On parabolic inequalities for generators of diffusions with jumps
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Abstract We prove absolute continuity of space-time probabilities satisfying certain parabolic
inequalities for generators of diffusions with jumps. As an application, we prove absolute conti-
nuity of transition probabilities of singular diffusions with jumps under minimal conditions that
ensure absolute continuity of the corresponding diffusions without jumps.
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Let us a consider a diffusion process & in R? with jumps (see, e.g., [3], [15], [16], and
[26]) having time-dependent generator

Lu(z,t) = Lou(x, ) + / (e + 9, ) — ulz, £) — (g, Vaulz, )] ves(dy),
R4\ {0}
where
Lou(z,t) = a”(x,t)0,,0,,u(x, t) + b'(x,t)0y,u(x, t)

with summation over repeated indices, (-, -) is the inner product in R?, V,u(z,t) =
(Opyu(z,t), ..., 0z u(x,t)). The result of this work gives a simple sufficient condition for
the absolute continuity of the transition probabilities P(t,dy) of this diffusion (distri-
butions of &) with respect to Lebesgue measure for almost all ¢. It says that, under
minimal natural assumptions about the diffusion matrix A = (a%), the drift b = (b), and
the intensity measure v, the space-time measure (det A)Y/(4+1)P(t dy)dt is absolutely
continuous on R? x (0,7). Hence P(t,dy) is absolutely continuous for almost every ¢ if
det A > 0. Moreover, our result is concerned with a parabolic inequality related to the
Fokker—Planck—Kolmogorov equation

P =L"P

satisfied by the transition probabilities. In particular, it even does not assume existence of
a diffusion. The case without jumps (v = 0) was considered in [7]. The main feature of our
hypotheses (as in [7]) is that they allow rather singular coefficients, no local boundedness
or Lebesgue integrability is assumed. Informally the conclusion is that the condition
known to be sufficient for absolute continuity without jumps remains sufficient in the
presence of jumps. Certainly, this conclusion does not come as a surprise and is quite
expected for the experts, but the main point is to justify this under minimal possible
assumptions, which is not straightforward, as we shall see. Under considerably less general
assumptions (in particular, including existence of certain stochastic integrals) a result of
this type for the space-time measure can be derived from [1], [2], and [21] (although
formally is not stated there), where Krylov-type estimates of stochastic integrals were
derived; another difference of a more principal character between our framework and that
of [1], [2], and [21] is the fact that we deal with an inequality (in place of equations)
defined in the weak sense and involving only the second order part of the operator. It

Wladimir I. Bogachev: Department of Mechanics and Mathematics, Moscow State University, 119991
Moscow, Russia, vibogach@mail.ru; the author for correspondence
Michael Rockner: Fakultdt fiir Mathematik, Universitdt Bielefeld, D-33501 Bielefeld, Germany,
roeckner@math.uni-bielefeld.de
Stanislav V. Shaposhnikov: Department of Mechanics and Mathematics, Moscow State University, 119991
Moscow, Russia, starticle@mail.ru
1



2

should be noted that there are other types of sufficient conditions that are expressed either
entirely in terms of the jump part and apply without A or involve the Malliavin calculus
(which requires smoothness of the coefficients) to give absolute continuity in the case of
degenerate A (see [4], [6], [9], [10], [12], [13], [19], [20], [22], [23], [24], and [27]). Existence
of densities in the case of absolutely continuous initial distributions is considered in [28];
in our setting no initial distribution is involved since the parabolic equation (or inequality)
is considered on R? x (0,7).

We consider a more general situation. Why it covers the previous case will be explained
in Example 2. Let T > 0 be fixed. Suppose that for every (z,t) € R x (0,7) we are
given a nonnegative symmetric matrix A(z,t) = (a"(z,t))1<i j<a and a locally bounded
nonnegative Borel measure K (z,t,dy) on R%\ {z}.

We assume that for every (z,t) € R? x (0,T) and every ¢ € Cg°(R?) the mapping

(2,1) = (lz —y| A1) Y(y) K (2, t, dy)
RY\{z}

is Borel measurable, where a A 3 = min(a, 8) and | - | is the norm in R?,

A function p € C°(R? x R?) with 0 < ¢ < 1 is called a local unit if

(i) ¢(z,y) =1 for every (x,y) in a neighborhood of the diagonal x = y,

(ii) for every ball U C R? there exists a ball U’ C R? such that the mappings
y — o(z,y), where x € U, have support in U’.

Let us fix such a function ¢. Note that ¢ need not be symmetric.

Let U(x, R) denote the closed ball of radius R centered at x in R,

For every u € C§°(RY x (0,7)) let

d
Au(z,t) = Z a” (2,)0y,0,,u(z, t),

Ku(z,t) = /Rd\{ }[U(y, t) —u(z, t)p(r,y) — (y — x, Vou(z, t)p(z,y)] K(v,t,dy).

Our main result is the following theorem. Let C§°(R? x (0,7')) denote the class of all
infinitely differentiable functions on R¢ x (0,T) with compact support.

Theorem 1. Assume that a nonnegative locally finite Borel measure i on RY x (0,T) is
such that a” € L} (1), for every ¢ € C°(R?) the mapping

(z,t) — (lz =yl A D)*(y) K (2,1, dy)
R\ {z}
is integrable with respect to p on R% x (0,T), and for every compact set Q C R% x (0,T)
there exists a constant C' > 0 such that

/ [Opu + Au + Ku] dp < C(maX|V$u(x,t)| +max|u(x,t)|> (1)
Rdx (0,T) ot @t

for all nonnegative functions u € C$(R? x (0,T)) with suppu C Q. Then we have
(det A)Y@D .y = odx dt, where o € L% (RY x (0,T)), (d+1) := (d+1)/d=1+1/d.

loc

Proof. The method of our proof is similar to [7, Theorem 3.1], but some additional tech-
nicalities arise. Let us fix a nonnegative function ¢ € C§°(R? x (0,7)) of the form
C(x,t) = n(x)0(t), where n € CP(RY), 0 € C°((0,T)), suppn C U(xp, R'), 1o € RY,
suppf C J, J is a closed interval in (0,7), positive numbers R > R’ are such that for
every « in the ball U(zg, R') the support of y — ¢(z,y) belongs to U(zy, R).
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Set u(x,t) = h(x,t)((x,t), where h is a nonnegative function in C*(U (¢, R) x J), i.e.,
h is C* in a neighborhood of the compact set W := U(z, R) x J. Note that
u(y,t) — u(z, t)(z,y) = (y — z, Vou(z, 1)) p(z, y) =
= [h(y. 1) = h(z,t) = (y — 2, Voh(z, 1)) ez, y)¢ (z, 1)+
+h(y, )¢y, ) (1 — o(z,9))+
+ h(y, (e, y)[C(y, 1) — Ca,t) — (y — 2, Vol (2, 1))+
+ (h(y, 1) = h(z, 1))z, y)(y — z, Val(2,1)).
Let us now assume that h is convex with respect to x in U(xg, R). This means that
h(y,t) — h(x,t) — (y — x, V h(z,t)) > 0.

Therefore,

u(y,t) — u(z, t)o(r,y) — (y — 2, Voulz, t)p(r,y) >
> —((y, )1 —p(z,y)) o |h(z,t)]—

— |z — ylPo(z, )|Vl (2, t)] max |V h(z,t)].
(z,t)eW
The next step is to show that there exists a constant C; > 0 such that
Ku(z,t)d 2—C<max Veh(x,t)|+ max |h(z,t ) 2
Lo et 2 (s 190G 01+ e G0 )

To this end we observe that there is a nonnegative function ¢ € C$°(R?) such that

+lz = yle(z, )| Vel (@, 1) < (Jz = y| A1)*¢(y).
This can be verified separately for each term. Since by our choice ((y,t) = n(y)0(t), we can
deal with n(y) in place of ((y,t). The first term is estimated by using Taylor’s expansion
and the fact that ¢ — 1 vanishes at the diagonal with all derivatives. Taylor’s expansion
also helps to handle the second term, but here one has to consider x belonging to a ball U
containing the neighborhood of radius 1 around supp 7, and in this case condition (ii) on
¢ applies; for other x and y with |y — x| <1 the second term vanishes and if |y — z| > 1,

then this term is estimated by n(y) max, 6(t). The last term is estimated even simpler.
Hence we obtain (2). It is clear that

dvu + Au = [0;h + Ah)C + [0:¢ + ACJh + 2({AV ,h, V.,.C).
Hence there exists a constant Cy > 0 (depending on ¢ but not on h) such that

/ [Oru+ Aul dp 2/ [8th—|—Ah]Cd,u—02( max |V h(z,t)|+ max |h(a:,t)|>.
Rex(0,T) Rdx (0,T) (z,t)eW (z,)EW
Summing the obtained estimates and using condition (1) we obtain
Oh + AR d gc<max Voh(z, ) + max |h(z,t ) 3
L ot AC A < Co( e (9280 [, Q

We shall now construct a suitable function h. According to Krylov’s result (see [17,
Theorem 2] or [18, Chapter III, §2]), there exist constants C(R,d) > 0 and (R, d) > 0
such that for every nonnegative function f € C5°(U(xo, R) x J) there exists a bounded
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function z < 0 on U(zp,4R) x R' such that = — z(z,t) is convex on U(zg,4R) for each
fixed t € J and has the following two properties: for any smooth probability density g with
support in the centered unit ball of R4, letting ¢.(y,t) = e 4" Lg(y/e,t/e), f- = f * g.,
and z. = 2 % g, € > 0, one has

C(R, d)(det(a?)) "V f(2,8) < Oz, 1) + 08,0, 22 (2, 1),
‘Z(.’L’,t)| < H(R7 d)HfHLdel(U(xo,R)XJ) V(l',t) S U(I07 2R> X J

for every € € (0, R) and each nonnegative symmetric matrix (a*). It should be noted
that in [17] there is minus in front of 0;z.(z,t), but this makes no difference since we can
reverse the variable ¢. For all sufficiently small € we have

|ze(w, )] < 26(R, d)|| fll Lo+ (zo,r)xs) Y (2,1) € U(zo,2R) X J.

We observe that z. is nonpositive and convex with respect to x on U(xg,3R) x J for any
€ < R. Moreover,

V. t) <2R7! t)| < 2R'k(R,d . .
zeU&%teﬁ ze(z,t)] < IEU(gggg)’teJ%(x, )| < K(R, d) || fIl L (2o, m) % 1)

d+1

Substituting h(x,t) = z.(x,t) + max, »ew |2:(y,t)| in (3), which is possible since h > 0
on W and x — h(z,t) is convex on U(zg, R), we obtain the estimate

/ | det A|Y D f.Cdp < Cyl| f]| pasr-
Rdx(0,T)

Letting € — 0, we obtain the same estimate for f, which yields that
|det A|Y DAy = gp dudt, o € LN (U(xo, R) x J).

Since ((x,t) = n(x)0(t), where n and 6 were arbitrary smooth functions with compact
support, we arrive at the desired conclusion for the measure |det A['/(@D . . O

Remark 1. We observe that the exponent (d + 1) = (d + 1)/d cannot be replaced by
a larger one. Indeed, it is well-known that the class W, (R x (0,1)) is embedded into

LI (R % (0,1)), but not into L2 (R% x (0,7T)) with p > (d+1). So let y = oda dt,

loc

where o € W (R? x (0,1)) and ¢ > 0, but ¢ does not belong to any L? (R? x (0,1))

with p > (d + 1)'. Then, for every compact set Q C R% x (0, 1), there exists a constant
C' > 0 such that

/ [Oyu+ Au] dp < C’(max |V u(z, t)] + max |u(z, t)|>
R4x(0,1) z,t x,t
for every nonnegative function u € Cg°(R? x (0, 1)) with suppu C Q, since

/ O+ Ad] du < /[|u||6tg| V|| Vool de dt <
R4 x(0,1) Q

< llollwrs gy (max V(e £)] + max fu(z, )] ).

It is even possible to construct a counter-example where the exact equation is fulfilled:
the measure p = e =" dx dt trivially satisfies the equation Op/ot = L*p with £ = 0 and
A = a(t)el"I, where o € L'[0,1] is such that its restrictions to all closed intervals J C
(0,1) belong to no LP(J) with p > 1; then (det A)Y @Dy = o(t) /(D= #*/(@+1) do gt
where a(t)¥(@DeleP/(d+1) s not in L (R x (0,1)) whenever p > (d 4 1)/d. In this
example the density itself is nice, so the negative effect is due to the factor (det A)!/(¢+1),
but it is easy to modify this construction in such a way that also the density of p will
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not be locally integrable to powers larger that 1: to this end, we take a positive function
B € LY(R?) belonging to no L} (R?) with p > 1 and pass to the measure - u and the
diffusion matrix A/f. For d = 1 another simple example is this: u = o(z) dx dt, where
o is a probability density such that 1/¢ € L}, (R), but 1/o & LV (R) if p > 1; then p
satisfies the equation with A = o' and AY2 has density ¢~'/2 not belonging to L} (R)

) loc
if p > 2.
Let us consider some examples.

Example 1. Let - '
Lu = a"0,,0,,u + 00y u + cu

and let a nonnegative locally bounded Borel measure p on R? x (0, T') satisfy the equation
O = L™ p
in the sense of the identity

/ [Ou+ Luldp =0 Yu € C(R x (0,7)),
R4 % (0,T)

where we assume that @, b, c € L} (1). Then the measure | det A|'/(¢*1. 1 has a density

loc
o€ Ll(gjl) (R? x (0,T)) with respect to Lebesgue measure on R? x (0, 7T"). This result was

obtained in [7, Theorem 3.1]. For the proof it suffices to note that

/ [Ovu + Aul dp = —/ [(b, V,u) + cu] dpu,
R4 x (0,T)

Rex(0,T)

and for every compact Q C R? x (0,T) there exists a constant C' > 0 such that

/ [(b, Vu) + cu] du' < C’(max |Vu(z,t)] + max |u(z, t)|>
R4 (0,T) x,t x,t

for every u € Cg°(R4 x (0,7)) with support in Q.
Example 2. Let u be a finite nonnegative measure on R¢ x (0, T') satisfying the equation
at/,L = L*u

in the sense of the integral identity
/ [Ou+ Luldu =0 Yuc CP(RYx (0,T)),
R (0,T")

where

Lu(z,t) = a” (,1)0,,0,,u(z, t) + b (z, )0y, u(x, t) + c(z, )u(z, t)+
+ / [u(z +y,t) —u(z, t) — (y, Vou(z, 1) ve+(dy),
R4\ {0}

a b, c € L} (1), and, for each t € (0,T) and x € R?, v,; is a nonnegative locally

loc

bounded Borel measure on R?\ {0} such that the function
Mt)i= [ ol Aol ved)
R4\ {0}

is pu-integrable (under these hypotheses Lu is p-integrable for every function w with com-
pact support in R? x (0, T)). Then the locally finite measure | det A|*/(@+1). 1 has a density

o€ L(dH),(]Rd x (0,T)) with respect to Lebesgue measure on R? x (0, 7). Hence p itself

loc

is absolutely continuous on the set {det A # 0}.



If the measure y is given by a family of probability measures p; on R?, i.e., = p,(dw) dt,
then a sufficient condition for the p-integrability of M is the integrability of sup, M(x,t)
with respect to Lebesgue measure on (0,7).

Proof. We take a function ¢y € C5°(R?) such that 0 < ¢y < 1 and pg(x) = 1 if |z| < 1.
It is clear that the function ¢(z,y) := po(y — ) is a local unit function. Set

~

Bty =V = [ w0 = o) el

ot =elet)~ [ (1 ol vasldy)

RA\{0}
Note that b,¢ € L. (). Set K(x,t, B) := vy,(B — x) and

loc

Ku(z,t) = /Rd\{ }[u(y, t) — (@, y)ulz,t) — o(z,y)(y — x, Vou(z, )] K(z,t, dy).
Then the function

[ el n1pe) Ketdg) = [ (ol APl + ) va(dy)
R\ {z} R4\ {0}
is p-integrable if ¢ is bounded. In addition,

/ [Owu + Au + Ku] dp = — / [(b, V) + ¢u) dp.
R4 x(0,T)

Rex(0,T)

In order to apply Theorem 1 we should only note that for every compact Q C R? x (0, T)
there exists a constant C' > 0 such that

/ [(b, V,u) + Cul dp
R x (0,7

for every u € C5°(R? x (0,T)) with support in Q. O

< C’(m%X |Vu(z, t)] + max |u(z, t)|>

Let us observe that the same proof applies to some other frequently used operators (see
[5] and [26]).

Remark 2. (i) Let us consider the operator
Lu(z,t) = a" (2, 1)0,,0,,u(x, t) + V' (2, 1) 0y, (2, 1) + c(z, t)u(z, t)+

(y, Vyu(z,t))

+ u(r +y,t) —u(z,t) — Ve t(dy).
[ o [ 00—ty = D v

If a finite nonnegative measure p on R? x (0,7 satisfies the equation O,y = L*p and

lyl?
———— Uy (dy) p(dx dt) < oo,
/IRdx(O,T)/IRd\{O}1+|y|2 H(dy) il )

then the locally finite measure | det A/ . 1 has a density o € L™ (R4 x (0, T))) with
respect to Lebesgue measure on R? x (0,7). Hence p itself is absolutely continuous on

the set {det A # 0}. This follows by the same reasoning as in Example 2 letting

~

B ) = b = [ ) o) v,

Sat) =elet)~ [ (1 ol vaaldy)

RA\{0}



(ii) Let us consider the operator
Lu(z,t) = a" (2, 1)0,,0,,u(x, t) + V' (2, )0y, (2, 1) + c(z, t)u(z, t)+
[ [utet ) = ulent) = (o Vol 0} gy 0)] vasld),
R¥\{0}

where Ijj,|<1y is the indicator of the open unit ball. Let x be a finite nonnegative measure
on R? x (0,T) satisfying the equation 9y = L*j. Then the same conclusion holds if

/ / ly1? A 1y (dy) p(de dt) < oo.
Réx(0,T) JRI\{0}

Indeed, letting

o~

Ft) =) = [l 6) = o) veeld),

Sat) =)~ [ (1 ol vasldy),

RA\{0}
we can also apply the same reasoning as in Example 2. If u is given by a family of proba-
bility measures i;(dr), then the above condition holds for v, ;(dy) = q(z,t,y)|y|~4=*® dy,
where 0 < a(x) < 2 and

T 2
A1l .1,
/ sup (/ (ly dJ)r(iEf) y) dy) dt < oo.
0 =z R4\ {0} |y

In particular, it is fulfilled if ¢(x,t,y) is bounded and 0 < oy < a(z) < ay < 2.

In the case where the coefficients of L do not depend on t one can impose somewhat
weaker assumptions.

Example 3. We recall that according to a remarkable theorem of Courrege (see [11])
a linear operator L from C§°(R?) to the space of locally bounded Borel functions satisfies
the positive maximum principle (i.e., Lf(z) < 0 once f > 0 and z is a point of maximum
of f) if and only if it has the form

Lu(z) = a” (2)0y,00,u(x) + b'(2)05,u(z) + c(z)u(z)+

T / fuly) — (e, y)u(x) — oz, )y — 2, Voul@)] vz, dy).
RI\{x}

where b and ¢ are locally bounded Borel functions, A(x) = (a”(z)) is a positive symmetric
matrix, ¢ is a local unit function, v(z,dy) is a Lévy kernel, i.e., v(z,dy) is a Borel
nonnegative measure on R?\ {z} for each x and the mapping

T |z — y|*Y(y) v(z, dy)
R\ {2}

is Borel measurable and locally bounded for every v € Cg°(R?), v(z: |x| > §) < oo for
every 6 > 0, and

(a) + / o L FE ) e <0

It is worth noting that generators of Feller processes satisfy the positive maximum prin-
ciple and have the above form.



Let p be a finite nonnegative Borel measure on R? x (0, 7). Assume that a” € L} (1)

and that the mapping

T @ =y (y) v(z, dy)
RN\ {z}
is integrable with respect to g on R? x (0,7 for each function ¢ € C§(R%). If p
satisfies the parabolic equation d,ur = L*u, then the measure |det A|Y/(@FD . 4 has a

density o € L(dﬂ)/(Rd x (0,T)) with respect to Lebesgue measure on R? x (0, 7).

loc

These examples show that if there is a diffusion with jumps having generator L, then its
space-time law is absolutely continuous on the set {det A # 0}. In the case of a homoge-
neous diffusion (with time independent coefficients) and det A > 0 we obtain the absolute
continuity of the transition probability P(t,dy) for almost every ¢ > 0 (independently
of the initial distribution). However, even for diffusions without jumps and det A > 0
examples are known (see [14], [25]) where P(¢,dy) may be singular for some fixed ¢.

As already noted above, the papers [1], [2], and [21] contain Krylov-type estimates
of certain stochastic integrals involving diffusion and jump parts; from these estimates
one can derive absolute continuity on the set {det A > 0} of the space-time measure of
the process satisfying the corresponding stochastic equation. However, the existence of
such stochastic integrals and processes requires much stronger global assumptions about
all coefficients a, V', ¢, and v, ;. More specifically, in [21] the coefficients @ and V" are
uniformly bounded, ¢ = 0, and there are some uniform bounds for v,; in [1] and [2]
existence of certain stochastic integrals is assumed along with some additional global
estimates, in particular, for bounded A the drift b must be also bounded. The proofs in
the papers cited also use Krylov’s powerful results (more precisely, in [21] and [1] in place
of [17] some earlier results of Krylov are employed), but in a different way.

Clearly, our paper focuses on the extreme case where jumps a posteriori have no influ-
ence; it would be interesting to find other combinations of contributions of the continuous
and jump parts leading to absolute continuity in the case of nonsmooth coefficients.

It would be also interesting to study signed solutions of the Fokker—Planck—Kolmogorov
equation with L as in [7] (see also [8]).
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