proceeds in
the inverse direction and makes use of those inequalities to derive the a-priori bounds
on correlations. On the other hand, it is well known (cf. Theorem 3.3 in [1]) that
the exponential integrability (2.254) is a necessary condition for the validity of the
log-Sobolev inequality for the measures ji, ,(dzy).



74 CHAPTER 2. CLASSICAL SPIN SYSTEMS

2.4.3 Asymptotic analysis

To complete the arguments used in proving the uniqueness criteria in Subsections 2.3.2
and 2.3.3, here we analyze the behavior of the constants in Dobrushin’s Compactness
Condition (D) as f§ — +0/ 4+ co. Furthermore, the results obtained below can be
used to describe the concentration properties of the measures 7, (dx|y). We start with
the uniform exponential bound in the high temperature regime.

Lemma 2.49 Suppose that 2 < R < R, and let Assumptions (V,), (J), and (W)

from Subsection 2.3.2 (i) be fulfilled for all ||J||o < Jo < 2A1/3. Then, for any 5, > 0
and k < Ay — Jo/2, there exists a proper I'y := I'o(Bo, Jo, k) > 1 such that

[ e {nlea " mlael) < oo {55, uluel"}. (2.257)
simultaneously for all ¢ € L, y € 2%, ||J|lo < Jo, and 5 < [,.

Proof. Recall that, for each ||J||lo < Jp and 8 < 3, Lemma 2.9 gives us the required
bound (2.257) with the constant

Lo(B, 3o, &) == {Xa/ Y1} exp{B (Cw|[Jlo — B1 + B2)}, (2.258)

where we set
Xoim [ exp{=lad” + (x4 3110/ 8 o]} da, (2.259)
Y, = / exp {—A2|g:g|P - (||J||0/2)51—R/P|w|3} da. (2.260)

For convenience, in the above integrals we have already made the change of variables
20 — BYPx,. Since both X; and Y; are monotone functions of the parameters [1J]]o
and [, we may put I equal to the right-hand side in (2.258) at the endpoints J, and

By m

As a sequel, we get the following asymptotics for the coefficients in the Dobrushin
compactness criterion at small 5 (cf. Remark 2.10 (ii)).

Corollary 2.50 There exists a positive Co 61 := C2.961(8y, Jo, k) such that the Dobrushin-
type condition

[ Jolfmi(doly) < 57 Casur + 673 il (2.261)
2 o

holds for all ¢ € L, y € 2%, ||J|lo < Jo, and 8 < j,.

Proof. The result follows by Jensen’s inequality applied to (2.257), whereby we set

C:=(kJo) togly. =

This enables us to refine the statements of Lemma 2.12 and Theorem 2.15.
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Corollary 2.51 In the situation of Lemma 2.49 the following holds:

(i) For any given p > d there exist positive I}, := I'y(8y, Jo, ||J||p, &) and T, =
Tp(Bos Jo, ||||ps k) such that

/Qexp {Br|z| "} wa(daly) < Tpexp {BTllyaclly}, (2.262)

foralll e NEL, ye 2y, ||I|lo < To, and B < B,. In particular,
limsup/ exp { Bz} ma(dzly) < I (2.263)
AL Jo
(ii) The corresponding Gibbs measures p € G* obey

lim sup {SUP/ exp { Bkl T} ,u(d:c)} < Cazea, (2.264)
B<Bqg ¢ n

with one and the same Ca.a64 := Ca.264(Bys Jo, [|Ipl]s k) > 1.

Proof. (i) Going through the proof of Lemma 2.12 and plugging (2.257) into (2.72),
we arrive at (2.262) holding with the constants

Epe L 5_pHJHp,s

1_AI1||J|‘p,E a 1_AIIHJ||1LE.

log I, := (2.265)

According to (2.71)—(2.70), above we fixed a sufficiently small £ > 0 such that
[1Illo < [ITlpe < A= Ay — |[T]o/2.

(ii) The result follows from (2.262) combined with (2.76) and (2.83). m

As [ — oo, such analysis happens to be highly nontrivial, except the special case
when the Hamiltonian (2.1) admits a unique ground state.

Lemma 2.52 Let Assumptions (V,), (J), and (W,) from Subsection 2.8.3 (i) be
fulfilled for all ||J|lo < Jo < 2A4/3. Then, for any B° > 0 there exists a proper
I’ :=r1°p% %) > 1 such that

[ v (Bl mildsly) < exp {52 )me} , (2.266)

(£
simultaneously for all ¢ € L, y € 2%, k < Ay — To/2, [|1I]lo < Jo, and 5 > S°.

Proof. Again, we adapt to the present situation the estimates (2.53)—(2.57) used in
proving Lemma 2.9. Performing the scaling z, — 571/ 224, we obtain the required
bound (2.266) holding, for each ||J||o < Jp and B > 3°, with the constant

%8, 113lo) := X2/ Ya, (2.267)
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Here we set

J
Xo 1= / exp {— [a4]a:g]2 + <A4 — K= w) 51R/2!$AR} } day, (2.268)

_ J _
Yy = / exp {— {Gs|$z|2 + AsB Py ” + %51 Rﬁm’R} } da. (2.269)

By a monotonicity argument, we may put I'°(5°, J) equal to the right-hand side in
(2.267) at the endpoints J, and 3°. m

An important application of the above lemma concerns the validity of Dobrushin’s
compactness criteria at large (3.

Corollary 2.53 For each fixed (though arbitrarily small) ¢ > O there exists a proper
B° = p%ec, Jp) > 0 such that

/ ol fre(daly) < e+ (A= To/2)7 Y Jewlye!™, (2.270)
2 I

forallt €L,y c 02 || < Jo, and 5> B°.

Proof. (i) The statement follows by Jensen’s inequality applied to (2.266), where we
set k1= Ay — Jo/2. The constant c := log I'°/ 8k obviously tends to zero as f — co. m

Remark 2.54 (i) From the proof Lemma 2.52 it is clear the following: Fixed all
other parameters except the temperature, the bound (2.266) holds true with a certain
constant I'°(7y), which can be taken the same for all (3, ||J||o) € R,y x R, fulfilling
the constraint

7= AsB 2 4 (|3]]0/2)8 R < 1o < 0. (2.271)

In particular, for every P > R > 2 and I'° > (a3/ a4)”/ ?_one finds a corresponding
7o := To(I'°) such that (2.266) holds in the phase domain (2.271).

(ii) Much better estimates can be obtained by the asymptotic Laplace method for
multiple integrals. To illustrate the idea, we assume that all one-particle potentials are
identical, i.e., V =V} € C(R"); otherwise one has to treat the upper and lower bounds
for V;. Furthermore, let V' have a unique, non-degenerate global minimum V'(0) = 0,
as it was described by Assumption (V) in Subsection 2.3.3. To be more concrete, let
us suppose that R > 2. Then a straightforward application of the Laplace method (cf.
Sect. II, §4, Theorem 4.1 in [106]) gives us the identical asymptotics

v/2 L+ (9(5_1)

X7 YN(QW/B) |detv,,(0)|1/27

as 3 — oo,
for both integrals in (2.54), (2.55). Thus, Lemma 2.52 holds with Aim '@, J) = 1.

Proceeding analogously to the proof of Corollary 2.50, we can improve the state-
ments of Lemma 2.12 and Theorem 2.15.
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Corollary 2.55 In the situation of Lemma 2.52 the following holds:
(i) For any given p > d there exist positive I}, := I,(8°, Jo,||d||,) and J, :=
To(B°, To, 1|131],) such that

[ exp {arlad ™y matdely) < Tyexp {5, o} (2.272)

forallk < Ay = Ay —||J]|o/2, L €A EL, ye Dy [T < To, and B > 5°. In

particular,

limsup/ exp { Bz} ma(dzly) < I (2.273)
AL Jo
(i1) The corresponding Gibbs measures u € G* obey
lim sup {sup / exp { Bkl T} M(dx)} < Coom, (2.274)
B>p° ¢ Jo

with one and the same constant Cya74 = Coo74(8°, Jo, I|J]l,) > 1.

A useful sequel of the estimate (2.272) is the following localization result valid in
the low temperature regime. It says that any perturbation of the local energy Hy(z|y)
in the single spin variables x;, ¢ € L, taken away from its global minimum at z, = 0,
can change the partition function Z,(y) only by an exponentially small error.

Corollary 2.56 Under the assumptions of Corollary 2.55, the following estimate holds
with Ay := Ay — ||J]]0/2 for all >0

1
/ ma(dzly) = Z—()/ Liay: foofz¢} €xP { =B Ha(22ly) } dza
{zeQ: |xy|>€} AY) Joy
< Dyexp {5 [Au" = Ty llun ]} (2275)
with the parameter Ay = Ay — ||J||o/2 > 0. Herefrom, in particular,
sup / ma(dz|0) < I,exp {—BA4€R} ) (2.276)
tercL J{zea | |z>¢}
limsup/ ma(dzly) < Tyexp{—BAL"}. (2.277)
A/L J{zen | |zo>¢}

Proof. The claim follows by Chebyshev’s inequality applied to (2.272). m

Remark 2.57 A similar to (2.277) localization result, but for the Hamiltonians Hx (zx)
with empty boundary condition, cf. (2.24), was proven in [30]. Namely, Theorem 1.6
there says that there exists some universal 4% > 0 such that for all ¢ € (0,1), 5 > 3°,
and |[J]|o < Jo =€/,

sup / ma(dz) < Bexp {—€°8/6°}. (2.278)
{zen2 | |ze|>¢}

leAEll

The proof is rather involved and presumes a number of analytical conditions on V, and
W . For technical reasons, the growth of pair interaction is not allowed there to be
too fast: in our assumptions this corresponds to the restriction R < 1+ P/2 used in
Subsection 2.3.4 (ii).



Chapter 3

Systems of Interacting Quantum
Oscillators

3.1 Euclidean Gibbs measures

This Chapter is concerned with models of quantum anharmonic lattice systems, see
(1.4). Our aim will be to give a complete description of the thermodynamic properties
of such systems by using the Fuclidean (i.e., path integral) approach.

Usually, Gibbs states of quantum models are defined as positive normalized func-
tionals on algebras of observables, satisfying the Kubo-Martin-Schwinger (KMS') condi-
tion, see [66], which reflects the consistency between the dynamic and thermodynamic
properties of the system proper to the thermodynamic equilibrium. For a subsystem
located in a finite A C L and thus described by the local Hamiltonian H,, the KMS
condition is formulated by means of the unitary operators exp(itH,), t € R. To de-
scribe the dynamics of the whole model one has to take the infinite volume limit of
exp(1tHy), which certainly exists for finite rank H,, e.g. for spin models. However
for the quantum lattice models like (1.4), such limits do not make sense and therefore
the KMS condition for the whole system cannot be formulated. This produces a fun-
damental problem and actually there is no canonical way to define Gibbs states, and
hence to give a complete description of the thermodynamic properties of such models.
Thus, we shall follow an alternative way, which allows to bridge this gap with the help
of path integrals.

In [3], an approach employing the fact that the local Hamiltonians H, generate sto-
chastic processes has been initiated. In this approach, the description of the local Gibbs
states, based on the properties of the semi-group exp(—tHy), t > 0, is translated into
a “probabilistic language”, that opens a possibility to apply here corresponding con-
cepts and techniques. In this language, our model is the system of infinite dimensional
“spins” wy, ¢ € L, being continuous loops w, € C(Sz — R”). Here 5 :=1/T > 0 is the
inverse (absolute) temperature and Ss = [0, 3] is a circle of length /3. The distribution of
each spin wy is given by the path measure of the S-periodic Ornstein-Uhlenbeck process

corresponding to H}™ multiplied by a density obtained from the anharmonic potential

78
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with the help of the Feynman-Kac formula. Afterwards, finite subsystems are associ-
ated with conditional probability measures, which by the DLR equation determine the
set of Gibbs measures G*. This approach is called Euclidean due to its conceptual anal-
ogy with the Euclidean quantum field theory. Its further development was conducted
in the papers [5]-[14], [19]-[21], [24, 37, 38, 105, 131], [162]-[164], [215, 214]. Actually,
the Euclidean approach remains so far the only method which allows to construct and
study Gibbs states for infinite systems of quantum particles described by unbounded
operators. Among its impressive achievements one has to mention the settlement in
6, 8, 9] of a long standing problem of the influence of quantum effects on structural
phase transitions in quantum anharmonic crystals (which on the physical level was first
discussed in [264], see also [105, 214, 278, 279]). In this chapter we give a complete de-
scription of the set G* for the model (3.1) and hence essentially finalize the development
of the Euclidean approach for such models.

In Subsection 3.1.1 we introduce the object of our study in the form of a system
of interacting quantum oscillators (3.1), (3.2), finite subsystems of which are described
by their Schrodinger operators (3.3). The basic elements of the Euclidean approach
will be presented in Subsection 3.1.2. Afterwards, in Subsection 3.1.3 we introduce the
spaces of temperature loops (24 and the probability measures j,0on these spaces, which
give a canonical realization for the [-periodic stochastic processes generated by the
corresponding Schrodinger operators Hy, A € L. The notion of temperedness, which
is important in all systems with interactions of infinite range, is discussed in Subsection
3.1.4. In Subsection 3.1.5 we describe in detail the corresponding Gibbsian formalism

and define the set G* of all tempered Euclidean Gibbs measures p on the “temperature
loop lattice” 2 :=[C(Sz — R¥)|“.

3.1.1 The model and its physical background

The quantum anharmonic oscillator is a mathematical model of a localized quantum
particle moving in a potential field with sufficient growth at infinity and possibly mul-
tiple minima. Infinite systems of interacting quantum anharmonic oscillators possess
quite rich properties, connected with the possibility of ordering caused by the interac-
tion as well as with quantum stabilization competing the ordering. Most of the systems
of this kind are related with solids, such as ionic crystals containing localized light par-
ticles oscillating in the field created by heavy ionic complexes, or quantum crystals
consisting entirely of such particles [48, 160, 267, 277]. Quantum anharmonic oscilla-
tors also are used as parts of the models describing interaction of vibrating quantum
particles with a radiation (photon) field [143, 220] or strong electron-electron corre-
lations caused by the interaction of electrons with vibrating ions responsible for such
phenomena as superconductivity, charge density waves, etc., see [113]. Thus, infinite
systems of interacting quantum anharmonic oscillators are quite important models and
their rigorous description is still a challenging mathematical task.

The infinite system of quantum oscillators we consider has the following heuristic
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Hamiltonian

ZWM (qe, q0) +ZH£, (3.1)

L0

where the displacements ¢, are v-dimensional vectors. The sums run through a count-
able set . C R? which will be equipped with the Euclidean distance |¢ — ¢'|. Each
Hamiltonian

1 a
Hy = H - Vilao) i= 5 lpe® + Slaf + Vila), mia >0, (32)

describes an isolated anharmonic oscillator of the reduced mass m = myy/h* and mo-
mentum py. Its part H** corresponds to a v-dimensional quantum harmonic oscillator
of rigidity a.

The Hamiltonian (3.1) has no direct mathematical meaning and is “represented”
by local Hamiltonians Hy, A € 1L, which are

HA = Z [Hhar + ‘/Z q€ Z WM’ QZ7q€’ (33)
LeN M/GA
1
= 3D IpeP W), @ = (@e)eea
LeN

In the last line, the first term is the kinetic energy; the potential energy is

Z Wi (e, qe) + Y [ |ael* + Vi QZ)] (3.4)

é RN LeA

The interaction potentials

V€ C(R” - R), Vi(0)=0, (€L, (3.5)
Wé[/ = W[’f e C(RV X RV — R), W[ﬁ = 0, f, gl E ]L,

satisfy the basic hypotheses from Chapter 2, which for the reader’s convenience we
recall here:

Assumption (W) There exist constants R > 2, Cyw > 0 and a symmetric matrix
J = (Jow)LxL with the non-negative entries and zero diagonal, such that for all
q, qr € RY

1
(Weer (e, qo)| < = Joe(Cw + e ™ + |qe]™). (3.6)
2

Assumption (V) There exist a continuous function V : R” — R and constants
P>2 Ay >0, and By € R, such that for all ¢ € . and q, € R”

Avlql” + By < Vi) < V(qe). (3.7)
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The interaction intensities, which are symmetric and vanish at the diagonal,
Jopr = Jpp > 0, Joo = 0, é, = L, (38)
are subject to the following

Assumption (J 0) The dynamical matriz J = (Jo)Lx1, generates a bounded operator
in the Banach space [®° (L) (and hence in all IP(L), 1 < p < 00), that means

910 == [ 2wy = Sgpz Jr < 00. (3.9)
Z/

Unlike the earlier Assumption (J) in Chapter 2, we do not yet specify a decay rate
of Jy as the distance |[¢ — ¢'| — co. Note that the lower bound in (3.7) is responsible
for confining each particle in the vicinity of its equilibrium position, while the upper
bound is to guarantee that the oscillations of the particles located far from the origin
are not suppressed. An example of W, and V; to bear in mind is the polynomials

Wee (qe, qe) := £ Jeer - (qe, o), (3.10)
p s s s
Vilwd) =Y b7l = (hoa), b € R, P >0, p22,

in which h € R” is an external field and the coefficients bés) vary in certain intervals,
such that both estimates (3.7) hold. Under Assumptions (V) the Schrodinger operator
Hy is a self-adjoint lower bounded operator in the complex Hilbert space L?(R¥/!)
having discrete spectrum. It generates a positivity preserving Cyp-semigroup such that

tracelexp(—7H,)| < oo, for all 7 > 0. (3.11)
We indicate some important special cases of our model:

Definition 3.1 The model is called the quantum anharmonic crystal, if IL is a lattice,
e.g. Z%. The model is ferromagnetic (in the physical interpretation, ferroelectric) if
W (qe, o) := —Joe - (qe, qo) with Jyw > 0 for all £,¢" € L. The interaction has finite
range if there exists r > 0 such that Wy = 0 whenever |¢ — {'| > r. The model is
translation invariant if L = Z% and V; .=V, Wy := Wiy for all £,¢. The model
is rotation invariant if Voo U =V and Wyp o U x U = Wy for any pair of orthogonal
transformations U, U' € O(v).

IfL=2%V, =0, and Wy (qr,qv) := *Jow - (g0, qr) for all £, the model is
exactly solvable and is known as a quantum harmonic crystal (cf. [120]). It is stable if
|J]lo < a, see Remark 3.25 below.

Remark 3.2 Afterwords, it would be instructive to compare our results on the quan-
tum systems with the analogous classical ones. In accordance with the Borg-Heisenberg
correspondence principle in quantum physics, the large-mass limit m — oo (or i — 0)
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of the model (3.1) gives rise to an infinite system of interacting classical particles.
Such system is described by the configuration space 2 := [R*]* > (q¢)seL := ¢ and
the potential energy functional

H(q) = gz |qe)® + Z Vilqe) + % Z Wee (qe, qer), (3.12)

o0

which was our main subject in Chapter 2. For a mathematical justification of the
quasi-classical limit for the corresponding Gibbs states see Remark 3.5.

3.1.2 Quantum Gibbs states in the Euclidean approach

A complete description of thermal equilibrium properties of quantum systems might be
given in terms of their Gibbs states. As was already mentioned, we take the Fuclidean
(i.e., path space) approach first implemented to quantum lattice systems by S. Albeverio
and R. Hgegh-Krohn in [3]. In this subsection we outline the basic elements of the
Euclidean approach in the context of our model. For a detailed discussion about the
deep intricate connections between quantum states and measures on loop spaces we
refer e.g. to [7, 13, 24, 46].

To each A @ L there corresponds the local Hamiltonian H, defined by (3.3), which
acts in the physical Hilbert space H, = L*(R¥IAl — C). In view of (3.11) one can
introduce the local Gibbs state

trace(Ae PHa)
ChD>A— QA(A) = trace(e*ﬁHA)

, (3.13)

which is a positive normalized functional on the algebra €, of all bounded linear
operators (observables) on H,. The mappings

Cr 2 A al(A) = a e 1 € R, (3.14)

constitute the group of time automorphisms which describes the dynamics of the sys-
tem in A. The state p, satisfies the KMS (Kubo-Martin-Schwinger) thermal equilib-
rium condition relative to the dynamics a, see Definition 1.1 in [159]. Multiplication
operators by bounded continuous functions act as

(F)(qn) = F(qa) - ¥(qa), % € Hy, FeCyRM), ¢y € RYAL

One can prove that the linear span of the products
ap (F) - ap (F), (3.15)

with all possible choices of n € N, t,...,t, € R and Fy,...,F, € C,(R"A) is o-
weakly dense in €. Therefore, as a o-weakly continuous functional (see page 65 of the
first volume of [66]), the state (3.13) is fully determined by its values on (3.15), that
is, by the (real time) Green functions

Gh o (t o tn) = op [ap (Fy) - a) (F)] . (3.16)

.....
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They can be considered as restrictions of functions G, p (21, ..., 2,), analytic in the
tubular domain

D ={(21,---20) €C" | 0 < J(21) < S(22) <+ < S(zn) < B, (3.17)
and continuous on its closure @g C C™. For every n € N, the “tmaginary time” domain
(21,0, 20) €D5 [ R(21) = - = R(2,) = 0}

is an inner set of uniqueness for functions analytic in Dj (see pages 101 and 352 of [264]).
Therefore, the Green functions (3.16), and hence the states (3.13), are completely
determined by the Matsubara (or Fuclidean Green) functions

..... p(T1, . Th) = GIZ}H r, (0T, 0Ty) (3.18)

= trace[Fle” (2mTVHA o= (ramm)Ha L o= (Tua=m) HA] Jtracele TP

-----

taken at ordered arguments 0 < 71 < --- < 7, < 71 + 3 = 7,41, with all possible
choices of n € N and F1,. .., F, € Cp(R"). Their extension to [0, 8]" is given by

Fn(Tl’ R ,Tn) = FFAo(l) ..... Fy(n) (7_0'(1)7 cee aTU(n))a

where o is the permutation of {1,2,...,n} such that 7,1y < 752) < -+ < Ty One
can show that for every 6 € [0, f],
FI{}I 77777 Fn(Tl—i—H,...,Tn—I—G):FIf}l m (T1, oy Th)s (3.19)

7777 n

where addition is modulo 5. This periodicity along with the analyticity of the Green
functions is equivalent to the KMS property of the state (3.13).

The central element of the Euclidean approach is the representation of the Matsub-
ara functions (3.18) corresponding to I, ..., F, € Cp(R¥Al) in the form of

TR p(Tayeeima) = /Q Fulwa(r1) ... Falwn(m))pa(dwn),  (3.20)

where j1, is a certain probability measure on the space {2y, which we construct in
Subsection 3.1.3. This measure is called a local Fuclidean Gibbs measure. By standard
arguments, it is uniquely determined by the integrals (3.20). Since the Matsubara
functions I'py  , uniquely determine the state g, , the representation (3.20) establishes
a one-to-one correspondence between the local Gibbs states p, and local Euclidean
Gibbs measures 1. In particular, for a multiplication operator by any F € Cy,(R¥A)
and for all 7 € Sp,

on(F) = T(r) = / Fwa(r))pia (dwn). (3.21)

Thermodynamic properties of the model (3.1) are described by the Gibbs states
corresponding to the whole set L. Such states should be defined on the C*-algebra
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of quasi-local observables €, being the norm-completion of the algebra of local observ-
ables Uper,€a. Here each €, is considered as a subalgebra of €,/ for any A’ containing
A. The dynamics of the whole system is to be defined by the limits A 7 IL of the
time automorphisms (3.14), which would allow one to define the Gibbs states on € as
KMS states. This “algebraic” way can successfully be realized for models described
by bounded local Hamiltonians H,, e.g. quantum spin models, see Section 6.2 of [66].
For the model considered here, such limiting automorphisms do not exist and hence
there is no canonical way to specify Gibbs states of the whole infinite system. There-
fore, the Euclidean approach based on the one-to-one correspondence between the local
states and measures arising from the representation (3.20) seems to be the only way
of developing a mathematical theory of the equilibrium thermodynamic properties of
such models. Let us note that for some versions of quantum crystals, a possibility of
constructing the limiting states ¢ = limy -1, 0, in terms of the limiting path measures
p = limy 1 p1y was discussed in [27, 215, 214]. The set of Euclidean Gibbs measures
G* we concern here will certainly includes all the limiting points of this type. Further-
more, there exist axiomatic methods, see [46, 125, 126], analogous to the Osterwalder-
Schrader reconstruction theorem in the Euclidean field theory [129, 255], which allow
to construct KMS states on certain von Neumann algebras starting from a complete
set of Matsubara functions. In our case such a set consists of the functions

Ipoop (T o) = /QFl(w(Tl)) s By(w(ry))p(dw),  p e Gt (3.22)

corresponding to all local multiplication operators by bounded continuous functions
Fy, ..., F,. Therefore, the theory of Euclidean Gibbs measures presented in this man-
uscript can be further developed towards identifying such algebras and states, which
we leave as a task for the future.

3.1.3 Temperature loops and [S-periodic processes

In this subsection we introduce the local Euclidean Gibbs measures, which provide the
integral representation (3.20) for the Matsubara functions. They will be constructed
via the Feynman-Kac formula as Gibbs modifications (3.50) of the “free” loop measure
x corresponding to a single quantum harmonic oscillator.

(i) Loop spaces

The local Euclidean Gibbs measures are supported by the spaces of S-periodic paths,
i.e., temperature loops. These are continuous functions defined on the interval [0, 5] and
taking equal values at the endpoints. Here T'= 57! > 0 is the absolute temperature.

One can consider the loops as functions on the circle Sz = [0, 5] being a compact
Riemannian manifold with Lebesgue measure d7 and distance

|7 —7'|g == min{|7 —7'| ; B—|r—7'|}, 7,7 €S (3.23)
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In our context, as (Euclidean) single spin spaces at given ¢ we shall use the standard
Banach spaces

L= LR(S; - R",dr), R>2, (3.24)
OB = O(S,B - Ry)7 Cg = CU(Sﬁ - Ry)a oc (07 1)’

of all integrable respectively (Holder) continuous functions v = (v*)Y_; : S5 — R” with
the norms

R YR
vleg = | fy, lo()|Far|

[vlc, = sup [v(7)], |vlcg :=|vlc, +  sup
TESR T,7'€8g, T#T

o0 (3.25)

=13

Note that the Lebesgue spaces Lg are needed to take care of the interaction between
loops. In analytical constructions, the Hilbert space of all square integrable loops L%
will play role of a tangent space to Cp; its inner product and norm are denoted by
(-, -)L§ and | - |L%. One has the dense continuous embeddings C§ — Cz — L, that by

the Kuratowski theorem (cf. page 499 of [175]) yields
Cs € B(L§) and B(Cs) = B(L§) N Cp. (3.26)
Furthermore, we crucially shall use the fact that the embeddings
Cg — C’gl — (Cj are compact whenever 0 < o' < 0. (3.27)

However, the reader is warned that the above spaces C§ are not separable and the
embeddings C§ — C’g' are not dense. Nevertheless, each C'j is measurable as a subset
in Cg or L (cf. page 278 of [240]).

Given A C L, we define

QA = {(JJA = (Wg)geA ’ Wy € C/@}, = .QL = {w = (CUg)geL ’ Wy € Cg} (328)

These spaces are equipped with the product topology and with the Borel o-algebras
B(2,). Thereby, each 2 is a Polish space; its elements are called configurations in
A. In particular, 2 is the configuration space for the whole system. For A C A/,
the decomposition wyr = wy X wpna defines an embedding {2y < (2 by identifying
wpa € 2y with wy X Oana € 4. By P(£2,) and P({2) we denote the sets of all
probability measures on ({24, B(§25)) and ({2, B(12)).

(ii) Basic Gaussian measure related to a harmonic oscillator

A v-dimensional quantum harmonic oscillator of mass m > 0 and rigidity a > 0 is
described by the Hamiltonian, cf. (3.2),

1 < o\ «a
Hélar = —% ( > + §|$£|2, (329)
=1
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acting in the physical Hilbert space H, := L*(R” — C). The integral kernels R (¢; z,, y,)
of the semigroup exp(—tH}),;>q are represented, for all ¢ > 0 and z,,y, € R”, by
Mehler’s formula

R (¢: 2, ) - (3.30)
v 1 a 1 _ a _ a
= (mgzt/ﬂ) /2 €xXp {—t\/ E - §m92t [(1 +e 2t\/;)($§ + y?) —4de t\/zmye] }

2
vV 2
;zm coth (t,/g) (7 +v7) — ¢] } ;
m

_ /2 1, /e _
= (/)" exp {2t\/; cosh (t\/%)

where we introduced the parameter

-\ —1
o= L (1 _ e—t\/ﬁ) L t>0, (3.31)
m

(cf. e.g. Theorem 1.5.10 in [129] or page 299 of [131]). By means of the kernels
(3.30) we can generate a Gaussian [-periodic process wy(7) € R”, 7 € Sz, which is
also known as the periodic Ornstein-Uhlenbeck velocity process, see [158]. In quantum
statistical mechanics it first appeared in the papers of Albeverio and Hgegh-Krohn
[3, 148]. The canonical realization of this process on (Cj, B(Cj)) is a path measure x
given by Kolmogorov’s extension theorem through its marginal distributions

Xx{vels |v(r;) € B e BR"), 1<j<n}) (3.32)

— [ T W = s ere), o) i dn(r),
Bix-xBn 1 Zj<n

taken at all finite sets of ordered points 0 < 71 < --- < 7, < 7,41 (= 71+ on
the circle Sz. As a Gaussian process, x is completely determined by its correlation
functions for all 7,7" € Sg and 1 <i,7 <,

E,[v'(T)] =0, EX[Ui(T)Ui/ (7] = 6;06(1,7'), (3.33)
(e—ﬁwh—ﬂﬁ) 4 e—\/%h—r'm)

with &(r,7) = = (3.34)
2 /am (1 — e_\/g’8>
Its higher moments for 7 € N can be estimated as
iy (2r)! iy o @)l @)t

B () = S B € St < gl (335)

i i ” 2r)! i i T

B v () — o' = P Bt (r) — o))

_ (QT)' AN (QT)‘ T /\r

= i [@(T,T) —6(7,7')] S WQB|T—T|B, (336)
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where gg is defined by (3.31) with ¢ := /5. In particular, (3.36) yields by Kolmogorov’s
lemma (page 237 in [128] or page 43 of [257]) that x is supported by Holder continuous
loops, i.e.,

x(C§) =1, forallo e (0,1/2). (3.37)

The measure (3.32) can be equivalently described in terms of its Fourier transform
as follows. In complexification of the Hilbert space L%, let us consider the self-adjoint
Laplace-Beltram: type operator

2
A= ( mdd— + a) ® 1d,, (3.38)

T2

where Id, is the identity matrix in R”. It has discrete spectrum consisting of the
eigenvalues (each of them of multiplicity v)

e = 2m(tk/B)* +a, kEZ, (3.39)
which correspond to the eigenvectors ¢, & e;. Here
3
L e
Pi(T) = (2/8) /% cos(2nkT/B), k=1,2,.., (3.40)
—(2/B8)*sin(27kT/B), k=—1,-2,....

I

is the complete orthonormal system of trigonometric functions on Ss and (e*)Y_; is the
canonical base of the Euclidean space R”. Thereby, the resolvent A~! is of trace class
and the Fourier transform

/L2 exp[u(¢, v)rz]x(dv) = exp{ 1( A7, 0) 12 }, ¢ € L, (3.41)

uniquely defines a Gaussian measure x on (L3, B(L3)). The corresponding Green func-
tion (i.e., integral kernel of A™') is given by

(A7) () =6(r,7)®1d, eRY, 7,7 € S;, (3.42)

where

N 1 2 71 4 cos{2rk(t — 7')/B}
7= T = g+ 53 TR

Respectively, the kernels of the semigroup exp(—tA), t > 0, can be represented by
K(t;7,7") ® Id,, where

, i N2 s cos{2mk(T — 7/
A7) = e Mo al) = e gm%gwgg

(3.44)
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Note that the latter series is known as the classical Jacobi J3(u, r)-function with para-
meters u := (17 — 7') /8 and r = exp{—2tm(n/3)*} < 1 (cf. page 463 of [283]).

One observes that the expressions in (3.34) and (3.43) coincide, which means that
both definitions (3.32) and (3.41) give rise to the same measure x. An account of the
properties of y may be found in [7, 13]. One of them, which plays a crucial role in
the sequel, follows directly from (3.37) and Fernique’s theorem (see Theorem 1.3.24 in
[38]).

Proposition 3.3 For every o € (0,1/2), there exists A, > 0 such that
/ exp ()\J\UIQOE> x(dv) < oo. (3.45)
1.2
5

Remark 3.4 Actually, a maximal possible value of A\, can be calculated in terms of
the parameters a, m, and 3. To this end we borrow such a powerful tool from the
theory of stochastic processes as the Garsia-Rodemich-Rumsey lemma (see Inequalities
(3.b) and (3.d) on pages 203—204 in [39]). In our notation, it says that (3.36) implies
the estimate

. X 2r
[v' (1) — v'(7')] _1y (2n)! T o(1—2
E < Oaue(l T gqroTrpi=20)r 3.46
X{:ZE T — 75 < Crall +0 )<x/am)“r’!gﬁ P ’ (3.46)

which holds, for all ¢ € (0,1/2) and large enough r > 2 (1 — 20) ™", with some absolute
constant C3 46 > 1. Then, by (3.35) and (3.46)

. . 2r
V(1) — v (T’
EX|U %% S 32r—1 EX|U(0)|2T T (1 +62TO’)EX {sup | ( ) ( )|}

T
-1 rR2r T\ T 1 27r
< Caae(L+ o Hriv 6™ (1 + 5} (2a)r+(¢m)r : (3.47)

This allows us to find a small enough A\ > 0, which depends on a, m and 3 only, such
that the corresponding series » - (A"/r!) EX|U|QC% in the left-hand side in (3.45) is
convergent. An important observation resulting from the estimate (3.47) is that this
A can be chosen the same for all o € (0,1/2), but the value of the integral in (3.45) is
certainly growing to the infinity as o " 1/2.

(iii) Local Euclidean Gibbs measures

The above defined y is the Euclidean Gibbs measure for a single harmonic oscillator.
The measure p, € P(2,), which corresponds to the system of interacting anharmonic
oscillators located in A € L, is associated with a stationary [S-periodic Markov process
generated by the semigroup exp(—7Hp),>0. The marginal distributions of p, are
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given by the integral kernels N (x5, ya), za,ya € RYAL of the operators exp(—7Hy),
7 € [0, 5]. Similarly to (3.32), this means that

pn ({wa € O [walmy) € B, 1<j<n}) (3.48)

1 n
= / | | N‘[:_j+177j‘5(WA(Tj+1)7WA(TJ')) Xj=1 dwa (75),
T1

~~~~~ Tn Bi1x--XBp 1<j<n

for all n € N and Borel sets By, ..., B, € B(R"!). Herefrom the basic relation in the
Euclidean approach is coming out (cf. (3.18) and (3.20)):

trace[Fie~ (T2~ HA pye=(ramm2)Ha L B o= (1= HA JrracelePHA] (3.49)

:/Q Fi(wa(m1) -+ Fo(wa(Tn)) g (dws),

for all bounded functions Fi,..., F, € L>(R"IAl), Note that both (3.48) and (3.49)
are taken at ordered points 0 < 74 < .-+ < 7, < 7,4y 1= 71 + (3 on the circle Sp.
And vice verse, the representation (3.49) uniquely, up to equivalence, defines H, (see
[159]). By means of the Feynman-Kac formula the measure p, can be viewed as a
Gibbs modification

pia(dwa) = (1/Za) exp {—1Ix(wa)} xa(dwa), (3.50)

of the “free” measure y,(dwa) = [, x(dwy). Here

B B
]A(WA):% Z/ ng/(&)g(T),Ldg/(T))dT—f—Z/ W(WAT))dT (351)

epren O teA 70

is the Fuclidean energy functional (with empty boundary condition £ = &) describing
the system of interacting paths wy, ¢ € A, whereas

ZA:/Q exp {—Ia(wa)} xp(dwa), (3.52)

is the partition function. As mentioned above, j, is the local Gibbs measure, where
local means corresponding to a A € L.

Remark 3.5 Let us briefly analyze what happens in the quasiclassical limit m — oc.
First we observe that the pair covariances &,,(7,7’) := &(7,7’) in (3.33) converge to
(af)~t. The constants in the right-hand side (3.35) and (3.36) are then uniformly
bounded for m taking values in any compact interval in R, . By Kolmogorov’s lemma
(cf. Theorem 2, page 485 of [128]) this implies the tightness of the family of measures
Xom = X defined by (3.32). We claim that they weakly converge in Cs to a Gaussian
measure g, which is supported by the subspace Hy = R” of constant loops w(7) = ¢ €
RY and coincides with the normal distribution g(dz) := (a3/2m)"/? exp {—af|z|?/2} dx.
Employing the eigenvalues (3.39), it is easy to see that covariance operators A~! con-
verge in the trace norm in L3 = Ho @ Hy to the operator (a3)~'Id, ® 0. Thus, by
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Lemma 5.1, page 182 of [226], we have the weak convergence of the Gaussian measures
X — ¢ in L%, and hence ¢ is the unique limit point also in the weak topology on
Cjs. Since the mappings 2y > wy — exp{—Ir(wa)} are continuous and bounded,
this immediately implies the weak convergence of the local Gibbs measures i, (dwy) to
the classical Gibbs distributions (1/Z,) exp {—Wx(qa)} dga with the potential energy
Wi(qa) given by (3.4).

3.1.4 Weights and tempered configurations of loops

According to the original paper [3], the Euclidean Gibbs measures on the whole I we
are interested in will have a heuristic representation

p(dw) == Z exp {—I(w }HX (dwy), (3.53)

el

where I(w) is the Euclidean action functional associated with the Hamiltonian (3.1),
(3.2) and formally written as the infinite sum over all £, ¢ € L in (3.51). In full analogy
with classical statistical mechanics, a rigorous meaning can be given to the measure p
by the DLR formalism as a Gibbsian random field on 1L, but now with the infinite-
dimensional single spin spaces. As compared to the classical (non-quantum) systems
with vector spin z, € R, this leads to a more sophisticated realization of the DLR
scheme to be performed below. Namely, we shall need a variety of the spin spaces
like C, C'F,0r Lg“ to describe the local properties of the Gibbs measures 1 in volumes
A € L. Of course, the topological features of these functional spaces should be taken
into account carefully.

So, in Subsections 3.1.4, 3.1.5 we shall first study the corresponding local specifica-
tion IT = {mp} .- Its kernels 74 (dw|§) can be explicitly written (cf. (3.78)) in terms
of the energy functional Ix(-|€) describing the interaction with a configuration £ € (2
fixed outside of A. In accordance with (3.3) it is

Ix(wal€) = Ia(wa) Z Weel (we(7), & (T))dT, (3.54)

teA, t'ehe 0

where I, is given by (3.51). Clearly, the second term in (3.54) makes sense for all
¢ € {2 only if the interaction has finite range. Otherwise, we have to confirm ourselves
to reasonable subsets of £ € 2, whose elements fulfill some natural restrictions on
the growth of {|¢,| Lg}geL being in accordance with the decay of Jy». As is commonly
accepted, configurations with controlled growth are called tempered. Because of a
rather general character of the set I on which our system lives, to impose such growth
restrictions we shall use families of weights (wq)aez-

Definition 3.6 Weights are the symmetric mappings w, : L x L. — (0, 1], indexed by
an interval
ael=(q,a), 0<a<a<oo, (3.55)
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which satisfy the following conditions:
(a) forany o € T and ¢, w,(¢,0) = 1;

(b)  for any a € T and 1,05, (3,
Wa (01, la) - wa(l2, ls) < wa(l1,l3) (triangle inequality), (3.56)
(c) for any o, € T, such that o < o/, and arbitrary ¢, 0,

Wer (0, 0) < we (£, 1), lim  we (6, 0)/wa (£, ") = 0. (3.57)

[€—0!|— o0

The optimal choice of (wq)aer depends on the indexing set L and on the decay of Jyp,
which thus will be subject to the following

Assumption (L) For all o € Z, it holds

sup » _log(1+ [£ — £']) - wa (£, £) < o. (3.58)
l o

Assumption (J) For all o € Z, it holds

Jl||, :=su Joor Twa (0, 0)] 7 < oo 3.59
||| ZP%: oo [Wa (€, )] ( )

Given v > 0, which is a parameter of the theory, there exists o € I such that

I o = [ T[lo < ¢ (3.60)

The precise meaning of this ¢, depending on the other parameters of the model,
will be specified later. We observes that the conditions (3.58) and (3.59) are mutually
competitive. One easily finds examples of Jy» obeying (3.9), but such that (3.58) and
(3.59) cannot be fulfilled simultaneously by any system of weights w,,.

Example 3.7 Let us recall some typical situations, cf. Assumptions (J) and (Jy)
respectively in Subsections 2.1.1 and 2.1.2. Suppose first that

supz Jow exp (all — 0'|) < oo, for a certain « > 0. (3.61)
¢

Furthermore, let the series in (3.61) converge uniform: for any € > 0 one finds N(a,€) €
N such that for all £ € L and N > N(a,¢)

Z Jowexp (all = 1)) < e. (3.62)
0 10—l >N

Let @ denote the (possibly infinite) supremum of such «a, then we set

Z=(0,@), wa(l,l):=exp(—all—1]). (3.63)
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The second class of dynamical matrices (Jy )L« we shall consider fulfills a (weaker
than 3.61)) condition

supz Jow (140 = 0))* < 00, for a certain o > 1. (3.64)
T

Again we assume the property similar to (3.62) but with

Yo (0= < (3.65)
o |0 —4>N

Taking @ as the supremum of such «, we set
=), w,(t,0):=QQ+elt—0)", e>0. (3.66)

In both these cases, for any value of the parameter + > 0 one finds small enough
a,e > 0, such that (3.60) is satisfied. Recall that for the latter family this claim has
been already checked by (2.68)—(2.70). The first family of weights is considered in a
perfect analogy, namely by (3.64), (3.65)

[|J]|o < exp(aN)||J]||o+ sup Z Jo exp (all = 1'|) — ||I]]o, (3.67)
00— >N

as N — oo and o := o(N) — 0.

Let u = (ug)per, € R be configurations of real numbers. Fixed some initial point
ly € I, we define the norms

‘“|l§,zo = XZ: |uelwa(bo, £), |u’l(§fz0 = SU{}P {luelwa(lo, 0)} ,

and introduce the Banach spaces

P(wy) := {u c R- ‘ |u|l§20 < oo}, a€Z, p=1,+c0. (3.68)

Remark 3.8 By (3.57) the embedding [*(w,) < ['(wy) is compact for any o < o.
By (3.59) the linear operator defined as (Ju), = >, Jupup, ¢ € L, is bounded in all
spaces [P(w,) with p = 1, +00. Its norm does not exceed ||J||,.

For o € Z, we define

1/R
2y :=qw e R | ||w|lag = [Z \wg]fgwa(fo,ﬁ)] <00y, (3.69)
¢



3.1. EUCLIDEAN GIBBS MEASURES 93

which is a locally convex Polish space with the topology induced by the system of
seminorms ||w||, and |we|c,, £ € L. A possible choice of the consistent metric is

|we — wyle,
1+ |wg — w2|cﬁ'

pal0,6) = [l =l + 327 (370)
¢

In view of (2.1), the constant configuration (w,(7) =1 for all £, 7) belongs to each {2,.
Recall that the parameter R > 2 describes the (largest possible) order of polynomial
growth allowed for Wy, by Assumption (W).

Remark 3.9 The topology of each of the spaces I’(w,) and (2, is independent of the
particular choice of ¢y. This follows from the properties of the weights w, assumed in
Definition 3.6. Without loss of generality we may always suppose that ¢, := 0 € L and
respectively adopt the notation [|w||a := ||w||a,c0=0.

There are at least two natural sets of tempered configurations defined as

Q=120 Qha=J % 9 O (3.71)

a€l acl

Equipped with the projective limit topology, Q;;r becomes a Polish space as well. In

contrast, the bigger space (2¢ ; which will be equipped with the inductive limit topology

is not metrizable at all. For any a € Z, we have continuous dense embeddings Qrt,r —
2, — O . — . Then by the Kuratowski theorem it follows that {2, € B({2) and
the Borel o-algebras of all these spaces coincide with the ones induced on them by
B(2). The above notion of temperedness, which is based on the weight families and
the corresponding projective or inductive limits, is the most general one. In Chapter
2 we actually made a particular choice 24 1= J,o; 0 = U2 q % with w,((,0) =
(I+ell—¢))* and o = p/d € T = (1,00). As a rule, if it does not lead to the
reader’s confusion, in each concrete model we shall use the standard notation 2* and
G', by omitting all additional subscripts.

Now we are at a position to complete the definition of the function (3.54).

Proposition 3.10 For every o € T and A € L, the mapping 2, X 2, > (w,§) —
In(wal€) is continuous. Furthermore, for every ball B, (r) = {w € 2, | p,(0,w) <1}
with a finite radius v > 0, it follows that

—00 < inf In(walé) < sup  |[Ia(walé)] < 0. (3.72)
wes, EeBa("‘) w,&EBa(T)

Proof. We modify to the quantum case the arguments used for proving claim (i) in
Proposition 2.3 (i). Consider any cofinal sequence of volumes £ = {Ay } yen containing
A. As the potentials V; : RV — R and Wy : R? — R are continuous, the mappings
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(w, &) — Ix(wal€sc ) are uniformly continuous and bounded on the sets By (r) X Ba(r).
Furthermore,

B 1
> [ Wawtwn€ldr < 51131l (3Cw + feelfy)
0 B

0'eAe
1 N\ !
+g Z Jeo [wa(bo, )] 7" - |5€’|fgwa(€07€)
fene
1 _
< 513l (BCw + lwelfix + €124, walbo, )7 (3.73)

where we used the triangle inequality (3.56). Thus the convergence in (3.54) is uniform
on B,(r) x Ba(r). For the limit mapping [x(wa[€) := limg J5(wal€ye ) this yields the
continuity stated and the upper bound in (3.72). To prove the lower bound we employ
the superquadratic growth of V, assumed in (2.7). Then for each > > 0 and « € Z,
one finds (374 > 0 such that for any w € {2 and ¢ € (2,,

In(wal€) 2 ByBIAl+ Ay ™" Y lwil (3.74)
leN
1 g B
=3 2 [ Wrwniar = 3 [ Wl glar
e0ren’0 e, ene VO

> —CsnlA[+ %Z ‘W£|f§ 13 Malléaclle, Z[wa(goyf)]_l‘

LeA LeN

To get the this estimate we used (3.73) and Holder’s inequality. m
Now for A € L and £ € £2°, we introduce the partition function

Z4(6) = / exp [~ Ia(wal€)] xa(dwa). (3.75)

An immediate corollary of the estimates (3.45) and (3.74) is the following

Proposition 3.11 For every A € L, the function 2° > & — Zx(§) € (0,+00) is
continuous. Moreover, for any r > 0,

0< inf Z(€) < sup Zx(&) < oo. (3.76)
£EBa(r) £€BL(T)

3.1.5 Local specification and the DLR equation

In the remainder of this chapter we decide (cf. (3.71)) for the following choice of the
subset of tempered configurations

0 =0 =) (3.77)

a€el
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and respectively will be concerned with the Euclidean Gibbs measures i € G* supported
by this 2°. We start with the local Gibbs specification II = {m}reL, which is a family
of the measure kernels

B(£2) x 25 (B,§) — ma(Bl§) € [0,1]
defined as follows. For £ € 2, A € L, and B € B(Q2), we set

w819 = o [ e (Il Laton x e dualden). (T

where 15 stands for the indicator on B € B({2). We also set
mA(-]€) =0, for &€ N\ N" (3.79)

From these definitions one readily derives a consistency property
[ ma(Bloyma(dule) = ma(Ble), AN (3.80)
o}

which holds for all B € B({2) and ¢ € (2. Furthermore, by (3.74) it follows that for
any £ € 2,0 € (0,1/2), and » > 0,

/Qexp {Z (Ag\wygg + %\wyfg) } ma(dwl€) < oo, (3.81)

LeA

where )\, is the same as in Proposition 3.3.
By Cy(£2) (respectively, C,(£2,) and Cy,(£2*)) we denote the Banach spaces of all
bounded continuous functions f : 2 — R (respectively, f : 2, — R and f : 2' — R)

equipped with the supremum norm. For every a € Z, one has a natural embedding
Cb(Q) — Cb(.Qa) — Ob(9t>

Proposition 3.12 (Feller property) For each o € Z, A € L and any f € Cy({2,),
the function

023 € (Taf)(E) (3.82)

— zAl@ / flen % a) e {=Ta(enl9)} xa(don),

belongs to Cy(§2,). The linear operator f — muf is a contraction in Cy({2y).

Proof. By Lemma 3.10 and Proposition 3.11 the integrand
Fa(wal§) := f(wa x &xe) exp {—Ia(wal€)} /Za(€)
is continuous in both variables. Moreover, by (3.72) and (3.76) the map

D0 2 & sup |[Fa(walf)]

WAE NN
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is bounded on every ball B,(r). Thus Lebesgue’s dominated convergence theorem
yields the continuity stated. Finally,

sup |(maf)(§)] < sup [£(S)]. (3.83)

£€Qa feﬂa
]
Note that by (3.78), for £ € 2%, a € Z, and f € Cy({2,), we just have

(maf)(& / f(w)ma(dw(€). (3.84)

Recall that the particular cases of our model were specified by Definition 3.1. For
B e B(£2), U € O(v), and £, € L we set

Uw = (Uwp)eeL UB:={Uw | w € B},
and in the lattice case
too (W) := (Wo_gg )eeL, teo(B) := {ty,(w) | w € B}.
If the model possesses the corresponding symmetry, then one has
TA(UB|UE) = ma(BlS),  mave(te(B)[te(€)) = ma(BIE), (3.85)
which ought to hold for all U, ¢, B, and &.

Definition 3.13 A measure p € P({2) is called a tempered Euclidean Gibbs mea-
sure if it satisfies the DLR equilibrium equation

() (B) = / rA(Blw)u(dw) = p(B), (3.86)

for all A €L and B € B(§2). By G* we denote the set of all tempered Fuclidean Gibbs

measures of our model existing at a given (3.

Remark 3.14 (i) So far we do not know whether G* is non-void, but all its elements
u, provided such exist, should be supported by 2°. Indeed, by (3.78) and (3.79),
ma(£2\ 2°€) = 0 for every A € L and £ € 2. Then by (3.86)

w2\ 2 =0 = ") =1 (3.87)

Along with (3.81), this yields that all ;4 € G* are supported by Hdlder continuous loops,
le.,

p({wet | Vlel: weCi})=1 (3.88)

(ii) Another possibility (cf. (3.71), which actually was realized in Chapter 2, is to
fix everywhere

= D= (3.89)

a€el
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Then, we define the tempered Gibbs measures ;1 € G* as those solutions of the DLR
equation (3.86) which are supported by some (2, with a = a(px) > 0. Actually it
does not a matter from which definition we decided to start, because a-posteori (cf.
Propositions 2.19 and 3.21) one may show that in our model the both sets G* ought to
coincide.

(ii) If the model is translation and/or rotation invariant, then the corresponding
transformations preserve G*. That is, for any p € G*, U € O(v), and £ € L,

Ou(p) :=polUt e gt 0u(p) ;== pot,' € g (3.90)

In particular, if G* is a singleton, its unique element should be invariant in the same
sense as the model.

One more invariance of the Euclidean Gibbs measures is related with the depen-
dence of their Matsubara functions on 7’s.

Definition 3.15 A measure u € G* is called T-shift invariant if its Matsubara functions
(8.22) have the property (3.19).

The 7-shift invariance is crucial for reconstructing quantum Gibbs states on von
Neumann algebras, see [46, 125, 126]. Actually, only the elements of G' which have
this property are of physical relevance.

By W (respectively, W, and W*) we denote the usual weak topology on the set of
all probability measures P({2) (respectively, P(2,) and P({2%)), which is defined by
means of bounded continuous functions. With this topology, each of the sets P({2),
P(£s), and P(2*) becomes a Polish space (Theorem 6.5, page 46 of [226]).

The proof of the existence of Euclidean Gibbs measures will be based on the fol-
lowing statement (analogous to Proposition 2.7 in the classical case) .

Proposition 3.16 For each a € I, every W,-accumulation point i € P (%) of the
family {ma(-|&) | A€ L, £ € 2}, as A /' L, is an element of G.

Proof. Note that each C},({2,) is a measure defining class for P(£2"). Then a measure
p € P(£2°) solves (3.86) iff for all f € C(£2,) and A € L,

[ futas) = [ (manwn(d) 3.91)

Let {may(-|¢x)} Nven converge in W, to some pu € P(2%). For every A € L, one finds
Ny € N such that A C Ay for all N > N,. Then by (3.80), one has

[ fman(@olen) = [ (maf))ma(dolt).

Now by Proposition 3.12, one can pass to the limit N — oo and get (3.91). =

Let us stress that in the statement above we suppose that the accumulation point
is a probability measure on 2°. In general, the convergence of {yy}nen C P(£2°) in
every W,, a € T, does not yet imply its W'-convergence. However, in Lemma 3.30
and Corollary 3.32 below we show that the topologies induced by W, and W' on a
certain subset of P({2), which includes G* and all w4 (-|¢), do coincide.
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Remark 3.17 (i) The realization of the Euclidean approach with the help of the
“temperature loop lattice” 25 := [C(S5)]" and the Gibbs measures on it, which we have
constructed above, is not the only possible one. Instead of the temperature dependent
spin space C'(S3), in certain situations (e.g., for varying () it would be more convenient
to use a “standard” loop space C(S;) consisting of all continuous functions on the circle
S 220, 1]. Consider the following unitary operator of dilatation in the physical Hilbert
space Hy = L2(RV — C)

(Us)(ge) = XM 2y (Aqe), L€ A
Under the so-called Symanzik transform (cf. e.g. page 986 of [214])
UraeUyt = Ao, UnplUyt = X'pe,  pe = —id/dgy,

the local Hamiltonian (3.3), (3.4)
1
Hy =5 Z [pel? + Walga), (3.92)

Z W (ge, o) + ) [ el + Vi(ae) |

Z AeA e

is unitary equivalent to a new one

v ZW + Walan), (3.93)
Wa(qa) : Z Wieer(Age, Ager) + [—|Qe| +Ve(>\Qe)] :
2 frn ten

Then, for a fixed 5 > 0, by choosing the scaling parameter A := y/3/m we can reduce
the former problem to studying the local quantum state (3.13), but at the temperature
B3 = 1 and with the modified Hamiltonian (3.93). The corresponding local Gibbs
measure ji,, which is now supported by 24 := [C(S;)]*, has the representation

n(dwn) = (1/20 ) exp {~Ia(wn) } T t(dwr), (3.94)

LeA
ey 32 e (gt e 2 1 () 0
(3.95)

Here x is the Gaussian measure on C(S7), which is given by its Fourier transform
(3.41) with the operator

- 2 52
A= (—— + a—) ® Id,. (3.96)
m
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Following the DLR scheme, we then define the associated FEuclidean Gibbs measures
i € G on the universal configuration space 2 := [C(S;)]¥, but with the interaction
potentials depending on (8 in their own. In particular, such realization would be helpful
in studying the uniqueness of u € G* simultaneously for all 5’s taking values from some
interval Z C R, see Remark 3.35.

(ii) In the habilitation thesis we do not touch the case of zero absolute temperature,
i.e., § = 0o. The corresponding Gibbs measures p € G& on the “path lattice” [C(R —
R¥)]Y, so-called Euclidean ground states, also allow the DLR description, but through a
family of local kernels w74 indexed by “time-space” windows Zx A with I € R, A € L,
cf. [216]. A principal difference with the case of finite 3 is the absence of a (independent
from boundary conditions ) reference measure x such that all w74 (dw|{) could be
defined as its Gibbs modifications. So far, there are few rigorous results about the
Gibbs measures on infinite volume path spaces, which all are mainly related to the
existence problem via cluster expansions [105, 216, 214]. The stochastic dynamics
for such models has been constructed in the early papers [273]-[276] of the author.
Recall that, for each A € L, the corresponding Gibbs measure u§ on [C(R — R¥)]A
is well-known as the P(p);-processes and can be looked upon as a special case of the
Euclidean field theory in space-dimension zero (cf. [153, 155]). On the other hand,
the latter processes is a trivial example of the so-called Gibbs measures relative to a
Brownian motion on the path space C(R — RY), whose study has been initiated in
[220] (see also further contributions [138, 195]).

3.2 Euclidean Gibbs measures in the general case

In this section we perform the study of the set G* in the general case, where we do not
suppose that our system is translation invariant or “ferromagnetic”, i.e., attractive.

In Subsection 3.2.1 we formulate our main results on existence, support properties,
and uniqueness for the tempered Euclidean Gibbs measures p € G*. The proof of
these properties relies essentially on the moment estimates in the spaces of Holder
continuous loops wy € CF, o € (0,1/2), which will be established for the probability
kernels 7, (dw|) of the local specification I = {7 }aer in Subsection 3.2.2. In turn,
Subsection 3.2.3 contains supporting results about the weak convergence of tempered
probability measures on loop spaces. Afterwards, in Subsection 3.2.4 we shall verify
that the set G' is nonvoid (Theorem 3.18) and establish a-priori estimates on its
elements in terms of parameters of the interaction (Theorem 3.19). Subsection 3.2.5
is devoted to the proof of uniqueness criteria for 4 € G* (Theorems 3.22 and 3.23). In
Subsection 3.2.6 we discuss some possible generalizations of the model.

3.2.1 Main statements

The theorems below provide us with basic information for any further investigation
of the Euclidean Gibbs measures. We suppose that Assumptions (W), (J,), and (V)
are fulfilled without mentioning this again in the formulations of our statements. We
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begin by establishing existence of tempered Gibbs measures and compactness of their
set G'. For models with non-compact spins, here they are even infinite-dimensional,
such a property is not evident at all.

Theorem 3.18 For all values of B > 0, the set of tempered Euclidean Gibbs measures
G* is nonempty and W*- compact.

The next theorem says that the tempered Euclidean Gibbs measures satisfy an
exponential moment estimate in the Holder spaces C'7, similar to the one (3.45) valid
for the free loop measure x. Recall that the norm |- [cg was defined by (3.25).

Theorem 3.19 For every o € (0,1/2) and k > 0, there exists a positive constant
Cs.97 := C397(0, k) such that for p € G

sgp/ exp ()\U|wg|ég + /{|Wg|fg> p(dw) < Cs97 (3.97)
0

where A\, is the same as in (3.45).

This bound is called a-priori, since it holds independently of the existence result.
The constant C597, which surely depends on ¢ and &, can be calculated explicitly in
terms of parameters of the interaction. The estimate (3.97) plays a crucial role in the
theory of the set G' and yields helpful information about the regularity and support
properties of its elements. So, like as in the classical case (see Proposition 2.17), all
finite-volume projections of u € G* are of sub-Gaussian growth.

Proposition 3.20 For each pu € G*, its projections pi := po P! under the mappings
Py @ w — wa, A @ L, are absolutely continuous with respect to the Gaussian mea-
sures X (dwp) = [lpep x(dwy) on (£2x,B(£24)). The corresponding Radon-Nikodym
deriwatives obey the Ruelle-type bound

d
%(WA) = pun(ws) < exp (_ T, i+ /CA) (3.98)

with an arbitrary T € (0,00) and a certain Ky := Ka(T) € R, which can be chosen
the same for all such .

The set of tempered configurations 2* was introduced in (3.69) and (3.77) by means
of rather slack restrictions imposed on the Lg—norms of wy. By construction, the
elements of G* are supported by this set, see (3.71). It turns out that they have a much
smaller support (a kind of the Lebowitz-Presutti one, see Proposition 2.19), which is
described in terms of the Holder norms \wglcg and does not depend on the particular
choice of weights (we)aez-

Given b > 0 and o € (0,1/2), let us consider
Eb,o):={we 2| (VleL) A, €L) (VCEAL,): (3.99)

UJ,ZO

(wel2y < blog(1+ 1~ o)) }

which in view of (3.58) is a Borel subset of 2"
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Proposition 3.21 For every o € (0,1/2) there exists b > 0, which depends on ¢ and
on the parameters of the model only, such that for all p € G*

W(Eb,0)) =1. (3.100)

The last results in this group are sufficient conditions for G* to be a singleton. The
first of them says that, fixed all other parameters, the set of tempered Gibbs mea-
sures consists of exactly one point provided the strength of the interaction, i.e., the
constant ||J||o, is small. We give a simple analytical proof, which covers the case of
superquadratic interactions and universally applies both to the quantum and to the
classical systems. For this purpose we shall use the uniqueness criterion for lattice sys-
tems with non-compact spin spaces and finite range interactions, which was suggested
by R. Dobrushin and E. Pechersky (see Subsection 2.3.1).

Theorem 3.22 Consider the spin system (2.1) on the lattice L := Z%. Let the ma-
triz (Jow )Lx1 be translation invariant and have finite range, see Assumption (Jg ) in
Subsection 2.3.1. Then, for any B > 0 one finds a proper J () > 0, such that for all
values of ||J||o < T(B) the corresponding set G* is singleton.

The second uniqueness result holds in particular for high temperatures, i.e., small
[. It relies on the renown Dobrushin criterion (see Subsection 2.3.4), which allows
a straightforward modification to the interactions having infinite range (see Theorem
4.46) but is restricted to the pair potentials Wy growing not fastly than quadratic.
The uniqueness is obtained by controlling the “non-convezity” of the potential energy
(3.4). Like as in its classical counterpart, Theorem 2.34, we suppose that the following
holds additionally to the basic Assumptions (W), (J,), and (V):

Let
V= Ur+ Qs (3.101)

where U, € C?(R¥) and Q, € C},(R) are such that uniformly for all ¢ € L and z, € R”

U/(q) > ayld, with ay > —o0, (3.102)
Osc Q; :=sup Q, — ilélf Qv < g < 0. (3.103)
R Y

The functions Wy € C*(R*) fulfill the following estimate on their second derivatives:
for all /,¢' € . and z,, xy € R

2 Welqe, qo) > Jewawld,, 103, W (qe, @)l cey < Jowbw, (3.104)

qedyr

with some ay, by € R. The matrix (Jy )L« has possibly infinite range. The constants
in (3.102) and (3.104) are connected by the relation

a+ ay + aw||I]]o > 0, (3.105)

where a > 0 is the same as in (3.2). Clearly, the decomposition (3.101) is not unique;
its optimal realization for certain types of V; is discussed in Subsection 3.2.4.
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Theorem 3.23 Under the above assumptions, the set G* is singleton if
(a+ ap)||T)|g" + aw > bye*Pe, (3.106)

Corollary 3.24 Let the pair interaction be harmonic, i.e., Wyp (g, xp) = £ (x4, o )gv
for all £, 0. Then, the set G* is a singleton if

e < (a+ ay)/||T]o- (3.107)
Remark 3.25 The latter condition is surely fulfilled at all 5 > 0 if
do=0 and |[J]|jo <a+ay. (3.108)

In this case the potential energy Wy given by (3.4) is convex. If the oscillators are
harmonic and thus ay = g = 0, this yields the stability condition ||J||o < a. The
sufficient condition (3.106) does not contain the particle mass m. Hence, the property
stated holds also in the quasiclassical limit m — oo, which gives rise to Theorem 2.33
for the classical system (2.1).

3.2.2 Moment estimates on loop spaces

Moment estimates for the kernels (3.78) we are going to derive will allow for proving
the Wt-relative compactness of the set {ma(:|¢)}aerL, which by Lemma 3.16 will yield
Gt #J. Integrating them over ¢ € £2' we shall get by the DLR equation (3.86)
the corresponding estimates for the elements of G'. The basic ideas are similar to
that employed for the classical spin systems in Subsection 2.2.2, however now some
technicalities are much more involved. To shorten notation we write 7, instead of 7.

Lemma 3.26 For every o € (0,1/2) and k > 0, there exists a corresponding 1" =
T5(8,K) > 0 such that for all { € L and & € 2*

/Qexp {)\g|wg\2cg + I€|WZ|§§} mo(dw|€) <exp T + Z Jg@/|§g/|fg : (3.109)
v(#0)

Here A\, > 0 is the same as in (3.45).

Proof. Integrating over 7 € Ss the underlying estimate (2.52) for the classical spins,
we get for all w, £ € 2*

Z / |WZZ’ wf?&f’ |dT < H ‘ (BCW+ |WZ|LR> Z Jg€/|£gl|LR. (3110)

o(£0) e/ (£0)

Combined with (3.51), (3.54), (3.75), and (3.78), this gives us that

LHS (3.109) < [X,/Y] - exp Z Jzz'|5£"fg + B30 ¢
0 0)
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where we set

Yo [ exp{Aaw%g+<m+||J||o/2> el fy = | Vﬁ(we(f))df}x(dw), (3.111)

v [ exp{—@wlfg— / ‘/'e(w(T))dT}x(dw)~ (3.112)

By Proposition 3.3 and the upper/lower bounds in (2.9) we see that

X :=supXy<oo, Y:= irl}ng > 0. (3.113)
¢

Thus, the required estimate (3.109) holds with the constant
T = T(8,k) :=log{X/Y} + BCw]|I||o < . (3.114)

[ |
By Jensen’s inequality we readily get from (3.109) the following

Corollary 3.27 (Dobrushin’s bound) For all { € L and & €
| Heomiauig < e+ Shueleelly <C+ St (115

with C := T /K, Lyp := Jyw /K, and a compact function h : Cz — R,

h(wy) := )\UI{_1|LUK|%~E + |wz|f%. (3.116)

Note that the function h(w,) is a sum of two nonlinear terms, the first of which
guarantees the compactness on the spin space Cp, whereas the second one controls
the growth in Lg of the pair interaction Wy,. Contrary to the known results in the
classical case (cf. e.g. [42, 71, 259] and the discussion in Subsection 2.2.1), the validity
of the Dobrushin existence criterion for quantum systems with (infinite dimensional)
spin spaces like Cj, Lg was not covered by any previous work. So, (3.116) seems to
be the first explicit example of a compact function satisfying Dobrushin’s condition on
loop spaces.

The next step is to get similar moment estimates for the kernels 7, (dw|f) with
arbitrary A € L. Let the parameters o, x, and A, be the same as in (3.109). We set
for 0 € A

ne(A|€) := log {/Q exp ()\g|wg|%g + n[wA%) WA(dwlf)} , (3.117)

which is nonnegative and makes sense by (3.81).
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Lemma 3.28 For every o € Z, there exists a finite 1, o := 1, (5, k) such that

lim sup
AL

> ng(Al€)wal(lo, )] < Vo, (3.118)

LeA

uniformly for all by € I and & € (2. This implies, in particular, that for oll ¢ € I and
£ e N,

lim sup/ exp ()\J|w3|éa + /<J|wg|fR> ma(dw|§) = exp Ty 0. (3.119)
AL Jo 5 5

Proof. Integrating both sides of (3.109) with respect to the measure m(dw|{) and
taking into account (3.80), we arrive at

ne(AE) < T+ |Jwl [€e |y + log {/QGXP <Z lewzf|fg> 7TA(dw|£)}

o eAe Ve
< T+ Jeo |0y + 571 > Jene (Af€). (3.120)
0'eAe el

Note that in the last line we have used the multiple Holder’s inequality (2.73), which
was possible due to the choice of k > ||J||,. After summing in (3.120) over ¢ € A, we
get that

ne(AE) <Y ne(A)wa (o, 0) (3.121)
len
1
TN T [Tzwa (o, ) + 1131l D |€ef|LRwa(€o,€/)]
e 0'eAe
For all ¢ € (2,, this immediately yields the result
lim sup ny, (Al€) < lim sup an A& wa (o, 0) (3.122)
AL AZL Lea

= 1sa.

a(lo, 0)
< o

Recall that the norm || - ||, was defined by (3.69). Given o € Z and ¢ € (0,1/2),

by analogy we set
1/2

. 2
1€/l oo == [Zg: |§£|nga(£07€) ) (3.123)
where a choice of the initial point ¢y € L (it may be e.g. ¢y = 0) is of no principal
importance, see Remark 3.9.
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Lemma 3.29 Let the assumptions of Lemma 3.26 be satisfied. Then for every a € T
and & € 2%, one finds a positive C, (&) such that

sup / ol Pra(dwlé) < Cal©). (3.124)

AclL

Furthermore, for every o € (0,1/2) and those & for which the norm (3.123) is finite,
one finds a Co(§) > 0 such that for all A € L

/Q ol ma(dwl) < Can(E). (3.125)

Proof. By the Jensen inequality and (3.121) one has for any ¢ € 2°

lim sup/ |w[27a(dw|€) < XS lim sup [an(Alf)wa(Eo,E)]
AL o AL

le

+ lim sup
A/L

> |£elfgwa(€o, 4)] <A Toa(BR). (3.126)

LeAe

Hence, the set consisting of the left-hand sides of (3.124) indexed by A € LL is bounded
in R. The proof of (3.125) is analogous. =

3.2.3 Weak convergence of tempered measures

First, we describe a typical subset of P(£2") on which all the topologies W', W, and
We, a € I, coincide, see Lemma 3.30. Then, in Corollary 3.32 we check that this
certainly will be the case for the subset G of all tempered Euclidean Gibbs measures
associated with the model (3.1). Finally, in Lemma 3.33 we use the corresponding
weak convergence to identify the extreme elements in G*.

Recall that f: 2 — R is a local function if it is measurable with respect to B(2,)
for a certain A := Ay € L. Let FCy(£2%) be the subset of all local functions which are
continuous and bounded on 2* (see the notation in Subsection 2.3.5 (ii)).

Lemma 3.30 Let a sequence {1, }nen C P(£2°) have the following properties:

(a) For some 0 > 0 and each o € T, its obeys the uniform integrability estimate
Sup/ ]| 11, (dw) < Cpa < 00; (3.127)
n Jo

(b) {11,(f) }nen is a Cauchy sequence in R for every f € FCy(12Y).
Then { i, }nen converges in W* to a certain pn € P(§2°).

Proof. The topology of the Polish space {2° is consistent with the following metric
(cf. (3.69), (3.70) for ¢y :=0)

o0

. —& wr — @ele
W P P S | Cll] EYSL o PR | b 3.128
p( ) kz:; ]_—|— ||w—(,:}||ak zé: 1+|u}g—a)£|oﬂ ( )
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where {ay}reny C Z = (@, @) is a monotone strictly decreasing sequence converging to
a. Let us denote by C(£2% p) the set of all bounded functions f : 2* — R which are
uniformly continuous with respect to (3.128). Thus in accordance with a known fact
(see e.g. Theorem 2.1.1, page 19 of [62]), to prove the lemma it suffices to show that
under the above conditions {u,,(f)}nen is a Cauchy sequence for every f € CE(£2%; p).
For this f and any given € > 0, let us fix some § > 0 such that for all w,w € 2°,

|f(w) — f(©)] <e/6, whenever p(w,w) <. (3.129)

Next, we choose As € L and ks € N such that

Z 91—l < 5/3, Z 27k = g7ktl < 5/3, (3.130)

Y k=ks
For o € 7 and R > 0, we consider the balls
Ba(R) = {w e 2| |l < R},
By (3.127) and Chebyshev’s inequality, one has uniformly for all n € N
fh, (£2°\ Bo(R)) < Cpo/R. (3.131)

For these ¢, 6, and k := k; from (3.130), we pick up a corresponding R := R, s such
that .

oo [Iflloo/ BT < - (3.132)
Thereafter, we choose a larger domain A := As(R) € L which containing As, which
obeys

0
ZS;lApC {wakfl (O? g)/wak (0’ f)} < 3R1+0’

which is possible in view of (3.57). For this A € L and arbitrary n,m € N, we now
estimate

(3.133)

1, () = 1 ()] < 1, (fa) = i (f2)] (3.134)
+  2max{s,(|f — fal); i (|f — faD)},

where f)(w) := f(wy). Furthermore, by (3.131)
pn(lf = fal) < 26,1 f /R (3.135)
w) — flw dw).
b [ ) Sl )

For w € B,,(R) and ¥’ =1,2,...,k — 1, one has

lw = walls, = D lwel73 e, 0,0) - [wa,, (0.0) /wa, (0, 0)] (3.136)
LeNC

_5 2 )
S 3R g/\: |wf|[%wak(07€) < 3
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where (3.133) has been used. Then by (3.128), (3.130), it follows that
Vw € By, (R): p(w,wp X 0pc) <9, (3.137)
which together with (3.129), (3.132) yields in (3.135)

a1 = Fal) < 2+ G (B (B)) <

By assumption (b) of the lemma, one finds N, such that for all n,m > N,

i (FA) = o ()] < g

Plugging the latter two estimates back into in (3.134), we conclude that {iu,, }en is a
Cauchy sequence in the complete metric space (P(£2%), W*). Thus this sequence W"*-
converges to some p € P(2*). Moreover, from (3.127) and Fatou’s lemma, it follows
that the limit point u satisfies the same estimate

Wl M

/Q wl2a(dw) < Co (3.138)
||

Corollary 3.31 Let Py be a subset of P(2°) such that for some 6 > 0 and each « € T

sup/ w0 p(dw) < oo. (3.139)
0

nePo

Then, being restricted to Py, the (metrizable) topologies W', W, and all W, a € T,
coincide.

Corollary 3.32 The topologies induced on G* by W', W, and W, coincide.

Proof. Follows immediately from Corollary 3.31 and the a-priori bound (3.97). =

The above characterization of the WW'-convergence can be used to recognize the
extreme elements (or pure tempered states) p € ex(G*). Let FCeyp(£2°) be the set of
all continuous local functions f : 2* — R, for which there exist Ay € L, o € (0,1/2),
and C, ; > 0, such that for all w € 2°

f@) = flwn) and [f@) < Cop D exp (Alurly ) (3.140)

=y
where ), is the same as in (3.45) and (3.109).

Lemma 3.33 For every u € ex(G*) and any cofinal sequence L, the following asser-
tions hold:

(a) For p-almost all & € 2%, the sequence {ma(:|§)}rer converges to this p in the
topology W°;

(b) For every f € FCeup(2°) and p-almost all & € 2%, one has limg(ma f)(§) =
p(f)-
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Proof. Claim (c) of Theorem 7.12 in [122] (or claim (a) there and Corollary 2.1.1 (i)
in [62]), implies that for p-almost all £ € £2°

lizn(m\f)(&) = pu(f), for any local f € FC,(£2"). (3.141)

Then the convergence stated in our claim (a) follows from Lemmas 3.29 and 3.30. To
prove claim (b), for a given function f € FCleyp(£2°) let us construct its approximation
by a sequence {fn}yen C Cp(£2°) defined by

_ | fw), if |f(w)] < N;
fr(w) = { Nf(w)/|f(w)|, otherwise.

Then by (3.141) there exists a Borel set Zf C ¢, such that p(=,) = 1 and for every
N e N,
hén(ﬂ'/\f]\])(f) = /L(fN), for all 6 € Ef. (3142)

Note that by (3.117), (3.122), and (3.140), for any £ € =} one finds a positive Cs 143( f, §)
such that, for all sets A € L containing Ay,

/Q!f(w)V?rA(dw!E) < Cs1a3(f,€)- (3.143)
Hence
[(maf)(€) — (mafn) ()] < 2/ |f(w)]ma(dw|€)
{w | [f(w)|>N}

< %/Q|f(w)|27rA(dw|§) < %03.143(f7 £).

Similarly, by means of (3.140) and Theorem 3.19, one gets

0(F) ~ p(F)] < 2CsCor

The latter two inequalities and (3.142) allow us to estimate |75 f — p(f)| and thereby
to complete the proof. m

3.2.4 Existence and a-priori estimates

Here we demonstrate elementary proofs of Theorems 3.18, 3.19 and Propositions 3.20,
3.21 resulting from them, based on the key estimates (3.109), (3.118), and (3.119). The
existence of Euclidean Gibbs measures and the a-priori bound (3.97) can be proven
independently. To establish the compactness of G* we will need (3.97), thus we first
prove Theorem 3.19.

Proof of Theorem 3.19. Let us show that every u € P(Q2) which solves the DLR
equation (3.86) ought to obey (3.97) with one and the same Cj 7. To this end we apply
the bounds for the kernels 7, (-|€) obtained above. Consider the cut-off functions

Gy (wy) :==exp (min {)\U|wg|20g + /<;|cug|f§; N}) , NeN
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By the DLR equation (3.86), Fatou’s lemma, and the estimate (3.119) with an arbi-
trarily chosen a € Z, we get that

| Gntonta) = timsp [ [ / GN<wz>m<dw|£>] u(de)

AL

< lim sup/n [/Q exp {/\U|we|205 + Ii|Wg|gg} WA(dw|§)] p(d€)

A/L

< [ Jimsup [ exp {ruforl; + wlerlf} (sl e
l AL Jo B

< exp Cs118(a) =: C397.

In view of the support property (3.88) of any measure solving (3.86), we can pass here
to the limit N — oo and get (3.97). W

Now, we show that the set G' is nonempty, since it surely contains limit points
formy (dw|€) as A 7 L.
Proof of Theorem 3.18. Let us introduce the next scale of Banach spaces

oo ={we R | |w|ao <0}, 0€(0,1/2), ael, (3.144)

where the norm ||- ||, was defined by (3.123). For any pair o, o € T such that o < &/,
the embedding 2, , — (2, is compact, see (3.69), (3.27), and Remark 2.1. This fact
and the estimate (3.125) which holds for any ¢ € (2, ,, imply by Prokhorov’s criterion
the relative compactness of the set {ma(:|{)}rer in W.. Therefore, the sequence
{ma(dw|0)} rcL is relatively compact in every W, a € Z. Then Proposition 3.16 yields
G' # @. By the same Prokhorov criterion and the estimate (3.97), we get the W,-
relative compactness of G*. Then in view of the Feller property (Proposition 3.12),
the set G* is closed and hence compact in every W,, a € Z, which by Corollary 3.32
completes the proof. W

Proof of Proposition 3.20. We follow the same pattern as that used to prove
Proposition 2.17 in Subsection 2.2.4. From (3.78), (3.86) it is clear that the Radon—
Nikodym derivatives would have the form

/ W (we, wer)d }

Pun(wa) —exp{ Z/ Vi(we) dT——
/ Wee( we,g,g,)dT} J(de). (3.145)

leA E el

x / [1/Z,(€)] exp {—

By the calculations similar to (3.110)—(3.112), we find that

RHS (3.145) < (1/Y)" /Q exp{ > Jezflﬁwlfg}u(dﬁ

LeA, VeNe

p{ > / Vi(wr dT+—||J||oZ|we|LR+||J||0|A|} (3.146)

LeA LeA

Lel, U'eAe



110 CHAPTER 3. SYSTEMS OF INTERACTING QUANTUM OSCILLATORS

with a constant Y > 0 defined by (3.113). The integral in the first line in (3.146)
can be estimated by Holder’s inequality and Theorem 3.19. We observe that its value
does not exceed C397(0, k), which corresponds to any choice of x > ||J||o|A| in (3.97).
Combined with the lower bound (2.7) on the growth of V;, this yields us the required
estimate (3.98) on p, yand hence implies p, , € L' (). W

Proof of Proposition 3.21 We proceed similarly to the proof of Proposition 2.17 in
Subsection 2.2.4. Note that the set (3.99) can be written as

E(,0)= () Eo.b,0)= () J [ Zlto,b,0) (3.147)

o€ Lol A€l LeAc
where
S, b, 0) = {x e 0 ‘ wil2; < blog(1 + |e—eo|)}, (3.148)
E(lo,b,0) == | [)[5(to, b,0)].
AGL ¢eAc

By Chebyshev’s inequality and the estimate (3.97), we have
1 ([Ze(lo, b,0)]%) < Cz97(a, k) - (14 [€ — Lo) . (3.149)
Therefore, for any cofinal sequence £ it holds by (3.148), (3.149)

(5 (o, by o)) < Coanlom) - Tim D7 (1[0 fol) . (3.150)

In view of Assumption (Ly), cf. (2.2), the latter series converges for any b > d/)\,. In
this case p ([Z(o, b, 0)]°) = 0, which by (3.147) yields the result p ([Z(b,0)]) =0. B

Remark 3.34 According to its definition (cf. (3.77) or (3.89)), the set G* in advance
contains the so-called Ruelle type “superstable” Gibbs measures p € G. For transla-
tion invariant quantum systems, such measures were introduced in [224] by the support
condition

—d 2,0 < 2 (n—ae). 151
]svlég{(l—i—QN) Z|£|<N‘(JJ[’L%} <(Cw) <o, Ywe 2 (u—ae) (3.151)
It is worth noting that by the Birkhoff-Khinchin ergodic theorem, for any transla-
tion invariant measure u € P(£2%) obeying (3.97), it follows a much stronger support
property: for every o € (0,1/2), x > 0 and for p-almost all w

sup { (1+2N)~ Z exp ()\ |W£’ov + H‘W@’L2> < C(o,,w). (3.152)
ai Gle<N

In particular, every periodic Fuclidean Gibbs measure to be constructed in Subsection
3.3.7 (i) will have this property. It would allow us to refine the statement of Theorem
3.18 by claiming that G # &. In this respect see also Remark 2.21 concerning with
the classical case.
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3.2.5 Proof of the uniqueness results

The proof of Theorem 3.22 will be based on the Dobrushin-Pechersky criterion for the
uniqueness of lattice Gibbs fields. For the precise formulation of this criterion we refer
to Subsection 2.3.1, where it has been applied to the classical systems of unbounded
spins.

Proof of Theorem 3.22. In the present framework, a continuous function b : Cs — R

can be chosen as
h(we) = Aok weld, + \wg]fg, (3.153)

where k, o, and )\, are the same as Lemma 3.26. Note that, unlike Dobrushin’s
existence criterion, this 2 needs not to be compact, cf. Remark 2.22. Let us pick up
some constants Z < 1/a® < 1, K < 1, and C > 0; recall that a,b > 1 are the parameters
of the lattice Z¢ defined in (2.109), (2.110). Our aim is to show that, for any large
but fixed R > 0, one finds a small enough 7 := J(5,R) > 0 such that, at all values
[|J|Jo < J the next two conditions are fulfilled for the probability kernels 7,(dw|{) and
their projections i, ¢(dwy) := m¢(dwl§) o Pt

Condition (DP,) For each ¢ € L and all configurations & € §2, it holds

/Q Badm(dwl) <C+ 3 Lo uh(En), (3.154)

0edr(0)
where the sequence (Ir > 0)¢co,(0) is such that |[I|lo = scp o) Ie < T.

Condition (DP,) For each pair of distinct points £,0' € L, [¢ — | < r, and for all
configurations &,& € 2 differing only at ¢ and satisfying

sup { (&) b€} <R, (3.155)
jEL
the following estimate in the (half) total variation probability distance in the spin
space Cg holds

Dvar (,Ulﬁé, ,LL£7S) S Kg_g/. (3156)

The sequence (K; > 0)eep, 0y here is such that ||K||o := > K, <K.
£e0:(0)

The Dobrushin-Pechersky theorem then says that there exists at most one measure
w € P(£2) solving the DLR equation (3.86) and satisfying the a-priori bound

sgp/ﬁh(wg),u(dw) < 00. (3.157)

To verify (DP,) and (DP,) we shall use the same arguments as those in the proof of
Theorem 2.25. The validity of the first condition for each value of ||J||o < Jo := KT is
obvious by Corollary 3.27. We may set in (3.154) Iy := Jy/k and C := 1 /k, whereby
the parameter 1" := 71'(||J||o), which is determined by (3.111)—(3.114), attains its
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maximum at the endpoint [|J||o := Jy. To check the second condition, let us consider
any &, ¢ coinciding off ¢ and satisfying (3.155). By elementary calculations similar to
(2.134)—(2.140), the variation distance can be estimated as

Dy (mo(dwle), ma(dwl6)) i= sup [pa(Bly) = pa(BI7)

BeB(Cp
1 Z, 1
= —/ 1-— K(?) exp {AW[@/(W@)} m(dw|§) S —IM (4 —f—IMI) y (3158)
2 Ja Z(€) 2
where we set
B -
AW (wr) = / [Wip (w0, €) — Wie (wr.E)] dr, (3.159)
0
Iu/ = S}lp / ’AW[[/<W£)| - exp ’AW(@/(M@)’W@(dwE). (3160)
£Een 2

Vj: h(€;), h(€;)<R

To estimate the right-hand side in (3.160), let us fix some positive € < k — Jy. Taking
into account (2.7), (3.109), and (3.159), we find that

Low < (Jg,gl/E) exp {(jo + 6) (BCW + R)} (3161)
X sup /Qexp{(jo +€)|we|fg}m(dw|§)

Een
Vj: h(€;)<R

< (Ji—e/e)exp{ Y + TR+ (Jo +¢€) (BCw +R)}.

Hence,
Dvar (Wg(dW‘ﬁ),’/T@(dU)’%)) < Kéfﬁ’ = Jg,g/C(ﬂ, jO>R)7 (3162)

where the constant C(f3, Jp, R) can be written explicitly from (3.158) and (3.161).
Finally, choosing ||J||o < J < Jo small enough, one gets the required property ||K||o <
K. 1

Remark 3.35 In order to apply the Dobrushin-Pechersky criterion when [ is varying
in some interval in R, we should be more careful and first pass to the equivalent
realization of the Euclidean Gibbs measures on some universal loop space, see (3.94)—
(3.96). It is expected that for § — +0 the results similar to Theorems 2.25 and 2.26
would also hold in the quantum case.

To prove Theorem 3.23 we shall use the general Dobrushin uniqueness criterion, see
Subsection 2.3.4.(i). In so far, our arguments will be an infinite dimensional extension
(to the loop spin spaces) of those used in the classical case for proving Theorem 2.34. To
some extend we shall follow the earlier joint papers [19, 21], where a similar uniqueness
statement was obtained for a certain subclass of the quantum lattice models (3.1), (3.2)
with the interactions of finite range only.
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Proof of Theorem 3.23 Indeed, we shall establish even a stronger fact that there
exists at most one Gibbs measure p on the enlarged configuration space 2* D 2F,

~ L
2t = {w € [L3]" | (VaeI): |lwl2 =) welZ5wa (0,6) < oo} ,
l

which satisfies the moment estimate
sup [ forl} ) < oc
0

and corresponds to the local specification {7 }aer with the definition (3.54) of the
interaction Ix(w|f) extended to all £ € 2% (cf. Proposition 3.10). The Dobrushin
coefficients are given by

W2 (#egﬂzg’)
Dy = P ’ 1
174 sup { |££ _ §2|L% ) g 7& g ) (3 63)

where the upper bound is taken over all pairs of tempered boundary conditions ¢,
¢ € 2% which differ only at the site ¢'. Here WL% denotes the Wasserstein distance

between probabilities in L3, cf. (2.169), that is in our setting

WL% (W,@ /Mz,g/) = Ssup fwe) [W,g(dwli) - Mz,g'(dwé)D‘ ’ (3.164)

fe€Lipy |J L2

B

where Lip; is the unit ball in the space of real-valued Lipschitz functions on L%. Ac-
cording to Dobrushin’s criterion (more precisely, its modification in Theorem 4.46 for
the interactions of possibly infinite range) the uniqueness stated will follow if (respec-
tively, the stronger version of) Contraction Condition (D,) holds, that is for some
acl
IID||o < ||D||q := sngDw [wa (£, 0] < 1. (3.165)
7

For ( £ 0, €€ 2 and f € Lipl(L%), consider the mapping
L33 &y — Fy() = /2 fwe) g e(dwy).
L

Because of (3.59), (3.81), and (3.104), this mapping is Fréchet differentiable and its
partial derivative in direction ¢ € L% can be written as

(Ve, Fu(&), @)L% = —Cov,,, {f(w) 5 (8, Weer (we, €pr), SO)L%} :

The latter is estimated by

‘(vgg,Fg(g),go)L% < Varl/2 - Varl2 (8, W (w0 €),¢) 12 (3.166)

Hye
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where Cov,, . and Var,,,  denote the covariance and variance with respect to the mea-
sure 1, .. Now we are at the crucial point in the proof. Namely, we use Theorem 4.52
and its Corollary 4.54, saying that the measures 1, . satisfy the log-Sobolev inequality
and, as a sequel, the variance estimate

1
Var,, [ < oo for all f € Lip,(L3), (3.167)
' LS

with the log-Sobolev coefficient
Crs = (a + ay + aw||J||o) e 272, (3.168)

which is independent of . Hence, by the upper bound in (3.104),

1
Varw,g (aye’ W (Wg, 52’)’ 90) L < C_szﬁzé’b?/[/ ’(p‘%g (3'169)

Plugging (3.167)—(3.169) into (3.166), we thus get

1
< ——Juwbwlelrz,
LS

‘ (VﬁglF(gﬂ)v 90) L% C

which by the mean-value theorem implies

|/L% fwepye(dwe) — /L% fwe)pg e (dwp)

1
< G Terbwlge = Soleg,

or in terms of the Wasserstein distance

1
WL% (Mz,gaﬂe,g’) < C_LSJM'bW‘fe - fz"Lg' (3.170)

Hence, like as in (2.193) for the classical case,

ow |||

D||o < [|D]]s < 7 ,
H HO H H (aU+aW||JHO)

(3.171)

and the fulfilment of the Dobrushin condition (3.165) is ensured by Assumption (J )
and (3.106). W

Remark 3.36 As already was discussed in Subsection 2.3.5, the validity of Dobrushin’s
contraction condition ensures certain mizing properties of the specification {my}aer
and the corresponding (unique) Gibbs measure i € G*. In particular, the following
condition holding with some oo € 7

D], := Sl;pz |Dyor| - [wa (€, 0)] " < 1
2/
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implies (cf. (2.200)-(2.204)) that for all f, g € C}(R), ¢, ¢’ € L2, and ¢, ¢’ € L,

Cov, [f <(Wka‘;0)L%> ;g ((wkf,w’)Lgﬂ (3.172)
< Caanawa(l, ) - ||| llg o=l 3112

with the constant.
Caarz = (1= |[Dlla)"* sup EylwrfZy > 0.

Note that the uniqueness result and its consequences essentially depend on the choice
of a single spin space (in our case, L%), with respect to which the Dobrushin coefficients
are calculated.

Example 3.37 Here we demonstrate how to produce the optimal decomposition in
(3.101)—(3.103). For v = 1 let us analyze a typical example of the ¢*-potential

V(g) =rg" = A*, q€R, K A>0. (3.173)

This potential has a two-well shape with minima at the points gui, = ++/A/2k. Let
us decompose V' as follows

U(q) :==V(q) and Q(q):=0, for |g| > /N/E,

k
U(a) = o (¢ — /W) — e+ 7, Tor Jal < VAR,
k
Q) = o5 (% — (\/w)?) + 200"~ 20, for |g| < VAT

It is easy to calculate that

min U” >

1
i 5)\, OscQ < g/\Q//i.

The uniqueness condition (3.107) then can be rewritten as
exp (567/) < (a+/5)||3]]5". (3.174)

which, fixed all other parameters, can always be achieved by the small depth of wells
Iming V| = A\*/4k. Let us also consider the space scaling of this potential, that is
Ve(q) := V(e 'q) with £ > 0. The uniqueness condition (3.174) now takes the form

exp (560%/k) < (a+X/5¢%) [13]",

which always to be valid for ¢ <« 1. Making ¢ small we draw together the wells
of the potential (3.173) while keeping the depth of the wells fixed. This corresponds
to applying pressure to the system considered. So, as a result we provide a rigorous
justifucation of the well known physical phenomenon that the pressure can remove the
critical behavior of the system,see [67]. Actually, we can generalize this example by
taking for V' any polynomial of even degree with a positive leading coefficient, like
that in (3.10).
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3.2.6 Further generalizations

Here we briefly discuss how to modify the previous setting in order to include the
many-particle interactions or the indexing sets represented by graphs (cf. Subsection
2.2.5 for the classical case).

(i) The case of P=R

Suppose that Assumptions (W), (J,), and (V) are fulfilled with P = R > 2. For the
classical spin systems such situation was analyzed in all details in Subsections 2.2.2—
2.2.4. So, for fixed § > 0, the statements of Theorems 3.18 and 3.19 are still true if
Assumption (V) from Subsection 2.2.2 holds. In our notation this means

L= (2/3)Av — |30 > O, (3.175)

where Ay > 0 is the (largest possible) constant in (3.7). Respectively, in the corre-
sponding moment estimates (3.97) and (3.109) one may take any 0 < x < Ay —||J|]o/2.
To this end, let us choose some «q € Z such that ||J||o, —||J||o < ¢. For the above value
of the parameter (3.175), this is possible by the assumption (3.60). Thereafter, we go
through the above proofs in Subsections 3.2.2, 3.2.4 and use everywhere the system
of weights (w,)acz, indexed by the smaller interval Z, C Z and satisfying the basic
relation ||J||, < (2/3)Ay.

(i) Many-particle interactions

Our results extend to quantum systems with many-particle interactions of possibly in-

finite range and unbounded order. Such systems are described by the heuristic Hamil-

tonian

<oo
Z Wﬁl..‘ﬁN(q&a "'7qu)7 (3176)

H=>"[H} + Vi(q] +
¢ N=2{t1,..0n}

where the N-particle interaction potentials (taken over unordered finite sets {1, ..., {x }
consisting of N > 2 distinct points) are given by continuous symmetric functions
W0, : R"NY — R. Then Theorems 3.18 and 3.19 are true under Assumptions (V),
(W), and (J, ), where the later two are respectively the following modification of
(W) and (J,):

Assumption (W __) There exist R > 2 and J;, ,, > 0, such that for all {¢,,...,¢n} C
L, q1,....,.qn € R" and N > 2

N
1
Wy on(qrs . qn)| < §Jel...2N <CW + Z !qn|R> - (3.177)

n=1
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Assumption (J_ ) The family of symmetric matrices (Jg, ¢y )L~ is fastly decreasing,
that is for all « € 7

<oo
13l = N2 sup > oy (1 + ZnNzl [wa(fl,én)]_1> < 00.
N=2 1 2
(3.178)

The proofs of Theorems 3.18 and 3.19 are similar to those carried before. With obvious
modifications we can also state the uniqueness results of Theorems 3.22 and 3.24.

(iii) Quantum systems on graphs

Instead of I one can consider more general indexing sets. In particular, this could
be an infinite graph G(V,E) with the properties as described in Subsection 2.2.5 (iii).
Under Assumption (G;) holding with some 6y > 0, we make a natural choice of the
weights

ws(v,v) :=exp{—dp(v,v)}, «a:=08§€T:=(d,o0)CR. (3.179)
Setting (2 := [CB]G, we define the subset of tempered loop configurations
2= () s, (3.180)
veV, 6T

1/R
Q5 :=qwe 2 |||w|ls = [Z ]wv/\fgwa(v, 0)] <0

v

On the graph G, we now consider an interacting quantum system with the formal
Hamiltonian .
har

H = ; [Hv + ‘/v(qv)] + 5% va’(Qva q’l)/)7 (3181)
where the potentials W, : R? — R and V, : R¥ — R fulfill the former Assumptions
(W) and (V). The matrix J := (Jy )vxv in Assumption (J;) has the entries J,,y = J >
0if v ~ " and J,,» = 0 otherwise. Fixed an inverse temperature 5 > 0, one defines the
local specification {my }acy. We confirm ourselves to the subset of tempered Euclidean
Gibbs measures i € G* which are supported by 2°. Modifying the proofs of Theorems
3.18 and 3.19 for the system of weights (3.179), one can conclude that the set G* is not
empty and that all its elements obey the a-priori bound (3.97). Actually, the existence
of some p € G can be proved on any graph of bounded degree m(G) < §; < oc.
Dobrushin’s uniqueness criterion on graphs will be discussed in Subsection 4.4.2 below.

3.3 Ferromagnetic scalar models

In this section we consider in more detail the special case of v = 1 and attractive
harmonic interactions

ng/((]g,(]gl) = _JZZ’QBQE’ with Jgg/ Z 0. (3182)
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So, the model we focused on is described by the formal Hamiltonian

1
H= HM™ 1+ Vi(qo) — hqe| — = Joor Qeqer 3.183

Ze:[ f o(q0) — hay] QZ,Z’ZG]L 0 Qeqe ( )
where h € R is an external field and the one-particle potentials V; and the dynamical
matriz J :=(Jo )Lx1 satisfy respectively Assumptions (V) and (J ). The emphasis will
be placed on the study of critical behavior. Among other things, we shall prove that:
(a) |Gt| > 1 at low temperatures (37" < 1); (b) |G*| = 1 due to small masses (m < 1)
and at a nonzero external field (h # 0). This allows us to develop a qualitative theory
of phase transitions and quantum effects, which interprets the most important exper-
imental data known for the corresponding physical objects (see Subsection 3.1.1). In
Subsection 3.3.1 we present the main theorems, whereas their proofs and the supporting
material will be distributed through Subsections 3.3.2-3.3.9.

3.3.1 Discussion of results

A general observation is that the system (3.182) is best suited for the study of criti-
cal behavior, since now one can use a variety of correlation inequalities (FKG, GKS,
Lebowitz, and the other listed in Subsection 3.3.4) relying on the additional properties
of the interaction. We stress that all the results described below are specific for the fer-
romagnetic systems and cannot be obtained by general methods which were developed
in the foregoing sections. Of particular interest is the new comparison criterion for
even ferromagnets (applicable both in the classical and in the quantum cases), which is
stated by Proposition 3.64 and allows to extend considerably the classes of interactions
in Theorems 3.45 and 3.46 describing respectively phase transitions or a uniqueness
regime.

(i) Maximal and minimal elements in G*

Let us first introduce a partial order on the set G, which is a universal tool in all
ferromagnetic models. As the components of the configurations w € {2 are continuous
functions wy : Sz — R, we may write w < @ if wy(7) < @&,(7) for all £ and 7. Thereby,
we define the following set of increasing functions

K, (2 ={feC(2) | flw) < f(@), if w<a}, (3.184)
which is & proper cone.
Lemma 3.38 If for given u, i € G*, one has
W(F) = i) for all feK.(2Y), (3.185)
then 1 = fi.

The proof of this lemma will be done below in Subsection 3.3.2. We use it to
establish a dual order on G*, which is also called the stochastic domination.
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Definition 3.39 For u, i € G* we say that u < fi, if

p(f) < alf),  for all fe K (2. (3.186)

Remark 3.40 (i) An important feature of the model (3.183) is that its local specifi-
cation Il = {mp}aeL is attractive in the sense of C. Preston [233]. This means that
each 7y leaves the cone K ({2") invariant, i.e.,

maf € K (2') forany A €L and f € K (£2"). (3.187)

As was shown in Propositions IV.2 in [42], this property also holds for general ferro-
magnetic pair interactions of the form

Weer(qe, qr) := Jorw(qe — qe) > 0, (3.188)

where w € C?(R — R,) is an even convex function with w” > 0.

(ii) Sometimes (see e.g. the proof of Lemma 3.53) it will be more convenient to
relate our model to the formal Hamiltonian

- - 1
H = Z [ 5+ VZ(CM)} + 1 Z Jo (g0 — qu)?, (3.189)
¢ 00N
where we set l
Vilae) = Vilae) = =5 7a; = ha. (3.190)

Both models (3.183) and (3.189) are completely equivalent in the Euclidean approach,
since they possess the same local specification IT = {7y }aeL-

We claim that now the set G* has unique mazimal and minimal elements — an anal-
ogous fact is well known for classical spin systems (cf. Theorem IV.3 and Propositions
IV4, V.1, V.3 in [42]). The extreme elements p, will play a crucial role in proving
Theorems 3.45, 3.46, and 3.48.

Theorem 3.41 The set of all Euclidean Gibbs measures G of the scalar ferromagnetic
model possesses maximal p1,. and minimal p_ elements in the sense of Definition 3.39.
These elements are extreme and T-shift invariant; they are also translation invariant if
the model is translation invariant. If Vi(—x) = Vy(x) for all £, then p, (B) = p_(—B)
for all B € B(2).

(ii) The pressure and its applications

Now let the model be translation invariant, which in particular means L := Z¢. We
are going to study the limiting pressure which contains important information about
the thermodynamic properties of the model A special attention will be paid to the
dependence of the pressure on the ezternal field h € R, cf. (3.183). The corresponding
analytic properties will be applied to the uniqueness problem, see e.g. Proposition 3.43.
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First, we define the pressure for the local state in a volume A € L as

pa(§) = ﬁlogZA(f), £e (3.191)

where the partition function Z,(£) is given by

B
Zx() :/rerxp{_Z/o V(we)dr (3.192)

leA

1
+§ Z Jaﬂ(we,wz')Lg + Z JM'(W&Q/)Lg}X/\(dWA)-

LN LeEA, L'eAc

For i € G*, we then set
Py = /QPA(f)M(df)- (3.193)

If for a cofinal sequence £ the limit
= liénp’l( (3.194)

exists, we shall call it the pressure in the state p. To obtain these limits we impose a
certain condition on the sequences £. Given | = (Iy,...1y), ' = (I,...1}) € L := Z¢,
such that [; <’ for all j =1,...,d, we define

Pi={(eL |l <<, forallj=1,...,d}. (3.195)

For this parallelepiped, let &(I') be the family of all pairwise disjoint translates of T’
which cover L. Then for any A € L, by N_(A|T") (respectively, N, (A|T")) we denote the
number of the elements of &(I") which are contained in A (respectively, have non-void
intersections with A). Then (similarly to Section 2.1 in [251] or Appendix C in [136])
we introduce

Definition 3.42 A cofinal sequence L is a van Hove sequence if for every T,

() lmN-(AD) =+o0; () lim (N-(A|D)/N, (A|D)) = 1. (3.196)

Theorem 3.43 For each Gibbs measure p € G* and for any van Hove sequence L, the
limit (3.194) exists. Its value does not depend on the particular choice of u and L, and
is equal to the free energy (3.233) constructed in Lemma 3.53 below.

For classical ferromagnetic spin models, similar statements about the limiting pres-
sure can be found in [42, 184]. The following quantum analog of the result of J. Lebowitz
and A. Martin-Lof [181], which will be proven in Subsection 3.3.3, is a standard sequel
of Theorems 3.41 and 3.43. Here we write p := p(h) to emphasize the dependence of
the pressure on the magnetic field h € R.

Proposition 3.44 If p(h) is differentiable in some neighborhood of a given hy € R,
then G* is a singleton at this hg.

The above proposition will be applied e.g. in proving the uniqueness result of
Theorem 3.48.
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(iii) Phase transitions at > 1

In the DLR approach the multiplicity of the Gibbs states corresponds to phase tran-
sitions. In physical systems structural phase transitions manifest themselves in the
macroscopic displacements of particles from their equilibrium positions (a long-range
order). For translation invariant ferroelectric models with V, = V' obeying certain
conditions, the appearance of such macroscopic displacements in low temperature and
heavy mass regime was proven in [38, 100, 140, 162, 228]. Thus, in our model it is
reasonable to expect that |G*| > 1 at large § and m. The latter fact would imply
the appearance of macroscopic displacements, but the converse need not to be true in
general. To avoid technical complications we concentrate at the case of L := Z¢ with
d > 3; by means of correlation inequalities the results obtained can be extended to
irregular . C R

Let us impose further conditions on Jy» and V,. The first one presumes that an
intensity of the interaction between the nearest neighbors is uniformly nonzero, i.e.,

inf  Jy:=J > 0. (3.197)
00 [0—0|=1

Next we suppose that V, are even continuous functions and hence can be written in
the form

Vi(x) = Vi(=x) = v(2?), zeR (3.198)

Typically the long-range order destroys Zs-symmetry in a way that there appear Gibbs
measures p € G* obeying E,w, # 0, which immediately would imply |G| > 1. Let the
upper bound in (3.7) can be chosen in the form

p
Viz) = Zb(s)x%; 2 < —a; b >0 for s> 2, (3.199)
s=1

where a is the same as in (3.4), and p > 2 is either a positive integer or the infinity. If
p < 00, the polynomials (3.199) belong to the so-called EMN (Ellis-Monroe-Newman,
see [104, 107]) class. If p = oo, we assume that the series

B(t) := 2 %b@f—l (3.200)

converges at some t > 0. Since 20 + ¢ < 0, the equation
a+ 200 + &(t) =0, (3.201)

has a unique solution t, > 0. Finally, we suppose that for each ¢ the function V — V}
is increasing on R, | i.e.,

V(z) — Vi(x) < V(&) — Vi(Z), whenever z* < i’ (3.202)



122 CHAPTER 3. SYSTEMS OF INTERACTING QUANTUM OSCILLATORS

If the above vy in (3.198) are differentiable, the latter condition may be formulated as
the upper bound on their derivatives

p
vi(t) <D sbE 1> 0. (3.203)
s=2

In particular, if V; themselves are polynomials having the form (3.10) with A~ = 0 and
p < oo, we may put

b =supbl”; b =sup |plY], s > 2. (3.204)
¢ ¢

One observes that according to the assumptions (3.199)—(3.202) all V; have a uniform
double-well shape in the neighborhood of zero.

For d > 3, we set

1 dp
0y = / L (3.205)
(27T>d (—m,m]d E(p)

E(p) =) (1 —cosp!), p= ()i € (~m ]’

B

1

<.
Il

Let also f : [0,00) — [0,1) be the function defined implicitly by
f(0)=1, f(t-tanht):=t¢"'-tanht, for t>0. (3.206)

It is convex and monotone decreasing on (0, 00). For an account of its properties see
[102], where it was introduced. By (3.206) one readily observes that for every fixed
t > 0, the function

(0,00) 5 8 ¢(8,1) := Btf(5/1), (3.207)

is monotone increasing to t? as 3 — 0.
Theorem 3.45 Let d > 3 and the above assumptions hold. Then under the condition
J > 0,/8mt? (3.208)

(which always holds e.g. for a mass m large enough), there exists a critical temperature
B, > 0 such that |G*| > 1 whenever 3 > (,. The bound (3, is the unique solution of the
equation

20am/J = ¢(B,4mt,). (3.209)

(iv) Uniqueness at m < 1 or h # 0.

On the other hand as was shown in [5, 9, 278, 279], quantum effects occurring in partic-
ular at small values of the particle mass m can suppress abnormal fluctuations. Thus,
in this case one might expect that |G*| = 1 holding simultaneously at all temperatures.
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Turning to the probabilistic interpretation, our model describes a system of interact-
ing diffusion processes, in which strong quantum effects correspond to large diffusion
intensity. The most advanced result in this domain — the uniqueness at all g due to
quantum effects — was proven in [8]. However, it was essentially restricted to the mod-
els with nearest neighbor interaction and V' being certain polynomials (of the EMN
type, cf. (3.199)). In Theorem 3.46 below we extend this result in two directions. We
consider a substantially larger class of anharmonic potentials and make precise the
bounds of the uniqueness regime. Furthermore, unlike to the mentioned papers, we do
not assume that the interaction has finite range or that L is regular.

Regarding the anharmonic potentials we again suppose that each V, is even and
hence can be written in the form (3.198). Now we look at the lower bound for V; in
(3.7). Our main assumption is that it can be chosen as

V(z) =v(2?), z€R, (3.210)

where v :[0,00) = R is convex.

Such V' are usually called to be of the BFS (Brydges-Frichlich-Spencer, see [69]) type.
Furthermore, we suppose that the function V, — V' is increasing on R, i.e.,

ve(t) — v(t) < ve(t) —v(f) whenever t <t (3.211)

In typical cases of V like (3.10), as such v one may take a convex polynomial of degree
r > 2. Since the coefficient b") € R can be a large negative number, the functions V'
and V;, may have double wells of an arbitrary depth.

In L?*(R,dz) we introduce the following one-particle Hamiltonian (cf. (3.3), (3.29))

H:=————+ -2 +v(2?), zeR (3.212)

It has purely discrete non-degenerate spectrum {E, },en,. Thus, one can define the
parameter
A, = min(E, — E, 1), (3.213)

neN

which is positive and depends on the model parameters m, a, and on the choice of v.
Recall, that ||J||o was defined by (3.9).

Theorem 3.46 Let the anharmonic potentials V, be as above. Then the set of Fuclid-
ean Gibbs measures is a singleton if

mAZ > ||J]o. (3.214)

Remark 3.47 (i) An important issue is that the above result is independent of > 0.
The relation (3.214) can be looked upon as a stability condition like (3.108), where
the parameter mA? appears as the oscillator rigidity. If it holds, a stability-due-to-
quantum-effects occurs, cf. [9, 163, 169]. One meets here a non-trivial problem how
to analyze the behavior of mA? for general Schrodinger operators like (3.212). A
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particular case of v being a polynomial of degree r > 2 can be successfully handled
by analytical perturbation methods. In this case the rigidity mA?, is a continuous
function of the particle mass m; it gets small in the quasiclassical limit m — oo, see
[169]. On the other hand, as was shown in [5, 169], one has

mA’?n — O(m_("'_l)/(r'i_l))’ m — +0 (3215)

Hence, (3.214) certainly holds in the small mass limit (cf. [6, §]).

(ii) To compare the latter statement with Theorem 3.45 let us assume that L := Z4
with d > 3, Jy = J iff | — ¢'| = 1, and all V} coincide with the polynomial given by
(3.199). Then the gap parameter (3.213) obeys the estimate A,, < 1/2mt,, cf. [169],
where t, is the same as in (3.208), (3.209). In this case the condition (3.214) can be
rewritten as

J < 1/8dmt?. (3.216)

It is known that 64 > 1/d and 64 ~ (d — 1/2)™' as d — oo, see Theorem 5.1 in
[100]. Hence, the estimates (3.208) and (3.216), which give sufficient conditions for the
phase transition to occur or to be suppressed, become asymptotically sharp in large
dimensions.

Thus, Theorem 3.46 provides a mathematical justification for the well-known physi-
cal phenomenon (see e.g., [48, 277]) that structural phase transition for a given mass m
can be suppressed not only by thermal fluctuations (i.e., high temperatures 3~ > 3.'),
but for the light particles (with m < mg,) also by the quantum fluctuations (i.e., tun-
neling in a double-well potential) simultaneously at all temperatures 5 > 0.

Consider again a translation invariant version of our model, i.e., L := Z%. Set

fLaguerre = {Qp :R—R

(1) = poexp(yot)t" [ [ (1 +,t) } 7 (3.217)

j=1

where ¢, > 0, n € Ny, and v, = 0 are such that Z;; 75 < 00. Each ¢ € Fraguerre Can
be extended to an entire function ¢ : C — C which has no zeros outside of (—o0, 0].
These are Laguerre entire functions, for more details see [152, 168, 171].

Theorem 3.48 Let the model we consider be translation invariant and the anharmonic
potential be of the form
V(z) =v(2?) — ho, heER, (3.218)

where v(0) = 0. Furthermore, let there exist by > 0 such that for all b > by, the
derivative v' obeys the condition b+ v € Fraguerre- Then the set G* is a singleton if
h # 0.

For classical lattice models, the uniqueness at nonzero h was proven in [42, 181, 184].
This was done under the condition that the potential (3.218) possesses the Lee-Yang
property which we establish below in Definition 3.75. The novelty of Theorem 3.48 is
that it describes a quantum model and gives an explicit sufficient condition for V' to
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possess such a property, cf. Remark 3.79. It turns out that this theorem is valid for
the classical systems under the less restrictive condition that b + v € Fiaguerre just
for some value b > 0, which covers all the cases considered in [42, 181, 184]. In the
quantum case a typical example satisfying Theorem 3.48 are the (¢*);-Euclidean fields,
for which a similar uniqueness statement was independently proven in [124].

3.3.2 Stochastic order and extreme elements

First we make sure that the cone K, (") defined by (3.184) may be used to establish
an order on G'. This means that both the estimates p(f) < a(f) and a(f) < wp(f)
being valid for all f € K, (£2%) should imply p = fi. Recall that measure defining
classes of functions are usually established by means of monotone class theorems, see
e.g. [47], pages 36-39. In our situation, a sufficient condition for a family of bounded
continuous functions to be a measure defining class may be formulated as follows: is
should (a) contain constant functions; (b) be closed under multiplication; (c) separate
points of 2*. The class (3.184) does not meet (b); hence, to prove the stated we have
to use additional arguments.

Proof of Lemma 3.38. Let us show that the cone K, (£2) contains a measure defining
class for G'. A continuous function f : 2'* — R is called a cylinder function if it can
be represented as

f(w) = ¢lwn (1), we, (Tn)), (3.219)
with certain ¢ € C(R"), {; € L, 7; € Sg, and 1 < j <n € N. By Kfryl(ﬁt) we denote
the subset of K, (") consisting of cylinder functions. Suppose that (3.185) holds for

all f e K¥'(02Y). By (3.97) and a standard approximation argument, this implies the
identity

/Q () = / wlP)i(dw),  for all £, (3.220)

Qt
For fixed 41, ...,0, and 71, ..., Tn, let P, and P, be the corresponding projections of
the measures 1 and i on R™. That is, each of P, and P, obeys

flpldw) = | é(z1,...,2,)P(dz)
0t Rn
for f and ¢ as in (3.219). Then by (3.185), it follows that P, < P,, i..,

d(r1, ..., x,)Py(dr) < d(x1, ..., x,)Py(dz), (3.221)

Rn Rn

for all increasing ¢. Let P be a probability measure on R2" such that its marginal
distributions coincide with P, and P,

Po(dz) = / P(dw,d7), P,(d) = / P(dw,d7).

In other words, P € II(P,,P,) is a coupling of P, and P,. Of course, the above
equations do not determine P uniquely. By the Kantorovich- Rubinstein duality relation
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(see Remark 2.32 (i)), the Wasserstein distance between the measures P, and P, can
be calculated as

W(P,P) = inf / v — | P(de, d). (3.222)
R2n

Pell(Pn,Pr)

Consider
M ={(z,7) € R*™ | z; < &, foralli=1,...,n},

which is a closed set in R?". By Strassen’s theorem (see page 129 of [192]), for P, < P
there exists a coupling P € II(P,,F,) such that P (M) = 1. Thereby,

2n

_ Z / @ [ﬁn(dx) - Pn(dx)] — 0,

where the latter equality is implied by (3.220). Since the subset of Cy,({2°) consisting
of all cylinder functions (3.219) is a defining class for P(£2"), this yields p=p. B

One observes that for (3.221) to hold, it was enough to have u =< fi, cf., (3.184).
Thus, we have the following important fact arising from the proof of the above lemma.

W(P,, P,) < /\x—g:«|13(da;,dgz)gz/ (%; — ;) P(dz, d%)
M i1 YR

Corollary 3.49 If for any pair of p, i € G* such that u =< [i, all their first moments
coincide, i.e. (3.220) holds, then p = fi.

Remark 3.50 For everyl, ty(w) < ty(@) ifw < @. This means that the transformation
0, defined in (3.90) is order preserving.

Proof of Theorem 3.41. In establishing the existence of the elements i, the main
point was to prove Lemma 3.38. Thereby, the existence of ;i can be shown by literal
repetition of the arguments used in [42] for proving Theorem IV.3. They are unique by
definition. Indeed, for two maximal elements, say ., and fi,, one would have p, = ji
and i, = p, at the same time. Thus, p, = fi,. The proof of the extremeness
(respectively, the symmetry properties) of p, can be done by following the proof of
Proposition V.1 (respectively, Proposition V.3) in [42]. W

Remark 3.51 (i) Let us give an explicit construction of the extreme measures . For

lo € L and b > 0, let £ = (£,)¢er be the following constant (with respect to 7 € Sz)
configuration

£,(7) == [blog(1+ |0 — €))]*?, (el (3.223)

Fix ¢ € (0,1/2) and then respectively b > d/)\, (see the proof of Theorem 2.19).
In view of (3.58), ¢ belongs to 2°. It also belongs to Z(lo,b,0), and for every £ €
Z(b,0) C 2' one finds A € L such that &,(7) < £,(7) for all 7 and ¢ € A°. Therefore,
for any cofinal sequence £ one finds A € £ such that 7 (-|€) < ma(-|€) for all A € £
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containing this A, see (3.253). As was established in the proof of Theorem 3.18, the
sequence {m(+|€) faer is relatively compact in any W,,, a € Z, which by Lemmas 3.29,
3.30 yields its W'-relative compactness. Let /i be any of the accumulation points of
{ma(-|€)}rec. By Lemma 3.16 this i belongs to G' and by Lemma 3.33 it dominates
every element of ex(G"). Hence, fi =y, since the maximal element is unique; the same
is true for the remaining accumulation points of {7 (-|€)}aer. Thus, for every cofinal
sequence £ and for any choice of ¢ in (3.223), we have

lim (-] + &) = piy. (3.224)

(ii) As the configuration (3.223) is constant with respect to 7 € Sz, the kernel
7A(-|§) may be considered as the one 74 (+|0) corresponding to the Hamiltonian with
the external field &, that is

Healaa) == Halga) = Y (a1, &)- (3.225)

LeN

We summarize the above discussion in the following statement, which will be fun-
damental for all further considerations.

Proposition 3.52 (Uniqueness criterion) For the scalar ferromagnetic model (3.183),
the next properties are equivalent:

(a) G* is a singleton;
(b) For all ¢ € L it holds
[ w0, (@) = [ wn0n (@) (3.226)
7 0
If the model is symmetric, then (3.226) turns into B, w.(0) = 0;

(¢c) For all { € L, 7 € Sg, and for any pair of boundary conditions ¢, € 5(b,0)
with some o € (0,1/2) and b > d/)\, (see the proof of Theorem 2.19), it holds

lim [ /Q () a(dw]€) — /Q w@)m(dwg)] 0, (3.227)
along every cofinal sequence L.

Proof. (a) < (b): By Theorem 3.41 one has |G*| = 1 if and only if p, = p_, which
by Corollary 3.49 is equivalent to

E,, wi(r) =E, we(r), foralll, 7.

By the 7-invariance property (3.19), E +w.(7) = E,, w(0).
(b) < (c): By the observation made in Remark 3.51 (i), there exists A € £ such
that

~

ma(dw| = &) 2 ma(dwl€),  ma(dw|é) < ma(dwl),
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for all A € £, A C A. Then, by the stochastic domination

[t [rataele) = mat@wid)] | < [ ) [ty = ma(as - ).

which by (3.224) implies the desired convergence (3.227). Choosing here the boundary
conditions £¢, we immediately get the inverse claim (3.226). m

Actually, the above criterion is a path space version of the known theorem of
J. Lebowitz and A. Martin-Lof for ferromagnetic systems, which was originally proved
for the Ising model in [181] and then extended to unbounded classical spins in [42, 184].
It says that the zero spontaneous magnetization p (z,) = 0 in plus/minus boundary
conditions implies uniqueness of the tempered Gibbs states. The ferromagneticity is
thus a very helpful assumption — if it does not hold one should check instead of (3.227)
that

i [ Fa(r), -, () [maldile) = ma(dwf)] =

with all possible choices of f € C,(RY), ¢; €L, 7; € Sg,and 1 < j <neN.

3.3.3 Existence of the pressure

Here we consider a translation invariant version of our model with L := Z¢ and V; := V,
Jop = Jp_p. Given r > 0 and A € L, let 9FA be the subset of all £ € A° such that
dist(¢, A) < r. According to Definition 3.42, any van Hove sequence L certainly satisfies

lim |OFAl/|A| =0, foreach r>1. (3.228)

An important property of the van Hove sequences £ to be used below is that ||J||o =
> e, Je < 0o implies the average convergence

1
hlr:nm > Jew =0, (3.229)

LeA ' eAe

see [184, 252]. Note that the existence of van Hove sequences means the amenability
of the graph (L, E) with E being the set of all pairs ¢, ¢ such that [¢ — ¢'| = 1, cf. the
definition (4.9). For nonamenable graphs, phase transitions with h # 0 are possible;
hence statements like Theorem 3.48 do not hold, see [154, 198].

We conventionally begin with the study of the pressure functional, with empty
boundary condition { = @, related to the Hamiltonian (3.189) introduced in Remark
3.40 (ii). In this case, the corresponding finite volume partition functions can be written
as

. - p 1
ZA = ZA(@) = / exp {— Z/ V((,Ug) — Z Z Jggr|(,dg — wﬂ%z} XA(de),
iN 0

LeA 00 EN
(3.230)
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where we set

V(g):=V(g) - @Cf — hg. (3.231)

The free energy per site is defined by

PA = Pa(D) = ﬁlog Zx(2). (3.232)

Lemma 3.53 The thermodynamic limit for the free energy

pi= lilr:nﬁA(Q) (3.233)

exists for every van Hove sequence L. It is independent of the particular choice of L.

Proof. Without loss of generality we may assume that
. B
Zy = / exp {—/ V(wg(T))dT} X(dwy) =1 (3.234)
Cs 0

(otherwise one has to apply a normalization, which leads to the factor log Z, at the
front of all py (&) and p). Since the pair interaction in (3.189) is nonnegative, a useful
observation made from (3.230) and (3.234) is that

Zn, <1, Zan, < Za, - Zn,, (3.235)

for all disjoint sets Ay, Ay € L. On the other hand, by Assumptions (V), (J,),

Zn 2/9 exp {—2/06 [V (o) + 1191067 dT} Ya(dws) = exp {—|A|Chas) .

LeN

(3.236)
with a certain C3 936 > 0. Therefore, by (3.235) and (3.236), for all A € L
1 ~ -
—C3936 < W log Zy <0, [pa] < Cs.936, (3.237)

and hence the set {P}arer has accumulation points in R. For one of them, p, let
{T",, }nen be the sequence of parallelepipeds such that pr, — p as n — oo. Let also £
be a van Hove sequence in the sense of Definition 3.42. Given ng € N and A € L, let
£,..(A) € &(T,) (respectively, £+ (A) C &(I',,)) consist of the translates of I',, which
are contained in A (respectively, which have non-void intersections with A). Let also

Af = U T 1AL = Na(ADy,) - [Tl. (3.238)

reli
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Note that Zp = ZFnO for all I" € &(I',,,), which follows from the translation invariance

of the model. Now we standardly estimate py —pr,,, by mimicking the proof of Theorem
2.7 in [184]. By (3.234), (3.235), and (3.238)

1 -
DA = log Z ATy, ) log Z A AT, log Z
P = g71oZa < [rN-(AID)log Zr,, + i [A] = N(AIT, ) log Zo
N—(A|Pno) 7 ~
~ lOgZFn =DPr,. -
N—<A|Fn0) ’ |Fno| ° °
On the other hand, by (3.235), (3.237), and (3.238)
1 -
pA = log Z — N (Al,,,)log Zr, — — [N (A|T,,,) — |A]]log Z,
ba |A’ 0og A |A‘ +( | 0) 0og Iy |A’[ +( | O) | H 0g 4o
> Ny (AT, .
> log Zy, — <—° — 1) C3.236 > pr,, —
1 ° N °

for any € > 0 and a large enough ng > ng(e) € N. This yields the result
liglﬁA = lim pr, =: p. (3.239)
]

Proof of Theorem 3.43. The proof will be done if we show that for every u € G*
and any van Hove sequence £

1
. 'u, .
hgl]% = lim —‘ | / log Zx (&) p(d§) = p, (3.240)

with p being the same as in (3.233), (3.239). For each £ € 2% the partition functions
of both Hamiltonians (3.183) and (3.189) are related by

ZA(&) = ZA - €Xp { Z JZZ”£41|L2 } (3241)
CeA, Uene
where we set, cf. (3.230),

ZA(f) = /-QA eXP{ Z/ (we)d

leA

1 1 i
-3 > Jolwe - w!ig -5 > Jwlwe - gg,@%} xa(dwy) < Za(@).  (3.242)

00EN (A, U/eAe

Furthermore, by Jensen’s inequality E,(exp f) > exp(E,f) applied to p := [i,, one
has

Zx(©) > A<@>-exp{—§ / [ S e — &wlg]m(dm)} (3.243)

Lel, U'ele
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Combining (3.241)7(3.243), we obtain the following estimates

Pa— 2yA| 2. J”’/ - fe'@gﬁA(dWA) < Pal€) < b, (3.244)
lel, U'eAe
PA(&) = Pal > Jue |7z, (3.245)
LeA, U'eAe

which relate the quantities

pa(€) = (1/|A)log Za(€), Pal€) := (1/|A])log Za(€).

Next, we integrate in (3.244), (3.245) with respect to any p € G* and arrive at

p/\__ Z JM’[ <|§e"i§) + [in (|W\%g)} < Py < Pa,
éeA rreAe
Py = ——— > Jwn <|§g:!%%>. (3.246)
zeA rene

By means of Theorem 3.19 and Lemma 3.29 one can bound both pu <|5Z/|%2> and
B

fia (|wg|%2) by positive constants independent of ¢, ¢'. Thereby, the property stated
B
follows from (3.229) and Lemma 3.53. W

Remark 3.54 As is clear from (3.244)—(3.246), it holds

limpa(§) = impa = p, (3.247)

for every van Hove sequence L and any boundary condition £ € £2° obeying

— > Jewrl€nl75 = 0. (3.248)

£€A l'eAe

This is always the case if £ = 0 or sup,|{y|3, < oo. To have (3.247) for each ¢ from
5

Z(b, o), which by Proposition 3.21 is a universal support set for all u € G, one needs
a stronger than (3.229) regularity property

lim A > Jwlog(1+0]) = (3.249)
| |£€A lrele

Proof of Proposition 3.44. First we note that, for each A € L and £ € 2%, the local
pressure py(h, &) (and hence also the limiting one p(h)) is a convex function of h € R.
This is a general fact, which is equivalent to the following property of the partition
function

ZalEhn + ha) < [Za(€ )] [Za(€ b))
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and is immediately seen from the Cauchy inequality. Furthermore, by direct calcula-
tions based on (3.191) and (3.192)

E%mw@rqﬁzgéﬂuwvmwr (3.250)
Then, for every 4 € G' one has
Gt = [ S ko)) (3.251)
- w2 [ altnig g
- = > [ nleatriar

Note that in (3.250), (3.251) we have used Lebesgue’s dominated convergence theorem
and the a-priori bound (3.97) to interchange the differentiation in s and the integration
over u(d¢) and d7. By Theorem 3.43 and Corollary 3.54 the sequences of differentiable
convex functions {p(h,0)}acz, {PAF(h)}aer converge along any van Hove sequence £
to one and the same limit p(h), which holds for all ~ € R. Then if p(h) is differentiable
at a given hg, the well-known result on the convex functions (see pages 34-35 of [258])
says that also each of the derivatives Op*+(hg)/0h should converge to dp(hg)/0h. Both
extreme measures j . are translation and shift invariant, which implies by (3.251) that
S (o) = B a(0), k(o) = Bu_(w(0))
6hpA 0) = Py Wy ) ahpA 0) = PH_(Wy .
Hence, for all £ it holds yt, (we(0)) = p_(we(0)), which by Proposition 3.52 (b) completes
the proof. W

Corollary 3.55 The pressure h — p(h) is a convex function on R. If the potential V
is even, i.e., V(x) = v(x?), then h — p(h) is an even function growing on R,.

Proof. The convexity of p(h) has been already established by proving Proposition
3.44. If V(z) = V(—x) for all z € R, then from (3.230) and (3.231) it is obvious
that pa(h,0) = pa(—h,0) for all h € R. By Lemma 3.53 and Theorem 3.43, the same
property, i.e., p(h) = p(—h), holds for the limiting pressure p(h). m

Remark 3.56 (i) From Proposition 3.44 and Corollary 3.55 it follows that the pressure
p(h) is differentiable and thus the corresponding set G* is a singleton, except at most
countable number of values of h € R.

(ii) In proving Theorem 3.43 and Proposition 3.44 we do not require that the inter-
action possesses Zo-symmetry. In fact, the previous proofs work for any system with
the Hamiltonian written in the form (3.189), where J,_¢(q, — gor)? can be substituted
by general pair potentials Wy_p(qe, gor) > 0.

(iii) As we have seen above, the knowledge of the a-priori bounds on p € G* allows
us to show existence of the limiting pressure in a rather elementary way, e.g. without
applying Ruelle’s technique of superstability estimates [184, 252, 254].
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3.3.4 Correlation inequalities

Our main Theorems 3.45 and 3.46 will be proved by comparing the model considered
with a certain (so-called reference) model, for which the property desired is being
established directly. The comparison is based on correlation inequalities originated
from classical spin systems, which we present in this subsection. For measures on path
or loop spaces, such inequalities usually are derived in the framework of the lattice
approximation technique, analogous to that of Euclidean quantum fields [255, 257].
For a systematic account on this matter the reader may refer to the review article [7].
Below we propose a simple approximation procedure (different from that employed in
[7]), which allows us to get the required inequalities in a much shorter and universal
way.

We begin with the FKG (Fortuin-Kasteleyn-Ginibre) inequalities, see [112]. Recall
that the families of functions K, (£2) and K'(£2) were introduced respectively in
(3.184) and in the proof of Lemma 3.38.

Proposition 3.57 For all A €L, £ € 2% and any f,g9 € K, ({2), it follows that

ma(f - 9l&) = ma(fIE) - malglE)- (3.252)

This inequality holds also for any continuous increasing functions, for which the cor-
responding integrals exist. This yields, in particular, that for all such functions

£ <& = ma(fle) 2 ma(f9). (3.253)

The polynomial moments and covariances of general ferromagnets are nonnegative
due to the Griffiths inequalities (see pages 74-76 in [129]), which in our case can be
formulated as follows:

Proposition 3.58 For all { € 2%, {1,... . {neys € N EL, T1,...,7Tnv+:m € Sp, and

N, M € N, it holds
/ (Hwe T; >7TA (dw|€) > (3.254)

/ <H ) ( II w, ﬁ)m (dw[€) (3.255)

=1 j=N-+1
N N+M

/ (H >7TA (dwl§) - Q( H we, (75 >7TA (dwl§) .
=1 j=N+1

For even ferromagnets, the above proposition is extended by the GKS inequalities
(due to J. Ginibre and Griffiths-Kelly-Sherman; see pages 119-124 in [257]).
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Proposition 3.59 Let the anharmonic potentials have the form
Vi(z) = v(z®) — hyw, hy>0 forall €L, (3.256)

with vy being continuous. Let also the continuous functions fi,..., fvim : R — R be
polynomially bounded and such that every f; is increasing nonnegative on Ry and either
even or odd on the whole R. Then the following inequalities hold for all {1, ... lxin €
ANeL, 7q,...,7Tn+m € Sg, and N, M € N,

/Q (H fa'(wfj(Tj))) T (dw|0) = 0; (3.257)

N N+M
/[2 (H fj(wﬂj(ﬁ))) : ( H fj(wej(Tj))> 7 (dw|0) (3.258)
Z/Q<Hfj(wej(7j))> 7 (dw|0) - / ( H fi(we, (75) >7TA (dw)0).

Given { € 2°, 0,0’ € A €L, and 7,7’ € S, the pair correlation function is defined
by

K (r,7le) = / we(r)we (') (dw]€) (3.259)
_ / () ma(dwl) - | wolr)ma(dwlé).

7
Note that by (3.253)
Kby (r, 7€) > 0. (3.260)

The next result is the path space version of the estimate (12.129), page 254 of [107].
Proposition 3.60 Let all V; belong to the BES class, i.e., they can be written in the
form (3.256) with hy = 0 and convex functions v, Then for all{,0' € A €L, 7,7" € S;,
and for any 0 < & € 2% it holds

Ky (7, 7€) < Kpy(r,7|0). (3.261)

Let us consider

UzAle2zge4 (Tla T2, T3, 74) = / Wey (Tl)wég (72)w43 (73)We4(74)7TA(dw|0)
9]

— K}, (11, 72]0) Ky, (75, 740)
- Kéég (71, 73]0)Ké\;€4(72, 74/0)
- Kﬁ& (Tl? 74’0)[(@263 (T27 7—3’0)7 (3262)

which is the Ursell function for the measure 7, (-|0). The next statement gives the

Gaussian domination and Lebowitz inequalities (in the classical case, see e.g. [69, 104,
266]).
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Proposition 3.61 Let V, be of the BFS type like as in Proposition 3.60. Then for all
b,....0axy € NEL, 7,...,7on € S, and N € N,

/Q W (71)wey (72) - - wry. (T )a (dw]0) (3.263)

N
= Z H/wadzj1)(70(23'—1))“%(21)(70(2j))7TA(dW|O)>

o j=1

where the sum runs through the set of all partitions of {1,...,2N} onto unordered
pairs. In particular,
Up ty050(T1, T2, 73, 74) < 0. (3.264)

Proof of Propositions 3.57-3.61. Since the potentials V, and loops w, are
continuous, the integrals like foﬁ Vi(we(7))dr are correctly defined through their partial
Riemann sums. Respectively, we can approximate each of the measures p Aé(dw/\) =
ma(dw|€) o Pyt by

pia(den) = — o e (= Hun(@al€)} xa(dwn). n €N,

where

—g Z Joprwy (5%) S <5§) (3.265)

and y, is the free Gaussian process introduced in (3.32). For any function f € Cy,(R")
and for all /; € A and 7; € S with 1 < j < N € N, we then have

o / (ng (Tl) 7oy Wy (TN»ME\n%(de)

— lim f(wel (ﬁk—)we (ﬁkN’"Dqu%(de), (3.266)
0 n n

whereby k;,, € {0,1,...,n — 1} are chosen in such a way that

kjn
5% — Tj, asn — oo. (3.267)
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The convergence in (3.266) follows from Lebesgue’s theorem, since by Assumptions (V)
and (J,) the partial Hamiltonians Hy ,(wa|{) are below bounded uniformly in w, and
n. By a standard cut-off argument and Fatou’s lemma, the relation (3.266) extends at
least to all polynomially bounded f. We next look at the joint law of w, (5 %) , el
0 <k <n—1, with respect to u} .. Taking into account (3.30)—(3.32), we observe that
it has the form

Htnne) = o {zz

k=0 €A
5 -1
2— Z Z Jow ok To j + n Z Z Joor T kYo i
k=0 £,0'cA k=0 (eA, 'EAC
n—1 5
+ Z |:——‘/£ l’ék + hfé mfk bnxg7k:| } dxA,na (3268)
k=0 fcA

where we set yp = & (Bk/n) and introduce the positive parameters

b, := v/am coth (g 3) ¢y = +Jam [smh (é 3)] _1. (3.269)

m n m

This is a probability distribution on z,, = (v4;) € R*Al with z,, = 49, which
corresponds to a classical ferromagnet (which, moreover, is even or of the BSF type if
all V; are such). So, it fulfills all the correlation inequalities listed above. Hence, the
corresponding inequalities for y, o will follow from their discretized versions for ,uf\n;
by taking the limit n — oo. For instance, starting from the classical GKS inequality

N
/Rn/\ (H fj (xgj:kj)) M%;(dl’/\yn)

j=1

/ (Ef] <w£1 ( %)))Mg(dw) > 0,

by (3.266) and (3.267) we immediately get its quantum version (3.257). Concerning the
FKG inequalities we note that it suffices to check them on the cone K%' (2*) consisting
of cylinder functions (3.219), see the proof of Lemma 3.38. W

3.3.5 Reference models and a new comparison criterion

We shall prove Theorems 3.45 and 3.46 by comparing our initial model (3.183) with
two reference models defined as follows. Let J and V be the same as in (3.197) and
(3.199) respectively. For A € LL := Z¢, we set (in accordance with (3.3))

1
HYY =Y [H™ 4+ V(g)] — 5 > Jewaquqr, @ €R, (3.270)
ten =
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where H}'™ is given by (3.29) and e = 1 if |{ — ¢'| = 1 and €y = 0 otherwise. The
second reference model is defined on an arbitrary L satisfying (2.2). For A € L, we
then set

1 ~ 1
HP =Y [H* +v(q})] - 5 > Jwqqe =>  He— 5 > Jwaqe,  (3271)

teA LLEN teEA LLEN

where Hj is given by (3.212) and the interaction intensities Jy» are the same as in (3.3).
Since both these models are particular cases of the basic model (3.183) we consider,
their sets of Euclidean Gibbs measures have the properties established by Theorems
3.18-3.22. By p'o%, u'? we denote the corresponding extreme elements.

Remark 3.62 The anharmonic potentials of both reference models have the form
(3.256) with the zero external field h, = 0 and the functions v, being convex. Hence,
they meet the conditions of all the statements of Subsection 3.3.4. By construction,
the low-reference model is translation invariant. The up-reference model is translation
invariant if L is a lattice and .J;» are translation invariant.

In the statements below the comparison with the low-reference model relates to the
case of L := Z¢.

Lemma 3.63 For every {, it follows that
" (we(0)) < gy (we(0)) < piP(we(0)). (3.272)
Proof. By (3.224) we have that for any cofinal L,
/ng(T)ui(dw) = ligl/gwg(T)wA(dw\ + &), for all 7. (3.273)
Thus, the proof will be done if we show that for all / € A € L,

TR (we(0)[€) < ma(we(0)IE) < T (we(0)I€). (3.274)

First we prove the left-hand inequality in (3.274). Let us introduce the following family
of measures parametrized by ¢, s € [0, 1]

(ts)<dw ) D= Y exp( Z JEM/ u)g,wg/ L3 +Z we, N ZOS L%

Ll e LeA

_ Z/ V(we(7))dT + = Z [Joer — Jew) (we,wz')Lg

leA Z LeA

- tZ/ [Ve(we(T)) = V(we(7))] dT) Xa(dwa), (3.275)

LeA
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where, cf. (3.223),

NP () =Y Jewéu(r (3.276)
lrele
+ s Z {Jeg/ — J€Ml 5@ Z JE@g/fg/
vene l'ee

which in fact is independent of 7. The partition function is given by

Y(t,s) :/ exp ( Z Jewr (we, we) L3 + Z We, M EOS LB

L0en e
— Z/ (we(T))dT + = Z [Jewr — Jegw] (wbwéf)Lg
e MeA
— tZ/ [Vi(we(T Vi(we(7))] dT) Xa(dwa).
ten

Since the site-dependent “external field” (3.276) is positive, the moments of the measure
(3.275) obey the GKS inequalities. Therefore, for any ¢ € A, the function

b(t,s) = py” (we(0), t,s€[0,1], (3.277)

is continuous and increasing in both variables. Indeed, taking into account (3.197) and
(2.196), we get

%gb(t, s) = Z [Jeer — Jew] €4(0)

: /f{m (Owe(r)] = 1y [wel0)) - i fwe ()] | dr
* % Y Ve — Jeo] {M%’S) [wé(o)(weuwzz)Lg]

01,02

= e 0)] - i [(wel,wmg]} >0,

Tors) = 3 / i (e 0) - [V (we (7)) = Vilwo (7))

el
= i )] 1§ [V (e (7)) = Vowa(r)] } ar 2 0.
But by (3.275) and (3.277)

¢(07 0) = ﬂ-kw(wﬁ(o))? ¢<1’ 1) = WA(WAO))a

which yields the left-hand inequality in (3.274). To prove the right-hand one we have
to employ the family of measures (3.275) with s = 1, t € [0,1], and v(z?) instead of
V(x). Thereafter we repeat the above steps by taking into account (3.177). =

In the next statement, whose proof follows immediately from (3.272) and Lemma
3.52, we summarize the properties of the reference models.
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Proposition 3.64 (Comparison Criterion) The model considered undergoes a phase
transition if the low-reference model does so. The uniqueness of tempered Fuclidean
Gibbs measures of the up-reference model implies that |Gt| = 1.

We emphasize that the above criterion is principally new both for the classical
and for the quantum spin systems. It offers a clear possibility to extend essentially
the classes of models which allow for the study of their critical behavior. It does not
matter which methods and results are used to establish the phase transition in the low-
reference model (3.270) with the one-particle potential V'°¥(q) := V(q) and respectively
the uniqueness in the up-reference model (3.271) with the potential V' (q) := v(g?).
The above criterion immediately implies the same properties for the whole family of
potentials V;(z) related by

Vig) =V (q) < Vilg) = Vi(@) < v(¢®) —v(§®), for ¢® <. (3.278)

3.3.6 Estimates for pair correlation functions

In this subsection we study in more detail the pair correlation functions, cf. (3.259),
Ké}’<7—7 7—,|£> = COVWA(def) [(WK(T); Ldg/(T,)] . (3279)
For AC A, 0,0 € A, 7,7 €[0,5], and t € [0, 1], we set

Qi (1, 7|At) := / we(r)we (T s (dwy), (3.280)
25

where this time we have denoted

1
NE\t)A(de) = % ( exp - Z J€1€2 LUg17Wg2) 5 (3281)
AA 41 L2EA\A
1

Z Z ‘]€1€2(Wf17w52)L% + 5 Z Jeng(wzl,Wg2)L%

JARSYAN EQGA\A l1,02€A
> [t dT} aldon),

leN
and
1
YA,A(t) = exp 5 Z ngg2(Wg1,w€2)L% (3282)
2a 01,LA\A

1
+t Z Z Jf1€2(wf17w€2)[%+§ Z ‘]4152(("}&7("]42)L§

lLeEA ZQGA\A l1,02€A

—Z/ Vi(we(r dT}XA<de)

LeA
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By literal repetition of the arguments used for proving Lemma 3.63 one establishes the
following

Proposition 3.65 The above Q5 (7,7'|At) is an increasing continuous function of
t € 10,1].

Corollary 3.66 Let the conditions of Proposition 3.59 be satisfied. Then for any pair
A C N €L the functions (3.253) obey the estimate

Ky (r,7'(0) < Ky (7, 7'10), (3.283)
which holds for all ¢, 0 € A and 7,7" € [0, f].

Now we derive bounds for the correlation functions of the reference models for a
one-point A = {¢}. Denote

KP(r,7') = mP (we(T)we(7)|0),  Kp™(r,7) i= m (wel(r)we(7)[0). (3.284)
We recall that the parameter A,, was defined by (3.213).

Lemma 3.67 For every (3, it holds for the thermal average

B
KW /0 K(r,7')dr < 1/mA2, (3.285)

Proof. In view of (3.19) the above integral is independent of 7. Furthermore, by
(3.18) and (3.20), it can be written as the Duhamel two-point function (see [100, 102])
corresponding to the multiplication operator g, in H, := L*(R, dqy),

1 B _ _ 5 _
K,* = ?/ trace {q@e_TH‘fq@e_(ﬁ_T)H’f} dr, Z, = trace[e P (3.286)
¢Jo

The Hamiltonian H, was defined in (3.212) as

1 o\ a
H, = Hfar + v (q?) = o ((9_qg> + §q? + v(qg), (3.287)

and its spectrum {F, },en determines by (3.213) the parameter A,,. Integrating in
(3.286) we get

By — Eu)(e 7P — ¢ 9Er)

| 2 (
= Z | (s @0th) 2w | 5
Z n,n ENO n#n’ (En - En')

1
7

Az Z ’IL? QKw Lz(R ‘ (En — En/)(e_ﬁEn’ — e_ﬁEn)

mnnGNo

up
K~ =

IN

1

= . itrace { [qg, [EMCM” e_ﬁgf} = AT (3.288)




3.3. FERROMAGNETIC SCALAR MODELS 141

where 1,, n € Ny := N U {0}, are the eigenfunctions of H, and [-,] stands for the
commutator in H,. m

For the functions K[°¥, a representation like (3.286) is obtained by means of the
following Hamiltonian

. 1 o\? a
Hy=H}* +V(q) = o (8_61@) + 5@? + Vi(qe), (3.289)

and the associated quantum Gibbs state p,, where m and a are the same as in (3.212)
but V' is given by (3.199). Thereby,

K1°V(0,0) = trace[q? exp(—H,)] /trace[exp(—BH,)] := d,(q?). (3.290)
Lemma 3.68 Let t, be the solution of (3.201), then K)°¥(0,0) > t,.

Proof. We use the Bogoliubov inequality (see e.g. [63, 251, 258))

BPA{AQ} ’ pA{[Bv [HAv B] ]} > |pA{[B7 A]HQ’ (3'291)

which holds for any admissible pair of self-adjoint operators A, B acting in the physical
Hilbert space Hy := L?(RAl — C). Here [, -] stands for commutator, H, is a local
Hamiltonian in H,, and the corresponding Gibbs state p, is defined by (3.13). In our
context this inequality will be applied to A := {{}, Hy := H, and A, B both equal
to the momentum operator p, = —v/—1(9/dq;). After calculations (3.291) becomes
simply

o {[pe. (B pel b = 0V (a0} + > 0, (3.292)

which further by (3.21), (3.199), and (3.200) yields
P
a+ 200 + Z 25(2s — 1)b® 5 [qf(sfl)}
s=2

b
— a4+ 260 + 37 25(2s — 1)pO7le (w%‘”(o)‘ o) > 0.

s=2

Now we use the Gaussian domination inequality (3.263) and obtain K}°¥(0,0) =
Y (W (0)]0) > t. =

In conclusion let us point out some links with the analytical approach to the Euclid-
ean path measures which was systematically developed in the joint papers [10]-[13] and
will be briefly described in Subsection 4.5.3. Let p, be the quantum Gibbs state re-
lated to the local Hamiltonian H\°¥, cf. (3.270). We remark that the following estimate
generalizing (3.292)

(V" (W)} = /Q V' (we(r))ma(dw]0) > —a, Ve AL, (3.203)
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can be easily derived from the integration by parts formula for the measure 7' (dw|0),
cf. Proposition 4.58. Let us chose the constant direction & € 2, such that £,(7) =1
if ¢/ = ¢ and £, (7) = 0 otherwise. Then the measure 7% (dw|0) is differentiable along
this £ with the partial logarithmic derivative, cf. (4.301),

_d [dmpv(w — 6€[0) o
b (w) -—@[ SIAOW(wyo ] / O H Y™ (wa(1))dT, (3.294)

where
OcHY" (qa) = V'(q0) + age — J Y _ €.

el

Then, by integrating by parts (for all rigorous details see e.g. [13]) we get

5 [0+ et = [ [0 o
- 3 | o o0y nin)| = [ e >

which yields the required relation (3.293).

3.3.7 Periodic states and phase transitions

In our language, the model described by the Hamiltonian (3.1), (3.2) undergoes a phase
transition if |G*| > 1 at certain values of the interaction parameters and the tempera-
ture 8. The strategy of proving non-uniqueness of y € G* for the scalar ferromagnetic
model (3.183) can be divided into two steps. First, we apply Proposition 3.64 and com-
pare the initial model with a certain (low-) reference model, cf. (3.270). The latter
model is translation invariant and possesses some specific symmetry properties, which
makes its investigation much easier. Below we shall perform the remaining second step
and establish the phase transitions in the reference model, which will complete the
proof of Theorem 3.45.

(i) Periodic Euclidean Gibbs states

To this end we shall crucially employ the translation invariance and reflection positivity
of the low-reference model. With this connection we construct its periodic Euclidean
Gibbs states pP® € G, which are always translation invariant (cf. Subsection 4.3 in
[122] for a general framework). An idea beyond is to show that there exist some pP,
which is however non-ergodic with respect to the group Iy of translations of the lattice.
Hence, it could not be a pure phase, that implies a non-uniqueness (see Theorem 14.15
in [122] and Subsection 2.3.5 (ii)).

Consider any cubic box in L := Z% of the form

A=(-L/2,L/2"( L, LEN, (3.295)
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and let T(A) = L/ LL be the torus obtained by identifying its opposite walls. The
distance on ¥(A) is given by

d

(0= 0By = [min{|6; — )]s L—1t; - ¢]}]".

J=1

Next, we can define the A-periodic modification of the interaction (cf. (3.270))

er J
IN(wp) = 5 Z €ppr (We, Wer) 12 +Z/ (we(T (3.296)

eL0EN teA

where ey, = 1 if [{ — '|t(n) = 1 and €}, = 0 otherwise. Clearly, I} is invariant with
respect to the translations of the torus ¥(A). The energy functional I} corresponds

to the following Hamiltonian

er ar J
HE™ =Y [H™ + V(q)] - 5 > ewtee, (3.297)
teA Ceeh

in the same sense as [ given by (3.51) corresponds to Ha given by (3.3). Now we
introduce the associated A-periodic Euclidean kernels (cf. (3.78))

1

TR (B) = e
A

/Q exp {2 (wa)} 1p(wa x One)xa(dwa), B €BQ),  (3.208)

where

ze = / exp {12 (wp)} xa(diwn):
24

Thereby, for every box A, the above 78 is a probability measure on 2°. By Lo we
denote the sequence of boxes (3.295) indexed by L € N. Since the pair interaction Je,
is of nearest neighbor type, there is a consistency relation

[ [ senmanigniae = [ s 5200

valid for any local function f € Cy(£2y) and all A, A’ € L, such that AT := {¢' €
L | dist(¢',A) < 1} C A’. For a given a € Z, let us choose some x > 0 such that the
estimate (3.122) holds.

Lemma 3.69 For every box A, o € Z, and o € (0,1/2), the measure 7" obeys the
estimate

/ lwlZ o7 (dw) < C.300- (3.300)

Thereby, the sequence {m}" | A € Ly} is Wh-relatively compact.
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Proof. For a fixed ¢ € A such that the Euclidean distance dist(¢,A°) > 1, we set
Ay = L\ {¢}. Then let p, , be the projection of 7™ onto B(f25,). For £ € {2, let
ve(+|€) be the following probability measure on the single spin space (2 := Cjp

B
ve(dwe|€) == #(5) exp {JZGM(LU@,{(,)L% — / V(wg(T))dT} x(dwe).  (3.301)
v 0

per

Then, disintegrating 77" through the DLR equation (3.80), we get
T (dw) = ve(dwelwa, )iy (dwa,). (3.302)

Like in Lemma 3.26 and Corollary 3.27 one proves that the measure v,(-|£) obeys

/c exp {)\U|Wg|%g + /f|we|%%} ve(dwe|wa,) < exp { T+ JZ Efﬁ’lw”ﬁg} 7
s

El

where A\,and « are as in (3.109), (3.115). Now we integrate both sides of this inequality
with respect to p, , and get similarly to (3.121), (3.122) that

ny™(A) := log {/Qexp[/\c,|wg|20g + /i\wgﬁ%]mp\er(dw)} < 73118 (3.303)

By the periodicity property of 77 (dw), the bound (3.303) is actually valid for all
¢ € A. Then the estimate (3.300) is obtained in the same way as (3.125) was proven.
The tightness of {75 | A € Lo} in 2, follows from (3.300) and the compactness of the
embeddings (2, , — 2, @ < /. The W'-compactness of this family is a consequence
of Lemma 3.30. m

Lemma 3.70 Every W*'-accumulation point uP*" of the sequence {mi" | A € Ly} is a
FEuclidean Gibbs measure of the low-reference model.

Proof. Let £ C L, be the subsequence along which {75"} e, converges to uPe €
P(£2%) in the topology W*. Employing the Feller property (Lemma 3.12) we can pass
to the limit along this £ in the both sides of (3.299), where we consider all possible
choices of the function f € Cy(f24). Since such local functions constitute a measure
determining class, we conclude that the limit point pP*" satisfies the DLR equation
(3.91), see Remark 2.8. Note that the desired Lg-invariance of p P follows from the
invariance of any 7}"" with respect to all translations of the torus T(A). =

(ii) Infrared estimates and the proof of Theorem 3.45

For translation invariant lattice models, phase transitions are established by means
of the infrared estimates, see [38, 37, 100, 140, 162, 228]. Here we use a version of
the technique developed in those papers and the corresponding correlation inequalities
which allow us to compare the model considered with its translation invariant version

(3.270).
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In view of Propositions 3.52 it is needed to show that
2 (wel0)) > 0, (3.304)

provided the conditions of Theorem 3.45 are satisfied. Given a box A, we introduce
the parameter

5 2
PA(B):/Q (ﬁZ/O (.Og(T)dT> TR (dw). (3.305)

e
Let ¢ € A be such that dist(¢, A°) > 1. Then by Corollary 3.66 and Lemma 3.68 we get

/ wp ()22 (dw) > K17¥(0,0) > .. (3.306)

Thus, by the Bruch-Falk inequality (see Theorem VI.7.5, page 392 of [258] or Theorem
3.1 in [102]) it holds

/Q (% /05 W(T)dT)QWR‘”(dW) > t,.f(B/4mt.). (3.307)

Recall that t, is the unique solution of the equation (3.206), whereas the function f
was defined in (3.209). By periodicity argument, both (3.306) and (3.307) indeed are
valid for all £ € A and A € L,,. The infrared estimates, based on the reflection
positivity of the low-reference model, then standardly lead to the following bound, see
[100, 102, 107, 258],

1 1
PA(B) 2 t.f(B/4mt) = gzm > o) (3.308)
per\{(0}

where F(p) is given by (3.205) and the sum runs over the dual lattice
Ao={p=0) | P :=ms;/L, —L<s; <L, 1<j<d}.

Note that for d > 3

1
AT mﬁed, as |A| — oco. (3.309)
pernoy L

Analyzing (3.308) by means of (3.207)—(3.209) and (3.309), we conclude that

Po(B) > t.f(B/4mt.) — 04/28.7 > 0, (3.310)

for all 8 > 3, and large enough boxes A. This yields the positivity of the long-range
parameter
P(f) :=limsup Py(5) >0 (3.311)

cper
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and indicates the non-ergodicity of a certain limit point P := lim, 73" € G".

Finally, by means of the Griffiths theorem (see [102], Theorem 1.1 and the Corollaries)

one can prove that
57 (w0(0)) > /P(B). (3.312)

Therefore, the estimate (3.304) holds if the right-hand side of (3.312) is positive, which
can be ensured by taking g > 5,. N

Remark 3.71 As was mentioned in Introduction, there are two general methods for
proving phase transitions (i.e., non-uniqueness of pu € G;) at low temperatures s,
namely: (i) the reflection positivity (for d > 3); and (ii) the Peierls-type argument
(for d > 2) as a part of the Pirogov-Sinai contour method. The first method we
also used above, enables us to show the positivity of a long-range order parameter
P(5), for big enough m > m, and 5 > (,(m,), via the infrared (Gaussian) upper

bounds on two-point correlation functions 75 (5_2 fO’B we(T)dT - foﬁ we (T)dr’ ) Note

that a majority of the papers here dealt with the P(¢)-models, see e.g. [100, 102, 118,
129, 228]. More general classes of potentials were treated only in the “semi-classical”
asymptotical regime 5 — oo (see [38, 37]) or at the zero temperature § = oo (see
[140]). The second method, which is a quantum modification of the Peierls argument,
was first implemented in [129, 130] to the (p?)y-model of Euclidean field theory and
then in [14, 100, 116, 265] to its lattice approximation. One defines a “collective
spin variable” o, := sign foﬁ we(7)dT taking values +1 and a long-range parameter
I1(3) == limsup, 73" (0¢0¢). Then, the occurrence of phase transition would follow
from the estimate II1(3) > 1/2 valid for large enough values of m and /5. We emphasize
that our comparison criterion, cf. Proposition 3.64, immediately allows to extend the
previously known results by taking as a low-reference model any concrete model of
even ferromagnets investigated in the above papers.

3.3.8 Uniqueness due to quantum effects

In this subsection we establish the strongest uniqueness result for the ferromagnetic
system (3.183), Theorem 3.46, which reveals the influence of quantum effects and dis-
plays the mass in the uniqueness condition. The proof will combine the classical ideas
of [42, 184, 266] based on the use of the FKG, GKS, and Lebowitz correlation inequal-
ities with the spectral analysis of the single-particle oscillators (3.287) specific for the
quantum case.

First we make precise the parameter ¢ participating in the condition (3.60) of As-
sumption (J_). Our aim is to have the relation

1310 < [l <mAy,, (3.313)

where A, > 0 was defined by (3.213). So, in what follows we set ¢ := mA2, —|[J||o > 0
and fix the corresponding o € Z. Recall that in Example 3.7 we has analyzed how to
check (3.313) in some typical situations.
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Now let us turn to the proof of Theorem 3.46. By Proposition 3.64 it is enough to
show the uniqueness for the up-reference model, which in turn by Proposition 3.52 is

equivalent to
pi?(we(0)) =0, forall >0 and ¢ € L. (3.314)

Given A € L, we introduce a symmetric matrix K* := (K2, > 0);¢c1, with the entries

B B
K, ::/ K™ 7, 7)dr! :/ T [we(T)we (77) |0] AT (3.315)
0 0
By (3.19) the above integral is independent of 7. Furthermore, we set

=1 A/ < .
K, : /l\l;ri Ky < 400, (3.316)
since by Corollary 3.66 the correlations K7, (7,7') are growing as A /' L

Lemma 3.72 If (3.21}) is salisfied, then there exists « € I such that the matriz
K := (K}}))ereL defines a bounded operator in the Banach space [%°(w,).

Proof. The proof will be based on a generalization of the method used in [8] for

proving Lemma 4.7. For ¢ € [0, 1], let the family of measures MX) € P(£24) be defined
by

u%)(de) = = { Z ngb wgl,Wg2) L3 (3317)

l1,02€N
_Z/ [we(T }XA(de),
J4SN
Ya(t) := / exp { Z oy, wgl,wgz) (3.318)
01,626
_Z/ [we(T }XA(de),
leA
where v is the same as in (3.210), (3.212). Then by (3.271)
C=TIm" ), u =x2¢10), forany Ae€L. (3.319)
LeA

The corresponding Duhamel two-point functions are given by

B
Ky (t) = / pD [we(Pwe (F)] 7, te0,1], ¢, ¢ L. (3.320)
0

One can show that for every fixed ¢, ¢/, the above K}, (t) is differentiable on the interval
t € (0,1) and continuous at its endpoints, where (see (3.285))

K (0) = 6 K)° < 6pr/mA2,  Kp(1) = Kby, (3.321)
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and dyp is the Kronecker delta. Computing the derivative in (3.320) we get

d
dtKEZ/( ) - _Zz]glgz/ / UZZ’ZMQ t 7_ 7_ Tl,Tl)dT d7-1

l1,02

+ > KL (0T Ku(t). (3.322)
£1,02

Here Uy, (67,7, 71,71) is the Ursell function of the measure u() which obeys the
estimate (3.264) since the function v is convex. Except for the trivial case Jy = 0, the
first term in (3.322) is strictly negative, which implies

KM < Ky (0 JenKpe(t), te(0,1), €L (3.323)
01,62
Let us consider the following Cauchy problem
d

3 Lo (1) =3 Ly, (0o Li(t), te (0,1, ¢ 0 cl, (3.324)
l1,02

subject to the initial condition
ng/(O) = )\(Sggl, LMI (O) Z 5ggl/mA$n = Ké;(()) (3325)

where A € (1/mA2,,1/||J||o) and « € T is chosen from the relation (3.313). For such
«, one can uniquely solve the problem (3.324), (3.325) in the space [*°(w,) (see Remark
2.1) and obtain

L(t) = AT =tAD) ", L)ooy <AL= tAIF]a) " (3.326)

where I is the identity operator. Note that the operator L(t) = (L (t)),p is rep-
resented through the Neumann series ) >° t"\"*t1J7*and thus its matrix elements
Ly (t) are nonnegative. It remains to compare (3.323) and (3.324) taking into account
(3.321) and (3.325). Using Theorem V, page 65 of [282], we conclude that

Kpp =sup K}y < Lep(1) = A [(I-A\))7"],,, (¢ €L, (3.327)
AcL

which in view of (3.326) yields the proof. m
Proof of Theorem 3.46: For { € A € L and t € [0, 1], we set

MA(E) = / we(0)m (dwltE), (3.328)

where the constant boundary condition ¢ := é’ is the same as in (3.223). The func-
tion M} (t) is obviously differentiable on the interval ¢ € (0,1) and continuous at its
endpoints. Thus, by the mean-value theorem
M)

t). 3.329
() (3:320)

0 < M1) < sup
t€[0,1]
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The derivative is

da 7
0= D Jnb, | KL, 0.7]t)dr, te (0,1), (3.330)
0

L1EN, La€AC

where, see the notation (3.259),
Kﬁ@(oa T|tE) = COVngp(dwug) [we, (0); we, (7)]

and the “external field” &, := [blog(1+ |¢' — £y|)]*/? is positive at each site ¢ € L.
Thus, we may use the correlation bound (3.261) and obtain
dMp
dt

< Y T Ky, =K ), Ve (0,1). (3.331)

L1EA, laeA”

Herefrom, employing Lemma 3.72 and the estimate (3.326) in particular, we conclude
that L
M
3 () < KT ae ). (3.332)
where by the condition (3.58) in Assumption (J,) one has ¢ € I'(w,) with any « € Z.
Thus, the right-hand side of (3.332) tends to zero as A ' L, which by (3.273), (3.328),
and (3.329) finally yields (3.314). W

Lemma 3.72 and the correlation bound (3.261) immediately imply the uniform
decay of the corresponding Duhamel functions.

Corollary 3.73 Under assumptions of Theorem 3.46, it holds for any A € (1/mA2?
1/1|1Jla) and all £,0" € L, T € Sg,

Al o

Al (3.333)
1= Al J]a

B
sup sup/ T [we(T)we(77) 1] AT’ < wa (£, ¢)
0<¢ent AeL Jo

Remark 3.74 (i) Actually, the key estimate (3.327) can be looked upon as a corre-
lation inequality relating the pair correlations K}, of the measures 7\"(:|0) with the
quantities Ly (1), which in turn can be identified with the correlation functions of a
certain Gaussian model. For the classical even ferromagnets, this elegant comparison
argument was first suggested by A. Sokal in [266]. In the latter models it is well known
(see e.g. [42, 184]) that the exponential decay of the pair correlations implies zero spon-
taneous magnetization (ie., B, x, = limy o [, zymp(dw| £ y) = 0), which in turn
by the theorem of J. Lebowitz and A. Martin-Lof (its quantum analog is Proposition
3.52) yields the uniqueness of 1 € GY.

(ii) It is instructive to compare Theorem 3.46 with the corresponding results relying
on Dobrushin’s uniqueness criterion, see Subsection 2.3.4. To this end, let us consider a
classical ferromagnet on L := Z¢ with the nearest-neighbor interaction W, (g, pr) 1=
J|xg—zp|?/2 > 0 and the self-interaction V (z,) := v(z?) of the BSF type (see (3.210)).
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Analyzing (3.321), (3.325), and (3.327), we conclude that the statement of Lemma 3.72
will be implied by the following mean-field condition (cf. Equations (20), (21) in [266])

sup / z2dm,(2]0) < (28dJ)7". (3.334)
£ Jo

The moments in (3.334) can be estimated by means of the one-point Poincaré inequality
(2.191) which leads to the uniqueness condition (2.195), previously obtained by Do-
brushin’s criterion and discussed in Remark 2.35. Alternatively, to estimate (3.334) one
may use the integration by parts method (cf. Subsection 2.4.1) yielding the moment
bound (2.244).

(iii) In [105, 214] dealing with the quantum P(¢)-models, the convergence of cluster
expansions for small masses m (independently of the boundary condition) has been
proved uniformly for all values of the temperature including the ground state case
[ = oo. However, as is typical for unbounded spins, such convergence of cluster
expansions does not yet imply the DLR uniqueness.

3.3.9 Uniqueness at nonzero external field

In statistical mechanics phase transitions are traditionally associated with non-analyticity
of thermodynamic characteristics considered as functions of the external field h € R.
In special cases one can oversee at which values of / this non-analiticity can occur. The
Lee-Yang theorem states that the only such value is h = 0; hence no phase transitions
can occur at nonzero h. In the theory of classical lattice models these arguments were
first employed e.g. in [181, 183, 184, 253]. We refer also to Sections 4.5, 4.6 in [129]
and Sections IX.3 — IX.5 in [255], where further applications to quantum field theory
are discussed.

In the case of lattice models with the single spin space R the validity of the Lee-Yang
theorem depends on the properties of the anharmonic potentials. For the polynomials
V(x) = 2* 4+ ax?, a € R, the Lee-Yang theorem holds, see e.g. Theorem IX.15 on page
342 in [255]. But no other examples of this kind were known, see the discussion on
page 71 in [129]. Below we give a sufficient condition for the potentials V' to have the
corresponding property and discuss some examples. Here we use the family Fraguerre
defined by (3.217). We also prove a number of lemmas, which allow us to apply the
arguments based on the Lee-Yang theorem to our quantum model and hence to prove
Theorem 3.48.

Recall that the elements of Fp,aguerre can be continued to entire functions ¢ : C — C,
which have no zeros outside of (—o0, 0].

Definition 3.75 A probability measure v on the real line is said to have the Lee- Yang
property if there exists ¢ € Fraguerre Such that

/Rexp(hx) v(dz) = o(h?), VheR.
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In [168] the following fact was proven.

Proposition 3.76 Let the function u : R — R be such that for a certain b > 0, its
derivative obeys the condition b+ v € Fraguerre- Lhen the probability measure

v(dz) := C exp|[—u(x?)]dx, (3.335)

has the Lee-Yang property.

Set

n

f(hZ) = /n exp [hil’l + i Cijl'imj H V(d:lfi), h e R. (3336)

ij=1 i=1
By Theorem 3.2 of [190], we have the following

Proposition 3.77 Ifin (3.336) C;; > 0 for all1 <i,j <n and the measure v is as in
Proposition 3.76, then the function f, if exists, belongs to Fragueme- It certainly exists
if v’ is not constant.

Now let the one-particle potential be of the form V(x) := v(z?) — hz, cf. (3.218).
Recall that pa(h) stands for the pressure (3.191) with & = 0, which by Corollary 3.55
is an even function of h. Define

op(h?) :=pa(h), heR. (3.337)

Lemma 3.78 If V' obeys the conditions of Theorem 3.48, the function exp (|Alg,)
belongs to Fraguerre-

Proof. With the help of the lattice discretization technique described in Subsection
3.3.4, the function

g 1
2y _
exp (|Alpy) (h7) = /QA GXP{hZ/O wedT + 5 Z Jezf(wz,wz')Lg

teA L0eN

B
— Z/ V(WE)dT} XA(dOJA)

ten V0

may be approximated by f¥)(h?), N € N, having the form (3.336) with non-negative
coefficients CZ(JN ). In doing so, see (3.268), the reference measures v™) can be written
in the form (3.335) with functions u™(¢) = v™)(¢) +a™t/2 as required in Proposition
3.76. The coefficients a¥) > 0 can be exactly calculated from (3.269) and are growing
to infinity as N — oo. For every h € R we have fy(h?) — exp (|A|p,(h?)) as N — cc.
The entire functions fy are ridge, with the ridge being [0, 00). For sequences of such

functions, their pointwise convergence on the ridge implies via the Vitali theorem (see
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e.g. Proposition VIII.19 in [255]) the uniform convergence on compact subsets of C,
which yields the property stated (for more details, see [170, 171]). =

Proof of Theorem 3.48. By Lemma 3.78, for every A € I, the pressure p,(h) can
be extended to a function of h € C, holomorphic in the right and left open half-planes.
By standard arguments (see e.g. Lemma 39, page 34 of [170], and Lemma 3.53) it
follows that the limit of such extensions p(h) is holomorphic in certain subsets of those
half-planes containing the real line, except possibly for the point h = 0. Therefore,
p(h) is differentiable at each h # 0, which by Corollary 3.44 yields the result. B

Remark 3.79 (i) Theorem 3.48 together with Proposition 3.76 give a sufficient con-
dition, the lack of which was mentioned on page 71 of [129]. Turning to the classical
analog (with m — +oo and a = 0) of the model described by Theorem 3.48 and going
through the above proofs, we conclude that |G| = 1 at all h # 0 provided

b+ € Fraguerre, Jfor some b> 0. (3.338)

In particular, the function v(t) := ¢34 byt? + byt obeys (3.338) if and only if by > 0 and
by < b3/3. Thus we certainly have |G| = 1 if by > 0 and b; < 0. On the other hand,
the example of a polynomial given in [129], for which the corresponding classical model
undergoes phase transitions at nonzero h, in our notations is v(t) = 3 — 26* + (a + 1)t
with @ > 0. It certainly does not meet the assumption (3.338).

(ii) In the quantum case the class of potentials V' satisfying conditions of Theorem
3.48 is more restrictive and has been completely described by C. M. Newman. By
Theorem 2 in [219], by + v" € Fraguere for all b > by > 0 if and only if

o(t) i= (bot® + bit) — ¥(t), >0, (3.339)

with ¥ (t) := log {t_" H [(1+t/ad) " exp (t/a?)] } : (3.340)
J

where n € NU {0}, a; # 0, Zjaj_‘l < oo, and by > 0, by € R (or else by = 0 and

b+ > a;z > 0). The product in (3.340) may be taken over an empty, finite, or

infinite subset of j € N. This means that all admitted potentials V (z) := v(2?) can be

represented as the following “perturbation” of the ¢*-polynomials

V(z) = (box* + byz?) — ¥(2?). (3.341)

(iii) After this section was written, Yu. Kozitsky communicated me that there
exists an alternative approach to the uniqueness problem at nonzero external fields
which was discovered for the Ising model by C. J. Preston in [232]. This aproach
seems to be much simpler and is based on the GHS inequalities valid for the even
ferromagnets with the self-potentials V; belonging to the EMN class, cf. (3.199). Tts
extension to the quantum case would employ the properties of the pressure functional
(3.240) established above together with the uniform moment estimates (3.97), (3.119).
A report on this issue, which to be published as an addendum to our joint paper [174],
is in preparation.



Chapter 4

Stochastic Dynamics on Graphs

4.1 Interacting spin systems on graphs

A graph is the most general mathematical description of a set of elements connected
by some kind of pairwise relation. The fast growing area of research in physics is
concerned with applications of graph theory to modelling of different complex sys-
tems and inhomogeneous structures (e.g. communication networks, statistical models
of algorithms, polymers, biomoleculas, disordered materials, etc.). Of prime inter-
est here is the question of how the geometry of an underlying graph can influence
the physical properties observed in the models. For background material on infinite
graphs, especially in the context of their applications in statistical mechanics, see e.g.
2, 61, 64, 122, 147, 154, 198, 284].

The subject of our last Chapter 4 can be generally characterized as "statistical-
mechanics type Markov processes on graphs”. We return to the classical spin systems,
but now the particles will be attached to the vertices v € V of an infinite graph
G(V,E), instead of a lattice L as in Chapters 2 and 3. The fact of interaction between
the particles marked by v,v" € V means that the corresponding vertices are joined by
the edge e = [v,v'] € E. Given interaction potentials V,, W, we then can define the
local specification IT := {7 }aev and the associated Gibbs measures p € G as Markov
fields on V. However, the major difference will concern the aims of research. While
the preceding chapters were focused on static properties of Gibbs measures, here the
emphasis is shifted towards dynamical questions. The key object will be the Glauber
dynamics, as a model of stochastic evolution (actual or in computer simulations) of the
underlying physical system towards its thermal equilibrium. Our main result will state
the pointwise exponential relaxation of the Glauber dynamics to the unique invariant
(i.e., Gibbs) measure, provided the strength of interaction is small enough.

In this introductory section we shall develop a standard DLR framework for the
Gibbs measures on graphs. In Subsection 4.1.1 we introduce a reasonable class of
infinite graphs, which can be used in statistical mechanics as indexing sets for the
interacting particle systems. Note that a principal restriction imposed on the graph
G(V,E) is that it has uniformly bounded degree. Hypotheses on the interaction poten-
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tials are listed in Subsection 4.1.2, they ought to guarantee a dynamical stability our
system and hence are much stronger that those in the preceding chapters. In Subsec-
tion 4.1.3 we define the set of tempered Gibbs measures ;1 € G* and adapt to them the
basic results of Chapter 2 establishing the existence and a-priori estimates.

4.1.1 Geometry of the graph

Here we turn back to the setup already mentioned in Subsections 2.2.5, 3.2.6. The spin
systems of our present interest are living on some infinite graph G(V,E), which consists
of a countable set of vertices (or nodes) v € V and a set of unordered edges (or bonds)
e = [v,v'] € E. This graph is simple, that means without loops, isolated vertices,
and multiple edges. It is endowed with the combinatorical distance p(v,v"), which is
the length of the shortest path  connecting the vertices v,v" € V. We write v ~ v’
for the adjacent vertices (or nearest meighbors) with the unit distance p(v,v') = 1.
For each vertex v, we define its vicinity Ov := {v' € V | p(v,v') =1} and the degree
m, := |Ov]. In the subsequent, we shall restrict ourselves to the graphs having the
uniformly bounded degree (or valence)

Mg = supm, < o0. (4.1)

veV

Obviously, for every such graph one finds a nonnegative dy < logm such that, for all
0 > dp and each initial point 0 € V,

Zexp {=dp(v,0)} < 0. (4.2)

Furthermore, we shall require the following uniform version of (4.2):

Assumption (G;) There exists 6g > 0 such that for all 6 > o¢

Hs 1= sup Z exp{—dp(v,0)} < 0. (4.3)

oeV »

For certain purposes (starting from Subsection 4.2.2) we shall need to strengthen
this hypothesis:

Assumption (G,) Condition (4.3) holds with é¢ = 0.

A large class of graphs, including the lattice Z?, which meets the latter assumption
is suggested by the following:

Lemma 4.1 Assumption (G,) is fulfilled by all graphs G possessing the so-called dou-
bling property, which means the following bound

lim sup | By, (0)|/|B,(0)| =: Cg < o0 (4.4)
r>1

on the number of vertices in balls

B.(0):={veV | plo,v)<r}, reN, oeV. (4.5)
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Proof. Let us denote S,(0) :=={v €V | p(o,v) =r} C B,(0). Then, (4.3) follows by
a simple calculation

> exp{—dp(v,0)} = 1+ > exp{—6N}-[Sx(o)|
v NeN
< 14 (mg)" Z exp {—0N} - N % <00, V5> 0.
NeN
[
As well known, the class (4.4) contains all graphs G(V,E) of polynomial growth,
which are characterized by

Assumption (G,) sup {%|BT(0)|} =:dg < o0.
reN, oeV T
(4.6)
The number dg € (0, 00) is called the upper dimension of the graph.

For the reasons explained in [64], the amenable graphs satisfying (4.1), (4.6), and
(4.9) are often called “physical” graphs.

The geometric properties (4.5), (4.6) will be relevant later in connection with the
ergodicity result of Theorem 4.9.

In general, we shall try to keep the system of notation adopted in the preceding
chapters. As before, |A| stands for the cardinality and A€ for the complement of a set
A C V; for shorthand we write A € V if 1 < |A| < co. The distance between two
sets A, A" C V is defined by dist(A, A’) := inf,ep, yea p(v,v’). There is an elementary
relation valid for all v,v' € V

p(v,v") — diam(v" U A) < dist(v, A) < p(v,v") + dist(v', A), (4.7)
where diam(A) := sup, e p(v,v') and dist(v, A) := dist({v}, A). By
O A:={v e |dist(v);A) =1}, O0TA:={v € A° |dist(v/;A) =1},
A=A A={€eA|dvCA}, AT :=AUIA, (4.8)

we denote respectively the vertex boundaries (or surfaces) of the set A C V and its
interior and closure. The graph G(V, E) is called amenable (respectively nonamenable)
if the vertex-isoperimetric constant

. OTA| .
lg = I{rg/{ N 0 (respectively ¢ > 0). (4.9)

4.1.2 Assumptions on the interaction potentials

The configuration space 2 := [R”]Y now consists of all sequences z = (x,),cv, their
components z, := (z!)%_; € R” are called spins. The potential energy of the configu-
ration x € (2 is given by a formal Hamiltonian

H() = S Valws) + 5 3 Waw(ra, ), (410)

v’
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where the sums are running over all v € V and ordered pairs (v,v’) € V2 with p(v,v') =
1. The interaction potentials are twice continuously differentiable functions

V, € C*(R" —» R), W,y € C*(R* — R)
satisfying the following list of hypotheses:

Assumption (W?") There exist Cy, Dy, J > 0 such that for all v ~v'" and ,, 2, €

RY
W (0, 70)| < 57(Ch + o+ [ ), (1)
‘%Ww(azv, zy)| < J(Dw + |zo|? + |z )2, (4.12)

0? 02
‘8—%%Wyv/(xv,xv/) I Wt (T, T ) . < J (4.13)

where in (4.12) and (4.18) we consider respectively the Fuclidean norm in RY
and the operator norm in L(RY).

Assumption (V") (i) There exist constants P > 2, Ay > 3mgJ, By € R, and
Cy > 0, such that uniformly for all v €'V and x, € R”

Avlz,|* + By < Vi(z,) <Cy (1+]z]7), (4.14)
Vi) < Oy (14 P (4.15)

(ii) For any ¥ > 0 there exist Ky, Ly > 0, such that
AV, () < |V, (2,)]* + Kplwo|* + L. (4.16)

(ii) Furthermore, each of V,, can be written in the form
Vo=Uy+Qu, Vi, Q€ C*(R" - R), (4.17)

where, respectively, U, is strictly convex and @, is globally bounded together with

its deriwatives. This decomposition is uniform in the following sense: there exist
ay > 3mgJ and dg, €, €’ >0, such that for all v €V and z, € R”

Ué/(l‘v) Z ay - Idy, Osc Qg S (SQ, (418)

UL (0)] + (@, (w0)] < €, [Q5(@0) ey < €. (4.19)

Remark 4.2 Obviously, (4.17)—(4.19) imply the coercivity and semi-monotonicity prop-
erties (cf. Assumptions (A;) and (A.) respectively in Subsections 2.4.1 and 2.4.2)

(W(xv>7$v> 2 A6‘$U‘2 - BG; (420)

A7|Iv - 'fv|2 - B7

Asly — 50 ) (4.21)

(Vi) = VI(0), 0 — 52) {

valid with any Ag = A7 € (3mgJ,ap), As := ay — € € R, and Bs = By := ¢'(As —
ay)~t > 0. Without loss of generality, we may assume that Ay > ay/2.
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The stability properties of the system (both in the thermodynamical and in the
stochastic sense) will be described by a couple of parameters

1
AV = AV — gmGJ, AU = i(aU — 3mGJ), AV > AU > 0. (422)

As usual, we suppose that the pair potentials W, vanish at the diagonal and are
invariant with respect to permutations of the coordinates v, v" and variables x,,, .

4.1.3 DLR framework
(i) Tempered configurations and measures
Given A C 'V, we set
On ={zpn = (Ty)ven | R}, 2 := (. (4.23)

Each (2, is a Polish space endowed with the product topology and with the correspond-
ing Borel o-algebra B(2,). By P(§2) and P(§25) we denote the set of all probability
measures on ({2, 5(12)) and (24, B({24)) respectively. The projections Pyp € P(§24) of
a measure p € P({2) under the mapping 2 3 z +— Pyx := x, € 2, are defined by

(By)[B]: = ulBy(B), B € B(2). (4.24)
Next, we introduce the scale of weighted Hilbert spaces
1/2

25 =z e |]|x]os := Z |z, |2 exp {—dp(v, 0)}] <oop, 0>0. (4.25)

A special role will be played by the tangent Hilbert space (corresponding to § = 0) of
square summable sequences over V

1/2
Q=B ->R) =Lz e|||z]|e:= [Z \%\2] <00 (4.26)

with the natural orthonormal basis
{h(v,i) | v e V, 1<:< V} C 'Qﬁm h(v,i) = (5vv’5ii’)v’6V, 1<i'<v) (427)

where d,,» and d;; are Kronecker’s delta. Obviously, the norms ||z||,s and ||x||, 5 are
equivalent for different o, o’. Assumption (G;) can be reformulated as

[1]]25 < Bs < o0. for any & > dg.

Another important observation is that the embeddings (25 < (25 are compact whenever
8 > 6. Now, we define the subset of (exponentially) tempered configurations

=) 2% (4.28)

0>dG
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and, respectively, the subset of tempered measures
2= P(2) ={neP() |u2)=1}. (4.29)
6>0¢

The above ' is a Polish space with the projective limit topology generated by the
system of norms ||z||, 5, 6 > dg. The set P(£2) (as well as its subsets P(£2°), P(12,5))
will be endowed with the corresponding weak topology W (respectively W', W),
which is standardly defined by means of all bounded continuous functions. With these
topologies the sets P(§2), P(£2"), and P({2,5) become Polish spaces.

(ii) Local specification and Gibbs states

Fixed an inverse temperature 3 > 0, we define the local specification IT := {7} ey as
a family of probability kernels

B(2) x 23 (B,y) — wa(Bly) € [0,1], (4.30)

ma(Bly) == ZXl(Z/)/Q exp{—LHa(zaly)} 1a(xa X Yac) Xpea day,

where

Hy(zaly) =Y Vil@)+ Y Wwl@ezs)+ > Welz,yw) (4.31)

vEA vEA, v'EANOV veEA, v'EACNOV

is the interaction in volume A € V under the boundary condition y € (2. Their finite
volume projections under the mappings Py : 2 3 z +— Pyx := xp € {2 are given by

/LA’y(diUA) = PAﬂ'A(d(L"y) € P(.QA) (432)

From the above assumptions it follows the exponential integrability for any positive

k< Ay + mGJ,
/ exp {BRZ ]:c,f} (dzly) < (4.33)

vEA

A measure p € P(£2) is called a Gibbs measure (or state) for the local specification
(4.30) if it satisfies the DLR equilibrium equation mapu = p, A € V, cf. Definition 2.4.
From here on we shall be concerned with the subset of tempered Gibbs measures

Qt ::QHP(Qt):{ueg ]V6>5@: M(Q(;):l}. (434)

We summarize the preceding discussion (see Chapter 2) on the existence and a-priori
estimates for the Gibbs measures in the following

Proposition 4.3 The set of tempered Gibbs measures is not empty, i.e., G* # &. In
particular, it contains each W-accumulation point p € P(£2°) of the family ma(dw|y),
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ANeEV,ye 2. For every k < Ay there exists a positive constant Cy 35 := Cy35(5, k)
such that, uniformly for all p € G* and boundary conditions y € §2°,

sgp/ﬁexp {Br|z,*} p(dz) (4.35)

< suplimsup | exp {Aefe,f*} maldaly) = Coan
AY Jo

v

4.2 Ergodicity of the Glauber dynamics

This section, as well as the subsequent ones 4.3, 4.4, will be mainly devoted to the
proof of the ergodicity Theorem 4.9. A unique solution to the infinite system of SDE’s
describing the Glauber dynamics will be constructed in Subsection 4.2.2. After pre-
liminary definitions, the ergodicity result itself will be precisely stated in Subsection
4.2.3. There we also shall write down its formal proof, which involves three techni-
cally different steps. The realization of Step I includes a proper approximation of
the infinite volume solution z(t,y) € ¢ by the solutions z(t,y) € 2! of the cut-off
problems. Precise estimate on the LP-convergence of such approximations, which are
based on the so-called finite propagation property for locally interacting diffusions, will
be established in Subsection 4.2.4. In Subsection 4.2.5 we consider the set Z' of all
tempered invariant measures and obtain a-priori moment bounds on its elements. Fi-
nally, in Subsection 4.2.6 we briefly discuss a possible generalization of the stochastic
dynamics method to the Euclidean Gibbs states.

4.2.1 Outline of the main result

Analysis of the ergodic properties is the most difficult task in studying stochastic evo-
lutions in infinite dimensions. According to a common knowledge, there are missing
efficient criteria for the ergodicity in general situations, except a few nice cases when
the stochastic system is dissipative or the corresponding transition semigroup is strong
Feller. In this section we shall prove our central result, Theorem 4.9, about the point-
wise ergodicity of the nonequilbrium Glauber dynamics associated with the interacting
spin system (4.10). We show that, starting from any initial value y € £, the dynamics
will converge exponentially in the Wasserstein metric to the Gibbs measure u € G*
which thus has to be unique. The result is valid under the assumption of weak de-
pendence, which typically holds when the strength of the interaction is small or the
temperature is high enough. Furthermore, we give computable bounds on the critical
values of these parameters and on the speed of the relaxation. This seems to be the
first explicit statement about the ergodicity of the infinite system of interacting diffu-
sions. To prove the result we shall combine different probabilistic and analytical tools
such as the Lyapunov function method, log-Sobolev and Talagrand’s inequalities, and
Dobrushin’s contraction technique. The supporting material on these topics are con-
tained in the subsequent sections. However, it should be recognized that such approach
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is essentially limited to the systems of a gradient type and presumes the existence of
the Gibbs (i.e., symmetrizing) distribution.

The history of the problem can be summarized as follows. The equivalence between
the mixing properties of the Gibbs measures and the exponential convergence of the
associated Glauber dynamics is well understood in compact spin spaces (cf. [202]-
[204], [269, 270]). For lattice systems of unbounded spins, the investigation of this
problem was initiated by B. Zegarlinski in [295]. Using semigroup methods, he proved
that the wuniform log-Sobolev inequality (ULS) implies the exponential convergence
with the rate Clyrs of a certain (properly constructed) Glauber dynamics in the infinite
volume. By means of the stochastic calculus this result was refined by N. Yoshida
[290], who showed that (ULS) yields the uniqueness of u € G* and the convergence of
all transition probabilities y, ,, y € %, of the infinite volume process

/f,ut’y — /fu, as t — oo, for local smooth functions f : 2 — R.

At the same time, G. Royer [249] has observed that for the uniqueness of 1 € G* it
suffices to have a weaker form of (ULS) for y, , with a fixed boundary condition, say
y = 0. These results were established only for the translation invariant systems with
attractive harmonic interactions ( “classical ferromagnets”) and strongly used the a-
priori estimates for the Gibbs states ;1 € G* known for such systems from the early paper
of J. Bellissard and R. Hgegh-Krohn [42] (see Subsection 2.2.1). It worth mentioning
that the pointwise ergodicity of the infinite systems of non-gradient diffusions has been
studied by the method of cluster expansions in the asymptotic regime J — 0 in the
series of papers of V. Malyshev and his collaborates, cf. [150, 151]. Another still open,
challenging problem is to show a dynamical separation of phases, i.e., non-ergodicity
of the stochastic dynamics, which has to occur in the unbounded spin systems outside
the uniqueness regime for ;. € G.

Thus, as compared with [249, 290, 295|, the progress achieved in Theorem 4.9 is as
follows:

— The result extends to the systems of vector spins with general non-translation
interactions of at most quadratic growth, whose indexing set is a graph;

— The result is clearly stated as the ergodic theorem, that says that the dynamics
possesses the unique invariant measure p € P(£2°) and there is a local weak convergence
of the laws v; — p for all initial distributions v € P(£2*);

— The Wasserstein distances are used to estimate the convergence of the transi-
tion probabilities y,, — p. Then for each finite volume projection Py, the distance
W (Papy,, Pap) exponentially decays as C'(A,y)exp{—tCuyrs} with Cyrs being the
uniform log-Sobolev constant for all local Gibbs measures s, ,. The factor C(A,y) is
an integrable function of y € ', whose growth is determined by the one-particle
potentials;

— The explicit bounds on Cyrg in terms of the temperature and parameters of the
interaction are given;

— The mechanism of such ergodicity is clarified by using Talagrand’s transportation
inequality for the Wasserstein distances;



4.2. ERGODICITY OF THE GLAUBER DYNAMICS 161

— It is shown that the pointwise convergence of the dynamics implies its exponential
L?-decay with the same speed Curs.

4.2.2 Unique solvability of the Cauchy problem

Here we introduce a notion of solution to the Glauber dynamics associated with the
spin system (4.10).

Let us fix some probability space (2, F, P) with a filtration (F;);>o and a family
w(t) = (wy(t))yey of independent, R”-valued standard Brownian motions on it. We
shall consider the following infinite system of locally interacting It6’s diffusions

1
dz,(t) = Ebv(x(t))dt + dw,(t), t>0, veV. (4.36)
The drift term

b= (bv>v€V € beloc(ﬂt — Qt> (437)

has a gradient form, whereby its components coincide with the partial logarithmic
derivatives of the measure pu, cf. (2.205),

2320 by(x) =B V() + > 0, Wow(z, z0)| €R”. (4.38)

v’ €Jv

A peculiarity, caused by the infinite number of components and possible nonlinear
growth of V. is that the vector field (4.37) in general cannot be defined pointwise in
any fixed weighted space (25 of the scale (4.25). But, as is apparent from (4.12) and
(4.15), it maps continuously each (25 into a large space 2y with &' > §P and satisfies
the polynomial bound

16(@)[o5 < Csp (1+[2]l5) = € . (4.39)
Furthermore, employing the canonical basis (4.27), we have that

b= Y el € Chaoc(25 — 2y), (4.40)

VeV, 1<i<v

where the series in (4.40) converges uniformly on every ball in (2.

Definition 4.4 Given a (nonrandom) initial value y € 2%, by the strong solution of the
corresponding Cauchy problem we mean a continuous process x(t,y) = (z,(t,y))vev €
2%t >0, satisfying (almost surely)

1 t
Ty(t,y) = Yo + 5/ by(x(s,y))ds +w,(t), t>0, veV. (4.41)
0
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The applications of the stochastic dynamics method in classical statistical mechan-
ics goes back to the paper of R. J. Glauber (1963) on the time-dependent statistics of
the Ising model. The stochastic equation (4.36) is usually called the Glauber or gra-
dient dynamics associated with the Hamiltonian (4.10). During the last three decades
such SDE’s in infinite dimensions have been extensively studied in the literature, we
just mention (among others) early contributions [98, 114, 145, 187, 188, 248, 261| and
more recent ones [24, 56, 249, 291].

Concerning the list of hypotheses on the potentials V,,, W,,, made in Subsection
4.1.2, we stress that our goal here is not to release (as much as possible) regularity
assumptions on the drifts b,(x) which are required at some intermediate steps, but to
examine the qualitative behavior of the system as t — oo.

Agreement. From here on we always suppose that the graph G obeys Assumption
(Go)-
This is a technical hypothesis, but it will essentially simplify the control of the

stochastic dynamics. Below we collect the principal results known so far about the
solutions of (4.36).

Proposition 4.5 Under Assumptions (V*), (W™), for each y € 2" the Cauchy prob-
lem (4.41) has a unique solution x(t,y), t > 0, in 2°. Furthermore, for all t > 0,
p>1, andy € 0*

sup sup El|z,(s,y)[* < cc. (4.42)

v 0<s<t

A family of all such solutions constitutes a time homogeneous Markov process x(t) =
(@y(t))vev € 2%, t > 0, with the transition probabilities

p,(B) == P(z(t,y) € B), t>0, ye ', BeB), (4.43)

obeying the Kolmogorov-Chapman equality

ena(B) = [ posea Bl do), 0820 (4.44)

The associated transition semigroup T,f, t > 0, which is defined by

Tif(y) := Ef(x(t,y)) = /Qf(fﬁ)/wt,y(dw), fegy), t=0, (4.45)

is Feller, i.e., preserves the Banach space Cy(£2Y). Its dual semigroup puTy, t > 0, acts
in the Banach space P(2") as

JT(B) = /Q w(dy)yy,(B), B eB(®2Y), t>0. (4.46)

A measure 1 € P(§2Y) is said to be the invariant (or stationary) distribution for the
Markov process x(t) if
/“LTt = M, t Z 0.



4.2. ERGODICITY OF THE GLAUBER DYNAMICS 163

The set ' of tempered invariant distributions is nonempty, whereby all its elements
satisfy the following a-priori estimate

sug sup/ |2, [ p(da) < Cﬁ% < o0, forany p>1. (4.47)
pe v N

Most of the above properties are standard and come out by a formal substitution
of the indexing set . = Z¢ by a graph G. A full account of them can be find in [24],
but already formulated in a more cumbersome situation of the stochastic dynamics on
loop spaces. Later on, in Subsection 4.2.4, we shall clarify some key issues concerning
how to construct the solutions of (4.41) and derive the uniform bound (4.47).

Definition 4.6 The Markov process x(t) is called (locally weak) ergodic, if
(1) There exists exactly one invariant distribution p € Z(£2*);

(it) For every v € P(£2°) and any A € V, it takes place the convergence in the weak
topology on 2
Pa(vTy) — Pap, as t— oc.

Remark 4.7 Recall that a measure p € P(£2") is said to be the reversible distribution
for the Markov process x(t) if

[@ngdn= [ 1@g)an rge @), tzo (1.48)
9] 9

The set of all tempered reversible distributions, which will be denoted by RY, is a-
priori contained in Z*. Then T,, ¢t > 0, uniquely extends to a symmetric contraction
semigroup of Cy-type (strongly continuous) on L?(p). Furthermore, this semigroup is
sub-Markovian (positivity and identity preserving) and hence contractive in all LP(pu),
p € [1,+00]. Let (H, D(H)) be its infinitesimal generator in L?(u1); it is clear that
H > 0 and 1 €D(H) with H1 = 0. In other words, (4.48) means that u € R" is
symmetrizing for H, i.e.,

(Hf, 9) 2 = (f;Hg) 2wy, Y f.g € D(H). (4.49)

Hence it is also infinitesimally invariant, i.e.,

/ Hfdu =0, VfeDH). (4.50)

0

The basic relation between the above classes of measures is expressed by
G'=R'CI" (4.51)

In a rather general context, the equivalence between the Gibbsian property and the
stochastic reversibility has been established e.g. in [76, 87, 98, 114, 119, 110, 145,
153, 165, 247, 248, 261]. Another conceptually important question — whether the
sets of invariant and reversible distributions for classical spin systems coincide — still
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remains unresolved; in some particular situations (e.g. for IL := Z¢ with d = 1,2) the
positive answer was given in [59, 60, 115, 145]. Existence and regularity properties of
(infinitesimally) invariant measures, as an intermediate step to the ergodicity problem,
have been studied intensively; for the present state of research and available techniques
we refer to [54]-[56], [77, 85, 132, 189, 241, 242].

The next statement allows us to identify the generator of the transition semigroup.

Proposition 4.8 Let Assumptions (V*), (W) be satisfied, and consider any p € G* =
R. Then the generator of the semigroup Ty, t > 0, acting in L*(n) coincides with the
Dirichlet operator H,, of the measure (1, which was introduced in Subsection 2.5.5 (ii).
The later is given by the second order differential expression, cf. (2.206),

Hyf(z) = = [Auf + (by, Ou, /)] (4.52)

veV

on the set of smooth cylinder functions f € FC:°(2), which moreover is its domain of
essential self-adjointness.

The proof will be postponed to Subsection 4.2.4, where we shall look in more
technical details at the properties of the process z(¢,y), t > 0.

4.2.3 Scheme of the ergodicity result

Here we present the main result of this chapter.

Theorem 4.9 Suppose that the graph G obeys the polynomial growth, see Assumption
(G,). Let the interaction parameters satisfy the following relation

ay

JmG < —1 n 6559'

(4.53)

Then, the Markov process solving (4.41) is ergodic in the sense of Definition 4.6 and its
transition probabilities converge exponentially quickly to the unique invariant measure
pu € I = G*. More precisely, let us introduce the (uniform log-Sobolev) constant

Curs == B [(ar — Jmg)e 2@ — Jmg] > 0. (4.54)
Then, for any Cyss € (0,Curs) one finds a corresponding 6o = 6o(Cys5) > 0, such

that for each 6 € (0,00), t > 1, and ally € 2, 0 € A € V, the following estimate for
finite volume projections holds in the Wasserstein metric on P(§2y) :

WAaEDA,U,uy,PA/VL) < exp {|A’K4.55 — tC4.55} Zv (1 + |yv‘P/2) e*éﬂ(v,o)7 (455)

where K455 > 0 depends only on Cyss and dg.
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Necessary details about the Wasserstein distance W will be recalled in Subsection
4.4.1. Here we consider each {2, as a Banach space with the [*-type norm |zA —Zpla =
Y vea |Tw — Tp|, but of course the similar result will be true for other choices of the
norm including the Euclidean one borrowed from R¥/A!. In infinite dimensional setting,
a main reason for using the Wasserstein distance, which metricizes the topology of weak
convergence, is that the transition probabilities p, , € P (") are mutually singular and
hence their strong convergence, in the total variation distance, does not hold.

Now we explain a general strategy how to prove the ergodicity result of Theorem
4.9. The proof will be done in three steps which are focused on the following problems:

I. Finite volume approximation of the stochastic dynamics;
II. Uniform ergodicity of the finite volume dynamics;

III. Exponential convergence of the local conditional distributions.

Each of the above problems will require its own techniques, which respectively can be
characterized as follows:

I. Stochastic Approach: methods from the theory of finite and infinite dimensional
SDE’s (Subsections 4.2.4, 4.2.5);

II. Analytic Approach: entropy estimates, Poincaré and log-Sobolev inequalities for
the corresponding Dirichlet operators (Subsections 4.3.1-4.5.4);

III. DLR or Markovian Approach: use of the associated Gibbs structure and Do-
brushin’s contraction estimates (Subsections 4.4.1, 4.4.2).

Of course, any single problem taken from this list has been studied by many authors,
from different viewpoints, and for various aims. A major new input of the present work
is to show how a proper combination of such distinct techniques leads to the ergodicity
result of Theorem 4.9.

To realize this program we shall follow a standard way for constructing and studying
solutions to the system (4.41) in the whole V, which is based on its finite volume
approximation. For any fixed initial data y € 2' and A € V, let us consider the
Cauchy problem derived from (4.41) by a cut-off procedure with respect to y,, v & A,

1t A
v 5 bv ) d vtv A,
wﬁ(t,y)z{ ot 2 Jo b5, 9))ds + w,(t), v e t>0. (4.56)

To(t,y) = Yo, vE A

Then, to each finite volume A € V, there corresponds a unique non-exploiding strong
solution z(t,y) € 2 starting from y € 2'. These solutions obey the polynomial
integrability similar to (4.42) and with probability one approximate the solution to the
infinite volume problem, i.e.,

P { i, | s llo(s.) = oA 6u)llos| =0} =1 (457)

V lo<s<t
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By p, € P(£2") we denote the law of the random variable z*(t,y) € £2".

We stress that (4.56) is a particular case of SDE’s (though with globally non-
Lipschitz drifts), whose general theory is much elaborated in finite dimensions, see e.g.
the standard sources [127, 139, 193, 243]. Our goal however is going beyond such theory,
in so far as we need the quantitative and dimension free results describing the rate of
convergence of 2 (t,y) — z(t,y) as A /' V and t — oco. Loosely speaking, we should
be able to commute the above limit procedures in volume and in time. In doing Step I,
a key role will be played by the so-called finite propagation property to be discussed in
Subsection 4.2.4, which gives precise estimates on the LP-convergence in (4.57). By the
classical Khasminskii theorem (cf. e.g. Theorem 4.4.1 in [139]; Proposition 4.1 in [97])
we already know that each diffusion process (z2(t,y))yen € 24 is ergodic, whereby its
unique invariant (moreover, reversible) distribution is the local Gibbs measure 11, , in
volume A with the boundary condition y. This theorem however cannot help us to pass
to the thermodynamic limit A 7 V, since it contains no information how quickly the
probability laws Pas, of (22 (t,y))ven would converge to s, , as t — oo. To control
such convergence we shall employ analytical tools based on the entropy estimates and
log-Sobolev inequalities, which will constitute Step II in the above scheme of proof.
And finally, to check the convergence of invariant measures y, , as A 'V, at Step 1]
we shall refer to their interpretation as the conditional Gibbs distributions and apply
the corresponding DLR techniques.

To be more specific, the above scheme gives rise to the following chain of estimates

W (Papey, , Pap) (4.58)

(I) < W (Pasiy . Pasicy) (4.59)
A

(ID + WA(t)(:ut,g(f) ) MA(t),y) (4~60)

(I1I) + W (Papiage.y » Pam)- (4.61)

From a technical viewpoint our strategy can be outlined as follows. For each fixed
A € V, we allow for the intermediate volumes A(t) to grow quickly enough so that
dist (A, [A(?)]°) > 1 + Bt as the time t — oo. The “speed” parameter B > 0 will
be explicitly given in Proposition 4.16. As will be shown below, in such regime all
three terms in the right-hand side in (4.58) are exponentially convergent in time like
C(y)e t“vts | whereby the functions C(y) behave them polynomially as HvaZ{f and
hence are integrable with respect to pu € Z°.

Proof of Theorem 4.9. The proof formally can be written down as follows.
The first term, (4.59), is estimated by Corollary 4.17 as

I) < CUOEI|A2 exp{%(Sldiam(A) — Mdist(A, [A(t)]c)} (4.62)

xS (1+ [y e 200w,
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The second term, (4.60), is estimated by Corollary 4.34 as
(ID) < CP2| A1) exp {dzdiam[A(t)] — tCurs} (4.63)
X > (L [yo|7/2)e02000),

The third term, (4.61), is estimated by Corollary 4.40 as

(III) < (14 Cuao) |A| exp {53diam(A) - %dist (A, [A(t)}c)} (4.64)

X (1 —||DJ|pexp (53)71 Z (14 |y)) o—93p(1,0)/2.

v

Here we may chose arbitrary M,d;,d, > 0, 83 € (0,1log||D||g!), t > 1, y € 2F, and
consider the bounded domains A C A(t) containing an initial vertex o € V, such that

dist(A, [A()]9) > 1+ ¢BSLY.

Now we set M =41 =1, 63 := 1 log||D||5", and

R i= max {4Curs(1 + log | DII;") ", 2B} (4.65)
Supposing that
dist(A, [A()]°) > tR, (4.66)
sy {%diam[A(t)]} =5 <oo limsup {% log |A(t)|} 0,

we next put 9y := (Cyrs — Cas5) /28 > 0. Summing (4.62), (4.63), and (4.64) together

gives us the desired estimate (4.55) with dg := %min {61,02,d3}. So, to complete the

proof it remains to construct a sequence A(t) /' V obeying the properties (4.66). It is
naturally to take

A(t) := 0 A= {0 € V | dist(v/;A) <tR} (4.67)
with
diam[A(t)] < diam(A) + 2tR, (4.68)
IA()] < |Bry(0)], and r(t) := diam(A) + tR.

Note that the factor exp {const|A|} in the estimate (4.55) allows us the uniform control
with respect to all initial sets A € V. Thus, as (4.68) shows, the cofinal sequence (4.67)
would fit (4.66) if

1
sup {—log\Br(o)\} < 00.

reN, oevV | T
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But the last property surely holds for each graph G which obeys the polynomial growth
condition (4.6). For the moment we leave open the question about the ergodicity in
the sense of Definition 4.6 and shall clarify this in Proposition 4.12 below. W

The previously known results about the exponential relaxation of the stochastic
dynamics in ferromagnetic systems, see [290, 295|, were stated in the dual form which
describes the action of the semigroup T, ¢ > 0, on smooth local functions, without
mentioning the Wasserstein distance. Furthermore, no explicit estimates on the rate of
convergence in terms of the parameter interaction have yet been given. The following

assertion presents the dual form of Theorem 4.9 and considerably improves the related
result of N. Yoshida (see Theorems 2.1 and 2.2 in [290]).

Corollary 4.10 In the dual form, the estimate (4.55) can be rewritten as

(T f)(y)= < f>ul = ’ /Q fa) [,y (dz) — u(dx)]‘ (4.69)
< [flaefmasNtCass N 7 (1 4 [y, [P/2) €709, v f € Lip(y),

where, see (2.169), (2.170),

Lip(£2y) == {f : RVIAI ]R‘ [f]a := sup lea) = J(Ea) < oo} . (4.70)

S
Proof. The left-hand sides in (4.55) and (4.69) coincide by the Kantorovich-Rubinstein
relation (4.194). =

The next result says that the pointwise exponential relaxation of the stochastic
dynamics (4.55) ensures the spectral gap of size Cyrs for its generator H (see the
definitions (2.212), (2.213)) or, what is equivalent, the L*-exponential decay (4.71) of
the semigroup Ty, t > 0..

Corollary 4.11 In situation of Theorem 4.9, for all f € L*(n)
Var,(Tof) = |Tof = Bufll; < €| fllLan, ¢ 20, (4.71)

Proof. Integrating (4.69) with respect to i € Z* and crucially using the a-priori bound
(4.47), we get that

1/2
||']I‘tf — EMfHLi < Q[f]A . E§€K4.55\A|—t04.55 (1 + Cfii/f)) ‘

Finally, we refer to the general fact (see e.g. page 374 in [156], Theorem 2.3 in [244],
or Proposition 2.9 in [287]) saying that the (much weaker) bound

Var,(T.f) < K(f)e “7, vt >0, (4.72)

holding with its own constant IC(f) > 0 for each function f from a dense domain D in
L?(u), indeed yields the spectral gap estimate (4.71) with Cy47. Since these Cy 47 can
be taken arbitrarily close to C'urg, by the continuity argument we immediately obtain
the result. m
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Proposition 4.12 From (4.69) is follows that p € G* is the unique tempered invariant
measure.

Proof. Suppose that there exists one more i € Z*, which by Theorem 4.21 has to
satisfy the a-priori bound (4.47). Then, by Corollary 4.10 we get that for all A C 'V
and f € Lip(f24)

/Q flea)iilde) = lim [ T.f(2)i(de) = / Flaa)u(dz), (4.73)

t—o0 0

which implies ¢ = fi. The passage to the limit ¢ — oo is allowed by (4.47) and
Lebesgue’s dominated convergence theorem. In a similar way, but additionally em-
ploying the L°°-contractivity of the semigroup T;, ¢ > 0, one proves that for each
v € P(2%) and all bounded Lipschitz continuous functions f

/9 F(aa)Tow(dz) = / T f(z)v(dr) — / Flaza)u(de) (4.74)

(which means the convergence T;v — p in the Fortet-Mourier distance). Since C(£2,)
(as a subset of Lip(§2y) N L>®({24)) is densely embedded in Cy(2y), by a standard
approximation argument the convergence in (4.74) extends further to all f € Cy(f24),
which implies the required ergodicity in the sense of Definition 4.6. m

Remark 4.13 (i) Under additional integrability assumptions on the initial distribu-
tions v € P (2%, it is also possible to control the convergence Ty — 1 in the Wasserstein
distances W,, p > 1.

(ii)) The spectral gap estimate (4.71) by itself does not yet imply the pointwise
ergodicity like in (4.69) for all y € 2. The sufficient conditions for (4.71) are discussed
in Subsections 2.3.5 (ii) and 4.5.1.

(iii) Actually, Theorem 4.9 could be stated with the best exponent Cys55 := Cuyrs
in (4.55), if we replace (4.60) by a more accurate estimate for W (}P’Auf,@(}t) s Patingy,y)-
Note that the projections Ppfiy (), satisty the log-Sobolev inequality with the same con-
stant C'yrs. So, it only remains to get an upper bound for the entropy H(]P)A/Lfy PALA ),
which has to be similar to that in Theorem 4.33 and independent of A O A. This is
surely possible and will be discussed elsewhere.

4.2.4 Finite propagation property for stochastic dynamics

Here we perform Step I in proving Theorem 4.9. Along with rather standard Proposi-
tions 4.15, 4.18, and 4.20 describing the properties of the solutions in finite and infinite
volumes, the most principal issue is Theorem 4.16 and its Corollary 4.17 about the
so-called finite propagation property for locally interacting diffusions. This property
can also be established in a rather abstract context, including the case of general (e.g.
N-particle) interactions. As will be seen from the proof, a necessary condition for its
validity is that the drift terms (which need not to be of a gradient form) are local, i.e.,
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there exists some finite p > 0 such that each component b,(z) depends only on x,, with
p(v,v') < p.

The finite propagation property is well known for stochastic dynamics with com-
pact spin spaces, cf. e.g. [146, 269, 270]. Its extension to the unbounded spin systems
was first performed in Proposition 1.4 of [295], by constructing a finite volume ap-
proximation of the semigroup T, ¢ > 0. This was done by means of pure analytical
methods based on the Duhamel formula. The analog of that result in our situation
is the dual estimate (4.99) in Corollary 4.17. Thereafter, in Lemma 3.1 of [290], by
applying probabilistic methods there was obtained the strongest result of such type,
which states the L?P-convergence of the random variables 2*(¢,y) — z(t,y) as A /' V.
Theorem 4.16 to be proved below improves those results in the following directions:
(i) we are able to consider general drift terms, whereas [295, 290] dealt exceptionally
with translation invariant harmonic interactions on a lattice; and (ii) the formulations
and proofs in [290] are true only for p = 1, and there is a principal mistake in their
argument for p > 1 which we shall correct.

Technically, the proofs below will rely on a simple observation made from (4.13),
(4.20) and (4.20), that the drifts (4.38) satisfy the following coercivity and semi-
dissipativity properties:

Lemma 4.14 For allv € A CV and xp,Ta € Qp, Yac € Qpe,

DW+ Z |xv"2+ Z ‘yv"2]

<Z) (bv(xAyyAC),l'v) — ﬁg

v'eANOv v'eACNdv
< =B (A — Jmg) |xy|* — BBs; (4.75)
(”) (bv(x/\a y/\c) - bi;\(jA7 yAC)J Ty — j:v)
J ~ 2 ~ 12
_65 [ Z |{L‘U/ — .ZUU/| —+ Z |y'u’ — yv’| ]
v'€ANOv 'eAenov
—B(A, — 3 —712—- 3B
< ﬁ( 7 ~QJZWL(G:) |xv xv| ﬁ 75 (476)
6A8|xv - xv| .

Recall that here Ag > ay —€” and Ag, A7 € (3Jmg,ay) can be chosen arbitrarily.

We start with the a-priori moment estimates on the solutions of (4.41) and (4.56),
assuming nothing more than (4.75) and (4.76). The proposition below shows the ez-
ponentially weak dependence of zX(t,vy) on boundary values v, as p(v,v’) — oo.

Proposition 4.15 Fized § > 0, for any p > 1 there exist positive C’g% = 0@7(5) and
Cyrg = C’i%(é), such that for allt > 0,y € {25, and v € A EV,

(i) sup Elzl(s,y)[? < 2HCin D (A [y |yt (4.77)

0<s<t -
v



4.2. ERGODICITY OF THE GLAUBER DYNAMICS 171

(1) E ( sup ]xﬁ(s,y)|2> < 3¢3tCats Z(l + [y |2)e 0P, (4.78)

0<s<t -
v

All stated above is also valid for A :==V and x(t,y) := z"(t,y).

Proof. The proof is entirely standard (cf. e.g. [290] in the translation invariant case
with p = 1). So, our aim is to get the estimates which are uniform with respect to all
shifted norms || - ||,. By Ito’s formula we have that for each v € A

s () <yl +p/0 0 (5, 9) P77 [ (2 (5, 9), b2 (5,)) + v(2p — 1)] ds

t
+2P/ (@3 (s, 9) |20 (5, )72, dwy (), ¢ > 0; (4.79)
0

for p = 1 there is just an equality in (4.79). Herefrom, by Holder’s and Young’s
inequalities and the coercivity property (4.75), we conclude that for all v € V

EX)(t) =: Elz)(t,y) (4.80)
t
S |yv|2p + C14EZ)8)0/ [1 + mGEz(;p) (8) + Zqﬂeav Ef}%))<8)i| d87 ) l Z 07
0

with a constant C{%) = p[v(2p — 1) + B|Bs| + BJ(Dw +1)/2]. Applying to (4.80)
the infinite dimensional version of Gronwall’s inequality (see Lemma 4.22 below), we
readily obtain that

sup EP)(s) < Z ) e PP sup EP)(s) (4.81)

0<s<t 0<s<t

etCiRoms (1+e™) Z

IN

o Po0l) [,yv, 2 + tCi?’s)o]

’U,

< 2 2O, Zv: o~ Pop(v,0") (1 + \yvf|2p) < 9etCs (E 5+ Hy||%,5)p < 0,

which proves the claim (i) with C’f7)7(5) = C’ngmG (1+ ). To prove (ii) we use
Doob’s maximal inequality for martingales implying that
2) ] 1/2

E ( sup E ( sup
0<s<t 0<s<t

<2 {/OtE]a:f}(s,y)\zds] 1/2. (4.82)

[t duns)

[ s ano)]) <

Thereafter, repeating the preceding estimates for p = 1, we find that the following
quantities are finite

E,(t) =B sup | (t, )", veV,

and satisfy the system of inequalities

t
Eu(t) <2+ [y [* + cggo/ 142B,(5)+ > Buls)]ds, t>0.
0 v (Y
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Lemma 4.22 yields us finally that
Ev<t) < Z / 6—6P(v,v')EU,<t)

(R (em) S 0o [y, 2 )

3HC S ) (14 ) = 369 B 1 2]

(%

IN

IN

|

The next statement describes the so-called property of finite speed of propagation of
interaction (cf. [295], page 408) for the system of locally interacting diffusions (4.41).
Because such property is also of independent interest and can be used more widely,
we shall formulate it in a much generality. Indeed, for proving the ergodicity result of
Theorem 4.9 we need only its Corollary 4.17.

Theorem 4.16 Fized 6 > 0 and M > 0, for each p > 1 one finds positive constants
Bg)s)g = 3%3(5, M) and C’fs)?, = 223(5: M) (respectively, Bysy = Byga(d, M) and
Cuss := Cyga(6,M)), such that for all domains A C A C 'V, boundary conditions
Y,y € 25, y =1y on A, and inner points v € A~ with

dist(v,A°) > 1+ tBé(fg:S (respectively, dist(v, A®) > 1+ tByg4),

the following estimates for the corresponding solutions hold:

< Clle MDY (1 g [ [ ),
(i) B ( sup |\, ) — x$<t,z;>|2) (4.84)
0<s<t
S C'4.846_2MdiSt(v’Ac) Z(l + |yv’|2 + |y~v’|2)€_ép(%v/)'

,Ul

In particular, all the above applies to A =V and x(t,§) := z" (¢, 7).

Proof. The proof to be presented here (at least for p = 1) is based mainly on that
of [290], Lemma 3.1 (b). Set z(t) := 2*(t,y) — (¢, ), then obviously z,(0) = 0 for
v € A. For each point v € A7, by integrating by parts we have

|Zv(t)|2p = p/o |zv(3)|2p_2 (Zv(s)a bv(xA<S7y)) - bv(xA(Sa ﬂ))) ds. (4-85)

Employing here Young’s inequality and the semi-dissipativity property (4.76), we fur-
ther get that

|2t < Bp

A @y Y | |zv<s>|2p—2|zvf<s>|2ds]

v/ €Jv

» (A8 + m(;é) /0 o (5) s S /0 t \zv/(s)|2pds] O (486)

v €Qv

<p
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For all other points v ¢ A~ we simply write

Elz, ()| < 227" [Elzy (t,y) | + Elap (8, 9)*] .
Combining (4.86) and (4.87) we arrive at

I,(t) := sup E|z,(s)|*

0<s<t

t
< (t) + Z , Qm,// Iy(s)ds, veV,
v 0

07 ifveA™
t) = 4 921 CL S (L 4 2 4 [ )70 otherwise,

and
Q e p(A8+JmG/2)a if p(U,’U/) < 17
v 0, otherwise.

In turn, (4.88) can be looked upon as a vector inequality
t
t +/ Ql(s)ds, 0<t<T < 0,
0

for 1(t) := (I,(t)),ev taking values in the Banach space (cf. (2.11), (3.68))

!

15/(V) := {u = (U ) ey € RV

v

with 0 :=v € A~ and ¢’ := dp. Iterating it (N — 1)-times we get that

) < Zn i mQ” / / /OtNl QY I(ty)dty ... dtadt.

A key observation leading to the proof is that
(Q"c(t)), =0, foralln <N < dist(v, A).
Therefore, by (4.93)

) < 90y,

< g1 A0, (tK) ST+ g+ (G [P)e P >0,

UI

whereby, having regard of (4.77), (4.87), and (4.90), we put

J
K = K£9)4 = <A8+mG§> (1—|—mGe§p).

[l =D [l exp {=0"p(0,0)} < oo} ,
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(4.87)

(4.88)

(4.89)

(4.90)

(4.91)

(4.92)

(4.93)

(4.94)



174 CHAPTER 4. STOCHASTIC DYNAMICS ON GRAPHS

Thus, for any given K, M > 0 it remains to find B, C' > 0 such that the constraint
0 <tB < dist(v,A°) — 1 < n < dist(v, A) (4.95)

implies
(tK)"

= < Cexp {—2 [Mdist(v, A°) + th7)7] } :

Indeed, an elementary calculation based on (4.95) and Stirling’s formula
(n! ~+2mn (n/e)", n — oo) shows that

tK)" tK\" Ll Ae
( ') S 04.96 (G_) S 04.96(B/€K)_%[d15t(v’/\ )+tB—1], (496)
n. n

with some universal constant Cy g6 > 0. The claim (i) now follows by choosing
. 1
By = max { KR, MO Oy = 2 Cua(BeK ). (497)

The second claim is proved analogously, whereby we use (4.78) and set Bjygq :=
1 1
(3/2)Bilks: Casa = (3/2)C1%;. m
Let p,(dzy) € P(£2') denote the probability law of the finite volume solution
2M(t,y) € 24, and let T, ¢t > 0, be the corresponding semigroup in L2(£2y, fy,,) With
the generator Hy ,, cf. (2.210).

Corollary 4.17 In the situation of Proposition 4.16, for all o € A C A such that
dlSt(A, Ac) > 1+ tB4.84,

the following convergence of the finite volume projections in the Wasserstein distance
holds:

WA(PAMt,yaPAMﬁy) S C4.98|A|1/2 (498)

1/2
S+ ryme&ﬂ(v@] .

v

X exp {%(Miam(A) — Mdist(A, AC)}

For each local f € Lip(§2y), the dual form of this result reads as

(Tf)(w) = (T ()] < CaslAM2[fa (4.99)

1/2
X exp {%(Miam(A) — Mdist(A, AC)} Z(l + |yv|2)e—5/}(v,o)] ‘

v

Proof. By (4.83) and the definition of the Wasserstein distance, cf. (2.169),

2

2

[(Wa(Pay, Paps,)]” == sup ( / F@a) [prey — 1) (dx))
f€ELipy(24) \J 2

< sup E[f(z(t,y)) — fla®(t,9))]
f€Lip;(24)

< 20484 Z ¢ 2Mdist(v A7) Z(l + lyw |?)e P, (4.100)

vEA v’
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1/2
which implies (4.98) with Cygs := (20&) =

4.2.5 A-priori estimates on the invariant measures

As was demonstrated in Remark 4.12 (i), the proof of the uniqueness result for p € Z*
in Theorem 4.9 relies on certain moment estimates to be hold for all tempered invariant
measures. Such exponential bounds will be established in Theorem 4.21 below and are
formally similar to those stated for the tempered Gibbs measures ;1 € G* in Theorem
2.15. In this subsection we collect a number of standard propositions which will be
needed to complete the study of the Markov process (4.36) and its invariant measures.
Since we could not find a universal reference with the results stated strongly enough
for our purposes, a brief outline of the proofs will be given.

The first important property is the continuous dependence of the solution z(t,y)
on initial conditions y, which has to be valid in each of the Hilbert spaces (25 (with the
inner product (-,-)os = || - [|25)-

Proposition 4.18 Let x(t,y) and x(t,7) be strong solutions of the Cauchy problem
(4.41) with the initial data y,y € 2% respectively. Then, for each 6 € (0,1] we have
(almost surely) the following estimates with some positive constants K, L, and M©®

ey = Glloss >0 (4.101)
MO 4 ey = gllos. (4.102)

(@) Nzt y) — 2, 9)llos

<
(@) Nz@t,y) =2t 9)llos <
Proof. Setting z(t) := z(t,y) — x(t,y) and integrating by parts we obtain

dzo(t)]* = (20(t) , bo(x(t,y)) — bo((t,y)))dt, > 0.

Applying the semi-dissipativity properties (4.76), we come to the estimates

d
3 15O (4.103)
BAs|zo () + 85 X e 120 ()
V.
: { —B (A7 = 3Tmg) |20 () + 85 o, |20 (t)F = BB7 ve

Then, (i) readily follows with K :=  (A4s + Jemg/2) from Lemma 4.22. To prove (ii)
we take a weighted sum over v, use the chain rule, and arrive at

d
dt
Here we put L := J[A; — Jmg(3 + ¢€)/2], which due to (4.20)—(4.22) is positive for
all 6 € (0,1). By the scalar Gronwall’s inequality this implies (4.102) with M©®) :=
fEs|Br|/L. m
An immediate sequel of the above proposition is the Feller property for the transition
semigroup T;, ¢ > 0, defined by (4.46).

(lz@)[155¢™) < BEs|Brle'™, t > 0; 2(0) = [ly = Gllos.
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Corollary 4.19 The semigroup T f, t > 0, is contractive in each of the Banach spaces
va(gt) and Cb(Qg), 6> 0.

A standard way to establish the a-priori moment estimates for all measures p € Z* is
through the so-called wultimate asymptotic bounds for the process z(t,y), which have to
valid uniformly at all initial conditions y € £2*. The result will depend on the parameter
P > 2 describing the polynomial growth of the self-interaction in Assumption (V™).

Proposition 4.20 Under Assumptions (V*), (W™), the following holds:

(i) Polynomial ultimate boundedness: For eachp > 1 and § € (0, 1], one finds
a corresponding C’f{gi > 0 such that simultaneously for all o € V and y € (25

Ellz(t, y)|[%5 < CFoh + Iyl exp (—2pt8A0), >0, (4.104)
with the positive parameter Ay defined in (4.22). Therefore,

sup lim sup {E|z,(t,y)[*} < inf ot —. o). (4.105)

veV t—oo

(i) Exponential ultimate boundedness: Furthermore, there exists a constant
Cya06 > 0 such that for all 6 € (0,1] and small enough A € (0, A(9)]

Eexp [A|z(t, y)|[% 5] < Crios + exp {—=2t8Ay + M|yl25}, >0, (4.106)
and hence
sup lim sup {E exp [)\|mv (t,y) }} < Cy.106- (4.107)
veV  t—oo

Proof. We here prove only (ii), the proof of (i) is similar. Due to the Feller property
(4.101), it suffices to verify (4.104) only for boundary condition y € 2*. Consider the
family of smooth functions f. € CZ(2s), € > 0,

Al

fE(LU) = m, T € 95,

monotonously approximating f(z) := e Mlzll3s as & — +0. This localization procedure
is needed since we do not know in advance whether the integral in the right-hand-side
in (4.106) is finite. Applying Itd’s formula (see e.g. [80, 83]) in the Hilbert space (2
to the solution z(t) := z(t,y) € N2° of the Cauchy problem (4.41), we obtain that

dE[f.(z(t))] (4.108)

(b(@(®)), 2(t))os + vEs GMZDIz5 +1) oo,
(1 n gem(t)z,a)z

< \E dt,
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whereby according to the coercivity property (4.75)

(b(z),7),5 < =B [As — Jme(1 4 €°/2)] - |22 5 + s (| Bs| + JDw /2) .

Substituting (4.109) into (4.108) and using the inequality, cf. (2.238),
At (—a+b) < —eM+ e NabeRy,
we come to the estimate
dE [f(z(1))] < —LE[fe(x(t))]dt + Caan, >0,
with the constants

L:=B[As — Jmg(1+€°/2)] — 6AVEs,
Cy111 ' =exp {)\VEzS [1 + (|B€5’ + JDW/2>]} .

Note that here L > 28Ay, provided we assume that

A< X0) :=BJImg/(12v8s) and A > ay — Jmg/10.

177

(4.109)

(4.110)

(4.111)

Applying in (4.110) the product rule, scalar Gronwall’s inequality, and Fatou’s lemma,

we conclude that

Eexp {Mz(t,y)l7} = linis:épE [f-(za(2))]
1 _ e—QtBAU 9
< Conni——F5n—— +exp {—QtﬁAU + /\||y||o,6} .

This yields (4.106) with

C4.106 = (25AU)71 exp {%ﬁb’m@ [1 + ﬁ (|Bﬁ| -+ JD{/V/2)]} .

(4.112)

Having shown the ultimate boundedness (4.104), (4.107), we now are able to prove

our main result describing the set Z°*.

Theorem 4.21 The set of all tempered invariant measures is nonvoid, i.e., T® # &.
With the notation of Proposition 4.20, each of the measures u € I' obeys a-priori

moment bounds

@) sup [ [ouPdp < supB, al[% < (s
veV J N oeV

(17) sup/ exp (/\|xv|2) dp <supE, (exp /\||x\|§5) < Cy106-
veV J R oeV

(4.113)

(4.114)
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Proof. A conventional way of proving existence of an invariant measure is to use the
Bogoliubov-Krylov time average procedure. Let

1 t
7 (B) = ;/ ho(B)ds, >0, Be B, (4.115)
0

be a Cesaro mean for the probability distribution p, , € P(£2") of the solution x(t,0) €
2" starting at y = 0. In virtue of (4.104) we have that for all 6 > 0

I
[ s =5 [ B (sl ds < € t> 0

which by Prokhorov’s criterion and Lemma 3.30 implies the relative compactness of
{#},~, in the weak topology W*. By the Kolmogorov-Chapman equality and the Feller
property of the semigroup Ty, ¢ > 0, we conclude that each W*'limit point i := lim
[, as t, — oo, should belong to Z*. Finally, the required bounds (i), (ii) follow
from Proposition 4.20 by straightforward arguments based on Fatou’s lemma and the
ergodic theorem for invariant distributions, see e.g. [149]. m

The a-priori bounds (4.104) and (4.113) play a crucial role in proving Proposition
4.8 describing the generator of the semigroup Ty, t > 0.

Proof of Proposition 4.8. For each i € G*, the essential self-adjointness of the
corresponding operator H,, on the domain FCg°(f2) will be verified later in Theorem
4.61. So, it would suffice to check the relation

T, —1
752,

To this end, we follow a standard scheme already used for similar purposes in [16, 166,
167]. By (4.45) and Ito’s formula, the right-hand side in (4.116) can be rewritten as

J

Note that (H, f)(x(t,y)) is (almost surely) continuous in each of the variables ¢ € [0, 1]

and y € (2 due to the same property of the process x(t,y) € (2. Furthermore,
(HL.f)(2)] < Cy (1+||2[]55) and thus by (4.104)

2

Jim, —0, VfeTFce(n). (4.116)

L2(p)

2

! dp(y). (4.117)

ENW -7 | BE ()

sup B|(H,f)(@(ty)|? < Cro ((1+ l1}F), vQ>1. (4.118)

te(0,1]

By the uniform integrability argument (Vallée-Poussin theorem, see pages 16-17 in
[190]), this implies the continuity of the mapping [0,1] > t — E(H, f)(z(t,y)) and the

relation
t

lim - [ E(HLf) (s, 9)ds = H)y), ye 2

t——+0 ¢t 0
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To pass in (4.117) to the limit under the integral with respect to p, we may apply
Lebesgue’s dominated convergence theorem. This procedure is legitimate in virtue of
(4.118) and the a-priori moment bound (4.113) satisfied for all y € G* C 7. W

We conclude this subsection with the formulation of an infinite dimensional version
of the classical Gronwall’s inequality, which was repeatedly used in the proofs above.

Lemma 4.22 (see e.g. [261]) Let us given scalar sequences v := (7, > 0)yey, ¢ :=

(cv 2 0)vev, @ matriz Q = (Quw > O)yxv, and a family {f,(t) > 0},ev of measurable
functions defined on a finite interval [0,T]. Suppose that

t
t)<eo+ Y ,Qw,/ fo(s)ds, te[0,T], veV, (4.119)
v 0
with the additional assumptions

v SUp fy oo; (i) lclln WCo < 00,
) D, s L) (i6) Nlelloey =Y,

(@i0) QI :=sup Y Quur 7yt < oo (4.120)
Then (4.119) implies the following bound

S™ e sup filt) < llelluge” Ve, (1.121)
v 0<t<T

Remark 4.23 In [24], Lemma 7.3, the following regularization effect was observed.
Suppose additionally that the conditions (ii), (iii) are fulfilled for a stronger system of

weights 7, > ,. Then it also holds {supy<,<r fU(t)}veV € ['(¥) and
S 4, sup fult) < llellage @, (4.122)
v 0<t<T

Indeed, (4.119) yields that supge,«p f(t) < eTQc, understood as the inequality for
vector-columns in ['(7). Estimating the norm of ¢’Qc in I'(5), we get the desired
bound (4.122). Actually, such property allows us to show (even without the technical
Assumption (G,)) that, for each fixed y € 25 and § > d¢, the corresponding solution
x(t,y) has to live in the same space, that means z(-,y) € C([0,00) — {25).

4.2.6 Stochastic quantization dynamics

Based on the earlier contributions [273]-[276] of the author and their further devel-
opments in the joint papers [24, 25|, here we briefly describe the main ingredients of
the stochastic dynamics method being applied to the quantum analog (3.1), (3.2) of
the classical spin model (4.10). In physics such approach is also called the “stochas-
tic quantization procedure” — a terminology going back to the pioneering article of G.
Parisi and Y. Wu (1981), where they dealt with quantum fields models (see e.g. [194]
for numerous references on the latter subject).
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Keeping our basic Assumptions (G,), (V*), and (W*), below we explain how to ex-
tend the main results of this section to the Euclidean Gibbs measures and the Glauber
dynamics on loop spaces associated with them. A new technical issue is that such
dynamics will be governed by an infinite number of partial differential equations of par-
abolic type, perturbed by the space-time white noise. So, to investigate the regularity
properties of the solution w(t) we have to perform an additional analysis of its compo-
nents w,(t), v € V, in different functional spaces such as Cg, Ly, Wﬁl, etc. Note that in
the most generality the method applies to the systems of multi-component spins (like
that introduced in Subsection 3.2.6) interacting via many-particle potentials Wio,..on}
of at most quadratic growth, whereas in the above-mentioned papers we have restricted
ourselves to a simpler case of V : = Z%, scalar g, € R, and the harmonic pair interactions
W (Qus Go) = — o Gu@r given by a dynamical matrix 0 < J := (Jyp)zayza € L(I2(Z7)).

So, our goal is to construct a Markov process w(t) := (wy(t))vev, t > 0, which solves
uniquely an infinite dimensional SDFE with the identity diffusion matrix and the “drift
term”

b(w) = (by(w))vev, by(w):=—Aw, — F,(w),

being the logarithmic gradient of the measures p € G', see Subsection 4.5.3. More
precisely, we define the weighted Banach spaces of continuous loops

Cs:=B(V—Cp):

1/2
=qwe N | |wle = Z |wv|2cﬁ exp{—dp(v,0)} <00 p, 0>0,

and the locally convex Polish space

C' .= ﬂ Cs C Qt,
50
with the projective topology induced by the system of norms ||w||¢;, 6 > 0. Then,

the process w(t), t > 0, takes values in C* and satisfies the following infinite system of
stochastic partial differential equations (SPDE’s)

9 1 :
Srn(t) = =5 [Awy () + Fy(w(t)] + (1),

veV (t>0, 7€Sy).

(4.123)

Here A = (—md?/dr? + a) ® Id, is the Laplace-Beltrami type operator on the circle
Sp introduced in Subsection 3.1.3 and F, : 2 — L% is the nonlinear Nemytskii-type
operator acting by

F,(w) = V!(wy) + ZUI(#) Og W (Wy,wy), veV. (4.124)

The solution to (4.123) will always be understood in the strong probability sense, which
means that we fix a probability space (€2, F,P) with a filtration (F3);>0, and a family
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w(t) = (wy(t))vev of independent D’'(Sz)-valued Brownian motions such that for any
hl, hg < D(SB) = CEO

E [(wm (1), 1) 13 (e, (t2), ho) 2 | = O(v1 — v2) min {ty, to} (A, h2) s -

In the classical case when the continuous parameter 7 € Sg is absent, we just obtain the
system of interacting diffusions (4.36). On the other hand, each single line in (4.123) is
a reaction-diffusion equation with the periodic boundary conditions on [0, ], driven by
a singular random force ,(t). Such equations, under different regularity assumptions
on the random forces and drifts, are of great interest in stochastics and mathematical
physics, see e.g. the monographs [77, 83, 235] devoted to this topic.

Definition 4.24 By the generalized solution (in the commonly accepted sense of
PDE’s) of the Cauchy problem to the system (4.123) with nonrandom initial data & € C*
we mean an (F;)-adapted continuous process w(t,&) = (wy(t,&))vey € C* such that, for
everyv € V and h € D(S3) almost surely

(Wv(ta 5)7 h)L% = (Cv + wv(t)a h)L% (4125)
1

5 [ s 0. A0 + (R, 0015 ds, 020

In the trivial case V,, = W,,, = 0, the solution of (4.123) is given explicitly by the
Ornstein—Uhlenbeck process g(t,&) = (gu(t, &))vev,
t
gu(t) := e /2%, +/ eI 2dw,(s), veV, t>0. (4.126)
0

Taking into account the regularity properties of the semigroup kernels, cf. (3.44),
(e76,) (7)== R(t;7,7)®1d, € RY, 7,7 € S,

(by the stochastic Fubini theorem, cf. page 109 of [83]; or alternatively by the Garsia-
Rodemich-Rumsey lemma, see Remark 3.4) one can deduce from (4.126) that g(¢,¢),
t > 0, possesses a continuous modification in the spaces of Holder loops C¢ := 12(V —>Cg),
d >0, 0 €(0,1/2), and its polynomial moments are ultimately bounded, i.e.,

limsup Elg, (1, €)|&s =: Ci%57 < o0, VQ =1, (4.127)
t—o0
uniformly for all v € V and initial values g(0) := £ € Cs. Moreover, the process

g(t), t > 0, is ergodic with the unique invariant (and also reversible) distribution
Yy(dw) = [],cy 7(dw,), and the laws of g(t) weakly converge in C* to this vy as
t — oo.

A standard practice then consists of replacing (4.123) with the equivalent system
of integral equations

%@QZ%@Q-%KQW—@ﬂWﬁWﬂwaww,vévléiéwtzﬁ
(4.128)
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The meaning of the so-called mild solution to (4.128) is similar to that in Definition
4.24, i.e., by pairing of the both sides with the test functions i € C'§°. Using the finite
volume approximations (cf. (4.56) and (4.134)), in Theorem 8.2 of [24] we proved that
under the above assumptions there exists the unique solution w(-, £) € C([0,00) — C")
starting from each initial data & € C*.

It is reasonable to compare the solution w(t), ¢ > 0, of the nonlinear problem
(4.123) with the Gaussian process ¢(t), t > 0. If their initial values coincide, i.e.,
¢ :=w(0) = ¢g(0), then for the deviation process n(t,&) := w(t, &) — g(t, &) solving

nv(tvé.) = wv(tag) - gv(tag) == /Ot 6_(t_S)A/2FU(w(S)7€)dSa CIS V, t > 07

some helpful energy estimates hold. So, by Lemma 10.1 and Remark 10.3 in [24], we
have that for any Q) > 1

lim sup Eln, (£, )|, = Ciifhy < oo, (4.129)
1 2t
lim sup Z/ E\nv(s,f)]%,éds =: Cy130 < 00, (4.130)
t—o0 ¢

uniformly for all v € V and initial values w(0) = ¢(0) := & € C'. It is important
that the Sobolev space Wé, being defined as completion of CF° for the norm |U]WB1 =

(Av, U)lL/f, is compactly embedded in the Holder spaces Cg, o € (0,1/2). The proof
5

of the above bounds relies on the coercivity and semi-monotonicity properties of the

mappings F,(w), cf. (4.75), (4.76). Combining (4.127) and (4.130), we get the following

estimates for the process w(t,€), t > 0, to be crucially used in the sequel: for all v € V

and £ € C*

lim sup E|wv(s,€)|gﬁ =: C’i%l < 00, (4.131)
t—o00

) 1 2t ) (O_)

lim sup n E[wv(s,é‘)lcgds =: () {39 < 00. (4.132)
t—o00 t

As was further shown in [24],

(Tef)(€) = E{f(w(t) |w(0) =&}, e,

is a Feller transition semigroup in the space Cy,(C") of all bounded continuous functions
f:C" — R. Let R* and Z* denote respectively the family of all tempered reversible
and invariant distributions p € P(C*) for the Markov process w(t), t > 0, in the sense
of the definitions (4.43) and (4.48). Then, similarly to (4.51), the following relation is
true

G' =R C T (4.133)

(for its proof involving the Ito6 stochastic calculus and (IbP)-formulas see e.g. [119,
165]). Moreover, in our situation one can directly verify (cf. e.g. [119, 153]) that
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the finite volume Gibbs measures p, (dwl), A € V, £ € C*, are exactly the reversible
distributions for the corresponding cut-off dynamics w™(t) = (WA(t, €))yen in C’g. They
solve the finite volume problems

O yon 1 A A ;
50 () = =5 [Awl() + FMw(®)] + wu(?),

veN (>0, 7€S,),

(4.134)

with the initial data w(0) := ¢ and boundary conditions w,(t,&) := ¢, for v € A°.
An important point is that the bounds analogues to (4.129)—(4.132) hold also for the
solutions w?(t,¢), t > 0, which means that for all v € A € V

lim sup Elw, (5, €)|E, = Ci(8) < oo, (4.135)
1 2t "
fimsup / Bl (s, )3 ds = C%(€) < oc. (4.136)
t—o0 t

Thus, in order to get the required information on p € G* C Z* one could apply standard
tools used for the long-time analysis of diffusion processes. So, by the ergodic theorem
for invariant distributions, (4.131) and (4.132) readily imply that

sup / wol, du(w) < O, (4.137)
nETt, vev J 2

sup [ ol dulw) < i (1.138)
neLt, veVvVJ R

which generalizes the corresponding result of Theorem 4.21 to the quantum case. The
existence of invariant measures p € Z* is then a standard consequence of the estimate
(4.136) for & = 0, Prokhorov’s tightness criterion, and the Bogoliubov-Krylov argument
(see the proof of Theorem 4.21 above). To verify the statement of Theorem 3.18 about
existence of the Euclidean Gibbs measures p € G' = R, it suffices to prove the
tightness in C* of the family of local kernels {7 (dw|0)}acv. By Prokhorov’s criterion
this would be a consequence of the uniform bound

sup / |wo|2e Ta(dw|0) < 00 (4.139)
vereV J @ g

(see Subsection 3.2.4). Since the finite volume dynamics (4.134) are ergodic, (4.139)
immediately follows from the estimate (4.137) above.

In conclusion let us briefly analyze the situation with the ergodicity result like
that proved in Theorem 4.9. First of all we have to fix the universal tangent Hilbert
space Ho = I*(V) ® L%, which will be used for constructing the associated Dirichlet
forms and operators, as well as for defining the Wasserstein distances on the spaces
of probability distributions. Similarly to Theorem 4.16 in the classical case, we can
establish the finite propagation property for the dynamics (4.134). Adapted to the
single spin spaces L% S Wy, it now reads as follows:
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Proposition 4.25 For each 6, M > 0 one finds Bjiq0 = Bai140(6,M) > 0 and
Cya40 = Cui140(6, M), such that for all domains A C A C V, boundary conditions
£, € C &= ¢ on A, and inner points v € A~ with dist(v, A°) > 1 + tBy140, the
following estimate for the corresponding solutions hold:

Blod(1,€) - w2 (L O, (4.140)

< Caaoe™ 20N S (1 fe B + [ fE)e 0.

UI

The uniform log-Sobolev inequalities for the local Gibbs distributions p,  will be
established in Theorem 4.56 below. The required convergence py o — p € G in the
Wasserstein distances is implied by the Dobrushin contraction condition, see Theorem
4.38 and the proof of Theorem 3.23. So the only principal ingredient missing is the
entropy estimates and Talagrand transportation inequalities in the loop space L%, which
would allow us to describe the relaxation of the finite volume dynamics (4.134) in the
Wasserstein distances. We leave the latter problem as a task for the future.

4.3 Entropic control of the dynamics

This section is dedicated to the study of ergodicity properties of the finite volume
Glauber dynamics (4.57) associated with the local Gibbs distributions p, ,, A € V,
y € §2. Especially, we are interested in dimension free estimates on the convergence
uﬁy — f1p, of the transition probabilities in the Wasserstein distance. This will be
realized through such analytical tools as log-Sobolev and Talagrand’s inequalities which
are discussed in Subsection 4.3.1. To get explicit bounds on the corresponding log-
Sobolev constants Cprg(A,y), in Subsection 4.3.2 we shall apply a novel criterion for
the log-Sobolev inequality suggested by F. Otto and M. Reznikoff (see Theorem 1
of [221]). In Subsection 4.3.3 we demonstrate how to estimate the relative entropy
for diffusion processes by using Girsanov’s formula for the corresponding probability
densities. All this taken together yields the result of Corollary 4.34, which will be
needed to perform Step II in the proof of Theorem 4.9.

4.3.1 Log-Sobolev and Talagrand inequalities

In this subsection we give a summary of the basic results known about the entropy
interpretation of log-Sobolev inequalities and how they can be used to control the
relaxation of the corresponding stochastic dynamics. Remind that the log-Sobolev
inequality, cf. (4.143), is attached to a Markov semigroup T; := e~"1 ¢ > 0, generated
by the Dirichlet operator Hl,, with some symmetrizing measure ;. A key point for us will
be Talagrand’s transportation inequality, see Proposition 4.27, which allows to bound
the Wasserstein distance W (v, 1) through the relative entropy H(v|u), and hence to
show the exponential convergence W (v, 1) — 0 for the dual semigroup v, := v'Ty, as
t — o0, see Corollary 4.28. For a general introduction to log-Sobolev inequalities we
refer to the standard textbooks and surveys [33, 88, 135, 137, 156, 186].
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The most natural framework in finite dimensions is the Euclidean space (R, |-|). Let
us given a “reference” probability measure pu(dz) = %e_‘b(x)dx with the smooth density
® € C?(R"). Concerning the logarithmic derivative b(z) := —V®(z) : R® — R", we
assume that |[b] € L?(u1). This allows us to introduce the symmetric differential operator
in (the complexification of ) L?(u)

H,f:=—-[Af+ (b, V)], feCRY), (4.141)

Eulf,9) = Huf, 9) 12, = /(Vf, Vg)du, f,g€ Ce°(R"). (4.142)

By (€,,D(€,)) we denote the canonical Dirichlet form being the closure of (4.142)
and by (H,,, D(H),,)) respectively the self-adjoint Dirichlet operator constructed as the
Friedrichs extension of (4.141) with D(H}/?) = D(E,,), see Subsection 2.3.5 (ii). Recall
that the measure p satisfies the log-Sobolev inequality (LS, for short) if there exists
some (g > 0 such that

(LS) Ent,(f?) :/fQIngQdu—/fzd,u-log/de,u (4.143)
2 _ 2 /
< o [ VP = 8. vE e DEY),

By the fundamental result of L. Gross [133, 135], (4.143) is equivalent to the hyper-
contractivity of the semigroup T; := e % ¢ > 0, in the sense that T; : L*(u) — L9(p)
is a contraction for all r, ¢ > 1 and ¢ > 0 related by exp (—2tCs) < (q—1)/(r — 1).
By the Rothaus-Simon mass gap theorem [245, 256], the log-Sobolev inequality implies
the Poincaré or spectral gap inequality (see Subsection 2.3.5 (ii)) with the constant
Csag > Cis,

8G) Var,(f) = [ Fan- ( / fdu> <o [IVstan, vre D),
(4.144)

By the spectral theorem the later is equivalent to the exponential (or geometrical) L>-
ergodicity of the semigroup Ty, ¢t > 0,

ITef = Bufllragy < eSOl flli2gy,  Vf € L¥(1). (4.145)

Clearly, it would be enough to check the above inequalities (4.143), (4.144) on C§°(R")
or another domain which is dense in D(H,l/ ?). In this respect it is worth noting that
b € L*(u) is known as a sufficient condition in finite dimensions for the essential

self-adjointness of H,, on C§°(R"), see (4.331).

Definition 4.26 For a probability measure v, its relative entropy (also known as
informational divergence or Kullback information) with respect to u is given by the
formula
[ [plogpdu, ifv< pandp:=dv/dy;
H(v|n) = { +00, otherwise. (4.146)
where v < p means that v is absolutely continuous with respect to p with the Radon-
Nikodym derivative p € L' ().
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An application of Jensen’s inequality to the convex function R, > p — plogp
shows that v — H(v|u) is a convex, lower continuous functional taking its values in
R, U {400} and vanishing iff v = u (cf. e.g. Proposition 15.5 in [122]). If u is an
invariant measure of some Markov process, a characteristic property of the entropy is
its monotonicity under the associated time evolution

H(vi|p) < H(v|p), Yv<p, V=0, (4.147)

where v; := vT; < p and p, := dvy/dp = Typ € L'(u) (cf. e.g. Proposition 9.1 in
[156] or Proposition 1 in [78]). Moreover, if 4 satisfies the log-Sobolev inequality, then
(4.143) can be restated as the entropy bound

2
H(vlp) = Bnt,(p) < o [ IV (4.145)

valid for probability measures v := pp with “nice” densities p such that p*/2 € D(H,/?).

In turn, (4.148) is equivalent to the exponential decay of the entropy
H(v|p) < e 2 sH(v|p), Vv<p, V>0, (4.149)

(cf. page 199 of [268], page 250 of [88]). By the classical (and easy-to-check) Csiszdr-
Kullback-Pinsky inequality (cf. e.g. page 76 of [88]), the entropy always dominates (up
to factor 2) the square of the total variation distance, i.e.,

[ utan) = [ goan)| <

The much deeper fact to be used below (see Proposition 4.27) is the so-called
W,-transportation or Talagrand’s inequality , which relates the entropy and (L*-)
Wasserstein distance. Let P,(R") denote the subset of all probability measures v on
(R™, B(R™)) having finite moments E, |z|P < oo with a given p > 1. For v, 7 € P,(R"),
the (LP-) Wasserstein distance is defined as

W, (v.7) = inf < / /R - PP, d:E)) ) (4.151)

where the infimum is taken over all probability measures P € P(R?") having marginal
distributions v and 7, cf. Subsection 4.4.1. The value [W, (v, )]’ can be viewed
as the minimal cost needed to transport the measure v into v, provided that the
transportation cost from the point z into Z equals |z — Z|P. Note that (4.151) extends
the definitions (2.169), (4.195) to arbitrary p > 1, whereby by Holder’s inequality
W (v,7) := Wy (v,7) < W, (v,7). The following is the statement of Theorem 1 in
[222] (see also its improvements in Corollary 3.1 in [51] and Theorem 1.1 in [286]).

I —vllrv == sup V2H(v|p). (4.150)

[flpee<1

Proposition 4.27 Let

p(dr) := - exp {~ ()} (dr)
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be a probability measure from Po(R™), such that ® € C*(R") and ®" > —cId,, with
some ¢ > 0. If p obeys the log-Sobolev inequality (4.143), then it also satisfies the
Euclidean W s-transportation inequality, (Ts) for short,

2 2 2
Wi(v,p) < =—H(v|p) = =— /plog pdp = —— /logpdm (4.152)
Crs Crs CLs
holding for all v := pu € P2(R™) which are absolutely continuous with respect to .

Note that for diffusion processes there is missing a direct probabilistic way (i.e.,
using the corresponding SDE alone) to control the convergence of v; := vT; — p,
as t — o0, in the Wasserstein distances. Nevertheless, a combination of (4.149) and
(4.152) yields to the following

Corollary 4.28 In the situation as described above, for allt, ty > 0,

2
W (Vittg, 1) < W (Ui, ) < €770 C—H(’/to’ﬂ)- (4.153)
LS

Remark 4.29 (i) The metric W, (v, ) (and its generalizations) is commonly used in
stochastics as a natural way for measuring distance between two probability laws in a
weak sense. The transportation inequalities

2
(T,) Wy(v,p) < 5H(V|,u), C,>0, p>1, (4.154)
P

which compare the Wasserstein distance W, (v, 1) and the entropy H(v|u), were first
introduced by K. Marton [206]-[208] and M. Talagrand [271] in connection with the
measure concentration problem. In particular, Talagrand’s transportation inequality
says that the standard Gaussian law p := N(0,1d,,) on the Euclidean space (R", |- )
obeys (T,) with the sharp constant Cy = 1. Necessary and sufficient conditions for the
transportation inequalities in the basic cases p = 1 and p = 2 were first given by S.
Bobkov and F. Gotze, see Theorem 3.1 in [50]. Since the works of F. Otto and C. Villani
[222] and S. Bobkov, I. Gentil, and M. Ledoux [51], it is known that the log-Sobolev
inequality implies (T,) with C5 := Crg. However, (T,) may hold even without (LS) as
it follows from a counterexample recently constructed in [75]. Further generalizations
to (LP-) Wasserstein distances (1 < p < 2) on Riemannian manifolds and path spaces
were discussed in [286]. Since those important contributions the domain is expanding
vigorously. The main trends are: (i) to carry on relations between the transportation
inequalities and various renown functional inequalities (like as the weak /super Poincaré
and logarithmic (or general F-) Sobolev inequalities, as well as their interpolation of
Beckner or Latala-Oleszkiewicz type); and (ii) to describe the decay of the associated
operator semigroups (see e.g. [35, 73, 74, 78, 244, 296] and the references therein).
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(ii) Suppose that p € P;(R") satisfies just the Poincaré inequality (4.144), then we
have the following variance estimates valid for all v := pp € Py (R™)

W) < o Van(f) = oo [P = Ddn= g [0 D,

Csc Csc Csa
1
W (4, ) < 750 —— Var,(p,,). (4.155)
CLs ’
These estimates however cannot be of practical use for us, since for v; := uﬁy their

right-hand sides behave as (const)/A! if |A| — co. For comparison we note that, because
of the term with log p, the entropic control in (4.152), (4.153) furnishes a better bound
like const - |Al, cf. Lemma 4.33.

(iii) A version of the Lyapunov function method due to S. P. Meyn and R. L.
Tweedie [212] may also provide quantitative bounds on the exponential convergence
of vT; — p in the variation norm and on the convergence T:f — E,f in LP(u) (see
additionally [35, 132]).

4.3.2 Otto-Reznikoff criterion and its applications

Using a sufficient criterion due to F. Otto and M. Reznikoff, in this subsection we show
that the local Gibbs distributions p, , satisfy the log-Sobolev inequality, uniformly in
all finite volumes A € V and boundary conditions y € {2, with the log-Sobolev constant
explicitly given by (4.54). This is an important analytic step towards the exponential
relaxation of the corresponding finite volume dynamics, which is needed in the proof
Theorem 4.9.

Recall that in the literature there are only a few classical sufficient criteria for the
hypercontractivity, giving computable bounds on Cpg.

(i) Bakry-Emery I'j-criterion [34]: Any log-concave measure p with strictly
positive density ® such that ®” > Csld,, with Cs > 0, obeys (LS) and hence (SG)
with

Csa > Cis > C. (4.156)

(ii) Perturbation result of Holley-Stroock [146]: Assume that probability
measures i, i are related by ji(dz) := e Y@y (dx) where U is bounded. Then, if
w satisfies (LS) with the constant Cpg(u), then fi does so with

Crs(ft) > Crs(p) - exp{—20scU}, OscU :=supU — inf U. (4.157)

R™ R

Note that in some papers this result is stated with the wrong factor exp {—Osc U}.
(iii) Tensorisation [133]: The product measure ji( x»_ dz) := xN_ pu,(dzy) sat-
isfies (LS) with the constant

Cis(p) = min Cs(k)- (4.158)
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It is well known that (ii) and (iii), being straightforwardly applied to spin systems
with non-convex potentials, give us that Crs(uy,) ~ (const)*l as [A| — oo. To get
dimension free estimates for Gibbs measures, one should proceed in a more refined way
by using the so-called Markov tensorisation based on weak dependence of 7, (dx|y)
on y, as dist(v,A) — oo (like that in Dobrushin’s uniqueness theorem). This idea
was realized both in the Stroock-Zegarlinski iterative method [270, 294, 295] (see also
[137, 249]) and in the Lu-Yau martingale method (developed further in [52, 53, 186,
289, 291]). Such methods typically work in a perturbative regime, when the inverse
temperature or strength of inter-particle interaction asymptotically tends to zero, and
are not aimed to produce concrete bounds on the critical values.

In contrary to the above papers, our considerations will be based on a princi-
pally new criterion for the log-Sobolev inequality on R™ suggested by F. Otto and M.
Reznikoff, Theorem 1 in [221], which gives a simple explicit bound on the (LS) constant
improving all previous results. Furthermore, this criterion is best suited to the local
Gibbs measures

iay (day) = %exp (—BHA(zaly)} (dza), (4.159)

since it can be formulated directly in terms of the log-Sobolev constants Cps(v,y)
of the one-point conditional distributions f,, ,(dz,) on R” and the off-diagonal terms
02, H(waly) € L(R”) of the Hessian Hy(z,ly). For v,0' € A € V, v # ¢/, let us

introduce the quantities

sy :=1inf {Crs(v,y) | y € 2} >0, (4.160)

hyy := sup {

2 H ‘
To Ty (xl\‘y) LR

T €,y E Q} < 00. (4.161)
Consider a symmetric matrix A = (A )axa with the entries

Apy = —hyy, v#£ 0", and A, = s, (4.162)
and assume that in the sense of quadratic forms on R* x RA

A>C(A)- Idpy, with some C'(A) > 0. (4.163)

Theorem 1 of [221] then yields that each of 1 , obeys the log-Sobolev inequality (4.143)
on smooth enough functions f : 2" — R, with the constant independent on y € 2

Curs(A) > C(A). (4.164)

In particular, under the conditions (4.13), (4.17)—(4.19) on the potentials W,, and
Vi := Uy + Qu, we have by (4.156), (4.157) that for all p,,

Crs(v,y) > Be 272 (ay — Jmg), (4.165)
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whereas the operator norms of the off-diagonal terms for v,v € A, v ~ v/,

aiva,HCUA‘y) = aivzvl WUU' (‘T’LH ‘T’U')v
are uniformly bounded by J. Hence, the log-Sobolev constant in (4.164) can be esti-
mated as follows:

Theorem 4.30 Let the interaction parameters fulfill the relation (4.53). Then, the
Jamily of local Gibbs distributions ji, ,, A €V, y € £2, satisfies the log-Sobolev inequal-
ity (4.143) with the uniform constant (coinciding with that one in (4.54)),

Curs :(=iInf {CLs(A,y) | Ae V, Y € .Q}
>Clae6 =B [(ar — Jmg)e P2 — Jmg] . (4.166)

Remark 4.31 (i) The bound in (4.164) is sharp for Gaussian or product measures.
As for the spectral gap estimates (cf. Subsections 2.3.5 (iii) and 4.5.1), an analo-
gous abstract criterion has been proven by M. Ledoux, cf. Proposition 3.1 in [186]
(which in turn was inspired by the earlier results of B. Helffer [141] obtained via
the Witten-Laplacian approach). In the above notation for v = 1, it gives the va-
lidity of the Poincaré inequality (4.144) for p, ,(dxy) with the constant Cgg(A) >
inf,, , C(A, za,y), where C(A, z,y) is the lower bound in R* of the symmetric oper-
ator A(x,,y) with matrix elements

A (za,y) = =02 . H(zply), v#£0, and A, (74,y) := 5. (4.167)

Ty,

We emphasize that, when applied to the spin model (4.10), both criteria independently
establish the same computable bound on the log-Sobolev (cf. 4.166)) and spectral gap
(cf. (2.214), (4.266)) constants. This indicates that this bound might be best one could
expect in this setting. An alternative approach to the spectral gap estimates, which is
based on the Efron-Stein inequality for variances, is discussed in Subsections 2.3.5 (iii)
and 4.5.1.

(ii) The recent paper of G. Blower and F. Bolley (cf. [49], Theorem 1.3) contains
a similar sufficient condition for the global (LS) in terms of the one-point conditional
measures i, (dr,) and the off-diagonal blocks 0,,0, , H(za|y) of the Hessian matrix.

(iii) In Subsection 4.5.2 we shall apply the Otto-Reznikoff criterion in a more com-
prehensive situation of the Gibbs measures on loop spaces. It is remarkable that we will
get a perfect analog of Theorem 4.30, with the same bound (4.166) on the log-Sobolev
constant.

Now, Theorem 4.30 enables us to apply Talagrand’s inequality (4.152) and its Corol-
lary 4.28 to the measures p := p, , and vy := /Lﬁy with t >ty > 0. We have to consider
only positive ¢y, since the initial law of the solution process (72(¢,9)),ea € 24 (starting
from the point y, at ¢ = 0) is the Dirac measure v := dy,,,. As a result we obtain the
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exponential relaxation of the finite volume dynamics (4.57) in the Wasserstein met-
ric Wy on (25, which will be crucially used in the proof of Theorem 4.9. Note that
the additional factor |A| in the right-hand side in (4.168) is coming from the non-
Euclidean distance |za|x = Y. . |70] < |A|*2|2s| on the underlying configuration

vEA
space 2 = RV

Corollary 4.32 Under the assumptions of Theorem 4.9, for all A € V, y € 2, and
t >ty >0,

2|A|

WA(PAMi\,y ) ,UA,y) < e~ (t=to)CuLs \/%

H(Mé}),y|lu’/\,y>' (4168)

In the next subsection we show that the right-hand side in (4.168) is finite and
depends polynomially on y € 2°.

4.3.3 How to estimate the entropy at t =t

Recall that in our notation, i, , € P(£2;) is the local Gibbs measure with boundary
condition y € £2°, cf. (4.159), and p, € P(2'), t > 0, respectively the probability
laws of the cut-off dynamics (4.56). This subsection will be devoted to proving the
following statement.

Theorem 4.33 With the previous hypotheses there exists t° := t°(3) such that, for
each 0 > 0 and a corresponding C’ﬁ)ﬁg = C’fl)Gg(tg) >0,

19
H(Paup | 1a,) < HPApL, | 11a,) < 1AICS 60 (4.169)

(1 +In(1/t) 4+ 5N (1 4 [y, [)e 000 ||
veV

uniformly for all 0 < t < t° <t < oo, y € 2%, and 0 € A € V. Recall that P > 2
describes the polynomial growth of V'’s in Assumption (V7).

A key idea of the proof (originated by A. Ramirez and S. R. S. Varadhan in [241, 242]
and then implemented to unbounded continuous spins with the harmonic interaction
in Theorem 3.2.7 of [249] and in Lemma 3.4 of [290]) is to use Girsanov’s transform
for getting an explicit expression of the Radon-Nikodym density d,ui\’y /dpy . Further
examples of calculating the relative entropy for diffusion processes can be found in the
recent papers [74, 296]. The above lemma is a refinement of the results of [249, 290], in
so far as we consider more general interactions and obtain better bounds on H(uf’y\ [iay)
based on the conditioning free representations (4.177), (4.180).

Proof. We conventionally divide the proof into several steps.

(i) Let us compare the path measures P ;) and P,y induced on C([0, 7, £2) respec-
tively by the processes 2 (¢, y) and wy(t) +ya, 0 <t < T < oo, both starting from g,
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at ¢ = 0. A version of Girsanov’s transform, see Theorems 7.6 and 7.7 in [190], says
that:
(a) these measures are equivalent, i.e., P[Q&T] ~ P[T&T}, if and only if

P (foT \VHp,(wa(t) + yA)|2dt < oo) =1,

(4.170)
P (Jy [VHAy (e (1 y)[*dt < o0) =14
(b) the corresponding Radon-Nikodym derivative is given (P-a.s.) by
AP 1y st
T wa()) = Ia (1) = exp{ =5 [ (T, (n(®) + ). dua(0)
dPg 7 2.Jo
2 T
- % |VHA7y(wA(t) +yA)|2dt} ) (4171)
0

(c) the process (I ,(t), F"), 0 <t < T, is a continuous martingale. Here F;"(C F3)
denotes the smallest o-algebra generated by the events

{we 2| wp(s,w) € By € B(f), s <t}.

Note that by the construction (cf. Subsection 6.1.3 in [190]), the process (4.171)
has to be a supermartingale with respect to the initial filtration (F;, 0 < t < T).
Obviously, the both conditions in (4.170) are satisfied under the assumptions made on
the potentials. Now we take advantage of the fact that our dynamics is of a gradient
type and exclude the stochastic integral from (4.171). Using Ito’s formula (cf. Theorem
4.5 in [190]), one can rewrite (4.171) as

1) = exp { Ty 0) = Sy n(T) + ) (4.172)
1 [T
_ §/ Dy, (wa(t) + yA)dt} )
0
with ,
Dy (z4) = % IV Hpy(xa)] — gAHA,y(g;A). (4.173)
This enables us to derive an explicit formula for the densities
dPA[LA
A — ty
pt,y<x/\) : d,UA’y (l‘A)

Let us recall that for all ¢ > 0

P {wy(t) € By} = (2mt)A/2 /B exp (—Qlt Zﬁ) dzs, Ba € B(2y). (4.174)

vEA
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Thus, from (4.171) and (4.174) we get the following representation (P-a.s.) for the
transition density of the process x(t,y)

AP, (xa) — 1
pﬁy(xA) D= dtTi = (2rt) "M 2 exp —% Z(xv —Yy)?
vEA

XE (Ipy(t) [wat) +ya = z4), (4.175)
where in the last line there appears the conditional expectation of I ,(t) at a given
value of wy (t) +ya. Next, we exclude the conditioning in (4.175) proceeding in a same

way as described (for the scalar case v = |A] = 1) in Section 13 of [127]. Namely, one
may prove that

E (Iay(t) [wa(t) +ya = xa) = Gay(za) exp {g Ay(Yn) — g A,y(xA)} ., (4.176)

where
t 1
Gpry(za,t) :=Eexp {—5/ Dy [uzy + (1 —uw)ys + wa(tu) — uwy (t)] du} . (4.177)
0

This yields us that

p(ea) = (@2rt) MNP Gy (24, t) (4.178)
1
XeXP{—g %(% — ) + EHAy(yA) QHAy(SUA)},
and hence
dzy VIA|/2
= =7 27t G t 4.179
Py (xa) = piy (Ta) i () P (2mt) y(Tast) ( )
1 &4 &4
X exp {_2_t UEZA(% — )’ + 3 Ay(ya) + 3 A,y(ivA)} .

Finally, from (4.179) we get the explicit expression for the entropy

H(i iy ,) = / o () log o (20)j1n y (da)

(N

— E [log pl, (xa(t,y))] =

1 1 s
=InZy, — §V|A| log(27t) — % E (zo — yo)® + B} Ay(Ya)
vEA

+E |:§HA7y(£EA(t, y)) + log Ga, (2™ (t, y),t)} : (4.180)
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(ii) Our next task will be to get an upper bound on the right-hand side in (4.179)
and (4.180). To this end we need the following estimates resulting from Assumptions
(V7), (W7):

1
Hag(@a) 2 (Av—med) Y |wf = Smed 3 [yl

vEA vedtA

1
+|A] (BV — §mGJCW) ;

1
Hyy(xa) < Cv Y lwol”+med Y |uof + gmed Y fywl?

vEA vEA veEDTA

1
+|A| (OV + §m<gJCW) X

1
Zy, < Dmed 3 ol S0IAl- {3 (Ay — me)])
vedtTA
1
_BIA| (Bv - §mGJCW) . (4.181)

To estimate ®p ,(z4), cf. (4.173), we use the elementary inequality

1
(a+ ) b,)* > S 2APY bl ab, €R.

vEA vEA

This yields us that

Bay(on) 2 3 [SF IV - J50Vi(e) el

vEA
1 , 1 1
= w2 = |A| ( =BmgJ + =D
37 5 Il =1l (3med + 520w )
vEITA
2 1 2 1
. CMZ|:EU| +§7 Z |yv’| +§Q|A| ) (4'182)
vEA vEITA

with
1
vi= P o=+ 6K,
0:=7vDw + B (L+meglJ), (4.183)

and certain K := Ky > 0, L := Ly € R corresponding to ¢ := 3 in (4.41). Thus, by
Jensen’s inequality applied to (4.177)

1
Grolrat) < exp{t [w <Z|xv|2+ > |yv/|2)+é—lg|A|
1
X/ E exp {at|wa (tu) — uw (¢)* } du. (4.184)
0

vEA v'eAT
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Note that the random variable wy (tu) — uwy (t) is distributed according to the normal
law N (0; tu(1 — u)), which implies that for all ¢t < /2/«

E exp {at |wy (tu) — uw, (¢ )| } (4.185)

vIAl
(v ot (m—@}ds)

1 —v|A|/2 1 1 —v|A]/2
= (5 — at®u(u — 1)) < (5 — Zaﬂ) < 00.

Putting together (4.179)—(4.185),we get the following estimate

1
log ppt, (z4) < §V\A| {Cluas6 +1og(1/t)}

> al” D vaf!P]

vEA v'eAt

Do+ ) \yvflzl : (4.186)

vEA v'eAt

1
+ 550\/

+ (BmgJ + 2V/a)

which is valid for all ¢ < t%(3) := 1/\/a, where a := () was defined in (4.183).
The constant Cy.186 := Cy.186(3) here does not depend on t, x,,y and might be written
explicitly in terms of § and the parameters in (V*), (W™).

(iii) Having shown (4.186), we are able to estimate the entropy on the interval
t € (0, as

H(Papp, | ia,,) = Elog o, (¢ (t,y))

<C4187{|A|+[1+10g(1/t +Z sup E\x (t y |P+ Z |yUI|P} (4187)

3 0<t<to e

with some Cjy 157 := Cy187(5) > 0 which is the same for all z,, y, and A. Substituting
into the last line the uniform bound (4.77) on E|z2 (¢, y)|”, we finally can rewrite (4.187)
as

H(Paps, | 1a,) < CiissmelAl {1 +1log(1/t) + €™ S (14 [y,|") ”} ,

veV

(4.188)
with a proper constant C\) s = C’fl)ss(ﬁ) > 0. On the other hand,

HPapi, | piay) < HPap, | p1a,),  forall ' > ¢,

because of the monotonicity principle for the relative entropy, cf. (4.147). =

Combining both Theorems 4.30 and 4.33, we obtain the precise bound on the ex-
ponential relaxation which is used in proving Theorem 4.9, cf. (4.60).
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Corollary 4.34 Under the hypotheses of Theorem 4.9, it holds for all 6 > 0, t > 1
and anyy € 2%, 0e A EV,

Wa(Papl, . ia,) < exp{ddiam(A) — tCurs} Ci g Al (4.189)
xS (1 4 [y /2)e 00w, (4.190)

with some Cffgg > 0 (depending on (3 and the other parameters in Assumptions (V*),
(W5)).

Remark 4.35 (i) The explicit representation (4.177), (4.178) allows for studying the
reqularity properties of the transition densities pl{"y(cc/\) with respect to the variables
t,y,xx. Under the assumptions imposed on V,, W,,, one may directly check (cf. [127],
Section 14) that the above constructed pﬁy(a: A) continuously depend on t < t°, y € 02¢,
xp € 24, and satisfy the Chapman-Kolmogorov identity (4.44) in the form

pﬁrm’y(x,\) = / pﬁy(iA)pgtﬁijyM (xp)dTy, WV, t+ At < to.
LN

Furthermore, (4.177), (4.178) provides a straightforward way to prove that the transi-
tion densities pﬁy(:v A) are fundamental solutions to the Kolmogorov equation

8]7? (mA) 1 A 1 A

g—t = §Apt,y($/\) ~3 (VHA,y(mA), Vpay(x/\)) .t <t (4.191)
Concerning the recent developments in the so-called analytic approach to diffusion
processes, in which the transition densities pﬁy (zp) are dealt with as weak solutions to

the parabolic problem (4.191), see [57, 58] and the references therein.

(ii) There is one more justification for the formula (4.178) by means of the inverse
ground state transform

LQ(‘QA7 ”A,y(d‘rl\)) E) L2(‘QA7 dxl\)7 Uf = (ZA,y)71/2 e_HA’y/2f-

The Dirichlet operator Hy , is then wnitary equivalent to the Schrodinger operator
A + &, , acting in L?(f2,dz,), where the potential ®,, is given by (4.173). It is
well known (see e.g. Proposition 5.3 in [73]) that liminf},,| . ®a, > 0 is a sufficient
condition for the presence of spectral gap for A + ®,,. Then, the Feynman-Kac
formula applied to exp {—t(A + ®,,)/2} f immediately leads to the following identity
with I, ,(t) defined by (4.172)

exp{—tHu,/2} f(ya) = E[f(wa(t) +ya)ay ()], [ € Co(f),

(see also Proposition 2.1 in [295]). After conditioning with respect to given wy (t)+ys =
, one gets the formula (4.178) for p;’, (x5) being the integral kernel of the operator
exp{—tHy,/2}.
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4.4 Rate of convergence in Dobrushin’s criterion

In this section we establish computable estimates in Wasserstein distance on the rate of
convergence fi , — p € G* in the thermodynamic limit A V. The results obtained,
in particular Corollary 4.40, will allow us to complete Step III in the proof of Theorem
4.9. This will be done in the framework of Dobrushin’s uniqueness criterion, which
presumes that the local Gibbs specification {ms}aev satisfies the weak dependence
condition [|D||, < 1. We stress that the previously known results, see e.g. [91, 94, 176],
were restricted to the systems with bounded spins, and hence could not cover the case
of tempered (i.e., growing) boundary conditions y € 2*. To this end, in Subsection
4.4.2 we suggest slightly stronger conditions on Dobrushin’s matrix D, see (4.205),
(4.240), which makes possible to extend the above criterion to unbounded spin systems
on graphs (Theorems 4.37 and 4.38) and to the lattice systems with interactions of
infinite range (Theorem 4.46). Among other results we mention a positive answer
given in Subsection 4.4.1 to the measurability problem for optimal couplings, which
arose e.g. in the original works of R. Dobrushin and remained so far open.

4.4.1 Measurability problem for the Wasserstein distance

Here we collect some useful facts about the Wasserstein distances. An important new
observation, see Items (v), (vi), concerns the measurability of solutions to the mass
transportation problem, which is known to be not unique solvable in general. In some
recent papers concerning the applications to mathematical physics (see e.g. [32, 111))
such measurability was mentioned as a long-standing open problem. We shall provide
a simple proof of the measurability result, which is based on the fundamental selection
theorem for multifunctions. Note that this property is crucial for proving uniqueness
criteria for Gibbs fields via the so-called reconstruction procedure suggested by R.
Dobrushin (see Subsection 4.4.2).

(i) Definition of W, ,: Let (X, p) be a Polish space. For p > 1, let P,(X) denote
the subset of all probability measures v on (X, B(X)) having finite moments

E, [p(x, x0)]" < o0, (4.192)

for some (and hence for all) 2o € X. For a pair v,7 € P,(X), we define the (L*-)
Wasserstein distance, cf. (4.151),

1/p

W,, (v,7):= inf {/XQ[p(x,a?)}pP(dx,dzﬁ) : (4.193)

Pell(v,b)

where the infimum is taken over all couplings P € II(v,7), i.e., probability mea-
sures P € P(X x X) with the marginal distributions v and 7. It can be shown that
(Pp(X), W, ,,) becomes itself a Polish space (cf. Theorem 6.1 in [281]), whereby the
convergence W, , (v,v,,) — 0, as n — oo, is equivalent to the weak convergence of
the measures v,, — v combined with the convergence of their moments (4.192) (cf.
Theorem 5.4 2 in [238] or Theorem 6.8 in [281]). Since P,(X) is closed as a subset
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in (P(X),W), it also can be considered as the Polish space equipped by the weak
topology W.

(ii) Optimal couplings: Actually, the infimum in (4.195) is always attained at
some (either wunique or at infinite many) P € II(v,) (cf. Theorem 4.1 in [281]).
Such minimizing couplings will be called optimal, whereby their set will be denoted by
II*(v,v). BEach P € II*(v,7) can be looked upon as a solution to the mass transporta-
tion problem with the cost function [p(z, Z)]P between v and © [239]. The set II*(v, D)
is a convex compact in P(X x X) endowed with the corresponding topology of weak
convergence (cf. Corollary 5.20 in [281]).

Below we restrict our considerations to the case p = 1. When no clarity is lost, we
shall omit the subscript p specifying the metric.

(iii) Kantorovich-Rubinstein dual relation (cf. Theorem 2.5.6 in [238] and
Theorem 5.9 in [281]) says that the following two definitions of the (L!-) Wasserstein
distance are equivalent for any pair of v, 7 € P (X):

W (v, 7) ZZPE%IEV/ p(z, 7)P(dz, d7) (4.194)
= o / F@)ly - 7)(do)|, (4.195)

where o
Lipy (X,p) = { £ X - R’ = O LI <1} (4.196)

(iv) Stability of optimal couplings (see Theorem 5.19 in [281]): Let v, (V) ¢
P1(X) converge weakly, as N — oo, to v, € Pi(X) respectively. Let PW) ¢
(v ), NV )) be a corresponding sequence of optimal couplings. Then, there ex-
ists a subsequence PVM) which converges weakly, as M — 0o, to an optimal coupling
P e I[I*(v, D).

(v) Measurable selection: Consider the product space X x X with the metric

p[(l‘l, 1'2), (Zi'l,fg)] = p(l‘l, ii'1> + p(l‘g, 5]2), (1’1, fL‘Q), (i’l, 5/’2) e X x X. (4197)

In a similar way one may endow P;(X x X) with the Wasserstein metric W; (or with
the topology of weak convergence ). Then

Pi(X) x Pi(X) > (v,0) — II"(v,7) C P1(X x X) (4.198)

can be viewed as a multifunction taking values in nonempty closed subsets II*(v,7)
of the Polish space (P1(X x X),W;) (or (P1(X x X),W)). Endowing all the metric
spaces with the corresponding Borel o-algebras, one may ask the following

Question Whether there exists a measurable selection P of the random set II*, which
is a Borel function

P(X) x P(X)> (v,0) — P(v,p) € I"(v,0) ? (4.199)
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Answer to this problem is always positive as we show now. By the fundamental
selection theorem (see Theorems III.6 and IIL.8 in [72] or Theorem 2.13 in [217]), the
following (strong) measurability of the multifunction I7* is sufficient for the existence
of such P: for any closed set F' C P;(X x X),

(IT)NF) = {(v,) | I*(v,0) N F £ &)} (4.200)

should be a Borel set in P;(X) x P;(X). Actually, we can prove that the set (4.200)
will be closed too. Let (v™),7™M)ycy € (IT*)"1(F) be a fundamental sequence in
P1(X) x P1(X), and let us denote its limit by (v,7). For each N € N, there exists
at least one P™N) ¢ 11*(v™) ™)) 0 F. By Ttem (iii) one finds a subsequence P(V),
M € N, converging weakly to an optimal coupling P € [I*(v,7). Since F' is closed,
this means that the limit point (v, 7) also belongs to (I7*)"(F). M

An immediate corollary of the foregoing item is the next useful statement:

(vi) Measurable dependence on a parameter: Let the marginals vy, 7, €
P1(X) vary in a measurable way with respect to some abstract parameter A. Then
there exists a measurable realization of the optimal coupling

A— Py € H*(VA,IZ\) C Pl(X X X)

Hence, the Wasserstein distance W (v, 7,) also measurably depends on this .

In the DLR approach all this applies to the mappings y — mx(dz|y) € (P(2), W)
which by construction are known to be measurable, see Remark 2.2 (ii).

Corollary 4.36 For any local specification {mx}rev obeying (4.201), the Wasserstein
distance Wy (pip . fp5) 15 @ measurable function of (y,7) € 2 x £2.

4.4.2 Dobrushin’s contraction technique for unbounded spins

Relying on the Dobrushin contraction technique (already mentioned in Subsection 2.3.5
(i), here we establish the rate of convergence, as A, V, of the local conditional
distributions s, ,(dzy), y € £2¢, to the unique Gibbs measure y € G*. For unbounded
spins, such convergence is naturally expressed in terms of the Wasserstein distance. All
the constants will be written down explicitly, which allows to analyze their dependence
on the geometry of the underlying graph and on the choice of boundary conditions
y € *. Similar estimates in the total variation distance || - ||rv are long known for
the discrete spin systems (see e.g. [90, 91, 95, 96, 176]) and are based on Dobrushin’s
reconstruction procedure for Gibbs states. For the translation invariant lattice systems
with continuous but bounded spins, the convergence of local Gibbs distributions in the
Wasserstein metric was first established by R. Dobrushin and S. Shlosman in [94].
However, this was done without justification of the reconstruction procedure and the
related measurability problems, which must be clarified if the spin spaces are not more
finite. So, one of our aims will be to fill this gap in the original proofs of R. Dobrushin.
Another peculiarity of our case is that we need to consider all boundary conditions
y € . They are typically growing and hence do not belong to [*°(V), which means
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that the standard arguments based on the [*°(V)-contractivity of Dobrushin’s matrix
do not work. To overcome this problem, we shall introduce proper weighted norms
on {2* and then apply the contractivity principles with respect to them. Such setting
allows us to to extend Dobrushin’s criterion to unbounded spin systems on graphs
(Theorems 4.37 and 4.38) and to the lattice systems with interactions of infinite range
(Theorem 4.46).

(i) Rate of convergence in Dobrushin’s criterion

As the problems discussed are of independent interest, we turn back to the most general
setting introduced at the beginning of Chapter 4. Let us suppose that the graph
G(V,E) satisfies the regularity Assumption (Gj) with some dg > 0. The subset of
tempered configurations is given by £2' := ;.. 2, cf. (4.25), (4.28). In what follows,
W stands for the (L'-) Wasserstein probability distance on 2. Recall that we consider
each {2, as a Banach space with the norm [xa|s := >, ., |7o| (to distinguish it from the
Euclidean one |z, | in RYA). For A € V, the related sets A* and 9* A were introduced
in (4.8).

Let us given a local specification {7y }aev such that for ally € 2 andv € A €V

[ falma(daly) < . (4:201)

Define the Dobrushin interdependence matrix D = (D, )yxy with entries

A% dz,|y), 1, (dx, |y
va/ = sup { (:uv< €T ‘y) fjlv( €T ’y)) }’ v~ (4202)
RIS |yv’ - yv’|
y=g off v

Assume that the above matrix is [*°(V)-contractive,.which means ||D||o < 1. Then (cf.
Subsection 2.3.4 (i)), Dobrushin’s criterion, Theorem 4 in [91], immediately implies the
uniqueness of € G such that sup, E,|z,| < co. However, it says nothing about the
speed of convergence py, — p1as A /' V for a set y € 2 of full measure p. Since this
is not strong enough for our purposes, we introduce the weighted Banach spaces [}(V),
13(V) C £ with norms

ol = = || exp{-dp(v,0)}, (4.203)
l||[ie : = sup[[z,|exp{—dp(v,0)}], forsome o€ V.
Note that
ID] ) = ||DtHL(z§) < sup Z Dy exp {0p(v,v')} < [|D| expd. (4.204)

vVouredu
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Theorem 4.37 Let a specification II = {mp}rev satisfy the following

Contraction Condition (D) : ||D||o := sup Z D,y < exp(—dg) < 1.
Yovredu
(4.205)
Then, for each o € V and ¢ € (6g, —log||Dllo), the class of all Gibbs measures p € G
obeying the exponential growth restriction on their moment sequence

> E,lx,| - exp{-dp(0,v)} < o0 (4.206)

consists of at most one element.

Theorem 4.38 In the same situation, for each § € (dg, —log||D|lo), o e ACAEYV,
and arbitrarily chosen boundary conditions v, € 2%, we have:

(i) The computable bound on the Wasserstein distance between the corresponding
finite volume projections

W (Papin,, Pariag) (4.207)

< (1—|Dlloexpd) " [Al Y |yo — ol exp {—ddist(v, A)};
veITA

(ii) Convergence as A 'V to the (unique) u € G*
W (Papin,, Pap) < (1 — ||Dloexp &)1 |A| exp {ddiam(A)} (4.208)
X > (Bpulz] + lyol) exp {—dp(v, 0)} ,

vEOTA

. L. 0,0 .
provided that the quantities HyHli,a and Ci.zm)s(ﬂ) are finite.

Remark 4.39 Both Dobrushin’s Conditions, see (D) in Subsection 2.2.1 and (D,)
in Subsection 2.3.4, are related as follows. Suppose additionally that

sup/ |2y |y (dz|0) =: Clyo09 < 00, (4.209)
0

veV

then by the definition of the Dobrushin coefficients (4.202) we have that for each y € 2

[leimasy) < |/ <|asv|—|:7zv|m<das|ym<d5c|o>'+ [ ulmtaslo

< Cyon9 + Z Dy |y |-

v'€dv

Thus (D,) implies (D;) with the compact function h(z,) := |z,| and contractive matrix
D = (D, )vxv, which in turn guarantees existence of € G with sup,cy E,|z,| < o0.
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For the graphs satisfying the stronger Assumption (G,) with dg = 0, instead of
(D) it suffices to require the usual Dobrushin’s condition ||Dl|, < 1. The results of
Theorems 4.37 and 4.38 then hold for all 0 < —log||D|jp and y,§ € 2° := (V520 %.
Below we formulate this precisely in the form needed for proving the ergodicity result
of Theorem 4.9. Remind that by the claim (i) of Theorem 4.18 we have the uniform
bound

sup sup/ |z, |dp < Chg10 < 0. (4.210)
2

neGt vev

Corollary 4.40 Under the hypotheses of Theorem 4.9, for all positive § < — log ||D||o
andye 2, oec ACAEV,

W (Papia, Papt) < (1—|Djoexps)”’ |A|exp{6diam<A>—gdistm,m}

3" (Como+ ) exp {-gp@, o>} | (4211)

The proof of Theorems 4.37, 4.38 are based on the following statement (motivated
by Lemmas 2.1, 2.2 and Theorem 3.1 in [94], which however dealt with translation
invariant interactions and bounded spins only).

Lemma 4.41 Supposing that (D) holds, let us fix any A € V and consider a pair of
probability measures i, i € P1({2) such that

Tolt = b, Toft = [, forall ve A . (4.212)

Then, the Wasserstein distance between their projections Pap, Paji on volumes A C A
can be estimated by

W(EBr) < (L [[Dflpespd) A (4.213)
< Y exp (=it )} | o o) + o)

vEDTA

with any positive § < — log||Dl|o.

Proof. By Remark 2.32 (ii), there exists an optimal coupling P € II*(Pau, Pajt) such

that
W (Pap, Paji) = Z/ |2y — | P(dza, dZA). (4.214)
vEA [2a]?
Setting
M, :/ |z, — Zy|P(dza, dZA), (4.215)
[2a]2

M, < / 2] [i(dz) + B(dz)], v € A, (4.216)
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we first show the following estimate in terms of the Dobrushin coefficients (4.202)
M, <Y DMy, forall veA™ (4.217)
v’ €dv

Fixed some vertex v € A~ let us apply to P(dza,dZa) the following reconstruction
procedure originally discovered for discrete spins by R. Dobrushin in [90, 91]. The
result of this reconstruction would be a new measure P € P(£25 x £25) with the same
marginals Pap and Paji, which we define as follows. Let

“(22 2 (y7g) - ﬂ-v(dwvdiv‘ya g) S H*(/’Lv,wﬂv,g) - Pl(R2y> (4218)

be a measurable mapping such that

/ |2y — o |mo(daydTy|y, §) = W (g, fhy ) - (4.219)
R2v

Since 2 > y — p,,(dr,) € Pi(R”) is continuous, such measurable version of the
optimal coupling between i, , and p, ; does exist by Remark 2.32 (v),(vi) (or in a

general situation, by Remark 2.2 (ii)). Then P is uniquely determined by the duality
/ f(za,Ea)P(dza, dZs) : (4.220)
(£2a]2
= /[ ] ( F(@o X yarfoy, To X @A\{v})ﬂv(d%dwy,ﬂ)) P(dya,dga),
QA 2 R2u

which holds on all bounded uniformly continuous functions f € CP(£2a x £24). Note
that for such f the integral over R?” in the right-hand side in (4.220) is a measurable
mapping of (y,y) € 22, which makes the above definition correct. By (4.220) it is
obvious that P € IT (Pap, Paji), whereas P and P coincide on the o-algebra generated
by the events B’ x B" with B’, B" € B({a\{v})- Setting

My = / ’(L’v/ — ﬁfvl|p(d£L‘A,di‘A), = A,
[£2a]2

we get by (4.219) and (4.220) that

M, = M, for all v' # v, (4.221)

whereby by (4.202)

Mv S Z va’/

v'€dv [2a]

= Z Dy ~'U’-

v'€Qv

. Yo — G| P(dza, dZA) (4.222)
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On the other hand,

ZM >WPA;1,,]P)AM ZMU’
v'EA v'eEA

which together with (4.221) and (4.222) implies the required estimate (4.217)
M, < M, < Z DyyM,, forall veA .
v'€0v
For A C A and 6 € (g, — log ||Dl|lo), let us introduce the system of weights
=¢,(A,0) ;== exp{—ddist(v,A)}, veV. (4.223)

Note that
co=1ifv €A, and cyc,t <exp{dp(v,v)}. (4.224)

Elementary rearragements then show that

sup{c,M,} < sup {cy My} - sup(Z D,yicyey, ) + Z oM, (4.225)

vEA v'eEA vEA o' D ved-A

< |IDlloexpd- sup {e, M.} + > el

vEITA

Finally,
W (Ppp,Pat) < \A|sup{cv]\/[v} (4.226)
< (1—|Dlloexpd) " [A] D eM,,
veEdTA

which was needed to prove in (4.213). =

In a similar way we can establish the dual result:

Corollary 4.42 If the transposed matriz D satisfies Assumption (Dg), then respec-
tively

W(Bap,Pafi) < (1—[[Dgexpsd) (4.227)
X Z exp {—ddist(v, A) }/ |z, | [p(de) + f(dx)],

veEITA

for all positive 6 < —log ||D]o.

Proof. Instead of (4.225) and (4.226), we now finish as follows:

> M, < ch/Mv/< > va/cvcv}) + Y e, (4.228)

vEA v EA veEA— NIV’ vEITA

< HDTHOeXpé-chMU—i- Z oMoy,

vEA vEITA



4.4. RATE OF CONVERGENCE IN DOBRUSHIN’S CRITERION 205

and hence
WPy, Paji) <Y M, <Y e, M, (4.229)
vEA vEA
< (1= ID loexpd) " > e, M,
vEITA
|

Proof of Theorem 4.38. (i) Let us apply Lemma 4.41 to the measures i := 7 (dz|y)
and i := mwa(dz|g), which by (2.26) are consistent with the one-point specification
kernels 7, for all v € A. Repeating the previous arguments, we conclude from (4.229)
that for all A C A

W (Pama(dzly), Pama(de]g)) < (1 - |[Dlloexpd) " [A] Y e, M,. (4.230)
vedtA
Since TA(B|y) = 1yy,ceny for all B € B(f2a¢), one easily observes that
M, = |l’v — fU|P(dl‘A,dZﬁA) = |yv — ?jv|, v E 8+A,
(2a)?

which together with (4.230) yields the result.

(ii) Fix a positive § < —log||D||o, and let the quantities ||y, .s, C’if;’g%, Es be finite.
Applying Lemma 4.41 and taking into account (4.7), (4.206), we get that

W (Pama(dz|y), Pap) < (1 — ||Dljoexpd) " |A|
X Z exp {—ddist(v, A)} - (Ep|zy] + [y0])

vedtA
< (1~ |IDlloexpd)~ [A] exp {ddiam(A)}
<3 (Bl + I esp {~o(v )} (1.231)
veITA

which completes the proof. W

Proof of Theorem 4.37. Suppose there exist at least two different u, 1 € G
obeying (4.206). Then Lemma 4.41 says that for all 6 € (dg, —log||D||o), A € V, and
any cofinal sequence Ay 'V

W (Pap, Paji) < (1—||D||oexpd) ™" |A| exp {ddiam(A)}
< 3 Byl + Balra])exp {~0p(v, 0)} — 0, as N — oo
veEdTAN

Thus, all finite volume projections Py and Pyfi coincide, which means that p = ji.
|

Proceeding in the same way but replacing Lemma 4.41 by Corollary 4.42, we prove
the following
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Corollary 4.43 The statement of Theorem 4.37 remains true if, instead of D, the
transposed matrix D* obeys Assumption (Dg).

Remark 4.44 The above proof reduced the uniqueness problem of ;1 € G to some kind
of an optimization problem for the Wasserstein distance, cf. (4.214). Such approach
seems to be much simpler as usual inductive schemes of [90, 91, 122, 176, 178, 176]
where one has move step by step over all points of V in order to construct the unique
limit of 7w (dz|y) as A V.

We briefly discuss some further applications. An immediate sequel of Theorem 4.38
is the following mixing property for correlations calculated with respect to u € G*.

Corollary 4.45 Let f : 20 — R, g : 2y — R be measurable cylinder functions with
disjoint supports A N A = &, such that f is globally bounded with || f||L~ < oo and g
is Lipschitz-continuous with [g]y < co. Then

[Coviu(fi9)l < 2(1—|IDlloexpd) " |A] - ||f][1[9]a (4.232)

x> Eplw,| - exp{—ddist(v,A)} .
vedtA

Proof. Without loss of generality assume that E,g = 0. Making use of the DLR
equation (2.34) and the dual relation (3.58), we may write

Covy(f:9)= [ stoa) [ [ stumrmstaslo) - [ g<yA>u<dy>] ,

and hence
Cov,(£59)] < IIfllugla / W (Pasia,y, Pas) duy). (4.233)

The statement now follows by substituting the upper bound for W (IEDA LAy P ,u) which
was derived in (4.231). m

(ii) Modification for interactions of infinite range

An important situation, which we have already faced in Subsections 2.1.1 and 3.1.4,
is when the interaction has infinite range and hence the local energies H,(x|y) may
be divergent for some y € (2. To keep the DLR picture consistent, we conventionally
put ma(dz|y) = 0 as y ¢ 2' and then consider only those Gibbs measures y € G
which are supported by the tempered configurations y € 2*. Clearly, such models do
not fit into the standard framework of Dobrushin’s uniqueness criterion [91, 108, 122],
which in advance expects that 7 (dz|y) are probability kernels continuously depending
on y € {2 in the product topology 7 ({2). Below we suggest a proper modification of
the Dobrushin theorem for the interactions of possibly infinite range, which allows to
cover (both the classical and the quantum) spin systems living on a lattice Z¢ or on a
more general indexing set L.
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Let us given a local specification II = {7 }acr of the measure kernels 7, (dz|y) (in
the sense of Remark 2.2 (i)) with the countable indexing set L. and the Polish single
spin space (X, p) 3 x4, such that for all y € 2 := X

/Q,o(xg,o)m(dﬂy) < 00. (4.234)

Consider the Polish space (2, p,,) of “tempered” configurations

.Qw::{azeﬂ

Zp xg,0) - w(ly, l) < oo} (4.235)
with  p,(z,T) Zp xg, Tg) - w(lo, ), (4.236)

constructed, for some fixed /5 € L and o € X, with the help of a weight mapping
w: L x L — (0,+00) described by Definition 3.6. Additionally, we assume that

B, = su wl, ') < co. 4.237
ZPZ (4,0) (4.237)

For all A € L, let we know that mx(dz|y) = 0 if y ¢ £2,. Define now the Dobrushin
matrix D = (D )Ly with the entries

W -
D = sup p ey 1e5) s (4.238)
Y, 7€ 2w p(yer, Ger)
y=4 off ¢/

where the supremum is taken over the tempered y, 1 € 2 only

Theorem 4.46 In order that there is at most one “tempered” Gibbs measure p € G
such that

ZE p(24,0)] - w(lo, ) < oo, (4.239)

the fulfillment of the followmg 18 sufficient:

Contraction Condition (D) : ||D||w := SUPZDM’ 0, "
g/
(4.240)

Proof. For any u,fi € G obeying (4.239), provided such exist, let us estimate the
Wasserstein distance

W, (7)) = inf /9 pulir, 7)P(de, A7) (4.241)

Pell(p,ji)

Let P € IT*(u, 1) be an optimal coupling, which means

W, (Pu, PAfi) = ZMM 0o, 0) (4.242)
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with
M, ::/ p(xp, Zo)P(dx,dz), €€ L.
022

Similarly to the proof of Lemma 4.41, a main issue is to show that the Dobrushin
condition (4.238) implies that

Mg S Z D%/Mg/, for all ¢ € L. (4243)
0(0)

Note that by the above construction, cf. (4.206), the vector M := (M;)ser belongs to
the Banach space

I2°(L) := {s cRY

lslliz = sup ol (fo, 0} < oo}. (1.244)

Since the matrix D = (D, )vxv generates a bounded operator in ($° whose norm does
not exceed ||D||, <1 (cf. Remark 2.1), we get from (4.243) that

M, < (DM); < (DVM),, [|M|li= < |[DYM|j=, N eN.
This immediately implies that M = 0 provided

(D) := Tim [[DV][{V <

In order to check (4.243) we apply to P(dzy,dZ,) Dobrushin’s reconstruction at
a fixed point /. Recall that the justification of such procedure was done in the proof
of Lemma 4.41. As a result we get a new measure P € II(y, ji), which is uniquely
determined by the duality

f(x #)P(dz,dz) : (4.245)

= [ ([ s x v x oy, ) ) Pl
X
holding on all cylinder uniformly continuous functions f € CP(f2y x £24) with A €

L. Here 2% 5 (y,7) — m¢(dzwedZely, 7) € 1I*(py,, 1ty 5) is a measurable solution to the
optimization problem

[ oo ameldrdindy.5) = W, (. 105)- (4.246)
X2
By (4.238) and (4.246) we get that

Mg/ = Mgl = / |QZ5/ - i’gl‘ﬁ(d&l, df), for all V/ 7§ v, (4247)
02

Mg S Z Dgg// |y€/ — yg/|P d]} dl’ Z Dgg/Mg/. (4248)
(0 @ (0



4.4. RATE OF CONVERGENCE IN DOBRUSHIN’S CRITERION 209

On the other hand,

> Mow(ly,0') > W (p, i) =Y Mpw(lo, £'),

el veL
which together with (4.247) and (4.248) yields the required estimate
My < My< ) DwMy. (4.249)
v(#0)

]
Going through the previous proof and using a contractivity argument in the Banach
space

IL(L) = {s cRY

we get the following:

lIslhige == Isulw(lo, 0) < oo} : (4.250)
l

Corollary 4.47 In the statement of Theorem 4.46 one can replace D by the transposed
matriz DT,

Our last result here can be viewed as a dual form of Dobrushin’s comparison theorem
(Theorem 3 in [91]; see also Theorem 2.1 in [176] and Theorem 3.7 in [108]). On the
other hand, the estimate we are going to prove constitutes the counterpart for the
Efron-Stein-Wu inequality (4.258) for variances of weakly dependent Gibbs fields. We
present only the statement for u € G, its finite volume version can be founded in [288],
Proposition 4.2.

Corollary 4.48 Assume that ||D'||, < 1. Let p be the (unique) Gibbsian measure
and i € P(£2) be an arbitrary probability measure, both satisfying the temperedness
condition (4.239). Then, the following estimate in the Wasserstein distance holds

W () < (1= D)™ St ) [ W (egoiig) 7). (4.251)

¢
where fi, 5 are (regular) one-point conditional distributions of [i under knowing Jpe.

Proof. First we note that the mapping (y,7) — W (,u&y,ﬁ&g) is measurable by
Corollary 4.36. Proceeding similarly to the proof of Theorem 4.46 and Corollary 4.48,
let us look at

W (, 1) := inf / Pz, T)P(dz, dT) ngw lo, 0) (4.252)

Pell(wi) J o

Performing the reconstruction P of P at the point ¢, we obtain by the triangle inequality
and (4.249) that

M, < M, S/ W, (they: fte ) P(dya, dga)

< ZDM'MZ’ /W Wyuuzy) fi(dg).
0(#0)

After summing over ¢ € L with the weights w(lo, £), we get the result. =



210 CHAPTER 4. STOCHASTIC DYNAMICS ON GRAPHS

4.5 Analysis of the Dirichlet operators

This Section is devoted to the comprehensive study of the Dirichlet operators associated
with Gibbs measures, both in the classical and in the quantum cases. We shall focus
on the following issues:

— A novel abstract approach to the spectral gap estimates via the Efron-Stein-Wu
inequalities for weakly dependent Markov fields (Subsection 4.5.1);

— Poincaré and log-Sobolev inequalities on loop spaces, with precise estimates on
the size of spectral gap and the log-Sobolev constants (Subsection 4.5.2);

— Analytical approach to the Euclidean Gibbs measures, which is based on their
integration by parts description (Subsection 4.5.3);

— Essential self-adjointness of the Dirichlet operators (Subsection 4.5.4).

4.5.1 Spectral gap and Efron-Stein-Wu inequalities

Here we give an elegant new proof of the Efron-Stein inequality for variances, which
recently was extended by L. Wu [288] to weakly dependent Markov fields obeying Do-
brushin’s Contraction Condition (D,). A classical version of this inequality stated for a
family of independent random variables is well known in statistics (see e.g. Section 2.5
of [209]). Recall that in Subsection 2.3.5 (iii) we have already applied such generalized
Efron-Stein-Wu inequality to the interacting spin systems on a lattice. Its important
consequence is the uniform, in volumes and boundary conditions, spectral gaps esti-
mates for the probability kernels 7, (dx|y) of the Gibbs specification, cf. Proposition
2.39. This seems to be the shortest way (also in comparison to the I';-approach of M.
Ledoux [186], cf. Remark 4.31 (i)) of getting the global spectral gap estimates by using
a-priori information about the one-point conditional distributions. Moreover, without
an extra technical effort this method also covers the case of infinite dimensional (i.e.,
loop) spin spaces, see Subsection 4.5.2 below.

For simplicity we keep the former notation, however all things obviously apply to
any Polish spin space (X, p) taken instead of (R”,|-|). Given a finite indexing set
A, let us consider a probability measure v, (dz) € P(§25) with a family of its regular
conditional distributions v, ,(dz,) = v,(dz,|ya), v € A, ya € (2, subject to fixed
YA\ Furthermore, we assume that

/ |z,]*va(dz) < 00, for all v € A. (4.253)
24

Define the Dobrushin’s interdependence matriz Dy := (D2 ,)axa, cf. (2.174),
W (voy, Vog)

= } , v#EV, v,V €A, (4.254)
|Yor — G|

DA, = sup {

~ !

(with zero diagonal D2 = 0) and suppose that its spectral radius (i.e., sup,, |\,| taken
over all eigenvalues \, € C, 1 < n < |A|) is strictly smaller than one, i.e.,

rep(Dy) < 1. (4.255)
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In particular, (4.255) is surely implied by the contraction condition in [*°(A)

IDallo :=sup > Dj, <1. (4.256)
VEA ()

Forv € A, z € 2y, and f € L*(vy), set

2
Var,, f := g 2 (z)dva(z) — [ ) f(z) dl/(]}):| : (4.257)
Var,,f =B, .f? — (By.f)’,
Ev,xf = 0 f(jv X xA\v) dyv,ac(jv)-

Proposition 4.49 (cf. Theorem 2.1 in [288]). If (4.255) holds, then for all functions
f e L*(va)
Var,, f < [1 —ry(Da)]” Z Varvyxf dvp(z). (4.258)

vEA

Simplified proof of Proposition 4.49. 1In L?*(v,) let us consider the following
bounded symmetric operator

Hf =) [f —BEu.f] (4.259)

veEA

As was observed by L. Wu, (4.258) is equivalent to the spectral gap for H with the
constant

ng(H) =1 Tsp(DA); (4260)

which means

Var,, f < [1 = r,(Da)] ' (HF, Drewy: VIE L*(vy). (4.261)

From here on we proceed in a different way as compared with the original proof in
[288]. Let us introduce the Banach space B of all Lipschitz continuous functions on
25 (factorized modulo constants) with the norm

f {15 = (60 i) = Z(S (4.262)

vEA
—4 off W’ 5(f) = {5v<f)}v€A-

5v(f) =
In virtue of (4.253), B is densely embedded into the Hilbert space H := L?(vy) & {1}.
Since H1 = 0, both operators H : B — B and H : ' H — H are well-defined and
bounded. According to the definitions (4.254), (4.257), and (4.262),

I )
0, v="1,

5U(EU,I(f)) S { 5@(}“) + D{)\,U(Sy,(f), v 7£ v’
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Herefrom, calculating H f by means of (4.259), we find that for any A > 0

So[(AId + H) f] = (A+ 1)8,(f) = > Divdw(f) = [(A + DId — DY)( )],
(#v)

The latter can be understood as the inequality for vector-columns in R*
S[(AId + H) f] > [(A + 1)Id — DY})] 6(f). (4.263)

Take A\ > max{||H||z5), ||H||z¢)}, so that the resolvent (AId + H) ™! is well defined
through the Neumann series A" Y- %_,(=1/A)Y H" in the both spaces. Recall that by
the spectral theorem

~1/N

DY (4.264)

Cso(H) = inf (Hf f)y, = hr]rvlsR?p [(A\d + H) ||

£l =1

On the other hand, the matrix C :=[(A + 1)Idy — D4]™" can be represented through
the Neumann series converging in [*(A),

PR A
C—(A+1)1§j(mD> ,
N=0

and thus all its entries C,,, are nonnegative. Set f := (AL + H) 'g, then (4.263) may
be rewritten for each g € B as

1

0[(AId + H)'g] < [(A + 1)Ids — D}] d(g) = Cd(g),

and hence by the iteration

N

S[(Md + H) Vg < [(A+ DIdy — D4] "V 6(g) = (CHYV 6(9), NeN.

The above inequality for the vectors ensures the estimate for their norms

I(\d + H) Vgl < [[CY]|; [l9]] . (4.265)

where we have used that || (C*)" i) = [|CN 1o (a) = HCNHO.

Now we employ the following general fact from the operator theory (for its proof see
e.g. Lemma 3.1 in [213]): Let B be a separable Banach space, which is continuously and
densely embedded in some Hilbert space H. Then any bounded self-adjoint operator
A :'H — H such that AB C B certainly satisfies ||A||zx) < [|Al|z(p)- In the context
of (4.265) this means that

[|(A1 —I—H)_NHL(H) < ||(>\1+H)_N||£(B) < HCNHO'

Finally, we observe that

—-1/N o1

limsupH()\l%—H)_NHZ(l?/j)v > thUPHCNHO sp

NeN NeN

(C)=A+1—14(Dy),
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which in virtue of (4.264) gives the result (4.260)
CS(;(H) >1-— Tsp (DA) >1-— ||DA||0 > 0.

Now let us apply the above proposition to the local Gibbs specification dealt with
in the Theorem 4.9. We get the following complement to the hypercontractivity result
of Theorem 4.30, whereby both (the Otto-Reznikoff and the Efron-Stein-Wu) criteria
yield independently the same upper bound on Cyrs and Cysg.

Theorem 4.50 Let the interaction parameters fulfill the relation (4.53). Then, the
family of conditional distributions i, ,(dza), A € L, y € 2, satisfies the Poincaré
inequality (4.143) with the uniform constant (coinciding with that one Cyrs in (4.166))

Cuse := inf {ng<A,y) | A e vV, Yy < .Q}
Z 04.166 S 6 [(CLU — JmG)G_Qﬁ(SQ — JmG} . (4266)

Proof. Fixed A and y, let us calculate the coefficients Df)\j’ in (4.254) corresponding to
the measure v (dxy) := py ,(dry) and its family of one-point conditional distributions
Vo,o(A2y) 1= vy (dTu]28) = fhy 2y xype (AT4), 24 € 24. By the construction it is obvious
that DY < D, v,v" € A, so that the norm ||Dy,||o of every finite volume matrix

Dy, = (D2Y)axa is dominated by the global norm ||D||o in Dobrushin’s Contraction
Condition (D,) from Subsection 2.3.4. As follows from (4.165), each p, ,(dx,) obeys
the Poincaré inequality (4.144) with the constant

Csa(v,y) > Crs(v,y) > Cuosr == Be 279 (ay — Jmyg). (4.267)

Similarly to the proof of Theorems 2.33 and 2.34, this implies that D, < Cgd - 8Jmg
as v ~ v', and hence

rsp(D) < [|D]]o < ﬁew‘sQJmG(aU — JmG)’l. (4.268)

Applying successively the consistency property (2.26) and the one-point Poincaré in-
equalities to the right-hand-side in (4.258), we get that

Vary £ < 1= DI S [ Var, L Fe % ) din, (o)
A

vEA

IA

[Cyo67(1 — [|D]]o)] "
X Z/_Q /_Q |a$vf($v X ZA\{U})|2de72AXyAC (xv)dlUA’y(ZA)
A v

vEA

— Ol / V) Bun djiny (20), VS € Co(RVA). (4.260)
A

In the last line in (4.269) we have used (4.267), (4.268) to check that Cya67(1—||D]|o) >
Cy166- As will be shown in the next subsection, cf. Proposition 4.62, C’(‘)’O(R”W) is
the domain of essential self-adjointness for the associated Dirichlet operator Hy , in

L?(tp,,)- Thus, (4.269) extends by continuity to all f € D(H,/?). m
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Remark 4.51 Using tightness of the specification {ms } aev (cf. Proposition 2.7), from
Theorems 4.30 and 4.50 one readily obtains the validity of log-Sobolev and Poincaré
inequalities, with the same constant Cyps, for the (unique) Gibbs measure p € G*. The
associated (infinite dimensional) Dirichlet operator H,, will be considered in Subsection
4.5.4.

4.5.2 Poincaré and Sobolev inequalities on loop spaces

In this subsection we prove the log-Sobolev and Poincaré inequalities for the local
Euclidean Gibbs measures ji5 ¢ on the loop spaces {2y := [Cs]*, A € L. We stress that
these results are entirely new for the quantum anharmonic systems with non-convex
interactions. They will be obtained by means of the Efron-Stein-Wu and Otto-Reznikoft
criteria (see Subsections 4.3.2 and 4.5.1), applied to a proper cylinder approximation
of the initial path measures. In the special case of strictly convex interactions such
functional inequalities have been established in [16, 191]. The log-Sobolev inequality
for the one-particle loop measures ji ¢, similar to that stated in Theorem 4.52 if v = 1,
was first obtained in the joint paper [20], however below we shall offer a new and
considerably simpler proof.

For the sake of concreteness, we place ourselves again in the situation of the unique-
ness Theorem 3.23, see Subsections 3.2.1 and 3.2.5.

A general strategy is to start with the uniform one-point estimates for the measures
pe- Let us introduce the spaces of smooth functions on the tangent Hilbert space L%.
Fix conventionally the orthobasis in L%

bas(L3) := {h@wy = ®€', kel 1<i<v}, (4.270)
Ah(k,i) = )\kh(k,i)y /\k = 2m(7rk‘/6)2 + a,

consisting of the eigenvectors of the operator A which was introduced in Subsec-
tion 3.1.3. Here (¢;),cz is the complete orthonormal system (3.40) of trigonomet-
ric functions on Sg and (e')Y_; is the standard base of the Euclidean space R”. By
FCl = FCE(LE) for k € NU{0,+00} we denote the set of all cylinder functions

f: L% — R which can be represented as

@) =6 (W, )z (0. he)s2) v € L, (4.271)

with some ¢, € CE(R"), I; € bas(L3), and 1 < j < L € N. We shall use the symbol
Vf(v) € L} for the gradient realization of the Frechét derivative f'(v) € L(L3 — R),
that is
VI@) = > B (0 m) s (0, h0)12 ) B
1<5<L
Given ¢ € L and § € 2%, on the domain FCp° we define the canonical pre-Dirichlet
Jorm associated with the measure j1,

Euy(f19) = / (Vf(we), Vg(we)) zdpgelwe),  f.g€ FC. (4.272)

2
Lg
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Clearly, (£,, FC°) is closable on L*(p, ¢ ) := L*(L3, 1, ); its closure will be denoted by
<5M e D(&, e )) . For a comprehensive introduction to the theory of infinite dimensional

Dirichlet forms and additional references see e.g. [26, 199].

Theorem 4.52 Under assumptions of Theorem 3.23, for all f € FCy° the following
log-Sobolev inequality is true

nt,,  f ‘:/ f*log f2du _/ f2dﬂﬁ,§'10g/ FHwe)dpge
Lj L3 2

. IV f (o)l gz dpee(we) = =—E, (£, ), (4.273)
B

2
< _“
CLS C’LS

with the log-Sobolev coefficient, which is the same for all £ € L, £ € (2,
Crs = (a + ay + aw||J|]o) e 2. (4.274)

Proof. Using the Holley-Stroock argument (4.157) to control the bounded perturba-
tion @ and extracting the quadratic potential (ay + aw||J||o) |¢|>/2 from V; := U, +Qy,
we can reduce the problem to studying the following measure on the space of continuous
loops v € Cjg

B
v(dv) = (1/7) exp {—/0 U(U(T))dT} x(dv). (4.275)

Here x is the Gaussian measure associated with a single harmonic oscillator with the
rigidity @ = a + ay + aw||J||o, cf. (3.41), and U € C?*(R”) is a convex function such
that U”(q) > 0 for all ¢ € R”. Then, the statement would follow, if  satisfies the log-
Sobolev inequality (4.273) with the constant Cpg := a. To this end, we shall construct
a proper cylinder approximation of the density term in (4.275). For any v € LB we
define its Fourier and Cesaro partial sums (cf. [103]) by

1 |
= >0 Y Whedne®a, Myw) =g > oSi).  (4276)

1<i<v |k|<K K=0

As well known, the Fourier series does not converge uniformly for 7 € Sz as we need.
But fortunately, by Fejér’s theorem (cf. Item 6.1.1 in [103]), for any v € Cj

sup |MN(U)|05 <|vlg, and  lim [v — MN(U)|C[3 = 0. (4.277)
NeN N—o0

Consider the corresponding sequence of probability measures on Cj

B
vy (dv) = (1/Zy) exp {—/O U My (v)] (T)dT} x(dv), N eN. (4.278)

Employing (4.277) and the below boundedness of U, by Lebesgue’s dominated conver-
gence theorem we conclude that vy — 7, as N — oo, in the weak topology on Cps.
Having chosen the orthobasis (4.270) in L%, we obtain the isomorphism

L% > U() — T = <$2)keZ, 1<i<v € l2(ZU>
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It transforms the measure 7, into a product-measure on [?(Z") of the form

1 /A
MN<dLE) = Z—NeXp{ Z/{N .73 Nyoooy L }H Ll *)\k|ffk‘ /2dﬂ?k (4279)

kEZ

with Ay, := 2m(7k/B)* +a/2 (cf. (3.39)). The potential Uy € C?(R*2N+1)) is given by

B
Un(T_N, .y TN) ::/ Z Z Trpp(T) | dT. (4.280)

142 0 |k|<K

By the construction this function is convex on R*N+1) which implies, via the Bakry-
Emery criterion (4.156) and the tensorisation property (4.158), the log-Sobolev in-
equality (4.273) for each «y,(dv) with the same Crg := a. Since f2log f?> € FC, its
validity for v follows by taking the limit N — co. =

There are two important sequels of the above theorem. The first one standardly
claims validity of the uniform Poincaré inequalities for the measures p, . The second
one, which is known as the variance estimate for Lipschitz continuous functions, was
crucially used in proving Theorem 3.23.

Corollary 4.53 (Rothaus-Simon mass gap theorem, cf. [245, 256]) For all f €
FCp° such that f11 in L*(p), we have

el f) = [ 1950 dnneon) > Cusllf g (4.281)
B

Corollary 4.54 (Variance estimate) For all f € Lip(L3) such that

[l = sup ) = @Ol _

o |0 —0[py

the following inequality holds:
2 1 )
Var,, [ = [ f(we) = By, f} dpuge(we) < o [l (4.282)
L3 LS

Proof. The spectral gap inequality (4.281) can be rewritten for all f € FCp° as

LS

[ [0 =B ] dielon < = [ 190yl
L L

1 1
< sup [V f(w)lis = = /T (4.283)

Cis wiEL2(v)

To extend (4.283) to general f € Lip(L3) we shall use their cylinder approximation
fn(v) == f(Sn(v)), cf. (4.276). Since E,,, ,|w|* < oo, it is obvious that [fx]y;, < [fl;

Mg
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and |f — fN|L2(u£ 0 0 as N — o0. So, it would suffice to prove (4.283) for all cylinder

Lipschitz functions fy(v) := ¢, <(U, hl)L‘;;a sy (0, hL)L%> of the form (4.271) with some

¢, € Lip(RF) and L € N. But for every Lipschitz function ¢, (s1, ..., s5) on R” there
exists a sequence (¢, y)nen C C5°(RY) such that [¢; y/luip < [fp]Lip and ¢ 5 — o
pointwise on R* as M — oo. Here we can e.g. use general properties of regularization
by convolutions ¢, ,, := py,* ¢, in Holder spaces, see the proof of Theorem 4.61 above

or Subsection 1.3.2 in [272]. And finally, fn (V) = ép ((U,hl)L%,...,(U, hL)L%)
gives us the desired approximation of fy as M — oco. m

For A € L, let FC°(£24) denote the set of all smooth cylinder functions f : 2y — R
which can be represented as

f(WA) = ¢L ((wfla hl)L%a X (wfm hL)L%) ) (4284)

with some ¢, € Cg°(R*), ¢; € A, h; € bas(L3), and 1 < j < L € N. Define the
gradient
VW) = (Vef @)y € P — 12), (4285)
véf(w) = Z a$g].¢L <(w€17 hl)L%? sy (wﬁLa hL)L%) h,gj S L%a 14 c L.

jilj=t

Applying now the Efron-Stein-Wu inequality for variances to the Euclidean measures
pa g, cf. Proposition 4.49, we in a short way get the quantum analog of Theorems 2.39,
4.50.

Theorem 4.55 Let the interaction parameters fulfill the relation (3.106). Then, the
family of conditional distributions iy ¢(dwy), A € L, § € 2*, satisfies the Poincaré
inequalities on all smooth cylinder functions f € FC°(§25) such that E,.f=1

Eund£D) o = [ Ve, (@) (4.256)

25 pen

— [ 19 spdincon) = Cuscllf g,
A

with the uniform constant (coinciding with that one for the classical case in (2.221))

CUSG Z 04.287 = 6 [(CLU + aw||J||0> 6_26662 - bw||J||0} . (4287)

Proof. Using the same arguments that proved Theorem 4.50 and substituting there
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the upper bound (3.171) for ||D||o, we get the required estimate

Var,, ./ < [1 - |[Dll]” / Var,, o o % ) diy, (1)

vEA

< [Cuaer(1 = [|Dl[o)]

X Z/ Ve f (e X npvgey) Pt e, (We)dpig ¢ (14)

vEA

= [04.166}_1/9 |Vf(77A)|122(]L—>L%)d,uA,§(nA)’ Vfe ]:CEO(QA)-
A

[ |
With some extra effort we can prove even the stronger property of hypercontractivity,
which extends the result of Theorem 4.30 to the loop spaces. Like as in the classical

case, cf. Theorem 4.30, the proof will rely on the Otto-Reznikoff criterion presented in
Subsection 4.3.2.

Theorem 4.56 Under the same assumptions, the local conditional distributions
pipe(dwn), A €L, § € 2%, obey the log-Sobolev inequalities

Ent,, ./ <

> IVef(w wW)|pzdu(w) = Eu, (f. 1), fE€FCT(),  (4.288)

C
ULS J 2 ypep

with the uniform constant Cyrs > Cy.os7.

Proof. We begin similarly to the proof of Theorem 4.61 by extracting the quadratic
terms (ay + aw||J||o) |wel32 /2 and setting @ := a + ay + aw||J|[o. This gives rise to
5

the following assumptions on the potentials, cf. (3.101)—(3.105),

Vii=Ur+ Qe U/ >0, Osc(Qr) <dg < o0,
Op Wee(ae, ae) 2 0, 105,4, Wer (e, qer)|ceey < Jewrbw- (4.289)

Fixed A € L and ¢ € §2°, we then consider the approximation of ji, ((dws) by means
of the Cesaro partial sums

pn(dwa) = (1/Zy) exp {—Ia (My(wa) [€)} xa(dwa),

where Iy (wx|€) is the Euclidean energy functional defined in (3.51), (3.54). Passing to
the isomorphism

L% 3 wa(+) ¥ zp i= (Top)een, kez € P(zYM, 3 € RY,

we transform the measure p, into the following classical Gibbs distribution on the



4.5. ANALYSIS OF THE DIRICHLET OPERATORS 219

Hilbert space 12(Z")

1 A
py(dz) = Zn H \/ 2k e Mleekl 2,

LEA, |k|>N
/>\k
f)\ T 2
XH exp [—Hen(Te-n, s Ton; € H A
e B|<N

1
Xexpq =3 E Wi N(Tp,—Ny ooy TeN; Tt N5 s TN (4.290)

N

with the interactions defined by

U n(To—nN,y oy Ton) / U, Zxékwk dr,
0

|k|<N

B
Weo N(To—Ny s Ton 5 Epr) ::/ W Z T 0p(7) 5 Ep | AT,
0

|k|<N

B
W n(Te,-Ns -, Ter ) ;:/ W N E Ty (T E Ty, dr,
0

|k|I<N [JISN

1
Hen(Te-ny s TN §) 1= 3 Z U N (TN oy T N)
NN

+ Z Weer N(@p-Ns s Ten 5 Epr)- (4.291)

Uehe
For convenience we here introduced the functions v, : Sp — R,

I
N+1

Py(T) = (1 - > 0,(T), TESs (4.292)

By the tensorisation argument (4.158), one-point estimates (4.273), (4.274), and Otto-
Reznikoff theorem we have that Crs(A, £) will be not smaller than the lower bound of
the symmetric matrix A := (Agyr)axa with the entries

Apy = 5,6672[35(‘? Ayp = — sup 02 ng/ Lp_Nyeeey ot N .
? ey Tp gt ( ) ? ? ) >£(R2N+l)

Observe that by (4.289), (4.291), and (4.292) we have that for any finite sequence
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cr € RY, |]€| <N,

Z <8§Lkmzlijgg/7N<l’g7_N, ceey {L‘gIVN)Ck s Cj> (4293)

RY

k.
B
- /Z<8§WWM' Zxé,kwk(7—> xi(T) S Cj¢j(7)> .
O kyj [kl<N R
B
JM/ Z%%%(ﬂ
O | &

LIRS >
dr < Ju E (1— N1 |ck|™ < Jow E ek,
which implies Ay > —by Jyr. Then obviously

2

IN

k k

inf Cris(A,§) = afe* = bw[|Ilo,

which completes the proof. m

The validity of the uniform log-Sobolev inequalities (4.288) would be an important
step towards establishing the pointwise ergodicity of the stochastic dynamics on loop
spaces associated with the Euclidean Gibbs states 1 € G* (see the motivating discussion
in Subsection 4.2.3)

4.5.3 Integration by parts description of Gibbs states

Here we briefly discuss the main ingredients of the so-called analytical approach to the
Euclidean Gibbs measures, which was developed in the joint papers [10]-[13] with S.
Albeverio, Yu. Kondratiev, and M. Rockner. The aim is twofold: (i) to illustrate some
striking applications of stochastic analysis in quantum statistical physics; and (ii) to
prepare a background for studying the corresponding Dirichlet operators on loop spaces
in Subsection 4.5.4.

A basic idea of the analytical approach is to use an alternative characterization of
Gibbs measures in terms their Radon—Nikodym and logarithmic derivatives, instead of
the traditional one through the local specification IT = {7} rer, and the DLR equation
(3.86). Such alternative descriptions of Gibbs measures have long been known for a
number of specific models in statistical mechanics and field theory (see e.g. [87, 109,
115, 117, 119, 144, 153, 157, 218, 247]). Both for the classical and for the quantum
lattice systems, a complete characterization of 1 € G* as quasi-invariant measures with
the prescribed Radon-Nikodym derivatives has first been proven in [17, 18]. Assuming
that the interaction potentials V;, Wyy are differentiable, it was further shown in [10]—
[13] that the later description of p € G' is equivalent to their characterization as
differentiable measures satisfying integration by parts formulas. In the earlier articles
of the same authors [22, 23] this alternative approach to studying Gibbs measures
has been realized in the (much simpler) situation of classical lattice systems, see also
Proposition 2.37 above. However, the abstract scheme which was suggested there is
not directly applicable to the quantum case. The reason is that for Euclidean Gibbs
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states we have to perform not only a “lattice analysis” (depending on the stability
properties of the interaction potentials V;, Wy ), but also a separate and rather non-
trivial “single spin space analysis” (taking into account the spectral properties of the
operator A which describes the “quantumness” of the system).

To present the main statements we confine ourselves to the quantum model (3.1),
(3.2), which was studied in Chapter 3. Additionally to the basic Assumptions (V),
(W), (J), we suppose that V, € C*(R¥), Wy € C?*(R?") satisfy the following condi-
tions, which are typical for the method.

Assumption (Wg) For all { # 0" and q;,qr € R”, it holds
oMW <. Ren Ren =0,1,2 4.294
’ qe (Q&QZ')’_ 9 M’( W‘HQA ‘qu" )7 n=>ul,zs. ( . )

Assumption (Vg) Functions V; and their derivatives are polynomially bounded, which
means that for some QQ > 2 and Cy >0

V" (g0)| < Oy (1+ g, n=0,1,2. (4.295)

Moreover, there exist Ag > ||J||oR/2 and corresponding Bs > 0, Cs € R, such
that for all ¢ € I and g, € R

(V/(q0),q0) > Aslqel™ + Bs Z VOV (q0)] (1 + |qe|™) + Cs. (4.296)

n=1,2

We start with the flow description of p € G' in terms of their Radon—Nikodym
derivatives under the local shift transformations of the underlying configuration space.
Let us consider

Ho:=1F(L — L}) = *(L)® L} (4.297)
with inner product (w,w)y = [|w||§ := D, |we|?. as a tangent Hilbert space to f2.
5

Similarly to (4.270), we fix the canonical orthobasis
bas(Hyp) := {h(&k,i) =eRp, R |Lel, keZ, 1<i< 1/} , (4.298)
where (T <5ggl)g/€]]d’ €i = (5ii/>1§ilgy, and h(kﬂ) = Pk &® ei, Ah(]m) = )\kh(k,i)-

Proposition 4.57 (see [10]-[13], [17, 18]). Let P! denote the set of all probability
measures [ € P(§2) which satisfy the temperedness condition (3.77) and are quasi-
invariant with respect to the shifts

wh— w4+ eh(g’k’i), fOT’ all 0 € R, h(&;m) € baS<H0),
with the Radon—Nikodym derivatives
02

age ki) (0, w) = exp {—Q(Ah(k,i), we)rz = 5 (Ahgeiy, hwiy )1z — Irel(wwh(é,k,i))} ,

(4.299)
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where

B
Lrat(w|Oh 1)) = / [Ve(we 4 Ohsy) — Ve(we)] dr (4.300)
0

/ Z [(Wee (we, wer) — Wep (we + Oy, wer)] dr
0 pr(z0)

is the corresponding relative interaction. Then G = M®.

In applications it is more convenient to use not the flow characterization itself, but
its infinitestimal form which we shall describe now. To this end we define the partial
logarithmic derivatives of the measures p € M, along directions h ;) by

0

by (w) = 98 “0hek.) (w) (4.301)

0=0
— (Ahway, we)ry — (Folw), hiray )z, w € 0t

Here F, : 2" — LR (with 1/R + 1/R' = 1) is the nonlinear Nemytskii-type operator
acting by

Fo(w) = V{(we) + ZN#) Dy W (wi, wir). (4.302)

The logarithmic gradient of the measure p € M¢ is a vector field b := (by)ser, with the
components

25w — by(w Z Do) (W) - hiy = —Awe — Fyo(w) € W52, (4.303)

where, by definition, the Sobolev spaces VVBiz are completion of CZ° for the norms
|U|W3:2 = |Ai1v|L%. As well known, the embeddings W — Lf and LY — W;? are
compact for any R > 2.

For each direction h ), we denote by Ci..(2% hr.i)) the set of all functions
f: 2 — R which are bounded and continuous together with their partial derivatives
6;1(2’ wJ and satisty the decay condition

sup
we Nt

Fw) (14 weluy + ]Fg(w)]%ﬂ < o0, (4.304)

By the above construction, fb,) € L>(u) for all such f and any 1 € P*, even though
we do not know a-priori whether by (w) € L'(p). For smooth interaction potentials
(as they are in our case), the flow characterization of u € G* by Proposition 4.57 is
equivalent to their characterization as differentiable measures solving the integration
by parts (for short, IbP) equations

Ot eiyi(dw) = (e iy (w)pe(dw) (4.305)

with the logarithmic derivatives b ;) defined by (4.303). An analogous characteriza-
tion of the classical Gibbs states was given by Proposition 2.37.
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Proposition 4.58 (see [10]-[15]). Let M} denote the set of all tempered measures
€ P* which satisfy the (IbP)-formula

/Qa(lg,k,i)f(w)d,u(w) = —/Qf(w)b(g,k,i)(w)du(w) (4.306)

for all test functions f € Cl..(2% b)) and any direction hgy € bas(Ho). Then
gt =M;.

Based on Proposition 4.58, instead of p € G* defined as Markov fields on I we can
study solutions to the (IbP)-formula (4.306), which in stochastic analysis are also called
symmetrizing measures. For further connections to the reversible diffusion processes
and Dirichlet operators in infinite dimensions we refer e.g. to [17, 18, 24, 56].

Remark 4.59 (i) The above by depend only on the potentials V;, Wy and hence
are the same for all p € G* associated with the heuristic Hamiltonian (3.1). Actu-
ally, the flow and (IbP)-characterizations in Propositions 4.57 and 4.58 are true under
minimal assumptions on the potentials, which guarantee just the continuity and local
boundedness of the mappings (4.299), (4.303).

(ii) The main difficulty in dealing with the (IbP)-formula (4.306) is that we do not
know in advance (until proving Theorem 3.19) whether by € L'(u) for any p € G*.
This problem may be overcome by the special choice (4.304) of test functions f, to
which we can correctly apply both sides of the distributional equation (4.305).

The most progress achieved in the analytical approach is related with the prob-
lems of existence and a-priori estimates for the Gibbs measures. Until recently it
remained the only universal method for studying the existence problem for general
non-translation invariant interactions. So, the main statements of the joint papers [10]—
[13] claim that, under the hypotheses more or less similar to Assumptions (Vg), (Ws),
the set of tempered Euclidean Gibbs measures is not empty at all temperature g > 0
and its elements obey the a-priori bounds (3.97). The key point of the proofs is that
according to (4.306) each p € G* might be viewed as a solution of the infinite system
(4.305) of first order partial differential equations (PDE’s). Due to the above assump-
tions on the potentials Vy, Wy, the vector field b := (by)ser, possesses certain coercivity
properties with respect to the tangent space Hy. This enables us to employ an analog
of the Lyapunov function method, well-known from finite dimensional PDE’s, to get
uniform moment estimates (3.97) on pu € G*. For any fixed boundary condition £ € 2,
the probability kernels 7, (dw|€) satisfy the same integration by parts formulas in di-
rections hg ) with £ € A. Herefrom we can derive the moment estimates like (3.119)
uniformly in volume, which by the compactness argument will ensure the existence of
pw € G'. In the extended review [13] we have also worked out an abstract setting for
this approach and studied the measures on linear spaces satisfying integration by parts
formulas with the given logarithmic gradient . Other important and long-standing
problem is to find sufficient conditions for the uniqueness of symmetrizing measures
in infinite dimensions. Particular results on this topic were obtained in [56, 59, 60].
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Furthermore, the (IbP)-description of ;1 € G provides a background for the stochastic
dynamics method, in which the Gibbs measures are treated as invariant distributions for
certain infinite-dimensional stochastic evolution equations, see [24, 25] and Subsection
4.2.6.

From our viewpoint, the new method we developed in Subsections 3.2.2, 3.2.4 for
proving Theorems 3.18, 3.19 seems to be more elementary. Furthermore, it allows to
drop a number of technical conditions on the potentials V;,, Wy, and do not require
their differentiability.

4.5.4 Essential self-adjointness of the Dirichlet operators

In this subsection we study essential self-adjointness of the Dirichlet operators H,
associated with the Gibbs measures ;1 € G' in different types of models dealt with in
Chapters 2-4. As was already mentioned in Subsection 2.3.5 (ii), this is a fundamental
property, which in particular implies the uniqueness of the corresponding equilibrium
dynamics T, := exp (—tH,), t > 0, in L?(u). Depending on a concrete situation
(classical or quantum systems, in infinite or finite volumes) we shall apply several
modifications of the so-called approrimative self-adjointness criterion, see Theorem 1
of [194], Theorem 1 of [16], or Theorem 3.1 of [191]. A common feature of such theorems
is that they presume constructing a proper smooth approximation for coefficients of
the considered operator; their proofs however could be technically quite disjoint.

For the classical lattice spin systems on L := Z%, essential self-adjointness of the
infinite dimensional Dirichlet operators H,, on natural domains like FCg°(§2) was shown
in [15, 16, 20, 166, 167, 210]. There are also few results related to the quantum lattice
systems, see respectively [191] for 5 < oo and [155] for 5 = oo, and to the Euclidean
quantum fields in finite volume, see [82, 194]. Concerning the models of our interest, the
techniques developed so far are principally limited to the pair potentials Wy, having at
most quadratic growth (i.e., R = 2) and the one-particle potentials V;, obeying certain
coercivity and semi-monotonicity properties. Our self-adjointness criteria, Theorems
4.61, 4.63 and 4.64 below, impose the most general assumptions on V,, Wy of such
type and are stated for the whole class of Gibbs measures p € G'. In particular, this
covers the result of [191] which concerned only with the “superstable” Gibbs states,
cf. Remark 3.34. A possible extension to arbitrary p € G* relies on the regularity
properties of those measures established in Subsections 3.2.1, 3.2.4 and respectively
2.2.3, 2.2.4. To construct the required approximations of the operators H,, we shall use
smoothing by convolutions in the spin spaces R” and Cesaro partial sums in C3. For
introductory material on the Dirichlet operators and forms associated with the Gibbs
measures i € G' see Subsection 2.3.5(ii).

(i) Classical case

We first place ourselves in the situation of Chapter 2 and consider the spin system (2.1),
with possibly infinite range of the interaction, which lives on some indexing set L. To
this end, additionally to the main Assumptions (Lg), (W), (J), and either (V) or (V,)
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holding with P > R = 2, we suppose that V, € C'(R”) and Wy € C'(R?) satisfy the
following conditions (for convenience, we here continue the previous numbering):

Assumption (Wy) There exists Cyw > 0 such that for all £,/ € L and
xbl‘f/ai‘fai)é' € RV?

\Weer (e, 20)| 4 |02, Weer (0, 20) | (4.307)
< %Jwﬂwl + |z | + Cw),
(O, W (g, 00) — OpWow (Zg, xer) s 20 — T4)| (4.308)
< %JMLW — Z?,
(0, W (e, ) — Op Wi (T4, ) , xpr — Tr)] (4.309)

1 -
S ijggrll’g/ — IZI|2.

Assumption (Vg) There exist P > 2, Cy > 0, and ay € R such that for all ¢ € L
and xp, Ty € RY,

Vi (20)| < Cy exp (Cylael), k=0,1, (4.310)
(V/(xg) = Vi (Z0), ¢ — Te)go > av|ze — Ty, (4.311)

If v > 2, we additionally claim that each of V, allows the representation
1
Vi) = (hes o) + Sbeleel® + welle]) + Qele), (4.312)

with hy € R by € R, such that sup,{|h|, |be|} = B < 0o, and

up € CH(R), u,(0) =0, uj(s) > uy(3) if s>35>0, (4.313)
Q. € CLRY), Sl;p |Qellca =: Cq < o0 (4.314)

Remark 4.60 Instead of monotonicity of u)(s) we can assume that

(u(s) — up(3))(s — &) > co(s — 5)%, with ¢, € R, sup|ef < oo,
¢

and then extract the quadratic terms %0432 from w(s).

Theorem 4.61 Let the above hypotheses be fulfilled. Then, for any tempered Gibbs
measure i € G*, the associated Dirichlet operator H,, | FC°(£2) (which is given by the
differential expression (2.206) or (4.52)) is essentially self-adjoint in L?(u).

Proof. We shall apply the general self-adjointness criterion for Dirichlet operators due
to V. Liskevich and M. Réckner, see Theorem 1 of [194]. To this end, we approximate
the logarithmic derivative b(x) by smooth cylinder mappings in the following way. Pick
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some 0 < p € Cg°(RY) such that |p|;1rv) = 1 and suppp C {s € R” | [s| < 1}, and
construct a sequence of mollifiers 0 < p,, € C°(R”), M € N, by

pu(8) i = MYp(sM), s € R”. (4.315)
Define the convolutions (see e.g. Subsection 1.3.2 in [272])

Vare(we) = (par * Vo) () = /

Wso (w2, 20) = / / oai (e — y)pnt (e — yo) W (e yo ) ey, (4.316)

It is obvious that Vs, € C®(RY), Wy epr € C°(R?) pointwise converge to Vi, Wy
as M — oo. Since Vy,, = py * V) = piy * Vi, the same convergence holds for the
derivatives Vy; ,, 0z, Waree. An advantage of this construction is that the growth and
dissipativity conditions in Assumptions (V), (W,) do not change, which in particular
means

pua (e — o) Vilye)dye = / pae (We)Valze — ye)dlye,

RY

14

1
102, Wit oo (20, 20)| < §Jze'(|$e| + |ze| + Cw + 1/M), (4.317)
1
sup {|a§ZWM745/’, .|8§é,m[/WM7M} S EJM/, (4318)
Vire(ze)| < Cvexp{Cv(|zel +1/N)},  Vipe(ze) > ayld,. (4.319)

Take a cofinal sequence AY) L as N — oo. For a fixed p > d, consider the Hilbert
space

1/2

0, ={zen umpkl§]1+myﬂw4 < o0 (4.320)
¢

(cf. the definition (2.15) with R = 2). By Chebyshev’s inequality and Theorem 2.15,

any 1 € G is surely a probability measure on (2,. Furthermore, (2.81), (4.307), and

(4.310) together guarantee that

/Q o)l < 2301+ e / V() Pl (4.321)

23l 351 +167 [ (C3+ 2ai) dn < oo,
¢
In the case of ¥ = 1 we next proceed as follows. Let ¢» € C°(R) be a cut-off
function such that ¢ (s) = s for s € (—=1,1), ¢(s) =2 for |s| > 3, and Y (s) = —(—s),
0 <'(s) <1 forall s € R. For each L € N, we put

Y, (s) := Lapy(L71s), s ER. (4.322)
Define cylinder mappings b; € C2 (2 — §2) indexed by I := (L, M, N) € N3
bre(z) =0, ¢ AN, (4.323)

bre(x) = Vi, Wr (@)l = > 0, Warse [y (), ¥ (wp)], €€ AN
v
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If v > 2, set respectively

g [ ()] (4.324)

Ty
b = —h;,—b —_— St
LZ(‘T) 0 E¢L(|x€|) |ZL‘£| |.I‘g|
o On Wt o (00, 20
— Qe (we) — e 0o Win (xi/fz ), (e A
(1 + L_1||I’A(N)||12)>

By the Liskevich-Rockner criterion, it suffices to check the following:
(i) lim, o0 E,||b— bln||§ = 0 along some subsequence I, := (L, M,,, N,), n € N;
(ii) There exists ¢ € R such that for all I = (L, M, N) and z,y € 2y

Y Oubro(@yey) L+ 0P <e Yyl 1+ ). (4.325)

£,0/eAN) LeAN)

Since lim,, oo bz, ¢(x) = be(z) for all € (2, the first condition is obvious by (4.317),
(4.319), (4.321) and Lebesgue’s dominated convergence theorem. For v = 1, the second
condition follows with ¢ := |ay| + ||J]||, from the estimate

S~ (Oubre ey (14 ) (4.326)
0.0 eAN(N)
— ST (Vi (n ) ) e we) (1 0]
LeAN)
— > (B, Warer (b (o), p(e)) ¥ (xe)ye, ye) (1+ |€])P
LrEA)
- > (aie,wé/WM,M’ (I/JL(W)J/JL(W))WL(W')%W') (1+[4])P
0,00 eAN)
(|avr+—\|Juo+—HJH”HJH;/?) > 14y,
Pe AN

where we used the Cauchy inequality and (4.318), (4.319). In the case of v > 1 we
observe that for all x € 2, ,y, € R,

(0n {uhsc s he] 24 b (4.327
o / (:Eg,yg)Z u?\/[,é [wL(lel)] ("L‘E»yé)Q
= Upge WL(WD] wL(’fo |5UZ|2 + |5UZ| (1 - W) |y€|2 >0

and

( {wmw—,} yz,yz) > oy, (4.328)
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since 0 < 97 (s) < 1 and w)y,,(s), uj,(s) > 0 for s > 0. Using this together with
(4.314), (4.318), and (4.324) gives us that

Y Oubre(@)ye,ye) 1+ |6 < (4.329)

£L/eAN)

J||, +2(1 + C2
S | et 2 C) o | s
enmr LA+ LY [zaom[12)

which implies (4.325) with
c:=2B+|J||, + Co+2(1+ CF). (4.330)

and completes the proof. m
Note that in finite dimensions, i.e., R", essential self-adjointness of the Dirichlet
operators H), takes place under a much weaker sufficient condition

blan € LAR", ), (4.331)

see the discussion related to Theorem 1 in [194]. In our situation, such assertion
can be checked similarly to (4.321) by employing the moment estimate (2.27). The
corresponding result for the local Gibbs distributions j, , now reads as follows.

Theorem 4.62 Let V; € C*(R”) and Wy € CHR?*) satisfy Assumptions (W), (J),
and (V) with some P > R > 2 and, in addition, the exponential bound (4.310) from
Assumption (V). Then, for allA € L andy € 2%, the finite volume Dirichlet operators
Hay [ FC(£24) are essentially self-adjoint in L*(Q, iy ,,)-

Let us stress that, unlike the preceding Theorem 4.61, here we need to claim that
the pair potentials have at most quadratic growth. As is seen from (4.326), such
assumption was crucial to check the uniform coercivity property (4.325). Clearly,
the above results can be extended to more general Hamiltonians with the N-particle
interactions Wy, . sy1, which were described in Subsection 2.2.5.

Next, we present a modification of Theorem 4.61 related to the spin system (4.10)
living on an infinite graph G(V,E). We suppose that this graph satisfies the regularity
Assumption (G;) with some dg > 0, cf. Subsection 4.1.1. The interaction matrix
J = (Jyw)vxv is now given by J,, = J if v ~ v’ and J,,, = 0 otherwise. Among the
hypotheses on V; := V,, Wy := W, listed in Subsection 4.1.2 we need only (4.11)
and (4.14). They should be supplemented by the former Assumptions (Wy), (V).
Adapting the arguments used in proving Theorem 4.61 to the Hilbert spaces Hs := 25
with 0 > dg, we show the following:

Theorem 4.63 In the situation described above, the statement of Theorem 4.61 holds
true for the graph spin system (4.10).
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(iii) Quantum case

In the rest of this subsection, we discuss self-adjointness of the Dirichlet operators
corresponding to the FEuclidean Gibbs measures. First we prepare the corresponding
set-up on loop spaces.

Consider the system of quantum oscillators (3.1), (3.2) indexed by an infinite set
L, and let the interaction potentials V;, Wy, be the same as Theorem 4.61. By the
definition (3.71) and the a-priori bound (3.97), each of ;1 € G* is now supported by the
tempered configurations from 2°:= (" _, {2,, where according to (3.63), (3.69) we set
2, := 020N [I2(L) ® L]. Recall that the tangent Hilbert space Ho := (*(L) ® L2, with
inner product (-,-)o and orthobasis bas(Hy) := {h(k,)}, was introduced in (4.297),
(4.298). For a fixed p > d, consider the rigging of H,

Wy CHy C Hy C H. C W_ (4.332)

by the Hilbert spaces H_ := [2(L) ® L3, W_ := [>(L) ® W;? and their dual H,,
W,. Denote by FCp°(12) = Jyep, FO°(£25) the set of all smooth cylinder functions
f: 2 — C constructed by means of bas(H). In particular,

iy, = %:(1 D) Plwelzzy el = %:(1 + 1) PIA Wil

By the integration by parts formula (4.306) one can straightforwardly check that
the Dirichlet operator associated with the symmetric form

Eu(F,9)i= [ (V1) VlDodi(e) = (Baf. )y, f.9€ FOHD),  (1333)
is given by the differential expression
Hyf(w) = —Af(w) = (b(w), Vf(w))o, [ e€FCT(R). (4.334)

We denote here

Af(w) = traces, (f"(w)) = > i f (@), (4.335)
0,k
Vf(w) = 28(57;;71')]0(60) . h(é,k,i) € HO.
0,k.i

According to (4.301)—(4.303), the logarithmic gradient of every p € G* is a measurable
vector field
b: 2, - W_, b:=a+F

with the components
ar(w) == —Awy,  Fy(w) = —V{(w) — Zw#) g W (we, wer),
o = (Oég)ge]L . .Qp — W_, F = (Fg)ge]L . .Qp — H_ (4336)
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Taking regard of (3.97), (4.307), and (4.310), we check similarly to (4.321) that

[ 1By dn(e) < (4.337)

Since the embedding Hy — W_ belongs to the Hilbert-Schmidt class, the defini-

tions (4.334), (4.335) extend by continuity to all f € C2(W_). Recall that here

W5? D L3 is the dual Sobolev space with the norm |w|?, , = [A™w[?,, where
5 5

A= (=md?/d7* 4 a) ® Id, is the positive self-adjoint operator in L} with the maxi-
mal domain D(A) := W3.

Theorem 4.64 Let the interaction potentials V,, Wy satisfy the hypotheses of Theo-
rem 4.61. Then, for each tempered Euclidean Gibbs measure u € G*, the associated
Dirichlet operator H,, | FC°(£2) is essentially self-adjoint in L*(p).

Our prior observation is that Theorem 1 of [194], which we successfully employed
before, does not apply in the quantum case (as well as the alternative approach of
[82]). The reason is that we are not able to control the dissipativity properties of v(w)
in the Hilbert space WW_. Instead, we shall use a modified version of the general self-
adjointness criterion established by S. Albeverio, Yu. Kondratiev, and M. Rockner in
Theorem 1 of [16] (see also Theorem 3.1 of [191]). Note that by the standard approxi-
mation argument (cf. Lemma 6 in [16]), the statement of the theorem is equivalent to
the essential self-adjointness of the operator H, | CZ(W_).

Proof. To prove the theorem it is enough (see page 116 of [16] or Equation (3.9)
n [191]) to construct mappings ay,, F,, € C?*(W_ — 'H_), which are twice Fréchet
differentiable and have globally bounded continuous derivatives

o FLW_ — LOV_ HD), ol F o W_ — LON_, LOV_, H_))

with the following properties:
(i) There exist a1, c; > 0 such that for alln € Nand w e W_, £ € H_

(a) (o (W)€ )y S allélfr s (B) (Fw)& g < calléllze_s (4.338)
(ii) There exist aq, ca(n) > 0 such that for n € N and w,{ € W_
(@) ()G, Ow_ < aalllly s (b) (Frw)¢, O < ca(mlClly s (4.339)

111 e sequences (« approximate « In the L“-sense
(.") Th q ( n)nGN, (fyn)nGN PP i y Y . h L2

(a) lim e /||a |3y dpp=10; (b) lim/||F—Fn||%du:O. (4.340)
n—oo o}

n—oo

To this end we shall combine the averaging via the Cesaro partial sums (4.276)
with the regularization of the potentials V;, Wy, by the convolutions (4.316) and cutoffs
(4.322) already used in proving Theorem 4.61. Recall that in L% we fix the orthobasis
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{h(k,i) lkeZ, 1<i< 1/} such that Ahg;) = Aphrs. For each multi-index I :=
(J,K,L, M,N) € N° and w € W_, we define
ar = (areyey s Fri= (Fre)e,, ane=75,=0 for £ ¢ AM,
au(w) = — Z )\k(wg, h(k,i))Lgh(k,i)y (e A(N). (4341)

|k|<J, 1<i<v

If ¢ € AN we further set for v =1
F[’g(w) = MKVJ\/LgW}L(MKWZ)] — Z 8q£WK7L7M7M/(w(g,wg/), (4342)
eAN)
and, respectively, for v > 2

Mg wy
|Migcwy|

Mgw
Fro(w) == —he — bé¢L(|MKW£|)|I\\/I%wZ - U/M,g [V (IMgwel)]
~ 2ream O Wik (we, we)

P—1)/2
(1 + L*1HOJA(N)H12,)( %
where for shorthand we denote

Uk e (We, Wer) 1= MOy, Wy o0 (Mg, Mgwpr), (4.344)

Uk L.y ee (We, wer) = MOy, War oo [t ,(Mgwe), ¥, (Mpwe)].
It is clear that these «; satisfy the conditions (i) (a) and (ii) (a) with a; = as = 0.
Condition (ii) (b) for 7, is also obvious, whereas (iii) (b) is implied by Lebesgue’s
dominated convergence theorem and (4.277), (4.317), (4.319), (4.321). For v = 1 the

property (i) (b) is confirmed by the following computations based on (4.325), (4.326),
(4.342), and (4.344)

(FH@)& ). == Y (Vare[trn Mrw) W (Mgwe) M€, Mic,) 2 (1 + €))7

LeAN)

(4.343)

- Q/M,e (we)

= ) (O [Ukp e (we, wo)J, (Micwe) M€y, Mic€g) 2 (1 + [€]) 77
2,0/ e A(N)

- Y (9, Uk a0 (we, wer) |9, (Mgcwe) M€, Miv€pr) 12 (1 + €))7
£,0/eAN)
< (lav| +ITlp)IEAlF, weW-, EeH .

Analogously, taking into account (4.327)—(4.329) and (4.343), we get for v > 2

Mg w

(0 [t onMtican] g | &) (4345)

8 M gwp, Mc&,)?
= / g 1 (Mo )] 0 (Mg mwﬁ&) d

Uy [V (IMgwel)] 1 (Mgwe, Mg&,)”
|Mgwel Mg Mig& |

T

) [Mgc&,[* > 0
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and thus
(FY@)6 ) < [2B+ 10l +Co+21+ C3)] - [l (4.346)

which implies (i) (b) with ¢; := ¢4330. Finally, by (3.38)—(3.41) and Proposition 3.20
we conclude that

[lla=aslfan =S4t 3 [ (onhu) du

¢ |k|>J, 1<i<v

_ 2

< ECyzur Z / (wé, h(k,i))L% dx(we)
k|>J, 1<i<v OB

= VE,Cazr Y N =0, J— o0, (4.347)

|k|>J

with some universal constant Cj34; > 0. Thus, we get the desired approximation
by, = ay, + F, by choosing large enough J = J(K, L, M, N) in accordance with (ii)
(b) and (4.347). =

Remark 4.65 To prove essential self-adjointness of the Dirichlet operators (4.334) one
can use an alternative scheme (similar to that realized in [155] for |A| < co and § =
00), which employs the stochastic quantization dynamics discussed in Subsection 4.2.6.
In this case, we need to approximate only the nonlinear terms F' in the logarithmic
derivative b(w) := —Aw + F(w). The result is obtained by mimicking the proof of the
self-adjointness criterion, Theorem 1 of [16], and using the properties of the solutions
to the Cauchy problem (4.125) with smooth F,, tending to F' as n — oo.

Similarly to the classical case, the essential self-adjointness of the Dirichlet operators
corresponding to the local Gibbs distributions pi, ((dwy) holds under rather general
assumptions on the interaction.

Theorem 4.66 Let the potentials V, € C*(R”) and Wy € C*(R?) be the same as in
Theorem 4.62. Then, for all A € L and & € 2*, the finite volume Dirichlet operators
Hae [ FCR(824) are essentially self-adjoint in L*(£2y, jiy ¢)-

Proof. Analogously to (4.336), the corresponding logarithmic derivative b = (by)een :
2h — [WB_Q]A can be represented as by(w) := —Awy + 7,(w) with

Yew) = =Viwe) =), O Wew(wewe) =) Oy Wee(we &) (4.348)

rene
We again apply the self-adjointness criterion, Theorem 1 of [194]. Define the cylinder
approximation o r(we) of Aw, by

AP
(e (we) = L , K,LeN, (4.349)

a \/1 + LU Pgwel?,
B
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Prwy := Z (wz,h(k,i))Lgh(k,i), |IP’Kwe|f/V5_1 = (A_llP’ng,IPng,)L%.

k|<K, 1<i<v
We claim that they satisfy the required assumptions:
(i) (O/K,L(wé)ga C)Wﬁ—z > a1|<‘3,‘/g2§ (i) KIEIBOO/Q | Aw, — QK,L,€|3VE2dMA,§ =0.

(4.350)
The validity of (4.350) (i) with a; = 0 is implied by the estimate

(O/K,L (wﬁ)g C) WB_2

|IPKC|§V51 L1 (Png,PKC)ivgl

1/2
(1 + LI‘PKU)A%}%—I) (1 + L1|PKWZ|12/VB—1)

L*IIIP’KCE,V; |]P)KWZ|12/V51 — (Pxwe, PKO%V;

3/2

>0

3/2
(1 + Ll’PKwd%/Vﬁ—l)
On the other hand,
|AW£ - OZK,L,AWg2
. ) ~1/2
< \Awg — A]P)KW£|WB—2 + |A]P)KUJ5‘WB—2 |i1 — (1 + L~ ’PKWg|W/;1> }
< Jwe = Prwi|ry + L7HPrwily s [Prewelr < wp = Prwelrz + (aL) ™ welzz,

where a > 0 is the parameter related to the operator A, cf. (3.38). Proceeding similarly
to (4.347), we can check (4.350) (ii)

/ | Aw, — OéK,L,£|I2/VB—2dMA7§ < 2vCy347(A,§) Z A
12 k|>K

+2(aL)_2/ |wg|2L%duA7§(wA) —0, as K, L — oo. (4.351)
5
Finally, we note that

sup / ()22 c(wn) < oo.
e .QA B

The criterion we apply says that such L*-integrable “perturbation” terms ~y,(w) cannot
destroy self-adjointness, which completes the proof. m
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