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Abstract. We prove a new uniqueness result for solutions to Fokker—Planck—Kolmogorov (FPK) equations for
probability measures on infinite-dimensional spaces. We consider infinite-dimensional drifts that admit certain
finite-dimensional approximations. In contrast to most of the previous work on FPK-equations in infinite di-
mensions, we include cases with non-constant coefficients in the second order part and also include degenerate
cases where these coefficients can even be zero. Also a new existence result is proved. Some applications to
Fokker—Planck—Kolmogorov equations associated with SPDEs are presented.
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INTRODUCTION

In this paper we study the Cauchy problem for infinite-dimensional Fokker—Planck—Kolmogorov equa-
tions of the form O;u = L*p for bounded Borel measures 1 on the space R™ x (0,7), where R* is the
countable power of R with the product topology, and second order operators

Ly = Z aijaxiaxjcp + Z B0, ¢
i, i

defined on smooth functions of finitely many variables. Such equations arise in many applications and have
been intensively studied in the last decades. In particular, they are satisfied by transition probabilities of
infinite-dimensional diffusions, which is an important motivation for this paper. The finite-dimensional
case has been studied in depth by many authors (see the recent surveys [10] and [12]), in particular,
there is an extensive literature on regularity and uniqueness of solutions to Fokker—Planck—Kolmogorov
equations for measures on finite-dimensional spaces, see [3], [8], [9], [10], [12], [18], [27], [33], and the
references there. The infinite-dimensional case is considerably less studied, although there is also a vast
literature devoted to this case (see, e.g., [5], [6], [7], [15], [24], [30], and the references there).

The organization of the paper is as follows. In Section 1 we introduce a general class of Fokker—Planck—
Kolmogorov equations in infinite dimensions and prove some preliminary results. In Section 2 we prove
uniqueness of probability solutions for these equations under a certain approximative condition (which is
a condition on all components of the drift term in a certain uniform way), which considerably generalizes
our previous uniqueness results in [6] and [7]. The main difference with the finite-dimensional case is that
in the latter the global integrability of the coefficients a* and b* with respect to the solution ensures its
uniqueness, but there is no infinite-dimensional analog of this simple sufficient condition. What we prove
is only a partial analog (Example 2.1(ii) formally gives a full analog, but the condition on the norm of
the whole drift is very restrictive in infinite dimensions). More precisely, we establish two uniqueness
results: Theorem 2.3 (nondegenerate diffusion matrices) and Theorem 2.5 that applies also to degenerate
equations, in particular to fully degenerate transport (or continuity) equations including the continuity
equation associated to 2d-Navier—Stokes equation.

In Section 3 we address the question of existence of solutions to our general FPK-equations and prove
Theorem 3.1 which implies existence under quite broad assumptions, in particular, for stochastic Navier—
Stokes equations over domains in R¢ for all dimensions d. In Section 2 and Section 3 we also consider
examples that include two other types of SPDEs, namely, stochastic reaction diffusion equations on a
bounded domain in R¢ (Example 2.9) and Burgers equation (Example 2.10) on the interval (0,1); their
mixture is considered in Example 2.11.

The approach and assumptions in this work differ from those in our earlier paper [5], where probabilistic
tools were employed. Here we develop a purely analytic approach without stochastic analysis and (for the
first time in infinite dimension) also include the case of nonconstant diffusion matrices. The techniques
are also different from the ones in [5], [6], and [16], where measures on Hilbert spaces were considered, but
the essential difference is not the type of infinite-dimensional spaces, but rather the method of proof which
could be called approzimative Holmgren method, the idea of which is to multiply the original equation by
a solution of a certain equation approximating the adjoint equation (but not the exact adjoint equation
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as in Holmgren’s method) and obtain after integration certain estimates (which replace exact equalities
in the classical Holmgren method).

This work was supported by the RFBR projects 13-01-00332, 11-01-90421-Ukr-f-a, 11-01-12104-ofi-m,
NS-8265.2010.1, 12-01-33009, the Russian President Grant MD-754.2013.1, and by the DFG through the
program SEFB 701 at the University of Bielefeld.

1. FRAMEWORK AND PRELIMINARIES

Let us describe our framework. Let B = (B%(z,t)) be a sequence of Borel functions on R> x (0,Tp),
where T > 0 is fixed, and let a* be Borel functions on R* x (0,7p). Let us consider the Cauchy problem

{ Oupr = L7, (1.1)
,LL|t:O =V,
where L* is the formal adjoint operator for a differential operator L defined by

o0 o0

Lo(x,t) = Z a' (2,t)0e, 0, p(,t) + Z B (z,t)0e,0(z, 1)

i,j=1 i=1
for every smooth function ¢ depending on finitely many coordinates of x, 0., denotes the partial
derivative along the vector e¢; = (0,...,0,1,0,...). Equations of this form are usually called Fokker—
Planck-Kolmogorov equations.

Throughout this paper a measure means a bounded signed measure (not necessarily nonnegative,
although our principal results will be concerned with probability measures). The total variation of a
measure y is denoted by |u|. Let J be an interval in [0, 4+00). We use the standard notation C(R* x .J)
and C%1(R* x J) for the class of real continuous functions on R¥ x .J and its subclass consisting of all
functions f having continuous partial derivatives 0, f, 0, f and 831,1]_ f. Let Cy(R* x J) and C’f L(RF x )
denote the subclasses in these classes consisting of bounded functions and functions f with bounded
derivatives 0; f, 0., f and ('ﬁizj f, respectively, and Cg ’1(Rk x J) is the subspace in C’Z ’1(Rk x J) consisting
of functions with compact support in R¥ x J.

The inner product in R? will be denoted by (-, -); in the case of L?-spaces we write (-, -)o for its
inner product and the corresponding norm is denoted by || - ||2. The LP-norm will be denoted by | - ||,-
The norm || - ||, in the Sobolev space HP**(U) of all functions on a domain U belonging to LP(U) along
with their generalized partial derivatives up to order k is defined as the sum of the LP-norms of all partial
derivatives up to order k (including k = 0).

Let Py: R® — RN, Pyx = (z1,...,2x5). Given a function ¢ on R¥ we denote by the same symbol
the function on R* defined by ¢(z) := ¢(Pxx).

We shall say that a bounded Borel measure p = p(dx) dt on R* x (0, Tp), where (put)o<t<T, is a family
of bounded Borel measures on R*°, satisfies the equation

atﬂ = L*/J,
if the functions a®/, B are integrable with respect to the variation |u| of u and for every k > 1 and every
function ¢ € Cg''(R* x (0,Tp)) we have

/TO / [aﬂa + i a"10,,0, 0 + i Biaw} dyuy dt = 0.
0 o i=1

4,j=1

It is obvious that it is enough to have this identity for all ¢ € C5°(R* x (0, Tp)).
Let v be a bounded Borel measure on R*. We say that the measure u satisfies the initial condition
pli=o = v if for every k > 1 and ¢ € C3(R*) we have

fim [ ¢ tdn) = [ ¢(o)vida)

t—0

Clearly, if sup; ||i]| < oo, it suffices to have this equality for all { € C§°(R¥).
We need the following auxiliary lemma.

Lemma 1.1. Let i = p(dz)dt be a solution to (1.1) such that supye (o) [lpell < oo. Assume that
B* € LY(|u|) for every k € N and let 0 < T < Ty. Then for every number k > 1 and every function
@ € Co(R* x [0, T)) N C(RF x (0,T)) the equality

/m o 1) iy () = /Rw oz, 0) v(dz) + /Ot /w Ovp + L] dus ds (12)

holds for almost every t € [0,T]. Conversely, (1.2) implies (1.1).
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Proof. Tt is enough to prove this equality in the case where p(z,t) = 0 if |z| > R > 0 for almost every
t €10,T]. Let n € C3°((0,T)). According to our definition we have

T
/0 /w[at(‘ﬂl) + L(n)] dpe dt = 0.

Thus, we obtain

T T
[ [ etemids)dt= [ o) [ oo+ Lol dude
0 oo 0 oo
Hence the function

t— o(x,t) pe(d)
ROO

on (0,7) has an absolutely continuous version for which
d
7 | el t) pe(de) =/ [Orp + Lp] dpuy.
ROO oo
Therefore, for some constant C' € R the equality

[ _ewoman=c+ [ [ oo+ rduas

holds for almost every ¢ € [0,7]. Note that ¢(x,t) converges uniformly to ¢(z,0) as t — 0. Moreover,
we have

lim o(x,0) pe(de) = /oo o(z,0) v(dr).

t—0 Roo
It follows that

C= [ plw0)vido),

which completes the proof of one implication. The converse is, however, obvious. O

Remark 1.2. Let k € N. If (-, t) = ¢ € CZ(R¥) for every t € [0,T], T < Tp, then by (1.2) we have

Y(x) p(dz) = v(dz) + / /OO Lp(z, s) ps(dx) ds (1.3)

Roe Roo
for almost all ¢ € [0,7]. Moreover, if J; denotes the set of all ¢ € [0,7] such that equality (1.3) holds,
then the closure of Jj; coincides with [0,77] and the restriction of the mapping

te [ (@) pe(de)
Roo

to J{; is continuous, since the right-hand side of (1.3) is continuous in ¢.

Remark 1.3. Let ¢ be as in Lemma 1.1. and assume that T € Jg(_ )" Then equality (1.2) holds with

t = T. Indeed, ¢(z,t) converges uniformly to ¢(z,T) as t — T. Let I be the set of all ¢t € [0,T] such
that equality (1.2) holds. Let us take a sequence t,, € J 7 (I such that hm t, =T1. Then we have

lim w@%an@=/NM%ﬂuﬂm)

n—00 Jpoo

and equality (1.2) holds for each ¢,. Letting n — oo, we obtain equality (1.2) with ¢t =T.

2. UNIQUENESS OF PROBABILITY SOLUTIONS

In this section two establish two different uniqueness results: first we consider nondegenerate diffusion
matrices and then turn to the general case that includes fully degenerate equations. We start with stating
our assumptions about A and b.

(A) @ = a’?, each function @/ depends only on the variables ¢, z1, 2o, . . ., Tmax{i,j} and is continuous
and for every natural number N the matrix Ay = (aij)lsms ~ satisfies the following condition:

there exist positive numbers vy, Ay and By € (0, 1] such that for all z,y € R and ¢ € [0,7T}] one has

where || - || is the operator norm and | - | is the standard Euclidean norm.

Let v be a Borel probability measure on R* and let P, be some convex set of probability solutions
w = p(dx)dt to (1.1), i.e., g > 0 and j14(R>®) = 1 for every t € (0,Tp), such that |B¥| € L?(u) for each
k € N and the following condition holds:



(B) for every e > 0 and every natural number d there exist a natural number N > d and a C’g g
mapping (V*)M_,: RY x [0,7Tp] — RY such that

To
/ / |AN(x,t)*1/2(BN(x,t)—b(xl,...,xN,t))Fut(dx) dt < e,
O oo

where By = (B*,..., BY).
Let us illustrate condition (B) by several examples.

Example 2.1. (i) Let B* depend only on the variables ¢,z1,72,...,7;. Then in order to ensure
our condition (B) we need only the inclusion |B¥| € L?(u) for all k > 1. Indeed, we set N = d and
approximate each function B separately.

(ii) Let ag be a positive number for each k € N and

lf/a = {(zk) Zalzlzz < oo}, ]l /a0 = (Zalzlzi) .
k=1 k=1

Suppose that a®/ satisfy condition (A) and there exists a positive number C' independent of N such that
|An(2,) 72y < Clylluy,..

for all z, t and y = (y1,2,---,Yn,0,0,...). For example, this is true if a” = 0 for i # j and a* = «;.
Let (B*(x,t)) € 13, for pralmost every (z,t) and let |Bll1/o € L*(u). For every e > 0 and every
natural number d we pick a number M > d such that

[eS) T
> /O /R o | BY)? dpy dt < /2.
k=M+1 <

Then for every BF¥ we find a smooth function b* depending on the first nj variables such that
To
/ / o B — VP dppdt < e(2M)7t, k=1,...,M.
0 oo

Set N = max{M,ny,ng,...,ny} and b¥ =0 for k > M. Then
N To
Z/ / ap | BY — bF | dyy dt
k=170 °
M To N To
:Z/ / a, B = b P dppdt + ) / / o | BF? dpy dt < e.
i Jo Jre= 0 o

k=M+1
(iii) Finally, for a”/ as in (ii), we can combine both examples. Let B = G + F, where G*, F* € L?(p),
G*(z,t) = GF (21,29, ..., 2, 1), F(2,t) € lf/a and [|F||; /o € L?(i). Obviously, for given B of this type
the set of all probability solutions pu = p¢(dz)dt to (1.1) satisfying the previous integrability conditions

is convex.

Remark 2.2. (i) Obviously, condition (B) is equivalent to the following: there exist an increasing
sequence N; — +oo and Cg’l—mappings b = (bl’k),i\ll on RN x [0, Ty] such that

To
Jim / Aw: (2,8)2(Bug (2,8) — b (a1, ., w02 pe(da) dt = 0.
0 oo

l—o0

(ii) Assume that ¢’/ = §". Let Py(z,t) = (Pya,t) and let E,[- |Py = (z,t)] be the corresponding
conditional expectation. Then condition (B) is equivalent to the following: for every € > 0 and every
natural number d there exists a natural number N > d such that

0 N ,
/OT / Z’Bk(l',t)*E#[BﬂﬁN = (1’715)] Nt(dfﬂ) dt < ¢.
< k=1

This condition is known in Euclidian quantum field theory as the Hgegh-Krohn condition (see [1]) and
has been used, e.g., to prove Markov uniqueness for semigroups (see [31]).

Theorem 2.3. Assume that condition (A) holds. Then the set P, contains at most one element.
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Proof. Assume that two measures o! = o}dt and 02 = oZdt belong to P,. By our assumption about P,,
o= (0'+02)/2€P,. Let de N, v € C(RY) and |y (z)| < 1 for all x € R%. By condition (B) for every
e > 0 there exist a natural number N > d and a C;"'-mapping (0¥)N_, on RN x [0, Ty] such that

To
/ / |A;\,1/2(sc, s)(Bn(x,8) — b(z1,...,2N,8)) > 0s(dr)ds < ¢.
0 oo
Fixt e Jf;l N Jff N J% N J%. Let f be a solution to the finite-dimensional Cauchy problem

{ Ouf + Y1 e 0900, 00, f + Y 6105, f =0 on RN x (0,1), (2.1)
f(tax) 21/’(%) .
It is known (see, e.g., [29, Theorem 1.3] and also [17], [22], and [34]) that a solution exists and belongs to
the class Cy(RY x [0,#]) N C2 (RN x (0,t)). Moreover, according to the maximum principle |f(z, s)| < 1
for all (x,s) € RY x [0,]. Set 4 = o' — 02, The measure y solves the Cauchy problem (1.1) with zero
initial condition. Applying Lemma 1.1 and Remark 1.3 with ¢ = f, we obtain

[Tt pulde) = /O t / o+ ZNj 09,0, f + iBiamf} s ds.

i,j=1
Therefore,
t
Yduy = / / (B=0,Vf)dusds. (2.2)
Roe 0 JReo

Let us estimate the following expression:

¢
/ / VANV f|?do ds.
O oo

Using (1.2) for o and ¢ = f?, taking into account that (9s + L)(f?) = 2f(0s + L) f + 2|v/ANV f|?, and
recalling that ¢ € J7, N JZ; we obtain from (2.1) (again by Remark 1.3) that

t N
2 _ 2 i pi
- V2 doy — - A (z,0)v(de) = 2/0 /}Roo [|\/ANVf| +f i:E 1(B -b )&clf} dog ds.
Therefore,

t To
/ / VANV S|} dogds < 2 +/ / |AN 2 (2, ) (By (2, 8) — b1, . .., an, 8))|? 05 (da) ds.
0 Sl 0 o
Thus we obtain the estimate

t
/O/R VANV fPdosds <2+e. (2.3)

Applying (2.2) and (2.3) and the fact that |u| < o' + 02 = 20 we have

Ydur < 2+/e(2+¢).
ROO

Since € > 0 was arbitrary, we obtain
Ydpy < 0.
ROO
Replacing ¢ with —1) we arrive at the equality
Y dur = 0.
ROO
Therefore,
Ydoy = | do}
Roo Ro°
for every t € J;Zl N J;Zz N J, N JZ;, hence for almost every t € [0, Tp]. Thus, o! = o2 O
‘We now consider a typical example to which the previous theorem applies, namely, the Fokker—Planck—

Kolmogorov equations associated with stochastic partial differential equations of reaction diffusion type
on a domain D C RY, i.e.,

du(t) = o(u(t), t)dW (t) + B(u(t), t)dt, t € [0, To],

where o0* = A and u(t) € L*(D). Furthermore, W (t), t > 0, is a cylindrical Wiener process in L?(D) on
a stochastic basis (2, F, (%), P) and «(0) has v as given law. Below we denote by u generic elements of
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functional spaces such as L?(D) which we embed into R*® (e.g., by using a suitable orthonormal basis)
to be able to apply our framework above.

Example 2.4. (“Reaction diffusion equations in dimension d with infinite trace”) Suppose that D C R?
is an open bounded set and {ey,} is an eigenbasis of the Laplacian on L?(D) with zero boundary condition,
ie., Aey = —A2eg. Let f: DxRx[0,Tp] — R be a Borel function. Set B(u,t)(z) = Au(z)+ f(z,u(2),t),
z€ D, ie.,
Bi(u7 t) = _)‘z2ul + <f( ! au(')at)v ei>2a u € L2(D)? Ui = <’U,7 ei>2~
Assume that the coefficients a¥ satisfy (A) with vy = v > 0 independent on N. For instance, the last
assumption is true if a*/ = (Se;, ;)2 for some invertible symmetric positive operator S on L?(D).
Assume also that there exist a Borel function C > 0 and a number m > 1 such that
|f(z,u, 8)] < C(t) + C(t)[ul™.

Set
Ly = Z a"’0e,0c, 0 + Z B0, .
ij=1 i=1

Then there is at most one probability solution u = p(du)dt, ie., pup > 0 and p(R°°) = 1 for every
t € (0,7p), to the Cauchy problem (1.1) such that

To
C(t)? / alZ ue(du) di < oo.
0 L2(D)

Proof. The mapping u — (u;) defines an embedding L?(D) — R*®. Extending B’ and a* to all of
R x [0, Tp] by zero we end up in the framework described above. Set F(u,t) = (f(-,u(-),t),e;)2. Note
that

Z [F () = (- u(), )72 < C1)* + C0)*||ull3-

Thus we have B = A® + F| where A*(u) = —A\u; and || F||;z € L?(u), and Example 2.1(iii) applies with
ap = 1. ]

Let now d =1, D = (0,1) and A = %. We recall that according to [6] and [7] if ¥ = ¥ with

a > 0 and if
f(zu,t) = fi(z,u,t) + fa(z,u, t),

where (u,t) — fi(z,u,t) are continuous for each z and for some nonnegative functions ¢y, c3 € L%((0,Tp)),
c2 € LY((0,Tp)) and all ¢, z,u we have

1) Az u )] <@+ [ul™),

(i) (fi(zu,t) = fi(z,0,))(u = v) < ea(t)u - v]?,

(i) - |f2(z, u, )] < es(B)(1 + Jul),
then for every initial value v with ||ul|3™ € L!(v) there exists a probability solution p of the Cauchy
problem (1.1) such that (1 + c1(t) + ¢3(t))%(1 + ||ul|3™) € L*(u). It follows from the previous example
that such a solution is unique, which improves the uniqueness result from [6] and [7].

We now present another uniqueness condition that applies to degenerate (even zero) diffusion matrices.
Let us list our new assumptions (A’) and (B’).

(A")  A(x,t) = (a¥(z,t)), where each function a* is bounded and depends only on the variables
T1,T2, .-+, Tmax{i,j}, t and for every natural number N the matrix Ay is symmetric nonnegative and the
clements o' of the matrix oy := /Ay are in the class C°(RN x [0, Tp)).

Let v be a Borel probability measure on R* and let P, be some convex set of probability solutions
p = pg(dx)dt of (1.1), i.e., uy > 0 and p(R*>®) = 1 for every t € (0,Tp), such that |B¥| € L'(u) for each
k € N and the following condition holds:

(B’) for every € > 0 and every natural number d there exist a natural number N > d, a C°°-mapping
b= )N RY x[0,Ty] — RY, a function 6 on RY, a function V' € C?(RY) with V > 1, and numbers
Cp > 0 and § > 0 such that

(i) /V(Pyz), |Bn(x,t) — b(Pyx,t)|\/V(Pyx) € L*(1) and
/ b / |By(x,t) — b(Py, t)|\/V(Pyaz)eC T2y (dr) dt < e,
o Jreo

where By = (B, ..., BY);



(ii) the matrix B = (9,,b") and the operator
Lopp(z,t) = Z a (2, )0y, 0x, ¢( Z b (x, )0y, (0, t)
1,j<N i<N
satisfy the estimates
(B(z,t)h,h) < O(x)|h)> Yh e RN, L.,V (z,t) < (Co— Az, 1))V (2),

Aa,t) =4 Y

,5,k<N

where )
On R, )|+ 20(@) + 501 + [a?) " Ib(a, D))

for every (z,t) € RN x [0,Tp).
In the notation for N,b,0,V, Cy,d we omit indication of the fact that they depend on € and d. Recall
also that | - | is the standard Euclidean norm.

Theorem 2.5. If (A’) holds, then the set P, contains at most one element.
Remark 2.6. (i) If A = (a¥) is a constant matrix and |b(z,t)] < C1(N) + C1(N)|x|, then condi-
tion (B’)(ii) can be replaced by
LoV (z,t) < (Co —20(x))V(x) V(x,t) € RY x [0, Tp].

(ii) If A= (a¥) is a constant matrix and |b(z,t)| < C1(N) + C1(N)|x|?, then condition (B’)(ii) can

be replaced by
LoV (z,t) < (Co — 20(z) — d|z|*)V (z)

for every (x,t) € RN x [0,Ty] and some § > 0.

(iii) Let a¥ = 0 if i # j and a*(z,t) = o(x1,22,...,24,t) > 0. Suppose also that we have
|b(x,t)] < C1(N) + C1(N)|z|*. Then condition (B)(ii) can be replaced by

LapV(@,t) < (Co — Az, )V (z), Alz,t) _4ZZ|‘9”“ (z,) +29(:r:)+6|x|2.

i=1 k<i
(iv) We note that (B’) is a substantial generalization of a corresponding condition in [30].

Let us illustrate condition (B').
For a sequence {2}, we write

||517||l2 = Z/\kxkv T, Yz = ZAizkyk-
k

Example 2.7. We assume here that A = (a”)i,jzl is a constant matrix, Ay := (aij)iijN is symmetric
nonnegative.
(i) Let b*(z,t) = —\2z + f*(z,t), # € RM. Then the estimate (Bh, k) < 0(z)|h|?, z,h € RN, follows
from the estimate
(F(a,t)h, h) < () |h[> + |[R]lFz, 2,k e RY,

where F = (05, [*)ij<n-

(i) Set V(z) = exp(r Zk 1 21), where £ > 0. Then the condition on 6 required in (B') is this: for
some numbers Cy and § > 0 (dependent on € and d) one has

0(z) < Co — k(trAn + 26(Anz, z) + (b(z,1),2)) —2716(1 + |2*) ' |b(2,8)|?, = €RN. (2.4)

Let us consider a more specific case: b*(x,t) = —\2zy, + fF(x, 1), f(2,t) = (f¥(z,t)M_,, (f(z,t),2) <0
and |f*(x,t)| < Cy + Ca|z|?, where x € RY. Assume that for some g9 > 0 and every N > 1 one has

eo((Anz, z) + [2]?) < ||a:Hl2§, reRN,
Then condition (B’)(ii) can be rewritten in the following form:
(F(a,t)h, h) < () |h[> + |[R]lfz, 2,k e RY,
where F = (9, f*)i,j<n, and for every x € RN
O(z) < Cy — ktrAy + 2 k(g — /<;)||:I:Hl2§

Note that in this case we take V(x) with k < g¢/4.
This assertion follows from (2.4) if we choose § > 0 such that

o1+ |nc|2)_1|b(yc,t)|2 < Eofi\x|2 + 1.



(iii) Let V(x) = exp(k/|x[|%). Then the condition on 6 required in (B’) is this: for some constants
A
Cy and 6 > 0 one has

) < Co— n(z a" N2 42k Z ”)\2/\23: T (b(x,t),x}li)—2715(1+|x|2)71|b(x,t)|2, z e RN, (2.5)

1,j<N
Let us consider a more specific case: b*(z,t) = —\2zy, + f¥(z,t), f(z,t) = (f¥(z, 1)}, (f(z,t),2);2 <0
and |f*(z,t)| < C1 + Cy|z|?, where z € RY. Assume that for some £y > 0 and every N > 1 one has

€0 Z a? N Nwix; + eolal? < Z a2,
ij<N <N

Then condition (B’)(ii) can be rewritten in the following form:

(F(z,0)h,h) < 0()|h* +||hllE, @ heRY,

where F = (9, f*)i,j<n, and for every x € RV

O(x )<CO—/£Za”/\2+2 G O—H)Z)\‘Lx?.

1=1 i<N

Note that in this case we take V(x) with xk < g¢/4.
This assertion follows (2.5) if we choose § > 0 such that

o(1+ |ﬂc|2)_1|b(gc,t)|2 < Eofi\x|2 +1.

For the proof of Theorem 2.5 we need the following lemma.
Let n € C§°(R') be such that n(z) = 1if |z| <1 and n(z) =0 if |2| > 2, 0 <n < 1 and there exists a
number C' > 0 such that |n/(z)|*n~1(x) < C for every .

Lemma 2.8. Assume that there exist a function 0 on RN, a function V.€ C*(RN) with V > 1, and
numbers Co > 0 and § > 0 such that for all (z,t) € RN x [0,Tp], h € RY one has

(B(z,t)h,h) < 0(2)|hl?, B = (9z,b)i5<n,

LoyV(z,t) < (Co— Az, t)V(x), Alz,t):=4 Z ‘&Eka%(x,t)f +20(x) +0(1 + |z*) bz, )]?).
1,5,k <N
Let s € (0,Ty). Then there exists a number k > 0 such that for every M > 0 the Cauchy problem

atf + CMLa,bf =0, f‘t=s =1,
where 1 € Cg°(RY), Car(x) = n((1+ |z[*)*/M), has a smooth solution f such that
|f(2,0)] < max ()], |[Vf(a,t)]? < el CFVETIV () max | V()| /2.

Proof. The existence of a smooth bounded (with bounded derivatives) solution f is well known (see
[28, Theorem 2], [34, Theorem 3.2.4, Theorem 3.2.6]). The maximum principle implies that |f(z,t)] <

max, |[(z)]. Set u =271 Zgzl |8mkf|2. Differentiating the equation 0y f + (arLapf = 0 with respect to
x, and multiplying by 0, f, we obtain

Oyu+ CurLayu + Cu (BYF,V ) +(VCur, VO, V) + €02,V 03 fOu f+
+a703 [0, fOu, Cr — Cua® 83, fOF, .. f=0.
Note that (BVf,Vf) < 20u and (V{u, V)(b, Vf) < 2|V(u||blu. Let us consider the expression
(MO0, @7 03, [0, |+ 003, [0, fOu, (v — Cua¥ 03, , [OR . .
Recall that A = 0%, We have

D 00,007, fOuf=2 Y 05,000}, [Ou f <

7,k i,5,m,k
<2 3(5no ) (o) [ o,
i,m k k

which is estimated by

4u2 |0z, 0"™% 427 12’20"”621% ‘

i,m,k



Note that )
D) DLAL I IS DU LS
i“m j 1,5,k
Applying the inequality zy < (4 + 4trA) =22 + (1 + trA)y? we obtain
IVl
¢

iy . 2
a" 3%@_7‘ fO, [0z, Cu < (1+trA) + (4 4 4trA) ! (a”@gﬂj f) :

M
Note that the following inequality is true:

N 2
(5o

N
i,j=1 i=

N
a) (Z 070,00, O, Oy f).
1 i3,k
This follows by the inequality
[tr (AB)|* < tr A tr (AB?)
valid for symmetric matrices A and B, where A is nonnegative. The latter is due to the Cauchy inequality
applied to the inner product (X,Y) = tr(XY™) on the space of N x N-matrices and the matrices
X = AY2)Y = BA'Y?, for which tr (YY™*) = tr (BAY2A'Y/2B) = tr (AB?). Applying the above inequality
it is easy to verify that
O + Car Lo pu + Qu > 0,

where
Ve i 12
= (1+ trAd) + [VCu|lbl + 2000 + 4 Y |On 0%,
S i k<N
We have
VO ()] < Ar(L+[a*) 2|0/ (14 |f*)" /M)
Hence

Q < 4k*C(1 +tr A) + 166C + Cr (4 > 10,03 |7 + 20 + 2r(1 + |1:|2)71|b|2).
4,5,k <N
Let us choose x > 0 such that
Q<1+Cu(4 Y |0n0R[ +20+ 501+ [a?) b))

4,4,k <N
Let us set u = wV. Then w satisfies the inequality

oyw + CMLa;gw + @w >0,
where ki
a ](9zjv ~ L,th
By our assumptions we have Q < Cy + 1. Since u(x,s) = |V f(x,s)|?/2 = |V (x)|?/2, we have

w(z,s) = V()" |Vy(2)?/2 < [V ()P /2.

Applying the maximum principle (see [34, Theorem 3.1.1]) we obtain

max |w(z,t)] < eCFVE max Vi (z)[?/2,

b=k 2

which completes the proof. O
We can now prove our theorem.

Proof. Assume that 0! = o}dt and ¢ = o2dt belong to P,. By our assumption about P, we have
o= (0'402)/2 €P,. Letd € N, 9 € C°(R?) and |Vi)(x)|+[p(z)| < 1forall x € R For every e > 0 and
every natural number d we find a natural number N > d, a C*°-mapping b = (bk){c\;l : RV x[0,Tp) — RY,
a function 6 on RV a function V € C?(R™), V > 1, and numbers Cy > 0 and § > 0 such that (i) and
(ii) in condition (B’) are fulfilled.

Let a function n € C§°(R!) be such that n(z) = 1 if [z| < 1 and n(x) =0 if |z| > 2,0 <75 <1 and
there exists a number C' > 0 such that |/(x)|?n~1(z) < C for every z. Let x > 0 be as in Lemma 2.8.
Set ic () = (|2 K) and Car () = n((1+ [22)%/M).

Let us fix a number K > 0 and find a number M such that (y/(z) = 1 if [2]? < 2K.

Fix t € ﬂK(Jg;K meZ;K)- Let f be a smooth bounded solution to the finite-dimensional Cauchy
problem

{ Ouf + Car(2) 07y 900,00, f + Cua (1) L, 00 f =0 on RN x (0,1),
[t x) = d(x).
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Set u = o' — 0. The measure i solves the Cauchy problem (1.1) with zero initial condition. Recall that
Cu(x) =11if pg(x) # 0. Therefore,

t
Vo dpy = / / o (B —b,Vof) + fLok + 2(AV, f, Vapi)| dps ds.
Roe 0 i

Applying Lemma 2.8 we have the estimate
e ) <1, [ Vof(a,s)? < e @mDTmIy (7).

Hence
Ydp, <2 /t/ [|B — |VY/2e(CotN(T0=5)/2 | Lop| + 2| AV el CotDTo=8)/2y/1/21 i (s,
Lett?ng K — +o00 \?ve gjnd that
i Yduy < 2/;/ |B — b|V1/2e(CotD(To=8)/2 5 s < 2e.

Since € > 0 was arbitrary, we obtain

Ydps <0.
ROO
Replacing 1 by —1 we arrive at the equality
Ydur = 0.
ROO
Therefore,
Ydop = | ydo?
Ro© Ro©
for almost every t. Thus, o! = o2. O

Example 2.9. ("Reaction diffusion equations”) Let us return to the situation of Example 2.4, but now
we assume that there exists a sequence of smooth bounded functions f,(z, u,t) such that Uim f,(z,u,t) =
n—oo

f(z,u,t) for every u,t,z and
|20, )] < Cy+ Culul™,  (falz,u,t) = ful(z,0,1))(u—v) < Calu — o],
where C and C3 do not depend on n. Assume also that a”/ = (Se;, e;)2 for some symmetric nonnegative

operator S on L2((0,1)), which can be degenerate unlike in Example 2.4. Then there exists at most one
probability solution p of the Cauchy problem for the Fokker—Planck—Kolmogorov equation Oy = L*p

such that
To
/ / l|wl|l5y, pe(du) dt < oco.
0 L2((0,1))

The same conclusion is true if A = (a¥) is a nonconstant matrix satisfying condition (A’) and there exists
a constant C such that for every natural number N and every (z,t) € RY x [0,7Ty] we have

> 0w 0R (@ )] < O
1,5,k <N
Proof. Set Fi(uvt) = <f( : 7“(')7t)a ei>27 Fi(u,t) = <fn( i) u(')?ﬂa €i>2a Fn(u7t) = (Friz(u’t))?ilv and ex-
tend all these maps to all of R™ x [0,Tp] by zero. According to our assumptions and the dominated
convergence theorem we have

n—oo

To
lim / | F (u,t) — Fy(u,t)]2 pe(du) dt = 0.
o Jr2(o.1)

Let Pyu :=uje1+...+uyeny. The above equality shows that for each € > and d > 1 there exist numbers
n and N > d such that

To
/ / |1F(u,t) — Fo(Pyu, t)||;2 pe(du) dt < e.
o Jr2((0,1))

Note that the condition
(falzou,t) = fulz,0,8))(u —v) < Colu —v|?
implies that
> 0w Fl(Pyu,t)hih; < Colh)?,  h=(h;) € RV,
i,j<N
Hence Theorem 2.5 with V' = 1 implies uniqueness. ]
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Below for simplicity the integral of the product of an integrable function f; and a bounded function
f2 is denoted by (f1, f2)2-

Example 2.10. (“Stochastic Burgers equation”) Suppose that {e;} is an eigenbasis of the Laplacian on

L?[0, 1] with zero boundary condition, i.e., D%e;, = —Afey. Set B(u)(z) = D*u(z) + D(u?(z)), that is,
Bi(u) = —\2u; — (u?, De;)o, u € L2[0,1], u; = (u,e;)o.

Assume that a® = (Se;,e;)2 for some symmetric nonnegative operator S on L?[0,1] with finite trace

(trS < o0). Set

e} o0
Ly = Z a"0e,0c,p + Z B0, .
ij=1 i=1
Let H} be the space of all absolutely continuous functions u on [0,1] such that u(0) = u(1) = 0 and

[ullgzz == |lu'll2 < oco. Then there exists at most one probability solution u of the Cauchy problem for
the Fokker—Planck-Kolmogorov equation 0yt = L*p such that

To
/0 /L2[0 1] ||u||§{666\|u\|§ pe(du) dt < oo

for some ¢ > 0.

Proof. We apply Example 2.7(ii). Recall that the matrix (a*/) has to satisfy the following condition for
some g9 > 0:

50(<ANJ:,9U> + |x|2) < ||le2§, xRN,
This is equivalent to

eo((Su,uhz + [[ull3) < flullZ,,
which is true for sufficiently small 9. We fix g9 € (0,9). Set F*(u) := (u?, De;)s for u € L? and extend
F* by zero to all other u = (uy) in R*. Let F(u) = (F"(u))21, Pvu :=ujer + ...+ unen,
Ve (uy, ... un) = —Nu, + F*(Pyu), k<N.

Note that

IF @)z = [[(w?)]]2 = 2ljud||2 < 2lulF;-

Hence

To
lim / | F(u) — F(Pyu)||ze® 13 py (du) dt = 0
0 L2[0,1]

N—oo

It is easy to see that |b*(u)| < C1(N) + Cx(N)||Pyul|3 and (F(Pyu), Pxu)s < 0. Moreover, for every
v € (0,1) we have the inequalities

Y 0w F (Prvwhiby < [|hlliz + (Y| Pyullzy + CIRP, = (hi) € RY.

i, k<N
Set 0(Pyu) = ’YHPNUH%{& + C,y and Cy = C, + trS (we recall that trS < oo). In order to apply
Example 2.7(ii) we choose v < 271§(g¢ — 6). O

Example 2.11. (“Mixed Burgers/reaction diffusion type equations”) (i) In the situation of the previous
example we consider the operator L with the drift coefficient of the form

B(u)(2) = D*u(z) + D(u*(2)) —u”"*1(2), meN,
that is,
Bi(u) = —Mu; — (u?, Dey)o — (w1 ey)s.
Assume that a%/ satisfies the assumptions in the previous example. Then there exists at most one

probability solution p of the Cauchy problem for the Fokker—Planck—Kolmogorov equation Oy = L*p
such that

To ]
L L T e ) <
0 0,1

for some ¢ > 0.
(ii) In the situation of Example 2.10 we consider the operator L with the drift coefficient of the form

B(u)(z) = D*u(z) + D(u™(2)) —u?*1(2), 2<m<1+2, m,leN

that is,
B'(u) = —)\fui — (u™, De;)o — <u2l+1, €i)2.
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Assume also that a”/ = 0 if i # j and that > .- a” < oo. Then there exists at most one probability
solution p of the Cauchy problem for the Fokker—Planck—Kolmogorov equation Oy = L* 1 such that

To
L TS e (3523 ) < o

for some x’ > 0. This partially improves the results in [25].

Proof. (i) We apply Example 2.7(ii). Note that as in the above example the matrix (a*) satisfies all
conditions in Example 2.7(ii). Let 15 € C°(RY), 1(s) = —1p(—s), 0 < ¢/ <1, ¢Yp(s) = sif [s| <M —1
and ¥y (s) =M if s > M + 1. Set

Fz(“’) = _<u27Dei>2 - <u2m+17ei>27 FM( ) <u D€1>2 - <¢M( )2m+lvei>2ﬂ

Pyu:=wuje; +... +unen, bk(ul, CoUN) = —)\iuk + FJ’\}(PNU).
As above, we define all these functions by zero if u is not in L?[0,1]. Note that ||F(u)|;z < 2||u||f{3 +

[ullimt5. and the same is true for Fiys(u) in place of F(u). Hence

N—oo M—>oo

To
tim ( lim / 1) = Fag (P15 () ) = .
L£2[0,1]

It is easy to see that [b*(u)| < C1(N) + C2(N)||Pyull3. Recall that 1), > 0 and p(s) = —a(—s).
Hence (Fi(Pnu), Pnu)a < 0. For every v € (0,1) we have

> 0w, Fry(Pyu)hihy < |[Biz + (VI PxulFy + CyIR?, b= (ki) € RY.
i,k<N

Set 6(Pyu) = 'yHPNuH?{é + C, and Cy = C, + trS (we recall that trS < oo0). In order to apply
Example 2.7(ii) we choose v < 2716(gg — d).

(ii) We check the condition (B). Set F*(u) = —(u™, Dey)o — (u?*1 ep)o, Pnu = uje; + ... +uyen
and

bk(ul,u2, ce ,UN) = —)\%uk + Fk(PNU)
For each N > 1 and p > 1 there exist positive numbers C;(N, p) and Ca(N, p) such that
CullPyull3” < |[Pyullf, < ol Prull3”.

Hence there exists a number C5(N) such that

1 1
BPxI(L+ [Prul) ™ < G + o) ([ |Pvula) 2 de+ [ |Pru(a)P' 1 dz).
0 0
It is easy to see that for every v € (0,1) there exists a number C,, > 0 (independent of N) such that
D O FE WM hibi < ARl + (VI(Pyvw)™ i + C)IRP, h= (ki) € RY.
i k<N

Set V(u) = exp(k||ul3m~2), where 0 < k& < &’ (the number #’ comes from our assumptions). Using the

inequalities Y o, a’u? < ¢y > oo, for some cg > 0 and all u € L?([0,1]), >°i2, a® < 0o, m <1+ 2 and
choosing a sufficiently small number x, we obtain

LoV (Pyu) = (Clm) = 27 )| (Pyu)™ |3y — 27"l Pyul 3 3i=3 )V (Pxu).

for some number C(m) > 0 which does not depend on N. Note that m — 2 < 2m + 2l — 2 and
21 — 1 <2m+ 2l — 2. Choosing v < /2 we have

LoV (Pyu) < (Co =y (Pxu)™ I3y — lb(Pyu)|(1+ | Pyull3) ™)V (Pyu)

for some Cy > 0 and § > 0. Note that Cy does not depend on N and we can omit the term eCo(T—1)/2

the condition (B')(i). Finally we note that ||F'(u)ll;z < [|u™ gz + ||u||Zfi§ and

in

To
Jim / () — F(Pavu) 1 exp(slull33) pe(du) it = 0.
L O 1

N—o0

Hence Theorem 2.5 implies uniqueness. ]
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Example 2.12. (“Stochastic 2d-Navier-Stokes equation”) Let us consider the space Vo of R%-valued
mappings u = (u',u?) such that w/ € Hy''(D) and divu = 0, where D C R? is a bounded domain with

smooth boundary. The space V3 is equipped with its natural Hilbert norm ||u||y, defined by

lull¥, = ZHV u?[[3.

Let H be the closure of Va in L?*(D,R?) and let Py denote the orthogonal projector on H in L?(D,R?).
It is known (see [26]) that there exists an orthonormal basis {n,} in H formed by eigenfunctions of A
with eigenvalues —A2 such that 7,, € V5. Recall that (Pyw,n,)2 = (w,n,)2 for any w € L%(D,R%). Set

2 2
B"(u,t) = (u, Anp)2 Z PHujaszﬂ?n>2 = (u, Anp)2 — Z<8zjuauj77n>2
=1 =1

whenever u € Vo and B"(u,t) = 0 otherwise. These functions are continuous on balls in Vo with respect
to the topology of L?(D,R?), which easily follows from the compactness of the Sobolev embedding
H?Y(D) — L?*(D). Consider the operator

t) = Z a'0,,0,, (u,t) + Z B"(u,t)0,, ¢(u,t).
i, n=1

Assume that a™ = (Sn;,n;)2 for some symmetric nonnegative bounded operator S on H. Suppose also
that >, a’\? < co. Then there exists at most one probability solution p of the Cauchy problem for the
Fokker—Planck—Kolmogorov equation 0, = L*u such that for some § > 0

TQ 2
/ / (1 1 Au]3)e I puy(du) dt < oo,
0 H

where we set ||Aull; = oo if u ¢ H>?(D).
Proof. We apply Example 2.7(iii). Recall that the matrix (a/) has to satisfy the following condition for
some €9 > 0
€0 Z ”)\2>\2:1: i +eolz]? < Z N
1§ <N i<N
that is equvivalent (if we take u = Zivzl Aixie;) to the estimate
go({Su, u)z + [lull3) < [lull3,

which is true for sufficiently small 9. Set
2 .
Fn(u) == Z<82ju7u]nn>2a u € ‘/2
j=1

Note that |[F™(u)] < Ci(n) + Ca(n)||ul3, since F™(u) = > j=1.2(Uu;0z;mn)2 due to the condinition
that dive = 0. It is well-known that there exists a constant C; > 0 such that for every function
g€ H' (D) N H22(D) we have

lgll2,2 < C1 ([ Agll2 + [lgll2)-

Moreover, for every g € H*2(D), every r > 1 and some constant Co > 0 we have

lgllr < Callgll2,1-

Hence
1/2 1/2
IF@IE < [ e PuPds< ([ [watas) ([ @) <
D D D
< CROH + | Aul)ull,.
Let Pyu=wuin + ... +unny. We have

To
[ o TP = FPy e 2 ) =0

It is known (see, e.g., [14, Proposition 6.3]) that in the considered case d = 2 we have the inequality

<F‘(PN’U,)7 APNU>2 =0



14

which gives the condition (f(z,t),z);z <0 in Example 2.7(iii). In addition, for every v € (0,1)

Y 0w FI(Pyuhihy < (Cy + v APyulE) A + IR]F. b= (h).

<N
Set 0(Pyu) = Cy + 7|[[APyul|% and Cy = Cy + Y2, a®®A? (we recall that Y ;=) a®A\? < o). In order
to apply Example 2.7(iii) we choose v < 271§(gg — §). In Example 3.5 we consider a more general
equation. O

It is worth noting that the last example applies to degenerate coefficients A, in particular, to A
identically zero, which gives uniqueness for the so-called continuity equation corresponding to 2d-Navier—
Stokes equation.

In the next section we show that the considered classes of uniqueness are not empty.

3. EXISTENCE OF SOLUTIONS

First we would like to mention that if the stochastic equation associated to our Fokker—Planck—
Kolmogorov equation has a solution in the sense of Stroock—Varadhan’s martingale problem, then one
immediately gets a solution to the FPK-equation. But uniqueness of solutions for a martingale problem
does not imply uniqueness for the corresponding FPK-equation.

In this section we purely analytically prove the following existence result generalizing a result from [4]
(where only a sketch of the proof of a weaker result was given).

Let {e,} be an orthonormal basis in {?. The linear span of e1,...,e, is denoted by H,,.

Let Tp > 0 and let a: R*® x [0,Tp] — R and B*: R* x [0,Tp] — R! be Borel functions. Suppose
that the matrices (a%); j<, are symmetric nonnegative for all n. Set

Lo(z,t) := Z a'’ (2,t)0e, 0, p(, ) + ZBi(x,t)aeiap(m,t), (z,t) € R™® x [0,Tp)
i,j=1 i=1
for functions ¢ that are smooth functions of the variables x1, ..., x,,t.

Let B, := (BY,...,B") and P,z = (x1,...,%y).

A Borel function ©: R® — [0,400] such that the sublevel sets {© < R} are compact is called a
compact function. For example, one can take any numbers a; > 0 and set O(z) = >~ a?z?.
Theorem 3.1. Suppose that there exists a compact function ©: R — [0, +o0], finite on each H,, and
such that the functions a' and B' are continuous in x on all the sets {© < R}, and there exist numbers
My, Co > 0 and a Borel function V: R® — [1, +00] whose sublevel sets {V < R} are compact and whose
restrictions to H,, are of class C? and such that for all x € H,, n > 1, one has

> a(@,0)0.,V(2)0,,V(x) < MoV (x)?, LV (x,t) < CoV(x) — O(x). (3.1)
ij=1
Assume also that there exist constants C; > 0 and k; > 0 such that for all i and j < i one has
|a® (z,t)| + |B'(2,1)] < C;V ()" (1 +8(6(2))(2)), (z,t) € R* x [0, Tp], (32)
where § is a bounded nonnegative Borel function on [0,400) with lim 6(s) = 0. Then, for every Borel

probability measure v on R™ such that Wy, := sup,, ||VkOPnHL1(V) < oo for all k € N, the Cauchy problem
(1.1) with initial distribution v has a solution of the form p = py dt with Borel probability measures pu
on R such that for all t € [0, To]

t
/ V*du, + k/ / V1O du,ds < NpyWy, VkeN, (3.3)
Roe 0 o0

where Ny = Mpe™* +1, My = k(Co + (k — 1)My). In particular, u;(V < oo) = 1 for all t and
1e(© < 00) =1 for almost all t.

Proof. For every fixed n let a¥/ denote the restriction of a¥ to H, x (0,7p) and set A,, := (a¥); j<p.
Denote by v, the projection of v on H,. We show that there exist Borel probability measures p
on H, such that the measure p,, = p, dt solves the Cauchy problem with coefficients A,, and B,, on
H,, x (0,Tp) and initial distribution v,. To this end we consider the Lyapunov function V,,,(z) = V(x)™

on H,, where m > 1. Letting M,, := m(Cy + (m — 1)My), we obtain

LV, = mV™! (LV +(m—-1V Y a9,V V) <mV™ NV — © + (m — 1)MpV)
ij=1
< M, V™ —mvV™le.
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Since the function V,, is v,-integrable, we can apply the existence result from [3] and obtain the desired
probability measures p,, on H, such that the function

te [ (@) pep(de)
Hy

is continuous on [0, Ty) for every ¢ € C§°(H,,). Moreover, by [4, Lemma 1] (see also [3, Lemma 2.2]), for
each m > 1 and

Ny, = MmeM’” + ]., M,, = m(CO + (m — ].)Mo)
the following estimate holds for almost all ¢ € (0,Tp):

¢
/ Vin () pog,n (dx) +m/ / Vin—1(2)O(z) pis n(dz) ds
H, o JH,
<N, / Vi (@) vn(dz) < N + Nou Wi (3.4)
H’Vl
Therefore, by Fatou’s theorem and the above stated continuity of ¢ — fi ,, it follows that (3.4) holds for
all t € [0,Tp). Indeed, we replace V,,, and ©V,,,_; in the left-hand side by min(k, V;,,) and min(k, OV,,_1),

obtain the desired estimate for all ¢ € [0,Tp) keeping k fixed and then let k — oo.
Suppose now that ¢ € C5°(RY). Let us identify H,, with R™. If n > d, then ( regarded as a function

on R” belongs to the class Cg°(R™). Let m = max(k1, ..., kq). Then we have the estimate
|L¢(z,t)| < K+ KV (x) + KV, (2)8(0(2))O(2), (x,t) € R™ x [0, To], (3.5)
where K is some number which depends on ¢ (but is independent of n since ( is a function of z1,...,z4).

Therefore, by approximation, inequality (3.4) and Lebesgue’s dominated convergence theorem we have

/H C(x) pt,n (dx) = /0 t /H n L{(z, 8) ps,n(dz) ds + /H ) C(2) v (dz), (3.6)

because according to [3], this identity holds for all { € C§°(R™), hence in our situation it remains valid
also for all { € Cy°(R™). Letting

on(t) == /H ¢(z) p,n(dx), t €0, Tp],

we see from (3.4), (3.6) that the function ¢, is Lipschitzian (one can show that it is everywhere differen-
tiable in (0,7}p)) and (3.5) yields that

)< [ 106G O n(de) < K [ (14 Vs (0)0(a)] ()
with some number K. that does not depend on n (but only on (). Therefore, by (3.4) the functions
©n, possess uniformly bounded variations, hence there is a subsequence in {¢,} convergent pointwise on
[0,T5]. We may assume that this is true for the whole sequence. Moreover, we can do this in a such a
way that this pointwise convergence holds for every function { from a fixed countable family F with the
following property: the weak convergence of a uniformly tight sequence of probability measures on R
follows from convergence of their integrals of every function in F.

It follows from (3.4) and the compactness of the sets {V,, < R} and {© < R} that, for every fixed
t € (0,Tp), the sequence of measures p ,, is uniformly tight on R* (see [2, Example 8.6.5]). Hence we can
find a subsequence, denoted for simplicity by the same indices n, such that {y ,} converges weakly on
R for every rational t € (0,Tp). However, since we have ensured convergence of ¢, (t) at every t € [0, Tp]
for every ¢ € F, we see that {u;,,} converges weakly for every ¢ € [0, Tp).

Estimate (3.3) follows from (3.4) taking into account that V' > 1 and © > 0 are lower semicontinuous,
hence V¥ and V*~10 are lower continuous.

The family of measures ; obtained in this way is the desired solution. Indeed, let us fix ( € C5°(R9).
We have to show that the integrals of L{(x,t) over R*® x [0,T], T < Ty, with respect to u,, converge to the
integral with respect to u = p; dt. This amounts to establishing such convergence for all functions f =
Op,CBtand f = a¥ 0z,02,C. Suppose we are able to show this for the functions fy = max(min(f, N), —=N).
Then (3.2) and (3.4) enable us to extend the same to the original function f, because for every ¢ > 0
these estimates give a number NN such that the integral of | f|/| ¢~y with respect to pi , dt is less than e.
Indeed, it suffices to show that the integral of G := V*(1 + §(©)0) over the set {G > N} with respect
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to pg,n dt does not exceed ¢ for N sufficiently large. Take ng such that 1/nq + 6(s) < ce for all s > ny,
where ¢ > 0 is so small that ¢Ngy1Wiy1 < 1/2. We may assume that 6 < 1. We have

To To To
/ / G dpy , dt = / / (O™t +6(0)VFedu, dt < cs/ / VRO dpy , dt < /2.
0 {©>n1} 0 {&>n1} 0 H,,

For any N > n; and t < Ty we have
/ Gdpen < (1+ nl)/ VEdpg < N7H1+ n1)> NeWy,
{G>N,0<ni} {VE>N/(14n1)}

which can be made smaller than e/2 uniformly in ¢ < T for all N sufficiently large.

Thus, it remains to justify the desired convergence in the case of fx, which will be now denoted by f.
We recall that the restriction of such a function f to every set {© < R} x [0,Tp] is continuous in the
first variable. Dividing by N we assume that |f| < 1. If f were continuous in z on the whole space, this
would follow at once from the weak convergence of (i ,, for every fixed ¢. Our situation reduces to this
one in the standard way: given ¢ > 0, we find R so large that the set {© < R} x [0,7Tp] has measure
less than e with respect to all measures py , dt and py dt. By our assumption the set @ = {© < R}
is compact in R*. The mapping ¢t — f(-,t) from [0,7p] to C(Q2) is Borel measurable. By Dugundji’s
theorem (see [13, Chapter III, Section 7]), there is a linear extension operator E: C(2) — C,(R*) such
that Fo(z) = @(z) for all ¢ € C(Q), © € Q and [|[Ep|lec = ||¢]lco. Letting g(z,t) = Ef(-,t)(z), we
obtain a Borel function (since it is Borel measurable in ¢ and continuous in z, see [2, Lemma 6.4.6]) such
that |g| < 1 and g(t,z) = f(t,z) for all z € Q. The integral of g with respect to p , dt converges to
the integral of g with respect to u; dt and the integrals of |f — g| with respect to these measures do not
exceed €. Therefore, the measure p = p; dt satisfies our parabolic equation with initial distribution v. O

The condition that V' > 1 is taken just for simplicity of estimates: it can be replaced by V > 0 if we
add constants in the right sides of (3.1) and (3.2).

In typical examples V and © are quadratic functions (with added constants). For example, we shall
use V(z) =Yoo, Bix? + 1 and O(z) = > ;2 a;x?. There is also a version of this theorem applicable to
exponents of quadratic functions (the first 1nequahty in (3.1) is not suitable for such functions).

Theorem 3.2. Suppose that in Theorem 3.1 condition (3.1) is replaced by
LV (z,t) <V(x) —V(x)O(x) (3.7)
and (3.2) is replaced by
la (z,t)| + |B" (2, )| < Ci(1+6(V(2)O(2))V (2)O(z)), (z,t) € R™ x [0, Tp)]. (3.8)

Then, for every Borel probability measure pig on R® with Wy := sup,, ||V o P,||11(4,) < 00 the Cauchy
problem (1.1) with initial distribution po has a solution of the form p = pgdt wzth Borel probability
measures iy on R such that for t € [0, Tp)

t
Vdp, + / VOdpu,ds < AW;. (3.9)
Roo 0 JRo

Proof. The reasoning is much the same as in the previous theorem, but we use only one Lyapunov function
V and use (3.7) in place of (3.4) to obtain the estimate

/H V(@) (o) / / D) (o) ds < (e+1) [ V() ponlde) < 4

Hy

Another place where some difference arises is the estimate of the integral of fI| ¢~ n, where |f| is estimated
by C(1 4 6(VO)VO), but this is easily done by using the previous inequality and the condition that
5(s) — 0 as s — 0. O

Let us apply the last theorem to the Fokker—Planck—Kolmogorov equation associated with the sto-
chastic Burgers type equations (see Example 2.10).

Example 3.3. (“Stochastic Burgers equation”) Let us return to the situation of Example 2.10. Let u
be from the linear span of {e;}. Note that

(B(u),u)2 = —[lull, -
Let V(u) = exp(6]|u/|3). We have
LV (u) < 26(trS + 26(Su, u)s — ||u||§{é)V(u)
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Taking ¢ < €9/4 we obtain
LV(u) < (1-0w)V(u), ©O(u)=1-20trS+ 5”“”?{3
In addition, |B*(u)| < C(k) + C(k)|lu||3. According to Theorem 3.2 for every initial condition v with

exp(d|jul|3) € L'(v) there exists a probability solution u of the Cauchy problem Oy = L*p, pli—o = v
such that

To
[l el pdn) di < o
0 L2((0,1))

According to Example 2.10 this p is the unique probability solution with this property.

Example 3.4. Let us return to the situation of Example 2.11(i). Assume that @™ = 0 if i # j and that
>, a" < co. Let u be from the linear span of {e;}. Set

Vi(u) = (1+ [[ull5m13) exp(d]ul3)

Note that for some positive constants C7, Cy and C5 we have
L1+ [lull3m$3) < Cr = Callu™ Y3 — Callullim i3
Using the calculations from the previous example we obtain
~ ~ ~ ~ -1
LV(u) £ (1= 0@)V(u), O(u) = Ci+6C:|ullfy + (Csllu™ 5 + Callullimi3) (L + llull3mi3)

for some positive constants 51, 5’2, 53 and 5’4. According to Theorem 3.2 for every initial condition v
with

(1+ [Jullzmi3) exp(é]lull3) € L' ()
there exists a probability solution u of the Cauchy problem ;= L*u, p]i—o = v such that

To
/ / (all 2 4 ] 1y ) exp (8]ll2) ue(ds) it < oo
0 LQ((OJ))

According to Example 2.11(i), this u is the unique probability solution with this property.
In the same way applying Theorem 3.2 with

V(w) = (1+ [lull3 + lul542) exp(dlfull3723)

one can obtain existence of a probability solution in the situation of Example 2.11(ii). Thus, there is a
unique probability solution p such that

To
Ll Nl + 1) exp (6l 3373) u(du) de < oc.
0 L2((0,1))

We note only that [|u™[|gy < ||u||§{6 + ||um’1||fq%, since m > 2 and ||lulloo < [Jullgg. This partially

generalizes a result in [30].

Let us apply the existence theorems to the Fokker—Planck—Kolmogorov equation associated with the
stochastic Navier—Stokes equation in any dimension (a special case has been considered in Example 2.12).

Example 3.5. The stochastic equation of Navier-Stokes type is considered in the space V5 of R%-valued
mappings u = (u',...,u?) such that v/ € Ho''(D) and divu = 0, where D C R? is a bounded domain
with smooth boundary. The space V3 is equipped with its natural Hilbert norm ||u||y, defined by

d
lulS, =D V-0’13
j=1

Let H be the closure of V5 in L?(D,R%) and let Py denote the orthogonal projection on H in L?(D,R9).
The stochastic Navier—Stokes equation is formally written as

d
du(z,t) = V2dW (z,t) + Py [Azu(z, t) — Z W (2,4)0.,u(z,t) + F(z,u(z t),t)|dt,

Jj=1

where W is a Wiener process of the form W(z,t) =Y 07 | \/anw,(t)n,(2), where
o0
an 2 0) Z Oén < Oo7
n=1
wy, are independent Wiener processes, and {1, } is an orthonormal basis in H, and F': D xR%x (0,Ty) —

R? is a bounded continuous mapping. No interpretation of this equation is needed for the sequel, it should
be regarded only as a heuristic expression leading to a specific form of the corresponding elliptic operator.
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The case F = 0 is the classical stochastic Navier—Stokes equation. Note that the action of Py in the
right-hand side is defined in the natural way: PyA,u(z,t) := PyA,u(-,t)(z) and similarly for the other
terms. Since the Laplacian A is not defined on all of V5, this equation requires some interpretation. Our
approach suggests the following procedure. It is known (see [26]) that there exists an orthonormal basis
{n,} in H formed by eigenfunctions of A with eigenvalues —\2 such that 1, € V5. Employing the fact
that (Pgw, n,)2 = (w,n, )2 for any w € L?(D,R%), we introduce the “coordinate” functions

d
B"(u,t) = (u, Ann)z — Y (P (! 0:,u), )2 + (P F (- u(-,8),1),90)2

j=1
d

(u, Ana)o = (Do w2 + (F(- ul -, 1), 8),m0)o.
j=1

These functions are defined by the last line on all of V5. They are continuous on balls in V5 with respect
to the topology of L?(D,R%), which follows by the compactness of the embedding of H?'(D) — L?(D).
Choosing a Wiener process of the above form, we arrive at the operator

Lo(u,t) = Z anagnap(u, t) + Z B"(u,t)0n, o(u,t).

n=1 n=1

Since for every u from the linear span of {#,} one has

co d d
ZZ(u,nn>2<8zju,ujnn>2 = Z(u u 5‘Zju = 77/ lu(2)|*divu(z) dz = 0
n=1j=1 j=1
and (Au,u)y = —|[ul|3,, we have the estimate
N
> (u,mn)2B" (u,t) < Cy = Cylull},
n=1
for all w in the linear span of 7y,...,ny, where C is a constant independent of N. Clearly, we have also

|B"(u,1)] < Ca(n) + Ca(n)]jul3:

Therefore, by Theorem 3.1 applied with ©(u) = Ci]Jul[7, and V(u) = [|u]3 + 1 (the above estimates
along with convergence of the series of «, mean that we have (3.1)) there is a probability measure
= pdt on Vo x [0,Tp), such that u:(H) = 1 for all ¢ and p:(V2) = 1 for almost all ¢, and solving the
Cauchy problem (1.1) with any initial distribution puq for which ||ul|§ € L'(u) for all k.

It should be also noted that Flandoli and Gatarek [20] proved (under the stated assumptions) the
existence of a solution to the martingale problem associated with the operator L such that this solution
possesses all moments in H. One can show that the measure generated by this solution satisfies the
Fokker—Planck—Kolmogorov equation in our sense.

Let us consider the 2d-Navier—Stokes equation, i.e., d = 2 and F' = 0. Recall that for every u from the

linear span of {7, } one has
co 2
Z Z(uv Ann>2<82ju7 ujnn>2 = 0

n=1j=1
Set V(u) = exp(d||ull3,). Let u be from the linear span of {n, }. We have

u) = 25(2 an Al +20) o Apul = Aiﬁui) V().

n

Assume that > 7 a, A2 < co. Hence for sufficiently small § > 0

LV(u) <(1-06w)V(u), Ou)=1-94¢ i a2 + 8| Aull3,

n=1

where O(u) = +oo if u ¢ H*?(D). According to Theorem 3.2 for every initial condition v with
exp(d|ull},) € L' (v) there exists a probability solution y of the Cauchy problem Oy = L*p, pile—o = v
such that

To
/ / (1 + [1Aul3) eIy (du) dt < oo.
o JH
According to Example 2.12 this p is the unique probability solution with this property.

Finally, we formulate one more existence and uniqueness result which is a combination of Theorem 3.1
and Theorem 2.3.
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Corollary 3.6. Let a” =0 if i # j and a* = a; > 0. Suppose that the hypotheses of Theorem 3.1 are
fulfilled with certain functions V and ©. If there exists a Borel mapping F' = (F,): R* x [0,Tp] — R*>®
and numbers p > 0, C' > 0 such that |[F(z,t)||2 < CV(z)PO(z) and for each natural number n the

difference B™(z,t) — F"(x,t) depends only ont and x1, 22, ..., Ty, then for every initial condition v with
V € LF(v) for every k > 1 the class P, consists of exactly one element.

Example 3.7. Let ¥/ = 0if i # j and a’ = a; > 0. Suppose that
Bn(xat) = _ﬁnxn + Fn('ra t)7 where /gn > 0.
Let 7, € (0,+00) be such that

o0
Z QY < 00.
n=1

Let - -
V(z)=1+ Z Tz, O(z) = Z Brynz?.
n=1 n=1

Let ¢gg denote the subspace of all vectors x € R* with at most finitely many nonzero coordinates.

Suppose that a Borel mapping F'(-, -): R> x [0,Ty] — R satisfies the following conditions: for each
t it is continuous in z on every set {O < R} and there are numbers € € (0,1), C; > 0, Cy > 0, and p > 0
such that for all ¢ € (0,7) and x € ¢gp one has

S (), < 0() + V(@) 3 anl [P (o) < Ca (14 6() V().
n=1 n=1

Then, for every initial condition v with V € L*(v) for every k > 1, the class P, consists of exactly one
element.

Remark 3.8. As already noted, if the infinite-dimensional stochastic differential equation (SDE) associ-
ated to our Fokker—Planck—Kolmogorov equation has a solution in the sense of Stroock—Varadhan, then
one gets a solution to the FPK-equation (but not vice versa). In contrast to that, uniqueness of solutions
to the martingale problem does not imply the uniqueness of solutions to the FPK-equation, here the
converse is true. Therefore, the existence parts in our Examples 3.3 — 3.5 can partly also be derived by
probabilistic methods. It should also be pointed out that in these examples we always assume that (a™)
is trace class. For existence results by probabilistic means in case of Example 3.3 and the first part of
Example 3.4 without this condition we refer to [23] and its recent improvement [32]. Furthermore, we
believe that by a similar method as in [15] one can also prove uniqueness for the FPK-equation in the
Burgers case (see Example 3.3) without the trace class condition. Finally, we point out that here we
consider the Burgers case only on the bounded domain D = (0,1) C R. If D = R existence, however,
also holds. This follows from the probabilistic results in [24].
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