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Abstract

The main result of this note is the existence of martingale solutions to the
stochastic heat equation (SHE) in a Riemannian manifold by using suitable
Dirichlet forms on the corresponding path/loop space. Moreover, we present
some characterizations of the lower bound of the Ricci curvature by functional
inequalities of various associated Dirichlet forms.
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1 Introduction
sect1

This work is motivated by Tadahisa Funaki’s pioneering work [8] for regular noise and
Martin Hairer’s recent construction [12] with singular noise of a natural evolution on
the loop space over a Riemannian manifold (M, g). Both consider the formal Langevin
dynamics associated to the energy

E(u) =
1

2

∫
S1

gu(x)(∂xu(x), ∂xu(x))dx,
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for smooth functions u : S1 →M . One would like to build a Markov process u taking
values in loops over M with invariant (even symmetrizing) measure formally given by
exp(−2E(u))Du. A natural way of interpreting exp(−2E(u))Du is to think of it as
the Brownian bridge measure on M . See [1] for proofs that natural approximations of
exp(−2E(u))Du do indeed converge to Wiener measure on C([0, 1];M).

Processes with invariant (even symmetrizing) measure given by Wiener measure on
C([0, 1];M) were first constructed in the nineties by using the Dirichlet form given by
the Malliavin gradient on path and loop spaces over Riemannian manifolds, see [7, 2]. In
this case, we call the associated Dirichlet form O-U Dirichlet form. For an alternative
approach, not based on Dirichlet forms, see [15]. After that there were several follow-up
papers concentrating on non-compact Riemannian manifold, see [5, 19]. In particular,
when M = Rd these processes correspond to the Ornstein-Uhlenbeck processes from
Malliavin calculus. When M = Rd the stochastic heat equation also admits Wiener
measure as the invariant measure. To construct the solution to the stochastic heat
equation on Riemannian manifold, in [12] Martin Hairer wrote the equation in local
coordinates informally as:

eq1.1eq1.1 (1.1) u̇α = ∂2xu
α + Γαβγ(u)∂xu

β∂xu
γ + σαi (u)ξi,

where Einstein’s convention of summation over repeated indices is applied and Γαβγ
are the Christoffel symbols for the Levi-Civita connection of (M, g), σαi are the local
coordinates for the vector fields σi on M satisfying gu(h, h̄) =

∑
i gu(h, σi)gu(h̄, σi)

for h, h̄ ∈ TuM , and ξi is a collection of independent space-time white noises. Equa-
tion (1.1) may be considered as some kind of a multi-component version of the KPZ
equation. By regularity structure theory, recently developed in [11, 3, 4], local well-
posedness of (1.1) has been obtained in [12].

In this note, we construct a new Dirichlet form (L2-Dirichlet form) such that
the associated Markov process solves the stochastic heat equation (SHE) with values
in a Riemannian manifold. Moreover, we obtain some new characterizations of the
lower bound of the Ricci curvature in terms of L2-gradient and functional inequalities
associated to the above Dirichlet form. In addition, we also prove the logarithmic
Sobolev inequality holds on the path space over a Riemannian manifold with lower
bounded Ricci curvature. As a consequence, for the process we have L2-exponential
ergodicity, recurrent irreducibility and the strong law of large numbers.

In Sections 2 and 3 below, we present and discuss these results in detail and explain
the framework. We also sketch some proofs. The details of the proofs are contained in
[16].

2 A Diffusion Process on Path Space
sect2

Throughout this article, suppose that M is a complete and stochastically complete
Riemannian manifold with dimension d, and ρ be the Riemannian distance on M . Fix
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o ∈ M and T > 0. The based path space Wo(M) = {γ ∈ C([0, 1];M) : γ(0) = o},
which is a Polish space under the uniform distance

d∞(γ, σ) := sup
t∈[0,1]

ρ(γ(t), σ(t)), γ, σ ∈ Wo(M).

In order to construct Dirichlet forms associated to stochastic heat equations on
Riemannian path space, we need to introduce the following L1-distance, which is a
smaller distance than the above uniform distance d∞ on Wo(M):

d̃(γ, η) :=

∫ 1

0

ρ(γs, ηs)ds, γ, η ∈ Wo(M).

Let E denote the closure of Wo(M) in {η : [0, 1]→M ;
∫ 1

0
ρ(o, ηs)ds <∞} with respect

to the distance d̃. Then E is a Polish space.
Let O(M) be the orthonormal frame bundle over M , and let π : O(M) → M be

the canonical projection. Choosing a standard othornormal basis {Hi}di=1 of horizontal
vector fields on O(M), and consider the following SDE,

eq2.1eq2.1 (2.1)

{
dUt =

∑d
i=1Hi(Ut) ◦ dBi

t, t ≥ 0

U0 = uo,

where uo is a fixed orthonormal basis of ToM and B1
t , · · · , Bd

t are independent Brownian
motions on R. Then xt := π(Ut), t ≥ 0 is the Brownian motion on M with initial point
o, and U· is the (stochastic) horizontal lift along x·. Let µo be the distribution of x[0,1],
then µo is a probability measure on Wo(M).

Let FC1
b be the space of bounded Lipschitz continuous cylinder functions on

Wo(M), i.e. for every F ∈ FC1
b , there exist some m ≥ 1, gi ∈ Lip(M), m ∈ N, f ∈

C1
b (Rm) such that

eq2.2eq2.2 (2.2) F (γ) = f

(∫ 1

0

g1(s, γs)ds,

∫ 1

0

g2(s, γs)ds, ...,

∫ 1

0

gm(s, γs)ds

)
, γ ∈ Wo(M),

where

Lip(M) := {g : [0, 1]×M → R, |g(s, ηs)− g(s, γs)| ≤ Cρ(ηs, γs), s ∈ [0, 1], η, γ ∈ E} .

For any F ∈ FC1
b with (2.2) form and h ∈ H := L2([0, 1];Rd), the directional deriva-

ture of F with respect to h is given by

DhF (γ) =
m∑
j=1

∂̂jf(γ)

∫ 1

0

〈
U−1s (γ)∇gj(s, γs), hs

〉
Rd ds, γ ∈ Wo(M),
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where

∂̂jf(γ) := ∂jf

(∫ 1

0

g1(s, γs)ds,

∫ 1

0

g2(s, γs)ds, ...,

∫ 1

0

gm(s, γs)ds

)
,

and for γ ∈ E\Wo(M) we define DhF (γ) = 0. By Riesz’s representation theorem, there
exists a gradient operator DF (γ) ∈ H such that 〈DF (γ), h〉H = DhF (γ), γ ∈ E, h ∈ H.
In particular, for γ ∈ Wo(M), DF (γ) =

∑m
j=1 ∂̂jf(γ)U−1s (γ)∇gj(s, γs). We call DF the

L2-gradient of F on path space. Denote by H the Cameron-Martin space:

H :=

{
h ∈ C1([0, 1];Rd)

∣∣∣h(0) = 0, ‖h‖2H :=

∫ 1

0

‖h′(s)‖2ds <∞
}
.

Taking {ek} ⊂ H such that it is an orthonormal basis in H, consider the following
symmetric quadratic form

E (F,G) :=
1

2

∫
E

〈DF,DG〉Hdµo =
1

2

∞∑
k=1

∫
E

DekFDekGdµo; F,G ∈ FC1
b .

T2.1 Theorem 2.1. The quadratic form (E ,FC1
b ) is closable and its closure (E ,D(E )) is

a quasi-regular Dirichlet form on L2(E;µo) = L2(Wo(M);µo).

Sketch of the proof : For the compact Riemannian manifold, we can derive the clos-
ability of (E ,FC1

b ) by the integration by parts formula in [7] along each ek. By a
localization technique, the integration by parts formula in [7] also can be extended to
the general Riemannian manifolds, which implies the closability in the general case.
The quasi-regularity of the Dirichlet form follows essentially by the same argument as
in [13]. �

By using the theory of Dirichlet forms (refer to [13]), we obtain:

T2.2 Theorem 2.2. There exists a conservative (Markov) diffusion process M = (Ω,F ,Mt,
(X(t))t≥0, (P

z)z∈E) on E properly associated with (E ,D(E )), i.e. for u ∈ L2(E;µo)∩
Bb(E), the transition semigroup Ptu(z) := Ez[u(X(t))] is a E -quasi-continuous version
of Ttu for all t > 0, where Tt is the semigroup associated with (E ,D(E )).

Here for the notion of E -quasi-continuity we refer to [13, ChapterIII,Definition 3.2].
By Fukushima’s decomposition we have

T2.3 Theorem 2.3. There exists a properly E -exceptional set S ⊂ E, i.e. µo(S) = 0 and
Pz[X(t) ∈ E \ S,∀t ≥ 0] = 1 for z ∈ E\S, such that ∀z ∈ E\S under Pz, the sample
paths of the associated process M = (Ω,F ,Mt, (X(t))t≥0, (P

z)z∈E) on E satisfy the
following: for u ∈ D(E )

eq2.3eq2.3 (2.3) u(Xt)− u(X0) = Mu
t +Nu

t Pz − a.s.,
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where Mu is a martingale with quadratic variation process given by
∫ t
0
|Du(Xs)|2Hds

and Nu is a zero quadratic variation process. In particular, for u ∈ D(L), Nu
t =∫ t

0
Lu(Xs)ds, where L is the generator of (E ,D(E )).

r2.4 Remark 2.4. (a) If we choose u(γ) =
∫ r2
r1
uα(γs)ds ∈ FC1

b , with local coordinates
uα on M , then the quadratic variation process for Mu is the same as that for the
martingale part in (1.1).

(b) Theorems 2.2-2.3 still hold if the path space is replaced by the loop space(or the
free path and free loop cases) and Wiener measure is replaced by the associated
measure under some suitable conditions.

3 Properties of SHE
sect3

In this section, we will study properties of Xt, t ≥ 0, constructed in Section 2. First
we present the logarithmic Sobolev inequality for the damped gradient D̃F assuming
M is stochastically complete, which implies the logarithmic Sobolev inequality for the
Dirichlet form considered in Section 2.

For any F ∈ FC1
b , we define the damped gradient D̃F of F by

D̃F (t) = M−1
t

∫ 1

t

Ms(DF (s))ds,

where Mt is the solution of the equation

d

dt
Mt +

1

2
MtRicUt = 0, M0 = I.

Suppose that Ric ≥ −K for K ∈ R. Define the quadratic form corresponding to D̃F
by

Ẽ (F,G) =
1

2

∫
E

〈D̃F, D̃G〉Hdµo, F,G ∈ FC1
b .

T3.1 Theorem 3.1. [Log-Sobolev inequality] Suppose that Ric ≥ −K for K ∈ R. The
log-Sobolev inequality holds for (Ẽ ,D(Ẽ )), i.e.,

µo(F
2 logF 2) ≤ 2Ẽ (F, F ), F ∈ FC1

b , µo(F
2) = 1.

In particular, we have

µo(F
2 logF 2) ≤ 2C(K)E (F, F ), F ∈ FC1

b , µo(F
2) = 1

where C(K) = eK−1−K
K2 ∧ C0(K) with

C0(K) =


4
K2

(
1−

√
2e

K
2 − eK

)
, if K < 0,

2
K2

(
eK − 2e

K
2 + 1

)
, if K > 0.
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r3.2 Remark 3.2. (i) In fact, Theorem 3.1 had first been proved in [10]. Compared to
the results in there, our constant C(K) is smaller. By comparing the classical O-
U Dirichlet form and the L2-Dirichlet form, we note that the the LSI associated
to the two Dirichlet forms are essentially different, the former requires upper and
lower bounds of the Ricci curvature of M , and the latter only needs a lower bound
for the Ricci curvature.

(ii) According to [17], the log-Sobolev inequality implies hypercontractivity of the as-
sociated semigroup Pt, in particular, the L2-exponential ergodicity of the process:
‖Ptf −

∫
fdµo‖2L2 ≤ e−t/C(K)‖F‖2L2 .

(iii) The log-Sobolev inequality also implies the irreducibility of the Dirichlet form
(E ,D(E )). It is obvious that the Dirichlet form (E ,D(E )) is recurrent. Com-
bining these two results, by [FOT94, Theorem 4.7.1], for every nearly Borel non-
exceptional set B,

Px(σB ◦ θn <∞,∀n ≥ 0) = 1, for q.e. x ∈ X.

Here σB = inf{t > 0 : Xt ∈ B}, θ is the shift operator for the Markov process X,
and for the definition of nearly Borel non-exceptional set we refer to [FOT94].
Moreover by [FOT94, Theorem 4.7.3] we obtain the following strong law of large
numbers: for f ∈ L1(E, µo)

lim
t→∞

1

t

∫ t

0

f(Xs)ds =

∫
fdµo, Px − a.s.,

for q.e. x ∈ E.

Sketch of the proof of Theorem 3.1 : The proof follows from the following martingale
representation: for F ∈ L2(µo),

F = E(F ) +

∫ 1

0

〈
E
[
M−1

s

∫ 1

s

Mτ (DF (τ))dτ

∣∣∣∣Fs

]
, dWs

〉
,

and some delicate estimates. Here W is the anti-development of γ and {Fs} is the
filtration generated by W . �

Upper and lower bounds of the Ricci curvature on a Riemannian manifold were well
characterized by the diffusion process associated to the O-U Dirichlet form given by
the Malliavin gradient in [14]. If the O-U Dirichlet form is replaced by our L2-Dirichlet
form, then we can only obtain the following characterizations for the lower bound of
the Ricci curvature. This further indicates that these two processes have essential
differences.

In fact, the results in Section 2 and Theorem 3.1 also hold when we change 1 to
any T > 0. To state our results, let us first introduce some notations: For any point
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y ∈ M and T > 0, let xy,[0,T ] be the Brownian motion starting from y ∈ M up to
time T , and µT,y be the distribution of Brownian motion xy,[0,T ] on W T

y (M) := {γ ∈
C([0, T ];M)|γ(0) = y}. For any n ≥ 1 and G ∈ FCT

b with FCT
b defined as in (2.2)

with 1 replaced by T , define

EKT,n,y(G,G) = (1 + n)C1(K)

∫
WT

y (M)

∫ T− 1
n

0

|DG(γ)(s)|2RddsdµT,y(γ)

+

(
1

n
+

1

n2

)
C2,n(K)

∫
WT

y (M)

∫ T

T− 1
n

|DG(γ)(s)|2RddsdµT,y(γ).

where

C1(K) =

[
1

K2

(
TKeKT − eKT + 1

)]∨ T 2

2
, C2,n(K) =

eKT − 1

K

(
1 ∨ e−

K
n

)
.

Let pt be the Markov semigroup of the process xy given by ptf(y) = E[f(xt,y)], y ∈
M, f ∈ Bb(M), t ≥ 0. Denote by C∞0 (M) the set of all smooth functions with compact
support on M .

T3.3 Theorem 3.3. For K ∈ R, the following statements are equivalent:

(1) Ric ≥ −K.

(2) For every f ∈ C∞0 (M), T > 0 and y ∈M , we have∣∣∣∣∫ T

0

∇psf(y)ds

∣∣∣∣ ≤ ∫ T

0

e
Ks
2 ps|∇f |(y)ds.

(3) For every y ∈ M,T > 0, the following log-Sobolev inequality holds for every
n ∈ N:

µT,y(F
2 logF 2) ≤ 2E K

T,n,y(F, F ), F ∈ FCT
b , µT,y(F

2) = 1.

(4) For every y ∈M,T > 0, the following Poincaré-inequality holds for every n ∈ N:

µT,y(F
2) ≤ E K

T,n,y(F, F ), F ∈ FCT
b , µT,y(F ) = 0.

Sketch of the proof : 1)=⇒ 2) follows from the gradient formula. Conversely, taking

F (γ) :=
∫ T
0
f(γs)ds for some function f ∈ C1

0(M) with

eq3.1eq3.1 (3.1) f ∈ C∞0 (M), |∇f |(y) = 1, Hessf (y) = 0,

and applying F into 2), 1) can be derived from the following formula in [18]

1

2
Ric(∇f,∇f)(y) = lim

T↓0

pT |∇f |(y)− |∇pTf |(y)

T
.
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1)⇒ 3) follows similarly as in the proof of Theorem 3.1.
3)⇒ 4) is standard.

4)⇒ 1): For each k ≥ 1, take F (γ) = k
∫ T
T−1/k f(γs)ds for some f as (3.1). Then

using this formula

1

2
Ric(∇f,∇f)(y) = lim

T↓0

1

T

(
pTf

2(y)− (pTf)2(y)

2T
− |∇pTf(y)|2

)
,

it is not difficult to obtain 1). �
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