LOCAL UNIVERSALITY OF REPULSIVE PARTICLE SYSTEMS
AND RANDOM MATRICES

FRIEDRICH GOTZE AND MARTIN VENKER

ABSTRACT. We study local correlations of certain interacting particle systems on the real
line which show repulsion similar to eigenvalues of random Hermitian matrices. Although the
new particle system does not seem to have a natural spectral or determinantal representation,
the local correlations in the bulk coincide in the limit of infinitely many particles with those
known from random Hermitian matrices, in particular they can be expressed as determinants
of the so-called sine kernel. These results may provide an explanation for the appearance
of sine kernel correlation statistics in a number of situations which do not have an obvious
interpretation in terms of random matrices.

1. INTRODUCTION AND MAIN RESULTS

This paper is motivated by the surprising emergence of sine kernel statistics in many real
world observations, parking cars, perching birds on lines and so on. In the field of random
matrices, the sine kernel describes the local correlations of eigenvalues in the bulk of the
spectrum of Hermitian random matrices. There it has been shown to be universal to a high
extent, i.e. it appears for many essentially different matrix distributions. In this article we
show that the sine kernel describes the local correlations of more general repulsive particle
systems on the real line which only share the repulsion strength exponent § = 2 with the
eigenvalues of (unitary invariant) Hermitian random matrices. We expect that this behavior
extends to larger classes of invariant ensembles of random matrices, with repulsion exponents
6 different from two.

To formulate our results, let us recall the so-called invariant 5—ensembles from random matrix
theory. Given a continuous function Q : R — R of sufficient growth at infinity and g > 0,
set

1 NN o
P.qp() = ZNQ5H|$i_xJ’B€ NI Q) W

(With a slight abuse of notation, we will not distinguish between a measure and its density.)
For the “classical values” 3 = 1,2,4, Py g is the eigenvalue distribution of a probability
ensemble on the space of (N x N) matrices with real symmetric (8 = 1), complex Hermitian
(8 = 2) or quaternionic self-dual (8 = 4) entries, respectively. For arbitrary (3, only for
quadratic @, Py g g is known to be an eigenvalue distribution.

The notion of bulk universality is usually formulated via the correlation functions of the
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ensemble. For a probability measure Py (z)dz on RY and k = 1,2,..., N, the k-th correlation
function pﬂfv : R¥ — R of Py is defined as

ok (1, ... ) ::/ Py(z)dzgyq ... dey.
RN—k

The correlation functions p; are the densities of the marginals of Py. The measure pk (t)dt
on RF is called k-th correlation measure.

It is known that under very mild conditions on @), there is an absolutely continuous probability
measure g g(t)dt on R, which is the weak limit of p}V7Q7B(t)dt as N — oo.

Now, Pn,g g is said to admit bulk universality, if for all a with pg g(a) > 0 and all ¢1,...,t
the limit

. 1 k t1 123
N noa(aF ™ (a " Nugata) T NMQ,ﬁ(a)) ®
exists and coincides with the one for Py ¢ g, G quadratic (the so-called Gaussian $-ensemble).
Universality here should be understood as coincidence of the limit (2) with the corresponding
Gaussian (-ensemble. This has been established for large classes of (). The scaling in (2) is
chosen such that the asymptotic mean spacing between consecutive eigenvalues is normalized
to 1. However, it is known that the limit depends on 8 though.
In the case 8 = 2, which appears frequently in “real world statistical studies“, the limiting
object (2) is determinantal of type

. 1 tl tk sin (W(ti —1 ))
lm Lk <a+,...,a+>:det[] )
N=voo g 2(a)F Npga(a) Npga(a) Tt — 1) Ji<ij<k
involving the sine-kernel

sin(7rt)

S(t) = =2, ¢ £0, S(0) = 1.

Universality for unitary invariant ensembles, i.e. S = 2 invariant ensembles, was proved in
many papers, for example (naming only few) [PS97, PS08, DKM ™99, MMO08, LL08]. Recently
universality (for general f—Ensembles) was proved in [BEY11, BEY12]. For g = 1,2, bulk
universality was also proved for Wigner matrices by two groups of authors. Based on earlier
work of Johansson [JohO1], universality was shown for general classes of Wigner matrices in
a series of papers by Erdés, Yau, Schlein, Yin, Ramirez and Peche (see [EY12] for a survey
on their results) and Tao and Vu (see [TV12] for a survey on their results). We remark that
bulk universality was proved in [GGOS8] for the Hermitian fixed trace ensemble, a random
matrix which is neither a Wigner matrix nor unitary invariant.

Writing the density (1) in the Gibbsian form

Pyog = o ef Tics loglri—a;l =N 1 Qi) (4)
ZN.Q.8

we see that Py g g can be interpreted as an interacting particle system on R in an external
field, interacting via a 2d Coulomb potential.

It is believed that many complicated, strongly correlated systems share the local bulk scaling
limit (defined again by correlation functions) with some random matrix model. This was

conjectured by Wigner who used random matrices to model energy levels of nuclei. By the
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underlying matrix structure, physical requirements (conserved quantities, time reversal,. .. )
determine the value of 3 in the cases § = 1,2,4. The limits with 8 = 2 also seem to appear
in statistics of distances between parking cars [AMO06], waiting times at bus stops in certain
cities [KS00b] (see [BBDS06] for a determinantal model) and the pair correlation conjecture of
Montgomery [Mon73]| for the zeros of the Riemann Zeta function on the critical line. See e.g.
[KS00a] for more relations between the Riemann Zeta function and random matrix theory.
A common cause for the appearance of sine kernel statistics in a number of statistics about
real world repulsive systems and in physics and mathematics still remains to be identified.

We consider here a class of more general interacting particle systems, defined by the density

N )
[T (i — e =26, 6

1<j

Nsa,

where @ is a continuous function of sufficient growth at infinity compared to the continuous
function ¢ : R — [0,00). Apart from some technical conditions we will assume that
©(0)=0, ¢(t)>0fort#0 and hm |t(|tﬂ) =c>0, (6)
or, in other terms, 0 is the only zero of ¢ and it is of order 5.
We expect that (at least under some smoothness and growth conditions) the bulk scaling limit
of (5) coincides with that of the S-ensembles, since in view of the regular local distribution
of eigenvalues/particles at 1/N spacings only the exponents of the interaction kernel should
determine the local universality class.
The purpose of this paper is to prove this for 5 = 2 and a special class of ¢ and ). From now
on, we will always deal with the case § = 2, therefore omitting the subscript 8. To state our
results, let h be a continuous even function which is bounded below. Let @ be a continuous
even function of sufficient growth at infinity. By P]}\’,’Q we will denote the probability density

on RY defined by

PJI\} H |x; — x]| exp{— NZQ ;) Zh —xj)} (7)

N Qi< 1<j

where Z J@,Q denotes the normalizing constant. The density PJ}\LI,Q can also be written in the
form (5) with o(t) := t?exp{—h(t)}. The first result describes the global scaling limit of
the correlation measures of P]{,’Q. To formulate it, introduce for a twice differentiable convex
function @ the quantity ag := inficr Q" (t). Moreover, denote by pﬁ}fﬂQ the k—th correlation
function of P]}\L,,Q.

Theorem 1. Let h be a real analytic and even Schwartz function. Then there exists a
constant o* > 0 such that for all real analytic, strictly convex and even @Q with ag > al, the
following holds:

There exists a compactly supported probability measure ,u}é having a non-zero and continuous
density on the interior of its support and for k = 1,2,..., the k-th correlation measure of

Rk
P]}\‘,Q converges weakly to the k-fold product (u%) , that is for any bounded and continuous



function g : RF — R,

Rk
lim gpNQdkt—/gd<,u}é> . (8)

N—o0

Remark 2.

a) If h is (additionally) positive definite, then o/ in Theorem 1 may be explicitly chosen
as al* = sup,cp —h'(t).
b) In general the measure ,u}é depends on h.

c) P N (@ does not seem to be either determinantal or have a natural spectral interpretation,
therefore we will speak of particles instead of eigenvalues.

The next result states the universality of the sine kernel in the local scaling limit in the bulk.

Theorem 3. Let h and Q satisfy the assumptions of Theorem 1. Then for k=1,2,..., we

have
1 31 t [Sln (m(t; — tj))]
lim ——p" at+—7—,...,a+——— | =det | —————= 9)
N—oo pfhy(a)k NG ( Ny (a) N,u%(a)) m(ti =) Ji<ij<n
uniformly in ti, ...ty from any compact subset of RF and uniformly in the point a from any

compact proper subset of the support of u%.

Remark 4. If h is positive definite, then a” in Theorem 3 may explicitly chosen as o/ =

sup;er —h'(t).
We shall demonstrate our approach to bulk universality by means of the following very
example of functions h and Q.

Theorem 5. Lety > 0 and a > 0 be arbitrary. Let h(t—s) := y(t—s)? and Q(t) = at®. Then
(8) and (9) hold for (P]}\L[’Q)N uniformly as in Theorem 3. Here ,u}é will be the semi-circle

distribution with support [—w,w], w = (Va+7) .

A first step in the proof of Theorems 1 and 3 is to compare the correlation functions of PJ’\ZLQ
with correlation functions of eigenvalues of some unitary invariant ensemble. To construct
such an ensemble, we first determine /ﬂé as the equilibrium measure of some external field V'

(depending on h and ) using a fixed point argument. The difference between P]’\‘[’Q and this
unitary invariant ensemble Py 1 consists of (up to normalization) a factor exp{U(z)}, where
U is a quadratic interaction energy which may be expressed as a mixture of linear interaction
energy terms using Gaussian processes. This finally leads after some truncation procedure to
a mixture representation of PJ’\@@ by invariant ensembles with the same bulk universality.

The paper is organised as follows. In Section 2, the asymptotics of Pf\L,Q for h(t — s) =
y(t — 5)? and Q(t) = at? are investigated, in particular Theorem 5 is proved. In Section
3, we associate to PJ’\}Q a unitary invariant ensemble which will turn out to have the same
asymptotic behaviour as P N.Q: Section 4 contains concentration of measure inequalities
which are needed furtheron. Section 5 deals with bounds on the first correlation function
of a unitary invariant ensemble. The proofs in this section use established techniques which
we decided to include in detail for the sake of completeness of the exposition. Theorems 1
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and 3 are proved in Section 6. In the appendix we recall a number of results on equilibrium
measures.
A prior version of these results is based on the PhD-Thesis of the second author [Venll].

2. A FIRST EXAMPLE

In this section, we will study the probability measure

o 1
Py (x) = il H |2 — 2;]” exp { — aNMs(2) —’YZ(%‘—%‘)Z}a (10)
N 1<i<ji<N i<j

using the potentials M, (x) := Z;VZI w? with p = 2 and constants o,y > 0, where Zy” denotes
the normalization factor. In the following we shall suppress the dependencies on « and .
We will reduce bulk universality of (Py”)  to the well-known bulk universality of the GUE.
It is convenient to introduce the distribution GUE,,, depending on a parameter w > 0, as

1 2 2
PR @) = Zams [ [ lox — 2l exp { = 5N Ma(a)}.
N,w j<k'

Under this scaling the first correlation measure of PJUF will converge to the semicircle law

supported on [—w,w] (for a proof see e.g. [Pas99]). First we rewrite the density Py := Py
using

Y (@i —x;)° = yNMy(x) — yMy(x)?,  as
1<J

PN(J;):;N TT loi— P exp{ — (a+9)NMao(x) +7Mi(2)2}.  (11)
1<i<j<N

Using the simple identity

1
exp {fth} =5 /]R exp {eﬁt} eXp{ — 52/4}d£, we may write (12)
1 1 9 9
Py(x) = — | — H lzi — x| exp { — (@ + )N Ma(z) + \/7eMi(z) } exp { —e* /4 } de,
2T SR AN iien
1 Z5
=5 A ﬁPﬁ,(:ﬁ)e_Eszs, where (13)

1
Py)=— [ |oi— 2 exp{—(a+7)NM(z) + FeMi(2)},
Zy 1<i<j<N

75 = / [T 15 — o5 exp{—(a + )N Ms(x) + y/3e M (2) hdz.
RN cici<n

We have thus expressed Py as a probabilistic mixture of the probability measures Py .
The next lemma deals with the ratio Z5,/Zy.



Lemma 6. For each ¢, each N and all o,y > 0 we have

2 —1
ve Y
A = 1— .
N/ZN eXp{4(a+7)}( a+7)

Proof. We first expand the fraction
Z5)Zn = (Z5)ZS5E) ) (Zn ) ZS0F), where w = (a + )7V,

The diagonal elements of a GUE,, matrix are independent Gaussians with mean 0 and variance
Using this, we get easily for any €, any N and any a,y > 0

751255 = Encur, exp{ey/TM1(2)} = exp {ve® - (4la+7)7"},
where En qug,, denotes expectation w.r.t. PE,ILE Similarly, we get for any N and any a,y > 0

ZN/ZGUE En,cuE, €xp {’YMl(l')Q} =1 —7/(a+ 7))_1/2 :

N(a+ )"

Definition 7. For w > 0, the probability measure o, on R given by

2
o, (t)dt := . w? — 121, o (2)dt

is called (Wigner’s) semicircle law (with parameter w).

By equation (13), Py is a mixture of P5. We show first that the statement of Theorem 5 is
true for each € € R if we replace P]’\l,y(a2 by P§. Eventually we will use Lebesgue’s dominated
convergence theorem.

Proposition 8. Let plf\}a denote the k-th correlation function of Py and set w = ,/a—jlw.

a) For any ¢ € R, any k and any continuous, bounded g : R¥ — R we have

lim gde = / gd(o,)".
Rk —w,w]k

N—oo

b) We have for any ¢ and any k,

: L e th tk
1 7 ———— | =det (S(t; — ¢ .
Jm e (o o+ ) = 9B~ s
locally uniformly for all t1, ...t and uniformly for a varying in a compact subset of

(—w,w).

Proof of Proposition 8. A proof of the first part can be found in [Joh98]. For the second part
we use orthogonal polynomials. Note that the polynomials orthogonal to a Gaussian weight
with non-zero mean are normalized shifted Hermite polynomials. Let 7T§N> denote the j-th

Hermite polynomial orthonormal w.r.t. the weight e~ (@)t

It is easy to check that the set of polynomials orthogonal w.r.t. the weight e~ (aty)t* eyt
are the polynomials (77] )*> , where
J

W§N)*(t) = e(w//€2/2N)7T§N) (t—w'e/2N) withw' :=/7/(a+7) and W’ := w/2/4. (14)



The ensemble Pf; is determinantal, i.e.

k7
PN (1, tr) = (N = k)Y (NY) det (KR (f4, )7y » (15)
* N— * *
where K (t,s) = ijol 7TJ(N) (t)ﬂj(-N) (s). From (14) we get
K5 (t,s) = e“" N\ (t —w'e/2N, s — w'e/2N), (16)
where K denotes the kernel corresponding to the ensemble PﬁHJE Hence we have
1 t S
— Ki(a+——a+——
ou(a) g Noy(a) Naw(a))
_ e(W”82)/NKN(a N t— w’eaw(a)/Qja s — w’eaw(a)/Q)
ow(a) Noy(a) Noy(a)
(w'e?)/N / /
e t s
=— K , , 17
ou(a) n(at Noy(a) ot Naw(a)) (17)
where t' :=t — w'eoy,(a)/2 and s’ := s — w'eo,(a)/2. It is well-known that
1 t s sin(w(t' — §'))
lim ——K = 18
NN et St Y@ T e — ) (18)

For a proof of (18) see e.g. [Dei98, Chapter 8] or Theorem 26. Since limy_,o0 exp { (w”e?)/N} =
1, we get from (17) and (18) that

t o s ) = sin(m(t' — §)) _ sin(m(t — 5)) (19)
Noy(a) No,(a) w(t — ) w(t—s)
Now, by (19) and (15), the second assertion of Proposition 8 follows. As (18) is true locally
uniformly in ¢/, s’ and uniformly in a € I, I C [~w,w] compact, we get (19) locally uniformly
in ¢, s and uniformly in a € I. g

1
]\}E)noo ou(a) ooy i (ot

Proof of Theorem 5. By equation (13) and Lemma 6 we know that
Pao) = [ Pilalple)de (20)
R
where p is an N-independent probability measure on R. Using Fubini’s Theorem, (20) implies

/gde—// gde de and plfv(tl,...,tk):/plf\}a(tl,...,tk)p(s)ds,
R

and hence for each compact K € R* and each compact I C (—w,w)
11 ik

—k k
. ot —E )~ det (S(ti — t)),<, ;
Gl et e ) 9 Bl e
k ke 131 Uk
_ y et (S(t; — 1))y . )d
teigg)e[‘/Rp(a)(a (a)"py (a +N0w(a) a+ Now(a)) et (S( ]))1§z,j§k) e|
i tr
< (a) ke —det (S(ti —t;))._. ._,|d
/Rp(g)teig,ge[‘a (@)""py (a +N(7w(a), ’a+NO'w(CL)) et (S( 7))1§m§k‘ &

(21)
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where we stick to the notation of Proposition 8. Theorem 5 will follow from Proposition 8 if
Jzr gdph and SUDye K el ‘pﬁ}a(sl, ey sk)), si == a+t;/(Noy(a)), are uniformly bounded in

€. The uniform boundedness of ka g dp?\’,6 is immediate as g is bounded.

To show uniform boundedness of plf\f(sl, ..., 8k) uniformly in e, ¢ and a, we proceed as in
the paper by Pastur and Shcherbina [PS08]. Since all correlation functions are nonnega-
tive, we see by Sylvester’s criterion from the determinantal relations (15) that the matrix
(K% (tistj))1<ij<k =: A is positive semidefinite and can hence be written as A = B? for some
matrix B. Now using Hadamard’s inequality we get

k k
det A = (det B)? H Z |Bi;|* = H Aj;. In our case this reads

k k
k, 17
PN (1, te) < (N — K)!/(NY) H < C* [ on°(t9), (22)
: j:l
where C' is a constant such that C > N/(N — k). Using (14), we get
1 Nl
il | N)* —N(a+y)t2+,/Fet
- N
7=0
1 V-l
N - ' 2 1,GUE,,
_ N 7T§ )(t . w/E/QN)2e N(at+y)(t—w'e/2N)? _ Py UE, (t . w/€/2N),
j=0
where p1 ‘GUE s the first correlation function of the GUE,,. In Proposition 19 we will prove

that there is a constant C’ such that for all N and all ¢ we have p1 GUE‘“( t) < C'. This
estimate together with (22) finishes the proof of Theorem 5. O

3. THE ASSOCIATED RANDOM MATRIX ENSEMBLE

In this section, we start with the investigation of our main model. Let h be a continuous
even function and @ a strictly convex symmetric function and assume that

1
Pho@ = —— [ |oi—al?e ¥ 2m Q)T hlaiy), (23)

N,Q 1<i<j<N
defines the density of a probability measure on RY, where
Zh = / [ o — ayf2 eV T Q=T eieig
RN 1 <icj<N

denotes the normalizing constant. This is for example the case if h is bounded below.
We will frequently use the notation

() i= [ bt = du(e), = [ [ b= )dute)auts) (24)

for a compactly supported probability measure p on R. For the statement of the next lemma,
M. will denote the set of compactly supported (Borel) probability measures on R.
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Lemma 9. Let h : R — R be even, twice differentiable, bounded and such that h"(t) > —ag
for all t. Define Ty, : ML — ML, Ty(u) as the equilibrium measure to the external field
t= Q1)+ hu(t).

Then Ty, has a fized point, i.e. there exists a probability measure ug which is the equilibrium
measure to the external field t — Q(t) + [ h(t — s)du%(s).

Proof. We will apply Schauder’s Fixed Point Theorem, which states that each continuous
mapping T : C — C of a compact, convex and non-empty subset C of a Hausdorff topo-
logical vector space has a fixed point.

We consider the topological vector space M(K) of all signed finite Borel measures on some
compact interval K of R, equipped with the topology of vague convergence. This topology
is metrizable and hence the space is Hausdorff (see [ST97, Chapter 0]). The subset M!(K)
of all Borel probability measures on K is non-empty, convex and compact. The compactness
follows from Helly’s Selection Theorem. We will further restrict to measures p which are
symmetric around 0, i.e. u(A) = u(—A) for all Borel sets A. It is easy to see that this subset
still fulfills the assumptions of Schauder’s Fixed Point Theorem.

Now we show that since h”(t) > —ag and h is bounded, the support of the equilibrium
measure to the external field Q(t) + h,(t) is included in a compact set which can be chosen
to be independent of u. Indeed, by Theorem 35, the support of the equilibrium measure for
Q(t) + hy(t) is the smallest compact set K (w.r.t. inclusion) of positive capacity maximizing
the functional

K o5 Foun, (K) = log cap(K) — 2 / Qt)dwic (t) — 2 / (8 dwoic (8). (25)
= Fo(K) -2 / hu(t)dwi (t), in particular we have

Foin, (suppuqg) > Fo(suppuq) — 2||h|lw € R,  since |h,| < [|Alloo- (26)

As @ is convex and symmetric, supppq is a symmetric interval (see Theorem 35). Because h
is twice differentiable, h’ (and by assumption also h) are bounded on any compact set. Hence,
if we choose a probability measure p with compact support, h, is two times differentiable
and (h,)” = (R"),. By the condition h"(t) > —ag, Q(t) + h,(t) is convex for each compactly
supported p. Theorem 35 implies that the support of the equilibrium measure to Q(t)+h(t)
is a symmetric interval, say [—[,,[,]. Using Lemma 30, we can rewrite (25) for an arbitrary
symmetric interval [—[,[] as

l l
Fon, ([-1.1]) = log(1/2) — 2 / | Q(t)m/plﬁdt . / | h#(t)m/l;jdt. (27)

Since @ is strictly convex and symmetric, we have Q(t) > agt? + C for some C € R and (27)
implies (using that the variance of wy_; is 12/2) the inequality

Fgin, ([=1,1]) < log(1/2) — aql® = C + 2|7, (28)
which holds for any p. Comparing (26) and (28), we see that

Fqin, (supppq) > Foun, ([=1,1]),

for all [ > L, where L > 0 does not depend on p. Hence such an [—[, (] can not be the support
[—lu, 1] of the equilibrium measure for @ + h,. Hence [, < L for all compactly supported .
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We have thus seen that T}, maps the set ML (K) of symmetric probability measures supported
in K into itself, if K is chosen large enough. It remains to show continuity of this map. Since
we deal with a metric space, it is enough to show that by T}, converging sequences are
mapped to converging sequences. Let (i), C M!(K) be a sequence converging vaguely, or
equivalently, weakly to a probability measure p. Denote T} (p,) =: vy. Define the sequence
of external fields V;,(t) := Q(t) + hy, (t) which converges pointwise to V(t) := Q(t) + h,(t).
We may assume that this convergence is uniform: By Theorem 33, the equilibrium measure
does not depend on values of the external field outside of its support (from which we know
a priori that it lies in a certain compact set). Since A’ is bounded on this compact set by
some constant, say C, we also have |h;m| < C. This implies that the sequence of functions
(A, )n is uniformly Lipschitz and hence equicontinuous. It follows that the sequence (V},),
is also equicontinuous. Since their domain is a compact and V,, converges pointwise, the
equicontinuity implies uniform convergence by Arzela-Ascoli’s Theorem.

Since all v, are supported on the same compact set, it follows that (v,), is tight and hence
has a weakly converging subsequence (v, )m. We will prove that this limit measure, say 1/,
is in fact v = Tj,(u), the measure belonging to the external field V', and does not depend on
the particular subsequence. It follows that the sequence (1), converges to v weakly as weak
convergence is metrizable.

From the uniform convergence of V,, towards V it follows by Theorem 34 1. that

Uvrm(s) = / log |t — s| "t dvy,, (t)

converges uniformly (on C) towards U”(s) := [log |t — s|"'dv(t). On the other hand, by
Theorem 34 2. we have for all s € C except a set of zero capacity

m—r0o0

lim UYm (s) = U (s) = /log it — 5|t/ (1)

Hence U¥(s) = U (s) almost everywhere on C. Theorem 34 3. yields that v = ¢/, implying
that the sequence (v,), converges weakly to v. As T}, is a continuous mapping, Schauder’s
Fixed Point Theorem yields the existence of a fixed point. O

Remark 10 (Uniqueness). So far we did not prove that this fixed point of T}, is unique.
Uniqueness will follow for the class of ensembles from Theorem 1. For those ensembles we
will show that the first correlation measure converges weakly to any fixed point, which shows
uniqueness.

We proceed by decomposing the additional interaction term. Let h be as in Lemma 9. Choose
a fixed point u(g as in Lemma 9. We will stick to this measure from now on and write pu
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instead of ,u}é. We set using the notation (24)

> h(wi — ;)

i<j
N2 N al 1, &
= _Thw - gh(o) + Nzhu(l’j) + 5( Z h(wi — 25) = [hy(@:) + hu(5) — by )
j=1 ij=1
N2 N al
= —7h/m - Eh(O) + Nj; hu(xzj) —U(x), where
1N
Ulx) = =5 ( D hlwi = 25) = ) + huls) = ) ) (29)
ij=1
Now we can rewrite P]}\LLQ as
1 .
Pho@) == [ |ai—aff e ¥V =m Vi), (30)
NVU i G<N

where we defined the external field
V() = Q(t) + hy ()

and absorbed the constant exp{—(N?/2)h,, — (N/2)h(0)} into the new normalizing constant
Znyv,u- We will from now on work with this representation of the density of P]}\‘, 0 The
proofs of Theorems 1 and 3 rely on comparison with the unitary invariant matrix ensemble

1
Puv(e)=—— [ las—a;Pe V2=V, (31)

Z
NV cici<n

We will show that in the large IV limit, the correlation measures in the global scaling as well
as correlation functions in the local scaling, are the same for PJ’\E 0 and Py . In this sense
the quantity U will turn out to be negligible.

4. CONCENTRATION OF MEASURE INEQUALITIES

We will frequently use the following well-known concentration of measure inequality ([AGZ10,
Section 4.4]).

Theorem 11. Let Q be an external field on an interval I = (a,b) (possibly unbounded) with
Q" > c >0 on I. Then we have for any Lipschitz function f on I and any e >0

N N
PN,Q(‘Zf(l’j)—EN,QZf(%)‘ >5) §2exp{— ce2 } and
j=1 j=1 2 ’f‘EQ
- - Galir
Evgexp{e(D_ fla)) —Eng ) f(z)} <exp{—£},
j=1 j=1

where for any Lipschitz function f we denote its Lipschitz constant by |f|, (on I).
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Remark 12. In [AGZ10], only the case (a,b) = R is stated. As the proof for general (a,b) is
completely analogous, we do not give it here.

Theorem 11 yields a concentration inequality for linear statistics around their expectations.
However, we rather need concentration around their “limiting expectations”. It is well-known
(see e.g. [Joh98, Theorem 2.1]) that for bounded and continuous functions

1 N
i B ) = [ ftdnate (32)

where 11 denotes the equilibrium measure to Q). We need to quantify the rates of convergence
in (32). The following is a special case of a result in [Shcll] (see also [KS10]).

Proposition 13. Let QQ be a convex external field on R which is real analytic in a neighbor-
hood of supp(ug). Let f be a function whose third derivative is bounded on a neighborhood

of supp(ug). Then
N
Brvo > £e)— N [ fduo] < ClIfloe + 1£]0)
j=1

where C' does not depend on N or f and || - || denotes the bound on the neighborhood of
supp(pq)-

From Theorem 11 and Proposition 13 we immediately get the following concentration in-
equality.

Corollary 14. Let Q be a real analytic external field with Q" > ¢ > 0. Then for any Lipschitz
function f whose third derivative is bounded on a neighborhood of supp(uq), we have for any
e>0
N
En,qexp {5(Zf(xj) — N/f(t)d,uQ(t))} < exp{

Jj=1

2
52|f|£
2c

+eC(If oo + 17 l0) }-

Remark 15. Proposition 13 and Corollary 14 remain true up to an error of order e~V if we

replace R by an interval I which covers the domain of the equilibrium measure ;. It is well-
known (see e.g. [PS08],[BG11]) that changing the external field outside a small neighborhood
of the equilibrium measure results in a change of the first correlation function of order e~
for some ¢ > 0. We will prove this in Lemma 28 provided that I is large enough.

The next lemma gives, using Fourier techniques, a representation of the bivariate statistic
in terms of certain linear statistics. A similar idea is used in [LPOS].

Lemma 16. The following holds

U(z) = ﬁ(t)dt, where

° 2

1
oVor

] N N R 1 '
un(t,z) = Zcos(t:rj) - N/cos(ts)du(s) + \/jlz:sin(txj), h(t) == \/ﬂ/Re_’tsh(s)ds.

j=1 j=1
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Proof. Recall from (29) that
1
z) = _5( > hlwi — a;) = [hu(xi) + hyp(a;) = byl ). Note that

3,j=1

1 _ ~ 1 9 =~
SN bz — el@=Tt fydt = —— tz)|? h(t)dt,
DILCEEN N%/Z = [l e

j?k

with uy(t,z) := Zjvzl itr;  Writing un (¢, z) = un(t,z) — N [e"du(s), it is not hard to
check that

~

U(z) = , ) h(t)dt. (33)

2
O

Note that we can write
B of () = (Znv/Znv.)Bw v f (2)e .
With the help of the representation (33) we shall bound this ratio of normalizing constants.

Proposition 17. If the constant aq is large enough, then there exist constants Ci, Cy > 0
such that for all N

0< ) < ZN,V,L{/ZN,V = ENy exp {U(:E)} < (.
Proof. We start with proving the lower bound. By Jensen’s inequality we see
En,v exp {U(z)} > exp {EnvU(z)}.

Using Lemma 16 we show that the expectation of I/ is bounded in N. Fubini’s Theorem gives

2 <
—EN\/U( /ENV ’LLN t 1‘)‘ h(t)dt

\ﬁ
N ~
/ En,v| Zcos(tmj) — N/cos(t:s)du(s)‘2 +EN7V’Z sin(tz;)|? | h(t)dt.
j=1

Jj=1

1
2V2r

By Corollary 14, the terms in the parenthes1s are bounded by a polynomlal function in ¢, as
|cos(t-)| -, [sin(t)], < ¢ and ||cos(t I3 |so, Isin(t)®||lse < Ct3. Hence, h being a Schwartz
function, we have Ex yU(z) > —C’ for some C’ > 0. Thus the lower bound follows choosing
Cy = exp(—C").

For the upper bound we will again use the representation of Lemma 16. Recall that since
h is even, h is real-valued. Define h+( ) := max{0, h(y )} and h_ (y) := max{0, —h(y )} such
that h = h+ —h_. For h_ = 0, Wthh corresponds to the case of a positive definite h, there
is nothing to prove, so assume that h_ #0.
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Introducing H_ := (h_)"? > 0, we obtain by Jensen’s inequality and Tonelli’s Theorem
Env exp{ — (2v2m)™ /ﬁ(t)\&N(t,x)\th} < Eny exp {(2\/%)*1 /H_(t)2 \ﬁN(t,x)\2dt}
= Enyexp { (2v2r) -, / (H_(8)/ ||| ) H= () (1 )

< / (H(0) || ) Ewy exp { (2v/3m) ||| o (1) (2, )] . (34)

Abbreviating Kj := (2v/27) 7! HH,H ;1 and using the Cauchy-Schwarz inequality and repre-
sentation (33), we find

Env exp { KpH_(0)|in(t 2)|"} (35)
< E]lﬁ/ exp {2KhH, (t)‘ icos(t:vj) - N / cos(ts)d,u(s)r} (36)
j=1
x Ey% exp {QKhH_(t) ‘ i sin(ta;) ’2} (37)
j=1

Since by Corollary 14 the distributions of Zjvzl cos(tzj)—N [ cos(ts)du(s) and Zjvzl sin(tx;)
are sub-Gaussian, we obtain for example for the first term for any € > 0,

N
En,v exp {a V2K H_(t)( Z cos(tz;) — N / cos(ts)du(s)) }

j=1
< exp {52 2K H_ ()12 (20) "t 4+ /2K, H_(£)C(1 + t3)}, (38)
where oy := min; V”(t) > 0, C' does not depend on ¢t or N. For ag large enough (hence
ay large enough), we have 2K, H_(t)t?(2a)~! < 1/4 for all t. Since H_(t) = 37/2(75) is

decaying rapidly, \/2K,H_(t)C(1+t3) is bounded in t. Summarizing, if o is large enough,
we can bound (38) by

exp{ce? + eC}

with 0 < ¢ < 1/4 and ¢,C do not depend on N or ¢t. We conclude that (36) and (37) and

hence (35) are bounded in /N. Finally, since R is a Schwartz function, it follows from (34)
that

ENyexp{—/ﬁ(t)\&N(t,m)\th} <C

for some constant C' > 0 independent of N. This proves the upper bound and hence the
proposition. [l

Remark 18. The proof of Proposition 17 actually shows that for each A > 0 there is a
threshold a*(\) > 0 and constants C7, Cy (depending on A and o) such that

0<Ci < EN,V exp{/\L{(:z:)} < Oy, if Qg 2 Ozh()\).
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5. BOUNDING THE FIRST CORRELATION FUNCTION

The first aim of this section is to prove that p}VQ(t) < C uniformly in ¢t and N. We will
eventually prove the following proposition which can be found in [PS08, PS97]. We use in the
proof arguments and results from [Joh98, PS08, PS97, Dei98]. For the sake of completeness
we shall include them here.

Proposition 19. Assume that Q is three times continuously differentiable and satisfies
Q(t) > (1 + 8)log(1 + t2) for some 6 > 0 and all t large enough. Then there is an N-
independent constant C' such that for all t and all N

prq(t) < C.
Before stating the next concentration inequality, we need to introduce some notations.
_ 1 1
Kno(@):= Y kolziz;), ko(t,s):=loglt— s + 7Q1) +5Q(s), (39)

1<i#j<N
Fg = Ig(p), vo(t):=Q(t) —log(t* +1), where Ig(y) is defined in (92). (40)

From the simple inequality |t — s| < v/#2 + 1v/s2 + 1 we conclude log |t — s|™! > —1log(t* +
1)(s? 4 1) and hence

kq(t,s) > (1/2)vq(t) + (1/2)1q(s). (41)
We also note that since V' is an external field, there is a constant cg such that
PQ(t) = cq- (42)
We define a generalized unitary invariant ensemble on RY (or some compact [a, b]") via
1 _ N , N .
Pos@) = y— I lai—ayf?e 2 Q2 ), (43)

N,Q,f 1<i<j<N

where N, M € N and f is a continuous function with |f(¢)| < Q(¢) for ¢ large enough. Usually
we have M = N or M = N — 1. If M = N, we will write Py ¢ ¢ instead of PJ]\\f/{Q,f' If f=0,

we write P]]\‘,{Q. The following result is due to Johansson.

Proposition 20. Let

1
N2
Then there is some constant C' such that, if imy_,oo N/My — 1,

P]]\\[/[g RY\ Ay cia) < Ce N for all N > No(e) and all a > 0.

AN,s = {JEGRN : KN7Q($) éFQ—FE}.

Proof. See [Joh98, Lemma 4.2]. O

We abbreviate in the following p}VQ = p]lV. The first step in proving Proposition 19 is to

determine the decay of p]lv (t) for t large. Fortunately the precise decay is well-known in the
theory of invariant ensembles. The following lemma can be found in several works including
[Joh98, PS08, Dei98]. We follow [Joh98].
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Lemma 21. Let Q be a continuous function satisfying Q(t) > (1 4 6)log(1 + t2) for some
6 > 0 and all t large enough. Then there is a constant C' > 0 such that for all t

p}va (t) S eCNeiN[Q(t)*loga‘i,tQ)] '

Proof. We will from now on drop the subscript @), defining

1 .
P¥(z) = i H |z — x;]? e MELIQ@)  ang abbreviating pk := p]l\ﬁQ, we compute
N 1<i<j<N
Zﬁ—l — = 2\ ZN 93 N-1 _il=nN
ph(t) = THEN (T (o - 07)e o0, 0 — By ([ @itoslmt-ve gy,
N j=1 N-1

(44)

Since adding a constant to ) does not change the ensemble, we will assume that @@ > 0,
which corresponds to considering the potential @) + Cg, where Cg denotes a lower bound of
Q. Setting Z := [ e~ dt we get by Jensen’s inequality

N-1

! 3 ! Q)
ZZ/exp{Q ; log [2; — | — NQ(t) Yt > ZeXp{Z/(Q > togles — ]~ (v - DO(t))e W)

<

Since @@ > 0, we get

:vj—l—l CUj+1
/log |t — ;] e Wt > / log |t — ] e Wt > / log [t — x| dt =: Cy.
J?j—l $]‘—1

Summarizing we have
ZNJZN_\ > Zexp[—2(N —1)C1}. (45)

Using the inequality (z; — )% < (1 + a:jz)(l + t2) gives

N-1 N-1
ENUCTT (25— 0)%) < @+ VEN(T] (1 +422). (46)
j=1 j=1

As before, we can assume (otherwise we add a constant) that ) satisfies Q(t) > (1+9) log(1+
t?) for all t and some & > 0. Using notations (39-40) and inequality (41), this condition yields

N-1
Ky 10(z) = 6(N —1) > log(1 + z;)*.
j=1
Proposition 20 shows that for A large enough we have

N-—1
PY 1 o( D log(1+2)? > AN) < PV, o (Kn—1,0(z) > AN = 1)N) < 4V (47)
j=1
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for some constant ¢ > 0. From this we conclude that for A large enough

N-—1 N-—1
EN-1( 1 (1+ 3;2)) < AN | EN( 1‘[1 (1+ x?)]ll_[;\,:,ll (1+m§)2eAN)' (47) gives that
Jj= Jj=
N—-1
PN 1 o( > log(l+;)* = SA(N — 1)N > y) < exp{—N? — 5yN}.
j=1

From this bound it is easy to see that EY ( H (1422 )]l ) is of order

T (1402) 2exp{AN}
exp{—N?}. Hence we have

N—
E% ! H ) < exp{cAN} for some c. (48)

In view of (44) we find Comblmng (45), (46) and (48)

phq(t) < exp{CN} exp{~N [Q(¢) — log(1 +2)]}.
[l

From the previous lemma we easily deduce the following important corollary (cf. [Joh98,
PS08, Dei98]).

Corollary 22. Let @ be as in Lemma 21. Then there are L,C > 0 such that for all t with
t > L, we have

pn(t) < exp{~CNQ(1)}.
Furthermore we need the following lemma from [Joh98]:

Lemma 23. Let Q be as in Proposition 19. Lett € [—L, L], where L was defined in Corollary
22. Let 0 < 6§ < N2, Then there exists a constant C > 0 such that for all |s| < §

pn(t) < Cpy(t+s)+0(e).

Proof. Writing Ay, := [—L, L]V ~! we split up (44) as
N—
pn(t) =(ZN_1/ZN)EN( H £)1a, () exp{~NQ(t)}
=1
—1
HZN_1/ZN)EN( H )*Lag (#)) exp{-NQ(®)}. (49)

Our first aim is to show that (Z]]\\,[_I/Zﬁ)E%A(H?Sl (zj — t)2]1AcL (z)) exp{—NQ(t)} can
be neglegted as N — oo. To see this, we repeat the considerations leading to (48) and
find combining with (45) that for some A large enough we have for some positive constants

c,C1,Co

N N-1
N IEN 1 ]lAc( ))e—NQ(t) S6(01+A)NP]]\>/—1(AcL)eNlog(1+L2)_i_e—CgN' (50)

j=1
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Here we also used that |[t| < L and @ > 0. Note that Cy does not depend on L. Since z € Ay,
we have for some j, |z;| > L and hence by Corollary 22 we can find L large enough such that
for some Cy,c > 0

PY"YA$) < N ph(t)dt < exp{ — Nlog(l+ L*) — (Cy + A)N — C4N }. 51
N L L N
Inserting (51) into (50) yields
(ZN_/ZVENT(TT (25— £)1ag (2)) e VOO < e=ON

ZN_ - N—-1 ) ) )
(1) <— BT (T (g = )70, (2) e VOO 47N (52)
N e
Z]]\\f[ 1 N-1 2N—1 , vy
:ZNB_NQ(t)/ (zj =) H (zi — ;) e~ Xi=1 NQ@) gy 4 ¢=CN_ (53)
N AL j=1 i<j

From the Lipschitz continuity of @ on [—L, L] follows that

sup  |NQ(t) — NQ(s)| < CON. (54)
|t|<2L,|s|<d

Now we can make the change of variables z; = y; — s in (53) and use (54) to get

ph(t) < exp{CSN?}pk(t + 5) + exp{—CN}.
Since by assumption 0 < § < N~2, we get the desired estimate. O
Before bounding p}; also for |t| < L, we need one more lemma due to [PS97].

Lemma 24. Let Ky be the reproducing kernel for the external field @, i.e. Kn(t,s) :=

Zl]igl wl(N)(t) Z(N)(s), where wl(N) are the orthonormal functions w.r.t. the weight e NQ.
Then there are constants C,C’ > 0 such that

/ (1 — 82Ky (t, 5)2dt ds < C
and for a =1,2
| /(t —8)2Kn(t,5)2ds| < C' (v ()% + 97 (1)2).
Proof. Tt can be checked that using the well-known Christoffel-Darboux formula, we get
/(t — 8)2Kn(t, 5)2dtds = 2(JY_;)°,

where J = ftlbl(N)(t)i/Jl(E)l (t)dt. Furthermore we have for |t| > L by Corollary 22

U (1) < Npjy(t) < NemONQW,
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which implies }J ]]\\,7_1} < C for some C. This proves the first part of Lemma 24. The second
part can be proved similarly using

/ (t = 5)Kn(t,5)%ds = JY_ 08, (09 (1),

O
Now we prove the uniform bound for p}; (also due to [PS97)).
Proof of Proposition 19. The starting point is the simple identity
dpy(t)  dpX(t
dt ds 0

Differentiability of p}v can be seen easily using its determinantal representation. Changing
variables to z; — s for all j, we can write

N

1
pi(t+s) = 7o /e_NQ(t+8) H (2i — x;)? H e~ NQUEHe) (1 — 1) da.
N.Q 2<i<j =2

Differentiating w.r.t. s and setting s = 0 later, we get

1
dpgt(t) - _ NQ/(t)p}V(t) _ N(N _ 1)/Q/(8)p?\;(t,s)ds

QWK — / Q'(s) (Kn(t.)Kn(ss) — Kn(t,s)?)ds.  (56)

Here we used the determinantal representation of p?\,. Integrating this relation w.r.t ¢ we get
using Tonelli’s Theorem

JO
and hence (56) reduces to

1
dpélvt(t) = / (Ql(s) - Q,(t)) KN(S,t)Qd& (57)

where we used Ky (t,t) = [ Kn(t, s)*ds. We split integral (57) into two parts corresponding
to |s| > L and |s| < L, where L was defined in Corollary 22. Now we observe that from
0 < N(N —1)p(t,s) = Kn(t,t)Kn(s,s) — Kn(t,s)? the simple inequality

Kn(t,s)? < Kn(t,t)Kn(s, s)

follows. Hence we can estimate

(Q'(s) = Q'(t)) Kn(s,1)%ds| < / Q' (s)| Kn(s,t)°ds + |Q'(t)] Kn(s,t)*ds

[s|>L |s|>L

} |s|>L
< KN(t,t)/ |Q'(s)| Kn (s, s)ds + |Q'(t)| Kn(t,t) Ky (s, s)ds.
|s|>L |s|>L
Now from Lemma 23 we can conclude that there are constants C, C’ > 0 such that Ky (¢,t) <

CNC for all t. This can be seen easily as follows. For |t| > L we can use Lemma 21 and for
|t| < L, Lemma 23 in combination with [ Ky(t,¢)dt = N and Ky > 0 gives that there are
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constants C,C’ > 0 such that Ky(t,t) < CN ¢’ Using again Lemma 21 we conclude that
there is a positive constant C' such that

‘ ) (Q'(s) — Q’(t)) KN(s,t)st‘ < C. (58)
s|>L
To estimate the second part of the integral (57), we use Taylor’s expansion centered at t
yielding
1
Q) = Q1) = (s = Q"(1) + 5 (s — *Q"(€),

for some & between s and ¢. Bounding Q" and Q" on [—L, L] by C, we get

! (Q'(s) — Q'(t)) Kn(s,t)ds| < |Q"(t)| s —t| Kn(s,t)?ds + g/ s — t|* Kn(s,t)2ds
|s|<L |s|<L |s|<L
< C'(UNL (0 + ¥y (07) + O (R (07 + 917 (0)%), (59)

where we used Lemma 24. Combining (59) with (58) we find using (57) that there are positive
constants C, C’ such that

dpy (t)/dt < C(Y{Y (1) + ¥R’ (1)) + C". (60)
To infer from this bound the boundedness of p}\,, we use for a < b the simple equality
1 b
i [ b0 - ohas + i [ oo (61)

Since py > 0 and [ pi(s)ds = 1, we conclude that the second mtegral in (61) is bounded by

(a —b)~L. For the first interval we can write p (t) — pk(s) = g dpglf ) du — > = de( don®) g0y We
can assume without loss of generality that |¢],|s| < L (otherwise we get a bound by Lemma
21) and hence using (60) in combination with the orthonormality of ™) gives the desired

bound. O

We finish the section with a useful bound on the first correlation function p}, o, of the unitary
invariant ensemble Py g ¢ (see (43)).

Corollary 25. Let f be continuous and bounded. Then there is a constant C' > 0, only
depending on Q) such that

p}V,Q,f(t) < 02l
Proof. We use the identity
P}\/Q )= c o ;
< NAn(e=NQ+S 1)

where Ay (e N@*f .) is the so-called N-th Christoffel function to the weight e V@+/ (see
[Tot00] for references and more information on Christoffel functions)

0= int [ Py (o) WGs)ds (63)

(62)

where the infimum is taken over all polynomials Py_1 of at most degree N — 1 with the
property that Py_;(t) = 1 and W denotes a weight function on R. It is obvious from (63)
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that Ay (W1,:) < An(Wha, ) if W7 < Ws. Then the corollary follows easily by e N@=llflle <

e~ N@+S < e~ NQ@*l/ll and Proposition 19. O

6. PROOFS OF THEOREMS 1 AND 3

We first cite a general result by Levin and Lubinsky ([LLO8, Theorem 1.1]) about bulk
universality for unitary invariant ensembles. Recall the definition of p’fv o.; following (43).

Theorem 26. Let Q be a continuous external field on the set ¥ C R, which is assumed to
consist of at most finitely many intervals. Let f be a bounded continuous function on 3. Let
Ky denote the kernel

N—

)_l

¢(N) ¢(N) )
7=0
where (1/1](]\[)) ~are the orthonormal functions to the weight e~ NQWHF®) " Let J be a closed
J

interval lying inside the support of ug. Assume that ug is absolutely continuous in a neigh-
borhood of J and that Q' and the density pg are continuous in that neighborhood, while
pg > 0 there. Then uniformly for a € J and t,s in compacts of the real line, we have

lim Ky (CL + KNEa,a)’a’ + KNfa,a)> - sin (7T(t — 8))
N—oo Ky (a,a) ow(t—s)

(64)

We use a notion of bulk universality which slightly differs from (64), namely we scale by the
limiting density p¢ instead of using the N-particle density. The following obvious corollary
is a translation of Theorem 26 into this setup.

Corollary 27. Let @), f and ug be as in Theorem 26. Then bulk universality as defined in
(2) holds for the unitary invariant ensemble Py g f.

Proof. The corollary follows from the well-known determinantal relations for unitary invariant
ensembles, the local uniformness of the limit (64) in ¢, s and the fact that by [Tot00, Theorem
1.2] we have uniformly in compact proper subsets of supppug

O

We will prove Theorems 1 and 3 together by comparing the correlation functions of the
ensembles P}&,}Q (see (30)) and Pn,y (see (31)). We start with p?\,’v, the k-th correlation

. . k t t . . .
function of Py,y. We obtain py y, (a + Wl(a)’ co,a+ Wk(a)) as k-marginal, integrating the
density
Pny(a+ i a+ B, zyN)
N,V Nu(a)a"w N/L(CL)’ k+1s---3 LN
over T41,-..,TN. We have k fixed eigenvalues at positions a + Nu(a) ., a+ ﬁ’“(a) and

N — k random eigenvalues. We first rewrite pN v (a + W’ a4+ W) in terms of these
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N — k random eigenvalues as follows.
t t
k 1 k
P a+ ——,...,0+
vt Fu@ TG 7

:/RNICZNVGXP{ NZVx] Z 1og’xj—xi’}

j=k+1 1<j; i,7>k
b t; ti—t;
xexp{—NZV(a+N())+2 Z log‘N()‘} (65)
j=1 e i<j; g <k o
X exp {2i<; log ‘a + N;Z(a) — I’j‘}dmk+1 ...dry
>k
A
= F(a,t) N kVIE kv exp {2 Z log|a—|— ﬂ:]‘} where (66)
ZNy i<k, j>k wa)
t; ti —t;
F(a,t) :=exp{— NZV a+N;j( ))+2 Z log‘]\zm(a])]} (67)
Jj=1 i<j; 4,5<k

is the factor (65), which depends only on the fixed particles, and

1 N
N 2 _—N> L Viz;
PN—k,V(karl?"'?xN) = ZN H |:17Z —xj’ e ngkjtl (wg).
N—k,V Ek4+1<i<j<N
As before, the subscript N — k indicates that PN_ky is a probability measure in N — k
variables, whereas the superscript NV indicates that the factor in front of the external field
germ Z;V:,Hl V(x;) of va\lk’v is NV and not N — k. We keep the labelling z;41,...,2N.
etting

ti zZy_
LY py(ata)=2 3 logla+ —— — ;| +log [F(a,t) — V], (68)
’ i Nu(a) ZNV
i<k, 7>k )
we get from (66) the equality
t t
k 1 k N N
p a+ ey a+ =Ex_rvexp{Ly_pv(a,t,x)}. (69)
N,V( NM(G) N,u(a)) N—Fk,V { N—k,V }
Similar as in (66), we see that the k-th correlation function p};}kQ of P]}\L,,Q at a+ ﬁl(a), .o, a+
Nka(a) can be written as
1
EN _vexp{U(t,z)+ LN _,. (at,z)}, (70)
Eny exp {L{(az)} N—kV { N—kV }
where we abbreviated U (a + ﬁl(a), co,a+ ﬁk(a),l'k_l’_l, ...,xn) by U(t, ).

In the following we shall abbreviate (¢1,...,tk, Tx+1,...,2n) by (t,z) and by (¢,z); we will
denote the j-th component of the vector (¢,z). Furthermore, for the sake of brevity, we set

R, = LJ]\Vf—k,V(avﬂl’) and R:=Ly_ kv (0, Nu(0)t, z). (71)
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Note that R arises in the global scaling, whereas R, appears in the local scaling. It will later
turn out to be convenient that all the x;’s lie in a compact set. To this end we formulate the
following truncation lemma. This procedure is well-known for invariant ensembles (see for

instance [Joh98] or [BAMPS95]).

Lemma 28. For ag large enough, the following holds: For each k there are L,C > 0 such
that for all N and for all t1,..., g

1
 Enyvrexp {U(z)}

p}]L\}fCQ(t17 s 7tk> E%*k,‘/,l/ exp {Z/{(t, .%') + RL} S eiCN

)

where IEAN/{ML denotes expectation w.r.t. the ensemble P]]\\,{V,L obtained by normalizing the
ensemble P]J\\,{V restricted to [—L, LN and Ry is the analog of R in which all integrations

over R have been replaced by integrations over [—L, L]. Furthermore, for any external field Q
on R, the following holds: For each k there are L,C > 0 such that for all N and all ty,... tx

p{]QV7Q(t1, NN ,tk) — p]]CV7Q7L/<t1, N 7tk) < 670 N’

where péc\f,Q,L’ is the k-th correlation function of the ensemble Py g 1/ obtained by normalizing
the ensemble Py ¢ restricted to [—-L', L']N.

Proof. We will use the representation (70) and show that the restriction of integrals to
[-L,L]N c RY respectively [—L, L]N"% ¢ RN=F results in an asymptotically negligible
error. For E N,Veu we use Holder’s inequality to estimate

En,v (exp{u(éﬂ)}]l([*L,L}N)c(37)) < (Eny exp{(1 + ) (z)})/ 1+ (PN,V (([—L,L]N)C>)1/8l

where 1/(1+¢) +1/¢/ = 1 and ¢ > 0 is fixed. Now Ey ye(1+9U(®) is uniformly bounded in
N by Proposition 17 provided that « is large enough. Furthermore, by Corollary 22 we get
for the L defined there

PN7V <([7L7 L]N)C) S N p}mv(f)dt S N e_CNV(t)dt S e—C'N (72)
‘t|>L |t‘>L

for some C’ > 0. In fact, C’' can be chosen arbitrarily large by increasing L. We conclude
that

Enyv <eXp{u($)}1([—L7L}N)C(-T)) < exp{—C"N},

for some C” > 0, if L is large enough. It follows by (72) as well that the exchange of the
normalizing constants Zy y and Z ]]\\,7_ KV by their counterparts Zy v,z and Z ﬁ_ kV.L and hence
also the exchange of R by Ry, is asymptotically negligible.

In order to bound E%—k,v <exp {L{(t, x) + R}]l([,LL]N)c(a:)), first use Holder’s inequality as
above. It remains to estimate EN_, |, exp {(1 + e)U(t,z) + (1 + )R} for some fixed £ > 0.
Again by Hélder’s inequality we reduce this to bounding E%w,v exp{(1+¢&)U(t x)} and
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EN v exp {(1+&")R} for some &’,¢” > 0. Recall from (33) that

Ux) = —

o 2
uN(s,x)‘ h(s)ds, where

1
2\/%/
N N
un (s, x) = Z cos(szj) — N / cos(st)du(t) + \/TIZ sin(sx;).
j=1 Jj=1

For any a and any t1,...,%; we get

1 N k
U(t,x) Sﬁ /‘ Z cos(sx;) — (N — k) /cos(su)du(u) - Zcos(stj) — k/cos(su)du(u)f

j=k+1 7j=1

1 A kL 2~
+2\/§/‘ Z sm(sa:j)—i—j;sm(stj)‘ h_(s)ds

j=k+1

N
g\/%/\ Z cos(sxj) — (N—k)/cos(su)d,u(u)‘2 h_(s)ds

j=k+1
N
1 . 9 ~ 5k2 ~
e VW h(s)ds + 2 [ h_(s)ds, 73
=/ | 3 sintea)|* (s + 7o [ (o (73)

where we used the inequalities (a+b)? < 2(a?+b?) and |cos], |sin| < 1. From this we conclude
as in the proof of Proposition 17 that E%—k,v exp {(1 + z—:’)Z/{(t,:c)} < C provided that aq
is large enough (which does not depend on k) and C' does not depend on t1,...,t; or N.
To see that Theorem 11 also applies for P]]\Y_k’v, is obvious, for Proposition 13 we use that
Pf\}lkyv = PI]VV:lfo with f(¢) :== kV (¢) and the notation introduced in (43). Proposition 13
is proved in [Shcll] also for the case of Py ¢ s for real-analytic @) and f, hence it can be
applied as in the proof of Proposition 17. We may now bound E%_ kv XD {(1 +¢&” )R} as in
the arguments following (46). Recall that

ZN
R:=2 Y loglt; — x| +log | F(0, Nu(0)t) —— |,
i ZNy
i<k, j>k

where F'(a,t) was defined in (67). Using the same Jensen type trick as in the proof of Lemma
21, we find that Zﬁ_ky/ZN,v < exp{CkN} for some C. As in (46) we get

E%fk,v exp {(2 +2¢") Z log |ti — xj‘}
i<k, j>k

<exp{(N —k)(1+¢") Z log (1 + t%) }E]Nvfky exp {(1+¢€") Z log(1 + x?)} (74)
i<k i>k

h_(s)ds
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Analogously to (48) we conclude that E%fk,v exp {(2 + 2¢”) > ik log(l+ 1‘3)} < exp{cN}
for some ¢ > 0. Using (42), it is straightforward to bound

exp {(N — k)(2+2¢") ) "log (1+ ) +log [F(0, Nu(0)t)ZN_1,v/Zn.v]}
i<k

<exp{—c1N Z — czlog(1+t2)] + CkN}, (75)
i=1

where c¢1, co are absolute positive constants. Since V' is strictly convex, this yields
EN_ kv exp{(1+¢€")R} < eV and hence
EN_pv oxp {(1+eU(t,x) + (1+e)R} < N

for some C,C’. From (72), we get that for L and N large enough

EN_iv (eXp {u(t, =) + R}ﬂ([_L,L]N)C(fU)) <e N

for some C” > 0 and all t1,..., 1.
From (70), (73) and (74) we also obtain similar as in Lemma 21

h,k
PRt ) < eXp{CN_ClNZ (t:) — c2log(1 + )]}
=1
for some positive C, ¢y, co. As before, this implies that we can assume all t1,...,t; to lie in
some compact set.

The second assertion of the lemma follows analogously from (72), (75) and (74) with &” =
0. O

Proof of Theorems 1 and 3. We first outline the main idea of the proof. Recall from (29)
that

N
Ux) = —(1/2)( Y hlai — x5) = (i) + () = Tyl ).
i,j=1
Assume for a moment that —h/2 is positive semi-definite, or in other words, the covariance

function of a centered stationary Gaussian process (Gt)ic—r, 1], i-e. —h(t —s)/2 = E(GiG).

We may linearize the bivariate statistic —(1/2) SV

i1 P(@i — asj) via

exp{—(1/2) Zh xj)} = Eexp{ZGIJ}
t,j=1

where E denotes expectation w.r.t. the underlying probablhty measure. By definition we
conclude that

N
exp{U(z)} = Eexp { Z Gy — N / G.du}, (76)
j=1

provided that G. is a.s. integrable w.r.t. p. Since we would like to apply Corollary 14 to
the linear statistic in (76), we need that G. is sufficiently smooth with probability one. To
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see this, we use the well-known Karhunen-Loeéve expansion of G. By a classical result due to
Mercer the covariance function h admits an expansion, converging uniformly on [—L, L],

—h(t = 8)/2="Y_ Xibi(t)6i(s), (77)
=1

where (6;); denotes an orthonormal system of eigenfunctions of the integral kernel h with real
and positive eigenvalues (););, i.e.

—L

The Karhunen-Loeve expansion of GG is then given by

Gy = Neb:(t), (78)
=1

where (&;);, & = ()\i)*l/ 2 f_LL 0;(t)Gdt, are independent standard normal variables. The
convergence in (78) is a.s. uniform on the compact interval [—L, L], see [AT07, Theorem
3.1.2]. The a.s. continuity of G; used for this theorem is easily checked using any of the
well-known conditions. Since h is analytic on some domain containing the compact set,
say A = [-L,L] x [-4,6] C C, § > 0, its eigenfunctions (with nonzero eigenvalues) are
analytic on A. Hence the uniform convergence in (78) implies that G,,, w € A is analytic
with probability one. Furthermore, recall that the derivative process (G})ej—r,r) of G is
a centered (real-valued) Gaussian process with covariance function h”/2. See e.g. [AdI8I,
Theorem 2.2.2].

To summarize, if —h is positive semi-definite, & admits the linearization (76) in terms of
linear statistics with random test functions which fulfill the prerequisites of Corollary 14.
However, as —h is in general not positive semi-definite, we may extend the previous case by
means of the following argument. Recall the decomposition of h into nonnegative functions

— —
~ o~

h = (h)4 — (h)_. By setting h* := (h)4, h~ := (h)_, we get a decomposition h = h* —h~ of
h into positive semi-definite, real-analytic functions. Define for a complex parameter z € C

N
U, (x) zg( > bt (i - xy) = (B (2a) + B () = bS] ) (79)
i,j=1
o
+§( > b (i — x5) = [y (20) + by (25) — By, ). (80)
i,j=1

Note that U/_; = U. We shall use the following result, known as Vitali’s Convergence Theo-
rem, which can be found e.g. in [Tit39].

Theorem 29 (Vitali’s Convergence Theorem). Let f,,(z) be a sequence of analytic functions
on a region D C C with |f,(2)] < M for all n and all z € D. Assume that lim,_, frn(z)
exists for a set of z having a limit point in D. Then lim, o fr(2) exists for all z in the
interior of D and the limit is an analytic function in z.



27

Let £ € N be fixed. We want to show that

p?\}ch(a-f-]ij(a),...,a—i— N;’“(a)) —sk@) (81)

tends to zero uniformly in @ and ¢ in compact sets (a inside the interior of the support of p),
where
sin (7(t; — tj))]
m(ti—t)  Jicij<n
We will first show pointwise convergence of (81) to 0 and later deduce the uniformness from

Arzela-Ascoli’s Theorem. By the boundedness of EN,Veu (Proposition 17) and Lemma 28,
(81) converges to zero if and only if

Sk(t) == p(a)* det [

ty b Ugk
EN7V,L€uPh7k a+ ——F~,...,a+ —En,v,e”S%(t)
Nl Ny W)
tends to 0, where the L > 0 comes from Lemma 28. But this means, using (69), (70), the
abbreviation R, 1, which denotes a version of R, which is truncated to [—L, L] (see (71)) and
Lemma 28 that for z = —1

E%fkny exp {Z/lz(t, x) + Ra,L} —Env.Lexp {UZ}Sk(t) -0

as N — oo. We will prove this by applying Vitali’s Convergence Theorem to the sequence
(in N) of the following analytic functions of z:

Wz(a,t) == EN 4y exp {Us(t, ) + Ra,} — Env,pexp {U: }SF(2). (82)

Introduce the domain D :={z =2 +iy € C : z,y € R,z < C(ag)}, where C(ag) > 0 is a
sufficiently small constant such that the following quantity is bounded by some constant C"

En v,z exp {Uc(ag) } < C

(the existence of such constants follows from the proof of Proposition 17). First we shall
show uniform boundedness of Wy .(a,t) for all N,a,t and z € D. By the definition of
U, in (79) and the positivity of (80) and (79) for positive z (being variances of Gaussian
random variables) it is clear that it suffices to bound Wi .(a,t) for real, positive z, since for
negative real parts of z the boundedness of Wy . (a,t) is obvious. Hence we restrict ourselves
to 0 < z < C(ag) only. Let G and G~ denote two independent, centered and stationary
Gaussian processes on a probability space (2,4, P) indexed by A := [-L, L] X [—e,e] C C
with covariance functions (z/2)h* and h™~ /2, respectively, where ht and h™ are analytic on
A. Writing Gy = Gf — [ GFdu+ Gy — [ G~du and denoting by E the expectation w.r.t. P,
we can rewrite

E%fk,V,L exp {Z/{Z(t, $) + Ra,L} — EN,V,L exp {Uz}Sk (t)

N N
= [E%fk,v,L exp {Z G(t,x)j + R@L} - EN,V,L exp {Z ij }Sk (t)] . (83)
j=1 j=1
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By (66) we find that similarly as in (70),

N N
_ t
(En,v,Lexp { § :Gx]- 1) IE%—k,V,L exp { E : Glia), + Rar} = PIJCV,V,G,L (a+ 7]\[/11(@) R ey
j=1 j=1
(84)

where Py v.q. 1, denotes the determinantal ensemble on [—L, L]N with external field exp{ —
NV (t) + Gf + Gy }.
Fix compact sets £ C R* and I C suppu®. We have

N N
Sup ‘E [E%fk,‘/,L exp {d Guay, + Rar} —Enviiexp{) G }Sk(t)] ’ (85)
pred _]:1

Jj=1

N N
<E sup ’E%—k,V,L exp {Z Gt2), + Rar} —Env.Lexp {Z Ga, }SF(¢) ‘

Since (84) converges by Theorem 26 to S¥(¢) locally uniformly and the term E v 1, exp {Zjvzl e

is bounded in N by Corollary 14 and bounded away from 0 by Proposition 13 and Lemma
28, we see that the term

N N
EN_pvirexp{> Gy, + Rar} —Enviexp{d G }S*(t)
j=1 Jj=1

sup
teEacl

(86)

converges to 0 a.s. w.r.t. P. To show convergence of (85) to 0, it remains to show that (86)
is uniformly integrable w.r.t. P. We first consider the term Ex v, 1 exp {Z;VZI G’Ij}. In view
of Corollary 14, we need to determine the distribution of the Lipschitz constant of GT + G~
and of

IG* + G [loo + (GF + G| (87)
on [—L, L]. The derivative processes (G*) and (G~)" are Gaussian with covariance functions
—(2/2)(h")" and —(h™)" /2, respectively. Furthermore, it is well-known that supe(_r, 1 |G|
and sup,e(_y, |Gy | are sub-Gaussian with certain means and variances —(z/2)(h™)”(0) and
—(h™)"(0)/2, respectively. By the same argument, |G 4+ G~ ||o and [[(GT + G7)®) | are
sub-Gaussian with certain means and the variances given in terms of derivatives of (h™) and

(h™). For a reference, see e.g. [AT07, Theorem 2.1.1]. From the sub-Gaussianity of these
quantities and Corollary 14, it is easy to see that

N
En,v,L exp {Z Ga; }s (88)
=1

has a P-integrable dominating function, provided that ag (and hence ay ) is large enough.
Note that the estimates above are uniform in z varying in a small interval. It remains to
show that

N
EN_kv.1 €XP {Z G(t2), + Ra.L} (89)
j=1
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is uniformly integrable and bounded in z for z varying in a small interval. To this end we
use that (89) is equal to

N
t te
En,v,L exp Ga, } kv o(a+ e @t
{g ) Phve ot R Nu(a)?
As in the proof of Theorem 5, we get
k
phve.ny) <CF H pnv.e.n i) (90)

j=1

where C' is such that C > N/(N — k). By Corollary 25 in combination with Lemma 28 we
have

1 201G |loo
PNy < Ce 1G-lloe

where ||G [l := supe[—r,1] |Gt|- As [|G. || is sub-Gaussian, we get in combination with (88)
that (86) is uniformly integrable w.r.t. P, provided that g is large enough. It is clear that
this bound is uniform in z € [0,¢) for some small € > 0.

To summarize, we have shown that (85) converges to 0 for (small) positive z, or in other
terms, locally uniform convergence in a and t of Wy .(a,t) (for small positive z) as N — oo.
We have also shown uniform boundedness of Wiy (a, t) for arbitrary N, a,t and z € (—o0, €) X
R C C and as locally uniform convergence implies pointwise convergence, we get by Vitali’s
Convergence Theorem that the sequence (in N) of functions Wy .(a,t) converges to 0 for
z = —1 pointwise in a and ¢t. To get locally uniform convergence in t and a for z = —1,
recall that by Arzela-Ascoli’s Theorem, a sequence of continuous functions on a compact set
has a uniformly converging subsequence if and only if the sequence is uniformly bounded
and equicontinuous. Thus it remains to show that (Wy ,(a,t))y is equicontinuous in a and
t (boundedness has already been shown). As the convergence of Wiy ,(a,t) is uniform in a,t
for small positive z, Arzela-Ascoli’s Theorem implies equicontinuity (in a,t) of (W .(a,t))n
for small positive z. To see that this implies equicontinuity (in a,t) of (W .(a,t))n also for
z = —1, observe that a (real-valued) sequence of functions (fy)y on some compact K C R?
is equicontinuous in x € K if and only if for each sequence (zp,)m C K, limy, oo T =
x and each sequence (Np,)m C N we have limy, o0 fN,, (Tm) — fn,,(x) = 0. Using this
characterisation, equicontinuity for z = —1 is easily seen by applying Vitali’s Convergence
Theorem to deduce lim,, oo Wh,,,—1(@m, tm) = 0 from lim,, oo Wh;,, »(@m,tm) = 0 for small
positive z. This completes the proof of Theorem 3.

To prove Theorem 1, take g : R¥ — R bounded and continuous. With the same arguments
as above, we arrive in analogy to (83)-(84) at proving

N
E[EN,V,L exp {Z ij} /k p?V,V,G.,L (t1, . tg) g(t1, ... tg)dty ... dtg
j=1 R

N
— EN,V,L exp {Z ij} /k g(tl, - ,tk)u(tl) .. .u(tk)dtl .o.dty] >0 as N — oo.
j=1 R
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All the boundedness and integrability arguments above for Ey v 1 exp {Zjvzl ij} can be
used again. The convergence of [pi pi v (t)g(t)dt towards [ g(t)u(t1) ... u(ty)dt is given by
[Joh98, Theorem 2.1]. Lemma 28 enables us to transfer Johansson’s result to the correlation
function plf\,yy .- This finishes the proof of Theorem 1. U

7. APPENDIX: EQUILIBRIUM MEASURES WITH EXTERNAL FIELDS

In this appendix, we recall some results about equilibrium measures, mainly from the book
by Saff and Totik [ST97, Section I.1]. The following can be found in [ST97, Section I.1].
Let M'(X) denote the set of Borel probability measures on a set . Define for ¥ C C compact
the logarithmic energy of p € M(%)

//mv—ﬂdmmm> (91)

and the energy V' of ¥ by V :=inf,c v (x) I(p). Tt turns out that V is finite or oo and in
the finite case there is a unique measure wy, which minimizes (91). This measure ws; is called
equilibrium measure of ¥ and the quantity cap(X) := e~V is called capacity of ¥. For an
arbitrary Borel set ¥ we define the capacity of 3 as

cap(X) := sup{cap(K) : K C ¥ compact}.

Lemma 30. If ¥ = [-1,l], | > 0, then cap(X) = [/2 and the equilibrium measure is the
arcsine distribution with support [—1,1]:
1
dws(t) = ————dt, te[—L1].
5(0) = ——sdt, 1€ [-L]

ws: has mean 0 and variance 1?/2.
Proof. See [ST97, Section L.1]. O
Definition 31. Let ¥ C R be closed. Let Q : ¥ — [0, oo] satisfy

a) @ is lower semicontinuous,
b) ¥p:={t€ ¥ : Q(t) < oo} has positive capacity,
c) if ¥ is unbounded, then lim Q(¢) —log|t| = o0
[t|—o00,teX
If Q satisfies these properties, we call it external field on ¥ and W = e~ < its corresponding
weight function.

Furthermore, define for y € M (X) the energy functional

pi= [ Qdu(t) + [ [1ogls — o~ auts)auco) (92)

Remark 32. In [ST97] the authors define the energy functional to be (in our notation) Isg
instead of Ip. It is more convenient for our purposes to use this definition. We note that
under this change qualitative results from [ST97] remain the same but quantitative results
involving @ have to be changed by a factor 2 or 1/2, respectively.

Io(p) might be oo, but the following theorem holds. The support of a measure p will be
denoted as supp(u).
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Theorem 33. Let QQ be an external field on X.
a) There is a unique probability measure ug € M () with

Io(nq) = Me/i\ﬂllf@) Io(p). (93)

b) pg has a compact support.
c) Let Q be an external field on 3 such that Q = Q on a compact set K with supp(ug) C K
and Q(t) = oo fort ¢ K. Then 1y = HQ-

Proof. Statements 1) and 2) can be found in [ST97, Theorem 1.1.3], 3) follows from [ST97,
Theorem 1.3.3] (also see the remark on page 48 in [ST97)). O

uq is called the equilibrium measure for Q. The next theorem summarizes properties of the
logarithmic potential

UH(z) == /10g]zt|1d,u(t).
Theorem 34.
a) Let Q and @ be external fields on ¥ such that ‘Q — @{ <eonX. Then for all z € C
|UH#Q(2) — UM (z)| < 2e.
b) Let K C R be compact and (pin)n be a sequence in MY (K) converging weakly to a
probability measure . Then for a.e. z € C (w.r.t. the Lebesgue measure on C)
lim inf Utn(z) = UH(2).

c) If p and v are two compactly supported probability measures and their logarithmic
potentials U* and UY coincide almost everywhere on C, then = v.

Proof. Statement 1. is contained in [ST97, Corollary 1.4.2], statement 2. is [ST97, Theorem
1.6.9] and assertion 3. is [ST97, Corollary I1.2.2]. O

We also need a characterization of the support of the equilibrium measure.

Theorem 35. Let Q) be an external field on X..
a) For a compact set K of positive capacity define the functional

Fo(K) :=logcap(K) — Q/deK.

For any compact K of positive capacity we have Fo(K) < Fg(supp(ug)). Furthermore,
if K is compact and of positive capacity and such that Fo(K) = Fo(supp(pg)), then
supp(uq) C K.

b) If Q is convex, then supp(uqg) is an interval.

c) If Q is even, then supp(ug) is even.

Proof. For statement 1. see [ST97, Theorem IV.1.5], for statements 2. and 3. [ST97, Theorem
IV.1.10]. 0

The last fact is about existence and properties of a continuous density of the equilibrium
measure.
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Theorem 36.

a) Let Q be an external field on X. If Q is finite on supp(pug) and locally of class C1+¢
for some € > 0 (which means that Q is continuously differentiable and the derivative
Q' is Holder continuous with parameter ), then pug has a continuous density on the
interior of supp(pQ)-

b) If Q has two Lipschitz derivatives and is strictly convez, then supp(ug) =: [a,b] and
the density of ug can be represented as

d’l:lgt) =rt)V(t—a)(b—1)Ly(t), (94)

where r can be extended into an analytic function on a domain containing [a,b] and
r(t) > 0 fort € [a,b]. In particular, the density is positive on (a,b).

Proof. Statement 1. is [ST97, Theorem IV.2.5], for assertion 2. see e.g. the appendix of the

paper by McLaughlin and Miller [MMO8]. O
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