Erratum and Addentum to: “Singular
dissipative stochastic equations in Hilbert
spaces”

Giuseppe Da Prato* and Michael Réckner!

Abstract

An error in the above paper is corrected. All main results of the
paper remain correct except for one: we get a slightly modified state-
ment concerning the path regularity of the constructed Markov process
at t =0.

1 Introduction

We place ourselves entirely into the framework of the above paper [DPR02]
and assume the reader to be familiar with the notation introduced there.

There is an error in the proof of Lemma 5.5 which seems impossible
to be corrected without a further assumption. This slightly affects the path
continuity at ¢ = 0 of the Markov process constructed subsequently. However,
Theorem 7.4, which is the only main result relying on Lemma 5.5, remains
correct just by changing the topology on the state space to the one naturally
given by the Markov process in question. More precisely, the Markov process
constructed in Theorem 7.4 which solves the desired martingale problem has
the following property for its path space measures P, :

(1.1) P,[C([0, 00); (Ho, 75,)] = 1, Yz € Hy
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where Hy := supp v, with v as in [DPR02, Hypothesis 2.1], is equipped
with the topology 7s, generated by the cone Sy of a-supermedian continuous
functions on Hy defined in [DPR02, Section 5.

If Hy is equipped with the norm topology induced by H, we only have

The original slightly stronger claim in [DPR02, Theorem 7.4] that
(1.3) P.[C(]0,00); Hy)] = 1

for x € Hy remains unproven in general, unless dim H < oo. In this note we
prove (1.1) and (1.2) (cf. Theorem 7.4" below) and, under the assumption
that dim H < oo, also (1.3) (see Proposition 2.1).

Finally, we take the opportunity to correct a misprint in the statement
of [DPR02, Lemma 5.6] and present a polished version of the proof of the
crucial [DPRO2, Proposition 5.7]. Both are included in the appendix. All
applications in [DPR02, Section 9] are still valid, but if dim H = oo, path
continuity at ¢ = 0 is to be understood with respect to the topology 7, .

2 Description of the problem

In the proof of Lemma 5.5 it cannot be concluded from the last inequality
that z,, — x in Hy. Hence {g,|n € N}, though being point separating on Hy,
may not generate the topology on Hy inherited from H. The proof, however,
can trivially be modified to prove that {g,|n € N} generates this topology if
the following condition holds:

(C.1) lim mR,,fr = fr uniformly on Hy for all k£ € N,

with fi as defined in [DPR02, (5.5)]. This condition on the other hand can
be hard to check, in particular, if H is infinite dimensional.

Let us now list all places where Lemma 5.5 is mentioned or used in the
subsequent part of the paper. In the proof of Lemma 5.6 the map ¢ : Hy —
i(Hy) is clearly continuous, but Lemma 5.5 is quoted there to conclude that
it is a homeomorphism. Fortunately, only the continuity of 7 is used in the
rest of the proof, so Lemma 5.5 is not used here. In Corollary 6.4 assertion
(i) relies on Lemma 5.5 and should, therefore, be deleted.

The proof of Proposition 7.2 uses Lemma 5.5 in its last line. Its assertion
must be modified. The correct formulation is as follows.



Proposition 7.2°. Let v € Hy. Then P,-a.s.

(2.1) lim g,(X}) = gn(2) Vn€N.

t>0

Because the g,, do not generate the topology on H, induced by the norm
|- | on H, we cannot in general conclude from here that

(2.2) %irré X} =2 P,as.

t>0

(So, only the very last line of the proof of Proposition 7.2 is erroneous.) (2.2)
is, however, true, if dim H < oo.

Proposition 2.1. Assume
(C.2) dim H < oo,
and let x € Hy. Then (2.2) holds and thus [DPR02, Theorem 7.4] holds.

Proof. Suppose we can prove that there exists V : Hy — R with relatively
compact level sets (with respect to |-|) which for some o > 0 is a-supermedian
for (p)¢o, 1.6. e*pV <V on HyVt > 0. Then as in the first part of the proof
of [DPR02, Proposition 7.2] the martingale convergence theorem implies that
P,-a.s.

lim V(X7?) exists in R.

t—0
t>0

Hence for P,-a.e. w € Q, X?(w) is in a compact subset of Hy Vt > t(w).
But all its accumulation point must coincide by (2.1) since the g, are point
separating. Hence (2.2) follows.

Claim. V := (1 + |- |)/? is a-supermedian for (p;)so for some a > 0.
Indeed, for n € N let x, € CZR), 0 < x), < 1,xn(s) = sVs € [-n,n],
IXn(s)| =n+1if |s| > n+2, sup, X =: ¢ < 00, Xn < Xns1- Then it is easy
to see that x,(| - |) € D(N) and that for v-a.e. y € H.

Noxw (I )W) = xu(ylP)Nal - P(y) + xo(yI)IC? D] - PP (y)

(2:3) < (Tt C +2(Ay,y) +2(Fo(y). ) + cA|C[| [y[* < au

where u := 1+ |- |? (€ L*(Hy,v)) and a := max(Tr C + |Fy(0)]?, 4c||C|| + 1)
and we used both Hypothesis 1.1(i) (which can, however, be avoided since
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dim H < oo, so A is bounded) and the dissipativity of Fy. Hence for u, :=
1+ xn(|-]?) and all A > 0 we have v-a.e.

AR 1oty = AR\ o(Ra(a — No)uy,)
= (Roa — Rxta)((a — No)uy,)
= U, — Ryial(ou, — Nouy,)
= U, — Ryia(ou — Nouy) — @Ry 4oty + @Ry U

< Uy + aRyiou — aRyiqUn,

where we used (2.3) in the last step. Consequently,
A+ a)Ryyoty < up + aRyiou, v—ae.
und letting n — oo by monotone convergence
(A4 @)Ryyou < u+ aRyy4u,
i.e. (since all involved functions are finite v-a.e.)
ARyiou < u  v-a.e..

We conclude that by Jensen’s inequality v-a.e.

A
A+«

(07

\ 1/2
)\R,\+au1/2 < ﬁ((}\ + O()R,\+au)1/2 _ ( ) ()\R,\+au>1/2 < u1/2.

But since u'/? € Lip(H) and since it easily follows from (5.3) by approxi-
mation that Ry,,f € Lip(H,) for all f € Lip(H), it follows by continuity
that

ARy qu'/? <u'/?  (everywhere) on H.

Clearly, this is equivalent with the claim. O

3 The correctly modified version of Theorem
7.4

In this section we will state and prove the correctly modified version of
[DPR02, Theorem 7.4].



We first recall that our standing assumptions in [DPR02|, namely Hy-
potheses 1.1 and 1.2, are still in force as well as Hypothesis 7.3 (i.e., A is
self-adjoint) and the assumption that C~' € L(H). Furthermore, we consider
the countable cone Sy of Lipschitz-continuous bounded functions, which are
a-supermedian (for (Ry)xso) for some o € Q; \ {0}, introduced in prepara-
tion of [DPR02, Lemma 5.6]. By Proposition 5.2 we know that

/\hm )\R)\Jraf(I) = f(fI?) Vr € Ho, f € Sy

and this limit is in fact a supremum by the resolvent equation. Such a-
supermedian functions are called a-excessive functions, so Sy consists of a-
excessive (with respect to (p)i~o or equivalently to (Ry)xso) functions. Let
Ts, be the topology generated by Sy on Hy (:= supp v with v as in Hypothesis
1.2).

Theorem 7.4°. (i) There exists a conservative (normal) strong Markov
process Ml = (2, F, (Fi)i>0, (Xt)t>0, (Pa)zen, ) with Ts,-continuous sam-
ple paths having transition semigroup (p:)i>o (as defined in [DPR02,
Proposition 5.7(iii)]). In particular, v is an invariant measure for v.

(ii) For x € P, the paths t — X; are | - |-continuous on (0,00) Py-a.s..

(i1i) For every x € Hy, P, solves the martingale problem for No with test
function space

DO = {(P c D(NQ) N Ob(H)l NQQO € LOO(H, V)}

and initial condition x, i.e., under P,

(3.) ox) - | Nap(X.)ds, 130,

is an (Fy)—martingale with Xo = x for all ¢ € Dy.

Proof. Let D denote the dyadics and Q := H¥. Replacing the metric d in
[DPRO2, Section 7] by the one generated by | - | and realizing that by the
same arguments as in the first part of the proof of [DPR02, Proposition 7.2]
we obtain that for all f € S,

lim f(X?) = f(z) P,-as. Va € Hy,

the same proof as that of [DPR02, Theorem 7.4] implies (i) - (iii).



Remark 3.1. It is possible to show that the set of all x € Hy, for which the
process X;, t > 0, 1s not weakly continuous at t = 0 P,-a.s., is polar, i.e. is
not hit by X, t > 0, Py-a.s. for all y € Hy. This fact will be proved in a
forthcoming paper.

Appendix

Finally, in [DPR02] there was a mistake in the statement of Lemma 5.6. The
correct formulation and what was actually proved and used in the subsequent
part of the paper is the following

Lemma 5.6°. Let f € S. Then there exists a v—version p,f of P.f, t > 0,
such that for all x € H

t — P, f(x) is right continuous on [0, +00),

and for A >0

(A.1) /Ooo e P, f(x)dt = Ry f(x).

We also include a polished version of the proof of [DPR02, Proposition
5.7]:

Proof. (iii) and (iv) follow from (i), (ii) by exactly the same arguments used
in the proofs of [DPR02, Proposition 5.2] and [DPR02, Corollaries 5.3, 5.4].
So, we only have to prove (i),(ii).

(i) Let N € N and let Yy denote the closed ball of radius v'N ||f|o in
L?([0, N],ds) equipped with the weak topology. So, Yy is compact. Let
{l,| n € N} be a dense set in L*([0, N],ds) consisting of bounded functions.
Then

0o —n -1
dyy(h1,ha) = = dsd 0 27" ([llnll oo o.v1,as) + llnll2(0,n05) + 1)

inf (| IV 1 (5)(ha(s) — ha(s))ds|, 1) , hihs € Y,

defines a metric on Yy generating its topology, which is complete, since Yy
is compact.



Now consider the maps Aj'{;’g : H — Yy defined for a;, 3 > 0 by

AV (x) = (s — P*Pf(z), s € [0,N]), « € H.
Then for all z,y € H, o, 5 > 0, by [DPR02, (4.7)]

N
(A.2) dyy (MY (2), AY" (1)) S/ s7H2ds| CTHY2 fllolx — .

0

Since v is a probability measure on a polish space there exist K, C Hy, n e
N, compact and increasing, such that

lim v(Ho\K,) = 0.

n—oo

Defining
K, :==supp [1z V], n € N,

it is easy to check (cf. the proof of [MR92, Chapter III, Proposition 3.8]),
that K,, C K,,, n € N, and still

Tim v(Ho\K,) =0
and that, in addition,
(A.3) K,NU# )= v(K,NU) >0, Vopen sets U C Hy, Vn € N.
By [DPRO02, Proposition 4.1] we can find «,,3, > 0, n € N, such that

(A4)  lim R\, NSO f = R\, No)f, VA >0 in L*(H,v) and v — ae..

n—oo

Applying the Ascoli theorem and a diagonal argument, selecting a sub-

sequence if necessary, we obtain that there exists a map A : U,K, —
L>([0, N],ds) such that for all N € N

(A.5) A(z)|o,n = lim ASmPr () uniformly in z € K,,, ¥ n € N.
We now show that for all A > 0

(A.6) /000 e A(-)(s)ds is a v — version of R(X\, Ny)f.
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To prove (A.6) let A > 0. Then by (A.4), (A.5) and dominated convergence
for all g € L>(H,v)

ds ;" e [, g(@)Pof (x)v(dx) = [, 9(x)R(A, No) f(z)v(dx)ds

ds=lim, oo [5; g(x) [;° e PP f(x)ds v(dx)

ds= fH fooog(x)e*)‘sA(x)(s)ds v(dr) = fooo e ng(x)A(:v)(s) v(dx)ds,

where the interchange of limits is justified, since |Po% f(z)| < || f]lo and

s

hence |A(z)(s)| < || fllo for ds-a.e. s € [0,00) and all z € |, K,. So, (A.6)
follows. Obviously, by (A.5)

- /0 T M) (s) ds

is continuous on each K, n € N. Hence by (A.1) in Lemma 5.6” and (A.6),
(A.3) forall f eS8,

/ e A(x)(s)ds = / e Mpsf(r)ds forall z € U K,.
0 0

neN
Hence by the uniqueness of the Laplace transform
(A.7) A(x)(t) = pf(x) forace. tand allz € | ] K.
neN

So, if f € S, and & € C§°(R), k € N, approximate the identity, we obtain
for all x,y € |,y £, that for some subsequence {k;} and a.e. t € (0, N)

N
(AS) B —BS) = lim [ 0t = )F. @) ~ Bl ()ds
—00 Jg
But for [ € N the integral in (A.8) is by (A.7) and (A.5) equal to
N
lim [ 6, (t — )PP f(a) — PP f(y))ds,
n—oo 0

which by [DPR02, (4.7)] is dominated by
N
| dute= )57 2as jC P ol —
= 2O fllolz — yl, asl— oo
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Since t — p,f(z) is right continuous for all z € Hy, [DPR02, (5.11)] follows
if f € S. Since S is a vector lattice containing the constants and generating
B(H,), it follows that S is dense in L?*(Hy,v). Now [DPR02, (5.11)] follows
for all f € B,(Hp) and thus all f € B,(H) by approximation since P, is
continuous on L*(Hy, V).

(ii). Let f € S. Then [DPRO2, (5.12)] follows by exactly the same ar-
guments as above, but employing [DPR02, (4.8)] instead of [DPR02, (4.7)].
If f € Sy, then mR,,f € S, m € N, |mRnfllo < ||f|lo and by [DPR02,
Proposition 5.2], lim,, ..o mR,,, f(x) = f(z) for all x € Hy and

Im R fllLip < | fllzips ¥ m € N.

Hence [DPRO2, (5.12)] follows by approximation for f € Sy. Consequently,
using [DPR02, (5.8)] we can approximate again to obtain [DPR02, (5.12)]
for all f € Lipy(H). O
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