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We obtain a new identity for the entropy of a nonlinear image of a measure on R"™, which yields the well-
known inequality of Talagrand. We study triangular mappings on R™ and on R, i.e., the mappings T such
that the ith coordinate function T; depends only on the variables x1,...,x;. With the help of such mappings
we give a positive solution to the well-known open problem on the representability of every probability measure
v that is absolutely continuous with respect to a Gaussian measure v on an infinite dimensional space as the
image of v under a mapping of the form T'(z) = x + F(x), where F takes on values in the Cameron—Martin
space of the measure . As an application we also prove a generalized logarithmic Sobolev inequality.

The bibliography 23 titles.
The AMS classification: 28C20, 46G12, 60B11

1. INTRODUCTION

This work is devoted to the study of the so called triangular mappings, i.e., mappings
T = (Ty,...,T,): R" — R™ such that 7} is a function of x;, T is a function of (z1,xzs),
T3 is a function of (x1,z9,x3) and so on: T; is a function of (z1,xs,...,2;). Analogously one
defines triangular mappings on R*°, the countable product of real lines. A triangular map-
ping is called increasing if every its component 7; is increasing with respect to the variable x;.
The same terminology is used for mappings defined on subsets of R™ or R*°. Consideration of
triangular mappings is very natural in the problems of probability theory connected with trans-
formations of sequences of random variables. The choice of this term is explained by the fact
that for a differentiable triangular transformation (for example, linear) the Jacobi matrix has
a triangular form. In [15], triangular transformations of uniform distributions on convex sets
were constructed (see also [2]), and in [21], there has been actually established the existence of
a triangular mapping 7" of the standard Gaussian measure v on R™ into an arbitrary absolutely
continuous probability measure v = f - v. Talagrand’s inequality established with the aid of
such transformations estimates the L2-norm of the difference 7' — I via the integral of flog f
against the measure 7, i.e., the entropy of the Radon-Nikodym density. We establish an exact
equality for the entropy of a nonlinear image of a measure, which directly implies Talagrand’s
inequality. The obtained identity is used in our study of triangular mappings.

It is well known that every Radon probability measure on a metric space is the image of
Lebesgue measure on an interval (or any other atomless probability measure) under certain
Borel mapping. However, the problem often arises of transforming a given measure into an-
other one by means of a mapping from more narrow classes. This subject, which has become
very popular in the past decade, is connected with a whole series of classical problems in the
theory of extremal problems, measure theory, nonlinear analysis, and the theory of nonlin-
ear partial differential equations, in particular, with the well-known Monge-Kantorovich mass
transportation problem. The interaction of all these directions has lead not only to exciting
results on measure transformations, but also to discovery of interesting links between the di-
verse areas and to unexpected applications. In particular, certain new functional inequalities
have been obtained. Among the diverse classes of mappings considered by many authors, one
should distinguish the monotone type mappings (for example, gradients of convex functions)
and the above defined triangular mappings.

Among recent bright results on monotone mappings we note the theorem from [8] and [18] (see
a detailed discussion in [23]) according to which every absolutely continuous probability measure
1 on R™ can be transformed into any probability measure v on R™ by means of a transformation
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T of the form T'(x) = Vy(x), where ¢ is a convex function. Such transformations are natural
analogs of increasing functions on the real line. This theorem plays an important role in
obtaining a number of interesting inequalities in [19], [9]. In the papers [11], [12], an infinite
dimensional analog of this theorem has been obtained in the partial case of a Gaussian measure,
namely, it has been shown that a Radon Gaussian measure v with the Cameron—Martin space
H can be transformed into any probability measure v = f - v that is absolutely continuous
with respect to 7 and satisfies some additional restriction by a monotone (in a natural sense)
mapping of the form

T(x)=z+ F(z), F: X —H, (1.1)

where F'(z) = Vgp(x) for some function ¢ from the Sobolev class W2!(v). For example, the
aforementioned restriction is satisfied if flog f € L'(7). The transformations of the form (1.1)
are abstract Girsanov transformations of the classic Wiener space; many works are devoted to
their study (see references in [3] and [22]). In the case of the classic Wiener space C|0, 1], the
Cameron—Martin space consists of the absolutely continuous functions x with z(0) = 0 and
x’ € L?[0,1]. Tt was made clear in the works of Cameron and Martin, Maruayama, Prokhorov,
Skorokhod, and Girsanov that under broad assumptions a mapping of the form

T(w)(t) = w(t) +/0 o(s,w(-))ds

transforms the Wiener measure into an equivalent one, and many important in applications
mappings that accomplish equivalent transformations of the Wiener measure have the indicated
form. We remark that measures of the form v o 7! with a mapping T of type (1.1) are called
representable in Definition 2.7.1 of the book [22]. It is shown in Chapter 2 of that book that
the set of representable measures is everywhere dense in the set of all probability measures
absolutely continuous with respect to v in the metric generated by the variation norm. In
addition, it is proved there that any probability measure p equivalent to v can be transformed
into v by a mapping of the form (1.1). It has been shown in [10] that the measure 7 can be
transformed into every probability measure v that is absolutely continuous with respect to it
by a mapping of the form 7T'(z) = U(z)+ F(z), where U preserves v and F': X — H. However,
the problem of existence of a transformation T' = I + F with a mapping F' taking on values
in the Cameron—Martin space and transforming the measure v into an arbitrary probability
measure v absolutely continuous with respect to v was left open in the cited papers. Our
main results (they have been announced in [7]; here some assertions are reinforced) are as
follows. In §2 we introduce and study canonical triangular mappings of measures. In §3 we
establish an exact equality for the entropy of a nonlinear image of a measure on R", which
yields Talagrand’s inequality and reinforces a result of the work [16], obtained for gradient
mappings. In §4 some applications of the obtained results are given. In the infinite dimensional
case, we prove the existence of a triangular mapping 7" of a centered Radon Gaussian v into
an arbitrary probability measure v that is absolutely continuous with respect to v such that
T(x) = x + F(z), where F takes on values in the Cameron-Martin space H of the measure 7.
A generalized logarithmic Sobolev inequality is obtained.

On Gaussian measures, see [3]. One can assume throughout that we deal with the countable
power of the standard Gaussian measure on the real line. In this case, the Cameron—Martin
space H is the classic Hilbert space (2.

Let poT ! denote the image of a measure p under a measurable mapping T, i.e., the measure
defined by the equality poT(B) := u(T'(B)). Let W27 (R™), where p > 1 and r € N, denote

loc
the Sobolev class of functions on R™ which along with their generalized partial derivatives up

to order r belong to LP(U) for every ball U.

2. PROPERTIES OF TRIANGULAR TRANSFORMATIONS OF MEASURES

We recall (details can be found in [4, Ch. 10]) that for every Borel probability measure u on
the space R™ x R* having the projection s, on R", there exist conditional probability measures
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1® on the affine subspaces x + R¥, where # € R", such that for every Borel set B in R" x R*,
the function x — p®(B) is Borel measurable and one has

W(B) = [ (B ). 2.1)

One can also define conditional measures on one and the same space R* (such conditional
measures will be denoted by p, in order to distinguish them from the conditional measures p*
on the fibers), but then (2.1) should be written in the form

u(B) = / (B )

where B* := {y € R*: (x,y) € B}. The measure u® is the image of the measure j, under
the shift by the vector x. For every bounded (or p-integrable) Borel function ¢ on R"** there

holds the equality
/ ¢(z) pldz) = / / p(2) p* (dz) pn(dz)
Rn+k n :E+Rk

= [ [ et i),

where in the last integral the points of R"** are written in the form z = (z,y).
If the measure p is given by a density ¢ with respect to Lebesgue measure (by convention we
take a Borel version of p), then the measure p, is given by density

oula) = [ olev)dy

and the conditional measures are given by densities

o) = o) [ ole.2)a)

with respect to the k-dimensional Lebesgue measure. In this case, for the points x such that
the integral of o(x,z) in z vanishes (the set of all such points is Borel measurable and has
[n-measure zero), we take for ¢* some fixed probability density (for definiteness we take the
standard Gaussian density).

For every pair of probability measures p and v on R™, where p is absolutely continuous, there
exists a Borel increasing triangular mapping 7),, that transforms p into v. This mapping is
defined on some Borel set of full y-measure, and every kth component of 7, ,, as a function of
the variables z1,...,xy, is defined on a Borel set in R* whose intersections with the straight
lines parallel to the kth coordinate line are intervals. As shown below, such a mapping is unique
up to a redefinition on a set of y-measure zero provided that v possesses nonatomic conditional
measures on the coordinate lines (e.g., is absolutely continuous). We shall call canonical the
version of T}, , that is defined as follows by induction on n. For n =1 we set

Fu(t) == p((—o0,t)), teR', G,(u)=inf{s: F,(s)>u}, ue(0,1),
T, =G,0oF,.
If the function G, has a finite limit as u — 0 or u — 1, then we define G,(0) or G, (1) as the
corresponding limit. If the function F), assumes some of the values 0 and 1 (the sets F},*(0) and
F, 1(1) are either empty or rays) and the function G, has no finite limit at the corresponding
point, then the mapping F),, is defined on some interval (bounded or unbounded) of full -
measure. The mapping F), takes p to Lebesgue measure A on (0, 1), and G, takes A to v. This
remains true for any probability measures provided that i has no atoms. Note that the function
G, is left continuous. Indeed, suppose that points u; increase to u, but G,(u;) < G,(u) — €,
where € > 0. Then there exist points s; with F,(s;) > u; and s; < G, (u) —e. We may assume
that the sequence {s;} increases to some s < G,(u) —e. This gives F,(s) > u by the left
continuity of F,,, which contradicts the definition of G, (u). Since the function F), is continuous,

-1
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the function G, o F), is left continuous. If the measure v is equivalent to Lebesgue measure
(or at least is positive on all intervals), then this function is continuous. It is readily seen that
the function G, is injective (unlike, generally speaking, the function F)) if v has no atoms (for
example, is absolutely continuous). In the case n = 2 we denote by p; and v the projections of
the measures p and v to the first coordinate line and take the canonical mapping T} that takes
1 to vy. Let u, and v, denote the conditional probability measures on the second coordinate
line, z € R!. For p;-almost every x;, one has the conditional probability density

Qzl (z2) := ou(@1,22) (/ ou(x1, ) du)_l.

R
The measure on the real line with density i can be transformed by a one dimensional canonical
mapping to the conditional probability measure v, (,,). The corresponding canonical mapping
is denoted by g +— Ty(z1,x5) (according to the one dimensional case, the domain of definition

of this mapping may be a proper interval). If v has a density o,, then vy () is defined by

density o.* (xl)( -), where

0, (z2) = 0,(71, T9) (/ 0y (21, ) du>_l.

R

We observe that /Qy (T1 (x1), u) du > 0 for pi-almost all z; by the equality vy = p; o Tl_l. It

is clear that 7" := (77,T5) is an increasing triangular mapping and takes p into v. Indeed, for
every bounded Borel function h on R? we have

/ hz,t)dy = / / h(z,t) ve(dt)n (dz).

By using twice the change of variable, we obtain a chain of equalities

/ / B, ) v (dt) 11 (dz) = / / W(T3(2), 1) vy o (dE) s (d)
://h(Tl(x),Tg(x,t)) pe(dt) py (dx) = /hon,u.

The construction continues inductively by using one dimensional conditional densities on the
last coordinate line. If for some n > 1 the existence of canonical triangular mappings is already
established, then such a mapping for measures on R*™! is constructed in the same way as in the
two dimensional case considered above. Namely, the projections of the measures p and v on R™
are denoted by pu,, and v,. The corresponding conditional measures on the last coordinate line
are denoted by p, and v, € R", and the density of u, is denoted by gy. By the inductive
assumption there exists a canonical Borel triangular mapping 7" = (71,...,7,): R* — R"
taking i, to v, (the domain of definition of T" may be a proper Borel subset of R™ of full
pn-measure). We take for 7),, the mapping 7},, = (11, ..., T,+1), where the last component is
defined as follows: for fixed x = (z1,...,z,) € R", the function ¢t — T}, 11(z1,..., 2y, 1) is the
canonical transformation of the measure with density g to the measure vr(,). The domain of
definition of T},,, is a Borel set of full y-measure such that its intersections with the straight
lines parallel to the last coordinate line are intervals (bounded or unbounded). Let us verify
that the function 7, is Borel. Since it is increasing and left continuous in x,,1, it suffices
to verify that it is Borel with respect to © = (z1,...,x,) whenever x,; is fixed (see, e.g., [4,
Lemma 6.4.6]). By construction we have

Toi1(z, Tppn) = G (FW (In+1)) .

The function z — F, (x,41) = ux((—oo, xnﬂ)) is Borel measurable. Hence it suffices to show
that the function (z, z) — G, () on R"x (0, 1) is Borel measurable. Since it is increasing and
left continuous in z, one has only to verify that the function z — G, (z) is Borel measurable
for every fixed z, which by the Borel measurability of T" reduces everything to the justification of
the Borel measurability of the function ¢: z +— G, (2). For every ¢ € R! the set {z: () < ¢}
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is the projection of the set E := {(z,s): vy((—00,s)) >z, s < ¢} on R". The set E is Borel,
because so is the function (z,s) — VI<(—OO, s)), which is increasing and left continuous in s
and Borel measurable in z. Since the sections F, := {s: (z,s) € E} are semiclosed intervals,
hence are o-compact, the Arsenin-Kunugui theorem (see [14, Theorem 35.46]) yields the Borel
measurability of the projection of E. Thus, the Borel measurability of 7" is established. The
chain of equalities indicated above remains valid if we replace py and vy by u, and v,, which
shows that we obtain a required mapping.

If the measure u is equivalent to Lebesgue measure, then one can take a nonvanishing Borel
version of its density. Then the mapping 7, is defined on all of R™ (the same is true if
the projection of p on the first coordinate line and the conditional measures on the other
coordinate lines are not concentrated on rays). In the general case, the domain of definition of
T,.., is a Borel set of full y-measure such that the kth component is defined on a Borel set in R*
whose intersections with the straight lines parallel to the kth coordinate line are intervals. The
mapping 7}, , is defined on the whole space also in the case where the measure v is concentrated
on a bounded set, because in such a case, if n = 1, the function 7}, , is defined on the whole
real line due to existence of finite limits of the function G, at the points 0 and 1. In general,
one cannot always extend 7},, to an increasing mapping on the whole space. For example, if
i is Lebesgue measure on the interval [0, 1], considered as on the whole real line, and v is the
standard Gaussian measure on the real line, then the mapping 7}, , is defined on (0,1), but
cannot be extended to an increasing function on the whole real line.

Finally, instead of transformations of measures on R" one can deal with transformations of
measures on the cube [0, 1]". Then the mapping 7}, , is defined on the whole cube, because in
the one dimensional case it is defined on the whole closed interval [0, 1]. In some respects, it
is more convenient to consider mappings of the cube. We observe that the case R™ reduces to
the case [0,1]™. To this end, by using the mapping (x1,...,z,) — (arctgz,...,arctgz,) and
its inverse we pass from R" to (0,1)™ (this preserves the class of increasing triangular Borel
mappings). Given two measures p and v on (0,1)", we take the mapping 7),, on the cube
[0, 1] corresponding to their extensions to this cube and let Q =T, 1((0,1)").

It is clear that in the case where the measure p is equivalent to Lebesgue measure, the
mapping 7),, is injective, since its first component is injective on the real line, the second
component Ty(xy, z7) is injective as a function of x5 with fixed z; and so on. Hence by Lusin’s
theorem T, , takes all Borel sets to Borel ones. In the general case, if v possesses atomless
conditional measures on the coordinate lines (e.g., is absolutely continuous), then the mapping
T, is injective on a Borel set of full y-measure. Indeed, in the one dimensional case this is
obvious (in this case v is atomless). The multidimensional case is justified by induction. To
this end, we take a set £ C R" ' with u, 1(E) = 1 on which the mapping (T,...,T,_1)
is injective. Then E x R! contains a set of full py-measure on which T is injective, since for
every y = (21,...,T,_1) € E, the function ¢t — T,,(z1,..., 2z, 1,t) is injective on a set of full
[Ly-measure.

We note that in a similar manner an increasing triangular Borel mapping 7, , is constructed
in a more general case where v is an arbitrary Borel probability measure on R™ and a Borel
probability measure s is such that its projections on R¥, k = 1,...,n, and the corresponding
conditional measures have no atoms. A justification is given in [1]. With the help of finite
dimensional canonical triangular mappings one constructs in an obvious way a canonical Borel
triangular mapping 7),, on the space R* transforming a Borel probability measure i to a
Borel probability measure v, where it is assumed that the finite dimensional projections of u
satisfy the aforementioned condition, for example, are absolutely continuous. To this end, the
components of T}, are constructed inductively as the components of the canonical triangular
mappings that transform the projections of u on R™ to the projections of v. According to
our construction the first n components of the canonical mapping on R"*! give the canonical
mapping on R"”.



It is clear from the construction that the mapping 7),, depends on our choice of conditional
measures for p and v. However, there holds the following uniqueness property in the class of
p-equivalent increasing triangular mappings.

Lemma 2.1. Let pu be a Borel probability measure on R*. Suppose that increasing triangular
Borel mappings T = (T,)°2, and S = (S,)>2, are such that po T~ = o S™' and that, for
every n, the mapping (T, ..., T,) is injective on a Borel set of full measure with respect to the
projection of p on R™. Then T(x) = S(x) p-a.e.

In particular, if the projections of the measures p and v on the spaces R" are absolutely
continuous, then there ewists a canonical triangular mapping T, , and it is unique up to pu-
equivalence in the class of increasing Borel triangular mappings that transform u into v.

Proof. Tt is clear that our assertion reduces to the case of mappings on R™. We prove it by
induction on n. Let n = 1. Suppose that a point xy belongs to the topological support of pu.
If T(z9) < S(xp), then xy cannot be an atom of p, since p(x: T(x) < t) = plx: S(z) < 1)
for all ¢ and one can take t = (T'(xg) + S(z0))/2. Now we may assume that both functions T’
and S are continuous at xg, since their discontinuity points form an at most countable set. By
the continuity of both functions at x, there exists a point x; > x( that is not an atom of p
such that the functions 7" and S are continuous at x; and T'(x;) < S(zg). Taking t = T'(z)
we obtain that there exists a point y < xy such that p((y,x;)) = 0 contrary to the fact that z
belongs to the topological support of .

Suppose our assertion is proved for some n > 1. Let us consider the case of R™*!. Set
v:=poT = oS-t Denote by u, and v, the projections of x and v on R™. On the last
coordinate line we fix conditional measures p, and v,, y € R". By the inductive assumption,
for any i < n we have T;(z) = S;(z) p-a.e. Indeed, the images of the measure u, under the
mappings Ty := (T1,...,T,) and Sy := (51, ...,S,) coincide (they coincide with v,). This gives
Ty = Sy pn-a.e., which is equivalent to the coincidence of these mappings p-a.e., because they
depend only on y := (x1,...,2,). Let us show now that for u,-a.e. y = (z1,...,2,), there
holds the equality T}, 41 (21, ..., Tny Tnt1) = Snt1(T1, - -+, Tn, Tngr) for py-ace. x,4q. To this end,
by the one dimensional case it suffices to verify the coincidence p,-a.e. of the measures y, o Fy_1
and 41, o G', where

Fy<t) = TnJrl(SEl, Ce ,.’L‘n,t), Gy<t) = Sn+1(x1, R ,Z‘n,t).

By hypothesis, there exists a Borel set £ C R" with p,(E) = 1 such that the mapping Ty = Sy is
Borel and injective on E. There is a Borel mapping J on R" such that J(Tp(y)) = J(So(y)) =y
for all y € E. Let us take a countable family of bounded Borel functions ¢; on R" separating
Borel measures and an analogous countable family of functions 1); on the real line. Let (; =
wioJ. Then (;(So(y)) = Gi(To(y)) = wi(y) for all y € E, i.e., p,-a.e. For all i and j, there holds
the equality

/R L Gily)s(6) v(dydr) = / Ci(So(y)) 15 (Snra(y, 1)) u(dydt)

= / i ( /R 1 b (Sn41(y: 1)) ruy<dt)>90i(y) fin(dy) = / ( s Ww;(t) ,uyOG;l(dt)>g0i(y) 1 (dy).

The same equality is fulfilled for the measures p, o F,~ Uin place of p, o G;l. Due to our choice
of the functions ¢; and ; we obtain the equality p, o G;* = i, 0 F, ' for pp-a.e. y. O

The assumption that v possesses atomless conditional measures on the coordinate lines is
essential for the uniqueness statement. Indeed, let p be Lebesgue on the square [0,1]* and
let Tl(Il) = 51($1) = 0, Tg(l‘l,l'g) = X9, SQ($1,ZL’2> = (ZL‘Q + 1)/2 if 0 S T S ]_/2, and
So(x1,m9) = (9 —1)/2if 1/2 < xy < 1. Then T and S transform p into Lebesgue measure on
the unit interval of the second coordinate line.

It is interesting to compare the canonical triangular mapping 7}, ,, transforming a probability
measure i on R” to a probability measure v with the mapping W which also takes u to v and



satisfies the equality

/ U (x) — 2[* u(dr) = inf {/ ly — x\za(d:vdy)},
n oc€M (,v) R2n

where M (u, ) is the set of all probability measures on R x R™ having x and v as the projections
to the factors. It is known (see [20], [23]) that if u is absolutely continuous and both measures
have finite second moments, then the minimum is attained at a measure o which is the image
of p under the mapping x +— (\Il(x),x) for some mapping ¥ that is the gradient of some
convex function V. In the one dimensional case ¥ is an increasing function and hence coincides
with 7),,. However, in higher dimensions this is no longer true: typical triangular mappings
are not gradients, because the derivative of a gradient is given by a symmetric matrix (such a
matrix can be triangular only if it is diagonal). It would be interesting to clarify how big is
the difference between the indicated minimum and the value given by the canonical triangular

mapping.

Theorem 2.2. Suppose a sequence of absolutely continuous probability measures v; on R"
converges in variation to a measure v and let  be a probability measure on R™ equivalent
to Lebesgue measure. Then the sequence of canonical triangular mappings T),,, converges in
measure (i to the mapping T, , .

Proof. Let n = 1. Then lim T, (t) = T,,(t) for almost every ¢, since the function F) is
j—o0
strictly increasing and lim G, (u) = G, (u) for all points u € (0,1) at which the function G,
=00

is continuous, i.e., except for an at most countable set. Indeed, let uy € (0,1) be a continuity
point of G, and sy = G, (ug). It follows by the continuity of GG, at ug that for an arbitrarily
small £ > 0 there holds the inequality

FV(SO — 8) < FI,(So) < Fy(SO +€)

Convergence of measures v; to v in variation yields uniform convergence of the functions F,, to
F,. Hence for 0 := (Fy(so +e)— uo)/Q one can find a number N; such that for every j > Ny,
there holds the inequality |F,(so + ) — F,(so +¢)| < é. Therefore,

F,(so+¢) —ug = F,(so+¢) = F,(so+¢)+ F,(so+¢) —ug > F,(s0+¢) —u—0=0>0.

J

Hence for every j > N; we have sq+¢ > inf{t: F,(t) > uo} = G, (up). Similarly, there exists
Ny such that sg—e < Gy, (ug) for all j > Ny. Thus, |G, (ug) — so| < € for all sufficiently large j.

Suppose the theorem is proven for some n > 1 and we are given probability measures v; =
f; dx convergent in variation to a measure v = fdx on R™. Tt suffices to verify that every
subsequence in {7}, } contains a further subsequence convergent p-a.e. We recall the following
fact (see Corollary 9.9.11 in [4]). Let u be a Radon probability measure on a completely regular
space X with the Borel o-algebra B, let Tj: X — X be measurable transformations convergent
p-a.e. to a transformation 7', let the measures ,uOTj_1 and poT~! be absolutely continuous with
respect to p, and let their densities f; := d(u o Tj’l) /dp be uniformly integrable. Suppose that
B-measurable functions ¢, converge in measure 1 to a function ¢. Then the functions ¢; o T}
converge in measure to @ o T. Let P, denote the projection from R**! on R™ and let pu(™, (™
and V;n) denote the projections of the measures p, v and v; on R". It is clear that the measure

™ is equivalent to Lebesgue measure. By the inductive assumption and the Riesz theorem
one can assume, passing to a subsequence, that the mappings P, o TW,J. converge ,u(”)—a.e. to
the mapping P, o T}, ,, since they are the natural extensions of the mappings ¥; := Tu(nw(n)
and ¥ := T, ) ,m), respectively, i.e., B, 0T, , = V;oP,, P,0T,, = WoP,. This is readily se]en
from the properties of canonical mappings. Since the measures v; converge in variation to the
measure v, passing to a subsequence once again, we may assume that f; — f a.e. In addition,

the densities f; are uniformly integrable. Set

P;(z) == (Vj(Poz), 2ps1), P(z) = (V(Poz), Tpt1).
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Let v; ., z € R", denote the conditional measures on the last coordinate line for the measure v;.
It follows by the above described inductive construction of the components of canonical map-
pings and the considered one dimensional case that it suffices to obtain convergence of the one
dimensional conditional measures v; g, () to the conditional measure vy, for almost all y € R™.
For every z € R" we let

0;(z) .= | fi(z,8)ds, 6(z):= . f(z,s)ds.

]Rl
The conditional measures v; . and v, are given, respectively, by the densities

9i(z,t) = fi(2,1)/0;(2), g(z,t) = f(2,1)/0(z).
Here g(z,t) = 0 if 8(z) = 0, and likewise for g;. The functions 6; converge to 6 with respect
to the norm of L'(R™), hence in measure u™. According to the aforementioned assertion
0, (\Ilj (y)) — 9(\Il(y)) in measure ™. Let us pass to an a.e. convergent subsequence. By the
same assertion the functions f; o ®; converge in measure p to f o ®. Indeed, let us consider the
measure ;' = u™ ® v, where 7 is the standard Gaussian measure on the last coordinate line.
This measure is equivalent to p, and the measures ' o CIDJ._1 = y](n)
the measure ;' o @' = (™ @ ~. Passing to a subsequence we obtain that for u(™-almost every
y, the functions g; (\Ilj(y),t) of the real argument ¢ converge a.e. to the function g(\IJ(y),t).
Since we deal with probability densities, we obtain convergence in L'(R!), i.e., convergence in
variation of the corresponding measures, which gives convergence a.e. of the last components

® y converge in variation to

of Ty, O
There holds the following change of variables formula for increasing triangular mappings.
Lemma 2.3. Let T = (T1,...,T,): R* — R™ be an increasing Borel triangular mapping.

Suppose that the functions
€T; — E(%l, e ,LCZ')
are absolutely continuous on all compact intervals for a.e. (zy,...,x;_1) € R Set by defini-

tion det DT =[], 0,,T;. Then for every Borel function ¢ that is integrable on the set T(R™),
the function @ o T'det DT is integrable over R™ and there holds the equality

/ o(y)dy = / ¢(T(x)) det DT'(z) d. (2.2)
T(R™) n

If the mapping T is defined only on a Borel set Q0 C R™ and every function T; is defined on a
Borel set in Rt whose sections by the straight lines parallel to the ith coordinate line are intervals
and the indicated condition is fulfilled for the compact intervals in those sections, then the same
assertion s true with €2 in place of R™.

Proof. For n = 1 our assertion coincides with the classic change of variables formula for abso-
lutely continuous functions. Next we apply induction on n and assume the assertion to be true
in the case of dimension n — 1. We make the function ¢ zero outside the Souslin set T'(R™). Let
S =(Ti,...,T,_1). Then for almost every y, € R, the function (y1,...,%n_1) — ©(y1, .-, Yn)
is integrable over R™~!, hence by the inductive assumption and the fact that the mapping S
on R"~! satisfies our hypotheses, we obtain

/T(Rn)so(y) dy = /R p(y) dy = /:O /Rnlso(S(z),yn) det DS(z) dz dys,

which after interchanging the limits of integration and the change of variable y,, = T,(z, x,)
for fixed z € R"! leads to (2.2) by the equality det DT = (det D.S)d,,T,,. A similar reasoning
applies to the second case mentioned in the formulation, when 7" is defined on €. 0]

Let us give a simple sufficient condition on the measures p and v ensuring the absolute
continuity of the ith component of T),, with respect to the variable x;.
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Lemma 2.4. A canonical triangular mapping T,,,, on R"™ that transforms an absolutely contin-
uous probability measure p to a probability measure v satisfies the hypothesis of the preceding
lemma if the measure v is equivalent to Lebesque measure.

Proof. It suffices to observe that in the one dimensional case the function 7},, is absolutely
continuous on the intervals, since T,,, = G, o F),, where both functions are increasing and
absolutely continuous on the intervals. The absolute continuity of F), is obvious and the absolute
continuity (on every interval) of the function G, that is inverse to the absolutely continuous
function F, follows by the fact that it is continuous, increasing and has Lusin’s property (N)
(see Exercise 5.8.48 in [4]). Property (N) follows by the condition F! > 0 a.e. (see Lemma
5.8.13 in [4]). O

If the measure v is not equivalent to Lebesgue measure, then the ith component of the
canonical triangular mapping may be discontinuous. For example, the canonical mapping of
Lebesgue measure on [0,1] to the measure v with density 2 on [0,1/4] U [3/4,1] and 0 on
(1/4,3/4) has a jump. Nevertheless, the change of variables formula proven above remains
valid without assumption on the absolute continuity made in the lemma if T is a canonical
mapping of absolutely continuous measures (certainly, not every increasing Borel triangular
mapping has this property).

Proposition 2.5. Let ;1 and v be probability measures on R"™ with densities o, and o, with
respect to Lebesque measure. Then for the canonical triangular mapping T,, = (T1,...,T,)
there holds the equality

0u(x) = 0, (Ty(x)) det DT}, (z)  for p-a.e. z, (2.3)
where det DT}, ,, := H?:l 0., T; exists almost everywhere by the monotonicity of T; in x;.

Proof. Let us consider first the one dimensional case. Then T),, = S o T, where T is the
canonical mapping of the measure p to Lebesgue measure A on (0,1), i.e., the distribution
function of the measure p, and S is the canonical mapping of the measure A to the measure v,
i.e., the inverse function to the distribution function F), of the measure v. By differentiating
the identity F,(S(y)) =y we obtain g, (S(y))5'(y) = 1 a.e. Indeed, it suffices to observe that
if Z is a Lebesgue measure zero set on which the derivative of F,, does not exist or differs
from g, then S7'(Z) has Lebesgue measure zero. This is a direct consequence of the equality
Ao S™! = v and the absolute continuity of v. Now we observe that

0y (S(T(:U)))S’ (T'(z)) =1 for p-ae. .
This is clear from the equality ;o T-! = A. In a similar manner with the help of the equality
o T~ = X\ we conclude that
T, (x) = S'(T(x))T'(z) for p-ace. .
Thus, for p-a.e. x we obtain
00 (T (2)) T}, () = 00T (2)) 8 (T(2)) T'(2) = T"(2) = gu().

Next we use induction on n and assume our assertion to be proven in dimension n — 1. We
write the points of R™ in the form (z,,), z € R"'. Set T(z) = (T1(2),...,Th-1(z)). The

projections of the measures ;1 and v on R"! are denoted by 4/ and ¢/, and their densities with
respect to Lebesgue measure on R"~! are denoted by g, and g/, respectively. We observe that

T coincides with T, ,,. By the inductive assumption one has
0w () = 0, (T(2)) det DT (z) p'-ae. (2.4)

For y/-a.e. fixed z € R"!, the function ¢ — T}, (x, t) transforms the one dimensional conditional
density o (v,) = 0u(z,7n)/ 0, (z) of the measure 1 to the conditional density

o7 @ (2,) = 0,(T(x),2)/ 00 (T(x))
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of the measure v. According to the one dimensional case we obtain

g#(x,xn) _ QV(T($)7Tn($7xn))a T (l’ T ) for Hg-a.€. Ty.

ow () o (T(x))

Together with (2.4) and the equality det DT'(x,z,) = 8,, Ty (2, 2,) det DT () this completes
the proof. 0

We emphasize once again that the partial derivative in the formulation is an almost every-
where existing usual partial derivative, not the one in the sense of distributions (which has a
singular component in the case of a function that is not absolutely continuous). This result
substantially reinforces the one proved in [2] under additional conditions on the densities of
the given measures. Let us give a sufficient condition for the continuous differentiability of a
canonical mapping.

Lemma 2.6. Suppose that probability measures p and v on R™ are given by continuous positive
densities o, and o, whose Sobolev partial derivatives up to order n + 1 are integrable over R™.
Then the canonical triangular mapping T,,, is continuously differentiable. The same is true if
in place of the integrability of partial derivatives up to order n + 1 we require the continuity
of the first order partial derivatives of the densities and the existence of nonnegative integrable
functions 0y,. .. .0, on the real line such that the functions o, 0y, |Ox,0ul, |0z, 0u] are estimated
by the function 01(xy) - -0, (x,).

Proof. First we consider the canonical mapping of the measure u to Lebesgue measure A on the
open cube (0,1)". In this case the last component T;, of the corresponding canonical mapping

has the form .
Ty 00 1
T (z,x,) = / ou(x,s)ds (/ ou(z, s) ds> ,

—0o0 —0o
where the points of R" are written as (z,z,), * € R""'. We observe that the function 9,7}, is
continuous. To this end, it suffices to make sure of the continuity of the function

G(z) == /+OO ou(, s) ds.

oo
It is easily seen that this function has Sobolev partial derivatives up to order n that are inte-
grable over R"~1, which by the Sobolev embedding theorem implies the continuity of G.
The functions 0,,T,, ¢ < n — 1, are continuous as well. Indeed, by the positivity of g, it
suffices to verify the continuity of the functions

Hi(x,x,) ::/ Oy, 0u(, 5) ds.

These functions have integrable Sobolev partial derivatives up to order n + 1, hence are con-
tinuous. Therefore, the mapping 7}, » is continuously differentiable.

In the general case, the mapping 7}, , is the composition of the mappings 7, x and T\, = T Al
The continuous differentiability of 7}, follows by the inverse mapping theorem due to the
nondegeneracy of DT, . The second assertion of the lemma is proved similarly with the help
of Lebesgue’s dominated convergence theorem. 0

3. ESTIMATES OF THE ENTROPY OF THE RADON—NIKODYM DENSITIES

If a probability measure v is given by a density f with respect to a probability measure p
and flog f € L*(u), where we set f(z)log f(z) = 0 whenever f(z) = 0, then we let

Ent,(f) := /flogfdu.
The Fredholm—Carleman determinant dety A of a matrix A is defined by the equality
det A = exp(Tr(I — A)) det 4,
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where I is the unit matrix and Tr is the matrix trace. Let D and D? denote the first and second
derivatives. For a positive function 1 on R™ from the class C? and two vectors v, v, € R", we
introduce the operator

A[@Z),Uhﬂg} = /0 sD? [— log zﬂ ((1 —s)v; + 31}2) ds.

Theorem 3.1. Suppose that we are given a probability measure p = exp(—®)dzr on R"™ and
two injective locally Lipschitzian mappings Ty and T, with uon’l = f-pand /Lng_l =qg-pu=
exp(—0) dx such that ®,0 € C*(R"), f > 0 a.e. and flog(f/g) € L*(u). Let T, have a locally
Lipschitzian inverse Tg_l, let T = (Th,...,T,,) ==Tyo Tg_l, and let det DT > 0 a.e. Suppose
that the functions

(DTy(x)(DT,(x)) e e:), (3.1)
log det [DTf(x)(DTg(x))_l], (3.2)
0, 0(2)(Ti(x) — 2;) g(x) (3.3)

are p-integrable, or, which is equivalent, the functions
0, T, logdet DT, 9,,0(x)(T;(z) — z;)
are g - p-integrable. Then there holds the equality

Ent,., (5) (3.4)

= /H<A[e‘®, Ty To) (T = Ty), Ty = Ty) dpr = / log deta [DTy(DT,)™ | du

n

— /n{<1\[e—@7 T(x), x} (T(x) — x),T(a:) — ZE> — log dethT(x)}g(x) p(dz).

In particular, this is true if Ty = T, ., and T, = T, 4., are canonical triangular mappings
satisfying the indicated integrability conditions. In addition, in this case one has the inequality
log deto DT (DT,)~! < 0.

Proof. The set T¢(R™) is Borel measurable by the injectivity of T, and its complement has
measure zero by the equivalence of the measure f - u and Lebesgue measure. Let S, := Tgfl.
The mapping 7' is locally Lipschitzian as well. By the differentiation of composition formula
one has

1
DT (z) = DTy(Sy(x))DSy(x) = DT} (S,(z)) [DT,(S,(z))] a.e.
By the change of variables formula for locally Lipschitzian mappings, for every Lebesgue in-
tegrable function ¢ on R”, the function ¢ o T'det DT is also integrable and there holds the
equality

/ ) (T (x)) det DT (z) do = / e(y) dy.

n

Hence for every bounded Borel function 1 on R, on the account of the equality f-u = (g-u)oT "
we obtain

[ w@) £(T@) exp[~0(T(@)] det DT () da = [ () 10) expl=0(0)]dy
— [ (T@) g i) dr

Since the mapping T is injective, we arrive at the equality
f(T(x)) exp[—®(T'(z))] det DT(z) = g(x) exp[—P(z)] = exp[-O(x)] a.e. (3.5)
By taking the logarithm we obtain
log f(T(x)) — ®(T(x)) +logdet DT (z) = —O(z) a.e. (3.6)
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Adding (¢ — log g)(T'(z)) = ©(T'(z)) on both sides we obtain
log f(T(z)) —logg(T(z)) = O(T(z)) — O(x) — logdet DT (x) a.e.

Let us apply the identity
U(a) — ¥(b) = (VU(b),a—b)+ /01 s(D*¥((b—a)s+a)(b—a),b—a)ds (3.7)
to U = O and a = T'(x), b= y. We obtain almost everywhere
log f(T(z)) —logg(T(z)) = (VO(z),T(z) — z)
+ /01 s(D*O(sz+ (1 — 8)T(x))(z — T(z)),z — T(z)) ds — logdet DT'(z). (3.8)

Note that the left-hand side of equality (3.8) is integrable with respect to the measure g - p
by the integrability of the function flog(f/g) with respect to the measure 1 and the equality
(g-p)oT™ = f-p. Hence

/ o T T@) f(z)
og

n g(T(x)) g(x)

The first and third summands on the right in (3.8) are integrable with respect to the measure

g - p by hypothesis. Hence the second summand on the right in (3.8) is also integrable with
respect to g - p. Integrating (3.8) against the measure g - u, we arrive at the equality

9(@) p(dx) = . f(x)log —— u(dx).

[ o f; gﬁ;g @) nlde) = | (VO(x).T(x) ~ 2)(x) p(da (3.9)

+ / [/01 S(D*O(sz + (1= 5)T(2) (¢ = T(x)), — T(x)) ds| g(x) pu(d)
B /n log det{DTf (Sg(x)) [DTQ (Sg(x))] _1}9(36) p(dx).

Since (g - p) o Sg_l = u, the last integral on the right-hand side is written as

/ logdet DTy(x) (DTy()) " pldz).

We observe that —VO is the logarithmic gradient of the function ¢ := exp(—0), i.e., —VO =

O, . :
Vo/o. By hypothesis, the functions ﬂ(ﬂ(m) —x;) and 0,,T; are integrable with respect
o(x

to the measure odx = g - u, because the integrability of the functions
-1
0,,T,(x) = (DT (x)e;, e;) = <DTf(sg(x)) (DT, (S,(2))] ei,ei>

with respect to the measure g - p follows, in view of the equality (g - u) o Sg_l = u, by the

integrability of the functions <DTf(x)(DTg(x))_1ei, ei> with respect to the measure p. Thus,
by means of the integration by parts formula the first integral on the right-hand side in (3.9)

is transformed to
n

I»>

" =1

Oy, (Ti(x) — @) g() p(dw) = /Rn Z&giTi(:p) g(z) pldz) — n
= [ {01 (D8,@) s es) tdo) ~

=1
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The justification of integration by parts under our assumptions follows by [3, Theorem 5.1.2].
By using the equality x = T}, (Sg (:)3)) and changing variables once again we arrive at the identity

Rnfl()ggdﬂ_ Rn<A[€7@?Tf7Tg} (Tf_Tg)7Tf _T9> dp
+/ (Tr [DTf( )(DTg(x))_l} —n — logdet [DTf(x)(DTg(x))_lb p(dr).
/ (Ale” O Ty, T, o) (T = Ty), Ty — Ty) dpu — /Rn log dety [DTf(x) (DT9($))_1] dp.

In the case where T and T} are canonical triangular mappings, the matrices DTy and DT, are
lower-triangular and their diagonal elements are positive. The matrix DTy(DT,)~! possesses
these two properties as well. It remains to observe that if A is a triangular matrix with numbers
a; > 0 at the diagonal, then 0 < deto A < 1, since a; exp(l — a;) < 1. O

In the case where T, (z) = z and g = 1 we arrive at the following assertion.

Corollary 3.2. Suppose we are given probability measures p = exp(—®)dx and f - p on R",
where ® € C*(R™) and f >0 a.e. Let T = (T4,...,T,) be a locally Lipschitzian mapping such
that o Tt = f - and det DT > 0 a.e. Suppose that the functions

flng, < (‘T)eiyei>7 logdetDT@j)u &m‘b(x)(ﬂ(x) _xi)

are integrable with respect to the measure . Then one has

Ent,(f) = [ (Ale™® T(z),z](T(z) —2),T(z) — z) p(dx) — /n log deto DT dp.

Rn
In particular, this is true if T 1s a canonical triangular mapping satisfying the indicated inte-
grability conditions. In addition, in this case one has the inequality log deto DT < 0.

Remark 3.3. It is obvious from the proof of the theorem that the regularity conditions on
the functions ®,© and mappings Ty and T, can be relaxed as follows: it suffices to have the
inclusions T}, g € W2 (R™), ®,0 € W,» 2(R”) and the validity of formula (3.5). This concerns
also the corollary. Moreover, the same reasoning leads to the following general result.

Theorem 3.4. Let measures p = exp(—®) dx, f-p and g-u = exp(—0) dx satisfy the hypotheses
of the preceding theorem and let Borel mappings Ty and T, on R™ be such that po Tf_1 = f-u,
,ungfl = g-p. Suppose that there exist a Borel mapping T = (T4, ...,T,) on R" and an almost
everywhere positive measurable function Jp such that Ty =T o T, and almost everywhere there
holds the equality

F(T(2)) exp[~®(T(x))] Jr(z) = g(x) exp[~P(x)] = exp[-O(z)]. (3.10)

In addition, suppose that the functions x; — Ti(x1,...,Ti_1,Ti Tiz1,...,T,) are absolutely
continuous on all intervals for almost all (xy,...,x;_1,%ir1,...,%,), and one has

§IOg§’ 0 T3, log Jr, 05,0(z)(T;(x) — z;) € L' (g - p). (3.11)

Then there holds the equality
Iy e . T(z),z x)—w xr)—x
puty, (1) - /,W T(x),a] (T(x) — 2).T(z) - )
+ /n [divT(z) — n — log Jr(z)] g(x) p(dz),

where divT (x Z Oy, Ti(x

In particular, this equality holds true if f > 0 a.e., Ty and T, are canonical triangular
mappings and condition (3.11) is fulfilled.
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Remark 3.5. The conditions imposed on the mappings Ty and 7T, and the measures f - p
and ¢ - ;o are not independent; however, in the stated form they are more convenient for the
subsequent applications. In the case where g = 1 and T, = I, the following condition on
the mapping 7' is sufficient for the validity of formula (3.5): Ty belongs to the Sobolev class
WL (R R™), is invertible, has Lusin’s property (N), and det DT(x) > 0 a.e. (see [13]). For

example, if T € WP ’1(R”, R™), where p > n, then it suffices that the continuous version of T}

loc

be invertible and det DT'(z) > 0 a.e.

Remark 3.6. (i) All the integrability conditions imposed in Theorem 3.1 are fulfilled if the
mappings Ty and T} coincide with the identity mapping outside some compact set.

(ii) The integrability conditions on the functions (3.1)—(3.3) are fulfilled if we are given the
integrability of the function |VO|g with respect to the measure 1 and the function Ty (z) — xy
for every k = 1,...,n has the form 0y (x,...,z;), where the function 6, on R* has compact

support. Indeed, in this case the functions 0,,T;, logdet DT = > log 0,,T; and T;(x) — z; = 6;

=1
are bounded, since the functions ; and 0,,0; are bounded and the function 0,,7; = 1+ 0,,6; is
separated from zero due to the fact that it does not vanish and equals 1 at all points z whose
projections on R*¥ do not belong to some compact set.
(iii) In the case where Ty(z) =z, g = 1 and F(x) := Ty(x) — z, a sufficient condition for the
integrability of the functions (3.1)—(3.3) is u-integrability of the function

VO ()| F ()] + | DTy ()| + [log det DT} ()|.
For example, this condition is fulfilled if the measure i has all moments, there holds the estimate
IDTy ()| + IVO(2)| < e1+ cala]",
and the function det DT(x) is separated from zero.
Remark 3.7. If the function |T'(x) — z|g(x) is integrable with respect to p, which is equivalent
to p-integrability of the function |T¢(z) — T,(z)|, then in place of the u-integrability of every
function <DTf(x)(DTg(x))_lei, e;) in (3.1) it suffices to have p-integrability of their sum that
equals Tr [DTf(x) (DTg(x))_l}. In other words, in place of g - p-integrability of the functions

0., T; it suffices to require the integrability of their sum div7". To this end, in the justification
of the equality

/n<VQ(a;), T(x) —z)yde = — /Rn divT'(z) o(x) dx +n

with o = exp(—0) in place of p, we substitute (o, where ¢ € C§°(R"). We obtain
[ (@00 Tw) = 2o + [(96(0). T(w) — a)oo) da
_ / divT () C(2)o(@)de +n | C(x)o(x) dz.
n Rn

Now it remains to take a sequence of functions ¢ € Cy(R"™) such that 0 < (, < 1, (x(z) =1
if |z| < k and |V((z)] < M < oo for some constant M independent of k. Here the second
integral on the left-hand side approaches zero by Lebesgue’s dominated convergence theorem.

For n = 1 and g = 1 the established equality (naturally, without traces and determinants)
is present in the reasoning in [21], and in [9] a close argumentation with the use of Taylor’s
formula is employed in the derivation of an inequality for some optimal mappings. In the
multidimensional case an equality of such a type in a more special situation was obtained first
in [16]. The exact equality found by us may be a source of diverse functional inequalities, which
will be demonstrated below.

Let us give a modification of Theorem 3.1 imposing somewhat different conditions. Suppose
that as above we are given three probability measures p = exp(—®)dzx, g - p = exp(—0)dz
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and f - p on R" and mappings T, T,: R" — R" transforming the measure y to g-p and f - p,
respectively. Suppose that there exists a Borel mapping 7' = (11, ..., T},,) such that Ty = T'oT,.

Theorem 3.8. (i) Let T € WL (R*,R") and let formula (3.5) be wvalid. Suppose that the
measures f - and g - p have finite second moments, |VO| € L2 (g - u) and that the quantity

Ent,., <§> is finite. Let det DT > 0 and D*© > C - I, C € R. Assume that there exists a
function w € Ll(g - ) such that —logdety DT > w. Then

/<A Ty, T, ](Tf—Tg),Tf—Tg>du—/ log dety DT g dps.

(i) Let T be a canomcal triangular mapping. Then for the validity of the foregoing equality,
in which by definition we set

det, DT := [ [ exp(1 — 0,,T1)0,,T;,
i=1
it suffices to have only the following conditions: f > 0 a.e., the measures f - and g - j1 possess
finite second moments, |VO| € L% (g- ), (f/g9)log(f/g) € L*(g- p) and D*© > C - I, where
CeR.

Proof. (i) Since logdet DT can be expressed via the logarithm of the Fredholm-Carleman de-
terminant of the matrix DT by means of the equality

logdet DT = log deto DT — Tr(I — DT),

as in the proof of the preceding theorem, we obtain the formula
log f(T(z)) —logg(T'(z)) — (VO(x),T(x) — x) + Tr(DT(z) — I)

= /0 3<D2@(3x +(1=9)T(2))(z —T(x)),z — T(m)> ds — log deto DT ().

We observe that the functions standing on the left-hand side are locally integrable with respect
to the measure g - u. Indeed, the integrability of the function log f (T(x)) —log g(T (x)) follows
by the change of variables formula from the integrability of the function f log 5 with respect to
the measure p. Let F(z) := T'(z) — x. The existence of finite second moments of the measures
f+pand g-pu means p-integrability of the functions z2%g and |T'|?g, since (g-u) o T™1 = f - .
Thus, |F| € L*(g - p). Taking into account that VO € L2 (g - ), Holder’s inequality gives the
local g-p-integrability of the functions (VO, F'). Let us fix a nonnegative function ¢ € C3°(R™).
Integrating the indicated formula with respect to the measure ¢g - i, we obtain

/n log gg;sogdu—/H<V@,F>¢gdu+/nTr(DF)wgdu

-1/ (D0 + (1 - () (F@), F @) 5] ealgto) ()

—/ log deto DT'wg dys.

The splitting of the integral on the right-hand side in the sum of the two integrals is possible,
because both integrands are estimated from below by integrable functions. Integrating by parts,
we obtain

/n log i;g;wgdu - /RH<V90,F>gdu

-1/ (D0 + (1 - )P (F@), F@) 5] ealgto) (e

—/ log deto DT'wg dys.
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Let us take a sequence of functions ¢; € C3°(R") with 0 < ¢; < 1 and uniformly bounded
gradients such that ¢;(z) = 1 whenever |z| < j. By using that

(D% + (1= 5)F(@) (F(@)), Fla)) > C|F ()]

and — log dety DT > w, where the functions |F|*g and wg are integrable with respect to u, we
conclude by Fatou’s theorem that the functions logdety DT and

/01 S<D2@(x + (1= s)F(z))(F(x)), F(x)> ds

are integrable with respect to the measure g - and that in the last equality one can set ¢ = 1.
After a change of variables this gives

/ 1og§fdu: : (N[e ®, Ty, T,)(Ty — T,). Ty — T,) dp

—/ log deto DT'g dpu.

Assertion (i) is proven. Assertion (ii) is readily seen from the above reasoning, since formula
(3.5) is valid according to what has been proven above, det DT > 0, deto DT < 1, and the
functions x; — T;(x1,...,x; 1, ;) are absolutely continuous on all intervals. O

We shall say that a probability measure 1 on R™ with a twice differentiable density exp(—®)
is uniformly convex with constant C' > 0 if

D*d(z) > C - 1.

Corollary 3.9. Suppose that the measure g - ju in Theorem 3.8 is uniformly convex with con-
stant C'. Then for the canonical triangular mappings Ty and T, we have

Entg.u(@ > %/RJTf(iL') — Tg(x)fu(dx).

Proof. By the estimate D?© > C'- I we obtain

</01 SDQG((l — )Ty + sTg)(v)jv> ds > %Mg

for every vector v. O

Corollary 3.10. Suppose that a probability measure p on the space R"™ is uniformly convex
with constant C' (for example, let v be the standard Gaussian measure). Let v be an absolutely
continuous probability measure on R™ such that letting f = dv/du we have flog f € L*(u).
Then for the canonical triangular mapping T, , we have

[t~ Tt wtae) < 2 [ ey tom 0) ) (3.12)

In the case of the standard Gaussian measure one has C' = 1.

Proof. Let us find a sequence of smooth functions f; convergent a.e. to f such that the measures
v; := f; - p are probabilistic, f; = 1 outside of some cube K, and the quantities Ent,(f;)
converge to Ent,(f). To this end, we find first a positive convex function ¢ on R such that
the function 6(|flog f|) is integrable with respect to p. It is readily verified that there exists
a sequence of nonnegative smooth functions f; convergent a.e. to f such that f; = 1 outside

of some cube K; / fjdp =1, and the quantities / (|fjlog f;|) dp are uniformly bounded.

By the uniform integrability of the functions f;log f; their integrals converge to the integral
of flog f. It follows by the definition of uniform convexity that the measure u is equivalent
to Lebesgue measure. By construction we have convergence of the probability densities f; in
L(u), i.e., convergence in variation of the measures v;. Then by Theorem 2.2 the sequence of
the canonical triangular mappings 7, converges in measure y to the mapping 7, ,. Suppose
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that for the mappings 7),,, estimate (3.12) is known. Then by Fatou’s theorem it holds also
for T}, ,,. Thus, our assertion reduces to the case where the function f is smooth and coincides
with 1 outside of some cube. Set T' := T, ,. By convexity the measure ;1 has finite second
moment. Hence the measure f - i has finite second moment too, which gives u-integrability of
the function |T'|>. The function |[VO] is locally bounded by the convexity of ©. Thus, assertion
(ii) of the preceding theorem applies. O

4. SOME APPLICATIONS OF TRIANGULAR TRANSFORMATIONS

Here we discuss applications of the above results to measures on the countable product of
real lines and to generalized logarithmic Sobolev inequalities.

Theorem 4.1. Let p be the product of countably many copies of a probability measure o on the
real line that is uniformly convex with constant C' (for example, is a nondegenerate Gaussian
measure) considered on the space R* of all real sequences and let v be a Borel probability
measure on R* that is absolutely continuous with respect to . Then there exists a Borel
triangular mapping T: R® — R such that T(z) = x + F(x), where F: R® — [* and
v =poT . If, in addition, letting f := dv/du, we have flog f € L'(u), then

[ 1F@ntdn) < & [ f)1og fla) uta). (@)

Proof. Suppose first that flog f € L'(u). Denote by v, the projection of v on the space R™. Tt
is clear that v, = f, - fin, where p,, is the product of n copies of the measure o and f,, € L' (u,,).
Indeed, for every Borel set A in R™ we have

() = [ afutde) = [ LS tin) = [ B fpaldn) = [ fopa(an),

where Efn f is the conditional expectation of f with respect to the o-algebra B, generated

by the first n coordinate functions. Thus, f, = Eff" f. Since the function xlogx is convex,
Jensen’s inequality for conditional expectations yields the uniform boundedness of the integrals

/ fnlog fn dp,. Let us take the canonical triangular mapping T, = (T)},...,T") on R™ trans-

forming yu,, to v,. By the uniqueness of canonical mappings T, coincides with (T, ,...,Tr,),
i.e., T8 = T* whenever n,m > k. Hence we obtain the functions T' = T}, T? = T2,...,
Tr =17, .., defining a Borel triangular mapping 7". For every cylindrical Borel set B with a
base B,, in R™ we have

1o T (B) = o (1, (B.)) = malBa) = v(B).

Therefore, o T~ = v. The uniform boundedness of the integrals of |z — T}, (z)|* against the
measure . (which follows by Corollary 3.9) and Fatou’s theorem yield that F'(z) := T(z)—z € [?
for p-a.e. x and estimate (4.1) holds true. We redefine F' by zero on the Borel set F'~1(R>\[?)
of zero p-measure.

In the general case we consider a partition of R* into disjoint sets E,, of positive y-measure
on each of which the function f is bounded. To this end, we choose all sets of nonzero pu-
measure among the sets {k < f < k + 1}. Let us partition the real line into intervals D,, with
u1(Dy) = v(E,). The measure Ip, - 1 can be transformed by means of an increasing mapping
U, on the interval to the measure v(FE, )u;. Let us represent p in the form p = py@u/, where p1/ is
the product of countably many copies of o corresponding to the coordinates xs, x3, . ... Then the
mapping z — (W, (z1), 22, 23, .. .) transforms the measure (Ip, - p11) @ pi’ to v(E,)p. According
to what has been proven above, there exists a triangular mapping A, with A,(z) —z € [?

transforming the measure v(E,)u to the measure Ig, - v. Therefore, we obtain a triangular

mapping 7" that transforms the measure = > (Ip, - p1) @ ¢’ to the measure > Ip, v = v.

| 2

n=1 n=1
On D,, x R! x R! x --. the mapping T equals the composition of ¥,, and A,,. Since ¥,, has the
aforementioned form, we obtain x — T'(z) € I°. O



18

Corollary 4.2. Let v be a centered Radon Gaussian measure on a locally convex space X, let H
be the Cameron—Martin space of the measure vy, let {e,} be an orthogonal basis in H, and let é,,
be the corresponding measurable linear functionals (see [3, Ch. 2]). Then for every probability
measure v that is absolutely continuous with respect to the measure vy, there exists a Borel
mapping T: X — X of the form T(z) = x + F(x), where F: X — H, such that v =y o T}
and T is triangular with respect to {e,}, i.e., €&, o T is a Borel function of €y, ..., €é,. In other
words, (F(z), en)H = ¢ (&(2),...,e.(x)), where ¢, is a Borel function on R™. Finally, if for
f = dv/dy we have flog f € L'(v), then

/ F (@) 7(de) < 2 / F(2) log f(z) 7(dx).

The established result means that every probability measure that is absolutely continuous
with respect to v is representable in the sense of Definition 2.7.1 in [22]. It remains unclear
whether one can transform ~ to any absolutely continuous probability measure v by an increas-
ing triangular mapping or by a monotone mapping of the type considered in [11] if we do not
impose additional conditions on f.

The method employed above is applicable to proving some generalizations of the logarithmic
Sobolev inequality (cf. [9], [19]).

Proposition 4.3. Suppose we are given three probability measures pu = exp(—®)dz, f - p and
g onR™, where f >0, g >0, ® is a function from the class C* on R"™, and flog f, glogg €
L*(p). Assume also that we are given canonical triangular locally Lipschitzian mappings T}
and T,, where Ty has a locally Lipschitzian inverse mapping Tg_l, such that po Tf_1 = f-p and
J7Re T;l =g-p. Let T = (Th,...,T,) :=Tyo Tg’l. Suppose that the functions

0y, T3, logdet DT, 0, ®(x)(Ti(z) — x;), Ou,9(x)(Ti(z) — z;)

are g - p-integrable. Then there holds the inequality

1
/ (flog f—glogg)du> | (Vg(Ty), Ty — Ty)—= du
n R™ Q(Tg)
| (M ® Ty, T,|(Ty — T,), Ty — Ty) dp.
In particular, in the case f =1 we have T = Tg_1 and

[ tosgdn <= [ (o) T(@) - a) ulao (42)

- /n<A[6_¢’,T(x), 2)(T(z) — z), T(z) — z) g(x)pu(dz).

Proof. Let T := T} o Tgfl. Since the mappings Tt and T are canonical, one has det DT > 0. In
addition, it follows by the definition of T' that f -y = (g - pu) o T~'. Therefore, equality (3.6) is
fulfilled for 7. Adding and subtracting (V®(z), T(z) — x) on the right-hand side of (3.6) and
integrating the obtained formula with respect to the measure g - 4 we obtain the relationship

Flog f = glogd = [ (V&(x),T(x) - a)g(a) n(d)

+ /R ) [@(T(a:)) — () — (Vd(x), T(x) — xﬂg(a;) p(dz) — /R logdet DT (x)g() p(dx).

Let us transform the first integral on the right in the following way:

/n<V<I>(x), T(z) — x)g(z) p(dz) = —/ <g(:p)Ve_¢(“’), T(z) — ) dz

n

= /n<V(g(a:)e‘I’(x)),T(x) — x> dr + /n<6¢(x)Vg(x),T(x) — z) dz.
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Integrating by parts, which is possible under the imposed conditions according to [3, Theo-
rem 5.1.2], we arrive at the equality

_ /H<V(g($)e_q’(”)),T(x) — w> dr = /n(TrDT —n)gdu.

By using identity (3.7) with a = () and b = z, we obtain
/ ) [‘P(T(x)) — &(2) — (VO(2),T(x) — @} () p(dz)
_ / Uol (D (52 + (1= 5)T(2)) (2 = T(w), = — T()) ds} o(2) pldz)
= [ (M (@) (T(a) = ), T(@) - )g(a) n(d)

= RH<A[6_¢>TJ‘7T9] (Tf - Tg)an - Tg> dp.

By using the established equalities, after a change of variables we arrive at the final relationship

/n(flogf —glogg)dp = /n<Vg(Tg),Tf - Tg>ﬁ dy

g

+/H<A[e‘P,Tf,Tg](Tf—Tg),Tf—Tg>dﬂ+/ (TtDT — n — log det DT)g dp.

n

As shown above,

/ (TtDT — n — log det DT)g dp = — / log dets [DTf(DTg)-l] dp.

n

Since for the triangular canonical mappings one has 0 < dets [DTf(DTg)_l} < 1, the integral
on the left-hand side of this equality is nonnegative. The proposition is proven. 0

Theorem 4.4. Let ;1 be a probability measure on R™ with a density of the form e~%, where ®
s a smooth convex function with a nondegenerate second derivative. Let 1) be a smooth positive
function such that ¥ - i is a probability measure, and let T be the canonical triangular mapping
transforming 1* - 11 to . Then one has

Ent, (¢?) < / (Afe ™. T(w).a] " (Vo(e). Vila) ) ). (4.3)
Proof. Let g := 1?. Applying inequality (4.2), we obtain
/ngloggdu < —/RHWWLT(@ — x) p(dz)
~ [ (Al 7). 5)(T(@) - 1), T(w) = )g(a) )

:_/n

+7 /n<A[€¢’ T,z (Vg(x)), Z?S’) > u(dz)
1

<5 [ (M T, ol (Tata), 15D i)

Returning to ¢ we arrive at estimate (4.3). O

n

A T(w). o] 2(T(@) - ) + LAl T(a). a2 (Y4 o) p(an)

Corollary 4.5. Let 4 = exp [—V(Z?:l pz(xl))} be a probability measure on R™, where V' and p;
are smooth even convez functions on the real line, p; > 0, and V', p; and p! are increasing on the
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half-line. Let 1) be a smooth function on R™ that is invariant with respect to all transformations
of the form (xy,--- ,x,) — (£xq, -, £x,), and let /1[)2 dp=1. Then

Eut, (v7) < | (AV6,70) d

1 n _1

where A(x) is the diagonal matriz with the numbers [/ SV’(Zpi(sxi))p’k’(sxk) ds} L k=
0 i=1

1,...,n, at the diagonal.

Proof. Let us consider the probability measure ¥? - u and let ® = V(Z?Zl pz(x,)> We observe

that
aiax] B V”<Zp’“ i) )sz gﬁj * V/<Zpk’ k) ) (1)1

It is clear that
D*® > V'Y pilw))diag{pi (1), . pl(za)}.

i=1
The invariance of ¢ with respect to the transformations of the indicated form yields that the
triangular mapping T = (71 (21), To(x1,22), ..., Tp(21, ..., 2,)) that transforms the measure
Y- u to the measure u has the following property: Tj(z1, -+ , 21, —x;) = —Ti(21, ..., x;1,7;).

Since the functions p; and p! increase on the half-line, we obtain
pi((L— $)T(@) + s2) > pulszs), P (1 — $)Ti(a) + s2) > pl(s2).

2% n
Thus, %@@ (1=9)T(z)+sz) >V’ <; pi(sxi)>p;’(sxi)(5ij. Since A(x) is the diagonal matrix

1 n 1
with the numbers [/ 5V’<Z pi(sxi)>p/k’(sxk) ds] at the diagonal, one has
0 Py

/ SDQ[ <sz Z; )} (1= )T (x) + sz) ds > A(z) ™!

—1
Therefore, A [exp(—V(Z?zl pl(xz))> ,T(x), x} < A(z), and our assertion follows by the pre-
ceding theorem. 0

Some other results close to this work are obtained in [5], [6], where the infinite dimensional
case is considered, in particular, transformations of uniformly convex and Gaussian measures
on infinite dimensional spaces, and in [17], where gradient type mappings are studied.
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