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Abstract

For Wiener spaces conditional expectations and L2-martingales
w.r.t. the natural filtration have a natural representation in terms
of chaos expansion. In this note an extension to larger classes of pro-
cesses is discussed. In particular, it is pointed out that orthogonality
of the chaos expansion is not required.

Recently, the martingale property and conditional expectations w.r.t. the

natural filtration of Brownian motion for (generalized) processes have been
studied by [Hid80], [BP96], [DPV97], and [GKS99] in the context of white
noise analysis. For regular processes these characterizations are an immedi-
ate consequence of the chaos expansion w.r.t. multiple stochastic integrals.
They have turned out to be useful for the study of local times, see [dFDS00]
and the study of a generalized Clark-Ocone formula [AQPUO00], [dFOS00],
and [NSO01]. This has motivated us to consider these features for a more gen-
eral class of processes and more general systems of functions than multiple

stochastic integrals.
We shall work throughout with the space D'(R) of generalized functions

as our sample space; recall the Gelfand triple D(R) C L*(R,dt) C D'(R).
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One equips D'(R) with the weak o-algebra F(D'(R)), i.e. the o-algebra
generated by the mappings w — (w, ¢) for ¢ € D(R). A probability measure
P on (D'(R), F(D'(R))) gives rise to a generalized coordinate process ® by
®:D[R) xD'(R) — R (1)

(p0) = ()
Example 1 Let (D'(R), F(D'(R)), P) be a generalized random process, with

independent values at every point, more explicitly we assume that the char-
acteristic function

Cp(p) = / '@ P(dw)
'(R)

fulfills the Lévy-Khinchin representation, i.e.

in(Crlo) =i [ ploh(ds) — 5 [ Pspalds)

R R
-I—/ / [6i’\”(s) —1—iXp(s)] v3(dA, ds),
R J|A[>0

where vy is a signed, vy 1S a non-negative Radon-measures on R, and vs, the
Lévy-measure, is a non-negative Radon-measure on (R\ {0}) x R such that
for some € > 0

v(ds) := vy(ds) + / N us(d, ds) + / ePus(d), ds) (2)
0<|A<1 1<

is a Radon-measure. In particular, for functions @1, ps € D(R) with p1-ps =
0 one has that Cp(p1 - p2) = Cp(p1)Cp(ps). Without loss of generality we
consider v, = 0.

Example 2 Let (2, F(Q2),Q) be an arbitrary probability space and (M;);cr+
a cadlag L?-martingale on this space. For Q-a.e. w € € one can define a
generalized function

DR) — R
oo = [ P OM) s = pOM(w) + [ p(s)dM (o)
0 0
where dM, denotes the Ité integral. The image measure of Q on (D'(R), F(D'(R)))

given by this mapping we denote by P. Without loss of generality we assume
MO - O



Condition (R) Assume that there exists a locally convex vector space E
such that D(R) is a dense subspace of E and

P [{w, )|* P(dw)
D(®)

15 continuous in E. More specially, we assume that there exists a Radon
measure o such that N,>1LP(R, o) is a subspace of E.

E does not necessarily fit into the chain D(R) C L*(R,dr) C D'(R).
Because of Condition (R) one can extend (1) in L? (D'(R), P)-sense, i.e. for
every sequence (¢n)neny in D(R) which converges to ¢ € E the sequence
((-,¢n)) ey converges in L* (D'(R), P) to the same function, which we denote
by (-, ¢). Denote by E¢ the complexification of E and define for p;+ips € Ec
the functional (-, 1 +ips) = (-, 1) + i (-, p9). For M C E define the o-
algebra Fyy C F(D'(R)) as the o-algebra generated by the functions w —
(w, ) for ¢ € M. Note that for the E-closure M of M it is Frz = Fu.
Denote for any interval I C R by F; the o-algebra generated by the subspace
of all bounded measurable functions which are 0 outside of I.

Example 1 In this case the second moment is just

[ el paw)
D/(R)

= [+ [ £ /|| N2 vy (d, ds)
< ¢ / *(s)v(ds)

for a constant ¢ > 0. In this case we define E as the projective limit space
Ny>1LP(R,v). The process t +— (-, jy) has a cadlag version which is a
semi-martingale and a strong Markov process, see e.g. [Pro90].

Example 2 In this case one may choose a measure o closely related to the
Féllmer-Doleans measure, the quadratic variation [-,-|, and the compensator
(-, ) respectively, see e.g. [WW90] and [Pro90],

[ eolF P = g0 ] [~ oapm,



- [ [ a0
— /R F2(5)0(ds).

For E we consider L*(R, o). Note that for 0 < T, <-, ]1(_OO7T]> and My have
the same distribution and for all ¢ € E it holds P-a.s. that

() = <'730]1[0700)>‘

Different o-algebras generated by the martingale itself can be expressed in the
following way: let Ty < Ty

JTD((TLT2)) =0 (Mt — Ms| t, s € (Tl,TQ)) =0 (Mt — Ms‘ t,S € [Tl,TQ)) .
Furthermore, Fp((—comy)) = 0 (M|t <T3)) .

Denote by Eg” the n-th symmetric algebraic tensor product of £ and
by Exp,, (Ec) the space of all sequences ¢ := (¢n)nen, with ¢, € Eg" for
which only finite many ¢,, are unequal to 0.

Condition (C) There exist linear mappings P, : E(?” — L*(D'(R), P) such

that the set
{Pn((:pn)

is a total subset of L*(D'(R), P).

n €N, goneEg”}

One can define a linear mapping

I :Exp,, (Ec) — L*(D'(R),P)

(n)nzy — an<90n)-

using the fact that the sum is actually finite. The image 1 (Expalg (E(c)) we
denote by P(D'(R)) and hence we obtain a triple P(D’'(R)) C L*(D'(R), P) C
Pp(D'(R)). By EE@"' we denote the space of all linear forms on Eg”, rather
than we try to interpret the elements as distributions. This is due to the fact

that Ec is not necessarily a subspace of L?(R,dz). For ¢, € Eg"’ we can



construct a distribution @ (¢n) € Pp(D'(R)) by the following definition: for
all m € N and all ,, € EZ™

(@n(Pn), Pm(gpm»L?(D’(R),P) 1= Opm n(Pn)-

Therefore, for any distribution ® € P,(D'(R)) there exists a unique sequence
(¢n)n6N0 with an € Egm such that

O =" Quldn).
n=0
Explicitly, ¢, is determined by the equation

Dn(ion) = (@, Pn(SDn»L?(D/(R),P)? o € EE".

So we can write any F € L*(D'(R),P) as F = Y 7 Qn(¢n) for unique
¢n E E®n/,n E NO.

Example 1 A natural class of polynomials for the Lévy-Khinchin processes
are given by the so-called generalized Appell-polynomials of non-Gaussian
analysis, see [ADKS96], [KSWY98], [KSS97]. According to assumption (2)
the Fourier transform of P is holomorphic in a neighborhood of 0. Then one
can construct the polynomials via the following generating functional

pilwa(e))

/
Ep e ¢ € D(R),w € D'(R),

eOé,P((Pa w) :

where o : C — C is a function which is holomorphic and invertible around
zero with a(0) = 0. As eq p(-,w) is also a holomorphic function near 0 the
polynomials are defined by the Taylor expansion

o0

2"
€a,P 2307 F-Pn

n=0

Condition (C) holds, because by a direct calculation one sees that || P (9" )|l p2pr () p)
can be expressed as a polynomial of the terms: n,m € N

/]R lo(s)Pra(ds) and /R ) p(s)” /M AT ds)
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Hence this norm is continuous in E' = Ny>1 LP(R,v). In certain cases one can
choose o in such a way that these polynomials are orthogonal, see for example
[KS597]. In [NS00] the authors construct a complete system of orthogonal
polynomials for Lévy-processes using powers of the jump parts. Using the
Lévy decomposition (a Lévy process can be written as a mizture of a Brownian
motion and Poisson processes) one can construct another chaotic orthogonal
decomposition of L* (D'(R), P), for details see [1t656] and [Der90).

Example 2 For ¢ € D(R) define iteratively the multiple Ité-integrals
t
h(evt)i= [ ols)du,
0
t
Lo )= [ 06 I 1 (o,9)
0

where I, (p,t) = limgy I,,—1(p, s). If the compensator (M) is deterministic
then also I,, is a L*-martingale and

n

B (100 = Gy ([ olopptsiot@n) @)

see [Mey76]. We define P,(¢®") := IL,(¢,o0). Due to (3) the mapping P,
can also be extended in L*-sense to E®" Injectivity of this mapping follows
from orthogonality. Condition (C) z's called chaos representation property
in this context and does not hold automatically, i.e. Lévy processes have a
deterministic compensator, however the only Lévy processes which have the
chaos representation property are the trivial mixtures of a pure Gaussian and
a pure Poissonian process, cf. [Der90].

If for a closed subspace M C E¢ the conditional expectation w.r.t. Fay
preserves the polynomials, i.e. for every n there exists a mapping may, :

E?"—> M®™ such that for all o, € Egn

Ep [Po(en)] Fm] = Pa(mpmn(@n)).

then for any function F € L*(D'(R), P) with F =37 Qn(¢,) it is

p[F|Fu] = ZQn Tt (D).



Indeed, because for any ¢,, € Eg@” it is
| Er[FI7u @) Palon)(e) P

'®)
/D,(R) F(w) Ep [Pa(¢n)| Fu () P(dw)
/ ( )F (W) Po(matn(pn))(w) Pldw)

On (7T n(#n)) = Thn(@n) (on)
L2(D'(R),P)

Obviously, also (7rM7n)2 = TMn-

Example 1 Let I C R be an interval. For M := Ny LP(1,v) we want to
compute the conditional expectation w.r.t. Fr = Fnaq. First, we observe that
we can write any ¢ € E in the form ¢ = @1 + w9 with 1 == el € M.
According to the infinite divisibility of P

Ep [6i<wa(@)>] =Ep [6i<wa(w1)>] Ep [e“"a(‘”»}

and therefore, e p(p,w) = eqp(p1,w)eqp(P2,w). Since {e“"w‘w € M}
generates the o-algebra F; one obtains for any F = %)

i%}ﬁ: [F Ep [(P.(), %) F]]

E [€i<"w> ea,p(p,w)] =E [€i<"w> €a,p(P1,w)eq,p(p2,w)]
E[F eqp(p1,w)] Eleqr(p2,w)] = E[F eqp(p1,w)].

Thus
Ep [(Pa(), @) Fi] = (Pa(), (p1)*") -

Due to linearity of P, we obtain for all v, € Eg" that

Ep [(Pa(), o)l Fil = (Pu(), a1 7")
and for any F € L*(D'(R), P) of the form F =>°7 Qu(¢n) one can write

p|F|Fi) = Z@n Gu(15™)) .

n=0



Example 2 Let T' > 0 and denote by Fp1) = Frzor),e). For any ¢ €
L*(R, o) it is
K ]}

Ep [Pu(@®")| Fom] = Ep [/OOO o(s) 1,1 (p,s) dM,

- / o(5) I 1 (i, ) dM,
= P ((plpm)®") .

Hence 7 n(n) = gpn]l%"ﬂ Thus for any F € L*(D'(R), P) of the form
F =3 ,Qu(¢,) one can write

p [F| Fon] ZQn (en(15).

Thus in both examples o 77, is the multiplication by ]1%’}] This allows

us to characterize martingales:

Proposition 1 Let (D'(R), F (D'(R)), P) be a probability space fulfilling con-
dition (R) and (C). Consider the filtration For), T > 0. Assume that for
every T > 0 and ¢, € EE" it is 1B C E and

Ep [ Pu(en)l Flomy] = Palenllg)-

Let F : D'(R) x [0,00) — R be a (Fi)i0-adapted L*-process. Denote by

falt,-) € (Eg”)/ the kernels of F(t,-), i.e., F'(t,-) = oo o Qu(fu(t,")). Then
(F(t,)s0 s a martingale iff for all s <t one has fu(s,-) = fu(t, ]1%7;] ).

If F is closed by a L*-random variable F(c0,-) = > 07 Qu(fn(00,-)) then
Ja(s,+) = fu(oo, H%T;] ).

Remark 2 FEzample 1 and Example 2 provide probability spaces fulfilling the
assumption of Proposition 1.

Proof: If F(t,-) is a martingale then by definition for any s < ¢ is holds
ZQn<fn(sv )) = F<S7 ) =Ep [F(t7 ) |‘7:S]
n=0



Due to Condition (C), f.(s,:) = fu(t, ]1[%2,}-). The converse follows by the
same calculation. |

In order to have a richer analytical structure on the space of distributions,
larger spaces of test functions, equipped with weaker topologies, have to be
considered, see [BP96] and [GKS99]. The authors used that the multiplica-
tion w.r.t. ]1[%2,] is a projection also for the scalar-products generating these

topologies.
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